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quasi-periodic Schrédinger operators in one space dimension. After present-
ing background material on Schrodinger operators with dynamically defined
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special case, the almost Mathieu operator, and results showing phenomena
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Introduction by the Organisers

This Arbeitsgemeinschaft was organized by Artur Avila (Paris 7 and IMPA Rio

de Janeiro), David Damanik (Rice), and Svetlana Jitomirskaya (UC Irvine) and

held April 1-7, 2012. There were 31 participants in total, of whom 26 gave talks.
The objective was to discuss quasiperiodic Schrédinger operators of the form

[Hp](n) = ¢(n+1) +¢(n— 1)+ V(n)y(n)

with potential V : Z — R given by V(n) = f(w + na), where w,a € TF =
R*/Zk, A € R and a = (ay,...,q4) is such that 1,aq,...,a; are independent
over the rational numbers, and f : T* — R is assumed to be at least continuous.
H acts on the Hilbert space ¢?(Z) as a bounded self-adjoint operator. The
associated unitary group {e~®#},cp describes the evolution of a quantum particle
subjected to the quasiperiodic environment given by V. For any ¢t € R and n € Z,
|(6,,, e 4))|? is the probability of finding the particle, whose initial state at time
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zero is given by the £2-normalized 1, at time ¢ at site n. The long-time behavior
of these probabilities is of interest and many relevant questions about them can be
studied by means of spectral theory (i.e., by “diagonalizing” the operator H). The
spectral theorem for self-adjoint operators associates a measure ji, with the initial
state 1. Roughly speaking, the more continuous the measure ., is, the faster
e~ "Hq) spreads. For this reason, one wants to determine the spectral type of H.
For example, H is said to have purely absolutely continuous (resp., purely singular
continuous or pure point) spectrum if every p, is purely absolutely continuous
(resp., purely singular continuous or pure point). Again roughly speaking, the
absolutely continuous case corresponds to transport, whereas the pure point case
typically corresponds to the absence of transport (“dynamical localization”), while
the singular continuous case corresponds to intermediate transport behavior. In
the case where not all spectral measures have the same type, one collects all
those states whose measures have the same type in a single subspace, restricts the
operator to the resulting three subspaces, and the spectra of these three restrictions
are then called the absolutely continuous, singular continuous, and pure point
spectrum of H, respectively.

In the recent past, the spectral analysis of quasiperiodic Schrédinger operators
has seen great advances. It was the goal of this Arbeitsgemeinschaft to present
many of these advances.

It is useful to regard quasiperiodic potentials as being dynamically defined in
the sense that they are obtained by sampling along the orbit of an ergodic transfor-
mation with a real-valued sampling function. Concretely, if we consider the map
T:TF = TF, w s w+ q, it is invertible and has normalized Lebesgue measure as
its unique invariant Borel probability measure. Then, the potential V' may be ob-
tained as V(n) = f(T"w). More generally, whenever we have such a dynamically
defined situation with an ergodic (2, T, 1) and a (bounded) measurable f : Q@ — R,
several fundamental results hold. Namely, the spectrum, as well as the absolutely
continuous spectrum, the singular continuous spectrum, and the point spectrum,
of H are p-almost surely independent of w and are denoted by X, Xac, Xsc, Xpp-
Moreover, the density of states dk, given by

/Q (60, 9(H)So) du(w) = / 9(E) dk(E)
and the Lyapunov exponent
1 .
L(E) = lim * /Q log A% (w)|] da(e),

n—oo 1

apr = (I (P,

are defined and determine ¥ and X, as follows,

where

€SS

3. = supp dk, Yac={FeR:L(E)=0} .

These two fundamental results can be considered classical and have been known
since the early 1980’s.
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Note that L(E) > 0 and hence one naturally distinguishes between the two
cases L(E) =0 and L(E) > 0. The result quoted above shows that the first case
is connected to the absolutely continuous part, whereas the general tendency is
for the second case to be connected to the pure point part. Indeed, among the
major recent advances are ways to go from positive Lyapunov exponents to pure
point spectral measures (and more, such as exponentially decaying eigenfunctions,
dynamical localization, etc.) in the quasiperiodic case with sufficiently regular
sampling function f and for most . Another major recent development is that
in the case k = 1 (i.e., a,w € Q = T), the regime of zero Lyapunov exponents
has been studied in a global sense and it has been shown for analytic f, that
one typically has purely absolutely continuous spectrum there. As a consequence,
one now understands the typical spectral type of a one-frequency quasiperiodic
Schrodinger operator with analytic sampling function.
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Abstracts

Schrédinger operators and quantum dynamics
ILyA KACHKOVSKIY

1. Quantum Dynamics. The main object of study during this Arbeitsgemein-
schaft is the 1-dimensional discrete Schrodinger operator H = A + V defined by

(Hy)(n) =P(n+1) +¢(n—1) + V(n)y(n)
in a Hilbert space H = [?(Z). Here V: Z — R is a bounded function. The operator
H is a bounded self-adjoint operator in ‘H and is the energy operator of a quantum
particle with wave function .
The time-evolution of the wave function is described by the Schrodinger equa-

tion

i0yp(t) = Hy(t)

¥(0) = o.

It can be immediately solved by 1 (t,n) = (e~ 4)5)(n). In the first part of the talk
we discuss the relations between the behaviour of e and spectral properties of
H.

By spectral theorem, we have

e—itH _ /e—it)\ dEH()\),
R

where Ep is the projector-valued spectral measure of H. The support of this
measure is the spectrum o(H). The Hilbert space H can be uniquely decomposed
into H = Hpp ® Hae © Hse such that the corresponding projectors commute with
H, and for each f € H, the Borel measure 6 — (Ey(d)f, f) has the following
type — pure point, absolutely continuous or singular continuous. This gives us
the classification of types of spectra: oo (H) = o(H|y ), o = pp, ac or sc, see
[3]. The set opp(H) admits a direct characterization as the closure of the set of all
eigenvalues

opp(H) ={X € R: T € H, ¢ # 0 such that Hy = \p}.

We now proceed to the dynamical characterization of spectra. The first result
of this kind is RAGE Theorem, see [4] Let

{wn), In| < L

() =4 n| > L

Theorem 1 (RAGE).

T

. 1 . i

M=o e M| Jim o tim [ fheee "] dt =0}
0



1042 Oberwolfach Report 17/2012

T
B : .1 —itH _
Mo = {0 € 1| fimlim - [0~ xe)e" ] dt =0}
0
This result is a characterization of the type of the spectrum in terms of the “aver-
age” behaviour of e~**, From this theorem, it follows that the projector P. onto
He = Hae + Hse can be expressed as the following weak limit,
T
1 . .
(Pep,) = lim  lim T /((1 — xp)e Hip 7y dt,

L—oo T—o0
0

The next few results are regarding the asymptotic behaviour of ety If
1 € Hypp, then the scalar product (e=Ht1), 1)) gets close to ||¢]|? infinitely many
times for arbitrarily large ¢, which is an example of dynamical localization. On the
contrary, if 1 € Hae, then (e~ 9)) — 0 as t — oo which simply follows from
Riemann-Lebesgue lemma. Another important notion here is the phenomenon of
ballistic transport behaviour which happens when

t2 Z I (t,n)|> £ 0, t— oo.
nez
This physically corresponds to the particle moving to infinity with constant speed.
Theorem (Simon, 1990). Let o(H) = opp(H). Let 1o be a localized state (i. e.
finitely supported on Z). Then

Tim 723 ot =0,
nez
therefore there is mo ballistic transport for this initial data. The power of t cannot
be improved.
The last set of results is related to the behaviour of the solutions of the eigen-
function equation

(1) P(n+1) +¢(n—1) +V(n)d(n) = E(n).
Theorem (Schnol, see [1, Section 2.4]). Let there exist a polynomially bounded
solution of (1). Then E € o(H).

The last result concerning the characterization of spectra is as follows. For
simplicity, let us study the solutions of (1) for n € N. A solution v is called
subordinate, if

tim X2l

Lo [Ixzell
for any other solution ¢. For details, see, for example, [2].
Theorem (Gilbert-Pearson). For the discrete Schrodinger operator H on N, the
measure Eq.(H) is essentially supported on the set of energies for which there exist
no subordinate solutions.

2. Ergodic operators. We are going to study a special class of potentials
related to dynamical systems. See, for example, [1, Ch. 9] for details. Let (9, P)
be a probability space. A measure-preserving bijection T': Q — € is called ergodic,
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if any T-invariant measurable set A C  has either P(4) =1 or P(A) = 0. By a
dynamically defined potential we denote a family V,,(n) = f(T"w), w € 2, where
f: Q2 — R is a measurable function. The corresponding family of operators H,, is
called an ergodic family.

A very important case of such families is almost periodic operators. Here = S!
— a unit circle, the map T is a rotation over an angle o ¢ 27Q, so

(Ho)(n) = p(n+1) +¢(n — 1) + V(na + w)(n),

where v: R — R is a continuous 27-periodic function.

Even though the family H, depends on a random parameter, it makes sense
to speak about certain typical behaviour. The most famous result of this type is
Pastur’s theorem which, informally speaking, says that the spectra of the operators
H,, are not random.

Theorem (Pastur). There exists a set Qo C Q and X, Xpp, Xge, Ese C R such that
for all w € Qo we have o(H,) =X, 04(Hy,) = Xs, o = pp, ac, sc.

The idea of the proof is based on the fact that if f(Tw) = f(w) a. e. on Q for
a measurable f, then f is a constant almost surely. A slightly more strong result
holds for almost periodic operators — for 3, we may take Qo = € by a simple
continuity argument (which, however, does not work for X,,). It can also be shown
that a single F is an eigenvalue of H,, with zero probability, but it does not imply
that the point spectrum may not be typical.

The last notion we want to introduce is density of states. Informally, it is a
continuous analogue of the normalized eigenvalue counting function. In general,
it’s a measure dK (E) which may be defined as

/ dk(E) = lim

A
in the weak sense. The limit exists and is equal to [ f(E) dk(E) = E(f(H.)eo, €o)
The function k(E) = f(ioo;R) dk(E) is called integrated density of states.
Theorem (Avron-Simon). Almost surely supp(dk) = o(H.,,).
Theorem (Craig-Simon (d = 1), Avron-Souillard (d > 2)). The integrated density

of states k(E) is a continuous function of E.
The last result cannot be significantly improved.

dimRan(xr,En, (A)xeL).
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Basic properties of SL(2,R) cocycles and connections to spectral
theory

WIiLLIAM N. YESSEN

All of what we discuss below can be followed in detail in [1, 2] and in [3, Chapters
V and VI.

The setup. Let S! denote the unit circle, and for a € R, let f, : S* — S! be
rotation by «; that is,

fal) =2+ a mod 1.

Notice that if o ¢ Q, then f, is uniquely ergodic, with the ergodic measure being
the Lebesgue measure on S'; moreover, the dynamical system (f,, S!) is minimal
(i.e. the orbit under f, of each z € S* is dense in S*). We shall need these facts
later, either in this presentation or in those that follow, or both.

Now let A : ST — SL(2,R) of class C", with r € NU {0,00,w}. The SL(2,R)
cocycle (of class C") over fo, (o, A) : 81 x R? <=, is given by

(O‘a A)(‘Ta U) = (foz(x)’ A(.T)’U),

with («, A)"(x,v) given by, respectively for n > 0 and n < 0,

(f;:(ac), 11 A(fc’i(:v))] ) and (fzz(x),[ 11 Atfhi@) )

k=n—1 k=n+1
(and f(x) = 2, A° =1, the 2 x 2 identity matrix, (o, 4)°(x,v) = (z,v)).

Thus (a, A) defines an invertible dynamical system on S! x R. Notice that if
a € Q, then the corresponding cocycle (a, A) is periodic and the dynamics of the
cocycle is trivial.

By abuse of notation and terminology, we shall denote the cocycle (o, A) simply
by A (keeping dependence on « implicit), and define A, (z,v) := (a, A)"(x,v) (or
simply A, (v) when emphasis on x isn’t necessary). In the literature, « is called
the frequency, and x is referred to as the phase.

Motivation. Let V : S' — R be of class C", r € NU {0,00,w}. Define the
potential {V,,}, for x € St and a € R, by V,, = V(f"(z)) for n € Z. Now for A\ >
0, the so-called coupling constant, define the Schrédinger operator Hy oy : 02 <=
by

(Ha,z,A¢)n = d)nfl + ¢n+1 + Vn¢n

This operator is called periodic provided that a € Q, and quasiperiodic otherwise
(notice that if & € Q, then the sequence {V,},cz is ¢—periodic, where a = p/q,
ged(p, ¢) = 1). Obviously Hy -, » is bounded and self-adjoint. It is also known that
the spectrum of this operator consists of those energies E C R, for which

Hy 200 =E0
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is satisfied, with {6, } € £ not diverging exponentially at +0o. On the other hand
one can easily verify that the last equation is equivalent to

Ont1\ _ 4 (b1 g_ (E-V() -1
<9n>An (90)’ where A < 1 0

is the Schrédinger cocycle (the recursion above is given for n > 0; a similar re-
cursion holds with n < 0 by inverting the cocycle A¥ as in the previous section).
Notice that AF is of the same smoothness class as V, and AF € SL(2,R). If
a € Q, then the cocyle is periodic (as in the previous section). By Floquet theory,
in this case the spectrum of Hy 4 x, 0(Ha,z,2), is a finite union of compact inter-
vals. In general, as should now be apparent, dynamics of A¥ plays a central role
in determination of the spectrum of H, , » (and even spectral type, as discussed
briefly below, and in detail in the other presentations).

Notions of hyperbolicity and Lyapunov exponents. We shall say that a
cocycle A is uniformly hyperbolic provided the following.
e There exist sections S* : ST — PR?, with ST@® .5~ = R2, such that for any
z € St and v € S*(x), A(z,v) € ST(fa(r)) and A~ L(z,v) € ST(f1(z));
e there exist constants C' > 0 and 0 < < 1 such that for any z € S* and
v € S*(x), we have, for n € N, [|[AT"(x,v)|| < Cy™||v].

A theorem of Johnson from 1986 gives

Theorem. The Schridinger cocycle A¥ is uniformly hyperbolic if and only if E
is mot in the spectrum of the corresponding Schrodinger operator.
Define
UH = {E € R: A¥ is uniformly hyperbolic}.
Then we have 0°(Hy z,0) = UH. Next, let us give a characterization of o in terms

of the dynamics of the cocycle A¥.
For a given cocycle A, we define the Lyapunov exponent of A by

1 1
L(A) = inf—/ log || An(z, ) |ldp = lim —/ log || An(z, -)||du € [0, 00)
nn Jqg1 n—oo N Jg1

(equality follows by subadditivity, and the inclusion on the right follows since
A € SL(2,R); p is the Lebesgue measure). Moreover (assuming o ¢ Q), by the
subadditive ergodic theorem, we have £(A) = lim, o + log || A, almost every-
where in z € S*. Now define

NUH :={EcR:L(AF)>0 and E¢UH} and Z:= {E c R: L(AF) =0}

Obviously o = NUH |J Z. NUH stands for non-uniformly hyperbolic.

Kotani theory, o4, = z (this is discussed in more detail in later presenta-
tions).

A fundamental relation between the spectrum (or, more precisely, the integrated
density of states measure on the spectrum) and the Lyapunov exponent is given
by the Thouless formula (first rigorously proved by Avron and Simon):
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Thoerem. For every z € C,
L(AP) = / log |E — z|dk(E)
R

where k is the density of states measure.

Conjugacy and reducibility. As is apparent from the previous section, dynam-
ics of AP completely determines 0(Hae,n). To investigate AF it is desirable to
find another cocyle, which is easier to analyze, whose dynamical properties concide
with those of A¥. This brings us to the concept of conjugacy and reducibility.

We say that two C" cocycles Ay, Ay are C"' conjugate (with r/ < r) if there
exists B : ST — SL(2,R) of class C"" such that B(f.(z))A1 = A B(z). Then all
dynamical information of A; (in the c’ category) is contained in As. We say that
a cocycle A is reducible if it is conjugate to a constant cocycle.

Remark. Sometimes it is required to take B € PSL(2,R). For example, there
are cocycles which are reducible with B € PSL but not with B € SL.

The question of conjugacy, reducibility and in general dynamics of cocycles is
a very deep one, and this area of research has enjoyed tremendous progress in
recent years, owing to contributions of Avila, Damanik, Krikorian, Jitomirskaya,
Bourgain, and many others (this is discussed in detail in the other presentations,
and the reader should follow the references therein).

The rotation number. Assume that A is a continuous cocycle homotopic to the
identity (for example, the Schrédinger cocycle A); then the same holds for the

map
_ A(z)v
e (10 )
Hence F' above can be lifted to a continuous map F:S'xR — S! xR of the
form F(z,v) = (fa(z),z + g(x,v)) with g(z,v + 1) = g(z,v) and (v + g(z,v)) =
A(z)m(v)/||A(z)m(v)|, where 7(v) = €™, Since f, is uniquely ergodic when
a ¢ Q, for such a we can employ a theorem of Herman and Johnson-Moser:

Theorem. For every (z,v) € S x R, the limit

n—1

1 -
T L)

exists, is independent of (x,v) and the convergence is uniform in (x,v). We call
this limit the rotation number of A. This limit, modulo Z, is independent of the

choice of the lift.
We conclude with the following relationship between the rotation number, call it

p, and the density of states measure.

Theorem. With k denoting the density of states for Hy o, we have k(E) =
1 —2p(AF).
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Kotani theory: Lyapunov exponents and the absolutely continuous
spectrum

FLORIAN METZGER

1. Introduction

The aim of this talk is to discuss the link between the absolutely continu-
ous spectrum and the Lyapunov exponents associated to the eigenvalue problems
H,y = Ev of an ergodic family of Schrodinger operators (Hy)yeq for Q = T
endowed with the measure ¢ = Leb and a p-invariant ergodic transformation 7'
(namely an irrational rotation x — z + «), and to see which consequences on the
Lebesgue measure of the spectrum can be obtained.

2. The main theorem

The main result is the Ishii-Pastur-Kotani theorem:

Theorem 2.1. ¥,. = {E€R : L(E) =0} =: Z where Suc denotes the
almost surely constant absolutely continuous part of the spectrum of (H,) and
L(E) = L(E,w) for p-a.e. w, the Lyapunov exponent for H,v = E.

2.1. The inclusion X,. C 7. Tt is a result of Ishii and Pastur and is based on
classical arguments. The main proposition which gives the result is the following:

Proposition 2.1. Suppose that L(E) > 0 for Lebesque almost every E € (a,b),
then Efg b)(H) =0 where Ef (H) denotes the spectral projection on the absolutely
continuous part.

The Fubini theorem ensures that for py-a.e. w and Leb-a.e. E, L(F,w) > 0. Then,
using Berezansky’s theorem which states that p-a.e. E € R — where p denotes
a spectral measure for the operator — is a generalized eigenvalue, and Oseledets’
theorem, one can see that the only generalized eigenfunctions are exponentially
localized, so in 2, but there are only countably many such E’s since (*(Z) is
separable. So, splitting (a,b) into parts where H has generalized eigenfunctions
or where L(E,w) =0 for a.e. w, E?;ﬁb)(Hw) = 0 can be easily proved for a.e. w.

A simple argument then gives: (Z° )¢ C (supp E*(H,))¢ = (supp p¢)¢ = Sac’.
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2.2. The converse inclusion >,. O Z°". This one is due to Kotani for the
continuous case and has been generalized for the discrete one by Simon. It requires
a deeper analysis and uses results on Herglotz functions, i.e., analytic functions
mapping the semi upper plane onto itself. The main proposition is the following:

Proposition 2.2. For Sz > 0, denote my (z,w) the Weyl functions (invariant
sections associated to the cocycle), b(z,w) = mi(z,w) +m_(z,w) + 2z — V,(0) and
nt(z,w) = Smy + 332. Then, if E denotes the expectation on w:

: E{nié,w)} <%

. E{<L N L) (ny —n-)*+ @%)2} - (L@ B aL(z))

ny  n_ |b]2 Sz 0z
The key lies in the fact that, due to the Thouless formula:

vz >0 L(z) = / log |z — t|dk(t)
b

the opposite of the derivative of the Lyapunov exponent is the Borel transform of
the integrated density of states, a particular case of Herglotz function. From that
and Herglotz theory these major theorems can be deduced:

Theorem 2.2. (1) If L(E) =0 for E € A C R with Leb(A4) > 0 then for a.e.
w, B (HL) 0.
(2) If L =0 a.e. onI = (a,b) CR, then for a.e. w the spectral measures v°
(associated to dg) are absolutely continuous on I.

Then it is straightforward to prove (7655)6 C X..¢, which is the desired inclusion.

3. Consequences on the Lebesgue measure of the a.c. spectrum

3.1. Inequalities. Then, once this major result is set up one can prove that
Theorem 3.1. For alla <b e R, Leb{FE € [a,b] : L(E) =0} <4.

The conclusion on the Lebesgue measure of the a.c. spectrum is then similar.
This result is an easy consequence of the following main estimation:

Proposition 3.1. For a.e. E€ Z, —4sin(2mp(E))p/(E) > 1

where p(F) is the fibered rotation number of the Schrodinger cocycle on  x R?
E-V -1

1 0
p is related to the I.D.S. via Johnson-Moser’s theorem : k(—oo, E) = 1 — 2p(E),
so it’s decreasing from % at —oo to 0 at +o00 (and so its derivative exists for a.e.
E € R). The above proposition can be established using some properties of {(z) =
Js log(z — t)dk(t) for Sz > 0 and the behavior of the complex rotation number
B(z) = 3¢(z) as Iz — 07, and a fundamental lemma from harmonic analysis:

Lemma 3.1. For all Sz > 0, 2sin{f(z)} sinh{L(z)} > S=.

(T,Sgv) : (w,v) — (Tw, Sp,y,v) where Sgpy = <
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3.2. Dealing with equalities. Interestingly, equalities in most of the inequalities
stated before imply that the potential is constant. The first useful result is that if
the 1.D.S. verifies k = kg = ky—g, then V = 0. Using

lim B(E + ic) = 2mp(E) for a.e. E € R
e—0

just one zp > 0 such that 2sin{5(zo)}sinh{L(z9)} = Szo is needed for the

potential to be constant: indeed, harmonic function theory shows that there exists

Ey € R s.t. if we set { = (- + Ep) then e¢ solves the caracteristic equation for

the free cocycle, namely X2 — zX + 1 = 0. Consequently ¢ = (y—o is the free one,

which implies the result with Johnson-Moser’s theorem and the first result above.
Thanks to more Herglotz theory it is possible to prove the following :

Corollary 3.1. If 4sin(2mp(E))p'(E) = —1 for all E € S C R with Leb(S) > 0
s.t. L(E) =0, then V is constant.

Conversely, if V' = ¢ is constant then it is straightforward with a Fourier trans-
form to see that the spectrum of Hy is purely absolutely continuous with a spec-
trum ¥ = [—-2 4 ¢, 2 + ¢, which is obviously of Lebesgue measure 4.

4. Constancy of the a.c. spectrum

Finally, we mentioned the results of Last and Simon which give explicit sup-
ports for the absolutely continuous part of the spectral measure of almost periodic
Schrodinger operators. Let HT be the restricted operator on ¢?{n > 0} with
boundary condition u(0) = 0, Tg(m,n) its the transfer matrix from n to m and

RS IR 2
S = {EER : Bglfgagnm(k,om <+oo}

then S is an essential support of the a.c. part of the spectral measure for H* and
1s(S) = 0 where 5 is the singular part of the measure. Additionnaly, if (m;), (k;)
are sequences in N* going to infinity, then another support of the a.c. part of the

spectral measure is Sy := {E eER: 1_im+inf I TE(m;, k)| < +oo}.
11— 400
This result is a first step to establish the constancy of the absolutely continuous

spectrum not only for almost every w, but for all such parameter in this particular
context of almost periodic potentials. The precise result of Simon and Last is :

Theorem 4.1. For V an almost periodic potential on Z, let us consider H the
operator on (%(Z) and H,, the operator for V,, in the hull of V. Then ¥,c(Hy), an
essential support of the a.c. part of the spectral measure, is independent of w € €.

Thus, Pastur’s theorem of almost surely constant a.c. spectrum is extended.
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Positivity of the Lyapunov exponent at large coupling
NILS SCHIPPKUS

This talk covered two results by Herman and Sorets-Spencer regarding estimates
for the Lyapunov Exponent L(E) of Schrédinger cocycles in terms of a coupling
constant A. It introduced some foundational work of the field and provided the
important method of subharmonicity estimates that became important in future
works and which saw use in various later talks of this conference. Consider as
usual the discrete Schrédinger operator (Hv), = Wni1 + ¥n—1 + AVy(w)h, on
12(2), where V,,(w) = V(w +na) and V : T — R is a real analytic potential on
the 1-d Torus, w € T, a € R\ Q is an irrational number and A € RT. Let AZ(w)
denote the associated n-th iterate of the cocycle. The Lyapunov Exponent L(E)
is then defined as L(E) = lim,_,o + [; log||AZ (w)]|dw.

The first result presented was of Herman and concerned the special case

Vi(w) = 2cos(2m(w 4+ na)), the Almost-Matthieu Operator (AMO). It reads as
follows.

Theorem: For the supercritical AMO (A > 1), and every energy E, we have:
L(E) > log())

independent of a.

The proof uses the analycity of the potential. V has a complex analytic extension
to C and consequently AZ(w) extends to an analytic function AZ(z) on C as
well. Using subharmonicity of log||AZ(2)||, one can estimate the integral over
T = S' C C by the value at the center of the disc, proving the theorem.

Sorets-Spencer generalized this result to arbitrary real analytic potentials.
Theorem: Let V : T — R real analytic. Then there exists Ao := Ag(V'), such that
for every A > \¢ and every energy F, we have the estimate:

1) > Lty

independent of «.
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The proof is a generalization of the subharmonicity argument. For general real
analytic potentials V', one will have a complex analytic extension not to the disc,
but merely some annulus in the complex plane C, determined by the regularity of
V. The subharmonicity estimate can therefore only be done on that annulus. A
generalized Jensen’s formula provides this estimate. The main technical difficulty
of the proof is to determine a good circle of radius less than one on which the
estimate will yield positivity of L(E). To do so, one has to avoid the zero set of
the potential. The talk covered this argument in full detail and concluded with
the mention of an analogous result by Bourgain for the higher dimensional case.
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Regularity of the Lyapunov exponent I
CHRISTIAN SEIFERT

We present preliminary results for proving Holder continuity of the Lyapunov in
energy for Diophantine frequency and joint continuity of the Lyapunov exponent
in energy and frequency (which will be done in the second part).

Let T := R/Z. For a,w € T and v: T — R we consider the one-frequency
Schrodinger operator

[Hy)(n) = p(n+1) +¢(n - 1) +v(w +na) (n€Z)

on (?(Z). For E € R we consider the eigenvalue equation Hi) = Ei and the
associated N-step transfer matrix

1
Ny .— v(w+jo) - E —1
ARw) =] < . 0 )
j=N
We prove the following large deviation theorem estimating the probability that
1
un(w) = 5 log [AZ (@)]|

is "far away” from its average Ly (F) = [, u(w)dw (which actually is the N-step
Lyapunov exponent).

Theorem 0.2 ([1, Theorem 5.1]). Assume a € T satisfies Diophantine condition

1
k([ log(1 + |K[))?

ke == dist(ka, Z) > ¢ (k€ Z\ {0}.
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Let v: T — R be real analytic, A (w) the N-step transfer matriz and Ly (E) the
N-step Lyapunov exponent. Then, for k > N~ and N large

mes {w e T, log || AX (w)]| — LN(E)‘ > n} < Cemew’N,

1
¥
The theorem actually states that |uN — fT uN dz| > Kk will be a rare event
(and the probability decays exponentially). The proof of this theorem rests on
a bound of the Fourier coefficients (@(k))kez of a bounded one-periodic function
with bounded subharmonic extension to some strip R x (—p, 0) of the form

k) < &

G AN

see [1, Corollary 4.7].

There are different versions of large deviation theorems in the literature. One
can weaken the Diophantine condition and still obtains exponential decay for suit-
able chosen x and N.

Lemma 0.1 ([2, Lemma 4]). Let

Let k € (0,1). Then, for N > Cr~2%q,
1
mes {w e T; ‘N log || A% (w)]| — LN(E)‘ > n} < e M

The second main ingredient for proving the continuity properties is the so-called
Avalanche principle. It relates norms of n-fold products of unimodular matrices
with the product of the norms of these matrices. This will later (i.e., in part IT)
be applied to obtain bounds on the Lyapunov exponents on different scales of N.
Before actually stating the Avalanche principle, we need some definitions.

Definition 0.1. Let K be a unimodular 2 X 2-matriz. Let u;r(, uy be the normal-
ized eigenvectors of VK*K = |K|. Then Kuj; = |K|jv} and Kuy = || K| tvyg,
where v} - v =0 and |vL|| = vl = 1.

Let M, K be unimodular 2 x 2-matrices. Let

b(+’+)(K, M) = vk -ujy,

where the quantity is certainly defined only up to a sign.
Proposition 0.1 (Avalanche Principle, see [3, Proposition 2.2]). Let A4,..., A,
be unimodular 2 x 2-matrices satisfying

(i) minicj<n [|45]] = 1> n,
(i) maxi<jcn (log|[Aj41 ] +log||A;| —log||Aj414;]]) < 5 log .
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Then
n n—1
log [|4n -~ Ar]| = > log 1451 = 3 log b+ (45, 4y41)]| < O,
j=1 j=1
n—1 n—1
log [[ Ay -+ Arl| + Y log [ 4] = Y log || 441 45| < cg.
j=2 j=1

The Avalanche principle is related to the methods developped in [4]. Thinking
of [|4;|| = X for all j Young obtained < log||A,, --- A1]| ~ log A.
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Regularity of the Lyapunov exponent II
MIRCEA VODA

The object of this talk was to sketch the proofs of the following two regularity
results for the Lyapunov exponent. Note that in what follows the potential is
real-analytic and the underlying dynamics are given by the shift on T.

Theorem 1. (Goldstein, Schlag [4]) If « satisfies a Diophantine condition of the
form

G
n(1+logn)*’
and L(E) >~ >0 for E€I=(E',E"), then

lnee|| > a>1,

|L(E1) — L(E2)| < C|E1 — E2|a, El,EQ (S I,
where 0 = o (7).

Theorem 2. (Bourgain, Jitomirskaya [1]) L (v, E) is jointly continuous at every
(a0, Eg) with irrational ay.

Note. If ap is rational then L (ap, F) is Holder-1/2 continuous in E, but we don’t
necessarily have joint continuity.
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Using the Mean Value Theorem it is easy to see that Ly (o, F) is jointly con-
tinuous, in fact

|Ly (a1, B1) — Ly (a2, B2)| < O (|ay — az| + |Ey — Esl).

Since L (o, E) = infy Ly (o, E), we automatically get that L is jointly upper semi-
continuous. To obtain better regularity for L we need to compare it to Ly in a
controlled way. This can be done by first using the Avalanche Principle to obtain
estimates comparing Ly’s at different scales, and then by iterating this estimates.

We proceed by giving a brief overview of the proof of the Hélder continuity,
following [2, Chapter 7]. Using the factorization A¥ (w) = H;n:_ol AR (w4 jNoa)
we can apply the Avalanche Principle, with A; = Ag‘) (w+ jNoa), to get

|LN + LNO — 2L2N0| < CeiCU’YZNU,

2 2 . . . .
where N = mNy, m € NN [iecw No eery NO} , and Ny satisfies certain restrictions.

To make sure the hypotheses of the Avalanche Principle are satisfied (up to a
small set in w) one uses a large deviations estimate from the previous talk and
the assumption that L > ~ > 0. The Diophantine restriction on the frequency
ensures that as the scale increases the estimates become better (due to the large
deviations estimate). Iterating the previous estimate yields

|L+ Ly, — 2Lan,| < Ce=Y"No,

The Holder continuity follows from the fact that we can write the above estimate
for Eq, Ey € I with Ny ~ —olog|E; — Es|, for an appropriate o € (0, 1).

Since L is upper semi-continuous, we get continuity for free at points («yg, Ep)
such that L («g, Ep) = 0. Indeed

0 <liminf L (ay, E,) < limsup L (an, By) < L (ag, Ey) = 0.

Hence, to prove continuity one can restrict to the case L (ag, Ep) > v > 0, and
try to use the same approach as in the proof of Holder continuity. The first step
is almost the same. The only difference comes from the fact that one needs to use
a modified large deviations estimate (see [1, Lemma 4]) since the frequency isn’t
necessarily Diophantine. More precisely, if ¢ is an approximant of the frequency
then
|Ln + L, — 2Lan,| < Cexp(—covq)

where N = mNy, m € NN [%ecl’m, eC”q], and Ny 2 ¢ satisfies certain restrictions.
Since this estimate doesn’t improve as IV increases, we can only iterate it a finite
number of times before we lose the control. However, the next approximant of
the frequency, call it ¢/, can be arbitrarily far from ¢. Dealing with the situation
when ¢ > e? is the main difference between the proofs for continuity and for
Holder continuity. For this one needs an extension of the Avalanche Principle
(see [1, Lemma 5]) that allows for the comparison of two scales N = mNy, with
m arbitrarily large. Furthermore, the hypotheses of the Avalanche Principle are
satisfied only up to an exceptional set coming from the large deviations estimate,
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so another problem when m is large, is to control the size of the exceptional
set. This is done by taking advantage of the assumption that ¢’ > e? (through
o —p/ql <1/ (qq’)) and by using a complexity bound for the exceptional sets (see
the proof of [1, Lemma 8]). In the end one is able to build a sequence of scales and
approximants go < No < q1 < ... < Ng < gs4+1 < Nsy1 < ..., starting with any
sufficiently large approximant (recall that we are assuming that «q is irrational),
so that, by the same iteration procedure as before, one gets

|L (ao, Eo) + LNU (040, Eo) — 2L2N0 (Oé(), E0)| < Ce N0,

Making sure that the above holds for any (a,,, E,) sufficiently close to («g, Eo)
(with the same go and Ny), one immediately gets that

limsup |L (an, Frn) — L (ag, Ep)| < Ce™ 790,

Letting gy — oo it follows that L (a, Fo) = limy, L (o, Ey,), as desired.

Finally, we mention what is known in the case when the underlying dynamics
are given by the shift on T¢, d > 1. Instead of Holder continuity one gets a weaker
result:

|L (E1) — L (E2)| < Cexp(—c(log|E1 — Es)7)

under the assumption that ||a - k|| > C. |k|7(d+6), k € Z%\ {0} (see [4]). However,
the continuity still holds. More precisely, continuity in E holds for any o € T¢,
and joint continuity holds provided ap -k # 0, k € Z% \ {0} (see [3]).
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Classical KAM theory
PETER GMEINER AND MARCELLO SERI

1. HAMILTONIAN SETTING

Consider integrable systems on a symplectic 2n-dimensional manifold. Due
to the Liouville-Arnold Theorem it is enough to consider such systems on a n-
dimensional torus T" := (R™/Z").

For G C R™ open and bounded let Hy € C*(G) an integrable Hamiltonian
function and define a perturbed Hamiltonian function

H(I,¢):=Ho(I)+eH1(I,p),
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for some |€| < €g, €9 > 0 and Hy; € C¥(G x T™). As usual we get the Hamiltonian
differential equations

j = 7€D2H1(Ia 50)
(1) { ") w(I) 4+ eDHy (1, )

with a frequency w := DHy : G — R™. In general such a perturbed system is no
more integrable, but we will show that under some conditions such systems are
actually integrable. To make this more precise we need to define the frequencies
of diophantine type.

Definition 1.1. A frequency o € R™ is called diophantine, if there exists a
B8 >0 and a constant Cz > 0 such that for all k € Z\{0}

Cs
> —
|{k, )| = |k|n+B”

where (k, o) := Zkiai, |k| := sup |k;| and ||x|| := inf |Z+p|,  is a lift of © on R.
i=1 g pe
We need some further notation to formulate a first version of the KAM-Theorem.
Let Pc := C" x T, where T¢ := (C/Z)™. For some s > 0 we define complex phase
spaces

Ps={(l,¢) € Pc: (1, 9)]p < s},
with |[(I,¢)]|p = max max (||, |Impg|). For U,V C C" the space of real an-

alytic functions g € C(U,V) is denoted by A(U,V). The space of Hamiltonian-
functions is denoted by Hs := A(Ps,C) which is a Banach-space with the norm
|H|s = sup; pyep, [H(,9)|. Ksw:={H € Hs: DH|p, = (w,0)} is the space of
integrable Hamiltonian functions.

Theorem 1.1 (KAM, Kolmogorov 1954, [5]). Let w be a diophantine frequency,
Hy e K¢, and
DYHo(0, p)dp € Mat(n,R)
T’Vl
regular. Then all Hamiltonian functions H € H; in a small neighborhood of Hy
have an invariant torus with frequency w (i.e. H¢ is integrable).

2. MEASURE OoF KAM-TORI

There is a more global version of the KAM-Theorem. Define 2 := w(G) and
with U : Q@ x T" — G x T" given by (,¢) — (w1 (w0),p) we write H. =
H.oW:Q xT" — R. Furthermore we denote with ¢, the set of all diophantine
frequencies in ).

Theorem 2.1. With the assumptions of Theorem 1 there exists a diffeomorphism
Te: Q@ x T = Q x T which transforms (1) on Q g x T™ into a system

d . d N
a'w(t) =0, E(P(t) = (1),
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with A™ (2 NQ) = A"(Q)(1—-0(\/€) (where \"(.) is the n-dimensional Lebesque
Ven

measure).

For a more specific version of the KAM-Theorem we need some notation. For
r > 0,7 = 00 or r = w we denote the space of r-times differentiable functions
with C"(T") if r is an integer and the space of Holder-continuous functions if
it is not an integer. Diff"(T™) is the group of diffeomorphisms on the torus of
class C" and Diff’ (T™) := {f € Diff"(T") : f is C” isotope to the identity}.
Furthermore we define D™(T") := {f € Dift"(T") : f = Id+ ¢, € C"(T",R™)}
and D"(T™,0) :={f € D"(T™) : f(0) =0}.
Theorem 2.2 (Herman, 1983). Let o € R™ be diophantine. Let

o— n+pf iff#£A0and 5 ¢ Z
Tl n+pB+e ifB=00orfcZ e>0

Then there exists a neighborhood Vl%a@ of a rotation R, : T — R™ in D2 (T™) and
a mapping s : V}%((:) — R™x D?(T", 0) such that s is continuous and if s(f) = (A, g)
then f = RyogoRyog L.

3. KAM THEOREM COROLLARIES FOR COCYCLES CLOSE TO A CONSTANT

Let A: T~ — SL(2,R) be a continuous application homotopic to the identity,
then the same can be said for the linear cocycle associated to A

_ _ A(Q)w
(,A):=F:T" ' xSt =Tt xS, FO,w) = (94—04,7)
[A@)w]|
and thus it admits a continuous lift
F:T"'xRoT"'xR, Fb,z):=0+az+f(0,z))

with f(0,2+ 1) = f(6,2) and 7(z + f(0,x)) = A@)n(x)/||A(0)7(z)|| where 7 is
just the canonical projection on the circle 7 : R — S!. Such a map is independent
from the choice of the lift up to the addition of an integer.

Definition 3.1. The fibered rotation number [4, Section 5] is the topological
tnoariant

(2) pr(A) = hgl—i%p %f (FV"(H,:E)) (mod1) € T.

If « is irrational, py(A) is independent on (6, ) and converge uniformly with
respect to (0,z), moreover py is a continuous non-increasing function of A €
CO (T, SL(2,R)).

Definition 3.2. We will say that two cocycles maps associated to A, Ay are
conjugated if there exists a continuous map B : T"1 — SL(2,R) (conjugacy
matriz) such that

A1(0) = B(0 + ) A(0)B~(0), Vo € T L.

Definition 3.3. A cocycle is said reducible if it is PSL-conjugated to a rotation.
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The iterations of F' are also linear cocycles (o, A)” = (na, A,,) with A4,,(0) =
A+ (n—1)a)--- A(f). If, moreover, («, A) is reducible to some constant matrix
C, then A, (0) = B(0 + na)C"B~1(0) where B is the conjugacy matrix.

In [4, Sections 5.11, 5.12 and 5.14] it is proved that the KAM-Theorem im-
plies the reducibility for cocycles («, A) close to a constant fulfilling a diophantine
condition on « and on the fibered rotation number of A.

Theorem 3.1. Let (o, ) € T" ! x Tt be diophantine. Then there erist a neigh-
borhood Vo g C C*° (T"’l,SL(Q,R)) of Rg such that if A € Vu g is close to a
constant with py(A) = 3, then (o, A) is C*° PSL-conjugate to a constant rotation
(a, RB)

In the proof of this theorem the main step is to show the existence of a constant
C > 1 such that for all z € T*~! and for all k£ > 0

(3) [AR(O)] < C.

4. APPLICATION TO SCHRODINGER COCYCLE

Given a potential V € C°(T},R), « € R\ Q and § € T!, we consider the
operator

(4) (Hew)n = wn-i-l + 1%—1 + V(e + na)wn

in ¢%(Z). Then we can study the spectrum of (4) through the fact that u is a
solution of the difference equation 41 + tn—1 + V(0 + na)u, = Eu,, iff

(o) =i () aevo= (T ).

Moreover the spectrum ¥ is independent of § € T'. Ap v is called Schridinger
cocycles. If Ag v is close to a constant, then it is possible to use Theorem 3.1
to prove the presence of absolutely continuous spectrum for some Schrédinger
operators similarly as in [1, Theorem 8].

Theorem 4.1. Let o € T! be diophantine. Then there exist a set A C R of
positive Lebesque measure such that if V€ C°(T!,R) and Ey € R are such that
(o, Agy,v) is C™ PSL-conjugate to a rotation (o, Rg) for some B € A, then the
associated Schrodinger operator presents absolutely continuous spectrum.

The key ideas are setting A := {8 € T! | (o, 8) diophantine} and R := {F €
R | (o, Ag,v) conjugate to a constant rotation} and use the following theorem of
Last and Simon [6, Theorem 1] with the remark that being A conjugated to a
rotation, we can apply the estimate (3).

Theorem 4.2. Let Hy be the operator (4) on (*(N) with u(0) = 0 boundary

conditions. Let
... 1 L 2
S{E’ erglogfzkE:lHA%’VH <oo}.
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Then S is an essential support of the absolutely continuous part of the spectral
measure for Hy and S has zero measure with respect to the singular part of the
spectral measure.
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KAM theory for Schrédinger operators I
XuanJ1 Hou

In this talk, we consider a quasi-periodic Schrédinger operator

(1) (Ly)(t) = =y (t) + a0 + wb)y(1),
where the potential ¢ : T — R is analytic. The Schrédinger equations
(2) (Ly)(t) = =y (t) +q(0 +wit)y(t) = Ey(t)

(E € R is called energy) is closely related to systems (z € R?)

(3) $:(q@OE é)x

f=uw
More generally, we consider Sys.(w, A) defined as

z=A0)x

4 X
@) {522
where A : T? — sl(2,R) is analytic, and the frequency w € R? is irrational. Let
®!, 4(0o) denotes the basic solution of (4) begin with 6 = 6y, i.e.,

d
(5) E@Z,A(Go) = A6 + wt)®, 4(60), with ‘I)?J,A(QO) = Id.

We define the rotation number of Sys.(w, A) as ( 0 # z € R?)

arg(®t ,(6p)x
" o 9@LAG0))
t——+oo t
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where arg denotes the angle. It is well-defined and is independent of 8y and x. p
is said to be rational w.r.t. w if p = % < ko,w > for some ko € Z*. Otherwise, we
call it irrational w.r.t. w. _

We call that Sys.(w, A) and Sys.(w, A) are conjugate if there exists analytic
B:Td - sl(2,R), s.t.

(7) 0,B = AB — BA.

If Sys.(w, A) and Sys.(w, C) are conjugate, with C being a constant, we call that
it is reducible. Usually, we also say a system is reducible if it can be conjugated to
a constant one via a B defined on 2T¢ = R?/27Z4. It is a basic problem that when
a system is reducible. Naturally, one can consider such a problem in local sense,
i.e., a systems close to a constant (in analytic sense). As for Schrédinger case,
the local usually denotes the small potential or high energy. For one can always
conjugate such a Schroédinger system to a local one via a constant B.

Even for local case, the reducibility is not trivial. The frequency and the rotation
number also play an important role. In [4], Dinaburg and Sinai proved that a
system is reducible if the perturbation is small enough (in analytic sense) provided
that w is Diophantine and the rotation number p is Diophantine w.r.t. w, i.e.,

-1 -1

v v
(8) b)) 2 [ W) 2291 > fp 0 k€7

for some constants v, 0,, 7. Such a reducibility result indicates the existence of
absolutely spectrum for quasi-periodic Shrédinger operator with small analytic
potential (or analytic potential together with high energy). Note that here the
smallness of the perturbation depends on v, o,v, 7. Some years later, in [8], Moser
and Poschel extended such a result to rational rotation number case.

Note that all results in [4, 8] holds only for positive measure of rotation number.
It is H.Eliasson, who firstly proved in [5] that: in fact, for analytic local systems
with Diophantine fixed frequency, reducibility holds for full measure rotation num-
ber. In other words, he proved that a system is reducible if the perturbation is
small enough provided that w is Diophantine and the rotation number p is Dio-
phantine or rational w.r.t. w, but the smallness dose not depends on the rotation
number. Furthermore, by using the full-measure reducibility result together with
some detailed estimates, Eliasson has proved that for quasi-periodic Shrédinger
operator with small analytic potential (or analytic potential together with high
energy), the spectrum is purely absolutely continuous. It is rather a nice result!
Besides these, in [5], Eliasson also proved that the cantor spectrum holds for
generic small analytic potential (or generic analytic potential with enough high
energy), and the smallness does not depend on the rotation number.

Eliasson’s reducibility result is proved through a non-standard KAM iteration.
We give a rough introduction here. Let us consider a system Sys.(w, Ag+ Fy) with
Ap being constant and Fy being analytic and small in [Im8| < hg (hg > 0). As
the first trial, we ant to find B = ¥ with Y : T? — sl(2,R) being small conjugate
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Sys.(w, Ag + Fo) to a constant one, i.e.,
(9) ey = (Ag+ Fp)e¥ —e¥C
with C € sl(2,R). However, we usually solve a linearized equation
(10) 0uY = [Ao, Y] = —(Fo — [F0))
instead. It can be represented by using Fourier expansion as
(11) > ik, w)Y (k) — [Ao, Y (k) = —Fo(k).
0#£k€eZ2
As we solve such a linear equation, there is small divisor of the form:
(12) (k,w)y and (k,w)=+2pg

0 po
—po O
Firstly, with the Diophantine assumption of w, after a conjugation closing
to identity, one can remove all terms with [k| < Ny = Cln %, where g9 =
SUD| 16 <ho |F0(0)]] is small enough, except the non-diagonal part of ko term as
(ko,w) £ 2pp is small (one can prove that there is only one such ko at most until
|k| > No)

with the assumption that Ay = < ) (without lose of generality).

cos b gipy (ho.6)
Secondly, we use a rotation Q(6) = ) <k029> (ko %> defined on 2T
S ~—5— COS ~—5—

to remove the non-diagonal part of ky term. Note that the rotation is large in
analytic sense but it does not impact the smallness of the perturbation after a
diminishment of hg. Now there is no small divisors until |k| > Ny. We then use a
conjugation closing to identity to remove all terms with |k| < Np.

Thus we complete a step of KAM to obtain a system Sys.(w, A1 + F}) with the
new perturbation much more smaller (one also needs to decrease hg ). More pre-
cisely, let €0 = Sup|1m9|<n, [|#0(0) ||, there is €1 = sup|1,9/<p, 1F1(0)]| < g5t with
some o € (0,1). As we repeat the process, we obtain a sequence of Sys.(w, A,+F},)
with a decrease sequence of hy,, and &, = sup| g)<p, [Fn(0)] < ngU)n. How-
ever, if we furthermore assume that the rotation number is Diophantine or rational
w.r.t. w, one will not need to use rotations and all conjugation is close to identity
after finite step of iterations. For such cases, the composition of all conjugation
converges together with h,, decrease to a positive number and the reducibility
follows. As the composition fails to converge, one obtains the so-called almost
reducibility.

Eliasson’s KAM scheme gives a unified method to deduce all rotation numbers
when w is Diophantine. Such a scheme also works for discrete case [2, 6]. In
the end, we remark that one can also apply KAM to some systems with non-
Diophantine frequency [1, 3, 7], etc..
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KAM theory for Schrédinger operators II
DARREN C. ONG

Avila, Fayad and Krikorian have developed a new KAM scheme that applies
to SL(2,R) cocycles with one frequency, irrespective of any Diophantine condition
on the base dynamics. The precise statement of the main theorem is as follows:

Theorem 0.3. For every 7 >0, 0 <v < 1/2, € >0, hy > 0. there existsn > 0
depending on T,v,e with the following property. Let h > h, and let A be a real-
symmetric analytic SL(2,R) valued function from the torus T whose domain is the
complex strip Ap = {|Sz| < h}. Furthermore, assume supp, ||A — R|| < n for
some rotation matriz R, and that the fibered rotation number p satisfies a certain
positive-measure condition depending on T,v,€ and . Then there must exist real
symmetric B : Ap_p» — SL(2,C) and ¢ : Ap_p, — C such that B is e-close to
the identity, and ¢ is e-close to p on the strip Ap_p,, and B(x + a)A(z)B(x) ™!
is equal to rotation by ¢(x).

We note that since the Almost Reducibility Conjecture has been established,
it is possible to replace the positive measure condition on p with a full measure
condition.

In the special case of Schrodinger cocycles, this theorem has the following two
implications:

Theorem 0.4. Let the potential v : T — R be analytic and close to constant. For
every a € R, the set X(v,a) of all energies E € R for which the corresponding
Schrédinger cocycle is conjugate to a cocycle of rotations has positive Lebesgue
measure. Indeed the Lebesgue measure of this set X (v,a) converges to 4 as v
converges to a constant.

Theorem 0.5. Let a be irrational and v : T — R be analytic. Then for almost
every energy E € R the corresponding Schrodinger cocycle has either Lyapunov
exponent 0, or is analytically conjugate to a cocycle of rotations.
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The proof of the first theorem begins by establishing a subsequence {Qy} of the
sequence of denominators of the fractional approximants of «. This subsequence
has the property that if the cocycle («, A) is close to a constant rotation, then the
iterated cocycle (Qra, A9*) is close to a constant rotation as well. We then apply
a series of inductive estimates on (Qro, A9*) and use the fact that (Qpca, A9F)
and (a, A) commute to reach conclusions about the dynamical properties of (a, A)
and arrive at the desired conjugacy.
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Renormalization I
Q1 ZHOU

In this talk, we consider the global reducibility results for one frequency analytic
quasiperiodic Schrédinger cocycles (o, Sy, ) where

Sy.5(0) = < E}”(Q) Bl ) € SL(2,R).

If the cocycle is close to constant, reducibility results are both verified in Dio-
phantine and Liouvillean context [2, 5]. If the cocycle is not close to constants,
we will talk about the following results, which are due to Avila-Krikorian [3] and
Avila-Fayad-Krikorian [2]:

Let « € R\Q, v : R/Z — R be a C¥ potential. Then we have the following:
If « is recurrent Diophantine, then for Lebesgue almost every E, the Schrédinger
cocycle (a, Sy g) is either nonuniformly hyperbolic or C* reducible; If o € R\Q,
then for Lebesgue almost every E € {E : |L(«, Sy,r) = 0}, the Schrédinger cocycle
(cr, Sy, ) is rotations reducible.

We will follow the approach of Herman’s celebrated work on linearization to
prove the main result. We define a renormalization operator, under some as-
sumptions, the renormalization admits a ”linear attractor” (constant cocycle),
this allows one to obtain ”global” results by reducing to the ”local case” of nearly
constant cocycle, then we apply local reducibility results to finish the proof.

The concept of renormalization arises in many forms through mathematics and
physics, a great reference from the dynamical side is [1]. The renormalization
operator consists two steps: inducing and scaling. Inducing usually means we
consider the first return map of the given dynamics, after inducing, we need a
scaling procedure, so that the dynamics considered occur at a fixed spatial scale.
Simple example is the renormalization of rigid rotation of the circle, it can be
shown that renormalization just means the Gauss map.

If we apply renormalization principle directly to one frequency C” cocycle, the
questions arises in the following: if we consider the first return map to the annulus
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[0, Zo + qn,] X R/Z, where we identify the boundary circles via (z,u) — (x +
gna, A(z) - u), then we cannot get a C” cocycle, since we lose the smoothness the
cocycle. A possible way to deal with this question is that we can look at the
cocycle in another way, considering

(,A)  RxR?—RxR?
(z,u) = (x + o, A(z)u).

then if (o, A) commutes with (1,id), then (a, A) is a cocycle. This observation
allows us to introduce the concept of Z? action ®, a homomorphism from Z? to
Q" (subgroup of Dif f"(R x R?)). There is nice relationship between Z? action and
cocycle, if ®(1,0) = (1,4d), then ®(0,1) = (a, A) can be viewed as a C"-cocycle.
Given a C"-cocycle (a, A), o € [0, 1], we associate a Z? action ®, 4 by setting
(I)a,A(LO) = (1,id), (I)a,A(Oa 1) = (Oz,A).

We can do the renormalization operations for Z? action other than for cocycles.
The operation consists two steps: base change and rescaling, base change just
means we consider the iteration of the cocycle. It can be shown that reducibil-
ity is invariant under renormalization, and ®, 4 is C"-reducible (resp. rotations
reducible) if and only if (o, A) is C"-reducible (resp. rotations reducible). This
gives us some convince when we are deal with reducibility results.

The renormalization sequence takes the form

R(D)(1,0) = (L, A—yn-1g,_, (Bn-12)),

9‘{"(@)(0, 1) = (an, A(_l)n—lqn (Bn_ll‘)),
where ® = ®,_4. However, R"(®)(0, 1) is not a cocycle. So we need the normal-
ization step, which means for any Z? action ® : Z? — Q" with II;(®(1,0)) = 1,
then it can be C" conjugated to ®(1,0) = (1,id), r € N U oo, w.

The next question arises, when does the renormalization sequences converges?
Usually it is called ”a prior estimate”. If (o, A) has positive Lyapunov exponent,
then it is easy to see that the renormalization sequence diverges. What is in
fact the basin of the renormalization attractor? Of course it has zero Lyapunov
exponent, by Bourgain-Jitomirskaya’s result [4], it is closed, however, the basin of
a local attractor is by nature open. In fact, the main result shows that for Lebesgue
almost every F € {E : |L(a, S, g) = 0}, the Schrédinger cocycle (o, S, g) can be
renormalized to near constant cocycle.

The good starting point is Kotani’s theory, for Lebesgue almost every F € {E :
|L(cv, Sy ) = 0}, the cocycle (a, S, ) is L? conjugated to a cocycle in SO(2,R),
then an explicit estimate allows us to control the derivatives of iterates of the
cocycle restricted to certain small intervals. This is just the ”prior estimate” what
we needed.
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Renormalization I1
RAPHAEL KRIKORIAN

As was explained in the previous talk by Qi Zhou, renormalization is a useful
tool to prove “global” reducibility results (i.e. non perturbative ones) by reducing
them to local (i.e. perturbative) ones. A typical application of this technique for
SL(2,R)-valued cocycles is the a.e. dichotomy obtained in [3]: given a recurrent
diophantine o« € T (which means that infinitely many iterates of o under the
Gauss map satisfy a fived diophantine condition), and V' : T — R a smooth or
real analytic potential, then for Lebesgue a.e. E € R, either LE(«, Sg_y) > 0
or the cocycle (a, Sg—_v) is smoothly or real analytically reducible (conjugated
to a constant elliptic matrix in SL(2,R)). Since Kotani’s theory tells us that for
a.e E where LE(a, Sp_y) = 0, the cocycle (o, Sg_y) is L2-rotations-reducible
(which means conjugated to an SO(2,R)-valued cocycle by an L? conjugation), it
is indeed enough to prove the following differentiable rigidity theorem: if a smooth
or real analytic cocycle with a recurrent diophantine frequency is L2-rotations-
reducible, and has a fibered rotation number which is diophantine with respect
to «, then it is smoothly or real analytically reducible. The proof of the previous
result relies on the convergence of the renormalization scheme to SO(2,R)-valued
cocycles (Z2-actions) which are not necessarily constant, convergence which in turn
heavily relies on a priori estimates. Let us describe what these a prior: estimates
are designed for. Roughly speaking, to understand the n-th iterate of a cocycle
(o, A) under the renormalization operator it is enough to understand the iterates
(c, A)I on some interval x4, T« + gna] C T (as ususal g, is the n-th denominator
of the continuous fraction expansion of «). One has to keep in mind that the
n-th renormalized cocycle is related to the dilated cocycle (ay,, AW (81 (- —
x4))) on the interval [0,1], where x, is some point at which dilation is made. In
order to be able to prove that renormalization “converges”, a first step is to prove
that the preceding cocycles have reasonable C*-norms, which in our case means
bounded. A first step in that direction is to prove that these cocycles have bounded
Lispchitz norms. The main technical tool is then the following: Let A(:) : T —
SL(2,R) be Lipschitz, B(:) : T — SL(2,R) such that [,|B(xz)||*dz < oo and
B(- + a)7tA(-)B(-) is SO(2,R)-valued. Denote by ¢ : T — R the L!-function
¢(-) == |B()|? and by S(z) := sup,s;, = 34—y ¢(z + ka). By the Maximal
Ergodic Theorem, for a.e. 29 € T one has S(zy) < co (and in fact S satisfies
a weak-type inequality). We can now state the main Lemma: for every o € T
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where S(z9) < oo one has
[ 4n(20) ™ (An(@) = Au(an))] < enle—sollAloo Lin(AS(an)otan) _ 1

and
| An ()] < en|I*IU‘”AHCOL'LP(A)S(IOM’(:”O)(¢(x0)¢(x0 + na))l/Z

Using this lemma one can prove a higher differentiability version: if A is of class
Ck

7‘+%
mwamwsawam+mW%MmW””W“) 07 Al

where ¢1(z0) = ¢(20)S(20)||Al|Z0, c2(z0) = 25(z0)d(x0)||Allco||OA]|co and C is
a universal constant. This last lemma joined with the L2-rotation reducibility
assumption is the key to proving the convergence of renormalization to SO(2, R)-
valued cocycles. More precisely, using a measurable continuity argument, one can
prove the following : with the same assumptions as before, for a.e. z, € T, there
exists K > 0 such that for every d > 0, € > 0 and for every n > no(d, €), if ||an|t <
d/n then ||0" A, (z)|| < K™ n"||Al|cr provided |z — z.| < d/n; furthermore, the
matrix B(z.) "t A, (z)B(x.) is e-close to SO(2,R) for |x — .| < d/n. This result,
applied to A, instead of A,,, shows that there exists a point z, such that the n-
th iterates of (o, A) under the renormalization operator (centered at x.) become
closer and closer to SO(2,R) and their C* -norms stay bounded. In case « is
recurrent diophantine, infinitely many times, a,, the n-th iterate of o under the
Gauss map, will be in some fixed diophantine class. Then, naturally associated
to (a, A) one gets a SO(2,R)-valued smooth or real analytic cocycle (a0, A))
which can easily be conjugated to a constant one (oo, R) (o being diophantine).
Stopping the renormalization procedure at some large step n, one is reduced to
the following: decide whether a cocycle of the form (o, Ref»()) is reducible,
where R is a constant, F}, is small in C* (or real analytic) norm and a,, is in
a fixed diophantine class. But this is a local situation and in that case one has
a local theorem that gives the answer, namely Eliasson’s Theorem: the cocycle
(otn, Re™™ () is reducible provided its fibered rotation number is diophantine with
respect to a,,. By Kotani theory, this last condition is fulfilled for a.e. E such
that LE(Oz, SE,\/) =0.

Let us mention that the preceding a.e. dichotomy can be extended to the case
where « is any irrational number on T (see [2]) provided the notion of reducibility
is replaced by the more general one of rotations-reducibility (meaning conjugation
to SO(2,R)-valued cocycle): Given any irrational & € T, and V : T — R a smooth
or real analytic potential, then for Lebesgue a.e. E € R, either LE(a, Sg—y) >0
or the cocycle (a, Sp_v) is smoothly or real analytically rotations-reducible i.e.
conjugated to an SO(2, R)-valued cocycle.The proof uses as before Kotani’s theory
to reduce the result to an L2-differentiable rigidity result but here it is important to
prove the convergence of L2-rotations-reducible cocycles (homotopic to the iden-
tity) to constant cocycles. We are thus reduced to the following situation: given
(@tn, Ref™ (), where R is an elliptic constant in SO(2,R), F}, is small in C* (or real
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analytic) norm, what can be said about its rotations-reducibility? To answer this
question an important tool is the so-called “cheap trick” introduced in [6] and [2].
The basic idea underlying this technique is that when a,, is too small to give in-
formations from a classical KAM point of view, algebraic conjugation of Ref() to
a cocycle of rotations (or equivalently rotations-reducibility of (0, Ref™("))) trans-
lates to a dynamical conjugation, conjugating (c,, Re® »()) to a cocycle which is
closer to a cocycle of rotations, how close now depending on the size of a,; notice
that this procedure can be iterated a finite number of time which allows usable es-
timates. The implementation of this idea gives a (semi-) local result which can be
seen as an extension of the classical Dinaburg-Sinai result: there exists a smallness
condition, depending on some arithmetic condition imposed to the fibered rotation
number of (ay,, ReF"(')) (with respect to a,), but not on the arithmetic properties
of a,, such that if F,, satisfies this smallness condition, the cocycle (ay,, Refn())
is rotations-reducible.
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The metal-insulator transition for the almost Mathieu operator
ROMAN SCHUBERT

The topic of this talk is to discuss Anderson localisation for the almost Mathieu
operator (AMO) in the supercritical regime, following [1]. The almost Mathieu
operator on [?(Z) is given by

(1) [Hy](n) = ¢(n+ 1) + ¢ (n — 1) + 2A cos(2m(w + na))v(n)
and we are interested in properties of eigenfunctions of H, i.e. Hy(n) = Ey(n).
On says that the operator displays Anderson localization if it has pure point spec-
trum and any eigenfunction decays exponentially for large |n|.

We will assume that the frequency « satisfies a Diophantine condition

(2) aeDC«  |sin(mja)| > fﬁi) ’
J

for some c(a) >0, 1<r(a)<oo

and the phase w is non-resonant:

(3) wé¢ R = {w||sin(2r(w + ka/2))| < exp(—szIa)) for infinitely many k € Z}
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The main result we discuss is then

Theorem [1] Assume A > 1, « € DC and w ¢ R. Then H displays Anderson
localization.

Remarks:

(a) For a history of the many partial results known before we refer to [1].

(b) The AMO is Aubry dual to itself with A replaced by 1/, see the following
talk. Therefore the theorem implies that for A < 1 the spectrum is abso-
lutely continuous. Hence we have at A = 1 a transition from absolutely
continuous to pure point spectrum, i.e, a transition from a conducting
metal to an insulator.

(¢) The conditions on « and w are close to being sharp, in more recent papers
by Avila and Jitomirskaya it was studied what happens if one relaxes them.

— One says that w is e-resonant (¢ > 0) if there exist infinitely many
integers nj, j = 1,2,---, such that ||2w — njal|lr/z < e~mile In [4]
it is shown that if @ € DC and w is e-resonant then eigenfunctions
localise around the resonances nj;, but are exponentially decaying
away from them. This is called almost localisation.

— In [3] the case of more general « is considered. Let py/gn, be the
continued fractions approximates for o and set

B = limsup In(gn+1)/qn -

Ifa € DC, then g = 0. If e is irrational, 8 < oo and w is non-resonant
then eigenfunctions are localised for A > e'9%/9. Tt is expected that
for non-resonant w Anderson localisation holds for A > e” but not for
A< ef, see [3].

Let us now describe some elements of the setup of the proof. One says that ¢ is a
generalised eigenfunction if ¢)(n) satisfies Hip(n) = Ev(n) and |[¢(n)| < C(1+|n|),
and to show Anderson localisation it is enough to show that every generalised
eigenfunction is exponentially decaying.

The main tool will be estimates on Greens functions. Let I = [z1,22] C Z be an
interval and let (H; — E) be the restriction of H — F to I with Dirichlet boundary
conditions ¥ (z1 — 1) = ¢(x2 + 1) = 0. This is a band matrix of the form

Ve(z1) 1 0 0 ... 0
(4) (Hr—FE)= 0 1 Ve(zi+2) 1 - 0

where Vi (z) = 2Xcos(2n(w + za)) — E and the Greens function is defined as its
inverse

Gf(xay) = (HI _E)il(x’y) .
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Let
Pi(w) := det(Hyp 1) — E) ,
and A(k,w) be the standard cocycle associated with the AMO, then we have the
following identities
Pi(w) —Pr—1(w+ )
d) A(k,w) =
( ) ( ,w) (Pk—l(w) —Pk_g(w + a)
Ppy—y(w(y+1Da _ Py—ay (wtzie
(©) |Glay a0l (21,9)| = % and |Gz, 2] (y, 22)| = W
where k = 9 — 21
(f) If HY(n) = Ev¥(n) and x € I, then

Y(x) = =Gz, )¢ (21 — 1) = Gr(a2, 2)Y (22 + 1) .
The first relation follows, e.g. by induction from Pyt (w) = V (k) Py (w) — Pr—1(w),
which in turns follows by Laplace expansion in the last row of Hjg_1; — E. The
second one follows by Cramer’s rule and the last one from (Hyp x—1) — E)¢Y(n) =
—¢(x1 — 1)0ne; — (22 + 1)0n,5-
Now if A > 1 then

(5) L:= dw >0,

Ink

in fact L = In A if « is irrational [2]. Therefore we expect that for large enough k
and most w we have ||A(k,w)|| ~ e* and hence by (d)

(6) P (w) ~ e

k— o0

i [ RG]

This would imply |G, 4,)(z1, )| ~ e~Llzi=yl (by (e)) and therefore any eigen-
function which satisfies [¢)(n)| < C(1 + |n|) has to be exponentially decaying (by
(f)). So localisation follows if (6) holds, and this is where the Diophantine con-
dition on « and the non-resonance condition on w are used. Let us give some
indication how these conditions come into play.

A point y is called (m, k)-regular if there exist an interval I = [z, z2] with
y €l and k = x5 — 21 + 1 such that for i = 1,2

|Gy 2 (Y5 i) | < e~mly—zil dist(y, z;) > k/5

Otherwise y is called (m, k)-singular.
(g) We have by (4) that Py(w) = Qr(cos(w + (k — 1)a/2)) where Qg(z) is a
polynomial of degree k.
(h) There is a uniform (in w) upper bound |Py(w)| = |Qx(2)| < eE+I* for k
large enough, see [1].
(i) If y is (L — ¢, k)-singular, and k is sufficiently large, then one can produce
a sequence of ~ k/2 points

2 = cos(w + (¢ 4+ (k — 1)/2)a) |

where z ~ y—3k/4, such that Qg(z;) is small, i.e, < e(L=<Dk This follows
from the definition of (L — €, k)-singular together with (e) and the upper
bound in (h) on Qx(z).
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(j) If both 0 and y are (L — ¢, k)-singular and a distance k apart, then the
previous observation applied to 0 and y produces altogether k points z;
on which Qy is small. Now by (5) there exist an zy with Qx(z0) > e*E,
applying Lagrange interpolation to the polynomial @ gives then

k
20 — 2
20) = 2 .
Qulz0) = 3_ Qi) [] Z—
Jj=1 1#j
Now by assumption Qx(20) is large, but Qx(z;) is small for j =1,--- ,k if 0 and
y are (L — €, k)-singular. The Diophantine conditions on « and the non-resonance
conditions can now be used to analyse the size of the terms
H zZ0 — 2]
1 T A
It turns out that these are small enough to produce a contradiction (the dis-

tribution of the z; is sufficiently uniform). Hence 0 and y cannot be both be
(L — ¢, k)-singular, and this implies that eigenfunctions are localised.
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Duality and the almost Mathieu operator
CHRISTOPH A. MARX

The special form of the almost Mathieu operator (AMO) implies a symmetry
with respect to Fourier transform, known as Aubry duality [1]. Since, taking
a Fourier transform physically corresponds to a change to “momentum states”,
Aubry duality is heuristically understood as a correspondence between localized
and “extended states”.

Several approaches that formulate this correspondence rigorously exist in the
literature, ranging from the very first one [5] to the most recent one [13], Section
8 therein. In this talk we introduce duality from two view points: a “classical”
spectral theoretic approach and a more recent dynamical formulation in terms of
Schrodinger cocycles. Even though originally discovered for the AMO, the concept
is general to any Schrodinger operator H, g,

(1) (Haﬁ"/))n = "/)nJrl + Y1+ ’U(OHL + 9)"/)71 )

where v € C(T,R) and « € T is allowed to be both rational or irrational.
The following spectral theoretic approach is based on an elegant formulation
for the AMO due to [7], further developed to the general setting given by (1) in
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[13]. Within this framework duality is formulated as a unitary equivalence on
the constant fiber direct integral, H' := ff 1(Z)dd. H,p naturally lifts to a
decomposable operator on H’ given by H! := fﬁ H, pd6.

Consideration of H’ is not unexpected from a physics point of view. In solid
state physics, quasi-periodic operators arise from the description of two dimen-
sional crystal layers immersed in a magnetic field of flux § acting perpendicular
to the lattice plane. An interpretation of duality in terms of the corresponding
two-dimensional magnetic model can be found in [14], Sec. 2-3 therein.

Duality is mediated by the unitary [7],

) @o)nm) i= 3 [ dgerrimtninma (o)
nez” T
on H', which defines the dual operator of H!, by U~ H'U =: H!,. H!
decomposable and acts on the fibers according to®
(3) (Ho,gt)n = 2cos(2m(0 + an))n + (0 ¢),, -
A speciality of the AMO is that up to energy rescaling, its dual lies within the

is itself

almost Mathieu family, i.e. ﬁaﬂ, A = AH, g »-1. In particular, duality relates the
sub(A < 1)- and super-critical (A > 1) regime. The critical point A = 1 is self dual.

When formulating duality as unitary equivalence between operators, preserva-
tion of spectral properties becomes immediate. In this respect, we mention the
union spectrum Sy («) := Ugero(Ha,9), analogously defined for the dual operator

(5S4 (). Note that for o« € R\ Q, Sy(a) = o(Hy9) =: S(a) for all § € T.

Theorem 0.6. For any o € T, we have Sy (a) = Sy (a). Moreover, if a € R\ Q,
the density of states is invariant under duality i.e.

(4) K({Hao}; &) = k({Has}; A)
for A CR Borel.

Invariance of Sy for general, continuous v(z) is proven in [13]. A first rigorous
proof of the moreover statement was obtained in [14]; within the present framework
a proof can be found in [10] .

As an application of invariance of the density of states, we mention an alter-
native proof of Herman’s bound for the Lyapunov exponent (LE) [14] : Using
Thouless formula, one obtains

(5) L(, AF) = L(a, AY/D) +log A

relating the LE in the dual regimes. In particular, L(a, AY) > log A, which yields
positivity for A > 1.

Whereas above approach easily yields the spectral invariances formulated in
Theorem 0.6, the following dynamical point of view very transparently formulates
the heuristic correspondence between localized and extended states.

IWe denote by ¢(x) := >z $ne?™® the Fourier-transform on 12(Z) with inverse written as
f,for f e L%(T).
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To this end, suppose 0 # 1 € [3(Z) such that Haﬁ"/) = En), for some 0. As
shown in [2] this produces an L?-semi-conjugacy of the Schrédinger cocycle (o, A)
eZﬂiG

to the constant rotation Ry := ( 0 8797”.9 ),

(6) AP(2)C(z) = ReC(z +a) , C(x) = < ¥(x) &) |

bla—a)e>0 J(z —a)e 20
For all but countably many phases, this semi-conjugacy is in fact a conjugacy:

Proposition 0.1. [2, 3] Suppose 8 € T such that aZ + 20 NZ = (), then for some
c € R\ {0}, det C(z) = ic a.e. x.

In particular, we conclude L(a, A®) = 0 if aZ +20N7Z = () 2. The fact that
point spectrum for the dual operator implies zero LE was first proven in [8] by
non-dynamical means. There, the argument was used to conclude absence of point-
spectrum for the subcritical AMO, using positivity of the LE in the supercritical
regime.

The L2-conjugacy obtained in Proposition 0.1 already implies a bound of the
n-step transfer matrices in L'-norm. This bound can be improved to one holding
uniformly on T, if the eigenvector ¥ decays sufficiently fast.

For example, for the AMO, Anderson-localization in the supercritical regime is
known:

Theorem 0.7. [12] Let A > 1 and « Diophantine with ||ak| > |;:|(T—C<Yc)y> for k €
Z\ {0} and k(o) > 0,7(a) > 1. If 0 € R, Ho g, has only pure point spectrum

with exponentially localized eigenfunctions. Here,

7 R=1{0ecT:|ak+20| <e*7 io.
(7) {

Thus for E € Uger opt(AHy y-1) =t Zo()), one concludes [|A¥||. = O(1), for
all n € N. Here, T’ is the full-measure set of non-resonant phases, in addition
satisfying oZ + 20 N Z = ().

Since Xo(\) = X(a, \), joint continuity of the LE in E and « [6] yields L(a, AY) =
0 for all irrational o and E € 3(o, A). Together with (5), this proves the Aubry-
André formula for the LE of the AMO, L(a, AY) =log, ()), for all « € R\ Q and
energies in the spectrum.

It is interesting that this dynamical formulation of duality can even be used to
obtain statements about the self-dual point:

Theorem 0.8. [3] If 0 satisfies «Z+20NZ =0, Hy g1 has empty point spectrum.
Zero measure spectrum at A = 1 for all irrational « [4] in particular yields,
Corollary 0.1. For all but countably many 0, the spectrum of Hq 9,1 1s purely

singular continuous.

2We mention that a dynamical description for the remaining countable set of § not covered
by (0.1) can be given [2].
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We conclude this talk by giving two results illustrating the necessity of the
arithmetic conditions on o and 6 in Theorem 0.7. In view of necessity of the
Diophantine condition on the frequency, we call @ € T Liouville with constant
¢ > 0, if there exists a sequence of rationals £ — o such that o — E2[ < e7¢n.
For every ¢ > 0, Liouville numbers with constant ¢ form a dense Gs.

Theorem 0.9. [9] Let v € Lip"(T,R). There exists ¢ = c(v) > 0 such that for
every Liouville o with constant ¢, Hy 9 has empty point spectrum for all 6 € T.

To state necessity of the condition on the phase, assume v € Lip"(T,R) is
reflection symmetric about some point expressed by v(Rf) = v(f), § € T. For
¢ > 0, define the set of c-resonances, R(c) := {0 : |[T*0 — RO|| < e=°F | i.0.},
where T': 6 — 0 + o on T. As before, given a € R\ Q, for each fixed ¢ > 0, R(c)
forms a dense Gj.

Theorem 0.10. [11] There ezists ¢ = c(v) > 0 such that for « € R\ Q, Hy ¢ has
empty point spectrum for all 0 € R(c).

We mention that in [11] this Theorem is proven for the general almost periodic
setup.
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Measure of the spectrum of the almost Mathieu operator
RAJINDER MAVI

We continue the discussion of the almost Mathieu operator,
(1) Howaun) =un+1)+u(n—1) +2Acos (2r(na + 6))

for a,0,\ € R, begun in the previous two lectures. Our concern in this talk
is the spectrum o (Hq o, 2), which is invariant under the reflection of the coupling
parameter A — —\ so we will assume A > 0. In particular we discuss the Lebesgue
measure of the spectrum S(a, ) = |0 (Ha,w,2)| for irrational «, (the spectrum
does not depend on the phase w for irrational frequency «). It is useful to specify
related sets for all o, o (o, A) = Uyo (Hawr); 0—(a,A) = Nuo (Hawn); and
Si(a,w, ) = |o4(a,w, N)|. A conjecture of Aubry and André’s[1] states that the
Lebesgue measure of the spectrum at irrational frequencies is given by the formula

Sla,A) =411 = ).

In this talk we will demonstrate the proof of this conjecture. The duality proper-
ties of (1), discussed in the previous lecture, simplify the proof of the Aubry-André
conjecture. We use the formula which follows from duality of the integrated den-
sity of states, Avron and Simon [4], Si(a,\) = AS;(a,A7!) and for irrational
frequencies a, S(a, A\) = AS(a, \™1). The problem therefore divides into dual sub-
critical 0 < A < 1 and supercritical regimes A > 1, where proving the conjecture
in one case implies the other; the critical self dual point A = 1 is a special case.

In all but a zero measure set of frequencies at the critical coupling the method
of proof is by approximation of the measure of spectra at rational frequencies and
then approximating spectra at irrational frequencies by rational frequencies. Con-
tinuity of o4 (-,\) in the Hausdorff metric is shown in [4, 9], however, S; (-, \)
is discontinuous at rational values. It is therefore necessary to obtain stronger
statements of continuity and use numerical properties of irrational numbers, par-
ticularly the continued fraction expansion

a:ao—i—%z[ao;al,ag,...]
a +——
as + .
with a; € N, a; > 0. A truncation [ag; a1, as,...,a,] = 2=, with p,,q, € N and

qn’
(Pn,@n) =1 is known as a rational approximant.

Avron, Mouche and Simon [3] computed the measure of the spectra at rational
frequency and obtained S_(a, A) = 4|1 — A| for 0 < A < 1 directly. Sy is bounded
above in [3] by controlling the difference o4 (o, \)\o— (e, A). S_(a, A) is calculated
using cocycles of the transfer matrices, which were introduced in the second talk,
and truncated Hamiltonians. Chamber’s formula [6] is used at rational & = £ to
obtain, a ¢ degree polynomial in E to be the trace of the ¢ length cocycle. The
formula for a fixed rational o is $Tr(4,0,0)(E) = Aaa(E) + A cos(qw). Where
A, x is a polynomial of degree q. Therefore, o_(a, \) is A;})\([fl + A1 — A7),
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thus it suffices to compute the total size of these intervals. For this the periodic,
corresponding to A, x» = 1—X?, and antiperiodic, corresponding to A,y = =149,
truncated Hamiltonians are used to compute the total length of these intervals.
The energies in both cases are ordered to alternately correspond to even and odd
vector subspaces of the truncated space, starting with even on top. The total
length therefore is the sum of the even periodic trace and odd antiperiodic trace
less the sum of the odd periodic trace and the even antiperiodic trace. To control
o4+ \o—, we turn to cocycle dynamics and use the formula $Try w—o = (—1)9 cos(gr)
for the rotation number r(E) of the cocycles on the spectrum. Avron, Mouche
and Simon use the formula of Deift and Simon [8] that on the spectrum 4= > 1/2,
this obtains Sy < S_ + C\/? for some C > 0.

In the case of critical A the bound of Sy above is not effective. Instead the
following formula shown by Last [15] is used 2, ,., &7 % where E,

1 —
Jan(Bv)
enumerate the zeros of A/, ;. To bound S, we bound above the distance of a

P
;/1q71(i2) to the nearest point in A;/lq,l

and the above formula obtains S, < Cq~! for some C' < oco. Using duality, we
have for all a, A the limit lim, /o S4(p/q, A) = 4|1 — X|; thus, we require only
continuity for some sequence of rationals p/q¢ — « to conclude the proof.

In [3] the authors show % —Holder continuity of o (-, A) in the frequency. The
method for any E € o (a,\) is construction of a sequence f,, € ¢*(Z) for any
nearby frequency o and properly chosen 6’ so that ||[(E — Ha o/ 5) fnll < Cla —
o/|'/2. The variation principle implies there is an E’ € o(a/,0’,\) so that |E —
E'| < Cla — o'['/2. The sequence for the new frequency is constructed out of
the Weyl sequence of the original operator at E by multiplying each function
by a properly centered cutoff function. The %—Hélder is an improvement over
%fH'dlder continuity shown by Chui, Elliot and Yui [7] made possible by an im-
proved choice of cutoff function. As briefly discussed above, o4 (pn/gn, \) consists
of at most g, intervals, the edges of which have 1/2—Hélder continuity. The con-
tinuity of S; was demonstrated by Last [14] as a corollary of the results in [3],

using the Holder continuity of the bands of the spectrum and the general prop-

ﬁ. Because ¢,4+1 = anqn + qn—1 it is exactly the irrationals

with an unbounded sequence of continued fraction coefficients a; for which we
can conclude the conjecture. Finally, for irrationals so that a; are bounded Jito-
mirskaya and Krasovsky [13] show almost Lipshitz continuity of the spectra in the
Hausdorff metric when A > 1, (in fact this result holds for analytic potentials and
Diophantine irrationals).

The completion of the Aubry-Andre conjecture is listed as problem five in Simon
[16], at that time it only remained to solve the problem at critical coupling with
frequencies o with continued fraction coefficients a; bounded. This was solved by
Avila and Krikorian in [2] (the method in this paper applies to a full measure set
of Diophantine frequencies). From Bourgain and Jitomirskaya [5] it is known that
the Lyapunov exponent is zero at the critical coupling, and thus by a result in
[2] the transfer matrix is reducible, that is analytically conjugate to a constant

point in A (0) by its trigonometric behavior

erty ‘oz - 5—"
n
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cocycle, for almost every energy in the spectrum. But a result of Elliasson [10]
states that cocycles near a reducible cocycle are uniformly hyperbolic or have zero
Lyapunov exponent. By continuity of the spectrum, a reducible cocycle at A = 1 in
the spectrum would imply existence of energies in the spectrum at coupling A > 1
with zero Lyapunov exponent, but this contradicts positivity of the Lyapunov
exponent in this case, as discussed in the previous lecture. It follows that the
spectrum in this case has measure zero.

Beyond the conjecture we remark that approximation of the measure of the
spectrum at irrational frequencies by rational frequencies extends to analytic func-
tions [11] and even 1/2 + e—Holder continuous functions in the case of positive
Lyapunov exponent [12].
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Non-perturbative localization for analytic potentials
MICHAEL GOLDSTEIN AND KAI TAO

We consider the Schrodinger equations
(1) [H@,w)p](n) = —p(n —1) = p(n+1) + V(I](x))en) = Een), neZ

where T, is a shift T, : TV — T, T,(z) = z + w, z,w € T”. In the regime of
of positive Lyapunov exponents. The goal of this talk is to explain how the large
deviations theorems for the norm of the transfer-matrix can be combined with
the fundamental ideas of localization of eigenfunctions introduced by Frolich and
Spencer. The implementation of these ideas goes through the elimination of the
spectral parameter from the double resonance events. The major technical tool
for this elimination process consists of the analysis of ”thin” semi-algebraic sets
coming from the large deviation theorem.

We always assume that V() is a real-analytic function on T". Let Hp, j(z,w)
be the restriction of H(x,w) to the finite interval [a,b] with zero boundary con-
ditions ¢(a — 1) = 0,9 (b + 1) = 0. By fla4(®,w, E) we denote the characteristic
polynomial det(H(, (2, w) — E). Let M, (2, w, E) be the transfer-matrix of the
equation and L(w, E) be the the Lyapunov exponent. Recall that

f[l N](:CawaE) _f[QN](xawaE)
2 M yw,E) = ' 7
) (@, E) fun-y(@w, E)  —fon-2(z,w, E)

The first fundamental idea of Frélich and Spencer on the localization is as follows.
Any solution of the equation

(3) —pn+1) = —1)+v(n)Y(n) = EY(n), neZ,
obeys the relation

(4) ¥(m) = Glap(E)(m, a—1)P(a—1)+Glay (E)(m, b+1)1p(b+1), m € [a,b].

where Giq4(E) = (H[a,b} — E)f1 is the Green’s function, H, ) is the linear oper-
ator defined by (3) for n € [a,b] with zero boundary conditions.

By Cramer’s rule
-1 _ |f[a+1,k] (ZL',(U,E)} |f[m+1,a+N] (ZL',(U,E)|

|f[a+1,a+N] (:L'awa E)|

5) |(Hiat1,04m)(@,w) = ) (k,m)|

a+1<k<m<a+ N. Heuristically,
log | fla+1,a+n] (x,w, E)| ~ log || M1 ) (2, w, E)|| = nL(w, E),

6 -1
( ) log}(H[a-l-l,a-l-N](zaw) - E) (kvm)} ~ 7(m - k)L(w7E>

which leads to exponential decay of the eigenfunctions due to (4). Obviously, given
x,w the previous argument does not apply to some intervals [a + 1,a + N|. The
collection of the ideas one borrows from Fréhlich and Spencer to address this issue
is as follows.

e The heuristic (6) fails if and only if E is extremely close to the spectrum of
Hig41,a4+n)(2,w). The latter event is called a simple resonance or just a resonance.
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e For a fixed E the chances of a resonance to happen are very small. In other
words the total measure of corresponding x,w is very small. In the context of
random Scrodinger operator this statement is the fundamental Wegner estimate.
We explain what is the quasi-periodic counterpart of this estimate.

e The chances that some E is very close to the spectrum of H{qq1 44 n(2,w)
and to the spectrum Hiqqn4741,a4+7+2n8](T,w) With T > N are so small that
FE can be eliminated from such events via crude partition of the domain of the
parameter E. The latter event is called double resonance.

In contrast with the random case the estimate for the double resonance to occur
in quasi-periodic setting comes not from statistical independence of the two simple
resonances involved but on the ”transversality” of the corresponding two sets in
the space of z,w. The large deviation theorem says that the measure that the
log | fla+1,a4n] (x,w,E)| ~ log || My nj(7,w, E)|| = nL(w, F) fails is small. So, for
any given E the resonance sets are "thin”. A very important feature here is that
one can replace these sets by some ”thin” sets of the following form

(7) P(z,w,E)>0

where P is a polynomial which degree is not to high. This is due to the assump-
tion that the potential is analytic. Sets which can be defined via inequalities like
(7) and more general ones including several polynomials are called semi-algebraic.
The most important feature of the semi-algebraic sets in R” is the estimate on the
number of connected components which comes from the Bezout theorem combined
with implicit function theorem from multivariate calculus. This combination al-
lows to analyze semi-algebraic sets by covering them via a union of smooth images
of "nice sets” in R¥.
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The absence of non-perturbative results in higher dimensions
YIQIAN WANG

Recently non-KAM methods have been developed to obtain non-perturbative re-
sults in quasi-periodic Schrodinger operators.
In the study of Almost Mathieu operator

(H(2)$)n = Acos2m(z + nw)pp + ¢pn_1 + ¢pni1, ¢ € 1*(Z),
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Jitomirskaya (1999, [7]) proved that for any Diophantine w and a.e. x, it holds
that

(i) if A > 2, then H has only pure point spectrum with Anderson localization;
(ii) if A =2, then H has purely singular continuous spectrum;
(iii) if A < 2, then H has purely absolutely continuous spectrum.

Then Bourgain and Goldstein (2000, [1]) proved that with d > 1 and a general
nonconstant analytic potential v(z), x € T, for the operator

(1) (H(z)9)n = M(z +nw)dn + ¢n—1 + dny1, ¢ € 12(2)7

it holds that for fixed x¢, there exists A;(v) > 0 such that for A > A\; and a.e. w,
H has Anderson localization.
Later for d = 1 Bourgain and Jitomirskaya (2002, [3]) proved that there exists
A2(v) > 0 such that if A\ < Ay, then for a.e. + and any Diophantine w, H in (1)
has purely absolute continuous spectrum.
The common feature of non-perturbative results is that they holds true for w in
full measure and A is independent on w (see the constants A = 2, A1, A2 as above).
For the case d > 1, we have the following classical perturbative results on the
existence of absolute continuous spectrum.
Theorem 1 (Eliasson 1992 [6], Chulaevsky and Sinai 1993 [5], Bourgain 2002 [2])
Ford>1 and e > 0, there exists A\s(v,€) > 0 such that if A < A3, then there is a
set Q. with a measure > 1 — € such that for any w € Q1 and a.e. x, the operator
H in (2.2) has purely absolute continuous spectrum.

Then a natural question is: can we have a nonperturbative result of the existence
of purely absolute continuous spectrum when d > 17

Bourgain gave a negative answer for the question with d = 2, thus the nonper-
turbative result of [3] has no a multi-frequency counterpart.
Theorem 2 (Bougain 2002, [2]) Let v = v(x1,v2) be a trigonometric polynomial
on T? with a nondegenerate local mazimum. Fix (x1,x2). For any \ # 0, there
exists a set Qo of positive measure such that if w € Qa, then H in (1) has some
point spectrum and mes(Ep,(H)) > 0.

Remark 1 w in Theorem 2 will be chosen too small for Theorem 1 to apply, so
there is no contradiction.
Remark 2 In [2], Bourgain also constructed examples of the form

(H(2)¢)n = (A1 cos(1 + nwr) + Az cos(2 + nw2))dn + ¢n—1 + bnt,
such that for w in a set of positive measure, X,.(H) # 0 and mes(X,,(H)) > 0.

For simplicity, we will focus on the special potential v = cosx; + coszs.
Using the standard duality technique [5] based on Fourier transform, the model

(2) (H(2)¢)n = Mcos(z1 +nwi) + cos(@ + nw2))dn + $n-1 + dny1, ¢ € 1*(Z)
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is dual to
(3) H(@) =2cos(0 +n - w)pn + %A,

where A is the 2-dimensional discrete Laplacian. We have the following dual
results for H from Theorem 1 and 2.

Theorem 3 (Eliasson 1992 [6], Chulaevsky and Sinai 1993 [5], Bourgain 2002 [2])
For d > 1 and e > 0, there exists A3(v,€) > 0 such that if \ < /\3, then there is a
set Q1 with a measure larger than 1 — € such that for any w € Q4 and a.e. x, the
operator H in (8) has Anderson localization.

Theorem 4 (Bougain 2002, [2]) Fiz . For any A\ # 0, there exists a set (o
of positive measure such that if w € Qa, then H in (3) has some absolute contin-
uous spectrum.

Remark 3. Theorem 3 implies that the 1D non-perturbative results in [7, 1]
have no Z? counterpart.

Remark 4. For the case z € T? and n € Z?, Bourgain, Goldstein and Schlag
obtained a perturbative result for the occurrence of Anderson Localization, see [4].

Fix A # 0. Let w = (w1, w2) be Diophantine with |w| < 1. The sketch of the
proof for Theorem 2 is as follows.

First, we will find an interval I of length coA > 0 near the edge of the spectrum
set(C [-2 — |v],2 + |v]]) such that

(4) mes(Iﬂ spec(H)) ~ |1

and

(5) mes(I () L+ (H)) ~ |1,

where L (H) = {E|L(E) > 0} with L(E) the Lyapunov exponent of cocycles
corresponding to the operator in (2) and the energy F.
Obviously, (4) and (5) imply that

(6) mes( U Ypp(H)) > mes(I ﬂ spec(H) ﬂ L. (H

Then we will prove Anderson localization if L(E) > 0 and E corresponds to an
extended state, which combining with (6), implies

(7) mes(Xpp(H)) > 0.

The proof of (4)—(7) will be inductively obtained from exponentially decay es-
timate on Green functions and eigenfunctions. It is worthy to note that the proof
essentially depends on the fact that for multi-frequency situation, we have more
freedom to choose suitable phases than in 1-frequency situation. For example,
for d = 1 we cannot find similar interval satisfying (4) and (5) if A is small. On
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the contrary, in multi-frequency situation, we can prove the existence of such an
interval by choosing suitable frequencies from higher dimensional base space.
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Global theory of one-frequency Schrédinger operators I
JULIE DESERTT

Let us consider one-dimensional Schrodinger operators with an analytic one-
frequency potential that is

H=H,,: KQ(Z) — EQ(Z) given by (Hu)p = Upt1 + tUn—1 + v(na)uy,

where v: R/Z — R is an analytic function (the potential) and @ € R\ Q (the

frequency). Denote by ¥ = %, the spectrum of H. For any energy E in R let us
define

E—v(x) -1

1) Aw) = 40 = | FT1

} , Ap(z) =A(z+(n—1)a) ... A(z)

which are analytic functions with values in SL(2,R). They are relevant to the
analysis of H because a formal solution of Hu = Fu satisfies

o =0l ]

The Lyapunov exponent at energy E is denoted by L(F) and given by

1
(2) lim — / In||A,(x)|] dx > 0.
R/Z

n—+oco n

Energies E € X can be
o supercritical if L(E) > 0;
o subcritical if there is a uniform subexponential bound In ||A,,(z)|| = o(n)
through some band |Jz| < ¢;
o critical otherwise.
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Progress has been made mainly into the the understanding of the behavior in
regions of the spectrum belonging to two regimes with behavior characteristic of
"large”, resp. ”small” potentials; but until [1, 2] there was no global theory of
such operators and the transition between the two regimes was not understood.
In general subcritical and supercritical regimes can coexist in the spectrum of the
same operator ([5]). However to go from one regime to the other it may not be
necessary to pass through the critical regime since we usually expect the spectrum
to be a Cantor set.

Lyapunov exponent of SL(2,C) cocycles. In the dynamical approach the un-
derstanding of the Schrodinger operator is obtained through the detailed descrip-
tion of a certain family of dynamical systems.

A (one-frequency, analytic) quasiperiodic SL(2,C) cocycle is a pair («, A), where

acR A: R/Z — SL(2,C) is analytic,

understood as defining a linear skew product acting on R/Z x C? by (z,w) ~
(x + a, A(x) - w). The iterates of the cocyles are given by (n«, A,) where A, is
given by (1). The Lyapunov exponent L(a, A) of the cocycle (a, A) is given by
the left hand side of (2). Let UH C C*(R/Z,SL(2,C)) denote the set of A such
that (o, A) is uniformly hyperbolic. If (a, A) belongs to UH then L(a, A) > 0.
Uniform hyperbolicity is a stable property: UH is open and A — L(«a, A) is
analytic over UH (regularity properties of the Lyapunov exponent are consequence
of the regularity of the unstable and stable directions which depend smoothly on
both variables). If L(a, A) > 0 but (a, A) ¢ UH then we say that (a, A) is
nonuniformly hyperbolic and denote it by NUH.

Most important examples are Schrodinger cocycles and L(E) = L(a, A(E_”)).
One of the most basic aspects of the connection between spectral and dynamical
properties is that £ ¢ ¥, , if and only if (a, A(E’”)) is UH.

If A e C¥(R/Z,SL(2,C)) admits a holomorphic extension to |[Sz| < § then
for |e| < & we can define A. € C¥(R/Z,SL(2,C)) by A.(z) = A(z + ic). The
Lyapunov exponent L(a, A;) is a convex function of e. We can thus introduce the
function acceleration defined by

w(a, A) = lim L(L(a,AE) — L(a,A)).

e—0t 2me

Since the Lyapunov exponent is a convex and continuous function the acceler-
ation is an upper semi-continuous function in R\ Q x C*(R/Z,SL(2,C)). The
acceleration is quantized ([1]):

() If (o, A) is SL(2,C)-cocycle with a« € R\ Q, then w(a, A) is an integer.

A direct consequence is the following:

The function ¢ — L(a, A.) is a piecewise affine function of €.

It is thus natural to introduce the notion of regularity. A cocycle («, A) in
R\QxC¥ (R/Z, SL(2, (C)) is reqular if L(a, A.) is affine for € in a neighborhood of
0. In other words («, A) is regular if the equality L(a, A.) — L(a, A) = 2mew(a, A)
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holds for all € small, and not only for the positive ones. Regularity is equivalent
to the accceleration being locally constant near («, A). It is an open condition in
R\Qx C¥ (R/Z, SL(2, (C)) The following statement gives a characterization of
the dynamics of regular cocycles with positive Lyapunov exponent ([1]):
Assume that L(a, A) > 0. Then (a, A) is regular if and only if (o, A) is UH.
It thus follows that:
(W) for any (o, A) in R\ Q x C*(R/Z,SL(2,C)) there exists eo such that
o L(a,A:) =0 (and w(a, A) = 0) for every 0 < e < &g,
o or (o, A.) € UH for every 0 < e < &p.

Stratified analyticity of the Lyapunov exponent (consequence of the
quantization). Let (o, 4) € R\ Q x C*(R/Z,SL(2,C)) such that w(a, A) =
j > 0. According to (#) there exists a small deformation («, Ac) of (a, A) that
belongs to UH and satisfies w(«, A:) = j. The Lyapunov exponent is analytic in
that deformation; moreover using (&) we obtain that L(«a, A) = L(a, A.) — 27je.
Hence the Lyapunov exponent is analytic in ”the stratum” of cocycles (a, A) with
acceleration j. In other words Avila establishes the following result ([1]):

Let a be in R\ Q and let v be any real analytic function. Then the Lyapunov
exponent is a C'°°-stratified function of the energy.

Boundary of nonuniform hyperbolicity & acriticality. Let C§¥(R/Z,R) x
R be the real Banach space of analytic functions from R/Z to R admitting a
holomorphic extension to |Sz| < 6.

Let (o, A) € R\Qx C¢ (R/Z,SL(2,C)) be a critical cocycle with acceleration j.
Then there exists 0 < ¢’ < § such that

(o, Asr) € UH, w(a,Ag) =3 and Ls j(a,A) =0
where Ls (o, A) = L(a, Ay ) — 2mjd’. Moreover if A is SL(2, R)-valued, criticality
implies that the acceleration is positive. So the locus of critical SL(2,R)-valued
cocycles is covered by countably many analytic sets L;;(O). The Ls; are non-
degenerate hence one has the following statement ([1]):
(%) For any o in R\ Q the set of potentials and energies (v, E) such
that E is a critical energy for H, , is contained in a countable union
of codimension-one analytic submanifolds of C¥(R/Z,R) x R.
In particular a typical operator H has at most countably many critical energies.

This yields to the following conjecture ([1]):

() Conjecture — For a typical operator H, the spectrum measures
have no singular continuous component.

According to (%) a typical operator H has at most countably many critical
energies: this is the starting point of the proof of the following statement which
says that the critical set is typically empty ([2]). Let us say that H is acritical if
no energy F in X is critical.

(A) Let a be in R\ Q; then for a typical v in C¥(R/Z,R)
the operator H, ., is acritical.
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Let us give an idea of the proof. Given a Schrodinger operator H, , the accel-
eration w at energy E € R is given by w(E) = w(a, A(E_”)). Then FE is critical
if and only if L(E) = 0 and w(E) > 0; if w(E) = k we say that E is a critical
point of degree k. Avila constructs a foliation by monotonic curves ([4]) in the
hypersurface L5, = 0. Using renormalization ([4]) he shows that the measure of
the critical points of degree k is zero; so these points can be destroyed by a small
perturbation of the potential. He then iterates the process.

Stability of the different regimes. Supercritical energies F in ¥ are usually
called NUH. The NUH regime is stable: if we perturb o in R\ Q, v in C¥(R/Z, R)
and E in R (but still belonging to the perturbed spectrum) we stay in the same
regime (continuity of the Lyapunov exponent [7]).

Critical regime is unstable (consequence of (x)). More precisely the critical
regime equals to the boundary of the NUH regime ([2]).

Subcritical regime is also stable ([1]): regularity is an open condition in R\
Q x C¥(R/Z,R) (and subcriticality is equivalent to regularity and being in the
spectrum). The subcritical energies are also said to be away from NUH.

The role of (A) in the Spectral Dichotomy Program. Statement (A) re-
duces the spectral theory of a typical one-frequency Schrodinger operator H to
the separate ”local theories” of (uniform) supercriticality and subcriticality so it
is a key step to establish the spectral dichotomy: the decomposition of a typical
operator in a direct sum of operators with the spectral type of "large-like” and
”small-like” operators (large potentials fall into the supercritical regime [9]; small
potentials fall into the subcritical regime [7, 8]).

Almost Reducibility Conjecture and some consequences. Statements (*)
and (A) give further motivation to the research on set of regular cocycles with zero
Lyapunov exponent, i.e. on subcritical cocyles. In that direction let us mention
the Almost Reducibility Conjecture ([1]):

Regularity with zero Lyapunov exponents implies almost reducibility. More
precisely assume that L(a, Ac) =0 for a < e < b. Then for every n there exists a
holomorphic map By,: {a+1/n <|3z| <b—1/n} — SL(2,C) such that

|| Bu(z + )A(2)B(z) "' —id|| < 1/n fora+1/n<Sz<b—1/n.

Subcriticality is strongly related to the concept of almost reducibility which by
definition generalizes the scope of applicability of the theory of small potentials.
Almost Reducibility Conjecture would at once provide a precise understanding
of subcriticality. The results of [3, 6] and a proof of the Almost Reducibility
Conjecture would give a proof of (&) (see [2]).
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Global theory of one-frequency Schrédinger operators 11
PAauL MUNGER

By a one-frequency Schrédinger operator, we mean an operator on ¢2(Z) of the
form (Hy)(n) = ¥ (n—1)+¢¥(n+1)+v(na)(n), where v is an analytic function on
the unit circle and « is the irrational frequency. In [1], Artur Avila shows that the
Lyapunov exponent of such an operator, which is poorly behaved in some ways, is
quite regular in a stratified way: if we break the space of possible potentials v into
certain natural strata, the Lyapunov exponent is in fact analytic on each stratum
(a stratification of a topological space is a decomposition into nested closed subsets
with empty intersection). This constitutes a new point of view on the Lyapunov
exponent.

The previous talk, Global Theory of One-Frequency Schrédinger Operators I,
exposited this point of view and some of the ramifications of the results in [1],
while this talk gave detailed proofs of two theorems from [1].

The first of these is Theorem 3, which states that if X is any real analytic
manifold and v : X — C¥(R/Z,R) is an analytic function (giving a family of
potentials v())) then the Lyapunov exponent is C*¥-stratified in A and the energy
E. We stratify the parameter space R x X using a function w, as follows. At this
point it becomes more natural to deal with SL(2, C) cocycles; their correspondance
with Schrédinger operators is well explained in many previous talks. We then say
the the acceleration w(A, «) of a uniformly hyperbolic cocycle A at frequency « is

. 1
Jim o—(L(e, Ae)),

where L is the Lyapunov exponent and A, is the cocycle A(x + ie).

It happens that (Theorem 5 of [1]) w is always an integer. Therefore X x R
is stratified according to whether the cocycle is uniformly hyperbolic or not, and
if not, according to increasing w. By considering how L looks when restricted
to cocycles with a fixed acceleration, [1] shows L is analytic on each stratum. A
little more precisely, define Q25 ; to be the set of cocycles that extend analytically
to |S(z)| < 6, and such that there is a ¢’ < § such that («, Ay ) is uniformly
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hyperbolic with acceleration j. Then we may define the function Ls ; : 25 ; — R
by Ls (o, j) = L(a, As/) — 276", For uniformly hyperbolic cocycles, this is the
same as the Lyapunov exponent. Each L; ; is C°°. The proof is finished by relating
the sets €25 ; to the strata.

We say a cocycle is critical if it has L = 0 and it is non-regular, in that
L(a, Ac) is not affine at 0. The second theorem the talk dealt with says that the
set of critical SL(2, R) cocycles is covered by finitely many sets Ly jl(()), and these
are analytic submanifolds of the space of cocycles (the previous talk discussed the
implications of this theorem). The only thing to prove is the analyticity, i.e. that
Ls,; is a submersion. To prove this, Avila introduces the derivative of the Lyapunov
exponent for uniformly hyperbolic cocycles: by considering the stable and unstable
directions of the cocycle, one gets a formula for 4 L(a, Ae*®) for w € si(2,C).
This is used to prove by contradiction that Ls ; must be a submersion (by looking
at what the implications for the stable and unstable directions must be if the
derivative vanishes).
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Global theory of one-frequency Schrédinger operators 111
NIKOLAOS KARALIOLIOS

This talk was the third part of a three-part talk on the global theory of one-
dimensional Schodinger operators, as it was founded in [1] and [2], and our interest
was centered in the explication of the setting, the importance, and the basic points
of the proof, of the main theorem obtained in the second article. We refer to these
articles for a more extended bibliography on the subject and the results that
preceded the formation of this theory.

Introduction We therefore consider a one-frequency quasiperiodic Schrodinger
operator H : (2 <= given by

(Hu)p = tp—1 + tUnt1 + v(na)uy,

where o € T\Q and v € C¥(T,C), where T = R/Z is the one-dimensional torus.
We denote by ¥ =X, , C R its spectrum.

The study of the spectral properties of such operators is closely related to the
dynamics of SL(2,R) cocycles

(, A(})) : TxR* — T x R?
(x,y) = (z+ao Al@)y)



Arbeitsgemeinschaft: Quasiperiodic Schréodinger Operators 1087

where, for any energy F € R,

A() = AE=Y () = (E _1”(') _01) € C¥(T,SL(2,R))

The connection of the two objects is due to the fact that a formal solution of the
equation Hu = Fu, where u is not necessarily in £2, satisfies

() =20 ()

where A, (-) is the mapping defining the n-th iterate of («, A(+)):

(a, A())" = (na, An(Y))
An() = A(+ (n—1)a)..A(-)

An advantage of this point of view is that, given the analyticity of the potential, one
can consider complex values of the dynamical variable z : for a given potential
v € C* there exists § > 0 such that v is defined and analytic in |Imz| < 0.
One can therefore consider analytic deformations of a general analytic SL(2,R)
cocycle (a, A(-)) defined by (a, A®)(-)) = (a, A(- + €i)) for € small enough. The
corresponding cocycles in T x C? have nice properties already exploited in, say,
[3], and the passage to the limit & — 0 is the key to the study of certain aspects
of the dynamics of real-analytic cocycles in T x SL(2,R).

The context of the main theorem Given a Schrodinger operator, we define
its Lyapunov exponent at energy E, denoted by L(FE), as

o1
L(E) = lim — [ log||4.()|

where the norm typically chosen is the supremum norm on the coefficients of the
matrix. The classification of energies in the spectrum resulting from this dynamic
invariant is as follows: the energy F € ¥ is

(1) supercritical if L(F) = L((a, AF=")(-))) > 0, in which case the dynamics

of the corresponding cocycle are non-uniformly hyperbolic (NUH)
(2) subcritical if there exists € > 0 such that, for |¢] < e,

lim l/lnHAS”E)(-)H =0

n—o00 N,

(3) critical otherwise

Subcriticality has replaced the notion of almost reducibility and has the advan-
tage of being dynamically defined. The two properties are in fact conjectured to
be equivalent, and the case of Diophantine frequencies has recently been settled by
A. Avila, as announced in [2]. On the other hand, energies outside the spectrum
are known to be associated to cocycles with uniformly hyperbolic (UH) dynamics,
so that for E ¢ &, L(E) > 0. In fact, in [1] it was shown that a cocycle (a, A (-))
is UH if, and only if, the Lyapunov exponent of (o, A®¥)(-)) is locally constant
and positive.
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Therefore, critical energies are exactly those satisfying the property that L(E) =
0, but w(F) # 0, where

W(E) = lim —— (L((a, AB="9)())) — L((, AB=())))

e—0+ 27e

is the acceleration at energy F. In [1] it was proved that w(E) € N. Therefore,
if we denote by C* the sets of potentials such that (o, A®)(-)) has acceleration
k € N*, by Ay the set of non-critical potentials and by A = Ag U (U1<;<xC"), the
union of Ay equals C¥. An operator is acritical if E + v(-) € Ay and critical of
degree k if max(i, E + v(-) € C* for some E € R) = k.

Since supercriticality, subcriticality and UH are open conditions with respect
to perturbations of the potential, it is reasonable to conjecture that the existence
of critical energies in the spectrum is rare in C*, which is actually the main result
of the paper:

Theorem (A. Avila) Let « be an irrational frequency. Then, for a measure
theoretically typical potential, the operator H, , is acritical.

This theorem allows to split the spectrum of a typical Schrodinger operator into
a finite number of disjoint pieces ¥; = X N (a4, b;), where a; < b; < a;+1 < biy1
and the energies in Y; alternate between sub- and super-critical, as ¢ increases.
Moreover, the Lyapunov exponent is uniformly bounded away from 0 in the su-
percritical regime, while the € > 0 in the definition of subcriticality can be chosen
uniformly in the subcritical one. Finally, acriticality is an open condition jointly
in the (irrational) frequency and the potential.

The precise definition of what is a typical potential used in the article is based
on the notion of prevalence, a substitute for the absence of a translation-invariant
measure in non-locally compact spaces. More precisely the compact embedding
of DY (D C C is the unit disk) DY > (t,) = > e(n)R(t,e*™™) € C¥, where
e : N — R% is exponentially decreasing, was considered. This embedding induces
a measure on its image S, which is the space of admissible perturbations, by the
push forward of the Lebesgue measure, and a property is said to be typical if for
every v € C¥, and for a.e. w € S, v + w satisfies this property. The notion of
typicality used in the statement is related to the choice of a fixed such function &,
although the proof implies a stronger statement.

Idea of the proof In what follows, « € T\ Q, v € Cx and § > 0 such that v
is defined in |J(2)| < § are to be considered fixed.

The first step in the strategy of the proof is to use the fact that the measure
on S sees all finite dimensional subspaces of C*, and most importantly trigono-
metric polynomials. We denote by P™ the space of real-symmetric trigonometric
polynomials of degree at most n, and by P™(e) the ball of radius ¢ centered at 0
in the same space.

Theorem 1 For every v € CF there exist n € N* and € > 0 for which the
following property holds. The w € P"(g) such that, v+ 2z € C*~! is of 2n — 1-
dimensional Hausdorff measure 0.
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The first step in the proof of Theorem 1 is the use of the fact that the differential
of
Ley i(a, A = L(a, AW&)) — 27k¢,
is of rank 1 at v € C*, proved in [1], and this gives a trigonometric polynomial w;
such that

d v wi
DL, k(7 (e, AWTXDY0) £0

which implies that for A small v4+Aw; & C*~!. In order to obtain a second direction
wy € ker(DLg, i) such that v+ Awz & C*~1 for a.e. A small enough (which implies
the theorem), the notion of monotonicity with respect to parameters, introduced
in [4], was used.

Definition 2 An analytic family of potentials A — vy is called monotonous
with respect to A if (A(\)=1LA®N |\, (which is a sI(2,R)-valued mapping)
has positive determinant for all x € T.

The positive-determinant matrices in sl(2,R) are the infinitesimal rotations,
which means that the projective action of A("») is monotonous in the sense of [4].
The key result which establishes the importance of monotonicity is the following
theorem, whose proof uses renormalization and therefore strongly depends on the
fact that (a, A™) is a one-frequency cocycle.

Theorem 3 If vy is a monotonic family of potentials, for a.e. A small enough ,
w(a, AA)) = 0.

Since monotonicity is not a dynamic invariant, one need only show the existence
of an analytic potential w € ker(DLg, x) such that the family (a, A+ %)) can be
conjugated to (a, A®)) which is monotonous. Since monotonicity is an open
condition, one can approximate dd% by a trigonometric polynomial and obtain
Theorem 1.

The existence of such a potential is granted by the following theorem.

Theorem 4 If v is a critical potential, then DL(c, A®)) is not a signed measure.

The proof of this theorem is obtained by using the fact that (o, A(**)) is UH for
all € > 0 and small enough. Then, the formula for the derivative of the Lyapunov
exponent, obtained in [1] is used in order to pass to the limit ¢ — 0F.

Finally, a consequence of Theorem 4 and the fact that DL ;. is of rank 1 is
the following:

Theorem 4 If F — v is a critical potential, then there exists a trigonometric
polynomial w such that E — v + tw is supercritical for arbitrarily small ¢.

In other terms, the critical regime is the boundary of the supercritical one.

Acknowledgements The writer would like to thank Raphaél Krikorian, Artur
Avila and Julie Déserti for their time and help in the preparation of this talk.
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Quantitative duality
IGOr KRASOVSKY

The authors consider quasiperiodic Schrédinger operators H = Hy, 4.9 on (%(Z)
given by

(1) (Hu)p = Upy1 + Un—1 + Av(na + 0)uy,, n=...,—1,0,1,...

where v : R/Z — R is analytic, 0, € R, and the frequency « is Diophantine,
a € DC:

DC = Uy »>0DC(k, T), a € DC(k,7): |la—p/ql > kg™, pq€Z, q#0.

In [1], the authors obtain extensive results in the nonperturbative metallic regime,
i.e., for 0 < |A| < Ag(v), where )\ is sufficiently small depending on v only.

The main example of such operators is the almost Mathieu operator that cor-
responds to v(xz) = 2 cos(27x). In this case A\g = 1.

Consider the dual to (1) operator on ¢2(Z) given by

(2)  (Hi)p = Xigln_r, +2c0s2m(na+ )iy,  n=...,—1,0,1,...
k

where @y, are the Fourier coefficients of v(z) = Y, 0e?™®.

By Aubry duality, it is known that the localization for H (exponentially de-
caying eigenfunctions) corresponds to the reducibility for H. This is a very useful
property, however, it has a serious limitation: it does not hold for all energies
in the spectrum. In the paper, the authors overcome this difficulty by showing
that for all 'bad’ energies a weaker almost localization still holds, which by a new
quantitative version of Aubry duality, also obtained in the paper, corresponds to
the almost reducibility for H. This important improvement of the duality allows
the authors to obtain immediate consequences for spectral properties of H solving
several long-standing problems.

Fix a € DC, § € R, € > 0. A number F is called e-resonance if [|20 — kal|r/z <
e~ ¥le. The number 6 is called e-resonant if the set of resonances is infinite. If 6
is non-resonant with resonances ni,...,n;, set formally n;;1 = oo. The family
{f[ Av,a,0 focRr 1s said to exhibit almost localization if there exist positive constants
Cy, C1,€0,e1 such that for every solution @ of Hi = Fa satisfying 49 = 1 and
lag] < 1+ |k|, and for every Co(1 + |nj]) < |k| < Cytinjs1l, we have || <
Cre—ctk¥l where nj, nj41 are the neighboring eg-resonances of , and k is between
them.

The first main statement of the paper is

Theorem 1 If v : R/Z — R is analytic and [N < Xo(v) then {Hxyo.0}ocr is
almost localized for every a € DC. For v(z) = 2 cos 2wz, we have \g = 1.
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The method of the proof is based on the earlier papers by Jitomirskaya and
Bourgain.

For each energy E in the spectrum of H (the spectrum is independent of 6),
one can find §(E) such that there exists a solution to ﬁmﬁaﬁﬂ = Fu with 49 = 1,
|n] < 1. Assume the conditions of Theorem 1, fix §(E) as above, and let n; be

its eg-resonances. Let
_(E-)v(z) -1
Az) = < 1 0 ) .

Let C,c be various positive constants independent of E and #. For a bounded
analytic function f on a strip [Sz| <e, let ||f[|c = sup|g.|<. [f(2)].

Then the following 2 versions of the quantitative almost reducibility/Aubry
duality are proved in the paper.

Theorem 2 Fiz some n = |nj| +1 < oo and let N = |n;y1|. Then there exists
® :R/Z — SL(2,C) analytic with ||®|e,-c < CnC such that

276
oo +aA@ew " = (707 )+ (20 10,
with
lg1llen-c 1gsllen—c [|gall e < Ce™eN
and
lgl|en-c < Cemenntitn)=c,

Theorem 3 Fizr some n = |n;| +1 < oo and let N = |nj+1|. Let L= = ||20 —
n;ollr/z, and assume that 0 < L=' < ¢. Then there exists W : R/Z — SL(2,R)
analytic such that |degW| < Cn, |W|. < CL® and |W (z + a)A(z)W (2)~! —
Rolle < Ce™N | where

_ (cos2mf —sin276
o= (sin 2w0  cos 2wl ) ‘

The last theorem gives, in the case N = oo, the quantitative version of the
usual reducibility.

The proof of the above Theorems 2,3 in the paper uses ingenuous Fourier anal-
ysis and Lagrange interpolation arguments.

The authors then obtain the following important corollaries of these results.
It follows from Theorem 3 that 6(F) as defined above is resonant (for some ¢) if
and only if the rotation number p(a, F) is resonant (for a possibly different ¢).
A consequence is a solution of the Dry Ten Martini problem for the non-critical
case |A| # 1 of the almost Mathieu operator with Diophantine frequencies, i.e. the
statement that all possible gaps in the spectrum are open. It is known that the
integrated density of states at possible gap boundaries has the form N(E) = ak
mod 1, k € Z . The authors thus prove
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Theorem 4 Let v(z) = 2cos2nx, and let |A| # 0,1, « € DC. If E is in the
spectrum X of H and such that N(E) € oZ + 7 then E belongs to the boundary of
a component of R\ .

Another important result is a corollary of Theorem 2.

Theorem 5 Let v : R/Z — R be analytic, |A\] < Ao(v), @ € DC. Then the
integrated density of states for H is 1/2-Hélder.

This result is the best possible in this generality, as is clear from known facts
in the case of the almost Mathieu operator.

Furthermore, almost reducibility implies the following characterization of the
spectral measures, so-called phase stability.

Theorem 6 Let v : R/Z — R be analytic, |\| < Ao(v), a € DC. Then the singular
spectrum is the same for all phases § € R (and empty).

Theorems 4,5,6 complete or greatly extend many partial results on these ques-
tions obtained previously in the literature.
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The absolutely continuous spectrum of the almost Mathieu operator
ZHENGHE ZHANG

This talk is concerned with the almost Mathieu operator H = H) o, defined on
1*(2)
(Hu)p = Upt1 + Un—1 + 2 cos[2m(0 4+ na)|u,

where X # 0 is the coupling, o € R\ Q is the frequency and 6 € R/Z is the phase.

Let (o, Sx g) be the Schrodinger cocycles, piy o0 be the spectral measure and
3 = %) o,¢ be the spectrum.

We would like sketch a rough idea about the proof of the following main result
in [1]:
Main Theorem. The spectral measures of the almost Mathieu operator are ab-
solutely continuous if and only if |A| < 1.

It settles the Problem 6 of Barry Simon’s list of Schrodinger operator problems
for the twenty-first century.

Let z—: be the continued fraction approximants to o and let

B = B(a) = limsup lnq—n_H
n—00 qn
The proof will be divided into two parts: § = 0 (the subexponential regime) and
B > 0 (the exponential regime).
Let’s first consider the subexponential regime, of which the starting point is the
following:
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Theorem 1. Let B be the set of E € R such that the cocycle (o, Sx g) is bounded.
Then pix,0|B is absolutely continuous for all @ € R/Z.

We show that iy q,0(2\ B) = 0 for all 6. Instead of considering B, we consider
R, where R is the set of E such that (a, Sy g) is reducible. It will be sufficient to
show that px,q,0(X\ R) =0 for all 8. Because R \ B is a countable set and there
is no eigenvalue in R.

In [2], the authors show that the dual operator, IA{A,O“@, of Hj q,¢ satisfies some
strong localization estimates. Using a quantitative version of Aubry duality, which
is first developed in [2], the authors then obtain several sharp estimates for the
dynamics of Schrodinger cocycles (o, Sx,o). These lead to some good estimates
for the integrated density N = N, and some Lipschitz estimates on spectral
measure f4x,q,g-

On the other hand, for E € ¥\ R, the fibred rotation number p(a, E) of (o, Sx k)
is characterized by some resonant condition in [1]. This means that p(a, E) will
be sufficient close to ka, k € Z.

Now we consider some suitable cover, K,,, m € N, of ¥ \ R satisfying

Y\ R C limsup K,.

[1] is able to show that N(K,,) can be covered by some open intervals Jp, s, 1 <
5 < N,, such that: by resonance, the number NV, and length of each J,, s can be
controlled; by the good estimates on N and spectral measures, N~1(J,, s), 1 <
s < N,, becomes a desirable cover of K,,,. Which finally leads to the estimate that

o0

Z w(Kp) < oo.

m=0

By Borel-Cantelli lemma, this implies the proof of the subexponential regime.

Now we turn to the exponential case. In this case, the starting point is in the
following. Let H be the upperhalf plane in C, my (0, E) € H be the invariant
1t|2|?

PR

section of the dynamics (o, Sy g) and ¢ : H — R be the function ¢(z) =
Then by Kotani theory, [1] shows that
d

1
TpH el (B) = ;fﬁ(m/\a (0, E))

for all # and almost all E € 3.
In [3], by periodic approximation, the authors show that

[ [ dtmsalo.Edsar =2x.
» JR/Z
which is equivalent to say that

d
—N(E)dE = 1.
/ZdE (E)d

This obviously implies that IV is absolutely continuous. Then by Fubini’s Theorem,
[tx,a,0 is absolute continuous for Lebesgue almost every 6.
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To prove the Main Theorem in exponential regime, it’s sufficient to improve

5 7= N(E)dE =1 to

/E d(mx.a(0,E))dE =27

for all € R/Z. Combined with the results in [3], the above equality is achieved
in [1] by some cancellation lemmas.
Roughly speaking, [1] observes that the following equality holds:

% id)(B . Rrk/s Z) = ¢(z)¢(B ! i)v
k=0

where Q > & # 1, By € SL(2,R), z € H, Ry € SO(2,R) is rotation by the angle
6 and B - z is the Mobius transformation.

Starting from this equality for rational rotation %, passing to some inequality for
irrational rotation and applying the inequality to ¢(my (0, E)) and ¢(my, eu 0, F)),
[1] proves the following: !

If

/Eéb(m/\,a(t?,E))dE < 2

for some 6, then
=
3 Z/ d(my.a(0 + kgno, E))dE > 2,
k=0"%

which is obviously a contradiction. Hence this completes the proof of the Main
Theorem.
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Progress towards the Almost Reducibility Conjecture
JAKE FILLMAN

We consider one-frequency cocycles of the form T : T x R? — T x R? given by
T(w,v) = (w+a, A(w)-v), where a € T\Q and A € C¥(T, SL2(R)). Iterates of this
map obey T™(w,v) = (w + na, A%(w) - v), with A% (w) = A(w+ (n —1)a)... A(w)
for n € Z,. From the perspective of hyperbolic dynamics, one is interested in
the presence or absence of exponential growth of ||A%(w)|| as n — oo, which is
measured by the Lyapunov exponent, defined by

L(T) = lim l/logHAf{(w)Hdw.
n.Jr

n—oo
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We shall divide cocycles into four distinct regimes: uniformly hyperbolic, nonuni-
formly hyperbolic, subcritical, and critical. If the cocycle iterates ||A%(w)|| grow
exponentially in n and uniformly on T, one calls the cocycle T uniformly hyper-
bolic. One notices that uniform hyperbolicity of T" immediately implies positivity
of the Lyapunov exponent, but the converse of this is not true - there exist cocycles
T which are not uniformaly hyperbolic and yet L(T) > 0. We refer to such cocy-
cles as supercritical or nonuniformly hyperbolic. One calls the cocycle T' subcritical
if the cocycle iterates ||A%(z)|| are uniformly subexponentially bounded in some
strip {z € C||Im(z)| < €} (one identifies A : T — SL2(R) with the corresponding
1-periodic map A : R — SLy(R) in the natural manner). One sees that subcriti-
cality implies vanshing of the Lyapunov exponent, but again, the converse fails -
those cocycles which are not subcritical and yet have vanishing Lyapunov expo-
nent are called critical. Finally, we call T' almost reducible if there exist ¢ > 0 and
a sequence B(™ € C¥(T,PSLy(R)) such that each B™ admits a bounded, analytic
extension to the common strip {z € C||[Im(z)| < €} and B (z +a)A(z) B (2)~*
converges uniformly to a constant on the same strip.

The hope of the almost reducibility conjecture is that subcriticality implies almost
reducibility, so that one could then apply the well-understood dynamical analysis
of cocycles close to constant to subcritical cocycles. In this talk, we shall establish
the almost reducbility conjecture for an explicit generic set of frequencies, namely

exponentially Liouville ¢, i.e. those o whose continued fraction approximants b
n

10g(‘]n+1)

obey lim > 0. Once one has proven this, one can deduce as corollaries

n—oo n
two significant facts, namely the almost reducibility of cocycles close to constant
and the global stability of almost reducibility.
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Beyond analyticity I: C%-generic singular continuous spectrum
JACOB STORDAL CHRISTIANSEN
Let d > 1 and suppose f : T — R is continuous. Then the potential
V(n) = flw+na), w,acT?
is almost periodic (in Bohr/Bochner sense). We consider the Schrédinger operator
H,oa=A+V

on ¢?(Z). The main result to be presented is the following:
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Theorem ([1], [2]). Suppose the translation w + w + a is minimal on T¢. Then
there is a dense G5 set SC C CO(T, R) such that for every f € SC and Lebesgue
a.e. w € T, the operator H,,  has purely singular continuous spectrum.

Recall that translation by « is minimal if the orbit n — w + na is dense in
T¢ for all w. This holds if and only if the coordinates of o and 1 are rationally
independent. Recall also that a G set is a countable intersection of open sets.

The idea of the proof is to show

i) generic absence of absolutely continuous spectrum
1) generic absence of point spectrum

To establish 7), we follow Avila and Damanik [1]. Let L; be the Lyapunov

exponent and define
M(f):={E eR: L{(E) = 0}]
where | - | is Lebesgue measure. Then H,, , has empty a.c. spectrum (for a.e. w) if
and only if M(f) = 0. We shall show that the set
Ms={f:M(f) <}

is open and dense in C°(T%,R). Hence {f : M(f) = 0} =, M1n is a dense
G5 set. The crucial step is to approximate by sampling functions s that only
take finitely many values and for which the potentials W(n) = s(w + na) are
not periodic for a.e. w. As observed by Kotani [4], the operator A + W has no
a.c. spectrum (for a.e. w).

For 1), we follow Boshernitzan and Damanik [2]. Recall that if there are positive
integers ¢ — oo and C > 0 such that

— < —dk
(fax [V(n) —Vi(nEq)| < Ck

then V is called a Gordon potential. As proven in [3], operators with such poten-
tials have no eigenvalues. We shall construct a dense G5 set F' C C°(T%,R) such
that f(w + na) is a Gordon potential for all f € F and generic w (i.e., for all w
in a dense G set 0y C T¢). It is more involved to obtain the result for generic f
and Lebesgue a.e. w. The reader is referred to [2] for details.

GENERIC ABSENCE OF ABSOLUTELY CONTINUOUS SPECTRUM
The first step is a technical lemma that reads

Lemma. For every r > 0, the map f — M(f) is upper semi-continuous on
LYTH N {f € L=(TY) : || flloo < 7} with respect to || - ||1.

As an immediate consequence, the set Ms is open. We shall merely sketch the
proof which goes by contradiction.

Proof. Suppose there were a sequence {f,} of functions such that

1) fn — fin L' and pointwise a.e.

3) liminf M(f,) > M(f) + & for some £ > 0
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We show that 1) — 2) implies limsup M (f,,) < M(f) + €/2, contradicting 3).
As all the potentials are bounded, we can restrict our attention to some bounded
interval I. The key is to prove that

(%) /Imin{Lfn(E)—Lf(E),O}dE%O as n — 0.

With € as in 3), choose § > 0 so small that [{E € I : Ly(E) < 0} < M(f) +¢/4.
By (*), we have [{E € I : Ly, (F) < /2 and Ly(E) > §}| — 0 as n — oo. So for
n large enough, there is a set Y,, of measure < ¢/4 such that Ly, (E) > §/2 for all
E e€I\Y, with Ly(E)> 6. But then limsup M(f,) < M(f)+¢/2.

It remains to show that (x) holds. By 1) — 2), it follows that Ly, converges
pointwise to L¢ in the upper half-plane H. Let ® be a conformal mapping of the
unit disk D onto the interior of the equilateral triangle 7' C H with sides I, J, and
K. Then

2m ) ) do
/0 [Lfn (®(ei?)) — Lf(q)(el@))} 5 = Ls, (2(0)) = L (2(0)) — 0

as the integrand is bounded and harmonic on D. By a change of variables,
/ [Ly, (E) — Lf(E)]q>'(q>—1(E))‘1dE -0
ar

and we arrive at (x) by first noting that fJJrK ... goes to zero. Then consider the
integral over {E € I : Ly, (E) — Ly(E) > 0} and use the fact that ®' has constant
sign inside I. O

To establish the denseness of Ms, we rely on the fact that the set of functions
s taking finitely many values and for which s(w + n«) is not periodic for a.e. w is
dense in L>(T?).

Lemma. For every f € CO(T% R) and for all £,6 > 0, there exists g € C°(T%, R)
such that || f — gllec <€ and M(g) < 0.

Proof. Let s be a finite range function as above with ||s — f||c < £/2. Recall that
M(s) = 0 by Kotani [4]. Choose a sequence {f,} of continuous functions such
that ||fn — s/lec < &/2 for all n and || f,, — s||J1 — 0 as n — oo. By the technical
lemma above, limsup M (f,) < M(s) = 0. Take N so large that M(fn) < ¢ and
set g = fy. This completes the proof. O

GENERIC ABSENCE OF POINT SPECTRUM

We now explain how to construct a dense G5 set ' C CY(T?, R) such that f(w+na)
is a Gordon potential for all f € F and generic w. Since the shift by « is minimal,
there is a sequence qr — 0o such that agy is closer to 0 than an for 1 < n < gx.
By passing to a subsequence, if necessary, we may assume that
dist(agg, 0) < 1/k.
For k > 1, pick a radius r so small that
B(a, ), B2a, r), . . ., B(4qpa, 1)
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are pairwise disjoint and so that U?:o B((j +lqk)a, rk) is contained in a ball of
radius 4/k for each j = 1,...,qx. Define

Cy := {f : f is constant on U?:o B((j + lgp)a,ry,) for j =1,...,q1}

and let F} be the open k~9%-neighborhood of Cy in C°(T¢,R) (i.e., g € F}, if and
only if 3f € Ck : ||f — gllo < k7%). Note that J,,, Fi is open and dense in

C°(T4,R) for every m > 1. Hence

P U A

m>1k>m

is a dense G set.
Take f € F and choose a subsequence k; — oo such that f € Fy, for all [. Then
Uism U321 B((j + ar,)a, k) is open and dense in T? for every m > 1. So

dk;

Qf = m U UB((j'i_qkz)aarkl)

m>11>m j=1
is a dense Gy set.
The final step is now to realize that f(w + na) is a Gordon potential for all
f € F and all w € Qf. By passing to a subsequence, if necessary, we may assume
that w € Ung B((j + qr,)ev, i, ) for each I. Hence
max |f(w+na) — f(w+ (n £ g, )a)| < 2k ™.

1<n<qi,
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Beyond analyticity II: C%-generic Cantor spectrum
JAMES TANIS

This paper was written by Artur Avila, Jairo Bochi and David Damanik [1].
They consider continuous SL(2,R)-cocycles over a generalized skew shift. They
prove that for a generic C° potential, the spectrum of the corresponding Schrédinger
operator is a Cantor set.

Assumptions: X is a compact metric space, f : X — X is strictly ergodic
homeomorphism (so f is minimal and uniquely ergodic) which fibers over an almost
periodic dynamical system (generalized skew shift). This means there is an infinite
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compact abelian group G and continuous map h : X — G such that h(f(z)) =
h(z) + a. In what follows, we will only consider the case G = T.

For example, X = T%, G =T, f(x,y) = (x+a,2+7vy), h(z,y) = x is projection
onto the first factor.

1. SOME DEFINITIONS

An SL(2,R) cocycle is a continuous map (f, A)X x SL(2,R) —» X x SL(2,R)
defined by (f, 4)(z,g) = (f(x), A(z)g).

Cocycles (f, A), (f, A) are PSL(2,R) conjugate if there is B € C°(X, PSL(2,R))
such that A(z) = B(f(x))A(z)B(z)~' in PSL(2,R). A cocyle (f, A) is reducible
if there if it is PSL(2,R) conjugate to a constant cocycle. For example, A(z) =
B(f(z))~'B(x) is reducible (by the map B : X — PSL(2,R)). (Note reducibility
does not imply conjugate to constant (so B(z) € SL(2,R), equality in SL(2,R)).
Ruth is the set of all A such that (f, A) is reducible up to homotopy: A ~ A
(homotopic), A ~ C(PSL(2,R) conjugate).

Schrodinger cocycles take are those where A takes values in the set

t —1
S{( 1 0 )|t€IR{}.
Given a potential V € C°(X,R) and x € X, we consider the operator H, on (?*(Z)
defined by

(HyYp)(n) := Ynt1 + Yua V([ 2) 0.

(L) =aev@ ().

E-V(z) -1 >

Solutions wu satisfy

where Ag v (z) = 1 0

Notice that Schrodinger cocycles are always in Ruth, so that Ag v (z) is in
Ruth.
2. OUTLINE OF PROOF OF CANTOR SPECTRUM

It is well known that because f is minimal, the spectrum of H, is independent
of z. In this case, [2] gives

R/Y ={FE € R|(f, Ag,v) is uniformly hyperbolic }.
The first major theorem is
Theorem 2.1. Uniform hyperbolicity is dense in Ruth.
So S-valued cocycles can be approximated uniformly hyperbolic ones.

Theorem 2.2. Let P be any conjugacy-invariant property of SL(2,R)-valued co-
cycles over f. If A € C°X,S) can be approzimated by SL(2,R)-valued cocycles
with property P, then A can be approximated by S-valued cocycles with property
P.
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Hence, S-valued cocycles can by approximate by S-valued, uniformly hyperbolic
cocycles. With this, we can prove the spectrum is a Cantor set.

Corollary 2.1. For a generic V € C°(X,R), we have R/Y. is dense; that is, the
associated Schrodinger operators have Cantor spectrum.

Proof. For E € R, consider
UHp = {V € C°(X,R); (f, Ag,v) is uniformly hyperbolic}.

Because hyperbolicity is an open condition, we know U Hg is open. Next, because
S-valued cocycles can be approximated by S-valued uniformly hyperbolic ones, it
follows readily that UHp is dense in C°(X,R). Now choose any dense countable
subset {Ey }nez, C R. Then N,UHg, is a dense Gs5. Then for any V € N, UHEg,,
R/X is dense. O

3. SOME INDICATION OF THE PROOF OF THEOREM 2.1

From the definition, uniformly hyperbolic cocycles are diagonalizable. Hence,
they are contained in Ruth. Now we want to prove that uniformly hyperbolic
cocycles are actually dense in Ruth. There are several steps. We reduce the
problem to proving the following theorem:

Theorem 3.1. If A € Ruth be such that (f, A) is not uniformly hyperbolic. As-
sume A, € SL(2,R) is nonhyperbolic (i.e. |trA.| < 2), then (f, A) lies in the
closure of the PSL(2,R) -conjugacy class of (f, Ax).

Proof of Theorem 2.1 from Theorem 3.1 : The closure of the uniformly hyper-
bolic cocycles contain all constant cocycles (f, A.) with ¢r(A.) = 2. This set also is
invariant under PSL(2, R)-conjugacies. So by Theorem 3.1, (f, A) is in the closure
of the uniformly hyperbolic cocycles. [

Therefore, it suffices to prove Theorem 3.1. The strategy will be to show that
cocycles (f, A) that are not uniformly hyperbolic are the PSL(2,R) closure of
cocycles (f, A), where A is a constant SO(2,R) valued cocycle. From here it is
not hard to conclude Theorem 3.1. An important first step is the following.

Theorem 3.2. Let A : X — SL(2,R) be a continuous map such that (f,A) is
not uniformly hyperbolic, then there is a continuous A : X — SL(2,R), arbitrarily
C-close to A, such that (f,A) is conjugate to an SO(2,R) cocycle.

To prove this, the authors show that they can find an invariant section of a
skew-shift F': X XY — X x Y. We say a map : x — y(z) is an invariant section
for F'if F(x,y) = (f(2),y(f(x)). Such a result allows them to prove the following.

Lemma 3.1. For every ¢ € CO(X,R) and every § > 0, there exists ¢ € C°(X,R)
such that ||¢ — @llco < & and there exists w € C°(X,R) and ap € R such that
p=wo f—w-+ag.
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Finally, we give some indication how Lemma 3.1 and Theorem 3.2 are used
to prove Theorem 3.1. Given Theorem 3.2, we can perturb A to some A, such
that A is PSL(2,R) conjugate to a SO(2,R) valued cocycle (f, Ry(x)), where
¢ € C%(X,R). Now perturb ¢ to é=wo f—w+ ag, and it follows that

I -1
Rytoy = Buof(a)Bao By ()

which of course is conjugate to the constant, SO(2,R)-valued cocycle. from here it
is not hard to prove that this constant SO(2, R)-valued cocycle can be perturbed
then PSL(2,R) conjugated to (f, Ax).
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Beyond analyticity III: Examples of discontinuity of the Lyapunov
exponent

JIANGONG YOUu

The purpose of this talk is to present results on discontinuity of the Liapunov
exponent of quasi-periodic SL(2,R)-cocycles in C'(I =1,2,--- ,00) topology.

The talk firstly reviewed the results in the analytic topology. In [8] Goldstein
and Schlag proved that if w is a Diophantine irrational number and v(z) is ana-
lytic, then the Lyapunov exponent L(FE) is Holder continuous. Similar results were
proved in [6] by Bourgain, Goldshtein and Schlag and in [8] for underlying dynam-
ics being a shift or skew-shift of a higher dimensional torus. In 2002, Bourgain
and Jitomirskaya [5] improved the result of [8] by showing that if w is an irrational
number and the potential v(z) is analytic, then the Lyapunov exponent is jointly
continuous on E and w. Later, Jitomirskaya, Koslover and Schulteis [9] proved
that the Lyapunov exponent is a continuous function of general (not necessarily
SL(2,R)) analytic quasi-periodic cocycles.

On the contrary, Furman [7] proved that L(A) is not continuous at any non-
uniformly hyperbolic quasi-periodic cocycles in C° topology. More recently, Bochi
[2, 3] proved that any non-uniformly hyperbolicity cocycles can be approximated
by continuous quasi-periodic cocycles with zero Liapunov exponent. The results
show that, the continuity of the Lyapunov exponent of quasi-periodic cocycles in
CO topology is completely different from that in C* topology.

Until very recently, it had however been unclear what happens in C'-topology.
The missing link is provided by Wang and You [11], who have recently constructed
counter-examples proving discontinuity of the Lyapunov exponent in all of those
intermediate spaces, including C*°. The following is their result.
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Theorem 0.3. Suppose that w is a fized irrational number of bounded-type. For
any 0 <1 < oo, there exist cocycles D; € C'(S', SL(2,R)) such that the Lyapunov
exponent is discontinuous at (w, D;) in C'(S', SL(2,R)).

Remark 0.1. The examples are of the form ( f) ?,1 ) ( :?Ifi((f)) ;(T;I:zﬁqz(x:;) ),

where ¢(x) is either a 2m-periodic function corresponding to a cocycle homotopic to
the identity, or the identity plus a 2w-periodic function corresponding to a cocycle
non-homotopic to the identity. The counter-ezample in the category of Schréodinger
cocycles can hopefully be constructed by Theorem 0.3.

Remark 0.2. Theorem 0.8 shows that the continuity of Lyapunov exponent in
Cl-topology (1 =1,2,--- ,00) and C¥ is different, which illustrated the optimality
of the continuity results for analytic potentials. Avila and Krikorian’s result [1]
shows the continuity of Lyapunov exponent in C'-topology (I = 1,2,---,00) and
CO is also different. Theorem 0.3 also shows that the monotonicity is Avila and
Krikorian’s paper is necessary.

Remark 0.3. Klein [10] extended the results in [8] to the Gevrey case. More pre-
cisely, he proved that the Lyapunov exponent of quasi-periodic Schrodinger cocycles
in the Gevrey class is continuous at the potential v(x) satisfying some transver-
sality condition. Hopefully, one can also construct examples of discontinuity in
Gevrey topology.

The examples D; will be constructed by the limit of C! sequence of {A4,,(z),n =
N,N+1,---}. {Ay(x),n=N,N+1,---} possessing degeneracy and some kind of

finite hyperbolic property, i.e., ||A:1I ()] ~ A" for most = € St where [ > 1 and
r}t — oo as n — oo, which gives a lower bound estimate (1 — €)log A of the Lya-
punov exponent of (w, D;(x)). A, is constructed by modifying Young’s method.
Then by modifying { A, (x)}2 5, we construct another sequence {A,, ()} 5 such
that A, (z) — D;(z) in C'-topology as n — co. Moreover, for each n, the Lyapunov

exponent of (w, A,(x)) is less than (1 — §)log A with 1 > ¢ > ¢ > 0 independent
on A, which implies the discontinuity of the Lyapunov exponent at (w, D;(x)).
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