
Mathematisches Forschungsinstitut Oberwolfach

Report No. 02/2014

DOI: 10.4171/OWR/2014/02

Set Theory

Organised by
Ilijas Farah, Toronto

Sy-David Friedman, Vienna
Menachem Magidor, Jerusalem

W. Hugh Woodin, Berkeley

12 January – 18 January 2014

Abstract. This stimulating workshop featured a broad selection of some
of the most important recent developments in combinatorial set theory, the
theory and applications of forcing, large cardinal theory and descriptive set
theory.

Mathematics Subject Classification (2010): 03E.

Introduction by the Organisers

This set theory workshop was unusually broad, covering a wide range of topics
in the theory of forcing, large cardinals, combinatorial set theory and descriptive
set theory. We had ten 50-minute talks and twenty 30-minute talks, making no
attempt to organise them into themes, but rather to mix them randomly; this
gave us a good opportunity to learn about areas of the field other than our own,
providing a good overview of the current state of the subject. The schedule was
sufficiently relaxed to allow plenty of time for informal discussions, which are of
course essential to the success of an Oberwolfach meeting.

In combinatorial set theory we heard from Todorcevic, Dobrinen, Solecki and
Rinot on deep new developments in Ramsey theory and the basis problem for
generalised gaps. Rinot’s results constitute a major advance in partition theory
and were the topic of an additional evening session in which he presented more
details of his proof. We heard nine talks about forcing; among the highlights were
Moore’s recent advances on how to iterate without adding reals, Spinas’ work on
the additivity of the Silver ideal, Fischer-Toernquist’s work using template itera-
tions to study maximal cofinitary groups and Brendle-Mejia’s study of Rothberger
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gaps. Large cardinal theory was also well-represented in talks by Sargsyan on the
core model induction, Zeman on self-iterability of core models, Gitik on mixing
collapses into short-extender forcings as well as in talks making use of large cardi-
nal forcing by Dzamonja, Sinapova and Cummings. A very strong component of
the meeting was represented by the new wave of young descriptive set-theorists,
including Tserunyan, Sabok, Lupini (the only student at the meeting), Motto Ros,
Melleray, Conley and Toernquist. They presented deep and fascinating talks about
automatic continuity, Borel complexity in the context of C* algebras, Borel and
measurable graph colourings, the nonexistence of analytic families which are max-
imal in various senses as well as an important generalisation of the van der Corput
lemma.

The workshop as a whole demonstrated the increasing breadth of the field as
well as its steady progress towards resolving problems that have been of constant
interest and under investigation for decades.
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Abstracts

Rothberger gaps in analytic quotients

Jörg Brendle

(joint work with Diego Mej́ıa)

This is joint work with Diego Mej́ıa [1].
The study of gaps in the quotient Boolean algebra Ppωq{Fin has a long and

rich history, harking back to Hausdorff’s construction of an pω1, ω1q-gap and to
Rothberger’s later pω, bq-gap. (Here, b denotes the (un)bounding number, that is,
the least size of an unbounded family in the preorder ¤� on ωω, defined by f ¤� g

iff fpiq ¤ gpiq holds for all but finitely many i.) In fact, Rothberger proved that b
is the least cardinal κ such that there are pω, κq-gaps in Ppωq{Fin. It is well-known
that these are the only two types of gaps that exist in ZFC; for example, both the
continuum hypothesis CH and the proper forcing axiom PFA imply that any gap
in Ppωq{Fin is either of type pω1, ω1q or of type pω, bq.

We shall consider gaps in more general quotients of the form Ppωq{I where I

is a definable ideal on the natural numbers. Let us first fix some notation: two
families A,B � Ppωq are I-orthogonal if A X B belongs to I for any A P A and
any B P B. The pair pA,Bq is a gap (in Ppωq{I) if A and B are I-orthogonal and
there is no interpolation C, i.e., no C � ω such that AzC P I for all A P A and
BXC P I for all B P B. A gap pA,Bq is called a (linear) pκ, λq-gap if A and B are
well-ordered by inclusion modulo I, of regular order type κ and λ, respectively.
(This means that A � tAα : α   κu with AαzAβ P I for α   β, and similarly for
B.) If both κ and λ are uncountable, pA,Bq is a Hausdorff gap, and if at least (=
exactly) one is countable, it is a Rothberger gap.

An important general embedding theorem for quotients due to Todorčević [3]
says that for a large class of ideals I, including the Fσ ideals and the analytic
P-ideals, the gap spectrum of Ppωq{I includes the one of Ppωq{Fin, that is, ev-
ery type of gap that exists in Ppωq{Fin also exists in Ppωq{I. In particular, all
such quotients have pω1, ω1q-gaps and pω, bq-gaps. He also addressed the general
problem of determining the gap spectrum of such quotients [3, Problem 2]. We
shall look at this problem for Rothberger gaps in quotients by a special class of
Fσ ideals, the fragmented ideals.

To simplify the discussion, define the Rothberger number bpIq for an ideal I
on ω as the minimal cardinal κ such that there exists an pω, κq-gap in Ppωq{I.
Rothberger’s result mentioned above says that bpFinq � b while Todorčević’s
theorem implies that bpIq ¤ b when I is either an analytic P-ideal or an Fσ
ideal. By Solecki’s characterization [2] of analytic P-ideals as ideals of the form
Exhpϕq where ϕ is a lower semicontinuous submeasure on Ppωq, it then follows
that bpIq � b for such ideals.

An ideal I is fragmented if there are a partition pai : i P ωq of ω into finite
sets and submeasures ϕi on the ai such that a set I belongs to I iff there is a
k such that ϕipai X Iq ¤ k for all i. Clearly such ideals are Fσ. I is gradually
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fragmented if it is fragmented and for all k there is m such that for all ℓ, all but
finitely many i, and all B � Ppaiq with |B| ¤ ℓ and ϕipbq ¤ k for all b P B, we
have ϕip

�

Bq ¤ m. Typical examples of fragmented ideals are:

 the ideal EDfin whose underlying set consists of the ordered pairs below the
identity function and which is generated by (graphs of) functions (more
explicitly, letting ∆ � tpi, jq : j ¤ iu � ω � ω, I � ∆ belongs to EDfin iff
there is a k such that |tpi, jq P I; j ¤ iu| ¤ k for all i); this ideal is not
gradually fragmented;

 the linear growth ideal L defined by stipulating that I belongs to L iff
there is a k such that I X r2i, 2i�1

q|   pi� 1q � k for all i; this ideal is not
gradually fragmented;

 the polynomial growth ideal P defined by stipulating that I belongs to P

iff there is a k such that I X r2i, 2i�1
q|   pi � 1qk for all i; this ideal is

gradually fragmented.

A couple of years ago, we observed, using an argument with eventually different
functions:

Theorem 1. bpEDfinq � ℵ1.

Hrušák then conjectured that this was true for all fragmented not gradually frag-
mented ideals. While this is still open, an argument different from the one of
the proof of Theorem 1, involving independent families of functions, shows that it
holds for a large class of such ideals, including for example L:

Theorem 2. If I is fragmented but not gradually fragmented, and all ϕi are
uniform submeasures (i.e., the measure only depends on the size of the set), then
bpIq � ℵ1.

On the other hand, for gradually fragmented ideals it is consistent that there are
no pω1, ωq-Rothberger gaps; in fact, adding a generic slalom localizing all ground
model functions necessarily destroys any such gap:

Theorem 3. If I is gradually fragmented, then

(1) addpN q ¤ bpIq ¤ b;
(2) if I is nowhere tall, then bpIq � b;
(3) if I is somewhere tall, then bpIq   b is consistent;
(4) for a large class of gradually fragmented ideals I including P, addpN q  

bpIq is consistent.

Finally, there may be (simultaneously) many fragmented ideals with distinct Roth-
berger number:

Theorem 4. It is consistent that there are ℵ1 many gradually fragmented ideals
whose Rothberger numbers are all distinct. Assuming the consistency of an inac-
cessible cardinal, the same is true with ω1 replaced by c.
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Measurable analogs of Brooks’s theorem for graph colorings.

Clinton Conley

(joint work with Andrew Marks and Robin Tucker-Drob)

In finite combinatorics, a classical theorem of Brooks asserts that, aside from
cliques and odd cycles, every connected graph with degree bounded by d may be
d-colored. We discuss the measure-theoretic analog of this for Borel graphs on
standard probability spaces (where it holds for d at least 3) and connect it to
the ability to find one-ended subforests of such graphs, resembling wired spanning
forest constructions from probability. This is joint work with Andrew Marks and
Robin Tucker-Drob.

Inverse limit reflection and generalized descriptive set theory

Scott Cramer

In this talk we introduce an axiom called Inverse Limit Reflection (ILR), which
we argue is analogous to the Axiom of Determinacy (AD) for LpRq, but in the
context of LpVλ�1q. That is, ILR is in a sense a fundamental regularity property
for the context of LpVλ�1q just as AD is a fundamental regularity property for
the context of LpRq. Previously, H. Woodin investigated the large cardinal I0 as
an analogue of AD for LpVλ�1q, proving a number of similar structural results for
LpVλ�1q, but we argue that ILR is in fact more analogous, as it outright implies
the λ-splitting perfect set property, just as AD outright implies the perfect set
property.

The structure LpVλ�1q was first investigated by Woodin in order to show that
ADLpRq follows from large cardinals. In particular he defined the axiom I0, which
states that there is a (nontrivial) elementary embedding j : LpVλ�1q Ñ LpVλ�1q

such that crit pjq   λ. He then showed that the structure of LpVλ�1q, assuming I0
holds, is remarkably similar to the structure of LpRq assuming that ADLpRq. In
particular he showed the following.

Theorem 1 (Woodin [5]). Assume I0 holds at λ. Then the following hold in
LpVλ�1q.

(1) λ� is measurable.
(2) Θ is a limit of measurable cardinals.

This type of result suggested that I0 was analogous to AD in the context of
LpVλ�1q.

We continued this line of research, showing the following theorems.
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Theorem 2 ([2]). Assume I0 at λ. Then there are no disjoint stationary subsets
T1, T2 of Sω such that T1, T2 P LpVλ�1q.

Theorem 3 ([1]). Assume I0 at λ. Then every subset X � pVλ�1qm such that
X P LpVλ�1q has the λ-splitting perfect set property. That is either |X | ¤ λ or X
contains a λ-splitting perfect set and hence |X | � 2λ.

The proofs rely on a tool called inverse limits which arises out of techniques for
reflecting large cardinals at this level. In particular R. Laver proved (see [3], [4])
the following reflection result using inverse limits.

Theorem 4 (Laver). Assume there exists j : Lλ��ω�1pVλ�1q Ñ Lλ��ω�1pVλ�1q

elementary with crit pjq   λ. Then there exists a λ̄   λ such that there is an
elementary embedding k : Lλ̄�pVλ̄�1q Ñ Lλ̄�pVλ̄�1q with crit pkq   λ̄.

We extended this result using inverse limits, to show the following.

Theorem 5 ([1]). Assume there exists an elementary embedding

j : LpV #
λ�1q Ñ LpV

#
λ�1q

with crit pjq   λ. Then there exists a λ̄   λ and an elementary embedding

k : LpVλ̄�1q Ñ LpVλ̄�1q

with crit pkq   λ̄.

From the techniques involved in this reflection theorem, we derived the axiom
ILR and showed the following.

Theorem 6 ([2]). ILR implies the λ-splitting perfect set property.

This property distinguishes ILR from I0, as the natural generalization I0pXq of
I0 to models of the form LpX,Vλ�1q, whereX � Vλ�1, does not have this property.
Namely, assuming I0, it is consistent that there is an X � Vλ�1 such that I0pXq
holds, but LpX,Vλ�1q does not satisfy the λ-splitting perfect set property. So in
this sense ILR is a better analog of AD than I0, in so far as it plays the role of a
fundamental regularity property.
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Universal graphs at successors of singulars

James Cummings

If 2κ � κ�, then there is a universal graph on κ� regardless of the value of 2κ
�

.

But for 2κ ¡ κ� the situation is more mysterious. Say that uλ is the least size
of a family of graphs on λ which is jointly universal for graphs on λ. Then the
following hold.

Theorem 1. (C. Džamonja, Morgan) It is possible to prove from large cardinals
the consistency of “2ℵω

¡ ℵω�2 with ℵω strong limit and uℵω
¤ ℵω�2”.

Theorem 2. (C. Džamonja, Magidor, Morgan, Shelah) It is possible to prove from
large cardinals the consistency of “there exists a singular strong limit cardinal κ
of cofinality ω1 such that 2κ ¡ κ�� and uκ� ¤ κ��”.

The proof uses a Prikry type forcing.

Progress in Ramsey theory

Natasha Dobrinen

A triple pR,¤, rq is a topological Ramsey space if every subset of R which has the
property of Baire is Ramsey, and every meager subset is Ramsey null. Such spaces
are abstractions of the Ellentuck space. (See [8] for a proper introduction to topo-
logical Ramsey spaces.) In [7], Todorcevic proved that every Ramsey ultrafilter is
Tukey minimal among nonprincipal ultrafilters. The proof uses the Pudlák-Rödl
Theorem canonizing equivalence relations on barriers of the Ellentuck space (which
in turn generalizes the Erdös-Rado Theorem for canonical equivalence relations on
rωsk, for k   ω) along with the existence of continuous cofinal maps for p-points
proved in [3]. In work with Todorcevic in [4] and [5], new Ramsey-classification
theorems were obtained for fronts on a new class of topological Ramsey spaces
extracted from forcings of Laflamme in [6]. These theorems generalize the Pudlák-
Rödl Theorem. These Ramsey-classification theorems were applied to decode the
Tukey structure of the associated ultrafilters in terms of their Rudin-Keisler struc-
tures, these being rapid p-points satisfying some partition properties. These results
motivated much of the research outlined below.

Recall the following definitions. For ultrafilters U ,V , V ¤T U if and only if
there is a map f : U Ñ V such that the f -image of every filter base for U is a
filter base for V . Such an f is called a cofinal map. The set of all ultrafilters
Tukey equivalent to U is called the Tukey type of U . V ¤RK U if and only if
there is a map g : ω Ñ ω such that V � tX � ω : g�1

pXq P Uu. Rudin-Keisler
reducibility implies Tukey reducibility, but not vice versa. We shall call a collection
of Tukey types of ultrafilters an initial Tukey structure if it is closed under Tukey
reducibility.

The work in [4] and [5] showed, among other things, that for each countable
successor ordinal α, there is a rapid p-point which has initial Tukey structure below
it exactly that of a decreasing chain of ordered type α. Moreover, the equivalence
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relations within the Tukey types are completely understood as Fubini iterates of
certain p-points. This raised the following question.

Question What are the possible initial structures in the Tukey types ultrafilters?

In [2], we have set forth a general construction scheme for new topological
Ramsey spaces. These spaces are built using products of structures from Fräıssé
classes of finite ordered relational structures. A main tool in this paper is a new
canonization theorem for equivalence relations on finite products of structures
(Theorem 1).

Definition 1. Let Kj, j P J   ω be Fräıssé classes of finite ordered relational
structures with the Ramsey property. For each j P J , let Aj ,Bj P Kj such that

Aj ¤ Bj. Given a subset Ij � }Aj} and Xj ,Y j P

�

Bj

Aj

�

, we write |Xj |EIj |Y j |

if and only if for all i P Ij , x
i
j � yij, where tx

i
j : i   }Xj}u is the  -increasing

enumeration of the universe of Xj.

An equivalence relation E on
�

pBjqjPJ

pAjqjPJ

�

is canonical if and only if for each j P J ,

there is a set Ij � }Aj} such that for all pXjqjPJ , pY jqjPJ P

�

pBjqjPJ

pAjqjPJ

�

,

(1) pXjqjPJ E pY jqjPJ �Ñ �j P J, |Xj |EIj |Y j |.

Theorem 1 (Dobrinen, [2]). Let Kj, j P J   ω, be Fräıssé classes of ordered
relational structures with the Ramsey property. For each j P J , let Aj ,Bj P Kj
such that Aj ¤ Bj. Then for each j P J , there is a Cj P Kj such that for each

equivalence relation E on
�

pCjqjPJ

pAjqjPJ

�

, there is a sequence pB1

jqjPJ P

�

pCjqjPJ

pBjqjPJ

�

such

that E restricted to
�

pB
1

jqjPJ

pAjqjPJ

�

is canonical.

Thus, the Finite Erdös-Rado Theorem generalizes to products and moreover to
products of certain Fräıssé classes. These are applied to show the following.

Theorem 2 (Dobrinen, Mijares, Trujillo, [2]). CH or MA imply that for each
n   ω, there are rapid p-points which have initial Tukey structure exactly that of
Ppnq. Further, there are ultrafilters such that the structure of the Tukey types of
all p-points Tukey reducible to it is exactly rωs ω.

Interestingly, we also find that the Rudin-Keisler structure below an ultrafilter
generated by our scheme is exactly the same as the embedding structure for the
products of the Fräıssé classes used to generate the topological Ramsey space.
Many ultrafilters with partition properties are seen to arise from topological Ram-
sey spaces constructed by our methods. In particular the norm-defined ultrafilters
of Baumgartner and Taylor in [1] fit into the scheme in [2]. A broader construction
scheme for topological Ramsey spaces is currently being developed.
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Combinatorial versions of SCH

Mirna Džamonja

It is commonly accepted that the combinatorics of singular cardinals is in some
sense strange and difficult, unrepresentative. We are interested in singular cardi-
nals and their successors and we put forward an antithesis that they are in fact
nicer than the successors of regulars.

Some well known nice properties of singular cardinals are singular cardinal
compactness, and the fact that in the absence of large cardinals lκ holds for all
singular κ. One needs a Woodin cardinal to kill l�

κ. A celebrated hypothesis is
SCH: for every singular κ, if 2cfpκq   κ then κcfpκq � κ�. SCH is not true in ZFC +
large cardinals (Silver, Magidor), its failure is equiconsistent with Dκ opκq � κ��

(Gitik) but SCH holds if there are no large cardinals (Jensen), above a supercom-
pact (Solovay) and in models of various forcing axioms, such as MM (Foreman,
Magidor, Shelah) down to MRP (Viale). However a version of SCH holds just in
ZFC (Shelah):

p�n   ωq2ℵn
  ℵω ùñ 2ℵω

  ℵω4
.

We present some newer results showing the ZFC feel of the singular cardinal com-
binatorics. The first topic is on the universality of graphs.

Let κ be a cardinal ¥ ℵ1. Consider the embeddings f : GÑ H between graphs
on κ which preserve the edge and the non-edge relation and say that G ¤ H if
there is such an embedding. We are interested in the smallest size of a dominating
family in the resulting structure, call this uκ.

If GCH holds then uκ � 1 for all κ, while for κ the successor of a regular Cohen
forcing gives the consistency of uκ � 2κ ¡ κ�. For κ the successor of a regular
it is consistent to have uκ   2κ ¡ κ� (Mekler, Shelah for ℵ1, Dž. + Shelah in
general). The following was obtained by Dž. and Shelah for λ � ℵ0 (2005) and by
Cummings, Dž., Magidor, Morgan and Shelah (recent) in general:
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Theorem 1. If κ is a supercompact cardinal, λ   κ is a regular cardinal and
θ ¥ κ�3 is a cardinal with cfpθq ¥ κ��, then there is a forcing extension in which

cfpκq � λ, 2κ � 2κ
�

� θ ¥ κ�3 and uκ� ¤ κ�2.

To prove this, iterate a forcing which blows up the power of κ, builds the future
universal graphs and controls the names in Radin forcing of graphs on κ�. Radin
forcing with respect to what, subsets of κ are being added all the time? Well, a
measure sequence is being constructed as we go. The universal family is obtained
using a cofinal sequence in λ. We also have more recent work where κ can be made
to be ℵω (Cummings, Dž. and Morgan).

The point of this talk is that *for all we know* uκ� might be κ� (so 1) in our
model! In fact:

Question Can we have κ singular and uκ� � 2κ
�

¡ κ��?

The proof with the Cohen subsets does not seem to generalize in any sense!
*For all we know* uκ� might be κ� (so 1) in every model, i.e. in ZFC! This
brings us to ask if one has any universality results just in ZFC. We recall another
universality problem where we actually obtain such a situation.

Consider trees of size κ without a branch of size κ, under the notion of reduction
f : T Ñ T 1 which preserves strict order s  T t ùñ fpsq  T fptq. This says
that branches go into branches, but f is not necessarily 1-1. The (non-existing)
κ-branch is universal. These trees arise naturally in the study of EF games and
various logics, and provide a connection between set theory and computer sci-
ences (see the work of Väänänen). The resulting structure Tκ has been studied
extensively, for example at ℵ1 (see e.g. Todorčević- Väänänen). Interestingly, us-
ing Todorčević’s σ-operator, we can see that the universality number at ℵ1 under
GCH is the maximal possible, 2ℵ1

� ℵ2. (GCH always gives universality number
1 if the structure is first order).

Open Question Is there a model of set theory where uTℵ1
� 1?

However, the singulars are easy in this context.

Theorem 2. (Dž. + Väänänen 2010) Let κ be a strong limit singular of cofinality
ω. Then uTκ

� κ�.

This is the only ZFC universality result on the uncountable that I know. It is
sort of a combinatorial version of SCH.

Conclusions

The two examples presented show that the cardinal invariants at a singular and
its successor are genuinely different than what we know and, I think, that they
should be studied systematically. Not everything can be a ZFC result, of course
we know that SCH can fail (Magidor), and GCH can fail everywhere (Foreman
and Woodin). There are combinatorial results which show that some cardinal
invariants can be made as high as possible, for example Cummings and Shelah
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(1995) show that it is consistent modulo large cardinals to have that every infinite
Boolean algebra B has 2|B| subalgebras. We need a systematic study, involving
also development - if possible of forcing axioms.

The fact that ZFC determines to some extent the combinatorics at the singulars
and their successors has a philosophical significance. If one is a platonist then the
fact that we have independence in set theory and elsewhere speaks just of our
inability to model the true universe by our methods. The combinatorics at the
singulars shows that to some extent we catch our tail at singular cardinals. ZFC
is capable of telling us the truth asymptotically.

This is very pleasing and stands as a good answer, at least to me, to “what is
the relevance of set theory in mathematics? Why work in ZFC and not in some
other alternative consistent system? ”.

Template iterations and maximal cofinitary groups

Vera Fischer

(joint work with Asger Törnquist)

The template iteration technique, which we consider, was introduced by S. Shelah
in his work on the consistency of ℵ2 ¤ d   a, see [6]. The technique was further
developed by J. Brendle and used to establish the consistency of the minimal size
of a maximal almost disjointness number being of countable cofinality (see [1]). In
a broad sense, this template iteration can be though of as a forcing construction,
which on one side has characteristics of a ”product-like” forcing, and on the other
hand, characteristics of finite support iteration. In [1] the ”product-like” side of
the construction, was used to force a maximal almost disjoint family of arbitrary
cardinality, say cardinality λ which in particular can be of countable cofinality,
while the ”finite support” side of the construction was used to add a cofinal family
of dominating reals, which has a prescribed size. Thus in the final generic exten-
sion, this cofinal family gives a prescribed size of the bounding number, say λ0,
and so a prescribed lower bound of a. Then an isomorphism of names argument
provides that there are no mad families of intermediate cardinalities µ, i.e. cardi-
nality µ such that λ0 ¤ µ   λ. In order this isomorphism of names argument to
work we need to assume CH, as well as ℵ2 ¤ λ0.

We introduce a forcing notion, which adds a maximal cofinitary group of ar-
bitrary size and which enjoys certain combinatorial properties, allowing for the
poset to be iterated along a template (see [4, Definition 2.4]). Similarly to the
mad families case, we use this poset along the ”product-like” side of an appropri-
ate template iteration to add a maximal cofinitary group of desired cardinality,
say λ. The ”finite support” side of this construction is used to add a cofinal family
Φ of slaloms, each of which localizes the corresponding ground model reals. Using
a combinatorial characteristic of addpN q, cofpN q which is due to Bartoszyński, we
obtain that in the final generic extension both of those cardinal invariants have
the size of the family Φ. However by a result of J. Brendle, O. Spinas and Y.
Zhang (see [3]) the uniformity of the meager ideal nonpMq is less than or equal
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to the minimal size of a maximal cofinitary group (denoted ag), and so we obtain
that |Φ| is a lower bound for ag. An isomorphism of names argument, which is
almost identical to the maximal almost disjoint families case, provides that in the
final generic extension there are no maximal cofinitary groups of intermediate car-
dinalities, i.e. cardinalities µ such that |Φ| ¤ µ   λ. Again for the isomorphism
of names argument to work we have to assume CH, as well as ℵ2 ¤ |Φ|. Thus we
obtain:

Theorem 1. ([4, Theorem 5.9]) It is consistent with the usual axioms of set theory
that the minimal size of a maximal cofinitary group is of countable cofinality.

The above two constructions, dealing with mad families and cofinitary groups
respectively, can be generalized in the following sense. We define two classes of
forcing notions, which in a natural way generalize our poset for adding a maximal
cofinitary group and Hechler poset for adding a dominating real, respectively. We
refer to these posets as finite function posets with the strong embedding property
(see [4, Definitions 3.16 and 3.17]) and good σ-Suslin forcing notions (see [4, Defini-
tions 3.14 and 3.15]) respectively. We generalize the template iteration techniques
of [1], so that arbitrary representatives of the above two classes can be iterated
along a template (see [4, Definition 3.21 and Lemma 3.22]) and establish some
basic combinatorial properties of this generalized iteration. We fix some notation:
whenever T is a template, Q is a finite function poset with the strong embedding
property and S is a good σ-Suslin forcing notion, we denote by PpT ,Q, Sq the
iteration of Q and S along T ( [4, Definition 3.21])). For example we show that:

Lemma 1. ([4, Lemma 3.27]) If Q is Knaster, then PpT ,Q, Sq is Knaster.

Let ap and ae denote the minimal size of a maximal family of almost disjoint
permutations on ω and the minimal size of a maximal almost disjoint family of
functions in ωω respectively. Let T0 be the template used in the proof of the
consistency of a being of countable cofinality (see [1]). Our main results states the
following.

Theorem 2. ([4, Theorem 6.1]) Let ā P ta, ap, ag, aeu. There are a finite function
poset with the strong embedding property Qā and a good σ-Suslin poset Sā such
that if V is a model of CH then V PpT0,Qā,Sāq � cofpāq � ω.

The most interesting case is indeed, the maximal cofinitary groups case. In fact
for each of the other three cases, the forcing notion Qā is closely related to the
forcing notion for adding a maximal cofinitary group discussed earlier.
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Short extenders forcings and collapses

Moti Gitik

A way of collapsing cardinals inside critical intervals is suggested. We study the
PCF structure of models obtained as a combination of the gap 2 short extenders
forcing with the supercompact Prikry forcing. Effects of combinations of the gap
2 short extenders forcing with Levy collapses are studied as well.

Results of the following type are obtained:

Assume GCH. Let κ be a limit of an increasing sequence of cardinals xκn | n   ωy

so that for every n   ω, κn carries an extender En such that

(1) if jn : V ÑMn � UltpV,Enq, then Mn � Hpκ�n�2
n q,

(2) the normal measure Enpκnq of En concentrates on the set
tν   κn | ν is a ν�n�2–supercompact cardinalu.

Theorem 1. Let xδn | n   ωy be a sequence of regular cardinals in
±

n ω κn.
Then there is a forcing extension with an increasing sequence xηn | n   ωy such
that

(1) ηn is the immediate successor of a cardinal of cofinality δn, for every n  
ω,

(2)
�

n ω ηn � κ,
(3) tcfp

±

n ω ηn{finiteq � κ��.

The effects of adding a real to models of set theory

Mohammad Golshani

Given a model V of ZFC and a real R, let V rRs, if it exists, be the smallest model
of ZFC with the same ordinals as V such that V � V rRs and R P V rRs.

In [2] we discussed the effects of adding a real to the power set function. As-
suming the existence of a proper class of measurable cardinals, we showed that it
is possible to force Easton’s theorem by adding a single real. More precisely:

Theorem 1. Let M be a model of ZFC �GCH� there exists a proper class of
measurable cardinals. In M let F : REG ÝÑ CARD be an Easton function, i.e a
definable class function such that

 κ ¤ λ ÝÑ F pκq ¤ F pλq, and
 cfpF pκqq ¡ κ.

Then there exists a pair pW,V q of cardinal preserving extensions of M such that
paq W |ù GCH,
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pbq V �W rRs for some real R,
pcq V |ù �κ P REG, 2κ ¥ F pκq.

The main result of our article answers an open question of Shelah and Woodin
[5] by showing that it is possible to violate GCH at all infinite cardinals by adding
a single real to a model of GCH :

Theorem 2. Assume the consistency of an Hpκ�3
q-strong cardinal κ. Then there

exists a pair pW,V q of models of ZFC such that:
paq W and V have the same cardinals,
pbq GCH holds in W,
pcq V �W rRs for some real R,
pdq GCH fails at all infinite cardinals in V.

In [1] we showed that it is possible to code a real by two Cohen reals in a
cofinality preserving way:

Theorem 3. Suppose that R is a real in V . Then there are two reals a and b such
that:
paq a and b are Cohen generic over V ,
pbq all of the models V, V ras, V rbs and V ra, bs have the same cardinals,
pcq R P Lra, bs.

Using this result and the previous results it is possible to get some interesting
results.

In [3] and [4] we studied the interrelation between Cohen reals over different
models of ZFC. A basic fact about Cohen reals is that adding λ-many Cohen reals
cannot produce more than λ-many of Cohen reals 1. More precisely, if xsα : α   λy

are λ-many Cohen reals over V , then in V rxsα : α   λys there are no λ�-many
Cohen reals over V . In these papers, we showed that this is not the case, if instead
of dealing with one universe V we consider two universes. In particular we have
the following:

Theorem 4. Suppose that κ is a strong cardinal and λ ¡ κ is a regular cardinal.
Then there is a cardinal preserving generic extension V � of V such that V and
V � have the same reals, and such that adding κ�many Cohen reals over V � adds
λ�many Cohen reals over V .
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An Easton-like Theorem for Zermelo-Fraenkel Set Theory Without
Choice

Peter Koepke

(joint work with Anne Fernengel)

In Zermelo-Fraenkel set theory without the Axiom of Choice the θ-function

θ pκq � sup tν P Ord | there is a surjection f : P pκq Ñ νu

provides a “surjective” substitute for the exponential function 2κ. Obviously

- θ pκq is a cardinal ¡ κ�;
- κ   λ implies θ pκq 6 θ pλq.

We show that these are the only restrictions that ZF imposes on θpκq.

Theorem 1. Let M be a ground model of ZFC�GCH�Global Choice � there
are no inaccessible cardinals. In M , let F be a function defined on the class of
infinite cardinals such that

(i) F pκq is a cardinal ¡ κ�;
(ii) κ   λ implies F pκq 6 F pλq.

Then there is an extension N of M which satisfies ZF, preserves cardinals and
cofinalities, and such that θ pκq � F pκq holds for all cardinals in N .

This is a version of Easton’s Theorem [1] for all infinite cardinals, irrespective
of cofinalities. The model N is defined as an inner model of a class generic ex-
tension M rGs of M . Some techniques are inspired by [2]. Detailed proofs and
further investigations of the model and its variants, in particular concerning car-
dinal arithmetic properties and the amount of choice possible, will be presented in
the PhD thesis of Anne Fernengel.

Let

A �
¤

κPCard

tκu � F pκq

We say that t � pt, tq is an F -tree if

- t � A and t is the field of the binary relation  t;
-  t is strict and transitive;
- pκ, νq  t pλ, µq Ñ κ   λ;
- pλ, µq P t ^ κ P CardXλ Ñ D!ν pκ, νq  t pλ, µq; hence the predecessors of
pλ, µq P t with λ � ℵα are linearly ordered by  t in ordertype α, i.e., t is
a tree;

- there are finitely many maximal elements pλ0, µ0q , . . . , pλn�1, µn�1q P t

such that

t � tpκ, νq | Di   n pκ, νq 6t pλi, µiqu .
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Let the class forcing P � pP,6q consist of all conditions

p : pt, tq Ñ V

such that pt, tq is an F -tree, and for all pλ, µq P t:

- if λ � ℵ0 then p pλ, µq P Fn pℵ0, 2,ℵ0q

- if λ � κ� is the successor of κ P Card then p pλ, µq P Fn prκ, λq , 2, λq
- otherwise p pλ, µq � H

Here Fn pD, 2, λq is the Cohen forcing
th | h : dom phq Ñ 2, dom phq � D, card phq   λu, partially ordered by �.

For p, q P P with p : pt, tq Ñ V and q : ps, sq Ñ V set p 6 q iff

- t � s and  t� s
- � pλ, µq P s p pλ, µq � q pλ, µq

Let G be M -generic for P . For pλ, µq P A let

cλ,µ � tξ | Dp P G pp : pt, tq Ñ V ^ D pκ, νq 6t pλ, µq p pκ, νq pξq � 1qu

be the “µ-th Cohen subset” of λ.
For limit δ   F pλq define surjections

Sλ,δ : tcλ,µ | µ   δu Ñ t0u Y pLimXδq

by Sλ,δ pcλ,µq � µ� where µ� is the largest element of t0uYpLimXδq which is 6 µ.

Around each Sλ,δ define a “cloud” S̃λ,δ of similar functions:

S̃λ,δ � tσ � Sλ,δ | σ is a permutation of δ, which is the identity except
for finitely many arguments u.
The predicate S collects the equivalence classes:

S �
¤

!

S̃λ,δ | λ P Card and δ is a limit ordinal   F pλq
)

.

The model N is generated over M by the Cohen sets, the surjections Sλ,δ and
the predicate S.

N � pHODS pM Y tcλ,µ | pλ, µq P Au Y tSλ,δ | pλ, δq P A^ δ P Limuqq
MrGs

The analysis of N is based on symmetry properties of P .
An F -permutation is a bijection π : AØ A such that

� pλ, µq P ADµ1   F pλqπ pλ, µq �
�

λ, µ1
�

,

i.e., π preserves the levels of A. An F -permutation π canonically extends to
a bijection of the class of all F -trees and to an automorphism of P . An F -
permutation π is called small if for all assignments π pλ, µq � pλ, µ1q there is
γ P t0u Y Lim such that µ, µ1 P rγ, γ � ωq.

Lemma 1. If p, q 6 r and p ↾ dom prq, q ↾ dom prq are compatible then there
exists a small F -permutation π such that

- π ↾ dom prq � id and so π prq � r

- p and π pqq are compatible in P .
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A small F -permutation will only permute the Cohen sets 9cHλ,µ by a finite differ-
ence in the second index µ. Since the functions Sλ,δ are invariant with respect to
such small pertubations, one obtains:

Lemma 2. Let ϕ be an P-formula, pκ0, µ0q , . . . , pκm�1, µm�1q P A, and
pλ0, δ0q , . . . , pλn�1, δn�1q P A with limit ordinals δi. Let ~x P M . Let p : pt, tq Ñ
V be a condition such that pκ0, µ0q , . . . , pκm�1, µm�1q P t. Let pt̄, tq � pt, tq be
the subtree t̄ � tpκ, νq | Di   m pκ, λq 6t pκi, µiqu. Then, using canonical names,

p  ϕ
�

9cκ0,µ0
, . . . , 9cκm�1,µm�1

,
ÝÑ

x̌ , 9Sλ0,δ0 , . . . ,
9Sλn�1,δn�1

, 9S
	

iff

p ↾ t̄  ϕ
�

9cκ0,µ0
, . . . , 9cκm�1,µm�1

,
ÝÑ

x̌ , 9Sλ0,δ0 , . . . ,
9Sλn�1,δn�1

, 9S
	

.

This implies the following approximation property:

Lemma 3. Let X P N , X � Ord. Then there are indices
pκ0, µ0q , . . . , pκm�1, µm�1q P A such that X PM

�

cκ0,µ0
, . . . , cκm�1,µm�1

�

.

By the lemma, N is a cardinal preserving extension of M . For all cardinals
λ P M and limit ordinals δ   F pλq, Sλ,δ P N yields a surjection from P pλq XN

onto pt0u Y Limq X δ, thus θ pλq > F pλq. Further permutation arguments show
that N |ù θ pλq � F pλq, as required.
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Forcing Square with Finite Conditions

John Krueger

In previous work we introduced the idea of an adequate set of models and showed
how to use adequate sets as side conditions in forcing with finite conditions. For
countable sets of ordinals M and N , we define the comparison point of M and N ,
denoted by βM,N . This ordinal has cofinality ω1 and satisfies that any ordinal γ
which is both either in M or a limit point of M , and either in N or a limit point
of N , is below βM,N . We then define a finite set of countable subsets of ω2 to be
adequate if for all M and N in A, either M XβM,N P SkpNq, N XβM,N P SkpMq,
or M X βM,N � N X βM,N (where Sk denotes the Skolem hull in an appropriate
structure on Hpω2q).

We gave several examples of forcing with adequate sets, including forcing posets
for adding a generic function on ω2, adding a nonreflecting stationary subset of
ω2, adding a Kurepa tree on ω1, and adding a club to a fat stationary subset of
ω2. The main result of the present talk is to define a forcing poset using adequate
sets which adds a lω1

-sequence.
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The idea of using models as side conditions in forcing goes back to Todorčević,
where the method was applied to add generic objects of size ω1 with finite ap-
proximations. In the original context of applications of PFA, the preservation of
ω2 was not necessary. To preserve ω2, Todorčević introduced the requirement of
a system of isomorphisms on the models in a condition.

In the present talk we introduce the idea of a coherent adequate set of models.
A coherent adequate set is essentially an adequate set which also satisfies the
existence of a system of isomorphisms in the sense of Todorčević. Combining these
two ideas turns out to provide a powerful method for forcing with side conditions.
An adequate set A is coherent if for all M and N in A:

(1) if M X βM,N � N X βM,N , then M and N are isomorphic;
(2) if M X βM,N P SkpNq, then there exists N 1 in A such that M P SkpN 1

q

and N and N 1 are isomorphic;
(3) if M X βM,N � N X βM,N and K P AX SkpMq, then σM,N pKq P A.

As an application of the idea of coherent adequate sets, we define a forcing poset
which adds a square sequence on ω2 with finite conditions. Let P be the forcing
poset whose conditions are pairs px,Aq satisfying:

(1) x is a finite set of triples of the form xα, γ, γ1y, where α P ω2 X cofpω1q

and γ   γ1   α;
(2) if xα, γ, γ1y and xα, β, β1y are distinct in x, then rγ, γ1q X rβ, β1q � H;
(3) A is a finite coherent adequate set;
(4) for all M P A and xα, γ, βy P x, if α PM then either γ and β are in M , or

suppM X αq   γ;
(5) if M and M 1 are in A and M X βM,M 1

�M 1

X βM,M 1 , then for any triple
xα, γ, βy P SkpMq X x, σM,M 1

pxα, γ, βyq P x.

Let py,Bq ¤ px,Aq if x � y and A � B.
The main result of the talk is that the forcing poset P is strongly proper, ω2-c.c.,

and adds a lω1
-sequence.

Borel complexity and automorphisms of C*-algebras

Martino Lupini

Suppose thatX is a compact metrizable space, and HomeopXq is the group of auto-
homeomorphisms of X . This is a Polish group when endowed with the compact-
open topology. If Γ is a countable discrete group, then an action of Γ on X is
a group homomorphism from Γ to HomeopXq. Two actions φ, φ1 are conjugate if
there is an auto-homeomorphism α of X such that

α � φpγq � α�1
� φ1pγq

for all γ P Γ. Let us consider the particular case when Γ is the group of integers.
In this case actions can be identified with single auto-homeomorphisms of X ,
and conjugacy of actions corresponds to conjugacy in HomeopXq. This motivates
the problem of looking at the Borel complexity of the relation of conjugacy in
HomeopXq.



Set Theory 111

Recall that if E and F are Borel equivalence relation on standard Borel spaces
X and Y , then E is Borel reducible to F if there is a Borel function f : X Ñ Y

such that xEy iff fpxqFfpyq for all x, y P X . An equivalence relation is called
classifiable if it is Borel reducible to the orbit equivalence relation associated with
a Borel action on a standard Borel space of the Polish group S

8

of permutations
of N. A classifiable equivalence relation is Borel complete if it has maximal Borel
complexity among classifiable equivalence relation.

The observation that, if X is zero-dimensional, then HomeopXq is isomorphic
to the Polish group of automorphisms of the countable Boolean algebra of clopen
subsets of X allows one to conclude that the auto-homeomorphisms of X are
classifiable up to conjugacy whenever X is zero-dimensional. It is moreover proved
in [2] that if X is the Cantor space then the relation of conjugacy in HomeopXq
is Borel-complete. It is shown in [3] that the auto-homeomorphisms of the unit
interval r0, 1s are classifiable up to conjugacy, while the relation of conjugacy

in Homeo
�

r0, 1s
2
	

is not classifiable. This is one of the earliest applications of

Hjorth’s theory of turbulence.
Suppose that G y X is a continuous action of a Polish group on a Polish

space. If 1 P V � G and x P U � X are open, then the local orbit Opx, U, V q is
the smallest subset of U with the property that x P Opx, U, V q and moreover if
y P Opx, U, V q and γ P V are such that γ �y P U , then γ �y P Opx, U, V q. The action
Gy X is called preturbulent if every orbit is dense and every local orbit is dense;
if moreover every orbit is meager then the action is called turbulent. The main
result of Hjorth’s theory of turbulence asserts that if G y X is a preturbulent
Polish group action, S

8

y Y is an action of S
8

on a standard Borel space, and
f : X Ñ Y is a Borel function mapping G-orbits into S

8

-orbits, then there is a
G-invariant dense Gδ subset C of X such that f rCs is contained in a single S

8

-
orbit. As a consequence if G y X is moreover turbulent then the corresponding
orbit equivalence relation is not classifiable.

The problem of classifying homeomorphisms of compact metrizable spaces up
to conjugacy can be seen as a particular case of classifying automorphisms of
separable unital C*-algebras up to conjugacy. A C*-algebra is a complex algebra
A with involution x ÞÑ x� endowed with a norm making it a Banach space, and
moreover satisfying the identities

}xy} ¤ }x} }y}

and

}x�x} � }x}
2

for x, y P A. A C*-algebra is unital if it has a multiplicative identity, and separable
if it is separable in the topology induced by the norm. In the following all C*-
algebras will be assumed to be separable and unital. An automorphism of A is a
bijection α : A Ñ A preserving all the operations and, hence, the norm; see [1,
II.1.6.6]. The group AutpAq of automorphisms of A is a Polish group with respect
to the topology of pointwise convergence in norm.
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If X is a compact metrizable space, then the space CpXq of complex-valued
continuous function on X is a C*-algebras with respect to the pointwise operations
and the supremum norm. It is a classical result of Gelfand and Naimark that
commutative C*-algebras are exactly those of this form; see [1, II.2.2.4]. It is
easy to see that in this case the group AutpCpXqq of automorphisms of CpXq
is isomorphic as Polish group to HomeopXq. Therefore when A is an arbitrary
C*-algebra we can think about AutpAq as the group of auto-homeomorphisms of
a noncommutative space.

The main theorem from [6] asserts that if Z is the Jiang-Su algebra, then the
action of AutpZq on itself by conjugation is generically turbulent, i.e. turbulent
on an invariant comeager set. Moreover if A is any Z-stable C*-algebra, i.e.
absorbing the Jiang-Su algebra tensorially, then the automorphisms of A are not
classifiable up to conjugacy. This was inspired by one of the main results of [5],
where the authors show that the automorphism group of the hyperfinite II1 factor
acts generically turbulently on itself by conjugation.

The Jiang-Su algebra has been constructed in [4] as direct limit of suitable
building blocks called dimension drop algebras, to provide an example of an infinite
dimensional simple nuclear C*-algebra with the same K-theory as the algebra of
complex numbers. Since then the classification program of simple nuclear C*-
algebras has focused on trying to classify Z-stable C*-algebras. A currently open
conjecture formulated by Toms and Winter in 2009 asserts that for simple nuclear
C*-algebrasZ-stability is equivalent to several others regularity properties, such as
finite nuclear dimension. (Nuclear dimension can be seen as the noncommutative
analogue of the notion of dimension for compact metrizable spaces.)

By the previous discussion, if X is zero-dimensional compact metrizable space,
then the automorphisms of CpXq are classifiable up to conjugacy. It is an open
problem to determine whether there is an example of an infinite-dimensional sim-
ple (i.e. with no nontrivial ideals) C*-algebra A such that conjugacy in AutpAq
is classifiable. In view of the main result from [6], such an algebra can not be
Z-stable. More generally it would be interesting to have some general results con-
cerning the Borel complexity of the relation of conjugacy in auto-homeomorphisms
groups of compact metrizable spaces, or automorphisms groups of (simple, nuclear)
C*-algebras.
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Abstract of the talk “Full group of Minimal Homeomorphisms and
descriptive set theory”

Julien Melleray

(joint work with Tomás Ibarlucia)

The talk focused on some descriptive-set-theoretic questions about the properties
of full groups of minimal homeomorphisms of a Cantor space. Let us first recall
that a minimal homeomorphism ϕ of a Cantor space X is a homeomorphism such
that, for all x P X , the ϕ-orbit of x is dense. These maps are an analogue, in the
setting of topological dynamics, of the ergodic measure-preserving transformations
studied in ergodic theory. In the measure-theoretic context, Dye introduced in a
series of two papers [1], [2] the notion of a full group: the full group rΓs of a
measure-preserving action of a countable group Γ on a standard probability space
pX,µq is the group of all measure-preserving transformations which map (almost)
each Γ-orbit onto itself. This definition only depends on the equivalence relation
induced by the action of Γ (where two points are equivalent iff they are in the
same Γ-orbit; in the measure-theoretic context we neglect all sets of measure zero);
conversely, if two countable groups Γ,Λ act ergodically on a standard probability
space, and rΓs, rΛs are isomorphic (as abstract groups), then Dye proved that the
two associated equivalence relations are isomorphic. In that context, the right
notion of isomorphism of equivalence relations is orbit equivalence: there exists a
measure-preserving automorphism which maps (almost) every orbit for the first
action onto an orbit for the second action.

This definition of full group and orbit equivalence can easily be translated to the
context of topological dynamics: the full group of an action by homeomorphisms
on a Cantor space is made up of all homeomorphisms which map orbits onto
themselves, and two minimal actions of countable groups Γ,Λ on a Cantor space
X are orbit equivalent if there is an homeomorphism of X which maps each Γ-orbit
onto a Λ-orbit. Again the full group of an action only depends on the relation it
induces, and Giordano–Putnam–Skau [4] proved the analogue of Dye’s theorem in
that context: if two minimal actions have isomorphic full groups, then they are
orbit equivalent.

Full groups have been investigated in depth in ergodic theory; they come
equipped with a natural Polish group topology: if Γ is a countable group act-
ing by measure-preserving automorphisms on a standard probability space pX,µq,
then one can define a complete, separable distance on the full group of this action
by setting

dpS, T q � µptx : Spxq � T pxquq .

We have a good understanding of how full groups sit inside the group AutpX,µq of
all measure-preserving automorphisms, endowed with its usual (and unique) Polish
group topology: the full group of an ergodic action of a countable group is always
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dense in AutpX,µq, and Wei [7] observed that this group is always a countable
intersection of a countable union of closed subsets of AutpX,µq (which essentially
follows from the fact that the distance on the full group is lower-semicontinuous
with respect to the topology induced by the Polish topology of AutpX,µq); in
particular, full groups are always Borel subsets of the ambient group. Full groups
have proved to be useful to study and understand countable measure-preserving
equivalence relations, we refer to [6] for an in-depth discussion.

Going back to the context of topological dynamics: it would be desirable
that the full group of a minimal action of a countable group on a Cantor space
admit a compatible Polish group topology, since it would enable one to em-
ploy descriptive-set-theoretic techniques to understand these groups (and, via the
Giordano–Putnam–Skau theorem mentioned above, properties of the associated
equivalence relations). No such topology has been introduced in earlier work,
which might lead one to suspect that this is an impossible task.

Theorem 1 ([5]). Let Γ be a countable group acting minimally by homeomor-
phisms on a Cantor space X. Then there does not exist a second countable, Haus-
dorff group topology on rΓs for which the Baire category theorem holds.

In the case Γ � Z, i.e. the action is induced by a single minimal homeomorphism
ϕ, the closure of rϕs inside the homeomorphism group is well-understood: it follows
from a result of Glasner–Weiss [3] that this closure coincides with the group of all
homeomorphisms which preserve all the ϕ-invariant measures (as far as I know,
describing the closure of a minimal action of a countable group is an open problem,
even in the amenable case). It is natural to wonder whether an analogue of Wei’s
theorem holds in this setting.

Theorem 2 ([5]). Let ϕ be a minimal homeomorphism of a Cantor space X. Then
the full group rϕs is a coanalytic, non Borel subset of the homeomorphism group
HomeopXq.

Note that above HomeopXq is endowed with its unique Polish group topology
(which coincides with the topology of uniform convergence for some/any compat-
ible metric). We do not know whether the above result holds true for minimal
actions of any countable group (though it seems natural to suspect so); this is
because the proof uses, in a technical step, a theorem of Glasner–Weiss [3] that is
only known to hold for Z-actions (using work of Giordano–Matui–Putnam–Skau,
one can extend this result to actions of Zd, but I know nothing beyond that).

We advocate the study of closures of minimal Z-actions, which are complete
invariants of orbit equivalence (when one restricts one’s attention to Z-actions)
and have a built-in (and unique) compatible Polish group topology. We prove
that these groups are always topologically simple (hence, so is the full group), but
do not know whether they are always simple.
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Specialising all Aronszajn Trees and establishing the Ostaszewski club

Heike Mildenberger

(joint work with Saharon Shelah)

We prove:

Theorem 1. It is consistent relative to ZFC that all Aronszajn trees are special
and that the club principle holds.

Thus we give a strong negative answer to the question whether the Ostaszewski
club principle imply the existence of a Souslin tree. The question was asked by
Juhász in 1976 [6].

Ostaszewski [7] introduced the club principle, also written ♣, for a topological
construction:

Definition 1. The club principle says: There is a sequence xCα : α   ω1, limpαqy
such that for every uncountable X � ω1 the set

tα   ω1 : Cα is a cofinal subset of X X αu

is stationary. We call such a sequence xCα : α   ω1, limpαqy a ♣-sequence.

We recall the main notions about trees:

Definition 2. (1) pT, Tq is called an Aronszajn tree if
(a) |T| � ℵ1,
(b) pT, Tq is a partial order such that for any t P T, predptq � ts P T :

s  T tu is well-ordered; there is a least element in  T called the root
of T,

(c) for α   ω1, the level Lα � tt P T : predptq � αu of pT, Tq is (at
most) countable,

(d) pT, Tq has no uncountable branch.
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(2) An Aronsajn tree pT, Tq is special if it has a specialistation function.
A function f : T Ñ ω is called a specialisation of pT, Tq or we say f

specialises pT, Tq iff �s, t P Tps  T tÑ fpsq � fptqq.
(3) A Souslin tree is an Aronszajn tree in which all antichains are countable.
(4) The diamond principle, ♦, introduced by Jensen [3] says: There is a se-

quence xSα : α   ω1y such that for every X � ω1 the set

tα   ω1 : Sα � X X αu

is stationary. We call such a sequence xSα : α   ω1y a ♦-sequence.

If an Aronszajn tree is special then it is the union of countably many antichains,
and hence the tree is not a Souslin tree. So our main theorem answers Juhász’
question in a strong negative form. Shelah showed [8, Ch. IX] that ”There is no
Souslin tree” does not imply ”All Aronszajn trees are special”.

We define the tree creatures which will be used later to describe the branching
of the countable trees that will serve as forcing conditions. For n P ωzt0u, we write

specTn � tη : u � T is finite, η : u Ñ r0, nq ^ pηpxq � ηpyq Ñ  px  T yqqu.

Definition 3. A creature is a tuple c � pipcq, ηpcq, pospcqq with the following
properties:

(a) The first component, ipcq, is called the kind of c and is just a natural
number. c is an i-creature if ipcq � i.

(b) The second component, ηpcq, is called the base of c. We require (ηpcq � H
and ipcq � 0) or (ipcq � i ¡ 0 and 0 � |dompηpcqq|   n1,i�1, and
ηpcq P specTn2,i�1

).

(c) pospcq is a non-empty subset of tη P specTn2,i
: ηpcq $ η ^ |dompηq|  

n1,iu.

Definition 4. For an i-creature c we define nor0pcq as the maximal natural num-
ber m such that m � 0 or

(α) if a � n2,i and |a| ¤ m and B0, . . . , Bm�1 are branches of T, then there
is ν P pospcq such that p�x P p

�

ℓ mBℓ X dompνqqzdompηpcqqqpνpxq R aq,

(β) maxt |dompνq|
n1,i

: ν P pospcqu ¤ 1
m
,

Definition 5. Let T be an Aronszajn tree. We define a notion of forcing Q � QT

with set of elements Q and a preorder ¤Q.

(A) p P Q iff p � pippq, T p, pq has the following properties:
(a) There is a set T p � ω¡specT such that pT p, pq is a T-tree with ω

levels, the ℓ-th level of which is denoted by pT pqrℓs. For t P pT pqrℓs we
also write and htpptq � htTp

ptq � ℓ.
(b) T p has a root, the unique element of level 1, called rtppq.
(c) We have ippq � i   ω such that the following holds: For any 1 ¤ ℓ  

ω and s P pT pqrℓs there is an i� ℓ� 1 creature
cp,s such that
ηpcp,sq � lastpsq,
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pospcp,sq � tlastptq : t P pT pqrℓ�1s : t P sucppsqu.
We also write ipsq � i for ipcp,sq � i.

(d) For every ω-branch xηℓ : ℓ P ωy of T p with tℓ � pη0, . . . , ηℓq we have
limℓÑω nor

0
pcp,tℓq � ω.

(B) The order ¤�¤Q is given by letting p ¤ q (q is stronger than p, we follow
the Jerusalem convention) iff ippq ¤ ipqq and there is a projection prq,p
which satisfies
(a) prq,p is a function from T q to T p preserving the absolute height:

htT q
ptq � ipqq � htTp

pprq,pptqq � ipprq,pprtpqqqq.
(b) If t P T q then lastptq � lastpprq,pptqq. This holds of course not only

for the last element of the sequence t but for all elements, since T q is
downward closed.

(c) If t1, t2 are both in dompqq and if t1 ¤q t2, then prq,ppt1q ¤p prq,ppt2q.
(d) For every t P T q, ipcq,tq � ipcp,prq,pptqq.

(e) For any ℓ P ω, t P pT qqrℓs ñ prq,pptq P pT
p
q

rℓ�ipqq�ippqs.

(f) For any ℓ P ω: If s P pT qqrℓs and r P pT qqrℓ�1s and s ≦q r, prq,ppsq �
t1, prq,pprq � t, then domplastptqq X domplastpsqq � domplastpt1qq.

The iterands QT have a strong form of Axiom A.
Starting from a groundmodel with♦ and 2ℵ1

� ℵ2, we iterate such forcings with
countable supports, using a book-keeping device, with iteration length ω2. With
the techniques from [4], that bear on [2] and [1], we show that in the resulting
model the club principle holds. A name for the club sequence is based on the
diamond in the ground model and is explicitly given. The preprint is posted in
[5].
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Completely proper forcing and the Continuum Hypothesis

Justin Moore

In this talk I will answer a question of Shelah concerning which forcing axioms are
consistent with the Continuum Hypothesis (CH). The forcing axiom for a class
C of partial orders is the assertion that if D is a collection of ℵ1 cofinal subsets
of a partial order, then there is an upward directed set G which intersects each
element of D. The well known Martin’s Axiom for ℵ1 dense sets (MAℵ1

) is the
forcing axiom for the class of c.c.c. partial orders. Foreman, Magidor, and Shelah
have isolated the largest class of partial orders C for which a forcing axiom is
consistent with ZFC. Shelah has established certain sufficient conditions on a class
C of partial orders in order for the forcing axiom for C to be consistent with CH. His
question concerns to what extent his result was sharp. The main result discussed
in this talk, especially taken together with joint work with Aspero and Larson,
shows that these conditions are close to optimal.

The solution to Shelah’s problem has some features which are of independent
interest. Suppose that T is a collection of countable closed subsets of ω1 which is
closed under taking closed initial segments and that T has the following property:

(1) Whenever s and t are two elements of T with the same supremum δ and
limpsq X limptq is unbounded in δ, then s � t.

(Here limpsq is the set of limit points of s.) Here, we regard T as a set-theoretic tree
by declaring s ¤ t if s is an initial part of t. Observe that this condition implies
that T contains at most one uncountable path: any uncountable path would have
a union which is a closed unbounded subset of ω1 and such subsets of ω1 must have
an uncountable intersection. In fact it can be shown that this condition implies
that

tps, tq P T 2 : phtT psq � htT ptqq ^ ps � tqu

can be decomposed into countably many antichains. Jensen and Kunen, in un-
published work, have constructed examples of ω1-Baire trees which are special off
the diagonal under the assumption of ♦, but this article represents the first such
construction from CH.

The main result of the talk asserts that if the Continuum Hypothesis is true,
then there is tree T which satisfies (1) together with the following additional
properties:

(1) T has no uncountable path;
(2) for each t in T , there is a closed an unbounded set of δ such that t Y tδu

is in T ;
(3) T is proper as a forcing notion and remains so in any outer model with the

same set of real numbers in which T has no uncountable path. Moreover
T is complete with respect to a simple ℵ1-completeness system D in the
sense of Shelah.

This provides the first example of a consequence of the Continuum Hypothesis
which justifies condition (1) in the next theorem.
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Theorem 1. (Shelah; Eisworth) Suppose that xPα;Qα : α P θy is a countable
support iteration of proper forcings which:

(a) are complete with respect to a simple 2-completeness system D;
(b) satisfy either of the following conditions:

(i) are weakly α-proper for every α P ω1;
(ii) are proper in every proper forcing extension with the same set of real

numbers.

Then forcing with Pθ does not introduce new real numbers.

On the descriptive set-theoretical complexity of the embeddability
relation between uncountable models

Luca Motto Ros

Given an infinite cardinal κ and an Lκ�κ-sentence ϕ, we denote by Modκϕ the
collection of all L-structures of size κ which satisfy ϕ. The complexity of the em-
beddability relation � on collections of the form Modκϕ has been widely studied in
the literature, see e.g. [NW65, Lav71, Bau76, She84, Mek90, KS92, DS03, Tho06].
In all these works, only the combinatorial complexity of (the quotient order of)
�↾ Modκϕ has been considered. For example, Baumgartner constructed in [Bau76]
a reduction between the relation of inclusion modulo nonstationary sets on tX �

κ | X is stationaryu (for a regular κ ¡ ω) into the embeddability relation between
linear orders of size κ, i.e. a map f such that for all stationary X,Y � κ

XzY is nonstationary ðñ fpXq � fpY q

(with fpXq, fpY q linear orders of size κ).
On the other hand, since each embeddability relation �↾ Modωϕ can be easily

construed as an analytic quasi-order, when κ � ω it is also very natural to use the
standard notion of Borel reducibility to analyze its descriptive set-theoretical com-
plexity, that is to compare �↾ Modωϕ with other analytic quasi-orders on standard
Borel spaces by means of Borel (or more generally: definable) reductions. This
is clearly a stronger approach which gives information on both the combinatorial
and the topological complexity of �↾ Modωϕ. In this direction, building on previ-
ous work of Louveau and Rosendal [LR05] we obtained the following universality
result. (Recall that a graph is called combinatorial tree if it is connected and
acyclic.)

Theorem 1 (Friedman-Motto Ros [FMR11]). Assume ZF�DC. Then the embed-
dability relation on countable combinatorial trees is strongly invariantly universal
for analytic quasi-orders on standard Borel spaces, that is, for every Σ1

1 quasi-order
R on a standard Borel space X there is an Lκ�κ-sentence ϕ such that:

(1) all models of ϕ are combinatorial trees;
(2) there is an isomorphism f between the quotient order of R and the quotient

order of �↾ Modωϕ such that both f and f�1 admit Borel liftings.
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Roughly speaking, this means that:

(a) the embeddability relation between countable combinatorial trees is ex-
tremely complicated, as it contains a copy of any Σ1

1 quasi-order on a
standard Borel space;

(b) every Σ1
1 quasi-order on a standard Borel space can be identified in a

faithful way with an embeddability relation of the form �↾ Modωϕ, and thus
the study of arbitrary analytic quasi-orders may be reduced (up to Borel
isomorphism) to the study of embeddability relations between countable
structures.

It is then natural to ask whether also the embeddability relation between struc-
tures of size κ ¡ ω has similar universality properties. This of course requires that
all the notions involved in Theorem 1 be adapted to the new context, and hence
one is naturally led to employ ideas and methods from generalized descriptive
set-theory, a very active area of research which studies the topological proper-
ties of the generalized Baire space κκ (and of other related spaces) by combining
classical descriptive set-theoretical methods with forcing techniques, results in the
combinatorics of infinite cardinals, and so on.

In a series of papers, we showed that Theorem 1 can indeed be generalized to
many uncountable cardinals κ under suitable set-theoretical assumptions. Here
is a small sample of the results we obtained — we refer the reader to [MR13,
AMR14, MMR14] for the exact definitions of the notions involved as well as for
more results of this kind.

Theorem 2 (Andretta-Motto Ros [AMR14]). Assume ZF�DC. Then the embed-
dability relation on combinatorial trees of size ℵ1 is strongly invariantly universal
for Σ1

2 quasi-orders on standard Borel spaces.

Theorem 3 (Andretta-Motto Ros [AMR14]). Assume ZFC and that x# exists for
every x P ωω. Then the embeddability relation on combinatorial trees of size ℵ2 is
strongly invariantly universal for Σ1

3 quasi-orders on standard Borel spaces.

More generally, let r : ω Ñ ω be defined by

rpnq �

#

2k�1
� 1 if n � 2k � 1

2k�1 if n � 2k � 2.

Theorem 4 (Andretta-Motto Ros [AMR14]). Assume ZFC � ADLpRq. Then the
embeddability relation on combinatorial trees of size ℵrpnq is strongly invariantly

universal for Σ1
n quasi-orders on standard Borel spaces.

Theorems 2–4 are meaningful only when the size of the continuum is larger
than the cardinals involved, but they are notably independent of the actual value
of 2ℵ0 .

Similar results concerning the embeddability relation between structures of
“small” uncountable size may be obtained also in choiceless settings:
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Theorem 5 (Andretta-Motto Ros [AMR14]). Assume AD. For every n P ω the
embeddability relation on combinatorial trees of size δ

1
2n�1 is universal for Σ1

2n�2

quasi-orders on standard Borel spaces.

Even stronger results may be obtained when considering larger uncountable
cardinals. We call generalized tree a partial order pT,¤q such that the set of
¤-predecessors of each t P T is linearly ordered by ¤.

Theorem 6 (Mildenberger-Motto Ros [MMR14], see also [MR13] for the special
case of a weakly compact κ). Assume ZFC and let κ ¡ ω be such that κ κ � κ.
Then the embeddability relation on generalized trees of size κ is strongly invariantly
universal for quasi-orders on κκ which are κ-analytic, i.e. continuous images of
closed subsets of κκ.

Many interesting open problems remain to be solved in this area, including the
following:

Questions.

(1) Is the condition κ κ � κ necessary in Theorem 6?
(2) What is the descriptive set-theoretical complexity of a given embeddability

relation�↾ Modκϕ for κ a singular cardinal? Can it consistently be strongly
invariantly universal for κ-analytic quasi-orders on κκ?

(3) Can we replace combinatorial and generalized trees with e.g. linear orders
or groups in Theorems 2–6?
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Higher analogues of PFA and applications

Itay Neeman

We describe several analogues of PFA to contexts that involve meeting ℵ2 maximal
antichains, and some applications of these analogues. Among the applications is
an analogue of MRP, leading to reflecting sequences of length ω2, with stationarily
many reflection points. This analogue implies the failure of �κ for κ ¥ ω2, and
with a modification appears to also lead to a model where there is a well ordering
of Hpω3q of order type ω3 definable over Hpω3q from a parameter contained in ω2.

Complicated colorings

Assaf Rinot

The theory of strong colorings was born with the 1933 construction of Sierpiński
of a symmetric function c : R2

z∆ Ñ 2 that does not admit an uncountable
monochromatic square. For the construction, one fixes a well-ordering  W of
the reals, and contrast it with the usual ordering  , by letting cpx, yq � 1 iff
px   y & x  W yq _ py   x & y  W xq. The separability of R then implies that
for every uncountable set A of reals, and every i   2, there exist x  W y in A

such that cpx, yq � i.
In the 1960’s, Erdős and his school initiated a systematic study of this sort

of colorings, and introduced the following piece of notation. We say that λ 9
rµs2θ holds provided that there exists a symmetric coloring of pairs d : rλs2 Ñ θ

with the property that for every subset A of λ of size µ, and every color γ   θ,
there exist α   β in A such that dpα, βq � γ. So, Sierpiński’s partition is a
witness to 2ℵ0 9 rℵ1s

2
2. Erdős, Hajnal and Rado proved [1] that, assuming the

Generalized Continuum Hypothesis (GCH), λ� 9 rλ�s2
λ�

holds for every infinite

cardinal λ. On its face, the existence of such a coloring d : rλ�s2 Ñ λ� that
attains all possible colors on all squares of unbounded subsets of λ� appears to
be the strongest conceivable failure of Ramsey’s theorem at the level of successor
cardinals. However, one can ask for more. To see this, let us revisit Sierpiński’s
example. Since c is symmetric, we get that if A is a rectangle of the form I � J

of disjoint real intervals I and J , then c ↾ A is a constant function. So, while
c admits no monochromatic uncountable squares, it does admit monochromatic
uncountable rectangles. In contrast, the Erdős-Hajnal-Rado coloring does attain
all colors even on rectangles. Of course, this appears to come with a price: the
Erdős-Hajnal-Rado construction requires the GCH. We refer the reader to [3],[4]
for a resolution of this particular aspect, and turn now to a further finer concept:

Definition 1 (Shelah, [6]). Pr1pλ, µ, θ, χq asserts the existence of a coloring d :
rλs2 Ñ θ such that for any family A � rλs χ of size µ, consisting of pairwise
disjoint sets, and every color γ   θ, there exist a, b P A with suppaq   minpbq
satisfying dra� bs � tγu.
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So, the Sierpiński example is a coloring satisfying Pr1p2
ℵ0 ,ℵ1, 2, 2q, that fails to

satisfy Pr1p2
ℵ0 ,ℵ1, 2, 3q. This justifies the above parameter χ. Another justifica-

tion, and in fact, the origin of this concept, is in its effect on questions concerning
chain conditions of product of topological spaces and related objects. For example,
if Pr1pλ, λ, 2, ωq holds, then there exist two λ-cc Boolean algebras whose product
is not λ-cc (see Galvin [2], Todorčević [13][14], and Shelah [8]).

Now, what about the parameter θ? Here, we mention that, for example, She-
lah proved [10] that Pr1pλ

�, λ�, cfpλq, cfpλqq holds for every singular cardinal λ,
whereas the question of whether Pr1pλ

�, λ�, λ�, cfpλqq (or just Pr1pλ
�, λ�, λ, 2q)

holds for every singular cardinal λ is the oldest open problem of this field.
In a breakthrough made by Todorčević [15], he proved that ℵ1 9 rℵ1s

2
ℵ1

holds
outright in ZFC. Moreover, in the presence of a nonreflecting stationary set,
Todorčević’s technology generalizes to arbitrary regular cardinals ¡ ℵ1, yielding:

Theorem 1 (Todorčević, [15]; Shelah [7]). If λ ¡ ℵ1 is a regular cardinal that
admits a nonreflecting stationary set, then λ9 rλs2λ. That is, Pr1pλ, λ, λ, χq holds
for χ � 2.

This raises the question whether under the same hypothesis, the above holds
true also for higher χ’s?

This particular question and its variations were studied systematically by She-
lah in a sequence of papers [5],[6],[7],[8],[9],[11],[12], and in his monograph [10].
Roughly speaking, the difficulty in establishing Pr1pλ, λ, λ, χq for χ ¡ 2 is the
need for some room that allows to derive several oscillation functions (and then
to contrast them), or to enforce repetitions that allows to find for every family
A � rλs χ as in Definition 1, an equipotent subfamily A1

� A which is, less di-
verse or tamed, in various senses. In [8], this was obtained through the arithmetic
assumption “2χ   λ”, and in [9], Pr1pλ, λ, λ, χq was established for χ � ℵ0 and a
cardinal λ that admits a nonreflecting stationary set S � λ, through the require-
ment that for all α P S, cfpαq is at least the double-successor of χ. Later on, in
[11], it was proved that Pr1pχ

��, χ��, χ��, χq holds for every regular cardinal χ.
In this paper, we eliminate the arithmetic hypothesis from [8], eliminate the

“double successor” cofinality gap requirement from [9], obtain the main results of
[11][12] as a corollary, and indeed increase χ from 2 to ω in Theorem 1 above. It
is proved:

Main result 1. If λ, χ are regular cardinal, λ ¡ χ�, and Eλ
¥χ admits a nonre-

flecting stationary set, then Pr1pλ, λ, λ, χq holds.

Let us say a few words about the proof. In [11], Shelah introduced a coloring
principle Pr6pκ, κ, θ, χq, studied its validity, and provided a lifting theorem:

Theorem 2 (Shelah, [11]). Pr6pµ
�, µ�, µ�, µq holds for every regular cardinal µ.

Theorem 3 (Shelah, [11]). If Pr6pκ, κ, θ, χq holds, χ ¤ κ   cfpλq � λ, and there
exists a nonreflecting stationary subset of Eλ

¥κ, then Pr1pλ, λ, θ, χq holds.
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Unfortunately, if θ is considerably smaller than λ, it is unclear how to infer
Pr1pλ, λ, λ, χq from Pr1pλ, λ, θ, χq.

1 So, for instance, it is unclear how to deduce
the main result of [9] from the above strategy. Moreover, by Ramsey’s theorem,
Pr6pκ, κ, θ, χq fails for κ � ℵ0 and θ ¥ 2, so if λ admits a nonreflecting stationary
set, but every stationary subset of Eλ

¡ω reflects, then the above theorem does not
come into play.

In this paper, we introduce a relative of Pr6 that allows to overcome these two
barriers:

Definition 2. Pℓ6pκ, χq asserts the existence of a coloring c :  ωκÑ ω satisfying
the following. For every sequence xpuα, vα, ραq | α   κy and ϕ : κÑ κ with

(1) ϕ is regressive. That is, ϕpαq   α for co-boundedly many α   κ;
(2) uα and vα are nonempty elements of r ωκs χ;
(3) α P Impηq for all η P uα;
(4) ρα

"

xαy � ρ for all ρ P vα,

there exist α   β   κ with ϕpαq � ϕpβq such that cpη"ρq � ℓpηq for all η P uα
and ρ P vβ.

At a first glance, it may seem that Pℓ6 puts an impossible task on c: decom-
posing a concatenated sequence back into its original ingredients. Yet, it proved:

Theorem 4. Pℓ6pµ
�, µq holds for every regular cardinal µ.

Theorem 5. If Pℓ6pκ, χq holds, χ ¤ κ   cfpλq � λ, and there exists a nonreflect-
ing stationary subset of Eλ

¥χ, then Pr1pλ, λ, λ, χq holds.

This time, the main result of [9] does follow as a corollary. Indeed, Theorem 1
above is improved to the following.

Corollary 1. If λ ¡ ℵ1 is a regular cardinal that admits a nonreflecting stationary
set, then Pr1pλ, λ, λ,ℵ0q holds.

In conclusion, note that the preceding is optimal, since Galvin proved that
Martin’s axiom entails the failure of Pr1pℵ1,ℵ1, 2,ℵ0q.
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Automatic continuity for isometry groups

Marcin Sabok

In this talk, I presented a general framework for automatic continuity results for
groups of isometries of metric spaces [1]. Automatic continuity is a phenomenon
that connects the algebraic and topological structures and typically says that any
map which preserves an algebraic structure must automatically be continuous. It
has been extensively studied for derivations on C�-algebras and in the context
of groups and their homomorphisms, one of the first automatic continuity results
has been proved by Dudley who showed that any homomorphism from a complete
metric or a locally compact group into a free group is continuous.

A topological group G has the automatic continuity property if for every sepa-
rable (or even Polish) topological group H , any group homomorphism from G to
H is continuous. Recall that any measurable homomorphism from a Polish group
to a separable group must be continuous and the existence of non-measurable ho-
momorphisms on groups such as pR,�q can be derived from the axiom of choice.
So, similarly as amenability, automatic continuity property for a given group can
be interpreted in terms of nonexistence (on this group) of pathological phenomena
that can follow from the axiom of choice.

The Urysohn space U is the separable complete metric space which is homo-
geneous (i.e. any finite partial isometry of U extends to an isometry of U) and
such that any finite metric space embeds into U isometrically. The analogue of the
Urysohn space of diameter 1 also exists and is called the Urysohn sphere (or the
bounded Urysohn space of diameter 1 ) and denoted by U1. The group of isometries
of U is universal among Polish groups, i.e. any Polish group is its closed subgroup.

The question whether the group of isometries of the Urysohn space has the
automatic continuity property has been raised by Melleray. One of the main
applications of the work presented during this talk, is the following.
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Theorem 1. The groups of isometries of the Urysohn space and the Urysohn
sphere have the automatic continuity property.

Theorem 1 has some immediate consequences on the topological structure of
the above groups.

Corollary 1. The group IsopUq has unique Polish group topology.

Recall that a group is minimal if it does not admit any strictly corser (Haus-
dorff) group topology. The second corollary follows from minimality of the group
of isometries of the Urysohn sphere, proved by Uspenskij.

Corollary 2. The group IsopU1q has unique separable group topology.

Theorem 1 follows from the following abstract result, which isolates metric (or
model-theoretic) properties of a metric structure that imply that the group of
automorphisms (with the pointwise convergence topology) of the structure has
the automatic continuity property. The definitions of a metric structure and the
notions appearing in the statement of the theorem were given during the talk.

Theorem 2. Suppose M is a homogeneous complete metric structure that has
locally finite automorphisms, the extension property and admits weakly isolated
sequences. Then the group AutpMq has the automatic continuity property.

Theorem 2 can be also applied to give a unified treatment of previously known
automatic continuity results for automorphism groups of some metric structures. It
is worth mentioning that up to now, these results have been proved with different
methods, varying from case to case. During the talk, I discussed how to apply
Theorem 2 to show the automatic continuity property for the group Autpµq (the
group of measure-preserving automorphism of the unit interval) and the group
Upℓ2q (unitary operators of the infinite-dimensional separable Hilbert space).

Corollary 3 (Ben Yaacov, Berenstein, Melleray). The group Autpµq has the au-
tomatic continuity property.

Corollary 4 (Tsankov). The group Upℓ2q has the automatic continuity property.
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Core Model Induction and Hod Mice

Grigor Sargsyan

We will introduce a new covering principle call Covering with Derived Models and
show how it and its generalization can be used to get strength out of failure of
square at a measurable cardinal.
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Does Π1
1
determinacy imply 0# ?

Ralf Schindler

(joint work with Cheng Yong)

A well–known theorem of T. Martin and L. Harrington says that Π1
1 determinacy

is equivalent with the existence of 0#. The proof of the forward direction (“ùñ”)
goes through the following principle.

Definition 1. We let Harrington’s Principle, HP for short, denote the following
statement:

Dx P 2ω�αpα is x-admissible ÝÑ α is an L-cardinal).

We may then state the above–mentioned result as follows.

Theorem 1. (Martin–Harrington–Silver) Assume ZF. The following state-
ments are equivalent.

(1) Π1
1 determinacy.

(2) HP.
(3) 0# exists.

Each one of the statements (1), (2), and (3) is Σ1
3, so that it is natural to ask,

as did H.W. Woodin, if in Theorem 1 we may relax ZF to second order arithmetic.

Definition 2. [(i)]
(1) Z2 � ZFC�

� Every set is countable.1

(2) Z3 � ZFC�

� Ppωq exists + Every set is of cardinality ¤ i1.
(3) Z4 � ZFC�

� PpPpωqq exists + Every set is of cardinality ¤ i2.

Z2, Z3, and Z4 correspond to second order arithmetic (SOA), third order arith-
metic, and fourth order arithmetic, respectively. It is not hard to verify that
“p1q ùñ p2q” and “p3q ùñ p1q” in Theorem 1 are both provable in Z2. Also,
“p2q ùñ p3q” is provable in Z4.

Our paper produces the following results.

Theorem 2. The following theories are equiconsistent.

(1) Z2 � HP

(2) ZFC

Theorem 3. The following theories are equiconsistent.

(1) Z3 � HP

(2) ZFC� there exists a remarkable cardinal.

We also investigate strengthenings of Harrington’s Principle, HPpϕq, over higher
order arithmetic.

1ZFC� denotes ZFC with the Power Set Axiom deleted.
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Definition 3. Let ϕp�q be a Σ2–formula in the language of set theory such that,
provably in ZFC: for all α, if ϕpαq, then α is an inaccessible cardinal and L |ù ϕpαq.
Let HPpϕq denote the statement:

Dx P 2ω�αpα is x-admissible ÝÑ L |ù ϕpαqq.

Theorem 4. Let ϕp�q be as in Definition 3. The following theories are equicon-
sistent.

(1) Z2 � HP pϕq .
(2) ZFC � tα|ϕpαqu is stationary.

Theorem 5. Let ϕp�q be as in Definition 3. The following theories are equicon-
sistent.

(1) Z3 � HPpϕq.
(2)

ZFC � there exists a remarkable cardinal �

tα|ϕpαq ^ tβ   α|ϕpβqu is stationary in αu is stationary.

As a corollary, Z4 is the minimal system of higher order arithmetic to show that
HP, HPpϕq, and 07 exists are pairwise equivalent with each other. The question
whether Π1

1 determinacy implies the existence of 0# in Z3 remains unanswered.
This is joint workwith Cheng Yong.

Very good scales and the failure of SCH

Dima Sinapova

(joint work with Spencer Unger)

The square property was isolated by Jensen in his fine structure analysis of L. It
is an “incompacness” property, that holds in canonical inner models. Square at κ
states that there is a coherent sequence of closed unbounded subsets singularizing
points α   κ�. There are various weakenings of this principle by allowing multiple
guesses for each club. More precisely:

Definition 1. �κ,λ holds if there is a sequence xCα | κ   α   κ�y, such that

 1 ¤ |Cα| ¤ λ, and
 if C P Cα, then C is a club subset of α with order type ¤ κ, and if β is a
limit point of C, then C X β P Cβ.

Weak square at κ, ��

κ is the principle, �κ,κ.
Analyzing how much of the square principles holds in a given model indicates

how far this model is from canonical inner models. It is difficult to avoid the weaker
square principles at successors of singulars. Doing so requires large cardinals. It is
especially difficult to obtain these failures while also violating the Singular Cardinal
Hypothesis (SCH). For example, violating SCH is usually done by singularizing a
large cardinal κ. Whenever this is done in a way that preserves κ�, �κ,ω holds
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in the outer model. These difficulties are even more pronounced in the case of
smaller cardinals.

In 1980’s Woodin asked if the failure of SCH at ℵω implies that weak square
holds at ℵω. In [3] we give a partial answer to that question:

Theorem 1. Suppose that in V , κ is a supercompact cardinal. Then there is a
generic extension in which:

(1) κ � ℵω,
(2) for all n   ω, �ℵω ,ℵn

fails
(3) SCH fails at ℵω.

To show this, we analyze the PCF structure of the model constructed in [2].
We show that there is a product on which there is no very good scale. It is a
combinatorial fact that for κ singular and λ   κ, �κ,λ implies that every product
carries a very good scale. On the other hand, very good scales at κ imply the
failure of simultaneous reflection for ω-many stationary subsets of κ�. While in
the final model, simultaneous reflection does fail, there is enough remnants of it
to influence the pcf structure. A key point in our construction is the following:

Theorem 2. Let V rGs be the final model, where G is generic for a Prikry type
forcing with interleaved collapses, making κ � ℵω. Let xλn | n   ωy be the Prikry
sequence below κ. Then there is no very good scale at

±

n λ
�n�1
n .

An immediate corollary is that intermediate forms of square fail. Analyzing the
pcf further, we show that there is a very good scale at

±

n λ
�n�2
n . We conclude

with the following open questions:

Question Is it consistent to have failure of weak square at ℵω and not SCH at
ℵω?

Question Does the failure of SCH imply the existence of a very good scale?
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A dual Ramsey and Galois connections

Slawomir Solecki

We give a new Ramsey Theorem, the Dual Ramsey Theorem for trees. It is
a common generalization of the Dual Ramsey Theorem of Graham - Rothshild
and Leeb’s Ramsey Theorem for trees. Its formulation involves a special kind of
Galois connections – embedding projection pairs. It can be viewed as a “non-
commutative” Ramsey theorem.
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Silver antichains

Otmar Spinas

(joint work with Marek Wyszkowski)

Let Si be Silver forcing consisting of all Silver functions f : a Ñ 2 such that
a � ω and |ωza| � ℵ0, ordered by extension. Alternatively, such f can be identified
with the Silver tree pf � tν P 2

 ω : �n P dompfq X |ν| νpnq � fpnqu.
The Silver forcing ideal IpSiq is defined (similarly as for other tree forcings)

by X P I pSiq iff X � 2ω^�p P Si D q P Si pq � p^rqsXX � Hq. Note that IpSiq
is a σ-ideal, hence the ideal coefficients add pIpSiqq and cov pIpSiqq are cardinal
invariants between ℵ1 and 2ℵ0 . Answering a question by Goldstern, Laguzzi and
Loewe we show

Theorem 1. add pIpSiqq 6 b.

Their other question whether add pIpSiqq 6 cov pMq remains open. Here b

is the bounding number and M the meager ideal. This result follows from our
analysis of maximal antichains of Si (especially Theorem 2 below). Note that Si
has countably infinite maximal antichains.Therefore we define apSiq as the minimal
size of an uncountable maximal antichain of Si.

Conjecture apSiq � c

We can prove this conjecture to some extent:

Theorem 2. If A � Si is a maximal antichain consisting of infinite Silver func-
tions, then |A| � c.

Theorem 3. If A � Si is a maximal antichain such that there exist an uncountable
A0 � A and x P 2ω such that �f P A0 f � x, then |A| � c.

Corollary 1. d 6 apSiq.
(d is the dominating number.)

Basis problem for analytic gaps

Stevo Todorčević

(joint work with Antonio Avilés)

In this joint work with Antonio Avilés we investigate the following general question
for every integer k ¥ 2 : Given a sequence C1, ..., Ck of pairwise disjoint monotone1

families of infinite subsets of N, is there any combinatorial structure present in the
class of its restrictions2 C1|M , ..., Ck|M to infinite subsets M of N?

To see the relevance of this question, consider a sequence pxnq of objects (func-
tions, points in a topological space, vectors of a normed space, etc) and let Ci

1by monotone we mean that M � N and N P Ci imply M P Ci
2
C|M � tN P C : N � Mu
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be the collection of all infinite subsets M of N for which the corresponding sub-
sequence of pxnqnPM has some property Pi that is inherited when passing to a
subsequence. We want to know whether by passing to a subsequence of pxnq we
could get some canonical behavior in each such example. The concrete examples
are always analytic so this will be the restriction we will be making. As we will
see, this turns out to be the right dividing line between cases where the structure
can be found and the cases where the structure is absent.

To proceed further we need some definitions.

Definition 1. A preideal on a countable set N is a family I of subsets of N such
that if x P I and y � x is infinite, then y P I.

Definition 2. Let Γ � tΓi : i P nu be a family of n many preideals on the set N
and let X be a family of subsets of n.

(1) We say that Γ is separated if there exist subsets a0, . . . , an�1 � N such
that

�

iPn ai � H and x �� ai for all x P Γi, i P n.
(2) We say that Γ is an X-gap if it is not separated, but

�

iPA xi �
�

H when-
ever xi P Γi, A P X.

We will consider only two choices of the family X, when X � rns2 is the family
of all subsets of n of cardinality 2, a rns2-gap will be called an n-gap, while when
X consists only of the total set n � 0, . . . , n� 1, then an X-gap will be called an
n
�

-gap. The notion of n
�

-gap is more general than that of a n-gap, since it does
not require the preideals to be pairwise orthogonal. On the other hand, the use
of n-gaps is more natural in some contexts, and for many of the problems that we
discuss here, questions about n

�

-gaps can be reduced to questions about n-gaps.
The general question that our theory deals with is the following: Given a gap

Γ on N , can we find an infinite set M � N such that the restriction of Γ to M
becomes a gap which is canonical in some sense? The restriction of a preideal
I to M is the preideal I|M � tx P I : x � Mu, and the restriction of a gap Γ
is Γ|M � tΓi|M : i P nu. Notice that Γ|M may not be in general a gap, as the
preideals may become separated when restricted to M .

The orthogonal of I is the family IK consisting of all x � N such that xXy ��

H

for all y P I. The orthogonal of the gap Γ is ΓK � p
�

iPn Γiq
K. The gap Γ is called

dense if ΓK is just the family of finite subsets of N .

Definition 3. Given Γ and ∆ two n
�

-gaps on countable sets N and M , we say
that Γ ¤ ∆ if there exists a one-to-one map φ : N ÝÑM such that for every i P n,

(1) if x P Γi then φpxq P ∆i.
(2) If x P ΓKi then φpxq P ∆K

i

To make this precise we need the following definitions.

Definition 4. An analytic n
�

-gap Γ is said to be a minimal analytic n
�

-gap if for
every other analytic n

�

-gap ∆, if ∆ ¤ Γ, then Γ ¤ ∆.
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Definition 5. Two minimal analytic n
�

-gaps Γ and Γ1 are called equivalent if
Γ ¤ Γ1 (hence also Γ1 ¤ Γ).

The new classification theory of analytic k-gaps that we develop here uses three
layers of arguments belonging to different areas of mathematics. The first layer
requires a suitable extension of the analytic gap theorems proved by the author
some twenty years ago that gives a particularly canonical tree-representation to
these analytic k-gaps.

Once the tree-representation is settled, the second layer is a new Ramsey prin-
ciple for trees, not covered by the Ramsey theory of strong subtrees of Milliken
used in our previous paper. To prove it we needed to use some deep reasoning
from topological dynamics. After this Ramsey theorem is applied, we get our first
basic result that can be stated as follows.

Theorem 1. Fix a positive natural number k. For every analytic k
�

-gap Γ there
exists a minimal analytic k

�

-gap ∆ such that ∆ ¤ Γ. Moreover, up to equivalence,
there exist only finitely many minimal analytic k

�

-gaps.

The third layer is a fine combinatorial analysis of the finite list of canonical k
�

-
gaps in order to recognize the minimal gaps but also with an eye towards answering
other natural questions. For example, we give an expression for and some lower
and upper estimates on the cardinalityNpkq of the irredundant list of basic k-gaps.
For example, we have

2Jpk�1q�k�1
  Npkq   kJpkq�k,

where Jpkq is an explicitly given function whose asymptotic behavior is

Jpkq �
3

8
?

2πk
� 9k.

The number Jpkq is in fact of independent interest as it is equal to the cardinality of
the set of all oscillation types that are directly used in defining the basic k-gaps on
the index-set k N rather than on N. They are suggested by our Ramsey-theoretic
analysis of analytic k-gaps that give us embeddings from k N into N transferring
the basic k-gaps into restrictions of arbitrary analytic k-gaps.

Before concluding, we must mention that, although we have been guided by
multidimensional problems, our theory already gives new and deeper information
about classical 2-gaps. So far, as already mentioned above, only the first layer of
the theory for 2-gaps had been considered by the author some twenty years ago.
The lists of 5 minimal 2-gaps and of 163 minimal 3-gaps provides a book where to
check any three-dimensional question on definable gaps than one may ask. But the
effort to get these somehow exotic lists should not be viewed only as an objective
in itself, but such a task has guided us in developing the combinatorial tools that
unravel the structure of general analytic k-gaps. We expect that this structure
theory will soon find applications.
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No maximal eventually different families in Solovay’s model

Asger Törnquist

There are several long-standing problems about definability of various kinds of
almost disjoint families. One such problem asks “how definable” a maximal even-
tually different (med) family of functions ω Ñ ω can be (as subsets of Baire space).
Until recently, it wasn’t even known if med families could be closed. Recently, I
showed that med families can’t be analytic. However, this talk focused on an
extension of these ideas, which allows us to prove:

Theorem 1 (T., 2014). There are no med families in Solovay’s model.

The key concept that underpins the proof is that of a polarization of an even-
tually different family. If A is an eventually different family, then a polarization
of A is a family of sets F 0

n , F
1
n � A, such that

A2
z∆ �

¤

n ω

F 0
n � F

1
n ,

and whenever f P F 0
n and g P F 1

n , then dompf X gq � n.
Polarizations are easy to construct for analytic eventually different family using

the tree representation of the analytic set, but in Solovay’s model, we can prove
their existence by using an apparent strengthening of Todorcevic’s Open Colouring
Axiom, called OCA

8

, which previously has appeared in Ilijas Farah’s work.
The polarization of an eventually different family A gives us a decomposition

of the family into countably many pieces F 0
n , each element of which is avoided

completely above n by the elements of F 1
n . The proof now proceeds by showing

that an appropriately defined “generic” function ω Ñ ω (in the sense of Cohen
or Baire) is eventually different from all elements of A, and that the polarization
gives us the existence of a “sufficiently generic” element already in the ground
model, whence the family A cannot be maximal. This argument crucially uses
that A contains a perfect set (if it is uncountable), and that the sets F in have
the Baire property. Since all this, as well as OCA

8

, hold in Solovay’s model, we
obtain Theorem 1 above.

We don’t at this stage know if OCA itself is enough to provide polarizations,
nor do we know if the use of the perfect set property ultimately can be avoided in
the above proof. In particular, we don’t know if an inaccessible is really needed to
provide a model of ZF in which there are no med (or mad) families.
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Mixing and triple recurrence in probability groups

Anush Tserunyan

We consider a class of groups equipped with an invariant probability measure that
respects the group structure, so that this class contains all compact Hausdorff
groups equipped with the normalized Haar measure and is closed under taking
ultraproducts with the induced Loeb measure; call such groups probability groups
(this class of groups was also considered in [4]). One naturally defines the notion of
a measure-preserving actions of such groups on probability spaces. Furthermore,
we call a measure-preserving action a : G y pX, νq of a probability group pG,µq
on a probability space pX, νq mixing if for any f1, f2 P L

2
pX, νq, we have:

for µ-a.e. g P G,

»

X

f1pg �a f2qdν �

»

X

Papf1qPapf2qdν,

where Papfq is the orthogonal projection of a function f P L2
pX, νq on the space

of a-invariant functions. This reads as follows: for µ-a.e. g P G, f1 and g �a f2 are
probabilistically independent. Call the probability group pG,µq itself mixing if all
of its measure-preserving actions on probability spaces are mixing. At first this
definition may look unlikely to be satisfied, but we actually have the following:

Proposition 1. A probability group pG,µq is mixing if and only if its right trans-
lation action on itself is mixing.

This shows that ultra quasirandom groups considered by Bergelson and Tao in
[2] are examples of mixing probability groups.

Our main result is that mixing (i.e. double recurrence) for probability groups
can be bootstrapped to a triple recurrence:

Theorem 1. Let pG,µq be a mixing probability group. Then for any f1, f2, f3 P
L8pG,µq, we have

p�

µg P Gq

»

G

f1pxqpg �l f2qpxqpg �c f3qpxqdx �

»

G

f1pxqPlpf2qpxqPcpf3qpxqdx,

where �l and �c are, respectively, the left translation and the conjugation actions of
G on itself.

This in particular applies to ultra quasirandom groups, generalizing the corre-
sponding multiple recurrence result of Bergelson-Tao proved in [2] and providing a
considerably shorter proof that only uses basic measure theory and Hilbert spaces.
However, the latter proof uses ideas close to the original proof by Bergelson-Tao,
so it shouldn’t be considered as a new proof. In particular, both of the proofs use
suitable van der Corput tricks (see for example Lemmas 4.9 and 9.24 in [3] and
Theorem 2.3 in [1]), all versions of which turn out to be hinging on an interesting
Ramsey theorem for a general type of filters on semigroups recently obtained by
the speaker.
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Borel reducibility and cardinal arithmetic

Jindrich Zapletal

The purpose of the talk is to explain one possible line of communication between
classification theory of analytic equivalence relations and combinatorial set the-
ory. It should be stressed that there are many other possibilities, and the whole
connection has been severely neglected so far.

I will produce Borel equivalence relations E,F classifiable by countable struc-
tures such that E is not Borel reducible to F but the natural (and the only
known to me) proof of the nonreducibility uses a classical result of Magidor on
the consistency of the failure of the Singular Cardinal Hypothesis at ℵω. Other
combinatorial results concerning small uncountable cardinals can be injected into
the Borel reducibility hierarchy in a similar way. The following definitions will be
central:

Definition 1. (Kanovei) Let E be an analytic equivalence relation on a Polish
space X. Let P be a poset and τ a P -name for an element of the space X. Say
that τ is pinned if P � P  τleft E τright. E is pinned if for every pinned name
τ there is a point x P X such that P  τ E x̌.

Definition 2. (Zapletal) Let E be an analytic equivalence relation on a Polish
space X. Let P,Q be posets and τ, σ be pinned P and Q-names respectively for
elements of X. Say xP, τy Ē xQ, σy if P �Q  τ E σ.

A Shoenfield absoluteness argument shows that Ē is an equivalence relation on
pinned names. It is interesting to count the number of equivalence classes of Ē.
This can be done in several ways, I will use the most natural one:

Definition 3. (Zapletal) Let E be an analytic equivalence relation on a Polish
space X. The pinned cardinal κpEq is the smallest cardinal κ such that every
pinned name has an Ē-equivalent on a poset of size   κ, if such cardinal exists. If
such a cardinal does not exist, let κpEq � 8. If E is a pinned equivalence relation
then put κpEq � ℵ1.

The pinned cardinal behaves in a natural way vis-a-vis the Borel reducibility hi-
erarchy and usual operations on equivalence relations.

Theorem 1. Let E,F be analytic equivalence relations on Polish spaces.

(1) if E is Borel reducible to F then κpEq ¤ κpF q;
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(2) if E is Borel then κpEq   iω1
;

(3) if E is analytic then κpEq is less than the first measurable cardinal or it
is equal to 8;

(4) if there is a measurable cardinal then κpEq � 8 iff Eω1
is weakly reducible

to E;
(5) κpE�

q ¤ p2 κpEqq�.

The evaluation of the cardinal κpEq may return surprising values. I will com-
ment on one possibility.

Definition 4. Let φ be an Lω1ω sentence. Say that φ is set-like if φ proves among
other things that there is an extensional binary relation P which is well-founded.
Let Eφ be the equivalence relation of isomorphism between countable models of φ.

If φ is set-like then the isomorphism relation Eφ is Borel since isomorphisms
between extensional well-founded structures are unique by the Mostowski collapse
theorem. It is also relatively easy to evaluate the cardinal κpEφq for set-like sen-
tences φ:

Theorem 2. If φ is set-like then κpEφq is the cardinal κ such that φ has models
of all sizes below κ and no model of size κ.

Theorem 3. For every countable ordinal α ¡ 0 there is a set-like sentence φ
such that (provably) κpEφq � ℵα. There are set-like sentences ψ and θ such that
(provably) κpEψq � pℵ

ℵ0

ω q
� and κpEθq � maxtℵω�1, cu

�.

It is now clear that Eψ is not Borel reducible to Eθ: if h were such a reduction
then one would pass to a generic extension due to Magidor in which ℵℵ0

ω ¡ ℵω�1, c,
use the Shoenfield absoluteness to prove that h still must be a reduction in this
extension, and obtain a contradiction with Theorem 1.

In a different vein, consider a different equivalence relation. Let f be a func-
tion defined on Ppωq2 by the following formula fpa, bq � p1, a X bq if a is lex-
icographically less than b and a X b is finite, fpa, bq � p�1, a X bq if b is lexi-
cographically less than a and a X b is finite, and fpa, bq �trash otherwise. Let
C � tx P pPpωqqω : rngpxq contains no infinite subsets d, e such that f ↾ d � e is
constantu. Let E be the equivalence relation on pPpωqqω connecting x, y if either
x, y R C or rngpxq � rngpyq. This is an analytic equivalence relation. We have

Theorem 4. Assume that Martin’s axiom for ℵ2 holds. Then κpEq � ℵ2 if
Chang’s Conjecture holds, and κpEq ¥ ℵ3 if Chang’s Conjecture fails.

There are many equivalence relations for which the value of the pinned cardinal
remains a mystery.

Question Let E be the measure equivalence (connecting probability measures if
they have the same ideal of null sets). What is κpEq?
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Mathias forcing and combinatorial covering properties of filters

Lyubomyr Zdomskyy

(joint work with David Chodounský, Dušan Repovš)

Every free filter F on ω gives rise to a natural forcing notion MF introducing a
generic subset X P rωsω such that X �

� F for all F P F as follows: MF consists
of pairs xs, F y such that s P rωs ω, F P F , and max s   minF . A condition xs, F y
is stronger than xt, Gy if F � G, s is an end-extension of t, and szt � G. MF is
usually called Mathias forcing associated with F .

Posets of the form MF are important in the set theory of reals and have been
used to establish various consistency results, see, e.g., [2, 5] and references therein.
One of the most fundamental questions about MF is whether it adds a dominating
real, i.e., whether in ωω of V MF there exists x such that for every a P ωω in the
ground model the inequality apnq ¤ xpnq holds for all but finitely many n. Such
filters F admit the following topological characterization.

Theorem 1. Let F be a filter. Then MF does not add dominating reals if and
only if F has the Menger covering property as a subspace of Ppωq.

Recall from [6] that a topological space X has the Menger covering property
(or simply is Menger), if for every sequence xUn : n P ωy of open covers of X there
exists a sequence xVn : n P ωy such that Vn P rUns

 ω and t
�

Vn : n P ωu is a cover
of X .

Theorem 1 has a number of applications. For instance, since analytic Menger
sets of reals are σ-compact [1], it implies the following fact.

Corollary 1. Let F be an analytic filter on ω. Then MF does not add a domi-
nating real if and only if F is σ-compact.

Following [4] we say that a family U of subsets of a set X is

 an ω-cover, if X R U and for every finite subset K of X there exists U P U
such that K � U ;

 a γ-cover, if for every x P X the family tU P U : x R Uu is finite.

The Hurewicz property is defined in the same way as the Menger one, the only
difference being that the family t

�

Vn : n P ωu must be a γ-cover of X . We say
that a poset P is almost ωω-bounding if for every unbounded X � ωω, X P V , we
have that 1 P “X is unbounded”. This definition is easily seen to be equivalent
to the standard one.

Theorem 2. Let F be a filter. Then MF is almost ωω-bounding if and only if F
is has the Hurewicz property.

Theorem 2 turns out to have applications to general Hurewicz spaces, not only
to filters. In order to formulate them we need to recall some definition. A Tychonov
space X is called a γ-space [4] if every open ω-cover of X contains a γ-subcover.
γ-spaces are important in the theory of function spaces as they are exactly thoseX
for which the space CppXq of continuous functions from X to R with the topology
inherited from RX , has the Fréchet-Urysohn property.
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For a P rωsω and n P ω, apnq denotes the n-th element in the increasing enu-
meration of a. For a, b P rωsω, a ¤� b means that apnq ¤ bpnq for all but finitely
many n. A b-scale is an unbounded set S � tsα : α   bu in prωsω,¤�

q such that
sα ¤

� sβ for α   β. It is easy to see that b-scales exist in ZFC. For each b-scale
S, S Y rωs ω is b-concentrated on rωs ω in the sense that |SzU |   b for any open
U � rωs ω. For brevity, the union of a b-scale with rωs ω, viewed as a subset of
the Cantor space Ppωq, will be called a b-scale set. As an application of Theorem 2
we will get the following result answering [8, Problem 4.2] in the affirmative.

Corollary 2. It is consistent with ZFC that every b-scale set is a γ-space.

The study of the relation between b-scale sets and γ-spaces already has some
history. First of all, in the Laver model all γ-subspaces of 2ω are countable because
they have strong measure zero [4]. Answering one of the questions posed in [4],
Galvin and Miller [3] constructed under p � c a b-scale set which is a γ-set. Their
b-scale was a tower, where S � tsα : α   κu � rωsω is called a tower if sα �

� sβ
for all β   α. Later Orenshtein and Tsaban proved [7] that if p � b then any
b-scale set is a γ-space provided that the corresponding b-scale is a tower. On the
other hand, under b � c there exists a b-scale set which fails to be a γ-space, see
[8]. Also, it is easy to see that such b-scale sets exist under p   b. Thus p � b   c

holds in any model of Corollary 2.
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[5] Hrušák, M.; Minami, H., Laver-Prikry and Mathias-Prikry type forcings, Ann. Pure Appl.

Logic 165 (2014), 880–894.

[6] Just, W.; Miller, A.W.; Scheepers, M.; Szeptycki, P.J., The combinatorics of open covers
II , Topology Appl. 73 (1996), 241–266.

[7] Orenshtein, T.; Tsaban, B., Linear σ-additivity and some applications, Trans. Amer. Math.
Soc. 363 (2011), 3621–3637.
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Self-iterability of extender models with fullness preserving iteration
strategies

Martin Zeman

(joint work with Nam Trang)

This is a joint work in progress with Nam Trang. We investigate under which
circumstances an extender model contains iteration strategies for its initial seg-
ments. Iterability is the crucial property of extender models that makes it possible



Set Theory 139

to compare them. This, in turn, by results of Woodin and others, makes initial
segments of extender models internally ordinal definable. Results on self-iterability
were previously obtained by Schindler and Steel, under more modest hypothesis
than ours, and with somewhat weaker conclusions than ours.

Given a transitive set A, the structure LppAq is the model-theoretic union of all
premice that project to A, are sound above A, and whose all countable elementary
substructures are pω1�1q-iterable. A premouse M is tame if an only if there is no
extender on the extender sequence of M of length, say β and with critical point κ
such that some δ P rκ, βq is a Woodin cardinal in the sense of the initial segment
M||β. A tame premouse is full if and only if for every M-cardinal λ, the structure
LppM||λq is the initial segment M||λ�M.

An iteration strategy for M is a partial function Σ which assigns to every
iteration tree T on M which is in dompΣq a cofinal well-founded branch through
T . An iteration tree T is according to Σ if and only if for every limit ordinal
α   lhpT q we have ΣpT ↾ αq � r0, αqT . An iteration strategy Σ for M is fullness
preserving if and only if for every iteration tree T on M of limit length according
to Σ and every limit α   lhpT q, the α-th model MT

α on T is full, granting the
branch r0, αqT does not involve any truncation.

Theorem 1. Assume N is a tame premouse with a Woodin cardinal which has
a fullness preserving iteration strategy. Let δ be the least Woodin cardinal in N .
Then for every γ   δ, the initial segment N ||γ has an iteration strategy in N . More
generally, if N either does not reach a measurable limit of Woodin cardinals or else
has a largest Woodin cardinal then for every Woodin cardinal δ in M, letting δ̃ be
the supremum of Woodin cardinals smaller than N , for every N -cardinal γ P pδ̃, δq
the initial segment N ||γ is iterable when using only extender with indices in the

interval pδ̃, δq and their images.

As mentioned above, methods of Woodin and others yield the following corol-
lary.

Corollary 1. If N is a tame premouse with a fullness preserving iteration strategy
then the initial segment of its extender sequence EN ↾ δ is ordinal definable inside
N . More generally, if N either does not reach a measurable limit of Woodin
cardinals or else N has a largest Woodin cardinal and δ1 is the supremum of all
Woodin cardinals in N then the initial segment of the extender sequence EN ↾ δ1

is ordinal definable inside N .

Reporter: Laura Fontanella
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