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Introduction by the Organisers

The workshop Mirror Symmetry, Hodge Theory and Differential Equations, which
took place from April 20 to 24, 2015 aimed at reporting on recent developments
on research topics related to various areas of pure mathematics such as Hodge
theory, linear differential equations, quantum cohomology, category theory and
representation theory, to name only a few. The workshop had 25 participants,
with a wide geographical horizon. The list of participants included several young
postdocs, the workshop was an excellent opportunity for them to present their
results to a larger audience.

The meeting has highlighted the intense activity in these mathematical domains,
as well as the strong interaction with other mathematical topics, such as Langlands
correspondence, representation theory and irregular differential equations.

The workshop consisted of 19 talks and many informal discussions, supple-
mented with some evening discussion sessions. Some talks were meant to give an
overview on a particular field relevant for the main subject of the workshop, others
reported on precise new results and and a few ones mainly contained new ideas
or work in progress. For example, Duco van Straten talked on joint work with
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A. Mellit and V. Golyshev on geometric Langlands correspondence and congru-
ence differential equations, motivated by the classification of Fano manifolds by
using quantum cohomology and tools from Langlands correspondence. Two talks,
by Clélia Pech and Konstanze Rietsch (partly on joint work with R. Marsh and
L. Williams) were on mirror symmetry statements for non-toric varieties such as
homogeneous spaces and more specifically Grassmannians (including equivariant
aspects).

A whole day was concerned with talks related to various kinds of hypergeomet-
ric equations. Uli Walther (based on joint work with L. Matusevich and E. Miller
as well as M. Schulze) introduced us to the techniques of Euler-Koszul homol-
ogy, Thomas Reichelt used these to describe how the formalism of mixed Hodge
modules can be applied to the study of Gelfand-Kapranov-Zelevinsky differential
systems. Takuro Mochizuki explained his recent work on twistor modules and
GKZ-systems, and Alberto Castaño Domı́nguez explained results on hypergeo-
metric description of the cohomology of the Dwork family.

Hiroshi Iritani reported on his recent work on mirror statements involving the
big quantum cohomology rings, whereas Alessandro Chiodo overviewed his results
(with Y. Ruan and H. Iritani) on the Landau-Ginzburg/Calabi-Yau correspon-
dence.

The talk of Lev Borisov showed a surprising application of mirror symmetry:
From some specific examples of so-called double mirror Calabi-Yau families (i.e.,
families having the same mirror) one can derive that the class of the affine line is
a zero divisor in the Grothendieck ring.

Categorical aspects of quantum cohomology and mirror symmetry have been
discussed in several talks: Dmytro Shklyarov explained how to (re)construct Gauß-
Manin cohomology from categories (like matrix factorizations), and Etienne Mann
talked about his joint work with M. Robalo on categorification of Gromov-Witten
invariants.

Todor Milanov reported on a recent construction which builds on the oscillating
integrals as well as the period integrals in singularity theory and Landau-Ginzburg
models: It establishes a vertex operator algebra structure on a certain Fock space
associated to these data.

Alexey Basalaev explained how to endow cohomological field theories with an
action of SL(2,C) and how to show modularity properties of certain potentials.
In a somewhat different spirit, Emmanuel Scheidegger talked on joint work with
M. Alim, H. Movasati and S.T. Yau on the construction of a certain Lie algebra of
vector fields on the moduli space of Calabi-Yau threefolds and its relation to the
holomorphic anomaly equations.

Ana Ros Camacho introduced a new equivalence relation for homogeneous poly-
nomials, called orbifold equivalence, by imposing the existence of a matrix factor-
ization with nonzero quantum dimension for the difference of the two polynomials,
and considers the case of ADE singularities.

Helge Ruddat reported on joint work with B. Siebert on the construction of
canonical coordinates for a degenerating family of Calabi-Yau varieties.
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In an overview talk, Philip Boalch described examples of wild character varieties
as finite dimensional multiplicative symplectic quotients. He related these exam-
ples to a 1764 paper of Euler, and showed that Euler’s continuant polynomials are
group valued moment maps.

The last talk of the conference by Marco Hien was concerned with a topo-
logical approach to the recent work of d’Agnolo-Kashiwara on Riemann-Hilbert
correspondence for arbitrary differential systems.

Summarizing, we feel that we had an extremely interesting meeting with many
beautiful talks covering a large variety of subjects. The discussions that took
place between the talks (as well as during the traditional hike to St. Roman on
Wednesday afternoon) were quite stimulating. The enthusiasm of the participants
as well as the great atmosphere at MFO largely contributed to the success of the
workshop. The meeting showed that the subject of mirror symmetry, in all its
ramifications, is as vibrant as ever and many open questions are still ahead of us.

Acknowledgements: The MFO and the workshop organizers would like to thank
the Simons Foundation for supporting Takuro Mochizuki in the “Simons Visiting
Professors” program at the MFO. The organizers also acknowledge the financial
support of the ANR-DFG program SISYPH (ANR-13-IS01-0001-01/02, DFG No
HE 2287/4-1 & SE 1114/5-1).
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Abstracts

SL(2,C)–action on cohomological field theories and Gromov–Witten
theory of elliptic orbifolds

Alexey Basalaev

In [1] we have constructed the action of A ∈ SL(2,C) on a partition function of a
unital Cohomological Field Theory, giving explicit formulae for a genus g potential.
In particular let F0(t1, . . . , tn), the genus 0 small phase space potential of a unital
CohFT, be written in coordinates as:

F0(t1, . . . , tn) =
t21tn
2

+ t1
∑

1<α≤β<n

ηα,β
tαtβ

|Aut(α, β)| +H(t2, . . . , tn).

For an A =

(
a b
c d

)
∈ SL(2,C) consider another function FA

0 = FA
0 (t1, . . . , tn):

FA
0 (t1, . . . , tn) :=

t21tn
2

+ t1
∑

1<α≤β<n

ηα,β
tαtβ

|Aut(α, β)|

+
c
(∑

1<α≤β<n ηα,β
tαtβ

|Aut(α,β)|

)2

2(ctn + d)

+ (ctn + d)2H

(
t2

ctn + d
, . . . ,

tn−1

ctn + d
,
atn + b

ctn + d

)
.

It’s not that hard to see that FA
0 solves WDVV equation and is genus 0 potential

of some CohFT too. However for the higher genera formulae one needs to compute
explicitly certain Givental action, that we do not consider here.

The action introduced has a particular meaning in the two geometric cases of
the CohFTs. The first one is the total ancestor potential of a hypersurface simple
elliptic singularity and the second is Gromov–Witten theory of the so–called elliptic
orbifolds — P1

3,3,3, P
1
4,4,2 and P1

6,3,2. These two geometric cases are connected by
mirror symmetry giving B– and A–models respectively (see [4, 3]).

The genus 0 potential

Let FX
0 be the genus 0 potential of an elliptic orbifoldX . It was shown by Milanov,

Ruan and Shen in [4, 5] that the coefficients in t1, . . . , tn−1 of FX
0 , considered as

the functions in tn, are quasi–modular forms w.r.t. ΓX := Γ(N) — principal
congruence subgroup of SL(2,Z), where N = 3, 4, 6 for P1

3,3,3, P
1
4,4,2 and P1

6,3,2 re-
spectively. Using certain uniqueness theorem of Ishibashi, Shiraishi and Takahashi
one can compute FX

0 up to any order in q := exp(tµ). Together with some analysis
of the ring of quasi–modular forms it allows one to have explicit formulae for FX

0 .
Such formulae appeared first in [3] for X = P1

3,3,3 and were later announced in
[1] for another two elliptic orbifolds. Note also the that all primary correlators of
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these GW–theories (and not only in genus 0) were found independently by Shen
and Zhou in [6].

Modularity in genus 0

The action F0
A−→ FA

0 introduced above provides an action of A ∈ Γ(N) on the
potential of the elliptic orbifold rather than on the coefficients of it, giving the
following modularity theorem.

Theorem. Let X be an elliptic orbifold and FX
0 — its small phase space potential.

For any A ∈ ΓX holds:

FX
0 =

(
FX
0

)A
.

Namely it turns out that the quasi–modular (rather than modular) behaviour
of the coefficients of FX

0 absorbs the additional summands of (FX
0 )A. The proof

of the theorem is easy to obtain using the explicit formulae of FX
0 .

In the language of Givental’s action the equality of the theorem above can be
rewritten as Ŝ1R̂

σŜ2 · F0 = F0, for the certain S– and R–actions of Givental. At
the same time the R–action of Givental can be applied to the Cohomological field
theory itself, and not just to the partition function. This property doesn’t hold for
the S–action, however in some cases this problem can be resolved too. Therefore
it’s interesting to ask if one could write the equality of the theorem above in terms
of cohomology classes and probably derive new tautological relations in H∗(Mg,n).

Classifying the A–side

In terms of partition functions mirror symmetry conjecture can be formulated as
an equality:

ZCohFT (t) = ZSing(t̃),

with t̃ = t̃(t) — a linear change of variables and ZCohFT , ZSing being partition
functions of a CohFT (as an A–model) and an isolated hypersurface singularity
(as a B–model) respectively. Only a particular type of the A–models is given by
the GW–theories, while its always an open question about the possible other A–
models. On a singularity side the partition function, usually called total ancestor
potential, also depends on the choice of the so–called primitive form of Saito.
Different choices of the primitive forms give different B–side theories with probably
different A–side mirrors.

From the global point of view mirror symmetry could be seen as the classification

problem of all the A–models, whose partition functions coincide with Zf(x)
ζ —

partition function of a fixed singularity f(x) with all possible primitive forms ζ.
It was shown in [1, 2] that the SL(2,C)–action introduced above is equivalent

to the primitive form change of a total ancestor potential of a simple–elliptic
singularity. Hence in order to classify all possible A–models for a simple–elliptic
singularity it is enough to consider the orbit of an elliptic orbifold by the action

FX
g

A−→ (FX
g )A, for all A ∈ SL(2,C).
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Wild character varieties

Philip Boalch

Wild character varieties are moduli spaces of monodromy data of connections on
bundles on smooth algebraic curves. They generalize the tame character varieties,
which are moduli spaces of monodromy data of regular singular connections, i.e.
spaces of representations of the fundamental group. The wild character varieties
were shown to admit holomorphic symplectic structures in [3, 4] and to admit
(complete) hyperkähler metrics in [2]. (Note that the terminology “wild character
variety” is more recent however.) This hyperkähler property implies they admit a
family of complex structures. In their natural algebraic structure they are affine
varieties (at least if the Betti weights are trivial), but in another complex structure
they are algebraically completely integrable Hamiltonian systems, fibred by La-
grangian abelian varieties (meromorphic Higgs bundles/Hitchin systems). Thus,
by hyperkähler rotation, the wild character varieties themselves admit natural
special Lagrangian torus fibrations (used for example in Witten’s approach [15] to
ramified geometric Langlands).

This motivates the study of the wild character varieties from an algebraic per-
spective: they are basic examples of “non-perturbative” or “multiplicative” sym-
plectic varieties, that cannot be constructed from finite dimensional cotangent
bundles or coadjoint orbits by symplectic reduction. On the other hand they may
be constructed algebraically as finite dimensional multiplicative symplectic quo-
tients (in the framework of group valued moment maps [1]), via the operations of
fusion and fission (see [7, 8, 9, 10, 11]).

A simple example was shown to underlie the Drinfeld–Jimbo quantum group
in [5] (as conjectured in [3, 4]) and further it was shown in [6] that Lusztig’s
symmetries (a.k.a. Soibelman, Kirillov–Reshetikhin’s quantum Weyl group) are
the quantization of a simple example of a wild mapping class group action on
a wild character variety. This example is a simple generalization of the space of
Stokes data appearing in Dubrovin’s work [14] on semisimple Frobenius manifolds,
in turn closely related to the Stokes data in the tt∗ story of Cecotti–Vafa [12, 13],
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where the entries of the Stokes matrix are counts of BPS states. This example
provided the original motivation for the general study of wild mapping class group
actions on wild character varieties [6, 10] (the simplest examples of which are
Poisson braid group actions on Stokes data).

The purpose of this talk is to describe this circle of ideas, make precise the
notion of “non-perturbative symplectic manifold” and discuss recent progress.
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Equality of stringy E-functions of Pfaffian double mirrors and related
results

Lev Borisov

(joint work with Anatoly Libgober)

Mirror symmetry in its classical formulation is the statement that certain quantum
field theories defined by using different Calabi-Yau manifolds differ by a switch
between the so-called IIA and IIB twists. This physical (or more precisely string
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theoretical) phenomenon implies a vast array of consequences for various invariants
of the Calabi-Yau manifolds in question.

In recent years, there has been considerable interest in the so-called double
mirror phenomenon, which occurs when two different families of Calabi-Yau va-
rieties {Xα} and {Yα} share the same mirror family. In the majority of known
cases these Calabi-Yau varieties are simply birational to each other. There are,
however, a few instances of non-birational Calabi-Yau double mirror manifolds, of
which the oldest and most prominent one is the example of Rødland [4], called
Pfaffian-Grassmannian correspondence. In the joint paper [2] we explore the gen-
eralization of this example to higher dimensions suggested by Kuznetsov, see [3]
and prove that the stringy E-functions of the expected double mirror varieties
coincide.

We will now describe the original example of Rødland. Let V be a complex
vector space of dimension n = 7 and W be a generic subspace of dimension 7
of the space Λ2V ∨ of skew forms on V . To these data one associates a complete
intersection Calabi-Yau threefoldXW ⊂ G(2, V ) and another Calabi-Yau threefold
YW ⊂ PW which is the locus of degenerate forms. For a generic choice of W , these
XW and YW are smooth Calabi-Yau threefolds with Hodge numbers (h1,1, h1,2) =
(1, 50). Their double mirror status was first suggested by [4] and then further
solidified by multiple authors.

Analogous construction works for an arbitrary odd n ≥ 5. We get two families
of Calabi-Yau varieties {XW } and {YW } of dimension (n − 4) and we can try
to verify various mathematical consequences of their conjectural double mirror
status. The most accessible such property is equality of their Hodge numbers.
However, for n ≥ 11, the Pfaffian side YW is singular, so its Hodge numbers need
to be generalized to stringy Hodge numbers defined by Batyrev in the late 90’s.
The first important result of our paper is the following:

Theorem 1. For any odd n ≥ 5 we have the equality of Hodge numbers

hp,q(XW ) = hp,q
st (YW ).

While the result of Theorem 1 is not particularly surprising, it requires an
elaborate calculation which involves the log resolution of the Pfaffian variety given
in terms of the so-called spaces of complete skew forms. In the process we end up
calculating stringy Hodge numbers of Pfaffian varieties by an inductive argument.

There is a way to further generalize the Pfaffian-Grassmannian correspondence
which we will now describe. The Pfaffian-Grassmannian correspondence can be
viewed as a particular case of a more general correspondence between Calabi-
Yau complete intersections XW and YW in dual Pfaffian varieties Pf(2k, V ∨) and
Pf(n− 1 − 2k, V ) for a vector space V of odd dimension n. Here Pf(2k, V ∨) is
the k-th secant variety of G(2, V ) ⊆ PΛ2V . We define these varieties XW and YW

and eventually prove the following, rather more technical result.
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Theorem. The varieties XW and YW have well-defined stringy Hodge numbers.
Moreover, there holds

hp,q
st (XW ) = hp.q

st (YW ).

This result relies upon difficult inductive calculations of Hodge numbers of
hyperplane sections of Pfaffian varieties. The resulting q-hypergeometric identities
are nontrivial, and we were greatly helped by Hjalmar Rosengren who is an expert
in the field.

As an interesting offshoot of this project, it was observed in [1] that the same
construction in the Rødland example provides a proof that the class L of the
affine line is a zero divisor in the Grothendieck ring. The reason is that the proof
of Theorems 1 and 2 is based on looking at fibers of the two projections of the
Cayley hypersurface of XW . This calculation shows in the Rødland example that

([XW ]− [YW ])(L2 − 1)(L− 1)L7 = 0

in the Grothendieck ring. It follows from standard results such as MRC fibra-
tion and weak factorization that ([XW ] − [YW ])(L2 − 1)(L − 1) is nonzero in the
Grothendieck ring. Thus L is a zero divisor. It was also observed by Evgeny
Shinder that the above equation gives an example of two varieties with the same
class in the Grothendieck ring which are not birational to each other and thus can
not be obtained from each other by permuting algebraic subsets.
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Gauß-Manin cohomology of Dwork families

Alberto Castaño Doḿınguez

In this talk I present a work, mainly based on my doctoral thesis, performed under
the advising of Luis Narváez Macarro and Antonio Rojas León (cf. [2], appearing
soon). Two main characters appear: Dwork families and (classical) hypergeometric
D-modules.

Hypergeometric D-modules can be thought of as a certain equivariant version of
the broader GKZ-hypergeometric systems introduced by Gel’fand, Graev, Kapra-
nov and Zelevinskĭı (cf. [1]). Given a pair (n,m) of nonnegative integers, some
of them strictly positive, and certain parameters α1, . . . , αn, β1, . . . , βm and γ in
a field of characteristic zero k and k∗, respectively, a hypergeometric D-module
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Hγ(αi;βj) is the quotient of the sheaf of differential operators Dk∗ by the left ideal
generated by

γ

n∏

i=1

(D − αi)− λ

m∏

j=1

(D − βj),

D being λ∂λ. Their algebraic properties (regularity, rank, irreducibility, exponents,
etc.) are characterized in terms of their parameters; a deep study of them can be
found at [4].

On the other hand, a Dwork family is a uniparametric monomial deforma-
tion of a Fermat hypersurface. More concretely, let n be a positive integer and
let w = (w0, . . . , wn) ∈ Zn+1

>0 be an (n + 1)-uple of positive integers such that
gcd(w0, . . . , wn) = 1 (denote by dn their sum). Then a Dwork family is the family,
parameterized by λ ∈ A1, of projective hypersurfaces of Pn given by:

Xn,w : xdn
0 + . . .+ xdn

n − λxw0

0 · . . . · xwn
n = 0 ⊂ Pn × A1

where Pn × A1 = Proj (k[x0, . . . , xn]) × Spec (k[λ]) . They were first studied by
Dwork to understand the behaviour under a deformation of the zeta function of a
hypersurface defined over a finite field. The interest on them has increased lately
due to their connections to some problems arising in number theory and especially
in algebraic geometry, as mirror symmetry.

Let

G =

{
(ζ0, . . . , ζn) ∈ µn+1

dn

∣∣∣∣
n∏

i=0

ζwi

i = 1

}
/µdn · (1, . . . , 1),

acting linearly over Xn,w by component-wise multiplication. Xn,w/G is the pro-
jective closure in Pn+1 × A1 of another family Yn,w, given by

{
x0 + . . .+ xn = λ
xw0

0 · . . . · xwn
n = 1

⊂ An+1 × A1.

Now consider the weighted projective space Pn(w0, . . . , wn). We can obtain a
mirror partner for its small quantum orbifold cohomology from the Gauß-Manin
cohomology of Yn,w (see, for instance, [3]). This latter cohomology has been also
studied in detail by Katz and Kloosterman in [5, 6] because of its relation, in the
ℓ-adic setting, to the L-function of generalized Kloosterman sums.

In the work under consideration we give a explicit expression for the non-
constant part of the Gauß-Manin cohomology of Yn,w over any algebraically closed
field of characteristic zero k by using D-modules, hypergeometric ones in par-
ticular. This is accomplished by using formalisms from D-module theory, such
as Grothendieck’s six operations, Fourier transform, decomposition theorem for
mixed Hodge modules, and a big amount of explicit calculations.

Concretely, denote by ιn the endomorphism ofGm := k∗ given by z 7→ z−dn. We
have that all of the cohomologies of Yn,w are direct sums of copies of the structure
sheaf OGm excepting in degree zero, in which we have the exact sequence

0 −→ Gn −→ H0(Yn,w) −→ On
Gm
−→ 0.
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Gn is a DGm-module whose semisimplification (holonomic D-module always have
finite length) includes, among some more constant D-modules, the inverse image
by ιn of the irreducible hypergeometric D-module

Hγn

(
cancel

(
1

w0
, . . . ,

w0

w0
, . . . ,

1

wn
, . . . ,

wn

wn
;
1

dn
, . . . ,

dn
dn

))
.

Here γn = (dn)
−dn

∏
iw

wi

i and the cancel operation means eliminating from both
tuples the elements that they share modulo the integers, obtaining shorter disjoint
lists.

This work could be seen as a particular case of the one due to Reichelt and
Sevenheck (cf. [7]), although this one uses other tools and achieves slightly more
detailed results. As potential immediate extensions of it we could include the
following:

• Using this results, the extension to multi-parametric monomial deforma-
tions of Fermat hypersurfaces is quite easy, allowing us to get concrete ex-
pressions in terms of multidimensional hypergeometric D-modules (Horn
hypergeometric, GKZ, etc.).
• The existence of a well developed theory of p-adic D-modules could lead
us to achieve similar results in that setting, getting closer to obtain some
results about the p-adic absolute values of the roots and poles of the L-
functions of Kloosterman sums.
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An algorithm computing genus-one invariants of the Landau–Ginzburg
model of the quintic Calabi–Yau three-fold

Alessandro Chiodo

(joint work with Yongbin Ruan and Dimitri Zvonkine)

The computation of the Gromov–Witten theory of compact Calabi–Yau varieties
(in all genera) has been a central problem in mathematics and physics for the last
twenty years. The genus-zero theory has been known since the middle 90’s by the
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celebrated mirror theorems of Givental and Lian–Liu–Yau. On the other hand,
the computation of the higher genus theory for compact Calabi–Yau manifolds is
unfortunately a hard problem for both mathematicians and physicists. The genus-
one theory was computed by Zinger almost ten years ago after a great deal of hard
work. So far, the computations in the genus g ≥ 2 are out of mathematicians’
reach.

Almost twenty years ago, a far-reaching correspondence was proposed to con-
nect two areas of physics, the Landau–Ginzburg (LG) model and Calabi–Yau (CY)
geometry [21] [22]. During the last ten years, the LG/CY correspondence has been
investigated extensively in mathematics. For example, a mathematical LG/CY
correspondence conjecture was formulated. It asserts that Gromov–Witten theory
of a Calabi-Yau hypersurface within a weighted projective space is equivalent (via
an analytic continuation) to its Landau–Ginzburg counterpart: the theory of Fan,
Jarvis and Ruan of the isolated singularity of the corresponding affine cone. We
mention several different recent approaches to this enumerative geometry of the
Landau–Ginzburg model, see for instance Polishchuk–Vaintrob [19] and Chang–
Li–Li [1]; the main result presented here can be phrased in equivalent terms in
each of these setups.

It is generally believed that the Landau–Ginzburg side is easier to compute.
In this perspective, the LG/CY correspondence provides a possible strategy to
compute higher genus Gromov–Witten invariants of Calabi–Yau hypersurface. The
genus zero FJRW theory has been computed and its LG/CY correspondence has
been verified in many examples [5, 6, 8, 10, 13, 15, 17]. Now, the attention is
shifted to higher genus case. We can divide the above strategy into two problems:
(1) computing higher genus FJRW invariants and (2) establishing the LG/CY
correspondence.

In this text, issued from a collaboration with Y. Ruan and D. Zvonkine, we
illustrate an effective procedure to take a step forward in the first direction: the
computation of genus-one FJRW invariants. For simplicity, we state our formula
only for the invariants of the isolated singularity W = 0 attached to a degree-5 ho-
mogeneous Fermat polynomial in five variables. The approach extends automati-
cally to homogeneous polynomials of any degree; even under the Fermat condition
some modifications seem to be needed for more general weighted homogeneous
polynomials; furthermore, the Fermat condition plays a key in the approach pre-
sented here. We consider the Landau–Ginzburg model W : [C5/µµµ5] → C where
ζ ∈ µµµ5 acts on C5 linearly as ζI5; this model, under the LG/CY correspondence,
is the LG counterpart of the quintic CY three-fold in P4.

The relevant quantum invariants are intersection numbers 〈φi1 , . . . , φin〉g,n at-
tached to n cohomology classes φij in the relative orbifold Chen–Ruan cohomology

of the pair ([C5/µµµ5],M), where M is the Milnor fibre of W over a point of C×. By
[6], since W defines a Calabi–Yau three-fold X ⊂ P4 we have a degree-preserving
identification with the cohomology of X . Here, we restrict to the much simpler
narrow sector corresponding to the ambient cohomology of X , the subring spanned
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by the restriction of the hyperplane class H from P4. This is a 4-dimensional sub-
space whose entries are labeled by the four primitive 5th roots of unity. As in [5] we
can restrict to the case where all the entries are given by the class φ2 corresponding
to exp(2πi 2

5 ), the counterpart of the hyperplane class H in X .
In genus g = 1, we are led to compute 〈φ2, . . . , φ2, φ2〉1,n where n, the number

of markings, is a multiple of 5: n = 5k. The relevant invariants boil down to
the 5-fold intersection of a virtual cycle defined on the moduli space Spin :=
Spin51,5k(2, . . . , 2) of 5-spin, genus-1, 5k-pointed curves of type (2, . . . , 2): the
moduli space compactifying the space of smooth curves [C, x1, . . . , x5k] ∈ M1,5k

equipped with a 5-spin structure L

L⊗5 ∼=−−→ ωC,log(−
5k∑

i=1

2[xi]) = ωC(−
5k∑

i=1

[xi]).

On the open part parametrising smooth curves, the virtual cycle cvir is simply
the top Chern class of the rank-k vector bundle R1π∗L where π : U → Spin is
the universal curve with the universal 5-spin structure L. Over the whole moduli
space Spin there are several compatible definitions of cvir which satisfy the com-
position axioms of cohomological field theory, see [18, 2, 11, 1]. Then, the relevant
intersection numbers in genus one are the rational numbers

〈φ2, . . . , φ2, φ2〉1,5k =

∫

[Spin5
1,5k(2,...,2)]

(cvir)
5 ∈ Q

for any positive integer k (by an easy dimension count 5k = dimM1,5k = dimSpin
equals 5 deg(cvir) because deg(cvir) = −χ(L) = − deg(L) = k).

It seems natural to attempt to define cvir by means of the natural kth Chern
class c5k := ck(−Rπ∗L). However the identification cvir = ck does not extend to
the entire compactified space Spin, although it holds on the locus parametrising
smooth curves. Indeed the class ck fails to satisfy the cohomological field theory
properties. A close look to the definition of cvir shows that ck differs from cvir
precisely on the closed locus Z of effective 5-spin structures: (C, x1, . . . , xn, L) for
which h0(L) > 0. These are all the curves arising from specialization of the star-
shaped nodal curve where all the markings lie on rational tails each one bearing
a number of markings which is divisible by 5. All tails are joined by a separating
node to a genus-1 subcurve lying in the middle. The locus Z is closed but not
irreducible unless k = 1.

A slight modification of such definition coincides with cvir on Z, but fails to
match cvir on Ω = Spin \Z. Indeed, we can set

c̃vir :=

[
c (−Rπ∗L)

(
−4− 4

∑

i>0

(
4

5
λ

)i
)]

k

,

where [ · · · ]k denotes the degree-k part in the Chow ring and λ is the Hodge class
c1(π∗ω); we get c̃vir |Z= cvir |Z . This happens essentially by the composition axiom
of the cohomological field theory of 5-spin curves which allows to express virtual
cycles of family of spin curves joined by separating (narrow) nodes in terms of
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products of virtual cycles coming from each component of the normalization of
the separating nodes. On Z, the higher direct image of L splits into two parts, one
coming from the tails of the form [0→ B] and one of the form [L0 → L1], coming
from the middle genus-one subcurve. Here L0 and L1 are line bundles related to

the Hodge bundle. The above term −4
(
1 + 1

∑
i>0

(
4
5λ
)i)

is the genus-1 virtual

cycle in absence of markings, i.e. −4 times the fundamental class, multiplied by
the inverse of the total Chern class of −[L0 → L1] (it is not difficult to express
this term by means of the first Chern class of the Hodge bundle). In this way, on
Z, we finally get the virtual class, i.e. −4ctop(B).

We now write

(cvir)
5 = (cvir)

5 − (ck)
5 + (ck)

5 =

(
4∑

i=0

(cvir)
i(ck)

4−i

)
(cvir − ck) + (ck)

5

and we notice that, since cvir−ck is supported on Z, we can replace
4∑

i=0

(cvir)
i(ck)

4−i

by
4∑

i=0

(c̃vir)
i(ck)

4−i. Then, we get the following formula.

Theorem. We have

∫

[Spin5
1,5k(2)]

(cvir)
5 =

∫

[Spin5
1,5k(2)]

vir

4∑

i=0

(c̃vir)
i(ck)

4−i−
∫

[Spin5
1,5k(2)]

4∑

i=1

(c̃vir)
i(ck)

5−i,

where the second summand is an integration of tautological classes determined by
Grothendieck–Riemann–Roch (see [4]) and the first summand is a polynomial in
the same tautological classes over the cycle [Spin51,5k(2)]

vir := cvir ∩ [Spin5
1,5k(2)]

and can be computed in terms of 5-spin invariants via [12, 16].

The classes ck and c̃vir can be expressed in Givental’s formalism

ck =

[
exp

{
∑

i>0

sichi(Rπ∗L)
}]

k

,

and

c̃vir = −4
[
exp

{
∑

i>0

sichi(Rπ∗L) + s̃ichi(Rπ∗ω)

}]

k

,

for si = (−1)i(i − 1)! and s̃i = si
4i−1
5i . By [16], the virtual cycle [Spin51,5k(2)]

vir

also admits an expression in Givental formalism. The possibility of using Given-
tal’s formalism is an important advantage on any other approaches to the quintic
threefold in higher genus. It should be also noticed that the above formula holds
both in genus zero and genus one since λ vanishes in genus zero.
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Topological computations of some Stokes phenomena

Marco Hien

(joint work with Andrea d’Agnolo, Giovanni Morando and Claude Sabbah)

One of the cornerstones in the theory of D-modules is the Riemann-Hilbert cor-
respondence providing an equivalence of categories between regular singular holo-
nomic D-modules and perverse sheaves on a smooth complex varietyX . Extending
the focus to possibly irregular singular modules turned out to be very delicate. In
the case of X being a curve, the goal is achieved using the notion of a Stokes
structure introduced by Deligne, see [3].

In the higher-dimensional situation, the results of K. Kedlaya and T. Mochizuki
(independently) on the formal structure of flat meromorphic connections opened
the door to further investigations. Recently, there have been suggestions for gen-
eralized correspondences in the sense of Riemann-Hilbert due to C. Sabbah [4] and
due to A. d’Agnolo and M. Kashiwara [1] with different approaches. The first one
elaborates on a generalized notion of Stokes filtered perverse sheaves in higher di-
mension. D’Agnolo-Kashiwara follow a different path introducing the category of
enhanced ind-sheaves which serves as the target of an enhanced DeRham-functor.

In the talk, I gave a short introduction to the construction of the category of
enhanced ind-sheaves (d’après d’Agnolo-Kashiwara) and then illustrated how to
apply their results in order to obtain explicit computations of Stokes phenomena
in certain cases related with the Fourier transform.

D’Agnolo and Kashiwara’s construction combines the theory of ind-sheaves due
to M. Kashiwara and P. Schapira with an idea of D. Tamarkin of adding an extra
real variable. To start with, consider the category ICX of ind-sheaves on X . Its
objects are small filtrant inductive families of sheaves of C-vector spaces on X with
compact support, see [2]. Passing to the product X × P with the compactified
real line P = R ∪ {∞}, the category of enhanced ind-sheaves is defined by taking
the quotient of the derived category Db(ICX×P ) by

• the essential image of Ri∗ for the inclusion i : X × {∞} → X × P and
then by
• all objects isomorphic to π−1L for some L ∈ Db(ICX) via π : X×P → X .

Both quotient functors admit left and right adjoint so that the quotients can
be presented as certain subcategories of Db(ICX×P ). The resulting category is

denoted by Eb(ICX). There is a natural convolution functor
+
⊗ for enhanced ind-

sheaves and a distinguished object CE
X inducing an embedding

e : Db(ICX)→ Eb(ICX) , F 7→ CE
X

+
⊗ π−1F .

For details, we refer to the original article [1] by d’Agnolo-Kashiwara. The authors

defined a pair of functors (related to each other by duality), SolE and DRE . The
main result of their work is the proof that

SolE : Db
hol(DX)op → Eb

R-c(ICX)



1220 Oberwolfach Report 22/2015

is fully faithful and that there is a functorial way of reconstructing M from
SolE(M).

Considering the situation A →֒ X := P1 and a regular singular DX -module
M localized at ∞, the aim of the talk was to discuss how to apply the theory
above to obtain explicit information on the Stokes structure of the Fourier-Laplace
transformM∧. Let us denote by A∗ the dual affine line and by X∗ its projective
compactification. Consider the inclusion k : A∗×P → X∗×P and the projections
q : A×A∗ × P → A∗ × P and p : A×A∗ × P → A. Then we obtain the following
formula for the enhanced solutions of the Fourier-Laplace transform:

SolE(M∧) ≃ CE
X∗

+
⊗ Rk!Rq!(L ⊗ p−1Sol(M)|A)[1],

where L denotes the constant sheaf L := CZ supported on the subset Z :=
{(x, y, t) ∈ A× A∗ × R | t+Re(xy) ≥ 0}.

This formula allows to determine the Stokes structure of M∧ at infinity by
investigating the complex Rk!Rq!(L ⊗ p−1Sol(M)|A) of usual sheaves and hence
derive this information in a purely topological way.
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Constructing mirrors for big quantum cohomology of toric varieties

Hiroshi Iritani

The mirror of a toric variety X is given by a Laurent polynomial f : (C×)D → C

whose Newton polytope is the fan polytope of X :

f(x) =

m∑

i=1

Qβixbi , x ∈ (C×)D

where b1, . . . , bm are primitive generators of one-dimensional cones of the fan of X ,
Q is the Novikov variable and βi ∈ H2(X,Z) is a certain curve class. This is known
as the Givental-Hori-Vafa mirror. Givental’s mirror theorem [6] implies, when X
is projective and c1(X) is semipositive (nef), that the small quantum connection
of X is isomorphic to the twisted de Rham cohomology HD(Ω•

(C×)D [z], zd+ df∧).
A generalization to big quantum cohomology has been studied by Barannikov [1]
and Douai-Sabbah [4]. They considered a miniversal deformation F (x; s) of f(x)
of the form

F (x; s) = f(x) +

µ∑

i=1

siφi(x)
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where {φi(x)}µi=1 form a basis of the Jacobi ring of f . In this talk, I describe mirror
symmetry for the big and equivariant quantum cohomology of toric varieties. The
mirror is identified with the following universal function:

Fλ(x;y) =
∑

k∈ZD∩|Σ|

ykQ
β(k)xk −

D∑

i=1

λi log xi

where y = {yk : k ∈ ZD ∩ |Σ|} is an infinite set of parameters each of which
corresponds to a lattice point in the support |Σ| of the fan and (λ1, . . . , λD) are
the equivariant parameters of the natural T = (C×)D-action on X . There exists a
mirror map y 7→ τ(y) which relates the parameters y with co-ordinates τ on the
equivariant cohomology group H∗

T (X) (which is infinite-dimensional over C) such
that we have the following theorem.

Theorem ([8]). Let X be a smooth semi-projective toric variety. The twisted de
Rham cohomology associated to zd+dFλ∧ is isomorphic to the big and equivariant
quantum connection of X.

In this theorem, we do not require that X is compact or c1(X) is semipositive. The
proof is very simple and tautological. The main ingredients are shift operators for
equivariant quantum cohomology introduced by Braverman, Maulik, Okounkov
and Pandharipande. Shift operators are equivariant lifts of Seidel’s invertible
elements (Seidel representation) and intertwine the quantum connections with
different equivariant parameters. We observe that shift operators associated to
lattice points in |Σ| define commuting flows on the equivariant Givental cone, and
that the mirror map and the isomorphism of connections in the above theorem are
described as a flow of these vector fields. Givental’s original mirror theorem [6] is
also recovered by this method [7]. Non-equivariant mirrors is obtained by taking
non-equivariant limit λ→ 0 of the above result. We have the following:

Theorem ([8]). Non-equivariant mirrors can be described as the quotient of the
equivariant mirror by a certain formal group JG of reparametrizations of the x-
variables. More specifically, the non-equivariant Givental cone is identified with
the quotient space of the equivariant Givental cone by JG.
Our mirror Landau-Ginzburg model is defined over the Novikov ring and is treated
formally with respect to the parameters y. This is similar in spirit to the con-
struction of formal primitive forms due to Li-Li-Saito [9].

It would be interesting to study the relationship to Lagrangian Floer theory.
Cho-Oh [3] (in the Fano case) and Fukaya-Oh-Ohta-Ono [5] (in the general case)
constructed mirror Landau-Ginzburg models of toric varieties using Lagrangian
Floer theory (open Gromov-Witten invariants). In particular, the recent work
of Chan-Lau-Leung-Tseng [2] seems to suggest that the inverse mirror map τ 7→
y(τ) = {yk(τ)} should be a generating function of certain open Gromov-Witten
invariants. The primitive form corresponding to the identity class in quantum
cohomology is given by another sequence yk,n(τ), k ∈ ZD ∩ |Σ|, n = 1, 2, 3, . . . of
generating functions, and it would be also interesting to study how they arise in
Lagrangian Floer theory.
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Categorification of Gromov-Witten invariants

Etienne Mann

(joint work with Marco Robalo)

In 1994, the Gromov-Witten invariants were introduced by Kontsevich and Manin.
From the very beginning, people want to encode the information contained in these
invariants in some mathematical structures: quantum product, cohomological field
theory (Kontsevich-Manin), Frobenius manifold (Dubrovin), Lagrangian cones and
Quantum D-modules (Givental), variation of non-commutative Hodge structure
(Iritani and Kontsevich, Katzarkov and Pantev in ), ... These structures are very
useful to express mirror symmetry in terms of isomorphisms between Frobenius
manifolds, quantum D-modules,... or to study the functoriality of Gromov-Witten
invariants via crepant resolution or flop transition.

We find a new structure for these invariants that we call categorification of
Gromov-Witten invariants. We hope that this structure can be used to prove or
explain some phenomena that appears in mirror symmetry. This categorification
is a generalization of a cohomological field theory. To explain the spirit of the
construction, we recall the classical construction of these invariants.

Let X be a smooth projective variety (or orbifold). The main ingredient to
defined these invariants is the moduli space spaces of stable maps to X i.e., for
any g, n ∈ N and β ∈ H2(X,Z), we denote the moduli space of stable maps of
genus g with n marked points and of degree β byMg,n(X, β). The evaluation to

the marked points gives a map ev :Mg,n(X, β)→ X × · · · ×X and forgetting the

morphism and stabilizing the curve gives a morphism p :Mg,n(X, β)→Mg,n.
To get the invariants, we have to integrate over “the fundamental class” of this

moduli spaceMg,n(X, β). To integrate, we need to prove that the moduli space is
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proper which was proved by Behrend-Manin and smooth to carry a fundamental
class this is the case when X is the projective space or a Grassmannian (or more
generally when X is convex) and g = 0. In general, the stackMg,n(X, β) is not
smooth and has many components with different dimensions. Behrend-Fantechi a
“virtual fundamental class”, denoted by [Mg,n(X, β)]vir , which is a cycle in the

Chow ring ofMg,n(X, β) that plays the role of the usual fundamental class. With
this cycle, we have a cohomological field theory that is a family of maps:

IXg,n,β : H∗(X)⊗n → H∗(Mg,n)

(α1 ⊗ . . .⊗ αn) 7→ p∗

([
Mg,n(X, β)

]vir ∪ ev∗(⊗n
i=1αi)

)

satisfying some conditions. Recall that homology groups

H∗(M) := {H∗(Mg,n), g, n ∈ N}
form a modular operad and the data of a cohomological field theory is the same
thing as an algebra over H∗(M) that is a morphism of modular operads between
H∗(M)→ End(H∗(X)) i.e., a family of morphisms

H∗(Mg,n)⊗H∗(X)⊗(n−1) → H∗(X)

The diagram in stacks that corresponds to the operadic point of view is the fol-
lowing:

Mg,n ×Xn−1 ←Mg,n(X, β)→ X(1)

We see this diagram as a morphism betweenMg,n → Hom(Xn, X) in the category
of correspondence in stacks.

Due to Toën and Vezzosi, the virtual fundamental cycle [Mg,n(X, β)]vir , has a
natural construction in derived algebraic geometry, namely the Deligne-Mumford
stacks Mg,n(X, β) has a natural enrichment in the category of derived stacks

which is denoted by RMg,n(X, β). In fact its structure sheaf O
RMg,n(X,β) gives

raise after an appropriate push-forward to the virtual cycle of Behrend-Fantechi
(see Schürg-Toën-Vezzosi).

Following this idea, we enrich the diagram (1) into the category of derived stacks
and we get

Mg,n ×Xn−1 ← RMg,n(X, β)→ X

Notice that asMg,n and X are smooth algebraic stacks, so they have no natural
enrichment. The natural question is to find an operadic version of such diagrams.
As we are working with derived stacks, we need to use ∞-operads developed by
Lurie. We prove the following theorem.

Theorem. Let X be a smooth projective variety. X is a lax algebra over M0,n

that is we have a lax morphism of ∞-operads between M⊗ → Endcorr(X) where

Endcorr(X) is the ∞-operads of endomorphism of X and M⊗
is the ∞-operad

associated to the operad M.
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Vertex algebras in singularity and Gromov–Witten theory

Todor Milanov

(joint work with Bojko Bakalov)

Our construction works in two different cases, which we will refer to as local and
global. In the local case the main object is a germ of a holomorphic function
W ∈ OCn,0, while in the global case we have a compact Kähler orbifold X with
semi-simple quantum cohomology equipped with a Landau–Ginzburg (LG) mirror
model. For simplicity of the exposition we will state our results only for the global
case. The local case is completely analogous.

Let H = H∗(X ;C) and ( , ) be the Poincaré pairing. Recall Givental’s sym-
plectic loop space H := H((z−1)) equipped with the symplectic structure

Ω(f, g) = resz=0(f(−z), g(z))dz, f, g ∈ H.
Let us denote by

W~(H) =
∞⊕

n=0

((C((~)) ⊗H)((z−1)))⊗n/ ∼

the Weyl algebra of H, where the relation ∼ is given by the two sided ideal gen-
erated by

a⊗ b − b⊗ a− ~Ω(a, b), a, b ∈ H.
The symplectic vector space has a natural polarization H = H+ ⊕ H−,
where H+ = H [z] and H− = H [[z−1]]z−1 are Lagrangian subspaces. Let
V = W~(H)/W~(H)H+ be the Fock space of the Weyl algebra. For the purposes
of Gromov–Witten theory we need the so called tame completion of the Fock
space. Note that V ∼= Sym(H−) is a linear combination of monomials of the type
~g−1a1(−z)−k1−1 · · · as(−z)−ks−1, ai ∈ H . Such a monomial is called tame if
k1 + · · · + ks ≤ 3g − 3 + s. We denote by Vtame the space of all infinite series of
tame monomials.

Let us denote by L = K0(X)Z the K-ring of topological vector bundles on
X . It is an integer lattice equipped with the symmetric bi-linear form (E|F ) =
χ(E,F ) + χ(F,E), where χ(E,F ) = χ(E∗ ⊗ F ) is the Euler pairing. Our main
result can be stated as follows: The Fock space Vtame has the structure of a VOA-
module over the lattice VOA VL = Sym(H [s−1]s−1) ⊗ C[L] associated with the
lattice L.

The VOA-module structure will be explained below. Let us make several re-
marks. The semi-simplicity assumption allows us to use Givental–Teleman’s higher
genus reconstruction (see [3, 6]) and express all GW invariants in terms of the
Dubrovin’s connection. The mirror symmetry means that the Dubrovin’s con-
nection is a Gauss–Manin connection. In the local case, we use the higher genus
reconstruction as a definition and define invariants, whose geometric origin is not
quite clear in general, although in several important cases they can be identified
with the so called Fan–Jarvis–Ruan–Witten (FJRW) (see [2]). The notion of a ver-
tex algebra is a generalization of a Lie algebra (see [5]). It consists of an infinite
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set of products a(n)b, a, b ∈ VL, n ∈ Z satisfying the so called Borcherd’s identities.
In the case when g is an ADE simple Lie algebra with Cartan subalgebra H , and
root lattice L, the commutator of g can be recovered from the 0th product a(0)b
and the representation theory of g becomes equivalent to the representation theory
of VL. In our settings, the simple Lie algebras correspond to the local case when
W is the germ of an ADE-singularity and the representation Vtame corresponds
to the so called principal realization of the basic representation of ĝ. What is
remarkable in the simple Lie algebra case is that the invariants can be recovered
from the representation Vtame only via an appropriate Kac–Wakimoto hierarchy
(see [4]) or an appropriate W-algebra (see [1]). The main motivation behind our
construction is whether, in general, the GW invariants can be recovered from the
data of the representation Vtame.

By definition the manifold X has a LG-mirror model if there is a family of quasi-
projective varieties Y ⊂ Cn × B → B, a function f : Y → C, and holomorphic
volume form ω ∈ Ωn

Y/B[z] with the following properties: B ⊂ H∗(X ;C) is an

appropriate open domain and the vector spaces Ft := Hn(Ω•
Yt
[[z]]z1/2, zd + dft)

(Yt ⊂ Cn is the fiber over t ∈ B) are free C[[z]]-modules and form a vector bundle
on B. The period map

TB → F , ∂/∂ti 7→ (−2πz)−n/2z∂ti

∫
ef(y,t)/zω

is an isomorphism under which the Gauss–Manin connection of the sheaf F (cor-
responding to the vector bundle F) is identified with the Dubrovin’s connection on
the tangent sheaf TB. In the above formula the integral is understood in the formal
sense, i.e., taking the equivalence class of ω in the twisted de Rham cohomology
group.

The VOA-module structure depends on the choice of a point (t, λ) ∈ (B × C)′

(the prime means the complement of the discriminant locus, i.e., the points where
the fibers Yt,λ = {f(y, t) = λ} ⊂ Yt are non-singular). We define

fα(t, λ; z) =
∑

m∈Z

I(m)
α (t, λ)(−z)m,

where (n = 2ℓ+ 1)

I(m)
α (t, λ) = (2π)−ℓ dt ∂

m+ℓ
λ

∫

αt,λ

ω ∈ T ∗
t B
∼= H, m ∈ Z,

are the period integrals. Here we fix a reference point (t0, λ0) ∈ (B × C)′ and let
α ∈ Hn(Yt0 , Yt0,λ0

;C) be a relative cycle. The definition depends on the choice of a
reference path avoiding the discriminant, we denoted by αt,λ the parallel transport
of α, and by dt the de Rham differential on B.

We define a state-field correspondence a 7→ Xt,λ(a) : Vtame → V̂ at the point
(t, λ) for all a ∈ VL generated by the Heisenberg fields

Xt,λ(as
−1) = ~−1/2∂λfa(t, λ; z), a ∈ H
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and the vertex operators

Xt,λ(e
α) = e~

−1/2
fα(t,λ;z)−e~

−1/2
fα(t,λ;z)+ , α ∈ L,

where the index ± is the projection on H± and the action in both definitions is
the induced action by the multiplication in the Weyl algebra. The remaining fields
are uniquely determined by the Operator Product Expansion (OPE) property (see
[1])

(1) Xt,λ(a(m)b) =
∂k
µ

k!

(
(λ− µ)m+k−1Xt,µ(a)Xt,λ(b)

)∣∣∣∣∣
µ=λ

,

for all a, b ∈ VL, m ∈ Z. We choose k ≫ 0, so that the RHS becomes regular
at µ = λ (the definition is invariant under the shift k 7→ k + 1). The products
a(m)b are defined first for a, b ∈ Sym(H [s−1]s−1) so that Sym(H [s−1]s−1) becomes
a Heisenberg VOA (see [5]), while in all other cases the definition is uniquely
determined from the OPE formula (1). Our main result then can be stated in
the following way: the products a(m)b, a, b ∈ VL, m ∈ Z turn VL into a VOA
isomorphic to the Borcherd’s VOA associated with the lattice L.
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Quantum D-modules and mixed twistor D-modules

Takuro Mochizuki

Mixed twistor D-modules are holonomic D-modules with a mixed twistor struc-
ture. Here, twistor structure is a kind of generalized Hodge structure introduced
by Carlos Simpson. The concept of mixed twistor D-module is a generalization of
the concept of mixed Hodge module of Morihiko Saito.

As in the case of mixed Hodge modules, we have the standard functors for
mixed twistor D-modules such as push-forward, localization, duality, etc., that is
one of the most useful points in the theory of mixed twistor D-modules. It is
also interesting that we have the mixed twistor D-modules associated to mero-
morphic functions. So, there are many interesting holonomic D-modules which
are naturally equipped with the mixed twistor structure.
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For example, some type of GKZ-hypergeometric systems are equipped with
the natural mixed twistor structure, which appear in the study of the Landau-
Ginzburg models. It is expected that the general theory of mixed twistor D-
modules might be useful in the study of the degeneration of Landau-Ginzburg
models. As an example, we observed that we can obtain an isomorphism in toric
local mirror symmetry as the limit of the isomorphism of Givental in toric mirror
symmetry.

This talk is a report on the study in [1] and [2], to which we refer for more
detailed arguments, more references and more general results.

Mixed twistor D-modules

Let X be a complex manifold. We set X := C × X and X 0 := {0} × X . Let
DX denote the sheaf of differential operators on X , and let ΘX (logX 0) denote the

sheaf of vector fields which are logarithmic along X 0. Let R̃X ⊂ DX denote the

sheaf of subalgebras generated by ΘX (logX 0)⊗O(X 0). A coherent R̃X -module is

called strict, if it is flat over OC. A coherent R̃X -module is called holonomic, if the
characteristic variety is contained in C×Λ, where Λ is a Lagrangian subvariety of

T ∗X . An R-structure of a strict holonomic R̃X -moduleM is an R-perverse sheaf
PR on C∗ ×X with an isomorphism PR ⊗ C ≃ DRC∗×X(M|C∗×X).

The category of integrable mixed twistor DX -modules with real structure is a

full subcategory of strict holonomic R̃X -modules with a real structure PR and a
weight filtration W . In the following, integrable mixed twistor DX -modules are
called just mixed twistor DX -modules.

In the theory of mixed twistor D-modules, one of the important results is the
functoriality.

Theorem. We have the standard operations on the derived category of algebraic
mixed twistor D-modules, which are compatible with the standard operations on
the derived category of holonomic D-modules.

It is also important that we have many interesting mixed twistor D-modules.
Let f be a meromorphic function onX whose poles are contained in a hypersurface
H . Then, we have the holonomic DX -module L∗(f,H) = (OX(∗H), d + df) and
L!(f,H) = D

(
D(L∗(f,H))(∗H)

)
.

Proposition. We have the natural mixed twistor D–modules L⋆(f,H) over
L⋆(f,H) (⋆ = ∗, !).

Applying standard functors to such mixed twistor D-modules associated to
meromorphic functions, we obtain many interesting mixed twistor D-modules.

It is useful to have a convenient class of meromorphic functions for which
L⋆(f,H) are described concretely.

Definition. Suppose that H is normal crossing. We say that f is non-degenerate
if there exists a neighbourhood N of |(f)∞| such that N ∩ (f)0 is smooth, and that
(N ∩ (f)0) ∪H is normal crossing.
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For example, if f is non-degenerate on (X,H) and |(f)∞| = H , then we have

L∗(f,H) ≃ L!(f,H) ≃
(
OX (∗H), d + d(λ−1f)

)
as R̃-modules. If f is a constant,

then we have L∗(f,H) ≃ R̃X ⊗VHR̃X
OX (H) and L!(f,H) ≃ R̃X ⊗VHR̃X

OX .

Here, VHR̃X ⊂ R̃X is the sheaf of subalgebras generated by ΘX (log(X 0 ∪ H)) ⊗
OX (−X 0). The general case is the mixture of two descriptions.

By using this kind of concrete descriptions, we can describe the mixed twistor
D-modules over some type of GKZ-hypergeometric systems explicitly.

Application to toric local mirror symmetry

One of the goals in the study of mirror symmetry is to obtain an isomorphism of
Frobenius manifolds associated to A-model and B-model. The most famous result
is due to Givental, refined by Iritani, Reichelt-Sevenheck, in the case of toric weak
Fano manifolds.

In the case of local mirror symmetry, we do not have natural Frobenius man-
ifolds. To improve this situation, Konishi and Minabe introduced the concept
of mixed Frobenius manifold, as a generalization of Frobenius manifolds. They
constructed a mixed Frobenius manifold from the genus 0 local Gromov-Witten
invariants of a toric weak Fano surface S, and they suggested the expected mixed
Frobenius manifold should be related with the variation of mixed Hodge structure
associated to the Landau-Ginzburg model corresponding to S.

We studied an underlying structure of mixed Frobenius manifold, called mixed
TEP-structure. A mixed TEP-structure on a complex manifold Y consists of an

R̃Y -module which is a locally free OY -module, equipped with an increasing filtra-

tion by R̃Y -modules, and pairings on the graded pieces with respect to the filtra-
tion. (We refer the precise conditions to [2].) In the local A-side, we have the mixed
TEP-structure V loc

S,A underlying mixed Frobenius manifolds due to Konishi-Minabe,

which is given on an appropriate open subset of H2(S,C)/2π
√
−1H2(S,Z).

In the local B-side, we would like to have the corresponding object. Let A(S) =
{a1, . . . ,am} ⊂ Z2 denote the set of the primitive vectors in the one dimensional
cones of a fan of the toric variety S. We have the family of Laurent polynomials
Fz(t) =

∑m
i=1 zit

ai (z ∈ (C∗)m). We have the variation of mixed Hodge structure
given by the relative cohomology group H2((C∗)2, F−1

z
(0)) on an open subset of

(C∗)m. It is equivariant with respect to the action of (C∗)2 on (C∗)m given by
(t1, t2)(z1, . . . , zm) = (ta1z1, . . . , t

amzm). By the descent, we obtain a variation of
mixed Hodge structure on (C∗)m/(C∗)2. By using the theory of mixed twistor D-
modules, we obtain appropriate polarizations on the graded pieces of the variation
of mixed Hodge structure. So, we have the associated mixed TEP-structure V loc

S,B

on an appropriate open subset in (C∗)m/(C∗)2.

Theorem. We have subsets US ⊂ H2(S,C)/2π
√
−1H2(S,Z) and UA(S) ⊂

(C∗)m/(C∗)2, a holomorphic isomorphism ϕloc
S : US ≃ UA(S) and an isomorphism

of mixed TEP-structures V loc
S,A ≃ (ϕloc

S )∗V loc
S,B. The open subsets US and UA(S) are

neighbourhoods of the large radius limit points.
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Let us describe an outline of the proof briefly. Let X be the projective comple-
tion of the canonical bundle KS , which is a toric weak Fano manifold. We have
the Frobenius manifold associated to the genus 0 Gromov-Witten invariants of X .
In particular, we have the underlying TEP-structure VX,A on an appropriate open

subset of H2(X,C)/2π
√
−1H2(X,Z). Konishi and Minabe observed the relation

of the Gromov-Witten invariants of X and the local Gromov-Witten invariants of
S, and they related VX,A and V loc

S,A. We have the Landau-Ginzburg model corre-
sponding to X , and the associated Frobenius manifold. In particular, we have the
underlying TEP-structure VX,B. By using the theory of mixed twistor D-modules,
we can show that the relation between VX,B and V loc

S,B is the same as the relation

between VX,A and V loc
S,A. Hence, we can obtain an isomorphism of V loc

S,A and V loc
S,B

from the isomorphism of Givental VX,A ≃ VX,B.
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On some aspects of mirror symmetry for homogeneous spaces

Clélia Pech

(joint work with Konstance Rietsch and Lauren Williams)

It is well known that the mirror of projective space is a so-called Landau-Ginzburg
model, that is, a pair (X̌,W ) consisting of a non-compact Kähler variety X̌ and a
holomorphic Morse function W , called the superpotential.

In the case of Pn, X̌ is the algebraic torus (C∗)n with coordinates x1 . . . xn,
and the superpotential is W = x1 + . . . + xn + q

x1...xn
. This means that the

quantum cohomology QH∗(Pn,C) of Pn is isomorphic to the Jacobi ring of W .
Moreover there is an isomorphism of vector bundles with connection between,
on one side, the trivial bundle with fibre the cohomology of Pn, endowed with
the Dubrovin-Givental connection A∇, and on the other side, the trivial bundle
with fibre the twisted de Rham cohomology Hn

dR(X̌, d + dW∧), endowed with
the Gauss-Manin connection B∇. Let x denote the hyperplane class of Pn and q
denote the quantum parameter. Then the isomorphism is explicitly given by the
map xi 7→ x1 . . . xidx1 ∧ . . . ∧ xn.

In this talk, I explained how to expand part of these results to more general
homogeneous spaces. I started by recalling the construction by K. Rietsch [1] of a
Lie-theoretic mirror for homogeneous spaces X = G/P , where G is a semi-simple
algebraic group and P ⊂ G is a parabolic subgroup. In this case the mirror is a
certain Richardson variety R∨, that is, the intersection of two opposite Schubert
cells. This Richardson variety lives in the Langlands dual flag variety G∨/B∨

−.

More precisely, Rietsch constructs an explicit function F on Ř from Lie theory,
and proves that the (localized) quantum cohomology of X is isomorphic to the
Jacobi ring of F . The questions I raised in this talk are the following.
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(1) Can we make the relationship between X and its mirror more symmetric?
(2) Can we express this Landau-Ginzburg model in nice coordinates, naturally

related to the cohomology classes of X?
(3) What happens for the A-model and B-model connections?

To answer the first question, one can project the Richardson variety R∨ on the
Langlands dual partial flag variety G∨/P∨. We call X̌ the projection and W the
push-forward of F . Our mirror relation now looks like

X = G/P ↔ G∨/P∨ ⊃ X̌
W→ C.

Now to answer the second question, we look at the minimal projective embed-
ding of the homogeneous space G∨/P∨ :

G∨/P∨ →֒ P(V G∨

P∨ ),

where V G∨

P∨ is an irreducible representation of G∨. The geometric Satake corre-
spondence of [2, 3, 4] gives an isomorphism between the dual of this representation
and the intersection cohomology of some cycle in the affine Grassmannian. When
P is a cominuscule parabolic subgroup, that is, when the representation V G∨

P∨ is
minuscule, then this intersection cohomology coincides with the cohomology of the
homogeneous space X = G/P , so that we obtain an embedding

X̌ ⊂ G∨/P∨ →֒ P(H∗(G/P,C)∗).

This means that in the cominuscule case, we obtain projective coordinates on the
mirror which are dual to the Schubert classes of X = G/P .

Finally I gave an idea for studying the third question. We know from [5] that
the mirror X̌ is a log Calabi-Yau variety in the sense of [6], hence there exists a
unique up to scalar regular maximal differential form ω on X̌ . Consider the map
of C-vector spaces

H∗(X,C) −→ HN
dR(X̌, d− dW∧)

which to a Schubert class σw associates the class of the differential form pwω. Here
N denotes the dimension of X and X̌ , and pw denotes the projective coordinate
dual to the Schubert class σw . The conjecture is that this map extends to an
isomorphism of bundles with connection.

Part of this programme has been implemented in the following papers:

• for Grassmannians, in [7];
• for quadrics, in [8, 9];
• for Lagrangian Grassmannians, in [10].
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Hodge theory of GKZ-systems

Thomas Reichelt

(joint work with Christian Sevenheck)

Let B = (b1, . . . , bn) be a d × n integer matrix satisfying ZB = Zd. We associate
the following family of Laurent polynomials to this matrix

ϕ : T × Λ −→ V = Cλ0
× Λ

(t1, . . . , td, λ1, . . . , λn) 7→ (−
d∑

i=1

λit
bi , λ1, . . . , λn) ,

where T = (C∗)d and Λ = Cn. Define the matrix

A :=




1 1 . . . 1
0
... B
0




and assume that the semi-group NA is saturated and satisfies Int(NA) = NA+ c
for some c ∈ NA. There is the following relationship between the (proper) Gauß-
Manin system of ϕ and the Gelfand-Kapranov-Zelevinsky system (GKZ-system)
related to the matrix A:

Theorem. [6] The following sequences are exact and related by holonomic duality

0 −→ Hd−1(T,C) −→ H0(ϕ+OT×Λ) −→M0
A −→ Hd(T,C) −→ 0

0←− Hd+1
c (T,C)←− H0(ϕ†OT×Λ)←−M−c

A ←− Hd
c (T,C)←− 0 ,

where Hd−1(T,C) := Hd−1(T,C)⊗OV etc.

These sequences are not only sequences of regular holonomic D-modules but of
mixed Hodge modules. Since the GKZ-system is given as a cyclic D-module it
is tempting to ask if both the Hodge filtration and the weight filtration can be
computed explicitly. For the Hodge filtration we have the following result.
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Theorem. [8] The Hodge filtration is equal to the order filtration up to a shift,
i.e.

FH
• M0

A = F ord
•+dM

0
A and FH

• M−c
A = F ord

•−n−c0M
−c
A ,

where c0 is the first component of c ∈ NA ⊂ Zd+1.

Here, the order filtration is the filtration induced by the surjective map DV →M0
A.

Denote by C[NA] ⊂ C[t±0 , . . . , t
±
d ] the toric semi-group ring associated to NA.

This ring carries a filtration by the faces of the cone R≥0A ⊂ Rd+1. The filtration,
which was first defined by Batyrev in [1], is given by

0 = I
(0)
A ⊂ I

(1)
A = C[Int(NA)] ⊂ . . . ⊂ . . . I

(d)
A ⊂ I

(d+1)
A = C[NA] ,

where I
(k)
A is an ideal in C[NA] generated by tα where α is not contained in a

face of codimension k. Matusevich-Miller-Walther [4] introduced the Euler-Koszul
homology of a Zd+1-graded module N whose 0-th homology gives back the GKZ

system in the case N = C[NA], i.e. H0K•(E − β,C[NA]) ≃ Mβ
A. There is the

following conjecture on the weight filtration of a GKZ system

Conjecture. Let NA be a saturated semi-group, then

Wd+i−1M
0
A ≃ im(H0K•(E, I

(i)
A )→M0

A) .

The explicit computation of the Hodge filtration has interesting consequences in
toric mirror symmetry. Let X be a smooth toric variety and L1, . . . , Lc nef torus-
invariant line bundles such that −KX −

∑
Li is nef. Let s be a generic section of

E :=
⊕

Li and Y = s−1(0) its zero locus. The Dubrovin connection with respect
to Y encodes the genus 0 Gromov-Witten invariants of Y . It was predicted in [2]
that such a connection should carry a pure and polarized non-commutative Hodge
structure coming from the homological mirror symmetry picture. Since in the case
of a complete intersection inside a toric variety this connection can be matched
with a certain Fourier-Laplace transformed lattice inside a GKZ system (cf. [3],
[7]) one can show the following theorem.

Theorem. The Dubrovin connection of a nef complete intersection inside a toric
variety underlies a variation of pure and polarized non-commutative Hodge struc-
tures.

This theorem has been independently proven by T. Mochizuki [5] using his theory
of mixed twistor D-modules.
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Equivariant aspects of mirror symmetry for Grassmannians

Konstanze Rietsch

(joint work with Robert Marsh)

This talk reported on joint results with Robert Marsh [4]. The first goal was
to introduce our formulation of a (T -equivariant) mirror Landau-Ginzburg (LG)
model to a general Grassmannian X = Grm(Cn). The second was to state our
main result about this LG model, (X̌◦,W eq

q , ω), which describes an explicit real-
ization of the Dubrovin connection of X in a Gauß-Manin system associated to
the superpotential W eq

q .
Historically there are three versions of an LG model for Grassmannians. The

earliest from the 1990’s is a Laurent polynomial mirror introduced by Eguchi,
Hori and Xiong [2] and studied in depth by Batyrev, Ciocan-Fontanine, Kim and
van Straten [1]. The latter also give it a quiver formulation, along the lines of
the full flag variety mirror of Givental [3]. The next version of an LG model
arises as a special case of Lie-theoretic mirrors for general homogeneous spaces
G/P , proposed a decade later in [5]. These mirrors were shown in [5] to cut out
the Peterson variety [6] via their partial derivatives, and in that way to encode
the quantum cohomology rings of the spaces G/P in their Peterson presentation.
The final LG model, introduced in [4], is isomorphic to the Lie-theoretic mirror
but is expressed very differently and naturally as a rational function in terms of
Plücker coordinates on a (Langlands dual) Grassmannian X̌. The relation of these
latter two mirrors to the earliest one is that the domain of the superpotential
contains a particular open torus and restriction to this torus recovers the Laurent
polynomial of [2, 1]. We note that the critical points of the superpotential do not
always all lie on this open torus, which makes the Laurent polynomial LG model
generally unsuitable for recovering the quantum cohomology ring of the A-model
Grassmannian.

Instead of giving the general definition of Wq here, we illustrate it by an exam-
ple. Supposing X = Gr2(C

5) then we define the mirror LG model as follows. Let
X̌ = Gr3((C

5)∗). The Plücker coordinates on X̌ may be indexed in a natural way
by Young diagrams fitting into a 2 × 3 rectangle. In terms of these coordinates
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the LG model from [4] is defined by

Wq =
p

p∅
+

p

p
+ q

p

p
+

p

p
+

p

p
.

We think of there being various T -equivariant versions of the superpotential Wq

(just like cohomology classes in X have different T -equivariant analogues). The
two T -equivariant versions we consider are given by

W eq
q = Wq+(x2−x1) ln(p )+(x3−x2) ln(p )+(x4−x3) ln(p )+(x5−x4) ln(p )

and by W̃ eq
q := W eq

q + (x1 + x2) ln(q). The domain of the superpotentials is

X̌◦ = X̌ \ {p∅ = 0} ∪ {p = 0} ∪ {p = 0} ∪ {p = 0} ∪ {p = 0}

inside X̌ = Gr3((C
5)∗). While Wq is a regular function on X̌◦, its equivariant

versions depend on the ‘equivariant parameters’ xi and are multi-valued if these
are non-zero, but the derivatives are still regular. The parameters deformingWq to
its equivariant versions have their interpretation in the A-model as the generators
of H∗

T (pt) = C[x1, x2, x3, x4, x5], where T is the maximal torus of GL5(C) acting
on X = Gr2(C

5).
Note that the domain X̌◦ is the complement of an anti-canonical divisor in

X̌, and we can choose a non-vanishing holomorphic volume form ω on X̌◦. We
have thus defined what we consider to be the equivariant ‘mirror data’ to the

Grassmannian X = Gr2(C
5), namely (X̌◦,W eq

q , ω) (or (X̌◦, W̃ eq
q , ω)). We call X

the A-model and the mirror the B-model or LG model associated to X .
The remainder of the talk was about what properties this mirror LG model

enjoys. The first result is the comparison theorem in [4], which states that W̃ eq
q

is isomorphic to the Lie-theoretic equivariant superpotential from [5]. As a conse-
quence the Jacobi ring of Wq recovers the quantum cohomology ring of the Grass-

mannian X , and similarly the Jacobi rings of W eq
q and W̃ eq

q , which agree, recover
the equivariant quantum cohomology ring, by the analogous results from [5].

In order to state our main theorem [4] we take aD-modules perspective. Namely
consider the ring of differential operators

D = C[q±1, z±1, x1, . . . , x5]〈∂q, z∂z +
∑

xi∂xi〉.

We have on the B-side a module for D, intuitively given by considering holomor-

phic top forms on X̌◦ taking the shape e
1
zW

eq
q η where η is algebraic, modulo closed

forms, d(e
1
zW

eq
q ν). Equivalently let Ωm

X̌◦
:= Ωm(X̌◦)⊗C C[q±1, z±1, x1, . . . , x5] and

consider

GW eq
q := Ω6

X̌◦
/(d+

1

z
dW eq

q ∧ )Ω5
X̌◦

with its natural D-module structure:

∂q[η] =
1

z
[
∂

∂q
W eq

q η], (z∂z +
∑

xi∂xi)[η] = −
1

z
[Wqη].
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This is the Gauß-Manin system on the B-model side. It has a C[q±1, z±1, x1, . . . ,
x5]-submodule HB spanned by the classes [pλω], where pλ runs over the Plücker
coordinates of X̌.

The main theorem says thatHB is also aD-submodule, and that it is isomorphic
to a D-module HA defined on the A-model side via an equivariant Dubrovin-
Givental connection. The A-model D-module, HA, and the isomorphism are as
follows, in the example X = Gr2(C

n). Let pXij denote the Plücker coordinates on
X , and let

σ∅, σ , σ , σ , σ , σ , σ , σ , σ , σ

be the Schubert basis of H∗
T (X) made up of fundamental classes of the B+-

invariant Schubert varieties Xλ in X , where B+ is the upper-triangular subgroup
of GL5(C). Then HA := H∗

T (X)⊗C C[q±1, z±1] with D-module structure defined
by

q∂q(σ) =
1

z
[X̃ ]T ⋆q,x σ,

(z∂z +
∑

xi∂xi)(σ) =
deg(σ)

2
σ − 1

z
[Xac]T ⋆q,x σ,

for σ ∈ H∗
T (X). Here ⋆q,x refers to the equivariant quantum product, X̃ :=

{pX12 = 0} is the ‘opposite’ hyperplane to X = {pX45 = 0}, and Xac is the T -
invariant anti-canonical divisor defined by

Xac := {pX12 = 0} ∪ {pX23 = 0} ∪ {pX34 = 0} ∪ {pX45 = 0} ∪ {pX15 = 0}.
The theorem says that the assignment

σλ 7→ [pλω]

defines an isomorphism of D-modules from HA to HB.

We note that in the B-model we could replace W eq
q by W̃ eq

q . In that case the

theorem holds again, only with the class [X̃ ]T in the definition of the action of
q∂q on HA replaced by the equivariant first Chern class cT1 (O(1)). Finally, we

conjecture that HB = GW eq
q .
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Orbifold equivalence

Ana Ros Camacho

(joint work with Nils Carqueville and Ingo Runkel)

In this talk we described a particular tool which one can use to relate potentials
of Landau-Ginzburg models for the Calabi-Yau case: orbifold equivalence. This
equivalence relation between potentials was first described by Carqueville and
Runkel within the framework of 2d TFTs with defects [5], and has been used in
particular to prove predictions from the Landau-Ginzburg/conformal field theory
correspondence [4, 7].

Matrix factorizations can be elegantly embedded into a bicategory where the
objects are potentials of Landau-Ginzburg models and 1- and 2-morphisms are
categories of matrix factorizations. This bicategory has adjoints and one can
describe the evaluation and coevaluation maps in terms of Atiyah classes and
homological perturbation (we refer to [3] for further details). In particular, this
allows us to have a very explicit description of the quantum dimensions associated
to a matrix factorization, which are defined as follows. Let V (x), W (y) ∈ Pk,
where x = x1, . . . , xm and y = y1, . . . , yn. Let

(
M,dM

)
be a matrix factorization

of W −V . The left and right quantum dimensions associated to M are defined as:

qdiml (M) = (−1)(
m+1

2 ) Res

[
str
(
∂x1

dM . . . ∂xmdM∂y1
dM . . . ∂ynd

M
)
dy

∂y1
W, . . . , ∂ynW

]

qdimr (M) = (−1)(
n+1

2 ) Res

[
str
(
∂x1

dM . . . ∂xmdM∂y1
dM . . . ∂ynd

M
)
dx

∂x1
V, . . . , ∂xmV

]

Quantum dimensions are a crucial ingredient in the orbifold equivalence. Given
two potentials V and W as above, we say that V and W are orbifold equivalent
(V ∼orb W ) if there exists a finite-rank matrix factorization of W − V whose left
and right quantum dimensions are non-zero [4, 5].

The first examples of orbifold equivalent potentials were found in [4], where
jointly with N. Carqueville and I. Runkel we related potentials described by simple
singularities (which fall into an ADE classification) via orbifold equivalence.

Theorem 1. [4] The orbifold equivalence classes of the potentials given by simple
singularities are:

{WAd−1} for d odd
{WAd−1 ,WDd/2+1} for d even , 6= 12, 18, 30
{WA11 ,WD7 ,WE6}
{WA17 ,WD10 ,WE7}
{WA29 ,WD16 ,WE8}

A similar result seems to hold for strangely dual unimodular exceptional sin-
gularities (recently partly proven by the author but also simultaneously and inde-
pendently by Recknagel et al [9]):
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Conjecture 2. Q10 ∼orb K14, Q11 ∼orb Z13, S11 ∼orb W13 and Z11 ∼orb K13,
where Q10, K14, Q11, Z13, S11, W13, Z11 and K13 are the exceptional unimodular
singularities from Arnold’s classification [1].

These pairs of potentials are at the same time related by mirror symmetry for
singularities as proven by Ebeling and Takahashi [6]. Also, some of these pairs of
potentials are Berglund-Hübsch transposes one of each other (a construction which
allows us to find Calabi-Yau mirror pairs of manifolds [2]), which also suggests that
orbifold equivalence has a deeper connection to mirror symmetry than it initially
seems -this shall be a future direction of research.
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Canonical coordinates in toric degenerations

Helge Ruddat

(joint work with Bernd Siebert)

Starting with combinatorial degeneration data, Gross and Siebert found a canoni-
cal formal smoothing of the associated degenerate Calabi-Yau space. In joint work
with Siebert, I compute certain period integrals for these families and show that
the mirror map is trivial. In other words, the canonical coordinate of Gross-Siebert
is a canonical coordinate in the sense of Hodge theory as defined by Morrison. As
a consequence, the formal families given by Gross-Siebert lift to analytic families.
We introduce tropical 1-cycles that live in the intersection complex of the degener-
ate Calabi-Yau. To each such we associate an ordinary n-cycle in the nearby fibre.
Its period has a simple log pole. We show that such cycles generate the dual of the
tangent space to the Calabi-Yau moduli space, hence giving a complete system of
coordinates.



1238 Oberwolfach Report 22/2015

References

[1] H. Ruddat and B. Siebert, Canonical coordinates in toric degenerations, arXiv:1409.4750
[math.AG].

Topological strings, Hodge theory and a new Lie algebra

Emanuel Scheidegger

(joint work with Murad Alim, Hossein Movasati, Shing-Tung Yau)

For a smooth quasi-projective Calabi–Yau 3-fold X , topological string theory pro-

vides us with a sequence of functions F
(g)
X (t, t̄), g ∈ N on the parameter space of

complexified Kähler structures on X : M = {ω + iB |ω ∈ K(X) ⊂ H1,1(X), B ∈
Ω2

cl(X,R/Z)} such that the “holomorphic limit” limt̄→∞ F
(g)
X (t, t̄) yields the gener-

ating functions of Gromov–Witten invariants on X [1]. In physics, these functions
are determined in terms of a path integral, while mathematically, a satisfactory
definition is still lacking. The goal therefore is to give such a definition and to
compute these functions. To achieve this, we consider two of their main prop-
erties: The t̄ dependence is completely determined by a set of recursive (in g)
differential equations (w.r.t. t̄), called holomorphic anomaly equations [1]. More-

over, the F
(g)
X (t, t̄) are expected to be quasiautomorphic forms for a subgroup

Γ ⊂ Sp(2h+ 2,Z), h = h1,1(X) [2].
At present, the origin of the latter property in the A–model is unclear, hence we

apply mirror symmetry in order to turn to the B–model where we study the vari-
ation of polarized Hodge structures on the mirror family of Calabi–Yau threefolds
X∨. In this context, M is identified with the moduli space of this family, and Γ
is the monodromy group of the corresponding Gauss–Manin connection ∇. The
fact that for Hodge structures of Calabi–Yau threefolds, the corresponding period
domain is not hermitian symmetric prevents the application of the classical theory
to obtain automorphic functions. In order to circumvent this issue, one can take
a new point of view on Hodge theory advocated by Hossein Movasati [3, 4, 5, 6].
He constructs an analytic variety T together with an action of an algebraic group
G such that T /G is the moduli space of Hodge structures of fixed type. Then he
constructs functions on T which are automorphic with respect to G.

Consider for simplicity the case of elliptic curves where Γ = SL(2,Z) and the
quasiautomorphic functions become quasimodular forms. The ring of quasimod-
ular forms is generated by the Eisenstein series E2, E4, E6 and the Ramanujan
identities

DE2 = 1
12 (E

2
2 − E4), DE4 = 1

3 (E2E4 − E6), DE6 = 1
2 (E2E6 − E2

4),

imply that it closed under derivations D = 2πi d
dτ . The idea is now to consider

enhanced varieties which are tuples (X,ω) where X is a variety, together with a
choice of an isomorphism (Hm(X), F •, Q) ∼= (V0, F

•
0 , Q0) of the polarized Hodge

filtration of X to a fixed polarized Hodge filtration on an abstract vector space
V0. Let T be the moduli space of enhanced elliptic curves. It can be shown to be
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a quasiaffine variety T = Spec(C[t1, t2, t3]) \ {t32 − 27t23 = 0}. It carries an action

of the group G =
{(

k k′

0 k−1

)}
⊂ SL(2,C). There is a natural embedding i : H →֒ T

such that the pullback of OT yields the algebra of quasimodular forms, given by
ti = aiE2i, for some fixed constants ai ∈ C. The Ramanujan identities can be
expressed in terms of a vector field R0 ∈ Der(OT ) such that (the transpose of)
the matrix AT

R0
of its composition with the Gauss–Manin connection does not lie

in Lie(G), i.e. AT
R0

= (0 1
0 0). Moreover, for each element ξ in Lie(G) there is a

unique vector field Rξ ∈ Der(OT ) such that ARξ
= ξT . The set of vector fields

{R0, Rξ | ξ ∈ Lie(G)} forms a Lie algebra isomorphic to sl2(C).
Hossein Movasati has applied this construction of T and G to Calabi–Yau three-

folds, in particular the mirror quintic family, as well [4, 6]. There is a natural
embedding of a neighborhood of the point of maximal unipotent monodromy in
M into T such that in the pullback of OT there is an automorphic function whose
Fourier coefficients yield the Gromov–Witten invariants. On the other hand,
this structure has also been uncovered in the context of topological string the-
ory. The analogue of the Eisenstein series are the so-called propagators Sij , Si, S,
i = 1, . . . , h, of topological string theory [1, 2]. In [7] it was observed that the

functions F
(g)
X (t, t̄) can be expressed in terms of polynomials in these propagators.

Furthermore, in [8] the analog of the Ramanujan identities for Sij , Si, S has been
derived, and the holomorphic anomaly equation has been reformulated as a dif-
ferential equation in the propagators. In fact, one can show [9] that in the case of
certain mirror families of noncompact Calabi–Yau threefolds given as conic bun-
dles over elliptic curves, their moduli space is isomorphic to a modular curve H/Γ
for a congruence subgroup Γ ⊂ SL(2,Z), and the equations of [8] for Sij , Si, S
can be identified with the Ramanujan identities for the congruence subgroup Γ.
Furthermore in [9], a local description of T was given in terms of Sij , Si, S and
quantities derived from the Weil–Petersson metric onM.

We have combined these two points of view in [10] and found the following
structure. For Calabi–Yau threefolds G is the group of upper triangular linear
transformations of V0 preserving the symplectic formQ0, i.e. a subgroup of Sp(2h+
2,C). As in the case of elliptic curves, for each element ξ in Lie(G) there is a
unique vector field Rξ ∈ Der(OT ) such that ARξ

= ξT . Furthermore, there are
unique vector fields Rk in Der(OT ) and unique holomorphic functions Yijk on T ,
i, j, k = 1, . . . , h, symmetric in i, j, k such that

ARk
=




0 δkj 0 0
0 0 Yijk 0
0 0 0 δki
0 0 0 0




These vector fields correspond to the analog of the Ramanujan identities for
Sij , Si, S described in [8]. The restrictions of the functions Yijk from T to M
yields the Yukawa couplings

∫
X∨ Ω∧∇i∇j∇kΩ. The interesting feature is that the

set of these vector fields {Ri, Rξ | i = 1, . . . , h, ξ ∈ Lie(G)} forms a non-constant
Lie algebra whose structure constants depend on the functions Yijk. This is in
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clear distinction to the case of elliptic curves. The meaning of this Lie algebra has
to be further investigated.
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A noncommutative look at the Gauß-Manin systems associated with
singularities and functions

Dmytro Shklyarov

The Gauß-Manin systems

Let f be either a holomorphic function germ (Cn, 0) → (C, 0) with an isolated
critical point or a regular function on a smooth complex quasi-projective variety
X . In both cases one may consider the twisted de Rham complex (Ω∗[τ ], d − τdf)
where Ω∗ stands either for germs of holomorphic forms on (Cn, 0) or algebraic forms
on X . Every term of the complex is a module over the Weyl algebra C[t]〈∂t〉:

∂t(ωτ
k) := ωτk+1, t(ωτk) := fωτk − kωτk−1.

This action is compatible with the twisted de Rham differentials and as a result the
(hyper)cohomology groups Mi(f) of the complex inherit C[t]〈∂t〉-module structures
(in the local case it extends to a C{t}〈∂t〉-module structure). TheD-module Mi(f)
is called the ith Gauß-Manin (GM) system of f . It is convenient to apply the
Laplace transform ∂t 7→ τ , t 7→ −∂τ since the τ - and the ∂τ -actions on Ω∗[τ ] have
an especially simple form: τ acts by multiplication and ∂τ acts as a connection
∂τ = ∂

∂τ − f .
In the local case the only interesting cohomology group is Mn(f). Also, for

τ ∈ C the local twisted de Rham cohomology is trivial. This suggests that not
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much information will be lost if we stay in the formal neighborhood of τ =∞. The

formal completion of the GM system is defined by M̂n(f) := Hn(Ω∗((τ−1)), d−τdf).
This is a vector space over C((τ−1)) endowed with a meromorphic connection
∂τ−1 = −τ2∂τ . In fact, nothing will change if Ω∗ is replaced in the last definition by

the formal germs of differential forms Ω̂∗. Thus, (M̂n(f), ∂τ−1) is a pure algebraic
object which captures essentially the same amount of information as its analytic

counterpart. In the global case the definition of M̂i(f) makes sense as well. These
are interesting formal meromorphic connections but in general they do not capture
the same information as the algebraic GM system [4].

The goal of the talk was to discuss two different noncommutative generalizations

of the GM systems: the first one generalizes the formal connections M̂i(f) of local
singularities and the second one generalizes the algebraic GM systems Mi(f) of
regular functions.

Formal connections associated with differential Z/2-graded
categories

Associated with any C-linear differential Z/2-graded (dgZ/2) category C is its pe-
riodic cyclic homology HP∗(C). It is the cohomology of a functorial Z/2-graded
complex (C∗(C)((u)), b + uB) where (C∗(C), b) is the Hochschild complex, u is a
formal variable, and B is the cyclic differential. It was observed in [1, 2, 3] that
HP∗(C) carries a functorial connection ∂ C

u . It is the pair (HP∗(C), ∂ C
u ) that gener-

alizes the formal GM connection of a function germ.

Namely, associated with the local singularity f is a dgZ/2 category MFf of
the so-called matrix factorizations of f : Its objects are Z/2-graded free finite rank

ÔCn,0-modules E = Eeven ⊕ Eodd endowed with an odd endomorphism QE such
that Q2

E = f · idE.

Theorem. [5] There are isomorphisms of connections

(HP∗(MFf ) , ∂
MFf
u )

u=τ−1

≃ (M̂n(f) , ∂τ−1 − n

2τ−1
)

(the subscript ∗ in the left-hand side is “even” if n is even and “odd” if n is odd).

This result implies, for example, that the Milnor monodromy transformation
associated with f can be extracted (up to a sign) fromMFf .

GM systems associated with differential Z-graded categories over

C[t].

Let us switch now to the setting of differential Z-graded (dgZ) categories over

the algebra C[t]. Such a category is nothing more than a C-linear dgZ category
C endowed with a degree 0 natural endomorphism t of the identity endofunctor.
With any such pair (C, t) one can associate a twisted version of the periodic cyclic
homology. Namely, we start with the usual cyclic complex (C∗(C)((u)), b + uB)
(C∗(C) is Z-graded now and u has degree 2; this variable plays only an auxiliary
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role in the construction). The element t gives rise to an additional degree −1
differential “dt” on C∗(C), analogous to the operator of wedge multiplication with
df in the geometric case. In the special case C := A, where A is an associative
algebra, the new operator is defined by

“dt”(a0 ⊗ a1 ⊗ . . .⊗ al) =
∑

i

(−1)i−1a0 ⊗ . . .⊗ ai ⊗ t⊗ . . .⊗ al.

The twisted cyclic complex is then the complex (C∗(C)[τ ]((u)) , b+ u(B+ τ“dt”)).
Its components turn out to carry C[τ ]〈∂τ 〉-module structures compatible with the
differential: τ acts by multiplication and ∂τ acts as a connection ∂τ = ∂

∂τ − “t”
where “t” is an analog of the operator of multiplication with f . In the above
special case C := A

“t” (a0 ⊗ a1 ⊗ ..⊗ al) = ta0 ⊗ a1 ⊗ ..⊗ al +

+ u

l+1∑

i=1

l+2∑

j=i+1

(−1)i+11⊗ σj(a0 ⊗ ..⊗ ai−1 ⊗ t⊗ ai ⊗ ..⊗ al)

where σ is the cyclic permutation. Thus, the cohomology groups HP∗(C, t) of the
above complex inherit C[τ ]〈∂τ 〉-module structures. Since HP∗(C, t)

u·≃ HP∗+2(C, t),
it makes sense to view the subscript ∗ as taking the values “even/odd” only.

The Z/2-graded C[τ ]〈∂τ 〉-module HP∗(C, t) might be called the GM system of
(C, t). This turns out to be more than a mere analogy. With every pair (X, f),
where X is a quasi-projective variety and f is a function on it, one can associate
the following dgZ category over C[t]: the underlying C-linear dgZ category is the
category1 Perf(X) of perfect complexes on X and the t-action is given by the
component-wise multiplication of a complex with f .

Theorem. [6] For a smooth X one has isomorphisms of C[τ ]〈∂τ 〉-modules

HPeven/odd(Perf(X), f) ≃
⊕

i even/odd

Mi(f).

This theorem implies, for example, that if (X1, f1) and (X2, f2) are relative
Fourier-Mukai (FM) partners – i. e. if there exists a FM equivalence between the
bounded derived categories of coherent sheaves Db(X1) and Db(X2) with kernel
in Db(X1×A1X2) – then the Z/2-graded GM systems of (X1, f1) and (X2, f2) are
isomorphic. Let us mention a potential application of this observation which falls
into the framework of the “Mckay correspondence” philosophy.

Let G ⊂ SLn(C) be a finite subgroup and X0 := Cn/G. Consider two crepant

resolutions X1
π1−→ X0

π2←− X2. It is expected (and in some cases known)
that there exists a FM equivalence between Db(X1) and Db(X2) with kernel in
Db(X1×X0

X2). When such an equivalence does exists, any regular function f0 on
X0 gives rise to relative FM partners (X1, f1) and (X2, f2) where fi := f0 ◦ πi. As

1To be precise, one has to consider the localization pair (Perf(X),Perf ac(X)) where Perf ac(X)
is the subcategory of acyclic complexes; cf. [6] for precise statements.
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a consequence, the Z/2-graded GM systems of “crepant resolutions” of the pair
(X0, f0) are all isomorphic to each other.
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Geometric Langlands correspondence and congruence differential
equations

Duco van Straten

(joint work with Vasily Golyshev and Anton Mellit)

In the talk I reported on a new computational approach to identify some simple
motivic local systems and associated differential equations. The main idea is to
apply the geometric Langlands correspondence and use the idea of congruence
sheaves to glue data in finite characteristic to characteristic zero and a multipli-
cation theorem to pin down the accessory parameter.

§1. The local systems in question are most easily described in terms of rational
elliptic surfaces f : X −→ P1 with four singular fibres with singular fibres of
Kodaira-type In. As is well known [1], there are 6 such surfaces, which, due to
isogenies, give rise to four distinct motivic local systems of first cohomologies L
on P1 \ Σ, where Σ consists of four points, around which the local monodromy is
unipotent.

The characteristic zero information contained in L consists of a monodromy
representation underlying a variation of Hodge structures, which is conveniently
encoded in the corresponding Picard-Fuchs equations, which for general reasons
are of Heun-type and have the form

P := θ2 + t(αθ2 + αθ + λ) + βt2(θ + 1)2

where θ := t∂/∂t. Such an operator depends, up to scaling of the parameter
t, on two parameters: the j-invariant of the four points Σ and λ, the accessory
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parameter. There is a unique normalised power series solution of Pφ(t) = 0 around
0:

φ(t) = 1 + a1t+ a2t
2 + . . .

that we call the period function. The I5, I1, I1, I5 surface is in fact the elliptic
modular surface X1(5), the Picard-Fuchs operator is

θ2 − t(11θ2 + 11θ + 3)− t2(θ + 1)2

and its period φ(t) = 1 + 3t+ 19t2 + 147t3 + . . . has the Apéry numbers

an =
∑

k

(
n

k

)2(
n+ k

k

)

as coefficients. The characteristic p information arises from reduction mod p of
the geometrical data. For each case one obtains a ℓ-adic local systems Lp, whose
information is encoded in the trace function: if x : Spec(k) −→ P1 is a point then

Tr : x 7→ trace(Frobp,x : x∗(Lp) −→ x∗(Lp))

is the Frobenius trace at x, and determines the number of points in the fibre over
of the elliptic surface over x. Of course, there are strong and mysterious relations
between characteristic 0 and p data.

§2. The classical way to obtain these data would consist of first finding a good
geometrical model, maybe write equations and compute, say with the Griffiths-
Dwork method, the operator, then count points, etc. Here we aim at constructing
these local systems without using any geometrical input like elliptic surfaces. In our
new approach, we obtain these data simultaneously and find the above mentioned
Apéry operator using only the number 5 as input.

One motivation for wanting to do this comes from the attempt to classify Fano-
manifolds using mirror symmetry. One wishes to characterize the regularized
quantum differential systems on P1 that arise from Fano-manifolds. The operators
discussed here are related by mirror symmetry to del Pezzo surfaces, and in [4]
the third order operators corresponding to Fano-3-folds were identified. But at
present no complete classification of Fano 4-folds is known. So for example the
problem of finding all fourth operators with four singular points ’like’

θ4 − t(65θ4 + 130θ3 + 105θ2 + 40θ + 6) + 43t2(θ +
1

4
)(θ + 1)2(θ +

3

4
)

is very relevant, as that operator is the regularized quantum differential equation
a certain Fano-4-fold (linear section of the Grassmannian G(3, 6)). This problem
is certainly more complicated, but maybe not impossibly more so than that of
second order operators.

§3. The Langlands correspondence relates Galois-representations to automor-
phic data and by it, Frobenius eigenvalues on the Galois side get related to Hecke-
eigenvalues on the automorphic side. In the number field case this is prominently
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exemplified by the theorem of Wiles, in which the 2-dimensional Gal(Q/Q)-
representations coming from first cohomology of an elliptic curve over Q corre-
spond to a weight 2 Hecke-eigenforms f =

∑
anq

n for some congruence subgroup
of SL2(Z); if ap = Tr(Fp), then Tpf = apf , where Tp is the Hecke-operator at
p. This is most useful, as explicit models of the Hecke-algebra can be used to
compile tables of Hecke-eigenforms. In the function field case one considers curves
C over a finite field k and the ℓ-adic Galois-representations of the function field
k(C) are identified with ℓ-adic local systems on C and correspond on the automor-
phic side, by the work of Drinfeld (G = GL2) and Lafforgue (G = GLn), to
Hecke eigensheaves on the stack Bun of vector-bundles on C. For a more detailed
introductory overview we refer to [3]. Kontsevich [5] gave an explicit model
of the Hecke-algebra in the case where C = P1 \ Σ, Σ = four points and local
unipotent monodromies. We used the following adaptation of his set-up: we let
f = t3+at2+ ct+d ∈ Fp[t] a cubic polynomial and let Σ consist of the three roots
of f = 0, together with ∞. We put

P (x, y, z) := (b− xy − yz − xz)2 − 4(xyz + c)(x+ y + z + a) .

For three point x, y, z ∈ P1(Fp) one defines a number Hxyz by putting

Hxyz = 2−#{w ∈ Fp | w2 = P (x, y, z)}+ correction term .

Our automorphic set will be the vector space Ap := Map(P1(Fp),C) of complex
valued functions on the projective line P1 over Fp. (In theory, one would also have
to consider points in extension fields Fq ⊃ Fp, but we will not need this here).

Elements of Ap are identified with size p+ 1 vectors

v = (vx, x ∈ P1(Fp)) .

For a point x ∈ P1(Fp) we define a Hecke-operatorHx acting in Ap by the formula

Hxv :=
∑

z

Hxyzvz

and let Hp be the Hecke-algebra generated by them. The miracle is:

[Hx, Hy] = 0, for x, y ∈ P1(Fp \ Σ)

According to [5], the theorem of Drinfeld leads to a bijection between ℓ-adic
sheaves on P1\Σ over Fp (with unipotent monodromy around Σ) and (non-trivial)
common rational eigenvectors of Hp on Ap. In the correspondence, a local system
Lp is mapped to its trace function:

Lp ←→ v = (Tr(Frobp,x), x ∈ P1(Fp))

Note that the Hecke-eigenvector equation Hxv = vxv, (i.e. the analog of eigenform
equation Tpf = apf) reads in full:

∑

z

Hxyzvz = vxvy
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§4. The program now is simple: run over all primes p = 2, 3, 5, 7, . . . and all (up
to affine transformation) f = t3+at2+bt+c ∈ Fp[t], compute all rational eigenvec-
tors of the Hecke-algebra Hp on Ap. The result is that apart from a trivial constant
eigenvector, there are experimentally, for each p only very few rational eigenvec-
tors. An example is for p = 7, f = t3 +3t+3 the vector [−2, 8,−2, 3, 3,−2,−2, 8].
The glueing problem arises, when one wishes to relate Hecke eigenvectors for dif-
ferent primes. One has to recognize those vectors that belong to the same motivic
local system in characteristic zero. For this we used the following ad hoc method:
we say that vector v is an N -congruence vector if the congruence

1 + p− vx ≡ 0 mod N

holds for all x ∈ P1(Fp) \ Σ. The experimental result is surprising: all rational
eigenvectors do have a non-trivial congruence level N . One never finds vectors
with 7, 10, 11, 12, . . . congruences; only 3, 4, 5, 6, 8, 9 congruences appear. In fact,
one finds for each prime ≥ 5 (and 6= 11, 31) a single 5-congruence vector, for p = 7
it was shown above. One now ’chases the 5-congruence vector’, and compute for
each p the corresponding j-invariant of the four points. The result is

p 7 11 13 17 19 . . . 59 . . .
j 4 1 4 1 15 . . . 44 . . .

Now look for a rational number j of small height giving these reductions; we find

j =
214313

53

which is indeed the right j for Apéry’s operator.

§5. Congruence glueing of eigenvectors basically enables us to determine the
position of the points Σ. The determination of the accessory parameter depends
on a different property of the local system, namely the Multiplication theorem:
The normalised solution φ(t) = 1+ a1t+ . . . to the general Heun equation satisfies
the following relation

φ(x)φ(y) =
1

2πi

∮
K(x, y, z)φ(z)

dz

z

where the kernel is given by

K(x, y, z) =
1√

P (x, y, z)
.

Note that this is the Archimedean analog of the Hecke-eigenvector equation

vxvy =
∑

z

Hxyzvz !

The appearance of the same polynomial P (x, y, z) in both expressions is very
striking. In order to link these results, we restrict the Hecke-eigenvectors to the
space A′ of functions on A1(Fp) and have to incorporate the change of base from
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the point basis δx, x ∈ A1(Fp) to the power-basis tk, k = 0, . . . , p− 1. In terms of
the corresponding map F (’Fourier-transformation’) one has the following result

F(φ(x) mod p) = Tr(Frobp,x) mod p

or ∑

j

ijaj = vp−1−i .

This means that the solution φ(t) ∈ Z[[t]], taken mod p, is Fourier-transform of
the Hecke-eigenvector. Conversely, using the Chinese remainder theorem, we find
from the inverse Fourier transformed Hecke-eigenvectors the solution φ(t) and thus
the accessory parameter.
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Euler–Koszul homology

Uli Walther

A power series f(x) =
∑∞

i=0 aix
i is hypergeometric if the quotient ai+1/ai of

consecutive coefficients is a rational function in the index i. This includes the
exponential function; Airy and Bessel functions; Jacobi, Legendre and Chebyshev
polynomials; and indeed most “special functions”.

Significant advances on hypergeometric functions are due to Euler, Gauß, Kum-
mer [18] and Schwarz [30], who basically established the origins of variations of
Hodge structures via elliptic integrals of the first and second kind of Riemann.
More generally, the (hypergeometric) Picard–Fuchs equations govern the varia-
tion of Hodge structures on all Calabi–Yau toric hypersurfaces [10]. Solutions of
hypergeometric systems also appear as toric residues and as generating functions
for intersection numbers on moduli spaces of curves [15], as well as in many other
places with natural recursions.

The most successful approach to-date for multi-variate hypergeometric systems
is the A-hypergeometric view initiated by Gelfand, Graev, Kapranov and Zelevin-
sky, see for example [12, 13, 14]. The Euler–Koszul complex is a method to study
A-hypergeometric systems in the context of an entire family of generalized hy-
pergeometric systems. While its roots are in the works of Gelfand and his col-
laborators, the powerful categorical formulation as a functor on the class of toric
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modules is due to [21]. This talk gave an introduction to the methods and possible
applications of the Euler–Koszul functor.

Let A be an integer d× n matrix with columns a1, . . . , an. Let RA (resp. OA)
be the polynomial ring over C generated by the variables ∂j (resp. xj) correspond-
ing to the columns aj of A. Further, let DA be the ring of C-linear differential

operators on OA, identifying
∂

∂xj
with ∂j . Both RA and OA are subrings of DA.

The convex hull R+A of the rays in Rd emanating from zero through the ai is a
rational polyhedral cone. Its faces τ are in correspondence with certain subcollec-
tions of A arising as A∩τ . Denote by NA the semigroup generated by {0}∪A ⊆ Zd,
and by ZA the corresponding group.

For β ∈ Cd let HA(β) be the system of homogeneity equations

{Ei • φ = βi · φ | i = 1, . . . , d}
(Ei is the i-th Euler operator

∑n
j=1 ai,jxj∂j), together with the toric equations

{✷v • φ = 0 | ✷v = ∂v+ − ∂v− , v ∈ Zn, A · v = 0}.
The matrix A induces a natural action A : (C∗)d × Cn → Cn. Acting on

(1, . . . , 1) ∈ Cn induces a morphism from (C∗)d to Cn, which is an isomorphism
onto the image whenever Zd = ZA. The closure XA of the image (in either the
Zariski or the classical topology) is the algebraic variety defined by the RA-ideal
IA generated by all ✷v.

Note that xuEi − Eix
u = −(A · u)ixu and ∂uEi − Ei∂

u = (A · u)i∂u. Then

− degA(xj) = aj = degA(∂j).

is a degree function degA = (deg1, . . . , degd) on DA with values in ZA. The ZA-
graded prime ideals containing IA are in one-to-one correspondence with the faces
of the cone R+A via

τ ❀ IτA := IA +DA · {∂i | ai 6∈ τ}.
If N is A-graded an RA-module one defines commuting sets of DA-endomorphisms

Ei ◦ (P ⊗Q) := (Ei + degi(P ) + degi(Q))P ⊗Q

on the left DA-module DA⊗RA N . The Euler–Koszul complex K•(N ;β) of such N
is the (homological) Koszul complex induced by E−β := {Ei−βi}d1 on DA⊗RAN .
The Euler–Koszul homology modules H•(N, β) = H•(K•(RA/IA, β)) of N are left
DA-modules and H0(RA/IA;β) = DA/HA(β).

A major application of the Euler–Koszul complex is a concise understanding
of the rank-behavior of A-hypergeometric systems. The best results are obtained
from toric modules, the A-gradedRA-modules with a (finite) A-graded composition
chain 0 = N0 ⊆ N1 ⊆ N2 · · · ⊆ Nk = N where each Ni/Ni−1

∼= RA/I
τi
A up to

ZA-shift, for suitable faces τi. By [21], the Euler–Koszul homology of every toric
module is holonomic; there is a generalization in [28].

The quasi-degrees qdegA(N) of a toric module N are the members of the Zariski
closure of degA(N) in ZA = Zd ⊆ Cd. If β 6∈ qdegA(N) then K•(N ;β) is exact,
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and from that one can show (see [21]) that for any A and generic β, the Euler–
Koszul complex K•(RA/IA, β) is a resolution of HA(β). Moreover, the rank of
HA(β) is for generic β the intersection multiplicity of the toric ideal with the
conormal conditions given by the (symbols of) the Euler relations, see [27].

For a fixed A, the A-hypergeometric system HA(β) has rank at least equal to
the simplicial volume Vol(A), [14, 1, 26]. It can happen that the rank exceeds the
volume. Such example was first observed in [32] and then for projective curves
discussed in detail in [9]. With the Euler–Koszul functor, it is possible to give a
concrete description of those β ∈ Cd that incur a rank jump.

The DX [b]-module obtained from HA(β) by replacing the number βj by the
variable bj in each generator Ei is a holonomic family in the sense of [21]. The
rank function is upper semi-continuous in holonomic families.

The exceptional arrangement of A is the Zariski closure of the degrees of non-
zero elements that witness the failure of IA to be Cohen–Macaulay,

EA = −
d−1⋃

i=0

qdegAExt
i
RA

(RA/IA, ωRA).

One can show [21] that the following are equivalent:

• β ∈ EA;
• Hi(RA/IA, β) is nonzero (and hence of positive rank) for some i > 0;
• the Koszul complex of b− β on H0(RA/IA[b];E − b) is not a resolution;
• β is a rank-jumping parameter: rkHA(β) > Vol(A).

There are several types of results related to the Euler–Koszul complex that we
could not discuss here. These include, among others: the size of rank jumps [5];
irreducibility [33, 25, 8, 29]; monodromy [2]; extensions to monomial and binomial
ideals [11] and [7]; behavior near irregular singularities [19, 27]; relations to Mellin–
Barnes integrals and amœbas, see [6]; Hodge structures on A-hypergeometric sys-
tems [3, 22, 23]; connections to mirror symmetry [24] as well as more classically
[4, 17, 16, 31] and [20] and its predecessors.
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175. Birkhäuser Boston, Boston, MA, 1998.

[17] A. B. Givental, Equivariant Gromov-Witten invariants, Internat. Math. Res. Notices (1996),
13, 613–663.
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