Mathematisches Forschungsinstitut Obemwolfach

Report No. 8/2016

DOI: 10.4171/0OWR/2016/8

Mini-Workshop: Mathematical Foundations of
Isogeometric Analysis

Organised by
Thomas J.R. Hughes, Austin
Bert Jsttler, Linz
Angela Kunoth, Keln
Bernd Simeon, Kaiserslautern

7 February { 13 February 2016

Abstract. Isogeometric Analysis (IgA) is a new paradigm which is desig ned
to merge two so far disjoint disciplines, namely, numerical  simulations for
partial di erential equations (PDEs) and applied geometry . Initiated by the

pioneering 2005 paper of one of us organizers (Hughes), this new concept
bridges the gap between classical nite element methods and computer aided
design concepts.

Traditional approaches are based on modeling complex geome tries by com-
puter aided design tools which then need to be converted to a ¢ omputational
mesh to allow for simulations of PDEs. This process has for de cades pre-
sented a severe bottleneck in performing e cient simulatio ns. For example,
for complex uid dynamics applications, the modeling of the  surface and the
mesh generation may take several weeks while the PDE simulat ions require
only a few hours.

On the other hand, simulation methods which exactly represe nt geometric
shapes in terms of the basis functions employed for the numer ical simulations
bridge the gap and allow from the beginning to eliminate geom etry errors.
This is accomplished by leaving traditional nite element a  pproaches behind
and employing instead more general basis functions such as B -Splines and
Non-Uniform Rational B-Splines (NURBS) for the PDE simulat ions as well.
The combined concept of Isogeometric Analysis (IgA) allows  for improved
convergence and smoothness properties of the PDE solutions and dramati-
cally faster overall simulations.

In the last few years, this new paradigm has revolutionized t he engineering
communities and triggered an enormous amount of simulation s and publica-
tions mainly in this eld. However, there are several profou nd theoretical
issues which have not been well understood and which are curr ently inves-
tigated by researchers in Numerical Analysis, Approximati on Theory and
Applied Geometry.
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Introduction by the Organisers

Isogeometric Analysis (IgA) is a new paradigm which has been mainly éablished
in the engineering sciences over the past eleven years. It mergesa so far disjoint
disciplines, namely, numerical simulations for partial di erential equations (PDES)
and applied geometry. This new concept was initiated by the pioneerig 2005
paper of one of us organizers (Hughes) and bridges the gap betare classical nite
element methods and computer aided geometric design concepts.

Traditional approaches to solve PDEs on complicated domains are bsed on
modeling complex geometries by computer aided geometric design ttso These
need to be converted to a computational mesh to allow for simulatios of PDEs.
This process has for many decades presented a severe bottleken performing
e cient simulations, even though computers have become more ananore powerful.
For example, for applications involving complex uid dynamics, the modeling of
the surface and the mesh generation (\by hand") may take seveal weeks while
the PDE simulations require only a few hours.

The main idea of Isogeometric Analysis which overcomes this bottlerek is the
following. For exactly representing geometric shapes, one typicallgmploys piece-
wise polynomials or rational functions as basis functions. If the sam functions
are used for the numerical simulations of the PDEs, one eliminates genetry er-
rors. The new paradigm consists of leaving traditional nite element approaches
behind and employing instead more general basis functions such as®plines and
Non-Uniform Rational B-Splines (NURBS) for the PDE simulations as well. The
combined concept of Isogeometric Analysis (IgA) allows for improvd convergence
and smoothness properties of the PDE solutions and dramatically fster overall
simulations.

In the last few years, this new paradigm has revolutionized the engieering
communities and triggered an enormous amount of simulations and phlications
mainly in this eld. However, there are several profound theoretical issues which
have not been well understood and which are currently investigate by researchers
in Numerical Analysis, Approximation Theory and Applied Geometry. T hese
problems rstly concern multiscale techniques for variational problems discretized
by B-splines and NURBS, namely,

multilevel solvers;

hierarchical spaces, adaptivity;

construction of non-tensor product functions;

error estimation, convergence and complexity estimates;
quadrature.

For example, the issue of constructing optimal preconditioners inépendent of
the polynomial degree of the basis functions is except for involvedwiliary space
methods a hot topic. A-posteriori error estimation and the possillity to develop
adaptive methods with respect to both the mesh and the polynomialdegree is not
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mathematically understood in the IgA framework. A bottleneck for computations
for variational formulations of PDEs even on uniform grids is currertly the set-up
of linear systems of equations which require highly e cient quadrature rules for
B-splines and NURBS.

A second thematic focus of the Mini-Workshop addressed the rece revival of
collocation methods, which provide signi cant advantages by employng higher or-
der B-Splines and NURBS in combination with an IgA framework. Thesemethods
have been popular some decades ago in the numerical PDE communityut have
then been essentially abandoned, due to a largely missing mathemastfoundation
with respect to, e.g., error estimates. They are still used in applicaibns, e.g., in
boundary element methods. Collocation methods are based on poirdgvaluations
of the PDE in strong form. In principle, this is a dramatic advantage over varia-
tional formulations which require e cient quadrature rules. Colloca tion schemes
also allow for quick evaluations of nonlinearities. These advantagesdve recently
triggered new and promising work in all elds of computational mechanics.

So far, an error analysis for collocation methods exists only for PDE on one-
dimensional domains or under very high smoothness assumptions oifie PDE
solution. For higher dimensions, the issue how to select the collocatio points
to derive corresponding estimates is not understood. This entailsHhat also a
convergence and complexity theory is not yet available.

The goal of the Mini{Workshop Mathematical Foundations of Isogeometric
Analysis organised by Thomas J.R. Hughes (Austin), Bert Jsttler (Linz), A ngela
Kunoth (Keln) and Bernd Simeon (Kaiserslautern) was to bring tog ether some
leading scientists from IgA and the mathematically relevant elds. We wanted
to start with brainstorming in an atmosphere of a small workshop with not too
many participants who are a nice blend of researchers with various dckgrounds.
The Mini-Workshop was well attended with 17 participants with broad geographic
representation.

The participants were experts who are strong in approximation theory (Lyche,
Oswald), numerical analysis and multiscale methods (Demlow, Kunoth Langer,
Mantza aris, Sangalli, Simeon), applied geometry and geometric degn (Har-
brecht, Jsttler, Manni, Mourrain, Peters) together with resea rchers in the en-
gineering sciences with a strong mathematical background in modelgy and nu-
merics (Evans, Hughes, Reali). In addition, a young Bachelor studet (Akpinar)
presented promising rst results for approximations of high-dimensional integrals.

Acknowledgement:The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, \US Junior Oberwolfat Fellows".
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Abstracts

Numerical Integration: Quasi-Monte-Carlo Methods for Int egrands in
Besov Spaces with Dominating Mixed Smoothness

Nur Sema Akpinar
(joint work with Angela Kunoth and Tino Ullrich)

The eld of Quasi-Monte-Carlo methods for functions from spaceswith charac-

teristic smoothness, speci cally, Besov spaces with dominating mixé smoothness,
has gained more and more attention over the last few years. | staed studying

this topic in preparation for my bachelor thesis [1] (supervised by Amgela Kunoth)

based on the recent paper [6]. The problem is to construct cubatuwe formulae for
integrals in d space dimensions, 7

(1) [(f):= f (x)dx;
A

whereA RY%andf : A! Risagiven multivariate function. Prominent examples
stem from nancial mathematics where d = 360 occurs from certain nancial
instruments over a period of thirty years, or solving partial di ere ntial equations
with stochastic/parametric coe cients by means of Galerkin-type schemes for the
parameters (see the abstract by Angela Kunoth).

Typical approximations are based on quadrature rules of the form

1 X
) In(F):= i f(xi)
Xi2 X

with pre-determined points x; from a point set X A with cardinality N and
some given weights ;. Classical integration formulae like Newton-Cotes' rules
which are based on approximating the integrand by polynomials of degger 1
in every space dimension yield for “'smooth' integrands with a total ofN cubature
points an error

®3) iy Ny N

i.e., the error can be bounded by a constant depending on the smolohess off
times N "=¢. This detereorating rate asd tends to in nity is commonly called the
\curse of dimensions". A simple remedy is to employ instead Monte-Cdo methods
which yield (in expectation) an error of order N 12 independent of the dimension
d by evaluating the integrand at N randomly chosen points. This approach works
for any integrand that allows for point evaluations. Due to its simplicity, it is
widely used for many practioneers in Computational Physics or Cheristry. On
the other hand, this rate is often considered to be unacceptibly low speci cally
in the case of PDEs with possible countable in nite stochastic paraméers which
would require N evaluations of the PDE in each parameter to reach an error rate of
N 172 with respect to this parameter. In fact, one can reach with QuasiMonte-
Carlo methods faster convergence rates of the worst-case errover all possible
point sets X, for functions f belonging to a certain class with smoothness > 0,
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speci cally, the Besov space with dominating mixed smoothness de Bd by mixed
di erences of order 2. Functions in Besov spaces allow for isolatedirgyularities
and can, therefore, be considered as generalizations of standaBobolev spaces.
In order to de ne this space, we consider from now on the situationfrom [6]
where the integration areaA in (1) equals the two-dimensional torusT?, a subset of
the unit square [C; 17 where opposite sides are identi ed. We de ne for parameters
0 p;q 1 aBesovspacd], (T?) with smoothnessr on T2 which is embedded
in the Lebesgue spack ,(T?) such that its corresponding (quasi-)norm is bounded,
n 0
(4) Bhq(T?) = f 2Lp(T?): kfkgy (1)< 1 ;

where q plays the role of a * ne-tuning' parameter. There are numerous wgs to
de ne such norms. Here we choose the de nition in terms of the weilgted bivariate
Faber basis from [6] (or, in other terms, tensor products of the pecewise linear, con-
tinuous hierarchical basis known in the nite element community) which is as fol-
lows. SettingN ;= 1,0;1;::;,letD; ;== 0;:::; 2+ 1 0;:::; 22 1
and de ne the set of functions F2 := fvik Tj1j22 N 1,k = (kg;k2) 2 Djg with
Vi (X) = Vj, k. (X1)Vj,k, (X2): Each univariate function is de ned as a scaled “hat'
function (i.e., a continuous, piecewise linear function),

Vi (X)) = ' 2ji+'1 Xi 2 ik ; % 2 21:iki;21i|§i+2 j'i 1
Tk T gl 2 i 1) x ;o x 2 2 ik +2 00 L2 0k +1)

fori =1;2, and 0 elsewhere. Any functionf 2 C(T?) is one-periodic in each com-
ponent, and it is known (see, e.g., the references in [6]) that can be represented
as

X X 5
() f(x1ix2) = dii (F) vix (x15%2)
j2N2 1 k2D

with expansion coe cients consisting of point evaluations,

8
3 f(0;0) ifj=( 1, 1); k22z2

&2 (F) = G, (2 "k 0) if j = (ky; 1) j12 No; k 2 22

YTy g, 1052 2kg) it§=( Lk 22 No k2 22

Guj, f(2 11ke;2 I2ky) if j 2 N3; k2 2%

where ¢, ;G,;C,;j, are weighted second order di erence operators irxy; x> and
both xq;x» direction, respectively; see [6] for details. With this notion, we de ne
the Besov (quasi-)norm in (4) as

0 < 1,
Kiksy (1) = Kik 2+ @ 2019 _sup. Mt |
- e
0 j1=0 JLLES 1 -

p 3
1 2q m q
+ @ 2 ' SUp hz;2f Lp(T2)
j2=0 jhej 2 J2



Mini-Workshop: Mathematical Foundations of Isogeometric Analysis 349

0 114
O o
+ @ or(i1+j2)q sup mim ¢ A
L o hisho® (T2)
j1=0 j»=0 jhij 2 Jiji=1;2 p

form>r> 1=pwhere [, f denotesthemth order di erence operator applied
tof.
Consider now the case thatX is a Hammersley point set withN =2" number

of points. It was proved for the quadrature rule (2) with weights ; = 1 in [6] that
the error of the Quasi-Monte-Carlo method for functions in B}, (T?) decays as
(6) sup jI(f) In(f)i. N "(logN)*

ktkgp (r2) 1

forl p;q 1 andl=p<r< 2. Specically, for q= 1, the log-term disappears.
Thus, by employing Quasi-Monte-Carlo methods on certain determinstic point

sets, the convergence is substantially faster than in the case ohe classical Monte-
Carlo method. The proof of (6) is based on the fact that the specic form of the
Faber basis employed in (5) allows one to estimate the left hand side of3) in

terms of local contributions, i.e.,

_ XX
i) I ()= dixc (F) Vi
j2N? , k2D;

P R .

whereVix == N 10 o0 Vi (Xi) g2 Vi (X)dX;j 2 N? 1,k 2 Dy

Employing wavelet characterizations of Besov spaces as in [3], we caxtend
the estimate (6) to arbitrary space dimensionsd and arbitrary order r [2]. We will
further investigate quadrature rules on more general point setsso-called “digital
nets' to which the Hammersley type point sets belong as a special sa. Finally,
the periodic setting can be replaced by [01]¢ for which tensor products of the
biorthogonal spline-wavelets on [Q1] constructed as in [4, 5] can be employed.
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A Survey of Maximum-norm Estimates for Finite Element Metho ds
Alan Demlow

Maximum-norm error estimation for nite element methods has been an active
area of research since the 1970's. Our goal in this talk is to surveyhe current
state of research in the area, give a brief overview of technique®if proving such
estimates, and discuss extension of existing results to isogeomatmethods.

We consider the model problem

u="f in

with homogenous Dirichlet boundary conditions. In addition, let T, be a trian-
gulation of and S, HE() a standard Lagrange ( C°) nite element space of
polynomial degreer, and let u, 2 Sy, be the standard nite element approximation
to u. Let hy =diam T, T 2 Ty, and h = maxr2r, ht. We assume throughout
that Ty is shape regular, and for the time being thatT, is quasi-uniform. The
basic goal of maximum-norm error analysis is to prove the following opmal-order
error estimates:

1) (In1=h) *ku unk., ( *+hku unkw; () Ch”ljujwlm() :

Such estimates are contained in a large number of works by authorgcluding
Nitsche, Rannacher, Scott, Schatz, Wahlbin, and others; we do ot give precise
references as our goal is mostly to give an informal overview. It is enerally
assumed either that is a convex polyhedral domain in R? or R3, or that @ is
smooth in order to prove such results. Note also that the logarithmfactor above
is only present when estimating the error inL; (and not in W} ) and only for
piecewise linear elements. In this case it is however known to be nesasy [7]. In
addition to optimal-order error estimates, sharper stability estimates are also of
interest and known in many cases:

|(Uh|(|_1 O C(inl=h) |(U|(|_1 O kUhkwll O CkUkwll O -

Proofs of the above error and stability estimates are signi cantly more involved
than corresponding proofs of standard energy ot , error estimates. To under-
stand the di culty, recall that when proving error estimates in L, the rst step
is typically to represent the error by duality. That is, we write ku  upk_,() =
sup,z,() (U un;V). For suchv, we then solve  z = v. Along with standard

tools (Galerkin orthogonality, energy estimates, etc.), the H? regularity result

KzKy2(y Ckvk,,(y is a necessary part of the argument. This pathway does
not work as smoothly in L; , sincelL; is not dual to L; and the regularity re-
sult kzkwlz() Ck zk_,(y doesnot hold. Two complementary techniques have

been used to circumvent these di culties, one involving manipulation of weighted
norms and the other involving error representation using a regulaized Green's
function combined with local energy error estimates.

The steps needed to prove maximum-norm a priori error estimatesare now
well-established, and can be applied to Galerkin methods for which thealiscrete
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subspaces satisfy certain basic properties. These include local gg@ximation prop-

erties in a reasonable range of normsL(, and Wpl forl1 p 1 ), local inverse
estimates, and a superapproximation property [8] that largely follavs from ap-
proximation and inverse assumptions. Proof of these propertiesof variational

isogeometric methods appears to be a reasonable simple extensiohexisting es-
timates. On the other hand, isogeometric collocation methods havelso gained in
popularity. Here L; Sobolev norms are a natural setting for error analysis, but
the techniques used to prove estimates for Galerkin methods do nammediately

apply. Convergence proofs in such cases remain an open questioxcept in one
space dimension.

Residual-type a posteriori error estimates also have been proveid a number of
works beginning in the mid-1990's [9, 6, 1, 2, 3]. Lefy, now be shape-regular only.
ForT 2Ty, dene 1 (T)= h2kf + upky, (ry+hrkdr upkk, (@7, wheredr upK
is the jump in r u, across the element boundary. Let alsop = maxtor, In(1+
1=hr). Then if is a polyhedral domain in R? or R3,

(2 ku upke, ) Chy max 4 (T):

To prove such estimates, one represents the error using the stdard Green's func-
tion G*o for the continuous problem, thatis, (u up)(Xo) =(r (U up);r G*°). A
series of standard manipulations then reduces proof of error bads to establishing
certain regularity bounds for G*°.

As in the priori case, it is natural to ask whether the logarithmic factor in (2)
is necessary. This question is answered in the a rmative in [3], at leastin 2D and
whenr = 1. The proof yields further insight into maximum-norm error behav ior.
Letk kemo () be anoperator-adaptedBMO (bounded mean oscillation) norm;
cf [4] for details. BMO is weaker thanlL; but stronger than any L, norm for
any p< 1 and so naturally serves as a proxy folL; in many situations in PDE
analysis. In addition, in contrastto Ly itis a re exive space with its dual space
being the atomic Hardy spaceH?!. Finally, regularity estimates for elliptic BVPs
hold in H! but not in L, spaces, that is,kD2zky:(y  Ck zkyz() .

From a nite element standpoint, it becomes reasonably straightfaward to
prove error estimates inBMO once these facts are established. A priori BMO
convergence estimates similar to (1) were given in [5], but with no log fetor
present. In [3] we established that for convex polyhedral domains

ku unkemo () max (T)+oscy (Th):

Here osg (Ty) is the data oscillation which measures the deviation of the dataf
from a broken piecewise polynomial space of degrae 1. Taken together, these
estimates show thatBMO is a more natural norm than L1 from an analytical
(though not necessarily application) standpoint. In the a posteriai context in
particular, we have shown that the error estimator maxror, 1 (T) that we have
been using to measure theL; norm of the error in fact is an upper and lower
bound (up to nonessential constants and data oscillation) for theBMO norm of
the error. Adaptive nite element methods for L; errors thus are actually more
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directly controlling BMO errors. In future research it may be advantageous to
considerBM O as a tool for understanding nite element error behavior inL; -like
norms.
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Optimality and Approximation: A Quantitative Assessment o f the
Approximation Properties of Spline, Polynomial, and Fouri er Bases

John A. Evans

(joint work with lvo Babwska, Yuri Bazilevs, Joseph Benzaken, Jesse Chan, and
Thomas J.R. Hughes)

A fundamental question that arises in numerical approximation is hav \optimal"
a given space of approximating functions is. This question involves rtoonly the
approximation rate for a given space but also the constant of appoximation. To
make this discussion more precise, consider the following commanpriori estimate
arising in the theory of nite elements:

ku nUka() Cn(l k):dekHl()
whereu 2 H3() denotes some function one wishes to approximate and:
I=min(p+1;s)

Moreover, , : H%() ! X, denotes some projection operator onto a space of
approximating functions with n degrees of freedomp denotes the polynomial de-
gree of this space, andl denotes the spatial dimension. A space of approximating
functions is said to be quasi-optimal if the approximation constantC is indepen-
dent of n, but the question of optimality also involves its actual quantitative v alue.
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Unfortunately, the value for C is typically unknown and it depends upon, for ex-
ample, both the polynomial degree and inherent smoothness of thenderlying
approximating functions.

In this talk, | introduce a quantitative framework for assessing the optimality
properties of a given space of approximating functions. This frameork hinges
upon the concepts of distance, deviation, anch-width. Let X be a normed linear
space,x be a member ofX, and X, be a subset ofX. We de ne the distance of
X, from member x as:

E(X;Xp; X) = yir;an kx  ynkx

and the deviation of X, from set A as:

E(A; Xn; X)=sup inf kx ynkx
x2A Yn2Xn

Within the context of approximation theory, X, is interpreted as the space of ap-
proximating functions while A is interpreted as the space of candidate functions to
be approximated. The question of optimality then is: how close is the @viation of
X from set A from the optimal space of approximating functions? To answer this
guestion, the concept of am-width was introduced. With the notation established
above, we de ne then-width as:

dn(A; X)) =inf FE(A; X1 X): Xn  X;dim(Xp) = ng

= Xle « stufynlzn;‘(n kx  ynkx
dim( Xn)=n
Then, a space of approximating functions is optimal if its deviation is eual to
the n-width, and to assess its optimality, we simply compare its deviation tothe

n-width using the optimality ratio:
E(A Xn;X)
dn (A;X)

If the optimality ratio is ( A; X n;X) =1, then the space of approximating func-
tions is optimal, and if it is much greater than one, it is far from optimal. While
the concept ofn-width is quite useful in de ning a quantitative notion of optimal-
ity, it is useless in practice unless it can be computed. Fortunately, inthe Hilbert
space setting, both the deviation andn-width can be computed using variational
eigenproblems. Colleagues and | introduced an isogeometric framevk for solving
said variational eigenproblems in the one-dimensional setting in 20091], and we
have recently extended this framework to the multi-dimensional séing using a
combination of Cholesky factorization, multigrid-preconditioned conjugate gradi-
ent methods, and Lanczos iteration. This framework allows one to ampute the
constant of approximation exactly for a given approximation space In this talk,
I review both this quantitative assessment framework as well as aovesponding
numerical results for splines, polynomial, and Fourier bases.

I nish this talk by trying to answer the following questions using my new
guantitative assessment framework for optimality.

(A Xn; X)=
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(1) How accurate and robust are splines of maximal continuity in nunerical
approximation?

(2) How accurate and robust are splines of lowest continuity (i.e., clasical
nite elements) in numerical approximation?

(3) How do classical nite elements and splines compare?

(4) How do the answers to all of the above depend upon dimensionali?

(5) How accurate and robust are divergence-conforming and ciliconforming
splines in numerical approximation?

(6) Which is better for multi-dimensional approximation: tensor-pr oduct poly-
nomials or standard isotropic polynomials?

(7) Which is better for multi-dimensional approximation: tensor-pr oduct Fou-
rier bases, Fourier bases \complete" to a given wavenumber, or th minimal
(sparsest) Fourier basis required for exponential convergen€e

(8) Are there di erent situations in which certain polynomial or Four ier bases
may be preferred, and can we quantify said situations?

The answers to these questions certainly have important conse@unces regarding
the e ectiveness of isogeometric analysis as a numerical solution pcedure for
partial di erential equations [2, 3, 4, 5], but the answers to the above questions also
have important consequences regarding the e ectiveness of spe approximations

for multi-dimensional problems which are relevant in parameter spae exploration

and uncertainty quanti cation [6].
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On Fast Boundary Element Methods for Parametric Surfaces
Helmut Harbrecht

In many situations, practical problems arising from science and enigeering can
be formulated in terms of di erential equations for an unknown function. If a
Green's function of the underlying di erential operator is known, they may be
reformulated by means of a boundary integral equation

z

(Au)(x) = G(x;y)u(y)doc = f(x); x2

The Green's function G( ; ) is, for instance, known in case of the Laplace equation,
the Helmholtz equation, and the heat equation. The major advantage of consider-
ing boundary integral equations is the reduction of the problem's dimensionality,
which especially gives the possibility for easily treating also exterior bandary
value problems.

In general, boundary integral equations are solved by the boundy element
method. However, due to the non-locality of the integral operata A, one usually
ends up with large and densely populated system matrices. Thus, # numerical
solution of such problems is rather challenging. Dierent approache have been
proposed to overcome this obstruction, such as the fast multipolenethod, adaptive
cross approximation, or wavelet matrix compression.

This talk intends to give an overview on fast boundary element methals which
are tailored to the context of parametric surfaces. This means, he surface is
subdivided into several smoothpatches

such that the intersection i\ o consists at most of a common vertex or a common
edge fori 6 i% Moreover, for each patch, there exists a smooth di eomorphism

i with i= () for i=21;2::0M;

where :=[0; 1] denotes the unit square. This surface representation is in con-
trast to the common approximation of surfaces by at panels. Noretheless, para-
metric surface representations are easily accessible from Compart Aided Design

(CAD) and are the topic of recent studies in isogeometric analysis.

We address di erent issues of fast boundary element methods fothe solution
of boundary integral equations on parametric surfaces as consiled in [1[{[5].
This includes storage requirements, adaptivity, and higher-orderansatz functions.
In particular, it turns out that the additional information, which is im posed by
the parametric surface representation, enables numerous simplations and op-
timizations of the underlying data structures and algorithms. Seveal numerical
examples are provided in order to quantify and qualify the proposedmethods.
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Isogeometric Analysis: Overview
Thomas J.R. Hughes

| began the workshop on the mini-workshop Mathematical Foundatons of Isogeo-
metric Analysis with an overview of Isogeometric Analysis (IGA). | mentioned that
the eld is very young, 10 years old [1], but has grown to the point whee it is im-
possible to even brie y mention all the topics that have been pursué to date. On
Thomson Reuters Web of Science, there were zero citations to thepic 10 years
ago, but in 2015 alone there were over 4,500 citations! | started bgomparing the
growth of the subject to that of Finite Element Analysis (FEA) in its e arly years.
Needless to say, it is growing much, much faster than FEA. Then | bre y men-
tioned the original motivation behind the concept and the basic analytical tools
coming from Computer Aided Geometric Design. | discussed their apgximation
properties from the perspectives of functional analysis and spé@l analysis. |
highlighted the important role of new developments in numerical quadature, the
renaissance in shell structural analysis, and collocation methodsctilitated by IGA.
Then | presented an application to modeling and analysis of a patientspeci ¢ heart
valve, and the enormous superiority over an optimized traditional FEA approach.
| spent some time reviewing design-through-analysis procedurespeci cally T-
splines, immersed methods, hierarchically re ned B-splines, and IGAboundary
element methods. | nished with a few applications to uid-structur e interac-
tion of bioprosthetic heart valves, and the original phase- eld theory, that is, the
Navier-Stokes-Korteweg equations, which have already been utiled to simulate
boiling phenomena, and have the potential to represent cavitation | summarized
the signi cant opportunities of further mathematical and engineering research in
IGA and presented a list of 11 problems that | would like to see solvedHere they
are:

Eliminate outliers

Fix extraordinary points

Algorithms to automatically generate unstructured surface splines
Algorithms to automatically generate unstructured volumetric splin es
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Algorithms to determine optimal quadrature rules for unstructur ed spline
spaces

Algorithms to automatically construct untrimmed, smooth spaces from
trimmed NURBS

inf-sup stable spline spaces for incompressible problems (i.e., mappisg
not vector elds)

Approximation results for immersed (i.e., trimmed) spline formulations
Prove gamma convergence for fourth-order phase- eld theory

Construct spline spaces that solve the membrane-bending lockingrpblem
A general mathematical theory of collocation

Obviously, these problems are vaguely de ned and they need to be ade more
speci ¢, but that is a signi cant part of all the problems, to de ne t hem precisely.
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ANTS: Basis Functions for Partially Nested Spline Re nemen t
Bert J wuttler
(joint work with Nora Engleitner and Uska Zore)

Truncated hierarchical B-splines, which were introduced in [3] basé on earlier re-
sults concerning hierarchical spline re nement [1, 5], have been eablished as one
of the approaches to perform local re nement in geometric modelig and isogeo-
metric analysis [2]. Besides forming a non-negative partition of unity,these basis
functions possess good properties regarding stability [4], algebraicompleteness
[6], and approximation power [7].

Figure 1. A mesh obtained by partially nested hierarchical
spline re nement.

The established construction of truncated hierarchical B-splinesstarts from a
given sequence of nested spline spaces, and hence it is not possildgtirsue inde-
pendent re nement strategies in di erent parts of a model. In order to overcome
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this limitation, we generalize hierarchical B-splines to sequences glrtially nested
spline spaces. This allows us to de ne basis functions for splines deed on more
general meshes, see Fig. 1 for an example.

We identify assumptions that enable us to de ne a hierarchical splinebasis,
to establish a truncation mechanism, and to derive a completenessesult. The
resulting basis functions are denoted as ANTS, which is the acronynof \ANTS
are Not T-Splines". The application potential of the proposed genealization is
demonstrated by rst result on least-squares approximation.

References

[1] D. R. Forsey and R. H. Bartels, Hierarchical B-spline re nement , Computers & Graphics
22 (1988), 205{212.

[2] C. Giannelli, B. dsttler, S.K. Kleiss, A. Mantza aris, B. Simeon, and J. Speh, THB-splines:
An e ective mathematical technology for adaptive re nemen t in geometric design and iso-
geometric analysis Comp. Meth. Appl. Mech. Engrg. 299 (2016), 337{365.

[3] C. Giannelli, B. dsttler, and H. Speleers, THB{splines: The truncated basis for hierarchical
splines, Computer Aided Geometric Design 29 (2012), 485{498.

[4] C. Giannelli, B. Jdsttler, and H. Speleers, Strongly stable bases for adaptively re ned multi-
level spline spaces Adv. Comp. Math. 40 (2014), 459{490.

[5] R. Kraft, Adaptive und linear unabhangige Multilevel B-Splines und ihre Anwendungen ,
PhD thesis, Universiat Stuttgart, 1998.

[6] D. Mokrs, B. Jsttler, and C. Giannelli, On the completeness of hierarchical tensor-product
B-splines, J. Comp. Appl. Math. 271 (2014), 53{70.

[7] H. Speleers and C. Manni, E ortless quasi-interpolation in hierarchical spaces , Numerische
Mathematik, 132(1) (2016), 155{184.

Adaptive Approximations of Parametric Parabolic PDE-Cons trained
Control Problems

Angela Kunoth
(joint work with Max Gunzburger and with Christoph Schwab)

Optimization problems constrained by linear PDEs (partial di erentia | equations)
are challenging from a computational point of view: one needs to sotvasystem of
PDEs coupled globally in space, and, in addition,globallyin time if the underlying
PDE is time-dependent. This global coupling is an unavoidable featureof such
control problems as speci ed next: typically an adjoint PDE comes irto place.

PDE-constrained control problems. Let Y; U be Hilbert spaces oveR which
shall host the statey of a system and acontrol by which the state can be in uenced.
LetJ:Y U! R be atwice dierentiable functional, andlet K : Y U! YO%be
a (in y;u Fechet-) di erentiable function where Y ° denotes the topological dual
of Y. Consider the constrained minimization problem
1 inf J(y;u) subjectto K(y;u)=0:
(1) LA (y;u) j (y;u)

For the constraints K (y; u) = 0 (the PDE), we assume that there exists a unique
solutiony 2 Y whenu 2 U is given. A typical way to solve (1) is to compute
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the zeroes of the rst order Fechet derivatives of the Lagrangian functional which
is de ned by introducing the co-(or adjoint) state p by which the constraints are
appended to the functional J, i.e., L(y;u;p) := J(y;u) + KK (y;u);piyo y with
L:Y U Y! R. Denoting by L,(y;u;p) := @@ZL(y;u;p) and L., (y;u;p) :=
@@ZTL(y; u; p) the rst and second variation, of L with respect to z = y;u;p, and
assuming thatJ is quadratic in both y; u and that K is linear in y; u, the necessary
conditions for optimality yield the linear system of equations

OL L K10 1
Yy yu y y A B . >
2 @, Ly KA@A=g( : B 0 (y,;) =g() :Gg=g
Ky Ky O p

with some right hand sideg and C the dual of C. The Hessian ofL or the Karush-
Kuhn-Tucker (KKT) operator G has for suchlinear-quadratic problems constant
entries, and the necessary conditions are also su cient. Moreowe if J or K do not
contain products yu, one hasLy, = Ly =0 so that A is a block diagonal operator.
Typically, the quadratic functional (1) contains inner products so that the resulting

Riesz operatorsLyy, Ly, are symmetric which implies that A and, thus, G is
symmetric. In all the cases we consider, the operator& : V!V ;B:V ! Q ©
(for some Hilbert spaces)V, Q are continuous; ImB = Q% and A is invertible on
Ker B so that the saddle point problem (2) has forg2 V° Q °a unique solution
g2V Q by the Brezzi-Fortin theory. Thus, we can consider constrained lirear-
guadratic minimization problems (1) as symmetric saddle point problems2) with

a boundedly invertible linear mappingG:V Q!V Q °whereV:=Y U and
V := Q. Some standard examples from [7] to which this scenario applies ardé
following.

Dirichlet problem with distributed control. Consider the standard weak
formulation of a second order elliptic PDE with homogeneous Dirichlet lbundary
conditions. ChoosingY := H3() and U := Y9 we consider for givenf 2 Y?the
linear operator equation

3) K(y;uy:=Ay f u=0

and the quadratic objective functional
1 !
(4) Iiu) = sky y K + E|<u|<$0

for a given target statey 2 Y and any xed weight parameter ! > 0. We assume
that A : Y ! YOis a linear (not necessarily symmetric) boundedly invertible
operator. The norms in (4) can more generally be norms on Hilbert spces as long
as the constrained optimization system (1) possesses a unique stian.

Denote by R : Y ! YCthe Riesz operator de ned by the inner product (; )y
inducing k ky, hv; Rwiy vo:=(v;w)y;v;w2 Y. Since (; )y is symmetric, R is
also. Consequently, the Lagrangian is

1 _ ! _ _
) Lyiup = sty y iRy y)iv vot ShiR iy vo+r My f  upivoe v
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implying that the system (2) becomes
01

101 O 1

y R 0 A y Ry

(6) G@A =@ IR ! |A@A=@0A;
p A I 0 p f

i.e., A =diag(R;!R 1) and B=(A; 1). The system matrix G de ned in (6) is
symmetric sinceR is. Moreover, A is positive de nite and B has full rank since,
by assumption, the PDE constraints (3) have a unique solution for gven u. Thus,
the resulting saddle point operator G is symmetric and boundedly invertible.

Parabolic PDE with distributed control. The constraint K (y;u) = 0 in
(1) is here a linear parabolic evolution PDE in a variation of the full space-time
weak formulation from [10]. The parabolic operator equation is formuated such
that the resulting operator B is boundedly invertible from X := L?(1) Y to
YO=((L2(1) Y)\ (HEi(1) Y9)OwhereHi(l)is the closure of the functions in
H*(l) which vanish at end time T and | := (0;T) denotes the time interval. The
constraints are of the form (3) with the parabolic evolution operator B = @+ A in
full weak space-time form in place ofA, see [6] for details. Choosing the objective
function then as in (4) with the obvious changes for the norms, i.e., sing the
norms for X, Y, we arrive at a system very similar to (6) with symmetric A =
diag(R1;!R ) with the respectively de ned Riesz operators. Finally, the resulting
operator G is a boundedly invertible mapping fromzZ := X Y © X onto z°

Adaptive wavelet methods for the parabolic PDE-constraine d control
problem. In view of the fully in space and timecoupled system (2), conven-
tional time-stepping methods require an enormous storage. In atrast, adaptive
methods in both space and time which aim at distributing the available degrees
of freedom in an a-posteriori-fashion to capture singularities are rast promising.
Employing wavelet schemes for full weak space-time formulations dahe parabolic
PDEs, we can prove convergence and optimal complexity for contl problems con-
strained by a linear parabolic PDE [6], generalizing the ideas from [4] forcontrol
problems constrained by an elliptic PDEs.

Parametric PDE-constrained control problems. Yet another level of chal-
lenge are control problems constrained by evolution PDEs involving ®chastic or
countably many in nite parametric coe cients: for each instance o f the parame-
ters, this requires the solution of the complete control problem (2.

Our method of attack is based on the following new theoretical pardigm devel-
oped for elliptic PDEs in [2, 3]. Itis rst shown for control problems constrained
by evolution PDEs, formulated in full weak space-time form as in [10], hat state,
costate and control areanalytic as functions depending on these parameters. We
establish that these functions allow expansions in terms of sparseehsorized gen-
eralized polynomial chaos (gpc) bases. Their sparsity is quanti ed interms of
p-summability of the coe cient sequences for some 6k p 1. Resulting a-priori
estimates establish the existence of an index set f@imultaneousapproximations
of state, co-state and control for which the gpc approximationsattain rates of best
N -term approximation. This entails corresponding sparse realizationsin terms of
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deterministic adaptive Galerkin approximations of state, co-stateand control on
the entire, possibly in nite-dimensional parameter space, see [7]. W specify in
[8] how to realize these Galerkin approximations by the techniques in [Pand the
realizations in [5] for a single PDE.

In the context of isogeometric analysis, these techniques can bembined with
parametric mappings as in [1].
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Multipatch Discontinuous Galerkin Space and Space-time Ig A: Error
Estimates and Fast Solvers

Ulrich Langer

(joint work with Christoph Hofer, Angelos Mantza aris, Stephen M oore, Martin
Neumuller, loannis Toulopoulos)

1. Multipatch DG IGA Discretizations

In the rst part of the presentation, we derive error estimates for multipatch
discontinuous Galerkin (dG) Isogeometric Analysis (IgA) approximations

(1) ade (Un;Vh) = “ac (Vn);  8Vh = fvnigly 2 Vaen () ;
to heterogeneous elliptic di usion problems of the form
(2) r (r w=fin ; u=g on p; r un=agyon y

on open and closed surfaces  R® (2d manifolds) and in volumetric computa-
tional domains RY, d=2;3. We suppose that = [N, ; has a multipatch
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representation, where every patch ; = F; (9 is the image of parameter domain
b that is (0 ;1)% or (0;1)%, by the NURBS map F; : P! ;. Our numeri-
cal analysis covers low-regularity solutions, graded meshes, nanatching meshes,
and segmentation crimes like non-matching interfaces creating gapand overlaps,
like illustrated in the gure below. The typical discretization error es timate with
respect to (wrt) the dG-norm k kgg roughly looks like

(3) ku Unkgs . maxfhy=hgh"+ h 03

whereu is the weak solution of (2), uy, is the solution of the dG variational scheme
(1), h = maxfh;g denotes the maximal mesh sizeh; is the mesh size of the
mesh of the patch ;, h denotes the maximum width of the gap with 1,
r=minfl 1+ (d=2) (d=9;pg, and p is the underlying polynomial degree of
the NURBS, whereasl 2 and q 2 (maxf1;2d=d+2(1 1))g;2] are given by
the local regularity of the solution u that is supposed to belong toW('] at least
patch-wise. The table given below shows the convergence ratesthie IgA solution
up to a smooth solution u wrt the dG-norm for p = 2 and the domain on the
left-hand side (gaps, overlaps, non-matching meshes). The rates dominated by
theterm h %5 for =1;2and 25. If is larger than 25, e.g., 3, than the rate
will not be better than r = p = 2. These observations are in perfect agreement
with our estimate (3).

o

Convergence rates for di erent
h =1 =2 =25
0.03125 |0.51 [1.52 |2.02
0.015625 | 0.50 |1.51 |2.01
0.0078125 0.50 | 1.50 | 2.00

Y-Axis
10

0.0 10 20 3.0 4.0
X-Axis

We refer the reader to our publications [3, 4, 8, 7, 9, 11] for a detied presentation
of the results and the proofs for the di erent cases mentioned abve.

2. Isogeometric Tearing and Interconnecting Solvers

The second part of the presentation is devoted to the construgon and analysis
of new dual-primal IsogEometric Tearing and Interconnecting (IETI-DP) meth-
ods for solving large-scale linear systemiu,, = f_h of algebraic equations arising
from the dG IgA discretization (1) of heterogeneous di usion problems (2) on
multipatch domains with non-matching meshes and interfaces like illustated in
the gure above. In [1], we discuss and analyze the conforming Gal&m multi-
patch IgA, whereas the discontinuous Galerkin multipatch IgA with non-matching
meshes is investigated in [2]. The iteration numbers of a properly scateDirich-
let preconditioned conjugate gradient IETI iteration behave like O(1 +log( H=h)),
where H=h = maxfH;=h;g and H; denotes the scaling of the patch (subdomain)

oretical result and show incredible robustness with respect to larg jumps in the
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di usion coe cient across the interfaces, whereas the condition number of the
preconditioned IETI system depends onp in a moderate way. Our numerical tests
show a logarithmic dependence in 2d and a linear dependence @nin 3d. A new
p robust geometrical multigrid method was proposed and rigorously aalyzed in
[5] based on the approximation results provided in [12].

3. Space-Time IGA for Parabolic Evolution Problems
Finally, we analyze new stable space-time IgA methods of the form:
4) Find up 2 Voh @ (un;Vh) = “h(Va) 8vh 2 Von;
for the numerical solution of parabolic di usion problems like
(5) @ u=f in Q=f(xt)2R¥ : x2 (1);t2(0;T)g

with Dirichlet boundary conditions u = up :=0on = f(x;t) 2 R¥* : x 2
@( t);t 2 (0; T)g and initial conditions u= up:=0on o= (0) f Ogin xed
and moving spgtial computational domains resp. ( t) RY, where

anh(Un;Vh) ==  (@unVh + h@QUr@Vn + T xUn T xVh  h@T xUn T xVh)dxdt
Rz
+ h r yUn I xVpds;
Z T
“h(vh) = f[va + h@vy] dxdt;
Q

with some positive . The discrete bilinear form ay, (up;vy) is elliptic on the IgA
spaceVon = Von (Q) with respect to the discrete energy normkvk, = (kr kafz(Q)

+ hK@VK?, o) +(1=2)kvk?  + hkr xkZ =)' This property together with
a corresponding boundedness property, consistency and appdonation results for

the IgA spaces yields an a priori discretization error estimate of tie form
(6) ku unken Ch" tkuky:(g);

provided that u 2 Hy%(Q)\ H'(Q) with | 2, Voo  HZ(Q), and s su-
ciently small, wherer = minfl;p + 1g and p denotes the underlying polynomial
degree of the NURBS used for generating the IgA spac¥o, (Q). This theoretical
convergence result is con rmed by several numerical experimestwith low- and
high-order IgA spaces, see [10] for more details. The parameter can be deter-
mined from a constant in an inverse inequality that depends onp and that can
be computed by symbolic methods [6]. In the case of xed spatial domins, can
be chosen as a xed positive constant, e.g., :@ as in our numerical experiments
presented in [10]. The gures below show a moving spatial domain redting in

a curved space-time cylinderQ where the curved lateral faces are described by
NURBS. The weights corresponding to the control pointsP;.1.2, P2.1.2 , P2:2.2 and
P12 are 1= 2, whereas the other weights are equal to 1. The corresponding
table on the right-hand side provides the discretization errorku  upky and the
corresponding convergence rate for the cage= 4.
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(1]

(2]
(3]
(4]

[5

—_

6

—

[7

—

(8]

[9

—

[10]
[11]

[12]

dofs | ku  unkp rates
216 | 6.18145e-03| 2.19
512 | 4.61833e-04| 3.74
1728 | 2.57814e-05| 4.16
8000 | 1.53822e-06| 4.07
46656 | 9.48130e-08| 4.02
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B-splines and T-splines
Tom Lyche
(joint work with Cesare Bracco, Carla Manni and with Hendrik Speleers)

Piecewise polynomials, or splines de ned over a region in the plane forran indis-
pensable tool in the sciences, with applications ranging from scatted data tting
to nding numerical solutions to partial di erential equations using isogeometric
methods In this talk we de ne a generalization of polynomial splines oer planar
T-meshes known as Tchebyche an splines and we address the préém of deter-
mining their dimension. It is worth pointing out that the extension is no n-trivial
because the ring structure of algebraic polynomials cannot be useid this general
setting. We show that only the bound on the number of (real) roots of the ele-
ments of the considered space is required. The results strengths the structural
similarity between algebraic polynomial and general Tchebyche an gline spaces.

The dimension of polynomial spline spaces on a prescribed T-mesh fargiven
component-wise degre@ and smoothnesg has been addressed by several authors
using di erent techniques, and it turns out to be a very challenging problem see for
example [1, 3] and references therinn. Lower and upper boundsrfthe dimension
are known, and an explicit expression has been determined in some esgal cases.
In particular, the dimension is known for spline spaces over so-callequasi-cross-
cut T-meshes { these are meshes where each edge extends to thmundary { and
for spline spaces withp > 2r under some mild conditions on the T-mesh. On the
other hand, instability in the dimension can occur if the degree is not lage enough
with respect to the smoothness.

The dimension problem of spline spaces over T-meshes faces the sadi cul-
ties as the dimension problem for polynomial spline spaces of total dgeep over
triangulations see [4] and references therein. In the latter caseghe dimension is
known for spline spaces over quasi-cross-cut partitions and forpéine spaces with
p 3r + 2. Instability in the dimension has been illustrated for p = 2r. Some
similar results are known for spline spaces of total degrep over general rectilinear
partitions.

Among the various techniques to tackle the dimension problem, onean use
the homological approach proposed in [6], where the techniques fgrolynomial
splines over triangulations has been ne-tuned for polynomial spline over planar
T-meshes. To this end, we generalize the techniques and the resslpresented in
[6] for the algebraic polynomial case. More precisely, besides chaarizing the
Tchebyche an spline space as a suitable homology space,

we provide a dimension formula in terms of combinatorial quantities of
the T-mesh, the smoothness, the dimensions of the underlying eghded

Tchebyche spaces, and homology quantities;

we derive lower and upper bounds for the dimension (under a specic
assumption on the underlying extended Tchebyche spaces);

we provide an explicit expression for the (stable) dimension of splineaces
over quasi-cross-cut T-meshes, and of spline spaces with 2r +1 under
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some mild conditions on the T-mesh; the latter conditions are usually
satis ed by T-meshes of interest in applications and identify a family of

T-meshes larger than the one considered in [6];

we illustrate that the dimension of Tchebyche an spline spaces overT-

meshes can be unstable, by generalizing the examples given for thelg-

nomial spline case to some non-polynomial Tchebyche spaces: thease
of trigonometric and the case of exponential functions.

We start the talk by giving an introduction to Tchebyche systems a nd Tcheby-
che an B-splines see [5, 7].
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Spectral Analysis of Matrices from Isogeometric Methods
Carla Manni

(joint work with M. Donatelli, C. Garoni, F. Pelosi, F. Roman, S.
Serra-Capizzano, D. Sesana, H. Speleers)

When discretizing a linear PDE by a linear numerical method, the compua- tion
of the numerical solution reduces to solving a linear system. The sizef this
system grows when the discretization parameten increases, i.e., when we re ne
the discretization mesh. We are then in the presence of a sequenctlinear systems
with increasing size. It is usually observed in practice that the correponding
sequence of discretization matrices enjoys an asymptotic speetrdistribution. The
spectral distribution of a sequence of matrices is a relevant conpé Roughly
speaking, if the sequence of matriceA, g is distributed like the function f then
the eigenvalues ofA, behave like a sampling off over an equispaced grid on the
domain of f. In this case, the function f is called the (spectral) symbol of the
sequencd A, Q.
In this talk we consider a general second-order elliptic Partial Di erential Equa-

tion (PDE),

r Kru+ ru+ u="F; in ;

u=0; on@ ;
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where RY is a bounded open domain with Lipschitz boundary,K : | RY ¢
is a symmetric positive de nite matrix of functions in L (), : ! Rlisa
vector of functions in L (), 2L (), 0and f2 L?().

We determine the spectral symbol and we analyze the spectral disbutions of
the sequences of matrices arising from isogeometric discretizatisrbased on tensor

address both Galerkin and collocation methods and, in the spirit of I®sgeometric
Analysis (IgA), we also consider a geometry mapG : [0;1] !, see [2]. The
main tool for computing spectral symbols of PDE discretization matrices is the
theory of Generalized Locally Toeplitz (GLT) sequences, [10].

Recently, in [5, 6, 7, 8] we have proved the following results:

a spectral distribution exists and is compactly described by a symbbf ;
the symbol f has a canonical structure incorporating:
{ the approximation technique, identi ed by a nite set of polynomials
in the Fourier variables :=( 1;:::; @) 2[ ; 19
{ the geometry, identi ed by the map G in the parametric variables

{ the coe cients of the higher-order di erential operator of the P DE,

physical domain ;
the symbol f is the same in the Galerkin and collocation isogeometric set-
ting, up to a determinant factor jdet(Jg)j, being Jg the Jacobian matrix
of G.

The above analysis has been partially extended to the case of isogaetric dis-
cretizations based on tensor product generalized B-splines of deze p, see [9].

It is worth to notice that the picture described in the second item above is intrin-
sic to the approximation of PDEs by any local method, such as Finite D erences
(FDs) and Finite Elements (FEs). Actually, the formal structure o f the symbol
is essentially the same when considering di erent techniques to apmximate the
same problem; see [1, 10] and references therein.

Although the formal structure of the symbol is shared by di erent approxima-
tion techniques, some of its analytic features are not so common. df instance,
if one of the components ofp, say pi, is large, then the symbolf has \numerical
zeros" at the points (®; ) 2 [0;1]° [ ; 19 where ; = . More precisely, if

i = ,thevaluef (R; )tends to O exponentially asp; ! 1 . The latter informa-
tion implies that small eigenvalues are related to high-frequency eigesectors, and
this non-canonical source of ill-conditioning is responsible for the slwdown of all
the standard multigrid and preconditioning techniques when one of he p; grows.

The spectral information provided by the symbol f has been exploited for de-
signing algorithms with convergence speed independent of the nesss parameters
and also substantially independent of the approximation parametes p; see [3, 4].
Indeed, it was possible to construct iterative solvers of multigrid type which are
not only optimal with respect to the mesh-size but also robust with respect to the
approximation degree and the dimensionality of the domain.



368 Oberwolfach Report 8/2016

References

[1] B. Beckermann and S. Serra-Capizzano, On the asymptotic spectrum of Finite Element
matrix sequences, SIAM J. Numer. Anal. 45 (2007), 746{769.

[2] J.A. Cottrell, T.J.R. Hughes and Y. Bazilevs, Isogeometric Analysis: toward integration of

CAD and FEA , John Wiley & Sons, New York, 2009.

M. Donatelli, C. Garoni, C. Manni, S. Serra-Capizzano an d H. Speleers, Robust and optimal

multi-iterative techniques for IgA Galerkin linear system s, Comput. Methods Appl. Mech.

Engrg. 284 (2015), 230{264.

[4] M. Donatelli, C. Garoni, C. Manni, S. Serra-Capizzano an d H. Speleers, Robust and optimal
multi-iterative techniques for IgA collocation linear sys  tems, Comput. Methods Appl. Mech.
Engrg. 284 (2015), 1120{1146.

[5] M. Donatelli, C. Garoni, C. Manni, S. Serra-Capizzano an d H. Speleers, Spectral analysis
and spectral symbol of matrices in isogeometric collocatio n methods., Math. Comp., in press.

[6] C. Garoni, C. Manni, F. Pelosi, S. Serra-Capizzano and H. Speleers. On the spectrum of
sti ness matrices arising from Isogeometric Analysis. Num er. Math., 127, 2014, 751{799.

[7] C. Garoni, C. Manni, S. Serra-Capizzano, D. Sesana and H. Speleers. Spectral analysis and
spectral symbol of matrices in isogeometric Galerkin metho ds. Math. Comp., in press.

[8] C. Garoni, C. Manni, S. Serra-Capizzano, D. Sesana and H. Speleers. Lusin theorem, GLT
sequences and matrix computations: an application to the sp ectral analysis of PDE dis-
cretization matrices. Submitted.

[9] F. Roman, C. Manni and H. Speleers. Spectral analysis of m atrices in Galerkin methods
based on generalized B-splines with high smoothness. Numer . Math., in press.

[10] S. Serra-Capizzano. The GLT class as a generalized Four ier Analysis and applications. Linear
Algebra Appl., 419, 2006, 180{233.

3

—_

Low-Rank Tensor Methods in Isogeometric Analysis
Angelos Mantzaflaris
(joint work with B. Jattler, B. N. Khoromskij and U. Langer)

Tensor-product splines are among the most popular approache®tconstruct mul-
tivariate representations suitable for isogeometric analysis (IGA) In fact, the mul-

tivariate parameterizations in IGA rely almost exclusively on tensor-product rep-
resentations. In the existing isogeometric technology, multivariae tensor-product
spline functions are represented by full coe cient tensors. The number of coe -

cients, which have to be stored and processed, grows exponentjawith respect

to the spatial dimension. Even with today's computational power, processing
B-spline functions in several dimensions (for instance 3D or even 4Bpace-time
simulations) with a few hundreds of knots per direction (i.e., a few billiors of basis
functions), is an extremely di cult task. Consequently, in PDE discr etizations
the size of the system matrix is subject to the same exponential gwth.

The eld of tensor calculus and its use in numerical simulation is as recet as
isogeometric analysis [4, 8, 9]. These methods were introduced in agdto over-
come the curse of dimensionality, i.e., the exponential complexity withrespect to
the spatial dimension of the computational domain. In particular, tensor calcu-
lus enables the separation of variables of multivariate functions, allaing e cient
computations on large scale grids. Recently, the approach has beeapplied to
the decoupling of multivariate polynomial functions [3]. The advantage of tensor
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methods has been demonstrated for high-dimensional problems. &ent compu-
tations for a wide class of discrete functions and operators haveden made possible.
For instance, in applications in biology, the discretization and solution process of
multi-dimensional steady-state and dynamical problems is made pasble with a
logarithmic complexity in the volume size of the computational grid [7].

The very same di culty of dimensionality is encountered in isogeometric anal-
ysis, in particular in the task of matrix assembly. This task is computationally
more challenging than in the case of traditional nite element methods. Apart
from the rapidly growing matrix size under uniform h re nement, this is also due
to factors such as the increased degree and the larger supporté$ the ansatz func-
tions (tensor-product B-splines), that burden the sparsity pattern and bandwidth
of the system matrix. Contrarily to the high-dimensional setting in chemistry or
biology, the problems occur already in three dimensions in our setting

The standard approach to perform the assembly task in IGA consits in using
Gaussian quadrature, but this does not give optimal runtimes, dueto its high com-
putational cost which is asymptotically bounded by O(np3?). Several approaches
have been introduced in order to overcome this problem. Firstly, nev approaches
reduce the number of quadrature points required per parametricdimension for
exact or su ciently accurate numerical integration [2, 5, 15]. Secadly, discretiza-
tions via collocation [14] have been studied, but the theoretical fondations of this
mathematical technology are less well understood than in the casef Galerkin
projection. In [1], the sum factorization technique is used for IGA, leading to a
complexity bound of O(n9p?d*1). An e cient direct solver for certain systems in
tensor-product form is used to derive fast IGA preconditioners in[13]. Moreover,
this problem has motivated the use of GPU programming [6] for accelating the
assembly process.

In another attempt to address this problem we developed an interplation-based
approach that approximately transforms the integrands into piecewise polynomi-
als and uses look-up tables to evaluate their integrals [10, 11], with coplexity
O(nYp?%). Shortly after, this led us to the use of tensor methods to accelate
the assembly process further [12], notably reducing the complexitgyo O(Rdnp?),
where the rank parameter R captures the geometric complexity of the tensor-
product patches parameterizing the physical domain. In doing sowe obtained a
compact representation of the matrices that occur in IGA as sumsf a small num-
ber of Kronecker products of auxiliary matrices, which are de ned by univariate
integrals. This representation, which is based on a low-rank tensoapproxima-
tion of certain parts of the integrands, makes it possible to achievea signi cant
speedup of the assembly process without compromising the overaltcuracy of the
simulation.

The property which allows such low-rank representations in the cotext of IGA
is the presence of the global (patch-wise) geometry map. This mapwhich de-
scribes the shape of the computational domain, is one of the main ne features
in IGA, compared to the traditional locally parameterized isoparametric nite el-
ements. The tensor-product structure of the map is passed ona the isogeometric
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Figure 1. A B-spline quarter annulus domain (left) and the
\Skeleton functions" of the Jacobian determinant.
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Figure 2.  Two views of the graph of the Jacobian determinant,
plotted over [0; 1]°.

discretization space that is derived from it. The involvement of this gobal map-
ping in the discretization of PDEs could be regarded as a disadvantag at rst
glance, as opposed to the purely local nature of classical nite eleents. However,
using the low-rank representation, we demonstrate that it is posible to bene t
signi cantly from the regularity of its structure. As an example, co nsider a quar-
ter annulus described by tensor-product B-splines. In Figure 1, he color eld on
the annulus is the value of the Jacobian determinant. The \skeletonfunctions"
(i.e., the univariate functions) describing the Jacobian determinantis shown on
the right side. The linear function is associated with the rst directio n, while the
bubble function describes the determinant along the second parastric direction.
In Figure 2 two views of the graph of the Jacobian determinant and is control grid
over the parameter domain [Q 1]? are shown. The degree is 2 in the rst direction
and 4 in the second one. The fact that this determinant is separablas a product
of two functions implies that this shape can be treated as e ciently as a simple

square domain.
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Isogeometric Analysis on Domains of Arbitrary Topology
Bernard Mourrain

Shapes are not always rectangular. They can have holes, assentdbleomponents,
.1 In this talk, we investigate isogeometric analysis methods on domainsvith
arbitrary topology. This raises the questions of how to describe cmplex domains
and what type of spline spaces we can use to approximate the solutis of Partial
Di erential Equations on these domains.

We describe two approaches, which represents these domains asllections of
faces glued along edges.

The rst approach consists in using constant glueing functions betveen faces
that share an edge. We present a type of splines de ned over a reangular mesh
with arbitrary topology, which are piecewise polynomial functions of bi-degree
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(d;d) and C' parameter continuity. We analyze their dimension and exhibit ba-

sis functions called Hermite bases for bicubic spline spaces. We invigate their

potential applications for solving partial di erential equations (PD ESs) over a com-
plex physical domain in the framework of Isogeometric analysis. We malyze the

property of approximation of these spline spaces for thel2-norm. Despite the

fact that the basis functions are singular at extraordinary vertices, we show that
the optimal approximation order and numerical convergence rats are reached by
setting a proper parameterization.

The second approach consist in xing transition maps satisfying sore com-
patibility properties. We show that if the functions and the parametrization are
G -regular after composition by these transition maps, they induceC functions on
the physical domain which can be used for Galerkin-type formulatiors in the con-
text of Isogeometric Analysis. We analyze the space of geometrittg continuous
piecewise polynomial functions, or splines, for rectangular and triagular patches,
with general rational transition maps. To de ne these spaces ofG! spline func-
tions, we introduce the concept of topological surface with gluing dta attached to
the edges shared by faces. The framework does not require maolidl constructions
and is general enough to allow non-orientable surfaces. We descelzompatibility
conditions on the transition maps so that the space of di erentiable functions is
ample and show that these conditions are necessary and su cienta construct
ample spline spaces. We determine the dimension of the space @t spline func-
tions which are of degree k on triangular pieces and of bi-degree (k;k) on
rectangular pieces, fork big enough. A separability property on the edges is in-
volved to obtain the dimension formula. We describe an explicit constuction of
basis functions attached respectively to vertices, edges and fas; An example of
bases ofG! splines on a simple mesh illustrate the construction.

This talk is based on the two papers [1, 2].
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Linear Finite Elements on Distorted Triangulations
Peter Oswald

The nite element method (FEM) is a workhorse for solving partial di erential
equations in a variational setting. FEM theory (approximation by pie cewise poly-
nomials) is well-established if the underlying domain partitions are well-haped,
e.g., locally quasi-uniform and regular. Nevertheless, applications tgroblems
with boundary and interior layers or more generally to the optimal approximation
of functions on higher-dimensional domains with essential supportalong lower-
dimensional sets would bene t from the use of distorted partitions It is widely
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believed that discarding the regularity assumptions is possible only uder special
circumstances. It was our goal to look into possible extensions ofhe theory to

arbitrary partitions. Using the simplest case of linear C° nite element spaces
Vr over nite triangulations T of a bounded polygonal domain R?, we have
investigated how far certain statements valid for families of shapeegular trian-

gulations can be extended to arbitrary triangulations. The following case studies
have been pursued over the years:

Mesh independence of L -bounds for the L,-orthoprojector.  Denote by
Pt the L,-orthoprojector onto V. As an operator, Py is well-de ned on L;(),
with range in C(). Bounds for the norm kPrk_, ., are useful in FE analysis,
and immediately imply bounds in other Lg-norms (1 g 1 ) by duality and
interpolation. In [1], we published explicit examples showing that, in corrast to
the one-dimensional situation and to shape-regular simplicial partitons in higher
dimensions,kPt k., 1 , may unboundedly grow with the number of triangles;T j
in T. More precisely, we showed that for simple such as a square irR?

(1) sup kPtki, 1 L, cJ; JI1

T:T) 3
for some absolute constantc > 0. This unboundedness result also holds in higher
dimensions. It remains an open question if (1) is sharp, i.e., if there asts a
matching upper bound of the form CJ with an absolute constantC < 1 .

On the positive side, in [2] we gave some new upper bounds f&Pr k., 1 o,
that cover a wide range of practically useful distorted triangulations such as
Shishkin and Bakhvalov meshes. Roughly speaking, these upper bods depend
on the maximal valence of the vertices inT and put restrictions on the possible
growth of area in chains of triangles attached to each other. How btle estimates
for kPt k., 1 L, depend on the topology and geometry ofl is demonstrated on
the example of triangulations obtained by dividing each cell of a tenspproduct
partition P of a rectangle into two triangles. While orthoprojectors onto the hilin-
ear nite element space over the tensor-product partition P possess a uniformi;
bound, the associatedPr may or may not inherit this boundedness, depending
on how exactly T is obtained from P. The positive news is that there is a simple
subdivision algorithm applicable to arbitrary such P and resulting in T with a
uniform bound for kPt k., 1 L, . For details and further references, we refer to
[2].

Energy-norm convergence of the Galerkin nite element meth od for
Laplace's equation. Consider for simplicity the Poisson problem u=f
equipped with one of the standard boundary conditions on a bounde polygonal
domain R? and right-hand side f 2 L,(). It is well-known that if the
solution uis in H?(), and T satis es certain restrictions (such as the celebrated
maximum angle condition of Babwska and Aziz [3]) then the Galerkin soluion
ur 2 Vy comes with an optimal H?! error estimate of the form

(2) ku urky: Chrjujye
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in terms of the maximal diameter ht of the triangles in T. In [3], a special
family of triangulations of the unit square =[0 ;1]* was used to show that the
estimate (2) may not hold if the maximum angle condition is violated. A precise
guantitative characterization of this loss of accuracy in the Galerkin method as
well as the question of a possible convergence failure remained open

Figure 1. Schwarz-Babiska-Aziz triangulation T4.g

In [4], we slightly modi ed the example from [3], and showed the two-sidel
estimate

(3) ku ur,, kq: min(l;m=n?); m n!l ;

for a Poisson problem with right-hand sidef (x;y) = 1 and polynomial solution
u(x;y) = x(1 x) on the unit square [0; 1] (for simplicity, periodic boundary
conditions in y-direction and homogeneous Dirichlet conditions atx = 0;1 were
assumed). The family of triangulations T,.m (Fig. 1 shows the casen = 4, m = 8)
was already used in [3] but appeared earlier in work by H. Schwarz (180). The
proof of (3) is elementary, it shows that the Galerkin method conveges in energy
norm to the (smooth) solution of this Poisson problem for this family of distorted
triangulations if m=n? | 0, otherwise it does not converge. As strange it may
sound, a formal proof of the possible non-convergence of the RE for a Poisson
problem with smooth solution was missing in the literature. V. Kucera (Prague)
is currently pursuing the quest for more general necessary andicient conditions
for convergence of the FEM.

In our talk, we have also brie y mentioned some recent developmert in the con-
vergence theory of multiplicative Schwarz methods , @ modi ed version of
the classical Wiener-Halperin alternating direction method. Roughly speaking, a
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spd variational problem on a Hilbert spaceH of nding u 2 H such that
a(u;v)= F(v)  8v2H (F2HY;

is iteratively solved using a nite or in nite number of auxiliary spd varia tional
problems with bilinear forms b ( ; ) on Hilbert spacesH;, related to the original
space by linear operatorsR; : Hij ! H. The j-th iteration step of the multiplica-
tive Schwarz method consists of choosing a certain indekx computing the restric-
tion of the residual of the current iterate to HP? using the adjoint R?: H%! HS,
solving the i-th subproblem, and updating the current iterate by this partial in -
verse using appropriate relaxation parameters j and ! ;:

Ut = U+ 1 RB, 'RAF  AU):

The recent developments concern greedy and random choices ftre choice ofi
in the j -th step [5], the application to solving non-symmetric and overdetemined
problems in a least-squares sense (Kaczmarz-type methods, [§),7and the case of
in nitely many auxiliary problems [8]. Due to lack of space we refer to the cited
papers, and the references therein. We note that our investigébns in this direction
overlap in many aspects with the huge body of recent research paps on block-
iterative solvers for large-scale convex and non-convex optimiza&n. Our specic
contributions concern the incorporation of overlapping blocks (relundancy) and
the emphasis on the concept of stable space splittings related to pconditioning.

References

[1] P. Oswald. A counterexample for the L ,-projector onto linear spline spaces. Math. of Com-
putation, 77, 2008, 221{226.

[2] P. Oswald. L1 bounds for the L2 projection onto linear spline spaces. In: Recent Advances
in Harmonic Analysis and Applications, Springer Proc. Math . Stat. vol. 25, pp. 303{316,
2013.

[3] I. Babiska and A.K. Aziz. On the angle condition in the n ite element method. SIAM J.
Numer. Anal. 13, 1976, 214-226.

[4] P. Oswald. Divergence of FEM: Babuska-Aziz triangulati  ons revisited. Appl. Math. 60, 5,
2015, 473{484.

[5] M. Griebel and P. Oswald, Greedy and randomized versions of the multiplicative Schwarz
method. Lin. Alg. Appl. 437, 2012, 1596{1610.

[6] P. Oswald and W. Zhou, Convergence analysis for Kaczmarz -type methods in a Hilbert
space framework. Lin. Alg. Appl. 478, 2015, 131{161.

[7] P. Oswald, W. Zhou. Random reordering in SOR-Type Method s. Submitted, Sept. 2015,
arxiv:1510.04727.

[8] M. Griebel and P. Oswald. Schwarz iterative methods: In  nite splittings. Constr. Approx.
(accepted 2015), arXiv:1501.00938.



376 Oberwolfach Report 8/2016

Design and Analysis for Irregular Quad Layout
Jorg Peters
(joint work with Kestutis Karciauskas, Thien Nguyen)

Presently the practical construction of smooth parametric surfaces (and other
manifolds) in computer aided design is based on glueing together a né& number
of surface pieces. Suclg¥ constructions match, after reparameterization (change
of variables from one surface piece to the next) derivatives (jefsup to kth order;

for example G? surfaces have continuous curvatures. [15] provides a survey dhe

theory of GX surface construction, including algebraic considerations such ase
valence-dependent vertex enclosure problem and how to derive éhreparameteriza-
tion from a G* surface construction. An alternative to G constructions is the use
of singular parameterizations. Singular constructions include germalized subdivi-
sion surfaces (Catmull-Clark surfaces) that are widely used for vigalization and

animation (see e.g. [17] for a survey) as well as explicitly singular cotrsictions

[13, 1].

In design, the representation of choice for surface pieces aren®or-product
splines. These piecewise polynomials follow the outlines of an input mestonsist-
ing of quadrilaterals (quadg whose vertices can be interpreted as control points
scaling linear combinations of basis functions. Constructions that iclude mesh
irregularities, i.e. where three or more than four surface pieces join, have been
known since the late 1980s [12, 2, 14, 11]. However, construction$ least polyno-
mial degree and good shape (measured in terms of highlight lines fomaobstacle
course of input meshes [5]) have only recently been developed: forample ex-
plicit recipes { without solving systems of equations { now exist for castructing,
high-quality G? surfaces of degree bi-6 (or bi-5 when 2 2 pieces are permitted
per quad) [7, 6]. These surfaces are linear combinations of B-splifée functions
for irregular quad mesh layout.

In 2014 a formal proof was given thatGK constructions yield C¥ nite elements
when the same reparameterization is used both for the geometrys(rface) and
the (analysis) functions [16, 3]. This means that everyG* construction yields
a C* nite element suitable for the iso-parametric IGA framework. [8] is the
rst account of such generalized IGA (gIGA) elements for irregular quad layout
in the literature. The paper also compares the gIGA approach to alernatives
such as methods of classical nite element analysis and analysis usirgeneralized-
subdivision functions.

In gIGA constructions [8, 4, 10, 9]), each point of the quad mesh &as as a
B-spline-like control point to determine geometric shape or for IGAcomputations.
The gIGA constructions intentionally do not expose the often asymmetrically-
distributed Bezier degrees of freedom that exist after G constraints have been
enforced. Rather they harness them to optimize shape. Practicdas to show
whether this strategy is better than to harvest all possible free Bzier coe cients
as degrees of freedom for IGA.
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IGA Collocation, aka \the Ultimate Reduced Quadrature IGA
Method": Some Results, Applications, and Open Problems

Alessandro Reali
(joint work with Thomas J.R. Hughes)

Isogeometric analysis (IGA) was rst introduced in 2005 [1] with the main aim of
bridging Computer Aided Design (CAD) and Finite Element Analysis (FEA ). The
basic IGA concept, based on the isoparametric paradigm, consistkeof adopting
the same basis functions (splines) used for geometry represeti@ns in CAD sys-
tems for the approximation of eld variables. The original goal was a cost-saving
simpli cation of the typically expensive mesh generation and re nement processes
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required by standard FEA. In addition, thanks to the high-regular ity properties
of its basis functions, IGA showed a better accuracy per-degreef-freedom and
an enhanced robustness with respect to standard FEA. Such a gerior behav-
ior was exploited in a number of applications ranging from solids and stuctures
to uids and uid-structure interaction [2]. Moreover, the newly av ailable higher
regularity opened also the door to geometrically exible discretizations of higher-
order partial di erential equations in primal form. A well-known impo rtant issue
of IGA is related to the development of e cient integration rules able to reduce
the high array formation costs induced by standard Gaussian quachture, in par-
ticular when higher-order approximations are employed. Ad-hoc gadrature rules
were proposed by several authors, but the development of a gemal and e ective
solution for Galerkin-based IGA methods is still an open problem.

Figure 1. 3D elasticity test [4]. Relative error in H-seminorm
versus number of degrees of freedom per parametric directionfo
IGA collocation (IGA-C) as well as Galerkin IGA (IGA-G) and
FEA (FEA-G).

In an attempt to address the issue above taking full advantage othe special
possibilities o ered by IGA and in particular by the available higher regularity,
isogeometric collocation (IGA-C) schemes have been recently prased [3]. The
main idea of IGA-C consists of the discretization of the governing patial dif-
ferential equations in strong form, within the isoparametric paradigm, reducing
the number of evaluations needed for array formation to only one pr degree of
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freedom. The aim is to optimize the computational cost still relying on IGA ge-

ometrical exibility and accuracy. In general, IGA-C features look particularly

attractive when evaluation and formation costs are dominant, as inthe case, e.g.,
of explicit structural dynamics. Detailed comparisons with both IGA and FEA

Galerkin-based approaches were carried out, showing IGA-C advdages in terms
of accuracy versus computational cost, in particular for highererder approxima-
tion degrees, as it can be, e.g., seen comparing Figures 1 and 2 [4].

Figure 2. 3D elasticity test [4]. Relative error in H-seminorm
versus computational time for IGA collocation (IGA-C) as well
as Galerkin IGA (IGA-G) and FEA (FEA-G).

Since its introduction, many promising signi cant works on IGA-C wer e pub-
lished in di erent elds, including, among others, phase- eld modeling, linear and
nonlinear elasticity, contact, as well as several interesting studie in the context of
structural elements (see, e.g., [5] and references therein).

In particular, IGA-C allows to reach new frontiers for mixed formulations, where
methods that are known to be unstable in the Galerkin framework sem to be
stable and very e cient when combined with IGA-C.

Finally, it has been recently shown that IGA-C can be conveniently canbined
with many di erent spline spaces, able for example to be locally re nalde or pos-
sessing other desirable properties not available with classical B-splas or NURBS
(like, e.g., Hierarchical NURBS, T-splines, or Generalized B-splines).
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All these results naturally propose collocation as one of the most gmising re-
search directions in the eld of IGA, able to combine simplicity and e cie ncy with
an incredibly high potential. Unfortunately, a sound mathematical understanding
of this approach is still missing, as proven by the lack of mathematichtheory for
the multi-dimensional case, currently representing one of the mairopen problems
in this context.
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Analysis-suitable C! Multipatch Isogeometric Spaces
Giancarlo Sangalli
(joint work with Annabelle Collin and Thomas Takacs)

Since higher dimensional spline spaces possess a tensor-produtucture, the
representation of domains that have a complex geometry is non-tvial. In this
paper we focus on multi-patch representations. While the implemerdation of C°-
continuity over multi-patch domains is well understood (see e.g. [8, 112] for
strong and [3] for weak imposition of the C° conditions), C*-continuity is not.
Several studies have tackled the problem of constructing functio spaces ofC* or
higher order smoothness, such as [4, 6] for spline spaces, [9] foatgulations and
[10] comparing both. Nevertheless, the construction of smooth @geometric spaces
with optimal approximation properties on complex geometries is still an open and
challenging problem. This is related to the problem of nding parametrizations of
smooth surfaces having complex topology, which is a fundamentalraa of research
in the community of Computer Aided Geometric Design (CAGD) over the last
decades.

We review two di erent strategies for constructing smooth multi-p atch geome-
tries and corresponding isogeometric spaces. One possibility is to agt a geometry
parametrization which is globally smooth almost everywhere, with the exception
of a neighborhood of the extraordinary points (or edges in 3D), se Figure 1 (left).
The other possibility is to use geometry parametrizations that are mly C° at
patch interfaces, see Figure 1 (right). The rst option includes subdivision sur-
faces [5] and the T-spline construction in [11] and, while possessingteactive
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Figure 1. Two possible parametrization schemesC* away from
extraordinary points (left) and C° everywhere (right).

features, they seem to possess optimal approximation propertgefor some con g-
urations, but in general lack accuracy [10, 6]. In our work we considr the second
possibility, corresponding to the right part of Figure 1. The construction of C!
isogeometric functions over aC® parametrization can be interpreted conveniently
as geometric continuity G* of the graph parametrization. Following this approach,
[7] constructed a basis for the shape functions, then analyzed itdimensionality of
some con gurations and numerically tested the order of convergece onh-re ned
meshes, obtaining optimal convergence with spline degree 3 or highand global
continuity C* on a two-patch bilinear geometry. The authors also show an example
of over-constrained C! isogeometric spaces on a non-bilinear geometry. We refer
to the latter situation as C?' locking. Bilinear parametrizations of a multi-patch
planar domain have been analyzed in [2], where it was shown that therexists a
minimal determining set with local degrees of freedom for theC! smooth space if
the polynomial degree is high enough (4 if some additional conditionsra ful lled,

5 otherwise).

Our work further develops the underlying theory in the direction of [2, 7]. Note
that they give explicit charcaterizations in the form of minimal deter mining sets
[2] or basis constructions [7] whereas we present an implicit charaetization of the
continuity conditions and derive restrictions on the function spaces. We moreover
focus on the impact of re nement schemes as they are employed inageomet-
ric analysis. Within the isogeometric framework, the concepts ofh-re nement,
equivalent to knot insertion, as well ask-re nement, simultaneous elevation of the
polynomial degree and interior smoothness, are the two main conp¢s to increase
accuracy of the approximating function space. We study these reement schemes
both theoretically and numerically and point out their limitations. We an alyze the
structure of C! isogeometric spaces over A&?! two-patch geometries. From that
the optimal order of approximation for p-degree isogeometric functions having*
continuity across the patch interface and up to CP 2 continuity in the interface
direction, and infer the C* locking for CP ! continuity. Note that in this paper we
do not give a detailed proof for the approximation error estimates,which may be
the topic of future reserch. We analyzeC! isogeometric spaces constructed over
more general geometries and conclude thah-convergence is suboptimal beyond
AS G! geometries. The extensions to surface domains and to NURBS areiby
discussed. Numerical tests on two- and multi-patch domains are igorted. A key
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question that remains to be studied is the exibility of AS G parametrizations,
as well as construction methods for ASG! parametrizations on general geome-
tries. We hope this work o ers an innovative point of view which leads to a better
understanding of this di cult question.
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On the Isogeometric Version of the Scaled Boundary Finite El ement
Method

Bernd Simeon
(joint work with Sven Klinkel, Lin Chen, Wolfgang Dornisch, Carlo Lova dina)

Recently, a new variant of Isogeometric Analysis has been introdued that dis-
cretizes the partial di erential equation at hand based on a type d generalized po-
lar coordinates, thus avoiding the construction of tri-variate NURBS parametriza-
tions [1, 2].

While in the Boundary Element Method, the problem is mapped to the baund-
ary using Green's function, this Scaled Boundary Method discretizes also the
boundary or surface patches of the domain, respectively, but geerates then a
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formulation on a nite number of rays that emanate from an origin in t he compu-
tational domain to the control points on the surface. Independet of the spatial
dimension, this leads to a 1D boundary value problem on the rays. Hoewer, in
this method a singularity in the origin of the boundary scaling arises that might
a ect the performance of numerical methods.

The talk reports on current research for this method class in the ontext of
Isogeometric Analysis. In particular, a conjecture is formulated:
For certain classes of domains and PDEs (which ones?), the Gerkin projection
in circumferential and radial direction is equivalent with standard isogeometric
discretization for the corresponding polar parametrizaton.

The gure below illustrates the two concepts. The domain is parametized via

X=Xo+ (N()X Xo)

wherex 2 R? is a point in Cartesian coordinates andxo the scaling origin or
center point. The new coordinates and are element of [01]?, and N ( )X stands
for the boundary representation in terms of B-splines (or NURBS)N and control
points X, both arranged in matrices of appropriate dimensions. On the left,the
coordinate transformation generates a 1D problem along the rayéndicated in red)
that run from the origin to the control points. On the right, the pa rametrization
directly induces a mesh.

Figure 1. Sketch of polar coordinate system and isogeometric mesh
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