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Introduction by the Organisers

The workshop Diophantische Approzimationen (Diophantine approximations), or-
ganised by Yann Bugeaud (Strasbourg), Philipp Habegger (Basel), and Umberto
Zannier (Pisa) was held April 10th - April 16th, 2016. There have been 51 partic-
ipants with broad geographic representation and a large variety of mathematical
backgrounds. Young researchers were well represented, including among the speak-
ers. Below we briefly recall the topics discussed, thus outlining some of the modern
lines of investigation in Diophantine approximation and closely related areas. We
refer the reader to the abstracts for more details.

Diophantine approximation is a branch of Number Theory that can be described
as the study of the solvability of inequalities in integers, though this main theme of
the subject is often unbelievably generalized. As an example, one can be interested
in rational approximation to irrational numbers. Irrationality and transcendence
have been discussed in the talks of Viola and Zudilin. Slightly related is the para-
metric geometry of numbers, recently introduced by W. Schmidt and Summerer,
and which was at the heart of the talk of Roy.
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Metric Diophantine approximation has seen great advances during the last
decade and was present in the talks of Badziahin, Beresnevich, Haynes and Mosh-
chevitin.

At the end of the 1920s, Kurt Mahler introduced the so-called Mahler’s method
to give new transcendence results. It has been recently revisited and several new
advances were presented by Bell, Philippon and Zorin. A fourth related talk, on
E- and G-functions was given by Rivoal.

Questions on algebraic number fields and on the theory of heights have been
discussed by Widmer (with a connection to decidability questions), Amoroso, and
Pottmeyer. Heights also played a role in Gaudron’s talk. He presented explicit
lower bounds for the Néron-Tate height on an abelian variety. Silverman discussed
the vanishing locus of the Néron-Tate height attached to nef line bundles, a weak-
ening of the ampleness criterion. Hindry presented evidence why the regulator
and the Tate-Shafarevich group of an abelian variety are difficult to compute in
the number and function field setting. Pazuki discussed the Northcott property
for the regulator of an abelian variety. Kiithne’s talk was on a height bound for
just likely intersections in semi-abelian varieties.

Bilu showed a strengthened estimate for the number of fields generated by fibers
of rational functions over curves over integral values.

Bertrand spoke on Kummer theory for abelian varieties over a function field.

Functional transcendence in the spirit of the Ax-Schanuel Theorem played an
important role in Corvaja’s and Gao’s talks. Corvaja discussed applications of
Manin’s Theorem of the Kernel and beyond to Pink’s Conjecture on families of
abelian varieties. Gao put the functional Schanuel Conjecture in a very general
context and presented evidence in the case of a vectorial extension of an abelian
variety. Harry Schmidt presented solvability results on the polynomial Pell equa-
tion.

Diophantine equations remain a subject of constant interest. Bennett combined
a large variety of techniques to list integer squares with very few digits in some
given base. Akhtari explained that many Thue equations have no solutions. Levin
presented progress towards effective Shafarevich for genus 2 curves.

Various questions coming from ergodic theory and with a Diophantine flavour
were discussed by Varju and Lindenstrauss.

Arithmetic dynamics is a quite recent topic of growing interest among the par-
ticipants, and was the subject of the talks of Ingram, Tucker, and Zieve. In-
gram exhibited a non-trivial family of non-Lattes maps that satisfy the Morton-
Silverman uniformity conjecture. Tucker presented a dynamical analog of the
Bugeaud-Corvaja-Zannier gcd bounds by taking composition of functions instead
of powers of numbers. Zieve spoke on a variant of the Mordell-Lang Conjecture in
the dynamical setting.

The abstracts are listed by order of appearance of the speakers during the
conference.
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Abstracts

Arithmetic theory of E-operators
TANGUY RivoaL
(joint work with Stéphane Fischler and Julien Roques)

In my talk, I presented results obtained with Stéphane Fischler (Université Paris
Sud) and, independently, with Julien Roques (Université Grenoble Alpes).

°° nn guch that

Definition 1. An E-function is a power series E(z) = >~ %

a, € Q and there exists C' > 0 such that:

(i) For any o € Gal(Q/Q) and any n > 0, |o(a,)| < C™HL.

(ii) There exists a sequence of rational integers d,, # 0, with |d,,| < C™*!, such
that d,a,, is an algebraic integer for all m < n.

(7i1) E(z) satisfies a homogeneous linear differential equation with coefficients

in Q(z).

A power series Y~ a,2z" is a G-function if and only if > /42" is an E-
function. An FE-function is an entire function. The set of E-functions is a ring
(for the Cauchy product) which contains the exponential function and the Bessel
functions for instance. Its units are of the form aexp(Sz), where a € @* and
B € Q (André [1]). The set of G-functions is also a ring (for the Cauchy product)
which contains the algebraic functions over Q(z) holomorphic at z = 0, and the
polylogarithmic functions Y - | 2"/n® (s an integer). Its units are the algebraic
functions over Q(z) holomorphic at z = 0 and taking a non-zero value at z = 0
(André [2]).

Let us now define two sets related to these functions.

Definition 2 ([4, 5]). (i) E is the set of all E-values, i.e. values taken at algebraic
points by E-functions. It is a ring. Its group of units contains Q" exp(Q).

(73) G is the set of all G-values, i.e values taken at algebraic points by (analytic
continuation of ) G-functions. It is a ring, which contains the values of the Riemann
zeta function at integer points. Its group of units contains @* and the Beta values
B(Q,Q) (when defined and non-zero). In particular, it contains all the numbers
of the form T'(a/b)’, a,b > 1 integers.

(Recall that B(z,y) = I'(z)I'(y)/T'(z+y).) Conjecturally, ENG = Q but so far

only the trivial inclusion Q@ C ENG is known. Still conjecturally, Euler’s constant
~ and the values I'(a/b), a, b integers with a/b ¢ Z, are neither in E nor in G.

Our works are essentially devoted to the following question: How can the prop-
erties of E and G-functions be used to deduce non-trivial properties of the sets E
and G, and vice-versa? In my talk, I mainly focused on E-functions and E-values.

Using the deep properties of the differential equations satisfied by G-functions,
in particular certain special basis of solutions at algebraic points (named ACK
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basis below, after André, Chudnovsky and Katz), we obtained the following result,
which was crucial to prove that G is a ring.

Theorem 1 (Fischler-R [4]). A number ¢ is in G if and only if £ = F(1), where
F is a G-function with coefficients in Q(¢), whose radius of convergence can be as
large as a priori specified.

In a preliminary version of [4], we asked if something similar could be said for
E-values (the statement on the radius being pointless of course). The referee of [4]
answered this question in the negative, by means of Beukers’ lifting Theorem [3],
and an adaptation of his argument shows the following.

Theorem 2. An E-function with coefficients in a number field K takes at an
algebraic point « either a transcendental value or a value in K(«).

In particular, there is no E-function F(z) € Q[[2]] such that F(1) = v/2.
André’s recent theory of E-operators [1] was our starting point to study E-
functions and FE-values.

Definition 3 (André [1]). A differential operator L € Q[z, ] is an E-operator
if the operator M € Q|z, diz] obtained from L by formally changing = — —diz and
% — z (the Fourier-Laplace transform of L) is a G-operator, i.e. My(z) =0 has

at least one G-function solution for which it is minimal.

Given an E-function F(z) = Y7, “nx™, there exists an E-operator L, of order

u say, such that LF(x) = 0. Moreover, the Laplace transform of F'(x), defined
by g(z) = fooo F(z)e **dx =) " ) s241, is a G-function of the variable 1/z, and
((£)* o M)g(z) = 0. This connection between E and G-functions enabled André
to prove the following.

Theorem 3 (André [1]). (i) An E-operator has at most 0 and co as singular-
ities: 0 is always a regular singularity, while co is an irregular one in general.
(ii) An FE-operator L of order u has a basis of solutions at z = 0 of the form
(E1(2), ..., Eu(2)) - 2M where M is an upper triangular p x g matrix with coeffi-
cients in Q and the E;(z) are E-functions.

Any local solution F(z) of Ly(z) =0 at z = 0 is thus of the form

F(z)= i ( Z Z Gjs k2’ log(z)k)Ej(z)

j=1 s€S; kekK;

where S; C Q, K; C N are finite and ¢;,, € C. We studied in[7] E-operators
with trivial monodromy at the origin.

Theorem 4 (R-Roques [7]). Consider an E-operator L € Q[z, L] of order p
having a basis over C of holomorphic solutions at z = 0. Then, L has a basis over
C of solutions of the form P (z)ef# + -4 Py(2)e* for some integer £ < p1, some

B;’s in Q", and some Pj(2)’s in Q[z].
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We now focus on connection constants. For G-operators, we proved in [4] that
the connection constants are always in G when we connect an ACK basis at «
to an ACK basis at 3, where a, 3 € QU {oo}. This property was an important
step in the proof of Theorem 1 previously stated. In [5], we also characterized
the nature of connection constants of F-operator at finite distance. Now, let
F(z) be a local solution of an E-operator Ly(z) = 0 at z = 0 with ¢; .1 € Q.
Any point o € Q \ {0} being a regular point of L, there exists a basis of local

solutions, holomorphic around z = «, Fi(z — a),..., F,(z — a) € Q[[z — a]] such
that F(z) = wiFi(z — o) + -+ + w,F, (2 — a) where wy,...,w, are connection
constants.

Theorem 5 (Fischler-R [5]). The connection constants ws,...,w, belong to

Ellog o], and even to E if F(z) is an E-function.

T also presented our results concerning the solutions of an E-operator at z = co.
By deformation of the integral F'(x) = 2m i) 1 9(2)e*dz (L “vertical”), we obtained
in [5] a new and explicit descr1pt1on of some of Andre s results, in particular the
generalized asymptotic expansion

M) P~ Yo 3 20 Y log(e)' 3 Metena(n)

pEX a€eS €T n=0

as |z| — oo in an angular sector bisected by {z : arg(z) = 6}. The sets ¥ C Q,
S C Q, T C N are finite, and a priori cg . «,(n) € C. This enabled us to obtain an

explicit version of André’s duality theorem: The series >~ ”'ce‘;i,‘j(") in (1) is
divergent, but >0 o Lcg , o.i(n)z" is a finite linear combination of E-functions.
We also found explicit expressions for André’s basis at infinity Hi(2),..., H,(z),
which are of formal solutions at infinity of the F-operator L that annihilates
F(z). Each Hj involves series like in (1) but with coefficients in Q. The as-
ymptotic expansion (1) of F(z) in a sector bisected by {z : arg(z) = 60} is
wo1H1(2) + -+ + o.)g,HHH(z) where the Stokes’ constants wg ; may depend on 6
(Stokes’ phenomenon). Let us define the set S as the module generated over G[7]
by all the values of the Gamma function at rational points, where v is Euler’s
constant.

Theorem 6 (Fischler-R [5]). Let § € [0,27) be a direction not in some explicit
finite set. Then: (i) The Stokes constants wg j belong to S. (i) All the coefficients
€9,p,a,i(n) belong to S.

The determination of connection constants or of Stokes’ constants for E or
G-functions have a Diophantine interest. Indeed, it is important in the proof of
Theorem 7 below and to construct in an effective way new sequences of rational or
algebraic approximations to F-values, G-values but also to values of the Gamma
function at rational points. This may help to find irrationality proving sequences
for numbers like ¢(5) or I'(1/5). In [4], we completely characterized the set of
G-approximable numbers, i.e. numbers a € C for which there exist two sequences

(Pn)n and (Qn)n of algebraic numbers such that lim,, o- =« and > 7  Ppz"
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and > 7 Q2" are G-functions. This set is Frac G. We were led to define this
notion because of Apéry’s famous sequences of approximations of ¢(3), which are
G-approximations. In [5], we defined a similar notion for E-functions.

Definition 4. Sequences (P,), and (@), of algebraic numbers are said to form
E-approximations of a € C if lim,, % =aand Y oo P.2" = a(z) - E(b(z)), and
> o Quz™ = c(z) - F(d(z)) where E and F are E-functions, and a,b,c,d are
algebraic functions in Q[[z]] with b(0) = d(0) = 0. The number « is said to be
FE-approximable.

The notion is more complicated than for G-functions but it is natural be-
cause many sequences of algebraic approximations of classical numbers are F-
approximations: For instance diagonal Padé approximants to exp(z) evaluated
at z algebraic, and in particular the convergents to e. Given X,Y C C, let
X Y={awy|reX,ycY}and & ={jlze X,y e Y \{0}}.

Theorem 7 (Fischler-R [5]). The set of E-approximable numbers contains

gﬂggg; U Frac G and it is contained in % U (T(Q) - exp(Q) - Frac G).

It would be very interesting to close the gap and to obtain a definitive result
as for G-approximable numbers. Finally, I presented two results related to the
problem of the determination of the group of units E* of E. Again, André’s
theory of E-operators was an important tool.

Theorem 8 (R-Roques [6]). Consider two E-functions f(z),g(z) and M(z) €
M3(Q(z)) such that (g,g))) = M(z) (g((g) .If f(2) and g(z) are algebraically
dependent over Q(z), then one of the following cases occurs:
(i) There exist a(z),b(2),c(2),d(z) € Q[z,271] and «, 8 € Q such that
f(2) = a(2)e®* +b(2)e* and  g(z) = c(2)e** + d(z)e”
(i) There exist a(z),b(2),c(z),d(z) € Q[z,271], 6§ € Q\ Z and a € Q such that
f(z) =a(z)1Fi(1;8;a2) + b(2) and g¢(z) = c(2)1F1(1; 65 az) + d(z).

Using as a starting point Beukers’ lifting Theorem [3], then Theorem 8 above,
and finally the classical Siegel-Shidlovsky Theorem [8], we obtained a result to-
wards a proof that E* = Q" exp(Q).

Theorem 9 (R-Roques [6]). Let F(z),G(z) be E-functions and M (z) € M2(Q(2))

such that (ggjg) - M(z)( E §> Let us assume that ¢ € Q is such that
)

F(&)G(E) = 1. Then F(£) and G(€) are both in Q" exp(Q).
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Values of Mahler functions and Galois theory
PATRICE PHILIPPON

1. MAHLER METHOD

Let ¢ € N, q > 2, a g-Mahler function is an element f(z) € Q((z)) solution of an
equation

an(2)F )+ Fao(2)f(z) =0,
where ag(z2),...,an(z) € Q[z], ao(2)an(z) # 0, and N € N* is the order of the
equation. Equivalently, a ¢-Mahler function is a component of a vector f(z) =
(f1(2),..., fn(2)) € Q((2))Y solution to a matrix equation

(1) "fz)=A2) "f(27) , Alz) € GIv(Q(2)) -

The singular locus of the system is
{¢e Q" 3k € N such that §qk is a pole of A(z) or A(2)""} .

A Mabhler function is said to be non singular at « if it satisfies a system (1) the
singular locus of which does not contain «. Also, a Mahler function is mero-
morphic in the non-bordered unit disc, with possible poles at 0 and the singular
locus. A common denominator of the components of f(z) outside of 0 is written
[eesenv@ — 5_12q£)m5, where S is the set of poles of the coefficients of A(z)
and mg is the multiplicity of such a pole &.

Theorem 1. (Kumiko Nishioka). Let f(z) be a vector of g-Mahler functions
solution to (1) and « € Q. |a] < 1, which is not a singularity of this system.

Then trdegaa(f(a)) = trdega(z)a(z, f(2)).

Problem - Knowing the transcendence degree does not tell everything about the
algebraic relations between the values. For example, f1(z) may be a transcendental
function and nevertheless take algebraic values at some algebraic points. How to
determine those points?
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In case of functions satisfying Mahler equations of order N < 2 we can say
more.

2. ORDER ONE AND TWO
Let K be a number field and o € K*, |a| < 1. Denote H the multiplicative group

{TT((Z;)) ;7(2) € K(2)*} and set

R :={r(z) € K(2);r(0) =0 and T(ozqk) #o0,Vke N} .

Select a collection S of element of (1+7R)N(1+7R)~! which are multiplicatively
independent modulo ‘H and denote A, s the following set of numbers

H s(aqk); seS U Z s(a)... s(aqk)r(aqk);r(z) ER,s(z) e S
keN keN

Theorem 2. If z1,...,2n € Aja,s are such that 1,21,..., 2y are linearly inde-
pendent over K, then 1,...,zy are algebraically independent (over Q).

Proof. It relies on a theorem of Kenneth Kubota (recently revisited via Galois
theory by Pierre Nguyen Phu Qui) describing explicitly the algebraic relations
between the functions [, .\ s(z7") and dokeN S(2) .- (27" )r(29"), which satisfy
Mahler equations of order 1 and 2 respectively. (I

3. HIGHER ORDERS

There is no such nice description of the algebraic relations between Mahler func-
tions of higher orders, as Kubota’s theorem. In each given case, the ideal of
relations may be determined, first computing the Galois group of the equation.
But, this is not enough to know the relations between the values of the functions.

Let o € Q°, la] < 1, and consider a vector of g-Mahler functions given by
f(z) = (fi(2),..., fn(2)) solution to an N x N-matrix functional equation (1)
not singular at a. Set X = (X1,...,Xn).

Theorem 3. (Main theorem). If P € Q[X] satisfies P(f(a)) = 0, then there
exists @ € Q[z, X] such that Q(z, f(2)) =0, d%Q = d°P and P(X) = Q(a, X).

This is the analogue for Mahler functions of a result of Frits Beukers for
E-functions. Knowing the algebraic relations between the functions, the Main
theorem gives those between their values at non singular arguments.

Restricting the entries of the matrix A(z) to have coefficients in a given number
field K, we can speak of (g, K')-Mahler functions. Define the K-vector space

Voo (K) = {f(a); f a (¢, K)-Mahler function not singular at a} .

Corollary 1. Let x1,...,2n € Vgo(K) which are linearly independent over K,
then they are linearly independent over Q.
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This may be seen as an analogue of Baker’s theorem for values of (¢, K)-Mahler
functions (instead of logarithms of algebraic numbers).

Example? - Let b,q € N, b,q > 2, (q,b)-automatic numbers are real numbers
the sequences of digits in base b of which are given by g-automata. However, they
may not all belong to V, 1 (Q) since + 5 may be a singularity of the Mahler equation
associated to the generating series of the sequence of digits.

Nevertheless, in 1968 Alan Cobham conjectured that an automatic number is
either rational or transcendental. Proving this conjecture via Mahler’s method
could be called “Alf’s dream”, since Alf van der Poorten together with John
Loxton studied the question steadily from 1980 on. But, because of the above
snag, even our Main theorem seems to miss this application. Fortunately, Boris
Adamczewski and Yann Bugeaud proved Cobham’s conjecture in 2007 ... using
Wolfgang Schmidt’s subspace theorem.

4. CHASING SINGULARITIES

Here is another way out, repelling the singularities towards the unit circle. But
before, I want to mention that Boris Adamczewski and Colin Faverjon had devised
another method of “desingularization” before I came out with the following lemma.

Lemma 1. Assume that the matrix A(z) has its coefficients in K[z] and that
the numbers f;, («), ..., fi,(a) are linearly independent over K. Then there exists
an N x N-matrix B(z) with coefficients in K[z] and a vector g(z) solution to
tg(z) = B(z)tg(29), such that det(B(a?")) # 0 for k € N and K f; (o) + - +
Kfie(a) = Kgil(a) +ot Kgiz(a)'

This, together with a reduction of Jason Bell, Yann Bugeaud and Michael Coons
(also revisited by Adamczewski and Faverjon), extends the corollary to our Main
theorem to the larger class of numbers:

Wy.o(K) == {f(c); f a (¢, K)-Mahler function defined at a} .

Thus, we eventually get a proof of Cobham’s conjecture via Mahler’s method,
extending the result of Adamczewski and Bugeaud on one hand to $-expansions
with 8 > 1 any real algebraic number and on the other hand to linear independence
(over Q).

Furthermore, Adamczewski and Faverjon have obtained a complete description
of the linear relations between elements of Wy o(K') subject to a mild restriction.

Theorem 4. (Boris Adamczewski & Colin Faverjon). Let f(2z) = (f1(2), ..., fn(2))
be a vector of (¢, K)-Mahler functions, solution to (1). Let o € K, 0 < |a| <1

—1

there exists an integer £ such that if a is not a pole of A¢(z) := A(2)A(29)... ( )
then

fla) @ = (kerx(Ag(@)) + (F(2)**=)(a) ®x Q .
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- — —
Here f(«) Q is the Q-vector subspace of QN orthogonal to f(a) in CV,
F(2)1x® is the K (z)-vector subspace of K(z)" orthogonal to f(z) in K((z))V
and ker (A¢()) is the left kernel in K% of the matrix A,(a).

In order to go further, one would like to have a description of the Galois group
of a Mahler system of functional equations in terms of the matrix of the system
. another dream.
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Diophantine approximation of Mahler numbers
JASON BELL
(joint work with Yann Bugeaud and Michael Coons)

Mabhler’s method is a method in transcendence theory whereby one uses a function
F(x) € Q[[z]] that satisfies a functional equation of the form

d
(1) ai(z)F(z* ) =0
i=0

for some integers k > 2 and d > 1 and polynomials ag(z),...,aq(x) € Z[z] with
ap(z)aq(x) # 0, to give results about the nature of the numbers F(1/b) with b > 2
an integer such that 1/b is in the radius of convergence of F(x). We refer to such
numbers F(1/b) as Mahler numbers. It is well-known that automatic numbers,
numbers whose base-b expansion can be generated by a finite-state automaton for
some b > 2, form a subset of Mahler numbers.

Let & be a real number. The érrationality exponent, u(€), of £ is defined to be
the supremum of the set of real numbers p such that the inequality

0< ’5 - 9’ <L
q q*

has infinitely many solutions (p,q) € Z x N. Computing the irrationality expo-
nent of a given real number is generally very difficult, although there are several
classes of numbers for which irrationality exponents are well-understood. All ra-
tional numbers have irrationality exponent one, and a celebrated theorem of Roth
gives that all irrational algebraic numbers have irrationality exponent precisely
two. In fact, the set of real numbers with irrationality exponent strictly greater
than two has Lebesgue measure zero. Roth’s theorem built on work of Liouville,
who showed that if £ is an algebraic number of degree d over Q, then u(§) < d.
Using this fact, Liouville produced the first examples of transcendental numbers
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by constructing real numbers with infinite irrationality exponent; numbers with
infinite irrationality exponent are now called Liouwville numbers in his honour.
Towards classifying irrationality exponents of automatic numbers, Adamczewski
and Cassaigne [2] proved that a Liouville number cannot be generated by a finite-
state automaton.
In our work, we use Mahler’s method to provide the following generalisation of
Adamczewski and Cassaigne’s result.

Theorem 1. A Mahler number cannot be a Liouville number.

Historically, the application of Mahler’s method had one major impediment. In
order to consider numbers F(1/b) one must ensure that ao((1/b)*") # 0 for all
1 > 0; this condition is commonly referred to as Mahler’s condition. Note that in
the statement of Theorem 1 no such condition is stated. Indeed, we are able to
remove Mahler’s condition within the setting of our paper.

In fact a general quantitative version of Theorem 1 is proved in our work, in
which we give a bound for the irrationality exponent of the number F(a/b) in
terms of information from the functional equation (1) and the rational number
a/b when |a| is small enough compared to b. Indeed, the rational approximations
constructed to get the quantitative bound are of high enough quality that we
may apply a p-adic version of Schmidt’s subspace theorem to extend a result of
Adamczewski and Bugeaud [1] on transcendence of automatic numbers to a much
larger class of Mahler numbers.

To explain this extension formally, let a = {a(n)},>0 be a sequence taking
values in a field K. We define the k-kernel of a, denoted by KCx(a), as the set of
distinct subsequences of the form {a(kn + r)},>o with £ > 0 and 0 < r < k.
Christol showed that a sequence is k-automatic if and only if its k-kernel is finite.
We say the sequence a is k-reqular (or just regular) provided the K-vector space
spanned by K (a) is finite-dimensional. We use the term regular number to refer
the values of a the generating function of a k-regular sequence at rationals 1/b,
with b > 2 an integer. We then have the following result on transcendence.

Theorem 2. An irrational regular number is transcendental.

As an immediate corollary of this result, we have that if F(x) is a Mahler
function satisfying (1) with ag(z) a non-zero integer, then F'(1/b) is either rational
or transcendental.

Mahler introduced two related measures of the quality of approximation of a
complex transcendental number £ by algebraic numbers. For any integer m > 1,
we let wy, () denote the supremum of the real numbers w for which

1

0<|P(§)|<W

has infinitely many solutions in integer polynomials P(z) of degree at most m,
where H (P) is the naive height of the polynomial P(x); that is, it is the maximum
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of the absolute values of its coefficients. Further, we set

w(§) = limsup _wn;f) .

m—r oo

Following Mahler, we say that £ is an

e S-number, if w(§) < oo;

e T-number, if w(§) = oo and w,, (§) < oo for any integer m > 1;

e U-number, if w(§) = oo and wy,(§) = oo for some integer m > 1.
Almost all numbers are S-numbers in the sense of Lebesgue measure, and Liouville
numbers are examples of U-numbers. Then according to this taxonomy, we have
the following result.

Theorem 3. An irrational regular number is an S-number or a T-number.

Since automatic numbers form a subset of regular numbers, Theorem 3 implies
that any irrational automatic number is either an S-number or a T-number.

REFERENCES

[1] B. Adamczewski and Y. Bugeaud, On the complezity of algebraic numbers. I. Expansions
in integer bases. Ann. of Math. (2) 165(2) (2007), 547-565.

[2] B. Adamczewski and J. Cassaigne, Diophantine properties of real numbers generated by
finite automata, Compos. Math. 142(6) (2006), 1351-1372.

Measures of algebraic independence and Diophantine properties of
Mahler numbers and their generalizations.

EVGENIY ZORIN

This report presents some new measures of algebraic independence for values of
Mahler functions and their generalizations. Among the other things, we provide
a result on a measure of algebraic independence at transcendental points, see
Theorem 3 below. We also show how these results imply that no Mahler number
belongs to the class U in Mahler’s classification (see Corollary 1 below).

So, let n € N and let p(z) = p1(z)/p2(z) be a rational function with coefficients
in Q. Mahler functions is a system of functions

F1(2); -, ful2) € Qll]]

analytic in some neighbourhood U of 0 and satisfying the following system of
functional equations:

(1) a(2)i(z) = A(2)(p(2)) + B(2),

where f(z) = (f1(2), - .., fu(2)), a(z) € Q[z], A (resp. B) is an n x n (resp. n x 1)
matrix with coefficients in Q[z] and we assume that the order of vanishing of p(z)
at 0 is at least 2, that is ordz—gp := ordz—op1 — ordz—op2 > 2. We will denote
by d the degree of p(z) (i.e. d = max(degpi(z),degpz(2))) and by § the order of
vanishing of p(z) at z = 0.
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We denote by t the transcendence degree
(2) t:= tr.deg.(c(z)(C(fl (2),. oy fn(2),
that is ¢ is the maximal number of functions among fi(2),..., fn(z) which are
algebraically independent over C(z). We will denote by Iy C Q[z][X1, ..., X,] the
ideal of polynomials that vanish on fi(2),..., fn(2). B

For a variety W C P™ one can define the notions of height and degree, general-
izing the corresponding notions for a polynomial. These definitions and a detailed
discussion of them can be found, for example, in Chapters 5 and 7 of [2]. To get a
flavour of (most of) the statements presented in this report it might be enough to
keep in mind the case when the variety W is a lieu of zeros of a homogeneous (in
X1,...,X,) polynomial P € Z[z][ X1, ..., X,]. Inthis case, the height of W, h(W),
equals to the logarithmic Weil height of P and the degree of W, deg(W), equals
to the degree of W. Similarly, in this case the projective distance Dist(z, W) can

be substituted by the normalized value of polynomial P at z, that is %,

where 2’ stands for any representative of the projective point z, |P(z')| denotes
the absolute value of P(z") (archimedean or not), |P| denotes the maximum of
absolute values of coefficients of P and |2/| is the maximum of absolute values of
coordinates of 2.

Our first two theorems give the measure of algebraic independence of Mahler
functions at algebraic points.

Theorem 1. Let p(z) € Q2] and let fi(z),...,fu(2) be functions analytic in a
neighbourhood U of the origin and satisfying (1). Let y € Q N U verifies

p"(y) =0
as h — oo and no iterate pi"l(y) is a zero of z det A(2).
Then there is a constant ' > 0 such that for any variety W C Pg of dimension

k<t+1-— }Zgg, one has

(t+1)(%71) t41
(3)  logDist(z, W) > ~Ch(W) (log h(W)) "'~ 1&5  (deg(W)) "+ %s |
where z = (1: fi(y) :---: fu(y)) € PE.
In particular,

tr.dog.gQ (1 (9)s- - fuly)) = 41 ngdJ ,

log

and if we assume moreover 28¢ < 2 then

log &
tr.deg.gQ (f1(y), -, fuly)) = 1.
Theorem 2. Let fi(2),...,fn(2) be a collection of functions analytic in a neigh-

bourhood U of the origin and satisfying (1). In this statement we assume p(z) €
Q(z) in the system (1) (compare with more restrictive assumption p(z) € Q[z] in
the preceding Theorem 1). We keep the notation d = degp, § = ordg—ep > 2.
Assume that a number y € Q N U satisfies limy,_, o0 pl™ (y) =0 and for all h € N
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the number pl?l(y) is not a zero of zdet A(z). Then there is a constant C' > 0 such
that for any variety W C Pg of dimension k <t (2 — }gig), one has

2t

(4) log Dist(z, W) > —Ch(W) T orsssrmzal deg(W) (>~ 155)—* |
where z = (1: fi(y) :---: fu(y)) € P¢. In particular,

logd
(5) tr.deg.qQ (f1(y), .-, fu(y)) >t (2 — @> .

Also, it is possible to give a measure of algebraic independence for values of
Mabhler functions at arbitrary complex value of argument. Note that in the state-
ment of Theorem 3 below we does not assume y € Q (though in this case we have
significantly less sharp estimates, if compared to our Theorems 1 and 2 above,
where we assume that y is algebraic).

Theorem 3. Let fi(2),...,fn(2) be functions analytic in a neighbourhood U of
the origin and satisfying (1). Assume that p(z) € Q[z] with § = ord,—op(2) > 2
and d = degp(z). Let y € U be such that

pM(y) = 0as h = oo

and no iterate pl"l(y) is a zero of zdet A(2).
Then for all € > 0 there is a constant C' such that for any variety W C Paﬂ of

dimension k < t+1 — 2}2??, one has

Tog d _ ., logd _

t+24e t+24e
(6) logDist(z, W) > —C max <(deg(W))t’°“2logs S h(W) TR ess E) 7

where z = (1:y: fi(y) : -+ fa(y)) € PEH.
In particular,

logd
tr.deg.qQ (v, f1(y), - fu(y) 2t +1— [2%] ’

and if we assume moreover }gig < 3/2 then

tr.deg.qQ (v, f1(y), .-, faly)) 2t — 1.

The proof of all these results exploits new general multiplicity estimate [3],
which gives, in particular, an essentially optimal (up to a multiplicative constant)
multiplicity estimate for Mahler functions

If the rational function p(z) satisfies the condition degp(z) = ordz—op(z), then
lower bounds (3) and (4) are the best possible in terms of the dependence on the
(logarithmic Weil) height, h(W). In this case, by applying Theorem 1 to (1) with
the function p(z) = 2% and the variety Wp equal to the lieu of common zeros of an
ideal Iy and an arbitrary polynomial P € Z[X;], we find the following corollary:
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Corollary 1. Let p(z) = z% and let f1(z),..., f.(2) be a solution to the system (1)
analytic in a neighbourhood of zero. Let o € Q verifies 0 < |a| < 1.

Then the number f;(«) is not a U-number.

More precisely, one of the following two complimentary options holds true

(1) fi(2) € Q(2), and then fi(«) is an algebraic number, hence not in the
class U.

(2) f1(2) € Q(z), and then there exist constants C3,7 > 0 such that for all
non-zero P € Z[X] we have

|P(f1(a))] = exp (=C5 (h(P) +1) deg(P)") .

Corollary 1 follows from Theorem 1, the only point which needs special treat-
ment is the removal of Mahler’s condition, that is the hypothesis of Theorem 1
that no iterate pll (y), h € Z>q, of the point y € QnNU is a zero of the polynomial
zdet A(z). This can be done with a new method presented in [1, Section 5].

It seems that Corollary 1 could be generalized further, covering not only the
classical case of system (1) with p(z) = 2%, but also system (1) with any rational
function p(z) € Q(z) verifying deg p = ordz—op > 2, e.g. 177=- The only problem
is that in this more general case we lack, at least currently, a structure theorem for
the analytic solutions of (1) to use in place of Dumas’ theorem in [1, Section 5].
This problem is still to be investigated.

We can still infer from Theorem 2 a conditional result, depending on Mahler’s
condition.

Corollary 2. Let p(z) € Q(z) verifies deg p(2) = ordz—op(z) and let f1(2), ..., fn(2)
be a solution to the system (1) analytic in a neighbourhood U of the origin. Let
a € Q\ {0} verifies
p"(a) =0

as h — oo.

Moreover, assume that no iterate pl"l(a), h € Zso, is a zero of zdet A(z)
(Mabhler’s condition).

Then the number f;(«) is not a U-number.

More precisely, one of the following two complimentary options holds true:

(1) fi(a) € Q, hence not in the class U.
(2) fi(a) € Q, then there exists a constant C3 > 0 such that for all non-zero
P € Z[X] we have

|P(fi(a))| > exp (—03 (h(P) deg(P)?" + deg(P)2t+1)) '
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New Positivity Results for Canonical Heights on Abelian Varieties and
an Application to Arithmetic Dynamics

JOSEPH H. SILVERMAN
(joint work with Shu Kawaguchi)

Canonical Heights for Nef Divisors on Abelian Varieties. Let K be a
number field, let X/K a smooth projective variety, and for each irreducible divi-
sor D € Div(X), fix a Weil height function

hX,D : X(K) — R.
Then for R-linear combinations of irreducible divisors D = )" ¢;D; € Div(X) ® R,
define hx p by linearity to equal > ¢;hx p;.
When X is an abelian variety, the quadratic part of the canonical height is the
limit

LjXJ) ZX(K)—)R, LjXﬁp(P): lim 47nhX7D(2nP).

n—roo

We recall some basic facts ([2, 5]):

e The function ¢x p is a quadratic form.

e The function gx p depends only on the algebraic equivalence class of D
in NS(X) ® R.

e If D is ample, then §x p extends to a positive definite quadratic form

LjXJ) : X(K)@R%R

The positivity has many important consequences, including in particular imply-
ing that if Py,..., P. is a basis for the Mordell-Weil group X (K)/X (K )tors, then
the regulator det((Pi, Pj)) computed using the associated bilinear form is strictly
positive.

The ample cone in NS(X) ® R is the cone generated by all positive real mul-
tiples of ample divisors (together with 0). Then one way to define the nef cone
in NS(X)®R is as the real closure of the ample cone. The abbreviation nef stands
for numerically effective, since an alternative characterization is that a divisor class
D € NS(X) ®@ R is nef if and only if D - C > 0 for every irreducible curve C C X.
One may thus view nef divisors as limits of ample divisors.

Our main theorem generalizes the positivity of the canonical height for ample
divisors to the case that D is nef.

Theorem 1. [4] Let X/K be an abelian variety defined over a number field, and
let D € NS(X)®R be a non-zero nef divisor class. Then there is a proper abelian

subvariety Yp C X so that for all P € X(K) @ R,
gxp(P)=0 <= PecYp(K)®R.

Of course, if D is ample, then Yp = 0 and we recover the usual result that

P € X(K) satisfies §x p(P) = 0 if and only if P € X (K )ors-
The proof of Theorem 1 starts with the identification of NS(X) ® R as the
Jordan algebra of elements in End(X) ® R fixed by the Rosati involution. It then
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uses a theorem stating that the image of the nef cone consists of the positive semi-
definite elements in End(X) ® R, where End(X) ® R is identified with a product
of matrix algebras having real, complex, and quaternionic entries. The following
transfer formulas for canonical heights also provide a key tool in the proofs.!

Proposition 1 (Bertrand Transfer Formulas [1, Proposition 3]). Let H be an
ample divisor that is used to define the embedding NS(X) ® R — End(X) ® R
and let & — ' denote the associated Rosati involution of End(X) ® R.

(a) Forall P,@Q € A and all @ € End(X) ® R, we have

(a(P),Q)r = (P,d/(Q)n-
(b) For all P,@Q € A and all D € NS(X) ® R, we have

<P5Q>D = <P7 (I)D(Q)>H

An Application to Arithmetic Dynamics. Let X be a smooth projective
variety, let f : X — X be a dominant self-morphism? of X, and let H be an ample
divisor on X, with everything defined over a number field K. The dynamical
degree of f, which is a measure of the geometric complexity of the iterates of f, is
the quantity ,
: ny* dim(x)—1\ /"
6() = Tim (((F) H) - HOmO-1) T
For example, if f : PN — PN then §(f) = deg(f). Analogously, for a point P €
X(K), the f-arithmetic degree of P is the quantity

a(f,P) = nlg{)lo(hx,ﬂ(fn(P)))l/n-

Theorem 2. [3, 4] Let f : X — X be a dominant self-morphism of a smooth
projective variety, and let P € X (K).
(a) The limit defining a(f, P) exists and is independent of the choice of the
ample height function hx g.
(b) The arithmetic degree a(f, P) is an algebraic integer.
(c) The set of arithmetic degrees {a(f,Q) : Q € X(K)} is finite.

)
(d) The arithmetic degree is never larger than the dynamical degree:
a(f, P) < 4o(f).
Conjecture 1. [3, 6] With notation as in Theorem 2, let
Os(P) = {*(P):n >0}
denote the f-orbit of P. If Of(P) is Zariski dense in X, then a(f, P) = 4(f), i.e.,
Zariski density of the orbit implies maximality of the arithmetic degree.

We use Theorem 1 to prove Conjecture 1 for abelian varieties. (An analogous
result for endomorphisms of algebraic tori is proven in [6].)

1t was at this Oberwolfach worksop that the second author learned that he and Kawaguchi
had independently rediscovered Bertrand’s beautiful formulas.

2There are interesting (conjectural) generalizations of the results in this section to dominant
rational maps f : X --» X, but lack of space precludes our discussing them.
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Theorem 3. [4, 7] Let f : X — X be a dominant self-morphism of an abelian
variety, everything defined over a number field. Then Conjecture 1 is true, i.e.,

Of(P)=X = a(f,P)=6(f)

The proof of Theorem 3 starts by using a fixed point theorem of Birkhoff to
construct a non-zero nef divisor class Dy € NS(X) ® R having the property that
J*Dy = 6(f)Dy. We then use the abelian subvariety Yp, constructed in Theo-
rem 1 and prove the chain of implications

Ot(f,P)<5(f) = Lij(P):O = Of(P)CYDf + Xtorss

from which a short additional argument gives O;(P) C X.
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Lower bound for the Néron-Tate height
ERIC GAUDRON
(joint work with Vincent Bosser)

We propose a totally explicit lower bound for the Néron-Tate height of algebraic
points of infinite order of abelian varieties.

Let k be a number field of degree D = [k : Q]. Let A be an abelian variety
defined over a fixed subfield of k, of dimension g. Let L be a polarization of A. We
denote by hy the Néron-Tate height on A(k) relative to L. It is well-known that,
for p € A(k), we have hi (p) = 0 if and only if p is a torsion point, i.e. np = 0 for
some positive integer n. The general problem of bounding from below hi (p) when
p € A(k) is not a torsion point has been often tackled in the literature, overall from
the point of view of the dependence on D (Lehmer’s problem) or on the Faltings
height hr(A) of A (Lang-Silverman conjecture). Moreover most of results concern
elliptic curves or abelian varieties with complex multiplication. Let us cite two
emblematic results due to David Masser, valid in great generality (Aiors is the set
of torsion points) [3, 4].
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Theorem 1. (Masser, 1985-86). In the above setting, there exist positive con-
stants ¢(A,¢) and ¢(k, g), depending only on A, e and on k, g respectively, such
that, for all e > 0 and all p € A(k) \ Ators, One has

hr(p)~' < c(A,e)D¥1 and  hp(p)”' < c(k, g) max (1, hp(A))*T

Unfortunately, there is no bound which takes into account both degree and
Faltings height (at this level of generality). Up to now, there is only one published
bound for /f;L (p)~! which is totally explicit in all parameters. It is due to Bruno
Winckler (PhD thesis, 2015, [8]) valid for a CM elliptic curve A. His bound looks
like Dobrowolski-Laurent’s one: ¢(A)D(max (1,log D)/ max (1,loglog D))? with a
constant ¢(A) quite complicated (but explicit). We propose here the following
much simpler bound.

Theorem 2. Let (A4, L) be a polarized abelian variety over k and p € A(k)\ Ators-
Then we have

hi(p) ™ < max (D + g% he (4))7.

Note that the bound does not depend on the polarization L. The proof of
this theorem involves two ingredients, namely a generalized period theorem and
Minkowski’s convex body theorem.

Let us explain the first one. Let o: k — C be a complex embedding. By ex-
tending the scalars we get a complex abelian variety A, = A x, Spec C isomorphic
to the torus t4, /24, composed with the tangent space at the origin t4_ and with
the period lattice 4, of A,. From the Riemann form associated to L., we get
an hermitian norm || - ||,» on ¢4, (see for instance [1, § 2.4]). For w € Qy4_, let
A, be the smallest abelian subvariety of A, such that w € t4_. Actually A, is
an abelian variety defined over a number field K/k of relative degree < 2(9g)29
(Silverberg [7]). A period theorem consists of bounding from above the geometri-
cal degree deg; A, in terms of ¢, D, |w|| L, and hp(A). Such a theorem is useful
to bound the minimal isogeny degree between two isogeneous abelian varieties
([1, 2, 5, 6]). A generalized period theorem consists of replacing w by a logarithm
u € ta, of a k-rational point p € A(k) (we have o(p) = exp,_ (u)). In this setting
we have the following bound (written in a very simplified form).

Theorem 3. If u # 0 then
(degy, A,)"/ ™4 < (Dhi(p) + |ulld, ) max (D + g%, hp(4))™.

The proof of Theorem 3 extends that of the period theorem [1] using Gel’fond-
Baker’s method with Philippon-Waldschmidt’s approach and some adelic geome-
try. Since it is long enough, we shall only explain in the rest of the exposition how
to deduce Theorem 2 from Theorem 3. The very classical argument is to use the
pigeonhole principle. Here we replace it by the more convenient Minkowski’s first
theorem. Let E be the R-vector space R x t4, endowed with the Euclidean norm

[(a,2)||? := a®>Dh(p) + l|la.u + z||2 ,.
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In (E, ||-||) stands the lattice Z x €24 whose determinant is Dhy (p)h®(A, L)2. So,
by Minkowski, there exists (¢,w) € Z x Q4,_ \ {0} such that
N N 1/(2g+1)
() Dhi(tp) + llfu+ |}, < 72951 (Dhi(phO(4,0)%)

where 72441 < g + 1 is the Hermite constant. Since p is assumed to be non-
torsion, the logarithm fu + w of o(¢p) is not 0 and Theorem 2 gives a lower
bound for the left-hand side of inequality (%), involving a lower bound for hrL (p).
Nevertheless, at this stage, the dimension h°(A, L) of the global sections space
of the polarization is still in the bound. To remove it, we use Zarhin’s trick by
replacing A with (A x A)* (here A is the dual abelian variety), endowed with a
principal polarization compatible to L. Then the Néron-Tate height of p remains
unchanged whereas Faltings height and dimension of A are multiplied by 8, ruining
the numerical constant but also making h®(A, L) disappear.
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Northcott property for the regulators of number fields and abelian
varieties

FABIEN PAZUKI

1. INTRODUCTION

We will divide the talk into four parts. After this introduction, we give in a
second part a result concerning families of number fields. In part three, we give
a conjectural Northcott property on families of abelian varieties. Finally we focus
on the special case of elliptic curves.

Let S be a set. We will say that a function f : S — R verifies a Northcott
property on S if for any real number B, the set {P € S| f(P) < B} is finite. The
goal is to understand to what extent the regulator satisfies such a property in a
natural setting.
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Studying the regulator in both contexts —mumber fields and abelian varieties
over number fields— is motivated by the following analytic number theory input.

Let K be a number field of degree d, let r; be the number of real embeddings,
r9 be the number of pairs of complex embeddings, hx its class number, Ry its
regulator, wx the number of roots of unity in K and Dy its discriminant. Let (x
be the Dedekind zeta function of K. Then the class number formula reads

lim (s — 1)Cx (s) = 2" (@2n)"hx Ri
s—1 Wr |DK|

For abelian varieties over a number field K, the strong form of the conjecture
of Birch and Swinnerton-Dyer predicts the value of the first non-zero term in the
Taylor expansion of the L-function of A/K at s = 1, and the regulator of the
Mordell-Weil group A(K) plays an important role in this formula.

2. NUMBER FIELDS

In the case of families of number fields, we prove the following result. Recall that
a CM number field is a quadratic imaginary extension of a totally real number
field.

Theorem 1. There exists only a finite number of non-CM number fields with
bounded regulator.

The main ingredient in the proof is an inequality between the regulator and the
discriminant of a number field. We include it here.

Theorem 2. (Silverman [6], Friedman [1]) Let K be a number field of discriminant
Dk, regulator Rx and degree d. Let rx denote the unit rank of K and rg the
maximum of the unit ranks of proper subfields of K. Then there exists a universal
constant ¢; > 0 such that

D TK—T0
Ri > cldfzd (log | K|) .

4
It costs some extra efforts to deduce the claimed Northcott property, because

the degree d is playing a lot against us in this lower bound. The conclusion is of
course obtained by Hermite’s theorem, the details are given in [4].

3. ABELIAN VARIETIES

We now focus on the regulator of abelian varieties over number fields. As in the
previous section, the strategy is to lower bound the regulator with a quantity
already satisfying a Northcott property. In this context, the Faltings height of
A/K seems to be a good choice. To simplify the exposition, we will restrict our
study to simple abelian varieties, but the general case is dealt with in [5]. We
are able to produce a lower bound on the regulator assuming the following height
conjecture.
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Conjecture 1. (Lang-Silverman) Let g > 1 be an integer. For any number field
K, there exists a positive constant ¢ = c2(K, g) such that for any simple abelian
variety A/ K of dimension g and any ample symmetric line bundle L on A, for any
point P € A(K) that is not in the torsion subgroup, one has

/f;AJ,(P) > co max{hF(A/K), 1} ,

where EA, r(.) is the Néron-Tate height associated to the line bundle L and
hr(A/K) is the (relative) Faltings height of the abelian variety A/K.

We explain in [5] how to deduce from Minkowski’s second theorem the following
lower bound.

Proposition 1. Assume Conjecture 1. Let K be a number field, let ¢ > 1 and
m > 0 be integers. There exist constants c3 = cg(m) > 0 and c4(K, g) > 0 such
that for any simple abelian variety A defined over K of dimension g, of Mordell-
Weil rank m, equipped with an ample and symmetric line bundle L,

Reg; (A/K) > c3(m) (04 max{hp(A/K), 1})

m

It is now easy to obtain the following result.

Theorem 3. Assume Conjecture 1. The set of Q-isomorphism classes of simple
abelian varieties A, defined over a fixed number field K, of fixed dimension g, with
bounded Mordell-Weil rank m > 1 and bounded regulator is finite.

4. THE SPECIAL CASE OF ELLIPTIC CURVES

By the work of Hindry and Silverman [3], one obtains that Conjecture 1 is true for
families of elliptic curves with uniformly bounded Szpiro quotient. As the Szpiro
quotient is uniformly bounded by the ABC conjecture (in fact, the ABC conjecture
arose while studying this question of bounding the Szpiro quotient), one obtains
the following corollary.

Theorem 4. Assume the ABC conjecture. The set of Q-isomorphism classes of
elliptic curves F, defined over a fixed number field K with bounded rank myx > 1
and bounded regulator is finite.
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Some Diophantine questions motivated by random walks
PETER P. VARJU
(joint work with E. Breuillard)

1. PROBLEMS
I began my talk by posing some questions about the family of polynomials
Py = {adxd—i-...—l—alxl +ag:ag,...,aq € {—1,0,1}}.
The first question is due to Hochman [4].

Question 1. What is the minimum of
{|é1 — €| # 0 : there are P1, Py € Py such that Py(&) = 0 = Py(&2)}7?

The best result I am aware of in this direction is due to Mahler [5], who proved
a lower bound of the form > exp(—Cdlogd), where C is an absolute constant. It

would be very interesting to know if this bound can be improved. In particular,
does the bound > exp(—C4d) hold?

Question 2. Give explicit examples of transcendental numbers ¢ such that there
is a constant C' > 0 such that

(a) [P(§)] = exp(=Cd"®), or
(b) [P(§)] = exp(=Cd)

hold for all P € P,.

After my talk, Yann Bugeaud and Evgeniy Zorin provided me with references,
where (a) is proved for a large variety of classical constants including values of the
exponential function and logarithms and Mahler numbers. In particular, see the
references in [3, pp 189]. On the other hand, I am not aware of any results, where
(b) is established for an explicit number.

Question 3. Fix a rational number p/q, say in the interval [9/10,19/20]. What
is the minimum of

{P(p/q)|: P € Pa}?

We note that the roots of polynomials in P4 are units, hence P(p/q) is never
zero. Since q?P(p/q) is an integer, we have the trivial lower bound > ¢~¢ for
P(p/q). It would be very interesting to see an improvement on this trivial bound, in
particular, a bound of the form ¢, 4 exp(—Cd) would be very useful in applications.
Moreover, even the following weaker form would be sufficient.
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Question 4. Is it true that for all rational p/q € [9/10,19/20], there is a constant
Cp,q Such that

#{P € Py: P(p/q) < cpqexp(—Cd)} < exp(d/100)

holds for some absolute constant C'?

2. MOTIVATION

The questions posed in the previous section are motivated by recent work on
Bernoulli convolutions. Fix a number A € (0,1) and let Ag, A1, ... be a sequence
of independent unbiased £1-valued random variables. The Bernoulli convolution
with parameter A, denoted by uy, is the distribution of the random variable

n=0

It is a long standing open problem to determine the set of parameters such
that py is absolutely continuous. It is easy to see that supp ) is a Cantor set if
A < 1/2, hence py is singular. If the parameter A is above the critical value of
1/2 the measure may be absolutely continuous or singular and it is still not fully
understood which parameters belong to each class.

We omit an enumeration of new and old results about this problem. Instead we
refer the reader to the survey [6] and the more recent papers that we cite below
and we focus only on the results that relate to the questions posed in the previous
section.

Hochman [4] proved among other results that dim uy = 1 for all A € [1/2,1]\Q
provided a lower bound > exp(—Cd) holds in Question 1. Unconditionally, he
proved that dim p) = 1 holds outside an exceptional set of parameters of dimension
0 and this was furthered by Shmerkin, who proved absolute continuity of p outside
an exceptional set of parameters of dimension 0.

In the upcoming joint paper with Breuillard [2], we prove for any number A €
(1/2,1) that satisfies (a) in the role of £ in Question 2 that dim py = 1. We also
prove that Lehmer’s conjecture implies dimpuy = 1 for all A € (a,1) for some
a < 1. This was previously proved for algebraic values in [1]. Examples satisfying
(b) could be used to construct explicit transcendental numbers A such that py is
absolutely continuous.

Finally, I proved in [7] that there is an absolute constant c such that p;_,/, is
absolutely continuous for all positive integers p, ¢ satisfying

p < cq(log Q)_I'OOOOI-

The proof relies on the trivial bound ¢~¢ for Question 3. A positive answer to
Question 4 could be used to prove absolute continuity of uy for all A € (a,1) N Q
with an absolute constant a.
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Around Furstenberg’s X2 X 3 theorem
ELON LINDENSTRAUSS

In 1967 Furstenberg [2] proved the following theorem:

Theorem 1. Let x € Q, and let a,b € N be two multiplicatively independent
integers. Then a™b*x mod 1 is dense in [0, 1].

This theorem highlights a very important phenomenon: rigidity of diagonaliz-
able Z%actions when each individual element of the action has no rigidity.

This important theorem raises many questions. For instance, the following
question, due also to Furstenberg, is open:

Question 1. Let 1, x,y be multiplicatively independent over Q. Is it true that if
a, b are relatively prime integers the set

{a"bk(x,y) mod 1: n,k € N}
is dense in [0, 1]%?
We remark that the following is known (cf. [3] for a closely related result):

Theorem 2 (Wang-L.). Let a,b,c be (pairwise) relatively prime integers. Then
the set
{a"b"c!(z,y) mod 1 : n, k € N}
is dense in [0, 1]%.
However, we do not know if e.g.

{a”bkcl(:v,y,z) mod 1:n,k,l € N}

is dense in [0,1]% if 1,2, y, z are linearly independent over Q.

Motivated by a quantitative version of Furstenberg’s theorem given by Bour-
gain, Michel, Venkatesh and the author [1] we present in particular the following
question: for A C [0,1] let N(A,¢) denote the minimal number of J-interval as
needed to cover A.
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Question 2. Let a, b be multiplicatively independent integers. Are there N, M, K
(which may depend on a,b) so that if s,r are integers with (s,ab) = (s,7) =1
then
A= {a”bki mod 1:nk < Mlogs}

S
M)

satisfy log N(A,logs™") > % loglog s?

Using Baker’s lower bounds for forms in logarithms the answer to the question
is affirmative if |s| < r!=¢ for any fixed 6 > 0, but we suspect it should be true in
the general case.
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Simultaneous rational approximations to manifolds
VICTOR BERESNEVICH
(joint work with R. C. Vaughan, S. Velani, E. Zorin)

One of the primary objects for consideration in the metric theory of Diophantine
approximation is the set

Wn,y) = {y € [0,1]" : |gy — p| < ¥(q) for infinitely many ¢ € N, p € Z"},
where ¢ : N — [0,1) is a function and n € N is a fixed dimension. A consequence

of several results, essentially due to Khintchine and Jarnik, we have the following
result

0 if 3ol ¥(a)*q" T < oo,
HA([0,1]7) i 30 ¥(g) g =00

for any monotonic function 1, where H? is the standard s-dimensional Hausdorff
measure, s > 0.

The content of this report is on the recent progress made in [5] and [6] regarding
analogous statements for W(n, ) restricted to a submanifold M of [0,1]". The
expected statement that comes from a heuristic argument is as follows:

H(W(n,¢)) =

0 ity ()t < o0,
=1

q=
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where d = dim M and m = codim M and so n = d+m. In all likelihood (1) should
hold for arbitrary non-degenerate submanifolds of R™ as defined in [12], albeit s
must be restricted from below. As is well known the problem can be reduced to
investigating rational points lying near M - see [1, 2, 14] or [8]. The corresponding
heuristic for counting rational points near M is as follows:

(2) N(e, Q) = emQ",

where N (¢, Q) is the number of rational points p/q (p € Z™, ¢ € N) with 1 < ¢ < Q
and lying at distance < e from M (e < 1). Again for heuristic (2) to be true
for arbitrary non-degenerate manifolds one has to impose a lower bound on €
depending on @ (in the case of hypersurfaces one needs € > Q~2, see [1]).

In the case of curves in the plane (1) with s > 3 and (2) with e > Q72
were proven for arbitrary non-degenerate curves with the best possible condition
[2, 7,9, 14]. In higher dimensions, the divergence case of (1) was proven for
arbitrary analytic non-degenerate manifolds [1] under the assumption that s >
mLHd and in the case of curves, s > %

The new results established in [5] given new upper bounds on rational points
for a natural subclass of non-degenerate manifolds. Namely, suppose that

Mg = {(041,...,ad,fl(a),...,fm(a)) ER":a=(ag,...,aq) € [O,l]d}
where f : [0,1]9 — R™ is C? and satisfies the condition that

O
det <7(o¢1, cel ad)> Lcicm >n

6041 8ai
1<5<m

for some fixed positive 1. Then (2) is shown to be true, provided
P(q) > qil/(2m+1)(1og q)2/(2m+1) for all ¢ in the support.

It is worth mentioning that more recently David Simmons [13] has managed to
relax the above condition on f to include a larger subclass of non-degenerate
manifolds.

In another direction, [6] deal with the divergence case by generalising the main
result of [1] to arbitrary non-degenerate curves in R™, thus removing the analyticity
condition altogether. Both [5] and [6] deal with the inhomogeneous case, which
was previously known only in the case of planar curves [4].
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Diophantine Approximation with quadratic forms
NIKOLAY MOSHCHEVITIN

We study zeros of indefinite rational quadratic forms and related problems in
Diophantine approximation.

Let f(z),z € R™ be a non-degenerate rational positive defined quadratic form
with integer coefficients. Let F(z) = f(x) — v,z = (x,y) € R"™! be the corre-
sponding indefinite form. We suppose F(z) to be isotropic over Q.

We discuss three diffrent approaches related to the study of small zeros of F.

1. In 1937 Venkov [16] introduced a multidimensional generalization of contin-
ued fractions’ algorithm related to the analysis of the convex hull of all integer
points inside the cone F'(z) > 0. This construction was motivated by earlier works
by Voronoi [18]. By means of geometric argument, he proved that the fundamental
domain of the action of the group of integer automorphisms of F'(z) is bounded and
is determined by a finite number of facets of the convex hull under consideration.
In [17] he generalized some of his earlier results.

In fact, this result by Venkov leads to a certain upper bound for the smallest
zero of F(z). However Venkov did not deduced such a corollary of his theorems
by himself.

2. In 1955 Cassels [2] proved an elegant theorem about existence of small zeroes
of isotropic quadratic forms.

Theorem 1. (Cassels). Consider a quadratic form

d
QE) =D Qijti&, Qij=Qj.

i,j=1
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and define @ = max|Q; ;|. If Q is isotropic then there exists g = (g1,...,94) €
74\ {0} with Q(g) = 0 and

max |g¢| < (3Q)°T .

This theorem was generalized and extended by many authors (see [1, 4, 12, 13,
14, 15]). An excellent introductory exposition (which includes simple theorems
on intrinsic approximation, both in real and p-adic cases) one can find in Cassels’
book [3]. A survey on some further results is due to Fukshansky [5].

In particular, it is known [3] that the upper bound <« Q% is optimal. Addi-
tional information about the signature of @ (or the maximal dimension of subspace
over which @ varnishes) gives an improvement of this upper bound [12]. The op-
timality of these and more general bounds is well known also [13, 14]. Also it is
known that under the conditions of Cassels’ theorem one can find a collection of
d linearly independent zeros of @ (see [15]).

3. Quite recently Fishman, Kleinbock, Merrill and Simmons [9, 5] proved a
series of dynamical results related to intrinsic approximations on spheres and
quaratic surfaces. In the first paper Kleinbock and Merrill [9] consider the simplest
quadratic form f(z) = 2% + ... + 22. In our notation, one of the general results
from the second paper [5] may be formulated as follows.

Theorem 2. There exists k; > 0 with the following property. Let f(a) =
flag,..;an,) = 1. Let @ ¢ Q™. If F is isotropic, then there exist infinitely many

vectors
r—= <ﬂ,”_, a—n> , A1y ...y Qp S Z7 q S Za
q q
with
aq a
fr)=f —,...,—") =
q q
and K
fla—r)< o
q

This result has a “uniform” (Dirichlet-type) version. The set of e for which the
result is sharp in order is of full Hausdorff dimension.

We join all these settings together and give some new elementary results related
to the geometry of numbers only. Some of our results are presented in [10, 11].

In particular we give a very easy proof of an effective version of a result of The-
orem 2 concerning intrinsic approximation. Our proof relies on Cassels’ Theorem
1 and Minkowski’s theorem on successive minima. We give an effective bound for
k¢ (see [11]). In the case n = 2, f(z) = 2% + 23 we calculate the optimal value
for the constant x; [10]. This improves on earlier results by Hlawka [8] and Fuk-
shansky [6]. In the case n = 3, f(x) = 27 + 23 + 22 we give a proof which relies
on Minkowski’s convex body theorem only, and calculate the value of the constant
k¢ which is close to the optimal one [10].

Our research is supported by RNF grant 14-11-00433.
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Kummer theory on abelian varieties over function fields
DANIEL BERTRAND

1. DIVISION POINTS AND LOGARITHMS

Let K be a number field, and let A be an abelian variety over K. The following
Kummer theorical result, which is essentially due to K. Ribet [20], has been applied
to transcendence problems (see [4]), to the Manin-Mumford conjecture (see [11]),
and to various questions of linear dependence, see [9], [14], [15], [3], [18], [12].

Theorem 1. Let y be a point of A(K), and let B be the smallest abelian subvariety
of A such that a multiple of y by a non-zero integer lies in B(K). There exists a
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positive constant ¢ = ¢(A4, K, y) such that for any positive integer n, any n-division
point %y of y in A(K®#) generates a field of degree > cn?3m(B) oyer K.

The aim of the present work is the following analogue of Theorem 1, where K
is replaced by the function field K = C(S) of an algebraic curve S/C (see [5], §5).
So, A is now an abelian variety over K, and we denote its K/C-trace by Ag. We
then have :

Theorem 2. Let y be a point of A(K), and let B be the smallest abelian subvariety
of A such that a multiple of y by a non-zero integer lies in B(K) + A(C). There
exists a positive constant ¢ = ¢(4, K, y) such that for any positive integer n, any
n-division point %y of y in A(K*'8) generates a field of degree > ¢n23™(B) gver K.

Ribet’s proof (the Bashmakov method, see [16]) can be tracked back to [22],
and is based on a collection of “axioms”, known to hold by work of Faltings
and Serre [21]. One of these axioms is the Tate conjecture on Galois invariant
endomorphisms, whose functional analogue does not always hold (even when Ay =
0, see [8], [10], [23]). In order to remedy this problem, we appeal to Y. André’s
logarithmic version of the Ax-Schanuel problem for A ([1], see also [5], [2]), which
asserts that keeping the notation of Theorem 2 and writing § € A(K) for any lift
of y € A(K) to the universal extension A of A.

Theorem 3. Any logarithm Z of ¢ in Lie([l) generates a field of transcendence
degree 2dim(B) over K.

The deduction of Theorem 2 from Theorem 3 is based on Nori’s theorem on
strong approximation in (non necessarily semi-simple) linear algebraic groups, see
[19], Theorem 5.4, and below.

2. MAIN ISSUES

The three statements reflect large sizes of Galois groups (relative to well-chosen
intermediate fields), as well as independence of ¢-adic representations, in the sense
of Serre (see [7], [6]).

For instance, one of the steps towards Theorem 1 reads as follows. The inter-
mediate field is Koo = K (Ator), with (profinite) Galois group J := Gal(K/K).
Then for any large enough prime number ¢, the image of N, := Gal(Koo ($¥)/Koo)
under its natural embedding in A[¢] fills up B[¢]. The proof is the same as Ribet’s.
The required vanishing of H'(J, A[f]) follows from the construction of a suitable
central element of J, itself deduced from Serre’s theorem on homotheties.

For Theorem 3, the intermediate field is the Picard-Vessiot extension K! =
K((Lfl)v) of K attached to the Gauss-Manin connection V on the Lie algebra
LA, with (LA)Y ~ T(A) ® C, where T(A) = H,(A,,Z) for some fiber A, of the
corresponding abelian scheme over S. Then, the image of the differential Galois
group N, := Gal(K¥(%)/K*) under its natural embedding in T(A) ® C fills up
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T(B) ® C. The proof is based on the semi-simplicity of J = Gal(K*/K), and on
Manin’s theorem of the kernel.

Finally, let '), be the image of the topological fundamental group 71 (.5, s) in its
action on the Z-local system P, formed by all logarithms of all multiples of §. Since
V is Fuchsian, G, = Gal(K*(#)/K) is the Zariski closure of ', in Aut(P, s ® C).
Let G, be the group scheme over Z defined by G, and the lattice P, ;. Similarly,
let Ny, = T'(B) be the corresponding Z-form of the unipotent radical N, of G,.
Notice that I'y C G (Z) will usually intersect N, (Z) only at the origin.

We now recall Nori’s theorem, over a general ring R = Z[é], with R = Mg,ay=1Ze-

Theorem 4. (see [19]). Let G be a subgroup scheme of GL,, /g, and let " be
a finitely generated subgroup of G(R), Zariski dense in G. Assume that G(C) is
connected and simply connected. Then, the closure I of I' in G(R) is open in
G(R).

Since J is semi-simple, we can apply this to the universal cover éy of Gy (see [13],
p. 347, for this type of reduction). The isogeny Gy — Gy induces an isomorphism
on the unipotent radical N, and we deduce that T';, N NU(Z) is open in Ny(Z) In
particular, its image under reduction mod ¢, resp. ", coincides with N, (F,) ~ B[/]
for almost all ¢, resp. has bounded index in B[¢"] for each ¢. This concludes the

proof of Theorem 2.

3. EFFECTIVITY

We here restrict to Theorem 1. The dependence of ¢(A, K, y) in terms of A and K
relies on effective versions of Ribet’s axioms, which can partly be achieved thanks
to the theorems of Masser-Wiistholz on minimal periods and their sharpening by
Gaudron-Rémond. But a control on the vanishing of H'(J, A[¢"]) seems out of
reach in general (see however [17], 8.3.12, for a related property of Teichmiiller
lifts).

As for the dependence of ¢(A, K, y) in the point y, one may wonder if it could
just disappear under the natural assumption that y be a primitive point of A(K),
meaning that for any 8 € O := End(A), y lies in S(A(K)) only if 3 € O*. Here is
a counterexample.

Let A = E be a CM elliptic curve over K, of O-rank 1, with h(O) = 2. Assume
that the O-module E(K) has no torsion, but is not free, say F(K) ~ p for a
non-principal prime ideal. For any prime ¢ = [[ split into non-principal ideals,
pl = O.y, is principal, and its generator gy, is a primitive point of F(K). Indeed, if
ye = Bz for some B € O, z € p, then N(y;) = pl, N(z) = pn with n > 1 (otherwise,
z would generate p), so N(8)n = £ and N(8) = 1.

For any a € [\ I (hence not divisible by ¢ in O), a.y, € Ipl = (E(K), i.e.
there is a point 2, € E(K) such that a.y, = lz¢. Setting Ky = K(E[(]), we get
Gal(K(($ye)/K¢) ~ E[l], of order £ only. In fact, there is a constant ¢ = ¢/(O) and
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an o € [\ I such that 3y, = 1z, generates over K a field of degree < ¢ = o((?).
This shows that ¢(E, K, y¢) must depend on the primitive point y,.
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Torsion subvarieties and Betti maps
PIETRO CORVAJA
(joint work with Y. André, D. Masser, U. Zannier)

Let C be a (complex) algebraic curve and A — C be a family of abelian varieties,
i.e. a morphism of algebraic varieties whose generic fiber is an abelian variety.
Given a section s : C — A we say that a point p € C is torsion if s(p) is a torsion
point on the abelian variety A, lying over p.

A particular case of a celebrated conjecture by Pink (see [2], page 78) reads as
follows.

Conjecture 1. If the relative dimension of A over C is at least two and s(C) is not
contained in a proper algebraic sub-group scheme, then there exist only finitely
many torsion points for s.

On the contrary, it is not difficult to prove that if A — C is a non-constant
family of elliptic curves, then every section admits infinitely many torsion points.

The above Conjecture was proved by Masser and Zannier in the case the abelian
scheme is isogenous to a product of elliptic schemes [3] and, even for simple abelian
schemes, when the ground field is the field of algebraic numbers [4].

A first goal of this research was proving the general case, for a simple abelian
scheme (over a curve defined over the complex number field). In solving this
problem, we had to treat abelian schemes over arbitrary bases.

Given an algebraic variety S of arbitrary dimension and an algebraic family
of abelian varieties A — S provided with a section s : S — A, we call torsion
subvariety any (closed) algebraic subvariety Y C S where the restriction of s is a
torsion section. Our general result is as follows.

Theorem 1 (P. Corvaja, D. Masser, U.Zannier). Let S be a complex algebraic
variety, A — S an abelian scheme over S and s : S — A be a section. If the
relative dimension of A over S is two and s(S) is not contained in any algebraic
sub-group scheme, then there exist only finitely many torsion hypersurfaces.

A main tool in the proof is represented by the so called Betti map, i.e. the
‘logarithm’ of the section. More precisely, locally (on S) one can: (1) trivialize
the tangent spaces to A, at the origin, by identifying them with C9 (where g is
the dimension of the abelian variety A,); (2) define a logarithm of the section
s as a holomorphic map to C9%; (3) define a basis of the periods for the abelian
exponential map, as 2g holomorphic maps to C9; and finally express the logarithm
as a linear combination of this basis of periods,with real coefficients. One then
obtains a locally well defined map S — R?9, which is called the Betti map.

A celebrated theorem of Yu. Manin [1] states that such a map cannot be
constant if the section is non-torsion and the family admits no ‘fixed part’.

We provide some results on the rank of the differential of this map; for instance,
we prove the following statement.
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Theorem 2 (Y. André, P. Corvaja, U. Zannier). Let A — S be an algebraic
family of principally polarized abelian varieties of dimension g and let s — A be a
section, not contained in any algebraic sub-group scheme. Let d be the dimension
of the image of S in the moduli space of principally polarized abelian varieties of
dimension g. Then, if min(d, g) < 2, the differential of the Betti map has generic
rank 2min(d, g).

This research, still in progress, has been done in collaboration with Y. André, D.
Masser and U. Zannier, inside the research project Arithmetic Algebraic Geometry
and Number Theory, PRIN 20105LL47Y-001.
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Bi-algebraic system on the universal vectorial extension
ZIYANG GAO

1. UNIVERSAL VECTORIAL EXTENSION

1.1. Universal vector extension of an abelian variety. Let A be an abelian
variety over C. By a vector extension of A, we mean an algebraic group E such
that there exist a vector group W and an exact sequence 0 - W — F — A — 0.
There exists a universal vector extension A? of A such that any vector extension
of A is obtained as E =2 A% xWa ¥

0 Wy Af A 0
Cod b
0 w E A 0

In fact A% is constructed as follows. Consider the Hodge decomposition H'(A,C) =
H%'(A) ® H°(A). The holomorphic part H%(A) is dual to the tangent space
ta of Aat 0, and A= ts/H;(A,Z). The anti-holomorphic part H%!(A) is dual
to wAv.

0 ——= HO'(A)Y ——= H'(A,C)Y ——= H'Y O (A) =ty ——=0

A ! |

0 WAV A" A 0
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In particular, we have the uniformization H'(A,C)Y = C?9 — A",

1.2. Universal vectorial extension. Let A, be a fine moduli space of principally
polarized abelian varieties and let 2, be the universal family over A4. By a vector
extension of A4, we mean a group scheme E over A, such that there exist a vector
group W over A, and an exact sequence 0 - W — E — %, — 0 of group
schemes over A,. The universal vector extension 2[5 of A, exists and we call it the
universal vectorial extension. It satisfies 0 — Wary /4, — ng — Ay — 0 and any
vector extension E of 2, is a push-out E = A x“*/% W

The construction of ng is similar as before: the dual of the first relative
de Rham cohomology H},(A,/A,)Y is a variation of Hodge structures of type
{(=1,0),(0,=1)}. Let FOHLL(Ay/Ay)Y C Hip(Ay/Ay)Y be the Hodge filtration.
Then FOH.R(Ag/A4)Y = way /4, and we have
(1)

HY (A /A
00— fonliR(Q[g/Ag)v - HfliR(Q[g/Ag)v fU?il[gl(?(Qt/g/Al)V 0
0 4>Wg[;//,4g Q[E] Q[q 0

1.3. Uniformization. The uniformization of ng is C?9 x H;, where H; is the
Siegel upper half plane. Let V := C?9 x ’H;. Each point z € H; gives a Q-Hodge
structure of type {(—1,0),(0,—1)}, so V is a variation of Hodge structures over
H/} and we have a Hodge filtration FOY C V. The group GSp,, (R)* acts on V by
g(v,x) = (gv, gx). Suppose A, = T\H S, where T' C Sp, (Z) is a neat subgroup.
Then I\ FOY = way /A, -

The holomorphic bundle V/FOV over #} can be viewed as follows. As a smooth
bundle it is R29 x ’H,;r, and the complex structure of the fiber over = € 7—[;r is the
identification R?9 2 C9, (a,b) — a + xb (when g = 1, this is (a,b) — a + 7b for
any 7 € H). Hence (Z* x T)\(V/FV) = 2,.

1.4. The Deligne-Pink language. To sum it up, let us define the following pair
(P297 X2uq)
e Py is the Q-group V24 x GSpyy, where Vo is the Q-vector group of di-
mension 2g and GSpy, acts on Va4 by the natural representation;
o ng is C?9 xHI as sets, with the action of Pag(R)* V54 (C) on ng defined by
(v,9)- (v, 2) = (v+gv', gz) for (v,g) € Pay(R)*Vay(C) and (v, x) € Xy,
This action is transitive.
Let I' be a neat subgroup of Sp,,(Z). We have (see [5])

Theorem 1 (Gao). The quotient A% := (Z* x I')\(C?* x H}) is the universal
vector extension of the universal abelian variety over the fine moduli space A4, :=
T\HT.

g
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2. BI-ALGEBRAIC SYSTEM ON QLE]

2.1. Arithmetic bi-algebraic system. We study the uniformization denoted
unif: C?9 x ’H,; — ng. The algebraic variety ng is defined over Q. Denote by
wh: ng — Agy. The arithmetic bi-algebraic property of unif is summarized in the

following theorem, which follows from two theorems of Wiistholz [8] and Cohen,
Shiga-Wolfart [6]. See Ullmo [7].

Theorem 2. For any point u € Q29 x H; (Q), the following statements are equiv-
alent.

(1) wnif(u) € % (Q);
(2) 7% (unif(u)) is a CM point of A, and u is a torsion point on its fiber of 7%

2.2. Geometric bi-algebraic system. We endow C29 x H; with the following
complex algebraic structure: ’H; is an open subset of C99*t1/2 and we say that
a subset Z of C2?9 x ’H;r is algebraic if it is the intersection of its Zariski closure
in C299(9+1/2 with C29 x H}. We say that an irreducible subvariety Y% of 2%
is bi-algebraic if one (and hence all) complex analytic irreducible component of
unif ~*(Y') is algebraic. We hope to characterize all the bi-algebraic subvarieties of
Al
Let Y® be a subvariety of QIE]. Use the following notation:

0 — way/a, A — 9, 0, R
A, B

Then 2|5 := 7~ (B) is an abelian scheme over B. Let C be its isotrivial part.

Theorem 3 (Gao). ([3, Corollary 8.3], [4, Proposition 3.3]) Y is bi-algebraic iff

(1) B is a totally geodesic subvariey of Ag;
(2) Y is the translate of an abelian subscheme by a torsion section and then
by a constant section of C — B.

First of all, note that if Y is a point, then Y is always bi-algebraic and it can
be any subvariety of C29. So the characterization of bi-algebraic subvarieties of
ng cannot be as neat as for 2,. However we show that this is the only problem.

Assume that Y/B is an abelian scheme (e.g. if Y is bi-algebraic), then ng|y =
p~1(Y) is a vector extension of Y which contains Y as a subvariety. In fact we
have a decomposition

Wly =Y x g (we-1()v/B/wyv/B) »

where Y™ is the universal vector extension of Y.

Theorem 4 (Gao). ([5]) Use the notation above. Then Y¥ is bi-algebraic iff
(1) Y is bi-algebraic;
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(2) Y8 = YY" x5 VI xp (L x B), where V! is an automorphic subbun-
dle of (wrl(B)V/B/wYV/B) and L is an irreducible subvariety of a fiber
of C% — B (here C% is the largest trivial automorphic subbundle of

(Wr-1(B)v/B/Wyv/B))-

3. SOME TRANSCENDENTAL STATEMENTS

We have some transcendental results for ng. See [5].

Theorem 5 (logarithmic Ax). Let Y be an irreducible subvariety of ng. Let Y®

be a complex analytic irreducible component of unif ~*(Y#) and let Y% be its
Zariski closure in C29 x H:{. Then Y%%97 is bi-algebraic.

Theorem 6 (Ax-Lindemann). Let Z be an algebraic subset of C29 x H/, then
any irreducible component of unif (Z 5)Zar is bi-algebraic.

Conjecture 1 (weak Ax-Schanuel). Let Z' be a complex analytic irreducible
subvariety of C* x HJ. Let Xt = (Z%)%" and let Y9 := unif(Z%)%*. Let F*
be the smallest bi-algebraic subvariety of 2[5 containing unif (Z"). Then dim X+
dim Y — dim Z% > dim F*.

The weak Ax-Schanuel conjecture implies both logarithmic Ax and Ax-Linde-
mann. We also have an Ax-Schanuel conjecture, but we must introduce the weakly
special part of an arbitrary bi-algebraic subvariety of ng in order to give the
statement. We omit it here, but refer to [5]. For relative version of these results
(i.e. the bi-algebraic system given in (1)), we refer to Bertrand-Pillay [1, 2].
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Height bounds for algebraic numbers under splitting conditions
Lukas POTTMEYER
(joint work with Paul Fili)

Let h be the absolute logarithmic Weil height on a fixed algebraic closure Q of the
rational numbers Q. It is well known that there are only finitely many algebraic
numbers of bounded height and bounded degree. This result is commonly known
as Northcott’s theorem. In particular, there is a function C : N — R such that
for all a € Q of degree deg(a) < d we have h(a) > C(d) or h(a) = 0.

A strong version of the Lehmer conjecture predicts that C(d) = 1"5@, where
£ =1.176280... is the Lehmer constant; i.e. the largest real root of the polynomial
20 4+ 2% — 27 — 2% — 25 — 2% — 2% + 2 + 1. So far the best known valid choice for

C(d) is a result of Dobrowolski [2] slightly strengthened by Voutier [6]:

1 (loglogd 3
1) c) = 4 (ZEET)

We give an effective lower bound for the height of an algebraic number o € Q
depending only on the splitting behaviour of the rational primes Mg (including
the archimedean prime co) in the extension Q(«)/Q.

For the rest of this text we fix a non-empty subset S C Mg. Our result merges
two results due to Schinzel [5], and Bombieri and Zannier [1]:

Theorem 1 (Schinzel). Let o € Q\ {0, £1} be totally real, which means that oo
splits completely in Q(cv), then h(a) > 3 log (@)
Theorem 2 (Bombieri and Zannier). Let o € Q be such that p splits completely
in Q(«) for all p € S\ {oo}. There is an effectively given function F : N — R
depending only on S such that

(1) h(e) = F(deg()) 1

(2) F(d) — %Zpes\{oo} 21 as d tends to infinity.

Finally our result reads:

Theorem 3. Let a € Q be such that p splits completely in Q(«) for all p € S.
There is an effectively given function F' : N — R depending only on S such that

(1) h(a) = F(deg()) o

(2) F(d) — %ZpGS\{oo} ’;lj’—ff + ZpGSﬁ{oo} % as d tends to infinity.
Here, ¢ denotes the Riemann zeta function.

The existence of the function F' from Theorem 3 was already proven by Fili and
Petsche [4]. Note that the constant %(32) = (0.213139... is not too much smaller

than Schinzel’s bound %log (@) = 0.240605.... In both of the Theorems 2 and
3 one gets a similar result when the ramification and inertia indices for p € S\ {oco}
in Q(«)/Q are bounded by any constants e, and f,. (In the formulation I chose

for this presentation we obviously have e, = f, = 1.)
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Combining the function F with the bound in (1) gives explicit lower bounds for
algebraic numbers « as in Theorem 3. For instance, if S = {2,3}, then h(a) =0
or h(a) > 101g12 for all a such that 2 and 3 are totally split in Q(a).

The idea for the proof of our theorem is to use potential theory on the Berkovich
projective line PL5¢™* " For p = oo the Berkovich line is nothing but P*(C). For
p < oo it is a path-connected Hausdorff space, which contains P! (Cp) as a dense
subspace.

The bridge between height theory and Berkovich spaces is given by a result of
Favre and Rivera-Letelier [3], that the height of any algebraic number « can be

presented by

@)
1
=3 3 | /(Pbm)2\{@@)'@(@?)} ~ log |~y (o] - 1) @)d([0] - A,) ().

peE MQ

Here, [a] is the probability measure on IP’}D’B”’“, which is equally supported on the
Galois-conjugates of «, and ), is a canonical measure on ]P;;Be’”k resembling the
Haar-measure on the complex unit circle.

We approximate h(a) with a formula of the form (2) where [a] is replaced by a
probability measure without point-masses. Hence, we do not have to exclude the
diagonal in the remaining integral. This enables us to apply analytic tools like (a
non-archimedean version) of Frostman’s theorem, to estimate this integral. As all
our calculations are explicit, we achieve an effective lower bound for h(«) with the
properties stated in Theorem 3.
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Compositional analogs of the Bugeaud-Corvaja-Zannier theorem, and
applications

THOMAS J. TUCKER

In 2003, Bugeaud, Corvaja, and Zannier [BCZ03] proved the following theorem.

Theorem 1. Let a and b be two positive integers that are multiplicatively in-
dependent (i.e., there are no positive integers m and n such that ™ = b"). Let
€ > 0. Then for all n, we have

ged(a™ — 1,0" — 1) < exp(en).

The core of the proof is a delicate use of the Schmidt subspace theorem.
Later, Ailon and Rudnick [AR04] showed that something even stronger holds
over function fields, specifically the following.

Theorem 2. Let a,b € C[z] be two non constant, multiplicatively independent
polynomials. Then there is a polynomial i such that for any integer n, we have

ged(a™ — 1,0 — 1) |h.

The proof they gave is quite simple. If (x — X\) divides ged(a™ — 1,b™ — 1)
(for A € C), then a(A) and b(\) are both roots of unity. By the Serre-Thara-Tate
theorem see [Lan65]), the parametrized curve (a(t), b(t)) can only contain infinitely
many roots of unity if a and b are multiplicatively dependent. We note here that
one need not worry about the multiplicities of the (z—\) dividing ged(a™—1,5"—1)
here since they cannot increase as n increases for elementary reasons.

Ostafe asked whether one could prove a “compositional version” of the Ailon-
Rudnick theorem, where instead of working with multiplicative powers a”, one
works instead with compositional powers f°" for a polynomial f. Here, the notion
of dependence becomes a bit more complicated, since one cannot use the naive
notion involving equality of powers. The reason for this is that composition is not
a commutative operation. Instead, we use this definition.

Definition 1. Let f and g be two non constant polynomials. We say that f and
g are compositionally dependent if there is a polynomial & and a linear polynomial
o of finite compositional order such that any compositional product

foilgojl 0O---0 foingojn
(where the i, and js are nonnegative integers) is equal to o°F o h°¢ for some
nonnegative integers k and ¢.

One other difference in the compositional case is the possibility of increasing
multiplicity for factors of ged(f°™ — ¢, g°™ — ¢). This happens for example if ¢ = 0,
and f and g are both divisible by 2. Thus, we need one more definition: we say
that ¢ is in a ramified cycle of a polynomial ¢ if there is a positive integer n such
that ¢°"(c) = ¢ and (¢°™)'(¢) = 0.

With these definitions we are ready to state a compositional analog of the Ailon-
Rudnick theorem. This theorem represents joint work with Liang-Chung Hsia.
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Theorem 3. Let f, g € C[z] be two compositionally independent polynomials, at
least one of which is not conjugate to a monomial in x or a Chebychev polynomial.
Suppose that ¢ € Clz] is not in a ramified cycle for f or g. Then there is a
polynomial h such that for all n, we have

ged(f7" — ¢, 9°" = o)|h.

The proof uses some (now standard) ideas from equidistribution. Using Silver-
man specialization and equidistribution of points with small height, we can show
that if there are infinitely many A such that (z — A) divides ged(f°" — ¢, ¢°" — ¢)
for some n, then the canonical heights for f and g are the same, which forces the
Julia sets of f and g to be the same. Work of Beardon [Bea90, Bea90], Schmidt,
and Steinmetz [SS95] then shows that f and g must be multiplicatively dependent.

Proving a compositional version of the Bugeaud-Corvaja-Zannier theorem over
number fields seems more difficult. However, following an idea of Silverman [Sil05],
if one assumes a conjecture of Vojta [Voj87] in special case of heights of points with
respect to the canonical divisor on blow-ups of P2, then one can prove such a result,
though with a somewhat unsatisfactory definition of compositional independence.
This represents work in progress due to Keping Huang.

One of our main reasons for studying these questions is to begin a possible
classification of all iterated Galois groups of polynomials over number fields. Let
f be a rational function over a number field K. For each n, let K, = K(f~°"(0)),
let G,, denote the Galois group of K,, over K, and let G denote the inverse limit
of the G,,. Motivated by questions of Boston and Jones, we hope to come up with
a conjectural classification of all possible G that arise in this way. Assuming the
Vojta conjecture for rational points on surfaces along with a conjecture about the
irreducibility of iterates f°" (subject to the condition that 0 is not periodic under
f), we believe, jointly with Andrew Bridy, that we can carry out this classification
completely for quadratic rational functions over number fields, building on work
of Pink. The idea here is that Galois groups come from ramification groups and
ramification groups come from the orbits of critical points modulo primes. Control
of ged(f°" (), f°™(pB)), for @ and B the critical points of f, allows one to control
the Galois groups G,,.
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Property (IN), Decidability and Diophantine Approximation
MARTIN WIDMER

In this report we discuss a connection, recently observed by Vidaux and Videla,
between the undecidability of certain rings of algebraic numbers and Property (N),
as well as possible values for the Northcott number of a ring.

Throughout this note K denotes a subfield of the algebraic numbers Q, and
Ok denotes the ring of integers of K. We write K (% for the composite field of all
extensions of K of degree at most d, K(%) for the maximal abelian subextension
of K@ /K, and K, for the maximal totally real subfield of K.

Let H(-) denote the absolute multiplicative Weil height on Q. Following
Bombieri and Zannier we say a subset A of Q has Property (N) if for every X > 1

Ha e A;H(a) < X} < 0.

Northcott already back in 1949 showed that number fields have Property (N). In
2001 Bombieri and Zannier [1] asked which other fields have Property (N). This
is a difficult widely open problem, but here are some examples.

Theorem 1 (Bombieri, Zannier 2001). Let k be a number field, and let d be a

positive integer. Then kffé) has Property (N).

Another criterion was given by the author in 2011.

Theorem 2 ([7]). Let k be a number field, let k = ko C k1 C k2 C ... be a nested
sequence of finite extensions, and set K = |, k;. Suppose that

1
|AM|—MI:IC1’L’1] [M:kg]
inf —_— — 0
ki1 GCMCh; | Ak,

as ¢ tends to infinity where the infimum is taken over all intermediate fields M
strictly larger than k;_q, and Ay, denotes the discriminant of k;. Then the field
K has Property (N).

In particular, for d; € N the field Q(Ql/dl,?)l/d?, 5l/ds 71/ds .) has Property
(N) if and only if the sequence (log2)/ds, (log3)/dz, (log5h)/ds, (log7)/dy, . .. tends
to infinity (cf. [7]).

We say an enumerable ring R is decidable if its full first order theory in the
language £ = (-,4,—,0,1) of rings is decidable. If R is not decidable we say R
is undecidable. Go&del has shown that Z is undecidable. By showing that Z is
definable in R by a first order formula (from now on we drop “by a first order
formula”) J.Robinson [2, 3] has shown that number fields, their ring of integers,
O@Si)’ and O@M are all undecidable. Interestingly Q,, is decidable as shown by
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Fried, Haran and Vélklein. Other examples of decidable subrings of Q are Og
(van den Dries) and Q (Tarski).
For a totally real ring O C Q Julia Robinson [3] considered the quantity

JR(O) = tiIellfR{t; Ha€ 0,0 < a < t}| = o0}
where 0 < a < t means 0 < o(a) < t for all conjugates o(«) over Q.
Only little is known about the possible values of JR(:) (see, e.g., [4]). Following

Vidaux and Videla [4] we say that O has Property (JR) if either JR(O) = oo or
the infimum is attained.

Theorem 3 (J. Robinson 1962). Let K be a totally real subfield of Q and suppose
Ok has Property (JR). Then Z is definable in Ok and hence Ok is undecidable.

This criterion allowed her to deduce the following result.

Corollary 1 (J. Robinson 1962). Let K = Q = Q(v/2, v3,v5,v7,...). Then
Ok is undecidable.

Videla [6] has shown that if P is a finite set of rational primes and K/Q is a
pro-P Galois extension then Ok is definable in K. In particular, O_ () is definable

in ng). As O is undecidable it follows that ng) is undecidable.

Theorem 4 (Vidaux, Videla 2016). If K is a totally real subfield of Q and O
has Property (N) then Ok has Property (JR). In particular, Ok is undecidable.

The proof of this interesting observation is an immediate consequence of The-
orem 3: if ¢ > 1 and « is a totally real algebraic integer with 0 < a < t then
H(a) < t. In particular, JR(O) = oo whenever O has Property (N). Let d > 2

be an integer. Already Bombieri and Zannier [1] asked whether Q@ has Property

(N). This remains a difficult open question; but to show that O @l and Q(d)

both undecidable it would suffice to have an affirmative answer to the followmg
question.

Question 1. Does OQ(d) have Property (N)?
tr

Inspired by J. Robinson’s quantity JR(-) Vidaux and Videla [4] introduced the
Northcott number N (O) of a subring O of Q defined by

N(O) = inf {t; [{a € 05 H(a) < t}] = o0},
and they proposed the following question.

Question 2 (Vidaux, Videla 2016). Which real numbers can be realised as North-
cott numbers of subrings of Q?

Using arguments from the proof of Theorem 2 one can easily show:

Theorem 5. For any A > 1 there exists a field K ¢ Q with
A< N(K) < N(Og) < A%
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Pell’s equation in polynomials and additive extensions
HARRY SCHMIDT

We study certain one-parameter families of Pell’s equations in polynomials with
a triple zero. The main interest lies in the relation between the generic equation
and its various specializations.

For polynomials of degree 6 with a double zero such a study was undertaken by
Bertrand [B2]. For example, he considered

(1) A* - DB*=1,B#0

(2) D=(X+1/2*X*+ X +1)

and showed that there are only finitely many ¢ € C such that the above system
(1), (2) has a solution with A4, B € C[X] (Corollary 2, p.14). Necessarily (1), (2) is

not solvable with A, B € C(¢)[X] and ¢ generic over C. Since then infinitely many
specializations of A, B would lead to a solution of the specialized equation.

However, he also showed that although (1) does not have a generic solution for
D=X*(X?-1)(X*+tX +1)

there are infinitely many specializations that do have a solution (Corollary 3,
p-20). As explained in [B2] this exceptional behavior arises from special curves in
semi-constant families of multiplicative extensions. The above example is directly
connected to the delicate Ribet curves. (See also [B1].)

When D is of degree 6 and has no zeros of multiplicity higher than 1 we are
led to study families of abelian varieties of relative dimension 2. Here Masser and
Zannier have shown that for

D=X%+X+t
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(1) is solvable for at most finitely many ¢ € C while for
D=X+X*+t

there are infinitely many ¢ € C such that (1) is solvable although the generic
equation is not (see [Za, p.86/87)).

The proof of the above statement goes by considering a section of a family of
algebraic groups over a curve of relative dimension 2 and intersecting its image with
the image of all torsion sections. For the right choice of a section the finiteness
of this intersection implies the same for the set of ¢ for which (1) is solvable.
Conversely if the intersection is infinite we can deduce infiniteness for this set of
t.

When the section under study is not special this intersection should be finite.
The first result in this direction is the by-now classical 2, 3-example in [MZ1] where
much of the groundwork for subsequent results such as [BMPZ], [MZ2], [MZ3] and
[MZ4] was laid out.

When the algebraic group under study is a non-split additive extension of an
elliptic family there are essentially no dangerous special sub-varieties except for
the torsion sections. As this is the group that arises in the study of polynomials
of degree 6 with a triple zero we can show the following.

Theorem 1. Let K = C(V) be the function field of a curve V and let D € K[X]
be of degree 6 with a triple zero (in K). If (1) has no solution with 4, B € K[X]
then there are at most finitely many v € V(C) such that (1) has a solution for the
specialization D,, € C[X] (and 4, B € C[X]).

Note that in view of the results mentioned above we cannot remove the condition
on D to have a triple zero.

REFERENCES
[B1] D. Bertrand (with an Appendix by Bas Edixhoven), Special points and Poincaré bi-
extensions, arXiv:1104.5178, (11 pages).
[B2] D. Bertrand, Generalized jacobians and Pellian polynomials, to appear in J. Th. Nom-

bres Bordeaux.

[BMPZ] D. Bertrand, D. Masser, A. Pillay, U. Zannier, Relative Manin-Mumford for semi-
abelian surfaces, accepted in Proc. Edinburgh Math. Soc.

[MZ1] D. Masser, U. Zannier, Torsion anomalous points and families of elliptic curves, Amer-
ican J. Math. 132, 1677-1691 (2010).

[MZ2] D. Masser, U. Zannier, Torsion points on families of squares of elliptic curves, Math.
Ann. 352, 453-484 (2012).

[MZ3] D. Masser, U. Zannier, Torsion points on families of products of elliptic curves, Adv.
Math. 259, 116-133 (2014).

[MZ4] D. Masser, U. Zannier, Torsion points on families of simple abelian surfaces and Pell s
equation over polynomial rings (with Appendiz by V. Flynn), to appear in J. European
Math. Soc.

[Za] U. Zannier (with appendixes by David Masser), Some Problems of Unlikely Intersec-
tions in Arithmetic and Geometry, Annals of Mathematics Studies 181, Princeton Uni-
versity Press, Princeton, NJ (2012).



Diophantische Approximationen 1149

Remarks on the topology of Diophantine approximation Spectra
DaMIEN ROy

Fix an integer n > 2. To each non-zero point u in R, one attaches several num-
bers called exponents of Diophantine approximation. However, as Khintchine first
observed, these numbers are not independent of each other. This raises the prob-
lem of describing the set of all possible values that a given family of exponents can
take by varying the point u. To avoid trivialities, one restricts to points u whose
coordinates are linearly independent over Q. The resulting set of values is called
the spectrum of these exponents. We show that, in an appropriate setting, any such
spectrum is a compact connected set. In the case n = 3, we prove moreover that it
is closed under a simple binary operation. For n = 3, we also obtain a description
of the spectrum of the exponents (g_pl, Pos Py P1s P2 @3) recently introduced by
Schmidt and Summerer.

1. A QUICK SURVEY

Fix an integer n > 2 and a non-zero point u € R™. Then, consider the parametric
family of convex bodies of R™ given by

Cu(g) = {x e R"; [Ix|| < T and [x-u[ < e} (¢ >0),

where x-u denotes the standard scalar product of x and u in R”, and ||x|| = |x-x|'/?
is the Euclidean norm of x. For each i =1,...,n and each ¢ > 0, set

Lu,i (Q) = log \; (Cu (Q)v Zn)

where A\;(Cu(q),Z™) is the i-th minimum of Cy(g) with respect to the lattice Z™,
namely the smallest positive real number A such that ACy(g) contains at least ¢
linearly independent points of Z". In 1982, using a slightly different but equivalent
setting, Schmidt noted that, for the purpose of Diophantine approximation, it
would be important to understand the behavior of the maps Ly: [0,00) — R™
given by

Lu(q) = (Lu,1(9); -+, Lun(q)) (¢=>0)

(see [16]). Transposed to the present setting, his preliminary observations can be
summarized as follows. We have Ly 1(¢) < -+ < Ly n(q) for each ¢ > 0 and, by
Minkowski’s second convex body theorem, the function Ly 1(q) + - -+ Lun(q) — ¢
is bounded on [0,00). Moreover, each Ly is a continuous piecewise linear map
with slopes 0 and 1. In the same paper [16], he also made a conjecture which was
solved by Moshchevitin [11] (see also [9]).

In [17, 18], Schmidt and Summerer establish further properties of the map Ly,
which, by work of the author [13], completely characterize these functions within
the set of all functions from [0, c0) to R™, modulo bounded functions. They also
introduce the quantities

©.(u) = liminf 1Lu)i(q), @;(u) = limsup lLu,i(q) (1<i<n).

ot q—oc g qg—oo ¢
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Revisiting work of Schmidt in [15], Laurent [8] defines additional exponents of
approximation related to
i

¢,(u)zlimgféZLuJ(q), J)i(u):hmsuplZLu,j(q) (1<i<n).
j=1

- q— g—oo (4 =
Of particular interest are the exponents o, = 17/11, 1 = ¥y, ©, = —,,_, and
P = —@n_l. Their spectrum is easily described for n = 2. For n = 3, it was
computed by Laurent in [7]. In this case and in all cases where we know the
spectrum of a family of m exponents, it happens to be a semi-algebraic subset of
R™ defined over Q, that is a subset of R™ defined by polynomial inequalities with
rational coeflicients. The spectra of the following general families are known:

. (ggl,cﬁn) : the contraints come from Khintchine’s transference principle
[5, 6], and constructions of Jarnik in [2, 3] show that they are optimal,

e (Y ,¥y,...,¥, ) : the constraints by Schmidt [15] and Laurent [8] de-
scribe the full spectrum [14],

® (@1, ) ¢ the contraints by Jarnik [4] for n = 3, and by German [1] for
n > 4 are optimal (Schmidt and Summerer [20]) and describe the full
spectrum (Marnat [10]).

For n = 4, we also know optimal constraints on the spectrum of (gn, ®,,) thanks
to [12] and [19], as well as for the spectrum of (¢, ;) thanks to [19].

2. THREE NEW RESULTS

Theorem 1. Let T = (T4,...,T,,): R® — R™ be a linear map, and let Im™ (ur)
denote the set of all m-tuples

pr (L) = (Timinf ¢T3 (Lu(0)), .. liminf g~ T, (Lu(0)))
q—00 q—00

where u is a point of R” with Q-linearly independent coordinates. Then Im™(p7)

is a compact connected subset of R™.

For example, the spectrum of the exponents (g_pl, PPl @,,) is the fol-
lowing set {T'(x); x € Im*(ur)} where T: R™ — R?" is the linear map given by
T(x) = (x,—x) for any x € R™. Thus, that spectrum is compact and connected.
By a similar reasoning, the same apply to the spectrum of (1_/)1, .. .,1_/17171,1/;1,

ey 1)

It is useful to dispose of an alternative definition for pr(Ly), using the coordi-
natewise partial ordering on R™. For this ordering, any bounded subset F' of R™
has a greatest lower bound denoted inf(F'). Then, in the notation of Theorem 1,
we have

pr (L) = inf T(F(Ly)) = (inf T3 (F(Lu)), .. ., inf T (F(Lu))),
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where F(Ly) is the set of all x € R™ such that, for each € > 0, there are arbitrarily
large positive real numbers ¢ with ||x — ¢ 1Ly (¢)]|s < €. More precisely, we have

(L) = inf T(K(Ly))

where K(Ly) is the convex hull of F(Ly). When n = 3, we can show that, for any
points uw’,u” € R? with Q-linearly independent coordinates, there exists a third
point u € R? of the same sort such K(Ly,) is the convex hull of K(Ly/) U K(Ly).
This yields the following result.

Theorem 2. Suppose that n = 3, and let T: R? — R™ be a linear map. For any
X,y in Im*(ur), the point min(x,y) also belongs to Im™*(ur).

In fact, Im*(u7) contains the infimum of any of its subsets. It would be inter-
esting to know if this property extends to dimension n > 3.

Theorem 3. Suppose that n = 3. Then the spectrum of (%71, Pos Py P15 P2 ?3)
is a semi-algebraic set defined over Q of dimension 5.

3. THE MAIN TOOL

Let 1 = (1,0,...,0),...,e, = (0,...,0,1) denote the vectors of the canonical
basis of R™. An n-system on (0,00) is a continuous piecewise linear map P =
(P1,...,P,): (0,00) = R™ with the property that, for any ¢ > 0,

* 0< Pi(g) <-+- < Pu(q) and Pi(q) + -+ + Pa(q) = ¢,

e there exist k,¢ € {1,...,n} such that P'(¢”) = e, and P'(¢") = e,

o if k> { then Py(q) = - = Pr(q).
We say that such a map is proper if P; is unbounded. We say that it is self-similar
if there exists a constant p > 1 such that P(pg) = pP(q) for each ¢ > 0.

It follows from [13, Theorem 1.3] that, modulo bounded functions, the classes of
proper n-systems on (0, 00) are the same as the classes of the maps Ly, restricted
to (0,00) where u runs through the elements of R with Q-linearly independent
coordinates. When P and L, are in the same class, we have F(P) = F(Ly),
K(P) = K(Ly), as well as ur(P) = pr(Ly) for any linear map T: R™ — R™, with
the obvious definitions for F(P), KX(P) and pr(P).

For T as above, we show that the points up(P) with P proper and self-similar
are dense in Im”*(ug). The proofs of the results mentioned in Section 2 use this
together with the construction of proper n-systems obtained by pasting pieces of
other n-systems.
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Squares with three nonzero digits
MICHAEL BENNETT
(joint work with Adrian Scheerer)

Let us denote by N, (y) the number of nonzero digits in the base—x representation
of a positive integer y (where, say, © > 1 is an integer). Work of Hare, Laishram
and Stoll [1] proves that, infinitely often, one has

Nw(y2)< K
N.(y) ~ logy’

where k = k(). In the (very) special case that N,(y?) = 3, a result of Corvaja
and Zannier [2], based upon Schmidt’s Subspace Theorem, implies that, given x,
there are at most finitely many y for which

N, (92)
N.(y)

<1
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The ineffectivity of the Subspace Theorem makes quantifying this statement rather
challenging. In this talk, we describe how to do this for certain integers x with a
large prime-power factor. We carry this out explicitly for z € {2,3,4,5,8}. Our
proofs rely upon the hypergeometric method, based upon Padé approximation to
binomial functions.
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An arithmetic dynamical analogue of the Mordell-Lang conjecture
MICHAEL E. ZIEVE
(joint work with Trevor Hyde)

In recent years there has been much interest in arithmetic properties of points in an
orbit of a rational function. Here for any rational function f(X) with coefficients
in a field K, we write f™(X) for the n-th iterate of f(X), namely the n-fold
composition fo fo---o f. For P € K, the orbit of P under f(X) is the sequence
of points P, f(P), f2(P), f3(P),.... Recently Cahn, Jones and Spear made the
following conjecture [5]:

Conjecture 1. For any field K of characteristic zero, any u, f € K(X) with
deg(f) > 1, and any P € K, the set {n € N: f*(P) € u(K)} is the union of
finitely many sets of the form a + bN with a,b € Z.

Note that if b = 0 then a + bN consists of just the single integer a, so that any
finite subset of N is allowed in the conclusion of Conjecture 1. We express the
conclusion in words by saying that {n € N: f*(P) € u(K)} is the union of finitely
many one-sided arithmetic progressions. We first show that Conjecture 1 is false
in general:

Proposition 1. Let u(X) := X2 and f(X) := X? — X + 1, and define the field
K :=Q{+\/f"(2): n € N}). Then {n € N: f*(2) € u(K)} = {n*: n € N}, which

is not the union of finitely many one-sided arithmetic progressions.

However, we prove Conjecture 1 in case K is a finitely-generated extension of
Q. In fact we prove the following more general result:

Theorem 1. Let K be a finitely generated extension of Q, let C and D be
smooth, projective, geometrically irreducible curves over K, and let f: C' — C
and u: D — C be morphisms with deg(f) > 1. Then for any P € C(K), the
set {n € N: f*(P) € u(D(K))} is the union of finitely many one-sided arithmetic
progressions.
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This result may be viewed as an arithmetic dynamical analogue of (the cyclic
subgroup case of) the Mordell-Lang conjecture, or alternately as an arithmetic
analogue of the dynamical Mordell-Lang conjecture. One version of the Mordell-
Lang conjecture asserts that if V' is any closed subvariety of a complex abelian
variety A, and G is a finitely generated subgroup of A(C), then G NV (C) is the
union of finitely many cosets of subgroups of G. This conjecture was proven by
Faltings [7], following earlier work of Vojta [11]. To see the analogy with The-
orem 1, consider the case that G = (P) is cyclic, and let f: A — A be the
map defined by f(Q) = @ + P. Then the Mordell-Lang conjecture asserts that
{n € Z: f*(0) € V(C)} consists of the union of finitely many arithmetic pro-
gressions. Theorem 1 may be viewed as an arithmetic analogue of this result,
where instead of requiring f™(0) € V(C) we instead require f"(0) € u(D(K)).
This perspective suggests generalizing Theorem 1 to the setting of finite mor-
phisms between varieties; we do not know what to expect in this greater gener-
ality. Likewise, the “cyclic subgroup case” of the Mordell-Lang conjecture has
been generalized conjecturally by Ghioca and Tucker to obtain the dynamical
Mordell-Lang conjecture, which asserts that for any endomorphism f: A — A
of a complex variety A such that deg(f) > 1, and any subvariety V' of A(C), if
P € A(C) then {n € N: f*(P) € V(C)} is the union of finitely many one-sided
arithmetic progressions. This conjecture has been proven in several special cases
[1, 2, 3, 4, 8,9, 10, 12], but remains open in general. Theorem 1 is an analogue of
this conjecture in which the set V(C) is replaced by u(D(K)).

One easy case of Theorem 1 is when P is preperiodic under f: for, if fi(P) =
fi*7(P) for some i,7 > 0, then fi*k7(P) = fI(P) for every j > i and k €
N, whence {n > i: f*(P) € u(D(K))} is the union of finitely many one-sided
arithmetic progressions with common difference r. Our proof of Theorem 1 shows
that there is always some preperiodic behavior in the picture, although in general
it is not the sequence of values f™(P) which is preperiodic, but instead a quite
different sequence of objects. Specifically, by considering components of the fibered
product of w with f™ for each n, and in particular by considering the degrees of the
projections onto C from each such component, we can reduce Theorem 1 to the case
that for every n the fibered product of u with f™ is irreducible and has infinitely
many K-rational points. This immediately implies that each fibered product is
geometrically irreducible, and hence (by Faltings’ theorem [6]) has genus at most
one. Now the desired preperiodicity occurs in the following result.

Theorem 2. Let K be any field of characteristic zero, let C' and D be smooth,
projective, geometrically irreducible curves over K, and let f: C' — C and u: D —
C be morphisms of degree at least 2. Suppose further that for each n € N the
fibered product E,, of u with f™ is geometrically irreducible of genus at most 1. Let
Up: By — C and wy,: E, — D be the projection maps from this fibered product,
so that f™ou, = uow,. Then the sequence of maps u1,us, ... is preperiodic up to
isomorphism over K between the domains of the u,’s: that is, there exist positive
integers ¢, 7 such that for every s € N there is an isomorphism o4: E;1,s — E;
which satisfies u;y,s = u; 0 0.
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It is not hard to deduce Theorem 1 from Theorem 2. Moreover, we can go a
long ways towards classifying all f, u satisfying the hypotheses of Theorem 2: for
instance, it turns out that the Galois closure of u must have genus at most 1, and
for each such u we can describe the possibilities for the ramification of f.

Here are some follow-up questions:

(1)

Can the conclusion of Theorem 1 be refined to only use arithmetic progres-
sions whose common difference is bounded by some function of deg(u)?
Likewise, can the common differences be bounded in terms of some data
from K? We can show that there cannot be a bound on the common
diferences which is independent of both K and wu.

If the set described in Theorem 1 is infinite, then is there some integer N
which depends only on deg(u) such that our reduction to the irreducible
case takes at most N steps? Explicitly, in case u, f € K(X) this means
that for every irreducible factor H(X,Y") of the numerator of u(Y)—fV (X)
which remains irreducible in K[X, Y] and for which (the normalization of)
the curve H(X,Y) = 0 has genus at most 1, it holds for every n > 0 that
the numerator of H(f"(X),Y) defines an irreducible curve over K having
genus at most 1. A special case of this question is as follows: if u, f € K(X)
satisfy w ov = f™ for some n > 0 and some v € K(X), then must there
exist w € K(X) for which uow = fV, where N is a positive integer
depending only on deg(u)?

What are the situations in which our reduction to the irreducible case
produces more than one tower of fibered products of genus at most 17 For
instance, this occurs when u = f = X2, in which case u(Y) — f*(X) =
(Y = X2 )(Y + X2""). Are there examples that are significantly more
complicated than this?

Finally, it would be interesting to explore higher-dimensional analogues of The-
orem 1, or analogues involving the orbit of P under a finitely-generated semigroup
of endomorphisms of C.
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Heights and preperiodic points for certain polynomials
PATRICK INGRAM

Let K be a number field, and let f(z) € K(z) be a rational function of degree
d > 2. Then it is a consequence of basic properties of the Weil height that the set

Preper(f, K) = {z € PY(K) : f"(2) = f™(z) for some n # m}
is finite. On the other hand, one can show just using linear algebra that

sup  #Preper(f,K)>d+ 1.
f()EK(2)
deg(f)=d
It is natural to ask, then, whether or not there is a uniform bound on # Preper(f, K)
once deg(f) and K are fixed (or perhaps deg(f) and [K : Q)).

Conjecture 1 (Morton-Silverman [5]). There is a bound on # Preper(f, K') which
depends just on deg(f) and K.

A more modest question is, “Can we exhibit a single family of rational functions
for which we can prove Conjecture 1?77 Without any caveats, the answer to this
question is an easy yes. If the family is constant, or more generally isotrivial, then
it is easy to obtain a uniform bound.

Less obviously, one can also prove a uniform bound for so-called Lattes exam-
ples. For instance, suppose that f(z) € K(z) fits into a commutative diagram of

the form
B [m]

]P>1 _f) Pl

for E/K an elliptic curve, and 7 non-constant. From the diagram, K-rational
preperiodic points for f pull back to L-rational torsion points on E for some L/K
with [L : K] < deg(m). Merel’s Theorem [4] then gives us a uniform bound on
the number of such points, depending on m and K (actually [K : Q]), but not on
E or f. Lattés examples are perhaps not a satisfactory answer to the question,
though. In complex dynamics these functions turn out to be the exceptional case
to many theorems, and so the fact that the conjecture holds here is not particularly
reassuring.
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Associated to a rational function f is a canonical height fo, defined by
hi(z) = lim d""ho f(2).
n—oo

This function vanishes precisely on preperiodic points, and it is natural to make
the following conjecture (essentially a conjecture of Silverman [6, Conjecture 4.98,
p. 221] building on one of Lang).

Conjecture 2. Let K be a number field, and fix a non-isotrivial family f; of
rational functions of generic degree d > 2 parametrized over the curve U. There
exist € > 0 and N > 0 such that for all t € U(K)

hy,(2) > ehl(t)
for all but at most N values z € P1(K).

We consider the problem for weighted homogeneous families f;(z) of polynomi-
als, that is, families such that there exists a binary homogeneous form F'(x,y), not
divisible by x or y, and an integer e > 2 such that fi(z) = F(z°,¢). The archetype
is the family f;(z) = 2% + ¢ of unicritical polynomials of degree d = ¢ > 2. We can
prove a weak form of Conjecture 2 for families of this form.

Theorem 1 (Ingram [2], Ingram [3]). Let K be a number field, and fix a weighted
homogeneous family f; of rational functions of generic degree d > 2 parametrized
over the curve U. For any s there exist € > 0 and N > 0 such that for all ¢t € U(K)
integral away from at most s places

hs(2) > eh(t)
for all but at most N values z € P}(K).

Implicit in this is a weak form of Conjecture 1 for weighted homogeneous fam-
ilies, but depending on the number of places of bad reduction. This consequence,
however, is vastly superseded by Benedetto’s Theorem [1] bounding the number
of preperiodic points of a polynomial in terms of the number of places of bad
reduction (see also [5] for a result for rational functions).

If we are willing to give ourselves more freedom in constructing examples, how-
ever, we can do better. Consider the family obtained by extending the base by
t = p(u). If p : P — P! is sufficiently general, we can remove the dependence on
the number of bad primes.

Theorem 2 (Ingram [3]). Let K be a number field, and fix a weighted homo-
geneous family fi(z) = F(z°t) of rational functions of generic degree d > 2
parametrized over the curve U. Suppose further that ¢(u) € K (u) has at least N,
affine poles of order prime to e, where

5 e=2
Ne=<4 e=3
3 e>4.

(1) There is a uniform bound on # Preper(f, (), K), for K-rational u.
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(2) Assuming the abc Conjecture for K, there exist constants € > 0 and N
(depending in K, f, and ¢, but not u) such that

fALfv(u) (Z) > Eh(u)
for all but N values z € PL.
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Diversity in Parametric Families of Number Fields
YURI BILU
(joint work with Florian Luca)

Let X be an algebraic curve over Q of genus g and t € Q(X) a non-constant
rational function of degree v > 2. We fix, once and for all, an algebraic closure Q.
For every positive integer n pick P, € X(Q) such that t(P,) = n.

According to the classical Hilbert’s Irreducibility Theorem, for infinitely many n
we have [Q(P,) : Q] = v. Hilbert’s Irreducibility Theorem, however, does not an-
swer the following natural question: among the field Q(P,), are there “many”
distinct (in the fixed algebraic closure Q)? This question is addressed in the arti-
cle of Dvornicich and Zannier [2], where the following theorem is proved (see [2,
Theorem 2(a)]).

Theorem 1 (Dvornicich, Zannier). In the above set-up, there exists a positive
real number ¢ = ¢(g, v) such that for sufficiently large integer N we have

[Q(Py,...,Py): Q] > eN/log N,
An immediate consequence is the following result.

Corollary 1. In the above set-up, there exists a real number ¢ = ¢(g, v) > 0 such
that for every sufficiently large integer N, among the number fields

there are at least ¢N/log N distinct.
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Theorem 1 is best possible, as obvious examples show. Say, if X is the plane
curve t = u? and ¢ is the coordinate function, then

Q(Py,...,Py) =Q(V1,V2,...,V/N)=Q(\/p:p< N)

is of degree 27(V) < g¢N/log N

On the contrary, Corollary 1 does not seem to be best possible. For instance,
in the same example, if n runs the square-free numbers among 1,..., N then the
fields Q(P,) = Q(y/n) are pairwise distinct. It is well-known that among 1,..., N
there is, asymptotically, ((2) ' N square-free numbers as N — oo.

We suggest the following conjecture.

Conjecture 1 (Weak Diversity Conjecture). In the above set-up there exists a
real number ¢ = ¢(g, v) > 0 such that for every sufficiently large integer N, among
the number fields (1) there are at least ¢N distinct.

Conjecture 1 relates to Corollary 1 in the same way as the following conjecture
(attributed in [2] to Schinzel) relates to Theorem 1.

Conjecture 2 (Strong Diversity Conjecture (Schinzel)). Assume that either ¢
has at least one finite critical value not belonging to Q, or the field extension
Q(X)/Q(t) is not abelian. Then there exists a real number ¢ = c¢(g, ) > 0 such
that for every sufficiently large integer N we have

[Q(Pl,,PN)Q] ZeCN,

(We call @ € QU {oo} a critical value of t if the rational function ¢ — o has at
least one multiple zero in X (Q), with the standard convention t — co = 1/t.)

As Dvornichich and Zannier remark, the hypothesis in the Strong Diversity
Conjecture conjecture is necessary. Indeed, when all critical values belong to Q
and the field extension Q(X)/Q(t) is abelian, it follows from Kummer’s Theory

that Q(X) is contained in the field of the form L(t, (t — ag)M/e1, ..., (t — ag)/ %),

where L is a number field, «q,...,a, are rational numbers and eq,...,e; are
positive integers. Clearly, in this case the degree of the number field generated by
Py, ..., Py cannot exceed N/ 12N for some ¢ > 0.

It is easy to see that Conjecture 2 implies Conjecture 1.

Dvornicich and Zannier obtain several results in favor of Conjecture 2. In
particular, they show [2, Theorem 2(b)] that it holds true if ¢ admits a critical
value of degree 2 or 3 over Q.

Our principal result [1] is a little progress in the direction of Conjecture 1.

Theorem 2 (Yu. Bilu, F. Luca). We keep the above set-up. There exists a real
number n = n(g, v) > 0 such that for every sufficiently large integer N, among the
number fields (1) there are at least N/(log N)*~" distinct.

The proof uses a modification of the ramification argument of Dvornicich and
Zannier, with prime numbers replaced by suitably chosen square-free numbers.
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The Bounded Height Conjecture for semiabelian varieties
LARs KUHNE

In (all of) the sequel, G is a semiabelian variety endowed with a G-linearized ample
line bundle £ and X is a closed subvariety of G. In addition, assume that G, L,
and X are defined over Q. We denote the abelian variety underlying G by A and
its maximal subtorus by T'. Finally, let h, : G(Q) — R be a Weil height associated
with L.

Since the pioneering work of Bombieri, Masser, and Zannier [2], intersections
of X with algebraic subgroups of G have been widely studied in diophantine ge-
ometry. Of course, investigating the intersection of X with a single such subgroup
is a dreary task. However, very interesting phenomena appear when intersecting
X C G with the countable union G of all algebraic subgroups having codimen-
sion > s for some fixed integer s. In fact, taking s = dim(X) + 1 leads to so-called
unlikely intersection problems, on which a comprehensive overview can be found
in [10]. Basically, conjectures of Pink [7] and Zilber [11] state that X NG (X)+1]
should be finite for sufficiently generic X.

In my recent work [6], T consider the other important and related case where
s = dim(X). In this case, a generic subgroup H C G of codimension > s intersects
X already in finitely many points so that X NG4™(X)] is definitely not finite. The
gist of the Bounded Height Conjecture (BHC) stated below is that the Weil height
of the Q-points in X N G4™ )] should be nevertheless bounded from above.

In order to state this conjecture concisely, one has to introduce some additional
notions to tackle also non-generic cases. In fact, one defines X°* as X deprived by
its “anomalous” intersections with algebraic subgroups of G; a precise definition
can be found in [5]. One can actually show that X°* is a Zariski open (but
possibly empty) subset of X. For tori this fact is due to Bombieri, Masser, and
Zannier [3] and for abelian varieties it was proven by Rémond [8]. The extension
to semiabelian varieties is straightforward. We can now state the

Conjecture 1. (Bounded Height Conjecture, BHC). The height A, is bounded
from above on the intersection X°*(@Q) N GI4™(X)(Q).

This conjecture was first proposed by Bombieri, Masser, and Zannier [3] in the
case where G is a torus. Even before this, they had provided a proof [2] if G is a
torus and X is a curve. The extension of their conjecture from tori to semiabelian
varieties is merely formal and can be found in Habegger’s article [4], where also a
proof of the BHC for abelian varieties is given. In parallel to his work on the BHC
for abelian varieties, Habegger [5] obtained a complete proof of the conjecture
for tori. Regarding the general case of the BHC, no further progress has been
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made since Habegger’s breakthrough articles [4, 5]. In fact, the “mixed” nature of
semiabelian varieties induces completely new problems so that all attempts failed
until recently.

Theorem 1 (K. 2016). The BHC is true in general.

The overall strategy is not too much different from that used by Habegger in
[4, 5]. Since I could not give a complete sketch of the argument in the thirty
minutes of my conference talk and there is a strict page limit on this report, I
dwell here on the first part of the proof as I did in Oberwolfach. In addition, I
believe this part to be of most interest for other research related to semiabelian
varieties.

Sketch of the proof. Instead of working with subgroups H C G, codim(H) >
dim(X), we use the corresponding quotients G — G/H, dim(G/H) > dim(X).
We aim to approximate these countably many quotients (and thereby their kernels
H) by a finite number of surjective quasi-homomorphisms ¢; € Homg (G, Go) =
Hom(G, Go) ®7Q. The corresponding step in [4, 5] is rather inconspicuous but for
semiabelian varieties a substantial problem occurs: In fact, let Sg be the set of all
isogeny classes [H] of semiabelian varieties H for which there is a surjective ho-
momorphism G — H. Clearly, S¢ is finite if G is a torus or an abelian variety (by
Poincare reducibility) but not in general. Nevertheless, fixing representatives By,
1 <1 < m, of S5 one can find in each isogeny class contained in Sg a semiabelian
variety whose underlying abelian variety is some By, 1 < Iy < m. We restrict to
such quotients G — Gy in the following. Furthermore, any quasi-homomorphism
¢ € Homg(G1, G2) between two semiabelian varieties can be described in terms of
the induced quasi-homomorphism ¢; € Homg(71,7%) of the maximal tori and the
induced quasi-homomorphism ¢, € Homg(A1, A2) of the underlying abelian vari-
eties. In fact, the pairs (4, ¢, ) that are associated to a homomorphism G; — Ga
are described by (¢1)«na, = (va)*nG, Where ng, € Ext!'(A;,T;) is the extension
class associated with G; (see [9, Chapter VII]).! Therefore, we may try to approx-
imate (¢¢, pq) (instead of ¢ : G — Gp) within the Q-vector spaces

Vi = Homg (T, GF,) x Homg(A4, B), 0 < k < dim(T), 1 <1< m.

Of course, we mean here to approximate (¢¢, p,) with pairs (¢}, ¢/,) associated
with other quasi-homomorphisms ¢’ : G — Gj. At first sight, the subset Z C Vj;
of such pairs (¢}, ¢l) seems to form a linear Q-subspace of Vi; because of the
‘linear relation’ (p})«nc = (¢,,)*nay. This is completely wrong because ng; is not
fized (in particular, we may have Gy # G{,) but varies along with (v}, ¢l ). Hence,
we do not know much on Z and our intermediate lemmas are substantially weaker
but easier to prove than those in [4, 5] as we have not much knowledge about Z.
(Actually, Z is the set of Q-rational points of an algebraic subvariety in the affine
space Vi;. However, easy examples show that one should not expect much helpful
information from this.) We have to account for this weakness at other places.

LThe equality (¢t)sna, = (va)*ng, makes formally only sense for homomorphisms. However,
it is also true for quasi-homomorphisms if interpreted properly.



1162 Oberwolfach Report 21/2016

Lemma 1. There exist some compact subsets Kr; C Vi such that for any
point p € GMmEN(@) there exists some surjective quasi-homomorphism ¢ €
Homg(G, Go), dim(Go) > dim(X), with (p¢, 0s) € K (for some k,1) and p €
ker(p) + Tor(G).

Note that both the notion of surjectivity and ker(¢) + Tor(G) make sense for a
quasi-homomorphism .

Lemma 2. For any § > 0, there exist finitely many surjective quasi-homomorph-
isms ¢; € Homg(G, G;), 1 < i < n(d), such that any surjective quasi-homomorph-
ism ¢ € Homg(G, Go) with (¢, @q) € Ki satisfies

max{|<pl-07a - Sﬁa|7 |90i0,t - @t|} <4
for some 1 < iy < n(J).

This lemma is straightforwardly proven by the pigeonhole principle.

The remainder of the proof establishes two competing height bounds in the
situations prepared by the above lemmas. For ¢ sufficiently small, these yield the
boundedness of hy on X°*(Q) N G4™XIN(@Q). A further problem to be resolved
is that the canonical height on a semiabelian variety cannot be chosen to be ho-
mogeneous as for an abelian variety. However, some clever choice of line bundles
remedies this.

In addition, we need some bounds on intersections numbers to apply a corollary
to a result of Siu on big line bundles. This resembles the proof in [4, 5]. However,
the needed bounds on intersection numbers are obtained by using explicit Chern
forms. This allows for an effective proof in the cases where one does not need
the pigeonhole principle in Lemma 2 because one has more information on Z. In
this way, the proof gives an effective version of the BHC for abelian varieties — in

contrast to the proof of [4].
(]
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Brauer-Siegel estimates for abelian varieties
MARC HINDRY
(joint work with Amilcar Pacheco)

We discuss analogues of the classical Brauer-Siegel theorem for abelian varieties
over global fields. A global field K is either a number field or the function field of
a curve over a finite field K = F,(C). We speak accordingly of the number field
case (nf), or the function field case (ff).

The classical Brauer-Siegel theorem states that, for number fields F' of fixed
(or bounded) degree, the product of the class number hp by the regulator of
units Rp behaves asymptotically like the square root of the absolute value of the
discriminant Ag. In symbols we may write, when Ap — oo:

log (hrRF)
logv/Apr
When A is an abelian variety of dimensionn g defined over a global field K, we
consider g and K fixed, and A varying, by insisting that the exponential height
H(A) = H(A/K) goes to infinity. The analogue we have in mind is the question
log ([II(A/K)[Reg(A/K))
log H(A/K)

~1 or C7'A* ¢ <hpRp < C.AzT¢

~ 17

CoH(A/K)'™¢ < [II(A/K)| Reg(A/K) < CcH(A/K)<?

Here III(A/K) denotes the Shafarevich-Tate group which may be quickly defined
as

III(A/K) = Ker {Hl(GK,A) — HHl(GKU,AKv)}

where we denote K® the separable closure of K and G i the Galois group of K°/K.
Also A denotes the dual abelian variety and the Néron-Tate regulator is defined
as Reg(A/K) := det(P;, P;), where (-,-) is the canonical “Poincaré-Néron-Tate”
height pairing on A(K) x A(K) and Py,..., P, (vesp. Pi,...,P,) is a basis of
A(K) (resp. A(K)) modulo torsion.

We briefly comment that that the regulator Reg(A/K) is a good measure of the
complexity of a basis of the Mordell-Weil group A(K), since it controls the size of
(minimal) generators of the group, whereas the cardinality of the Shafarevich-Tate
group is a good measure of the size of the obstructions to computing the Mordell-
WEeil group via descent. Thus the fact that the product of the cardinality of the
Shafarevich-Tate group by the regulator seems to be often very large (exponential
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in the data h(A/K) = log H(A/K)) tends to indicate that computing the Mordell-
WEeil group is a hard problem.

Such statement implicitly assume finiteness of the Shafarevich-Tate group. The
analogy has two sources, first the class group of a number field can be seen as a
Shafarevich-Tate group for the group of units, second there is a formal analogy
between the class number formula and the Birch & Swinnerton-Dyer conjectural
formula heRe 27 (2)

. rRp 27 (2m)"
S Y v

and
lim (s — 1) L(A/K, 5) = [TLA/K)| Reg(4/K) 1, 0 (A/K)
e H(A/K) (A X A(K )10

Here H(A/K) = H(A/K) in the function field case (ff) but H(A/K) is the
inverse of the period of A/K in the number field case (nf). However it can be
shown (see [2]) that H(A/K) < H(A/K) < H(A/K)'. The factor [, ¢,(A/K)
is sometimes called the Tamagawa number, it is equal to the product over all
places (with bad reduction) of the indices (A(K,) : A°(K,)) where A°(K,) is the
subgroup of points extending to the neutral component of the Néron model of A.

The Birch & Swinnerton-Dyer is of course conjectural in general, however, in
the function field case the situation is far better: the full conjecture is known to
be a consequence of the finiteness of one ¢-primary component of the Shafarevich-
Tate goup (this is due to a series of paper starting with Tate, Milne, ..., and
culminating with [4]).

Theorem 1. [2, 3] Assume finiteness of the Shafarevich-Tate goup, in the number
field case assume analytical continuation of the L-function L(A/K, s) satifying the
natural functional equation and generalised Riemann hypothesis. We have

IIII(A/K)|Reg(A/K) < C.H(A/K)'™*¢

Noting that |[III(A/K)| is an integer and using the diophantine estimate
Reg(A/K) > C!H(A/K)™¢, we get as a corollary that, under the same condi-
tions, both [III(A/K)| and Reg(A/K) are O (H(A/K)'*e).

There remains the question of wether the estimate from the theorem is best
possible or, in other words, wether the classical Brauer-Siegel estimate holds. Un-
fortunately we leave this question unanswered but provide the following clues.

To express the problem we introduce the Brauer-Siegel ratio as

log {|ITT(A/K)| Reg(A/K)}

BS(A/K) =
(4/K) log H(A/K)
By estimating the term H(A/K) ¢ < % < H(A/K)® (the estimate is

relatively easy for elliptic curves but delicate for higher dimension abelian varieties,
see [2, 3]) and combining with the previous results we get:

0< liminf BS(A/K)< limsup BS(A4/K)=1.
T H(A/K)—oo 4/ )_H(A/K)Eoo (4/K)
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Replacing < 1 by = 1, in the previous inequality, requires the following kind of
unconditional examples.

Theorem 2. The following estimates are valid for the following explicit families:

(1) (see [3]) Let d be coprime to the characteristic of K = F4(t) and (Ey) the
elliptic curve defined by y? +y = 23 + t%.

(2) (Griffon, see [1]) Let d be coprime to the characteristic of K = F,(¢) and
(E4) the “Legendre” elliptic curve defined by y? = x(x + 1)(z + t9).

The Shafarevich-Tate group of Eq/K is finite (unconditionally) and
lim BS(Ey/K) = 1.
d—o0

Richard Griffon’s thesis contains many more examples of families with a sim-
ilar behaviour. However other situations suggest that the classical Brauer-Siegel
theorem is not true in general and the “liminf” of the Brauer-Siegel ratio should
be zero.

One such situation is the case of twists of a given elliptic curve, i.e. a curve Ep
with equation Dy? = 23 + ax + b, with D either a squarefree integer — case (nf)
with K = Q — or a squarefree polynomial in F,[t] — case (ff) with K = Fy(¢t).
There a theorem of Waldspurger (extended to the function field setting by Altug—
Tsimerman) states essentially that:

c(ID])*
VDI

where ¢(|D)|) is the Fourier coefficient of the weight 3/2 modular form associated
to E by Shimura theory and modularity of E. The estimates translate in this
context as

L(ED, 1) =K

0< 1iminfM log|c(|D))] 1

[
<limsup ———— = —.
log|D| — P log |D| 4
The estimate for the limit sup is a theorem in the function field case and the
Ramanujan conjecture in the number field case. Heuristics suggest a distribution
of Fourier coefficient where the limit inf would be zero (see [3] for a discussion and
an analysis of the case where E is a constant curve, i.e. defined over Fy).
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Determinants and irrationality
WADIM ZUDILIN

It is a classical fact that the irrationality of a number £ € R follows from the
existence of a sequence p,, /¢, with integral p,, and g, such that ¢,& — p,, # 0 for
all n and ¢, — p, — 0 as n — oo. A way to formalise this is as follows.

Suppose we have a sequence of rational approximations

Tn:ang_bne@g""@
such that

(a) 0 <1, <Che™ for some Cr,e >0 and alln =1,2,...;
(b) 0nan, dnby, € Z for some sequence of positive integers d,,; and
(¢) 6, < C2A™ for some Co, A >0and alln=1,2,....

Proposition 1. Under hypotheses (a)—(c), if €A < 1 then £ is irrational.

In the talk we explain that under some further (natural) assumptions on the
approximants r,, = a,& — b, we can replace the condition eA < 1 by a slightly
different one. Namely, assume additionally that

(d) r, = / z(x)"w(x) for some domain v C R™, non-constant continuous

.
function z(x) > 0 on v and measure (positive differential form) w(x); and
(e) 6, divides d,41 foralln=1,2,....

Proposition 2. Under hypotheses (a)-(e), if eA%/2/4 < 1 then ¢ is irrational.

The proof exploits the Hankel determinants deto<; s<n(7j+e) of the sequence
7; details can be found in [6]. Note that eéA%/2/4 < (eA)3/? if ¢ > 1/16, so that
Proposition 2 is sometimes conclusive when Proposition 1 is not. For example, the
linear approximations

In(a)—/la (ZC—l)n(a—x)n da

xn—i—l
—)ntite —___ — i + (loga) < >
- 2 (0o s o)
JHt#n
to loga, where n = 0,1,2,..., can be used for a = 3 and a = i together with

Proposition 2 for proving that the numbers log 3 and 7 are irrational. In fact, the
change of variable z = (1 +it)/(1 — it) transforms I,,(¢) into

(1 —o)n
(i) = 2" —1—'"/ ———dt;
(4) i(=1-1) . T+ 96

a normalization of the resulting integral is real, hence legitimate to the use of
Proposition 2. The impossibility to use the rational approximations to 7 originated
from the integrals I,,(4) is recorded in the literature [1, 2].
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A counterpart of Proposition 2 in the context of the values of ¢-series is discussed
in [7], where the irrationality of
q’ﬂz"l
ot 1—-q"x
is deduced for ¢ of the form 1/q € Z\ {0, £1} and nonzero rational x, z for which
the series converges.

The fact that irrationality of numbers can be deduced from polynomial (rather
than linear) approximations coming from the Hankel determinants seems to be
underexploited; other appearances in a slightly different setting can be found in
[3, 5]. A different arithmetic application of the Hankel determinants

odet (C(ali +0) +b))

is discussed in [4].
Assuming additionally that
(f) 0 < |an| < C3A™ for some C5,A >0 and alln=1,2,...,
we can further extend Proposition 2 to a non-algebraicity criterion (see also [5,
Section 5] for a similar discussion).

Proposition 3. Under hypotheses (a)—(f), if eA3%/2A%"1/4 < 1 then £ is not an
algebraic number of degree < d.

For comparison, Liouville’s bound for the same conclusion reads eA?A%~1 < 1.

The use of Hankel determinants naturally raises a question about how small
the quantity

‘Ogc}ign(qg‘wf — Djte)

can be under the constraint 1 < maxo<;<on—2{|p;l,|¢;|} < D; namely, an estimate
from above for the determinant of the form D~ for some v = v(n). When n =1
Dirichlet’s classical theorem answers the question: v(1) = 1. The problem looks
harder when n > 1.
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The saddle-point method in CY
CARLO VIOLA
(joint work with F. Pinna)

The quest for qualitative or quantitative results of irrationality, of non-quadraticity,

.., or of linear independence over QQ for values of special functions at rational
numbers requires to separate values vy, by means of simultaneous rational approx-
imations, i.e., by linear forms pp,, — ¢,vx With pp,, ¢, € Z, and to get asymptotic
estimates, from above and from below, for |pp, — g,vn| — 0 and |g,| — oo as
n — +o00.

In explicit examples, both the construction of linear forms pp, — g,vn and the
proof of the required asymptotic estimates are generally difficult. However, in
several interesting cases, the linear forms pp, — ¢,vn can be expressed by multiple
integrals of n-th powers of suitable rational functions, whereas the common coef-
ficients ¢, are expressed by multiple integrals of the same integrands, taken over
the product of closed contours (see, e.g., [5]).

Thus the analytic representation of the linear forms and of the common co-
efficients is naturally related to the theory of periods (following Kontsevich and
Zagier [3], for example), while the required estimates for |pp, — gnvp| and |g,| can
be obtained through the asymptotic evaluation, as n — 400, of multiple complex
integrals. A natural way to achieve the latter is the use of a suitable extension to
any dimension N of the classical saddle-point method in C.

The problem of extending the saddle-point method to multiple integrals

/f(zl,...,zN)"g(zl,...,zN)dzl...dzN
T

over suitable manifolds I" C C with N > 1 was studied by M. V. Fedoryuk [1].
This author was primarily interested in a constructive process to transform the
integration manifold I" into a manifold A of ‘steepest descent’ for |f(z1,...,2nN)]
containing a saddle-point of f(z1,...,zx) and preserving the value of the integral.
For the purpose of constructing A, Fedoryuk introduced techniques from algebraic
topology based on homology groups which, beside their theoretical interest, proved
to be difficult to apply in concrete examples. In fact, in an example of dimension
N = 2, Ursell [4] showed the non-uniqueness of steepest descent surfaces, with
the result that in most cases there is no available criterion to find towards which
saddle-point the surface of integration should be deformed.

In [2] Hata introduced new ideas to circumvent such difficulties in the two-
dimensional case. Using a more flexible analytic method, essentially consisting
in a double reduction to the one-dimensional case, Hata proved an asymptotic
formula for a double integral

// f(z1,22)"g(21, 22) dz1 dzo (n = +00),

>\1><)\2
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where f and g are holomorphic functions in an open set A C C2?, A\; and Ay are
paths with Ay X A2 C A, and n € N.

In joint work with F. Pinna (to appear) we have generalised Hata’s analytic
method to the higher dimensional case, by proving a version of the saddle-point
method in CV for any N > 2. Our result is based on the notion of ‘admissible’
saddle-point of f defined below, which is not essentially restrictive.

Let f(z1,...,2n) be holomorphic in an open set A € CVN. We consider the
following partial hessian determinants with respect to the ordering z1,...,zy of
the variables:

2°f 0% f
Bz% Ut 021025
Hj(Zl,...,ZN)Z (]:1,,N),
0% f 2f
0z;0z1 e 022

and we denote by
H(Zl,...,ZN) = HN(Zl,...,ZN)
the hessian determinant of f.

Definition 1. The point (250)7 cee z](\?)) € A is an admissible saddle-point of f

with respect to the ordering z1,...,zyx of the variables if
f(zio),...,z](\?)) #0
%(z§°>,...,z§3>):o (G=1,...,N)

Hy(z0, ... 2 #0 (=1,...,N).

Let (z§0), ey zj(\(,))) be an admissible saddle-point of f with respect to the or-
dering z1, ..., zy. By the implicit function theorem, for each j =1,..., N — 1 the

system
of . _of _,
62’1 N - 6zj -
is locally solvable with respect to z1, ..., z;. Accordingly, let
zZ1 = le(2j+1, ce ,ZN), ey 2y = ij(zj-i-lv N ,ZN)

be the implicit functions satisfying the identities

g—i(le(sz,...,zN), ceey ij(Zj+1,...,ZN), Zj41y o ey ZN) =0

%(le(2j+1,...,ZN), ey ij(Zj+1,...,ZN), Zj+1, ceey ZN) =0

in a neighbourhood of (z§0), ey zj(\(,))). In order to apply the saddle-point method to
an N-fold multiple integral, using Cauchy’s theorem we change the N integration
paths into new paths A1, ..., Ay as follows. Forn =1,2,3,... let

In:/dZN/dZNA / dz /f(zlv"'7ZN)ng(Zlv"'7ZN)dzl
A

AN An-—1(znN) 2(23,-.2N) A1(22,0052N)
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be an absolutely convergent N-fold integral, with g(z1, ..., zx) holomorphic in A.
Let ( (0), . (0)) be an admissible saddle-point of f with respect to the ordering
Z1,...,2N, at which g( (0) ..,z](\?)) #0. For j=1,...,N — 1, denote

f‘j(zj+1, . ,ZN) = f(le(ZjJrl, . ,ZN), e ij(ZjJrl, N ,ZN), Zj4ly o ey ZN).

Weassumezj(v) EAN,and}fN 1(zn } ’f( ,...,zj(\?))}foere)\N in a neigh-
bourhood of zj(\(,)), ZN F# zj(\(,)) Similarly, in a neighbourhood of (250),. z](\(,))),
for each j = 1,...,N — 1 and for any fixed (zj4+1,...,2n) With zy € An, ...,
Zj+1 ~€ )‘j+1(zj+27 Ce ZN) we assume ij(2j+1, e ,ZN) € A (Zngl; e ,ZN)
and ‘fj,1(2j72j+1,.. y ZN ’ ’fj ZJJrl,...,ZN)’ for Zj 6)\j(2’j+1,..., ), Zj 75
Z;i(Zj41,- ., 2N), where fo = f. The above assumptions imply

|f(zluuzN)|<‘f(Z]E0)7 ](\(f)))‘

for all (z1,...,2n) # (z%o), . ,zj(\(,))) in a neighbourhood of ( (O),. zj(\(,))) such
that zy € AN, ..., 21 € M1(22,...,2n). We require that such a maximality condi-

tion holds also away from (z%o), . zj(\?)) We assume that for any neighbourhood

o of (z%o), ceey (O)) there exists a real number p = u(o) with 0 < g < 1 such that

|f(217"'aZN)| < ,u‘f(zl 77Z](\?))‘
for all zy € AN, ..., 21 € M (22, ..., 2n) satisfying (z1,...,2Nn) ¢ o.

Theorem 1. Under the assumptions above, for n — 400 the asymptotic formula

N/2
(O, o>)\f 7'-'71(\?))’

7 VIHED, .20

(21"
x f(z£°’nN/2 )" <1+0<(10g\7%%+5))

I’n, — (271')N/2 ei(191+"'+191\7)

holds for any € > 0, where, for j =1,..., N,

1 Hj(zgo),...,z](\?)) )
) )

) h 1arg(
i= Ty - 0 oy 0 0
2 f(zi ),...,z](\,)) Hj_1(2£ ),...,z](\,)

with h; € Z. Here Hy(z1,...,2n) 1= 1.
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An application of Diophantine approximation to regularity of patterns
in cut and project sets

ALAN HAYNES
(joint work with Henna Koivusalo, James Walton)

As the title indicates, in this talk we discussed an application of Diophantine ap-
proximation to the study of regularity of patterns in cut and project sets. Cut and
project sets are point sets in Euclidean space which arise from a simple dynamical
construction: they are the return times, to specified regions, of linear R% actions
on higher dimension tori.

Under mild assumptions, cut and project sets are typically Delone sets which are
aperiodic (i.e. their group of translational periods is {0}). They are important for
a number of reasons, and have been studied extensively in recent years because of
their potential as mathematical models for physical materials called quasicrystals.
Many well known aperiodic patterns in Euclidean space, for example the collections
of vertices of any Penrose or Ammann-Beenker tiling, can be constructed using
cut and project sets.

As a point of reference, one dimensional cut and project sets correspond in a
very natural way, by well known work of Morse and Hedlund [5], to Sturmian
words (aperiodic bi-infinite words on a two letter alphabet with minimal growth
of word complexity). Higher dimensional aperiodic cut and project sets may or
may not have minimal pattern complexity.

For point patterns Y C R?, another measurement of pattern regularity is given
by the repetitivity function R : [1,00) — [0, 00). For each r > 1, the quantity R(r)
is defined to be the smallest real number with the property that every pattern of
size 7, which occurs anywhere in Y, occurs in every ball of radius R(r) in R9. If
there is a constant C' > 0 with the property that R(r) < Cr for all » > 1, then
Y is called linearly repetitive (LR). In general, linear repetitivity implies minimal
pattern complexity, but the converse is far from true. For Sturmian words, linear
repetitivity is equivalent to ‘badly approximable slope’ [5, p.2].

The main problem which we focused on in this talk was the problem of char-
acterizing the collection of LR cut and project sets. This problem was originally
posed by Lagarias and Pleasants [4, Problem 8.3], who promoted linearly repeti-
tive cut and project sets as models for ‘perfectly ordered quasicrystals.” Our main
result focuses on totally irrational, aperiodic and non-singular cut and project sets
formed with cubical acceptance domains. To give the impression of our results, we
present them here. However, we do not attempt to provide all of the definitions
and instead refer to [2] for a complete exposition.

Theorem 1. A k to d cubical cut and project set defined by linear forms {L;}*~ ¢
is LR if and only if
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(LR1) The sum of the ranks of the kernels of the maps £; : Z¢ — R/Z defined
by
Li(n) = Li(n) mod 1
is equal to d(k — d — 1), and
(LR2) Each L; is relatively badly approximable.

Condition (LR1) is necessary and sufficient for ¥ to have minimal pattern
complexity. For comparison, in [3, Section 5] it was shown that minimal pattern
complexity is a necessary and sufficient condition for the Cech cohomology (with
rational coefficients) of the associated tiling space to be finitely generated. Many
of the calculations in the first part of our proof of this theorem share a common
thread with those that arise in the calculation of the cohomology groups. This
point of view eventually leads us to a collection of equations (equations (3.3)-(3.6)
in [2]) which form the crux of our argument, allowing us to move directly in our
proof to a position where we can apply condition (LR2). It should be pointed
out that, without the group theoretic arguments that give us the rigid structure
imposed by the mentioned equations, the proof would fall apart.

Condition (LR2) is a Diophantine condition, which places a strong restriction
on how well the subspace defining Y can be approximated by rationals. We de-
fine a linear form to be relatively badly approximable if it is badly approximable
when restricted to rational subspaces complementary to its kernel. Note that in
the special case when k — d = 1, condition (LR1) is automatically satisfied, and
condition (LR2) requires the linear form defining Y to be badly approximable in
the usual sense. This observation allows us to give, as a corollary, a complete char-
acterization of both cubical and canonical (another important class in the study of
quasicrystals) cut and project sets in codimension 1, extending a classical theorem
of Morse and Hedlund [5, p.2].

At the end of the talk, we discussed in more detail the relationship between
cubical cut and project sets and their canonical counterparts (i.e. for arbitrary
dimension and codimension). In many cases which are commonly cited in the
literature, our results for cubical cut and project sets also apply to canonical ones.
However, what is possibly more interesting is that there are examples of LR cubical
cut and project sets which are no longer LR when their acceptance domains are
replaced by canonical ones.

There are at least two seemingly different sources for this type of behavior.
The first is geometric, and arises in the situation when at least two of the linear
forms defining the physical space have co-kernels with different ranks. The second
(which can occur even in the absence of the geometric situation just described)
is Diophantine, and is related to the fact that any number can be written as a
product of two badly approximable numbers (this follows from Marshall Hall’s
famous theorems in [1]). In [2, Problem 4.5] we propose a line of thought which
should lead to a more complete understanding and characterization of linearly
repetitive canonical cut and project sets.
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It should be pointed out that most canonical cut and project sets of specific
interest in the literature arise from subspaces defined by linear forms with coeffi-
cients in a fixed algebraic number field. In such a case the Diophantine behavior
alluded to in the previous paragraph cannot occur. To illustrate this point, in [2]
we also explain how to prove that Penrose and Ammann-Beenker tilings are LR.
This in itself is not a new result, and in fact it is follows quickly from descriptions
of these tilings using substitution rules. What is new is that our proof uses only
their descriptions as cut and project sets.
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How should potential counterexamples to p-adic Littlewood conjecture
look like?

DzZMITRY BADZIAHIN

In 2004 de Mathan and Teulie proposed the following problem which is now called
Mixed Littlewood Conjecture (MLC). Before stating it we need to introduce some
notation. Let D := {d;}ien be a sequence of positive integers with d; > 2. Let
D,, :=[];—, d;. Then the pseudonorm |a|p of an integer number a is defined as
follows:

la|p := min{D,! : a € D,Z}.
The Mixed Littlewood Conjecture (MLC) in its full generality states the following.

Conjecture 1. For any sequence D of positive integers not smaller than two and
for any z € R we have

liminfgq - |g|p - ||gz|| = 0.
q— 00

If D is a constant sequence consisting of a prime p then the pseudonorm |a|p
becomes the standard p-adic norm. The MLC for this particular sequence has a
special name: the p-adic Littlewood conjecture (PLC).

In this report we will concentrate on what we know about the conjectures and
the conditions of their counterexamples x (if they exist).

Concerning MLC in its full generality, although it is still open, there are some
reasonable concerns that it is probably false. For example by developing the theory
of generalised Cantor-winning sets we can prove the following (see [3]).
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Theorem 1 (B., Harrap, 2014). For an arbitrary function f : N — R>¢ such that
lim, o f(g) = oo there exists a sequence D such that the set of € R for which

liminf f(g)q - |g|p - |[gz|| > O
q—00
has full Hausdorfl dimension.

In other words, however slowly growing f(¢) is we can construct a sequence D
such that MLC, weakened by the factor f(q) becomes false for a quite large set of
real numbers x. Moreover, in [3] we just have precise conditions on D which allow
us to state the theorem: it should grow fast enough.

On the other hand PLC is generally believed to be true.

Today we know two generalisations of PLC, they are quite closely related, and
each of them has their advantages. The first one was suggested by Einsiedler and
Kleinbock in 2007 [5].

Conjecture 2 (EK). For any (u,v) € R x Q, and any prime p one has

lim inf max{|qo, |q|}/qu — go| - |gv — golp = 0.

One can check that the Conjecture EK implies PLC by the following (not trivial)
assertion: Conjecture EK for (u,0) implies PLC for x = v~

This conjecture has close links with the dynamics on the space of lattices in
R2 x @12,. By using this link and the ideas developed by Einsiedler, Kleinbock and
Lindenstrauss one can show that the set of counterexamples to EK conjecture is

very small.

Theorem 2 (B. Bugeaud, Einsielder, Kleinbock). The set (u,v) of counterexam-
ples to EK conjecture has Hausdorff dimension zero.

On the other hand the set of counterexamples is not empty.

Theorem 3 (B.). Let u € R and v € Q, be irrational solutions of the same
quadratic equation. Then they form a counterexample to EK conjecture.

The last theorem is not as extraordinary as one may think. Such pairs (u,v)
are related with periodic orbits in the space of lattices in R? x Q%. We refer the
reader to [5, 2] for more details.

Another generalisation [1] can be formulated as follows. Let E := AN x ]P’qlzp
where A, := {1,...,n}. In other words E is the set of pairs: an infinite word over
a finite alphabet and a one-dimensional projective p-adic point. Define

T :E—FE;, T(awa,...,q) — (araz..., Ay q),

0 1
4, = ( 01 ) |
Define the set of p-adically badly approximable points as follows
PBad. := {q € Py, : Va€Z’ |(a,q)l, > ellq|l,/[a]| 7>

where
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Finally we define
LBad := {x € F : 3¢>0,Yn € N,T"x € A x PBad.}.

The counterexamples to PLC are related with the set LBad in the following
way. For a given badly approximable z take an element x := (wcop(x), ((1))) € E.
Then z is a counterexample to PLC if every limit point of the sequence {T"x},en
is in LBad.

Unfortunately we can prove that LBad is nonempty.

Theorem 4 (B.). Let w = (p) be a periodic word with a period p. Let q € ]P’(bp
be such that 4,9 = q. Then (w,q) € LBad.

Bugeaud, Drmota and de Mathan showed that the elements of LBad from
this theorem can not generate a counterexample to PLC. In 2004 they proved the
following theorem (which was formulated in different terms, see[4]).

Theorem 5 (Bugeaud, Drmota, de Mathan). If one of the limit points of
{T"werp(x)nen is periodic then z satisfies PLC.

One can hope that LBad does not have any other elements. If one can prove
that then PLC will follow automatically. We formalise this in the following con-
jecture.

Conjecture 3 (B). For every element (w,q) of LBad the orbit 7" (w, q) is peri-
odic.

The results in [1] contain quite restrictive and technical conditions on the ele-
ments of LBad. One of the more or less nice corollaries from them is the following
theorem.

Theorem 6 (B). If w is not periodic and for some constant C the subword
complexity of w satisfies P(w,n) — n < C then for every q € ]P’}@p, we have

(w,q) ¢ LBad.
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Integral points and the Shafarevich conjecture for abelian surfaces
AARON LEVIN

The Shafarevich conjecture for curves, proved by Faltings [4], states that given a
number field k, integer g > 2, and finite set of primes S of k, there are only finitely
many isomorphism classes of nonsingular projective curves C over k of genus g
with good reduction outside S. More generally, Faltings [4] proved an analogous
result for abelian varieties.

Theorem 1 (Shafarevich conjecture for principally polarized abelian varieties).
Given a number field k, positive integer g, and finite set of primes S of k, there are
only finitely many isomorphism classes of principally polarized abelian varieties
over k of dimension g with good reduction outside S.

Using an appropriate version of Torelli’s theorem, Theorem 1 implies the Sha-
farevich conjecture for curves. The Shafarevich conjecture for curves implies, via
a construction of Parshin [10], the truth of the Mordell conjecture: If C' is a curve
defined over a number field k of (geometric) genus g(C) > 2, then the set of
k-rational points C(k) is finite. While both the Shafarevich conjecture and the
Mordell conjecture are now theorems (of Faltings), a major defect of both theo-
rems is that there is no known effective proof of either result, that is, there is no
known algorithm to (provably) find the finitely many objects in the conclusion of
either theorem.

It is known that an effective version of the Shafarevich conjecture implies an
effective version of the Mordell conjecture, and an explicit relationship has been
given by Rémond [12]. In fact, even effective versions of restricted forms of the
Shafarevich conjecture have deep consequences. Recall Siegel’s theorem on integral
points on curves:

Theorem 2 (Siegel). Let C be a curve over k and ¢ € k(C) a nonconstant rational
function on C. If C is a rational curve then assume further that ¢ has at least
three distinct poles. The set of S-integral points of C' with respect to ¢,

{PeC(k)|o(P) € Oks},
is finite.

Using the theory of linear forms in logarithms, if the curve C' has genus zero or
genus one, then Siegel’s theorem is known to be effective (for every choice of ¢,
k, and S) by work of Baker and Coates [1] (see also [11]). Already for curves of
genus two, however, no general effective version of Siegel’s theorem is known. In
this case, for certain special choices of ¢, Siegel’s theorem has been proven in an
effective way. For instance, if ¢ contains a Weierstrass point as a pole, or a pair
of points conjugate under the hyperelliptic involution as poles, then the theory of
linear forms in logarithms again yields an effective version of Siegel’s theorem for
¢ (and any k and S). Thus, the genus two case of Siegel’s theorem represents the
simplest open case of Siegel’s theorem with respect to effectivity.
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In [8], I proved a relation between an effective Shafarevich conjecture for hyper-
elliptic Jacobians (i.e., Jacobians of hyperelliptic curves) and an effective version
of Siegel’s theorem for hyperelliptic curves.

Theorem 3. Let g > 2. Suppose that for every number field k and every finite set
of places S of k, one can effectively compute the isomorphism classes of hyperel-
liptic Jacobians of dimension g with good reduction outside S (e.g., by computing
a set of explicit hyperelliptic Weierstrass equations). Then Siegel’s Theorem is
effective for every hyperelliptic curve of genus g (and all choices of ¢, k, and 5).

In particular, an effective Shafarevich conjecture for abelian surfaces would
imply an effective version of Siegel’s theorem for curves of genus two. Thus,
aside from its intrinsic interest, an effective Shafarevich conjecture for abelian
surfaces has deep Diophantine consequences. To study the Shafarevich conjecture
for abelian surfaces, we begin by recalling the structure of principally polarized
abelian surfaces over a number field k.

Theorem 4 (Gonzilez-Guardia-Rotger [6]). Let k& be a number field and let A
be a principally polarized abelian surface over k. Then (as a polarized abelian
variety) A is isomorphic over k to one of the following:

(1) The Jacobian Jac(C) of a genus 2 curve C over k.

(2) Ey x Es, where Fy and Es are elliptic curves over k.

(3) W = Resy /k B, where W is the Weil restriction of an elliptic curve E over
a quadratic extension k’/k.

Using standard facts about bad reduction of products and Weil restrictions of
abelian varieties, the Shafarevich conjecture in the last two cases is easily reduced
to the Shafarevich conjecture for elliptic curves, which is effective by work of
Coates [2] (explicit results have been proven by Fuchs, von Kénel, and Wiistholz
[4]). Thus, proving an effective Shafarevich conjecture for abelian surfaces reduces
to proving an effective Shafarevich conjecture for Jacobians of genus two curves.

We note that the Shafarevich conjecture for hyperelliptic curves is known in an
effective way. Building on work of Evertse and Gyory [3], von Kénel [7] proved
explicit bounds for the heights of Weierstrass models of the involved hyperelliptic
curves. Recall that if a nonsingular projective curve C' has good reduction at a
prime p, then the Jacobian Jac(C) also has good reduction at the prime p. The
primes for which the converse statement fails appear to hold the key to proving an
effective Shafarevich conjecture for hyperelliptic Jacobians. We make the following
definition.

Definition 1. Let C be a nonsingular projective curve over a number field k. If
a prime p of Oy is simultaneously a prime of bad reduction for C and a prime of
good reduction for the Jacobian Jac(C'), then we call p a Janus prime for C' (or

Jac(C)).

With this terminology, we prove a result towards an effective Shafarevich con-
jecture for Jacobians of genus two curves.
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Theorem 5. Let k be a number field and let S be a finite set of primes of k.
Then one can effectively compute, up to isomorphism, all genus two curves C' over
k such that A = Jac(C') satisfies:

(1) A has good reduction outside S.
(2) A has at most two Janus primes outside S.
(3) A has full rational 2-torsion.

The first ingredient in the proof of the theorem is an algorithm of Liu [9] to
compute, given a Weierstrass equation for a genus two curve, the fibers of a minimal
model of the curve (away from primes above 2, at least). This allows us to study
genus two curves C of a very specific explicit form. We then reduce the problem
to certain Diophantine equations which can be handled by the combination of a
version of Runge’s method and (effective) S-unit equation analysis.
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Many Thue equations have no solutions
SHABNAM AKHTARI
(joint work with Manjul Bhargava)

It is not very difficult to construct binary forms that do not represent a given
integer, if we arrange a local obstruction. For example, any binary cubic form
congruent to zy(z + y) modulo 2 will never represent an odd number. Also, if
F(z,y) = 1 has no solution, and G is a proper subform of F, ie., G(z,y) =
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F(ax + by, cx + dy) for some integer matrix A = (¢Y) with |det A| > 1, then
clearly G(z,y) = 1 will also have no integer solutions.

In [1] we show for every integer n > 3 that many (indeed, a positive proportion)
of binary forms of degree n are not proper subforms, locally represent 1 at every
place, but globally fail to represent 1.

Theorem 1 (Akhtari and Bhargava). Let h be any nonzero integer. When
GL2(Z)-classes of integral binary cubic forms F(z,y) € Z[z,y] are ordered by
absolute discriminant, a positive proportion of these forms F' have the following
properties:

(1) they locally everywhere represent h (i.e., F(x,y) = h has a solution in R?
and in Z for all p);

(2) they globally do not represent h (i.e., F'(z,y) = h has no solution in Z?);
and

(3) they are maximal forms (i.e., F' is not a proper subform of any other form).

Our method of proof provides an explicit lower bound for the positive density
of classes of binary cubic forms that do not represent a given integer, and indeed
an explicit construction of this positive density of forms. Our strategy to prove
Theorem 1 is as follows. We first construct a set of maximal binary cubic forms
F(z,y) of positive density defined by congruence conditions. For any such irre-
ducible binary cubic form F(x,y) of sufficiently large discriminant, we show that
each solution of F(x,y) = m corresponds uniquely to a solution of G;(z,y) = h,
where G, lies in a certain set of 81 maximal binary cubic forms G;(z,y) = h as-
sociated to F' with Disc(G;) < Disc(F), and m € Z is a suitably chosen positive
multiple of h. These G;’s are constructed using the polynomial congruence results
that are introduced in [3] and [4]. Using the fact that F' can represent m only an
absolutely bounded number of times by Proposition 1, which is a main result of
[2], we conclude that most of the G;’s cannot represent h.

Proposition 1 (Akhtari, 2015). Let F(z,y) € Z[x,y] be an irreducible binary
form of degree n > 3 and discriminant D. Let m be an integer with

1
-1
0<me AT T
(3.5)7/2n 3D

where 0 < € < ﬁ Then the equation F(z,y) = m has at most

(n—1)e

In+ —2~+ if n=23,4

{ T+ —2—  ifn>5
(n—1)e

primitive solutions. (If n is even, then two solutions (zg,yo) and (—zg, —yo) are
considered here to be one solution).

In [1], we also show an analogous result for binary forms of general degree,
provided that these forms are ordered by the maximum of the absolute values of
their coefficients.
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Theorem 2 (Akhtari and Bhargava). Let h be any nonzero integer. When binary
forms F(z,y) € Zlx,y] of a given degree n > 3 are ordered by the maximum
of absolute values of their coefficients, a positive proportion of them have the
following properties:

(1) they locally everywhere represent h (i.e., F(z,y) = h has a solution in R?
and in Z? for all p);

(2) they globally do not represent h (i.e., F'(z,y) = h has no solution in Z?);
and

(3) they are maximal forms (i.e., F' is not a proper subform of any other form).

As with Theorem 1, our method of proof provides an explicit lower bound for
the positive density of binary n-ic forms that do not represent a given integer,
and moreover, yields an explicit construction of this positive density of forms.
Since, unlike the case n = 3, asymptotics for the number GLa(Z)-classes of binary
n-ic forms of bounded discriminant are not known for n > 3, we instead order
all integral binary n-ic forms by the maximum of the absolute values of their
coefficients, but otherwise follow a strategy analogous to that of the cubic case in
Theorem 1.
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Lower bounds for the height in Galois extension
FRANCESCO AMOROSO
(joint work with David Masser)

Let a be a non zero algebraic number of degree d which is not a root of unity. We
denote by h(a) the usual logarithmic Weil height which is, by a well-known result
of Kronecker, > 0. In 1933 Lehmer asked (“Lehmer Problem”) if there exists a
positive real number ¢ such that h(a) > ed~'. This should be the best possible
lower bound for the height (without any further assumption on «), since h(2'/4) =
(log2)d—t. The best known result in the direction of the Lehmer Problem is
Dobrowolski’s lower bound, which implies that for any € > 0 there is ¢(¢) > 0 such
that h(a) > c(e)d—17¢.

The inequality in the Lehmer Problem has been established in some special
cases. For instance it was proved by Symth [8] for non-reciprocal « (in particular
whenever d is odd). Also, Mignotte (see [7]) gives a positive answer if there exists a
prime p < dlog d which splits completely in Q(«). More recently, Lehmer Problem
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was solved by Borwein, Dobrowolski and Mossinghoff (see [3]) for algebraic integers
whose minimal polynomial has coefficients all congruent to 1 modulo a fixed m > 2.

David and the author of this talk (see [1], Corollaire 1.7) proved Lehmer Prob-
lem when Q(«)/Q is a Galois extension. We improve on the result in the Galois
case, and we even show that for any £ > 0 there is ¢(g) > 0 such that

h(a) > c(e)d™®
when Q(a)/Q is a Galois extension.

Our main results are the following:

Theorem 1. For any integer » > 1 and any € > 0 there is a positive effective
constant ¢(r,e) with the following property. Let F/Q be a Galois extension of
degree D and o € F*. We assume that there are r conjugates of a over Q which
are multiplicatively independent!. Then

h(a) > ¢(r,e) D™+ —¢,

The proof builds on the method of [1] and on a more recent result of [4], which in
turns generalizes both the main result of [1] and the Relative Dobrowolki Theorem
of [2].

Taking » = 1 in Theorem 1 we get the following statement.

Corollary 1. For any € > 0 there is a positive effective constant ¢(e) with the
following property. Let F/Q be a Galois extension of degree D. Then for any
« € F* which is not a root of unity we have

h(a) > c¢(e)D™1/?7=

For a direct proof of this corollary, which uses [2] instead of the deeper result
of [4], see [6] exercise 16.23, which was the starting point of our investigation.

We remark that Corollary 1 is optimal: take for F the splitting field of x¢ — 2,
with D = d¢(d), and a = 2'/¢. Nevertheless, as mentioned above, this result can
be strengthened for a generator a of a Galois extension.

Theorem 2. For any ¢ > 0 there is a positive effective constant c(¢) with the

following property. Let a € @* be of degree d, not a root of unity, such that
Q(a)/Q is Galois. Then we have

h(a) > c(e)d™* .
Again, the proof builds on the method of [1] and on the Relative Dobrowolki
Theorem of [2].
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