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Introduction by the Organisers

The workshop Arithmetic Geometry was well attended by over 50 participants
from various backgrounds. It covered a wide range of topics in algebraic geometry
and number theory, with some focus on p-adic questions.

Using the theory of perfectoid spaces and related techniques, a number of results
have been proved in recent years. At the conference, Caraiani, Gabber, Hansen and
Liu reported on such results. In particular, Liu explained general p-adic versions
of the Riemann—Hilbert and Simpson correspondences, and Caraiani reported on
results on the torsion in the cohomology of Shimura varieties. This involved the
geometry of the Hodge—Tate period map, which Hansen extended to a general
Shimura variety, using the results reported by Liu. Moreover, Gabber proved
degeneration of the Hodge spectral sequence for all proper smooth rigid spaces
over nonarchimedean fields of characteristic 0, or even in families, by proving a
spreading out result for proper rigid spaces to reduce to a recent result in p-adic
Hodge theory.

Another recurring theme was the theory of p-adic families of automorphic forms,
and the corresponding Banach representations of p-adic groups, in the framework
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of the p-adic local Langlands program. This includes the talks of Andreatta,
Colmez and Pagkunas.

In the general framework of p-adic cohomologies, we also had a talk of Jannsen
on duality in de Rham—Witt cohomology. Another p-adic topic was Zhang’s talk
about the Poisson equation on Berkovich spaces, which is expected to have impor-
tant applications to the study of heights of rational points.

Large progress in recent years was made on K3 surfaces over finite fields, where
many results including the Tate conjecture and the unirationality conjecture have
been proved, as well as new results on derived equivalences of K3 surfaces, as
reported by Liedtke, and Olsson.

A striking recent result of Abe is the existence of p-adic companions on curves
over finite fields, extending the result of L. Lafforgue, attaching ¢-adic sheaves to
automorphic representations, to p-adic cohomology. At the conference, Kedlaya
gave a talk on the existence of companions for higher-dimensional varieties, by
reduction to the case of curves.

For applications of Arakelov geometry, it is important to control certain contri-
butions coming from the archimedean places. Here, Wilms presented new results
on Faltings’s §-invariant.

Litt has obtained results on the monodromy representations arising from geom-
etry by using anabelian methods and a reduction to characteristic p argument.

Other topics covered were the Grothendieck—Katz p-curvature conjecture by
Kisin, the Sansuc formula for general groups by Conrad, Hodge theory and atypical
intersections by Klingler, the construction of Gs-local systems on curves by Katz,
and generic vanishing theorems by Bhatt.

During the conference, many active discussions took place. In particular, André
finished his proof of the direct summand conjecture, but it was unfortunately too
soon to report on it at the meeting.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, “US Junior Oberwolfach Fellows”.
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Abstracts

On the delta invariant in Arakelov geometry
ROBERT WILMS

In this talk, we presented new formulas for Faltings’ delta invariant in Arakelov
geometry. This invariant plays a crucial role in the Faltings-Noether formula: Let
C be a smooth and projective curve of genus g > 1 defined over a number field
K and having semi-stable reduction over B = Spec Ok. Denote by 7: ¥ — B
its minimal regular model and write & = w¢/p for the relative dualizing bundle
equipped with its Arakelov metric. Then the Faltings-Noether formula [2, 5] states

12deg det myw = (@,0) + Y. 6(€)logN(®) + Y. §(Cy) — 4g[K : Q]log2,
ve| B o: K—C

where det 74wy /g is equipped with its Faltings metric, 6(¢%) denotes the number
of singularities in the geometric fibre at v € | B| and 6(Cyy) denotes Faltings’ delta
invariant of the Riemann surface C, obtained by the pullback of C induced by
any embedding o: K — C.

To state our formulas for the delta invariant, let X be a compact and connected
Riemann surface of genus g > 1. We fix a period matrix 2 of X and we write
Jac(X) = C9/(Z9+0-7Z9) for the Jacobian of X. We identify Jac(X) = Picy_1(X),
such that the divisor of the theta function 6(z) = 3., e™(n9n+22) in Jac(X)
coincides with the divisor © of line bundles having global sections in Picg_1(X).
The norm of the theta function [0|: Picy_1 — R is given by

[0](2) = (det Im Q)"/* e~ 1m=(m 97 m=jp())|

In [3], de Jong introduced the function |7|: ® — Rso, which is given by
'0,)(00)°(0)()]

where (6;) denotes the vector of the first partial derivatives of § and (6;%)° the
cofactor matrix of the second partial derivatives. Further, we write v for the
Kaéhler form of the Hodge metric on Jac(X). We define the following invariants

H(X) = f

Picg_1(X)

Jil(2) = (detTm @)(#*P/4 ¢~(arrrims(inm )~ im

—1
)

log 102, AX) = | tog

o) = | oz,

where G: X? — R denotes the Arakelov—Green function and h = ¢;(Oxz2(A)) is
the first Chern form of the diagonal bundle. The invariant ¢(X) is called Zhang—
Kawazumi invariant and it satisfies ¢(X) > 0. Moreover, we obtain the bound
H(X) < —%log2 by Jensen’s inequality.

Theorem ([6]). (i) It holds §(X) = —24H(X) + 2p(X) — 8glog2w. In partic-
ular, we always have §(X) > —2glog 2r*.
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(ii) We have the following relations:
0(X)=2(g—T7H(X)—2A(X) — 4glog 2,
o(X)=(g+5)H(X)—A(X) +2glog2m.
In particular, the invariants § and ¢ have canonical extensions to indecom-

posable principally polarised complex abelian varieties.
(iii) The Arakelov-Green function satisfies

05G(P.Q) = | 1o 25 + LX)~ 1(X).

In particular, we obtain the upper bound

sup log G(P,Q) < ﬁ max (1, 2251) §(X) + g(4 + log g).
P,QeX

We remark, that the formula for the Arakelov—Green function is a more explicit
version of Bost’s formula in [1]. As an application in Arakelov theory, we can
deduce the following bound for the heights of Weierstrass points from a formula
by de Jong [4, Theorem 4.3].

Corollary. With the notation as above, let W be the divisor of Weierstrass points
on C/K. We may assume, that all Weierstrass points are defined over K. Denote
by har(P) = (0, 0% (P)) the Arakelov height of a point P € C(K). Then it holds

max har(P) < Z har(P) < (6g° + 4g + 2)(Tc;gdet @0 + 99°[K : Q).
Pew
Next, we sketch the idea of the proof of the theorem. First, we remark that (ii)
and (iii) can be deduced as consequences of (i). The proof of (i) works in two steps.
The first step is to prove the formula directly for hyperelliptic Riemann surfaces.
Here, the main ingredient is the following decomposition formula for log ||6|:

g
log [0 (Py + -+ + Py = Q) = Y108 G(P;, Q) + Y, log G(Py, 0 (Pr)) + S4(X),
Jj=1 i<k
where 0 : X — X denotes the hyperelliptic involution and S,(X) is a certain
invariant of Riemann surfaces.
In the second step, we can assume g > 3 and it is enough to show that

f(X)=46(X)+24H(X) —2¢(X)

is constant as a real-valued function on Mg, the moduli space of compact and
connected Riemann surfaces. This would follow if we have dof(X) = 0 on M,,
since My = T,/T,, where T, is the Teichmiiller space, which is contractible and
I’y is the mapping class group, which is perfect. Hence, every pluriharmonic
function on My is the real part of a holomorphic function, but there are no non-
constant holomorphic functions on Mg, since the boundary of M, in its Satake
compactification has codimension at least 2.

To prove 00f(X) = 0, let q: X, — M,[2] be the universal family of compact
and connected Riemann surfaces of genus g with level 2 structure and A the
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diagonal in the product gz: Xy X aq,[2) Xy — My[2]. We define the following (1,1)
forms on M,[2]:

wHag = c1(det ¢+ Qx a,[2])s € = J 1 (T, ypm,[2))° J h? = J c1(Oxz2(A))°%.
q q2 q2

: : e 90, 3_ pA 205 _ LA
Now direct computations give £¢ = Sq2 h® —ef" and £56 = e’ — 12wHdg-

The hard part of the proof is to express fT?H in terms of the above forms. For
this purpose, one pulls back the function log ||f| by the map

X;H Uy [P Pops X = [Pr+ o+ By — Py — ax; Jac(X))],

where U, denotes the universal family of abelian varieties with level 2 structure
and « is a fixed family of theta characteristics on Xj. This yields

_ 1941
L H = Jwnag — 2ef + J ey + gf ally ),
Prg+1

pPrg

where £ (resp. £') is a line bundle on X¢+! (resp. XY) given by

g g g
L=QpriTx,jm, 2 ® ®Pr}k,g+1oxg2(ﬁ)®_l ® Q) pripOxz(A),
j=1

j=1 i<k

g—1 g—1
resp. L = ®p7“;<TXg/Mg[2] ® ®p7°;‘7k(9;(5 (A)
j=1 i<k
Further, we have {c¢1(£)9T! = ¢; (£<9+1>), where the power £9t1 is taken in the
sense of Deligne pairings. Hence, it remains to expand the power £9+1 which

is only a combinatorial problem. This can be solved by associating graphs to the
terms in the expansion of £ which can be classified and counted.
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On the generic part of the cohomology of compact unitary Shimura
varieties

ANA CARAIANI
(joint work with Peter Scholze)

Let G/Q be a connected reductive group. Associated to it, we have the symmetric
domain X := G(R)/Ky, where Ky, € G(R) is a maximal compact subgroup.
The symmetric domain X still has an action of G(R). Taking I' < G(Q) to be
a congruence subgroup, we can form the quotient Xr := I'\ X, which is a locally
symmetric space for G.

Assume that Xr is compact and that I' is torsion-free. Then X is a real
manifold and we can relate its Betti (singular) cohomology H*(Xr,C) to auto-
morphic representations of G. More precisely, Matsushima’s formula expresses
H*(Xr,C) in terms of automorphic representations = of G and in terms of the
(g, Ko) cohomology of 7y, the archimedean component of . A theorem of Borel
and Wallach in [1] implies that, when 7o, is a tempered representation of G(R), it
can only contribute to H*(Xr,C) in a certain range of degrees [qo, qo + lo]. Here
qo, lo are non-negative integers depending on G, defined as ly = rkG — rkK, and
qo = 3(dimX — ly). In particular, when Xr is a Shimura variety (which implies
that lp = 0), tempered representations only contribute to the cohomology of Xp
in the middle degree.

In this talk, I described a mod ¢ analogue of the result of Borel and Wallach,
concerning H*(Xp,Fy) in the case when X is a compact unitary Shimura variety.
One reason for studying the cohomology of locally symmetric spaces with torsion
coeflicients comes from trying to prove the modularity of Galois representations.
A recent insight of Calegari and Geraghty [3] is that understanding torsion as
well as characteristic zero classes is crucial for proving modularity lifting theorems
beyond the self-dual case for GL,, (this is the so-called Betti setting in their work).
The Calegari-Geraghty method requires the existence of Galois representations
associated to torsion classes in the cohomology of locally symmetric spaces, which
has been supplied by Scholze in [6], but also requires these Galois representations
to satisfy some form of local-global compatibility and the relevant torsion classes
to be concentrated in a range of degrees of length ly. Theorem 1 below gives a
way to access both missing ingredients, with the main restriction being that we
require our Shimura varieties to be compact.

Before stating the precise mod ¢ condition that will play the part of tempered-
ness, it is worth noting that for cuspidal automorphic representations of GL,,
which are self-dual, temperedness at finite places is closely related to genericity
and to the fact that such representations contribute to the cohomology of unitary
Shimura varieties in the middle degree (see Remark 1.8 of [4] for more details).
Thus, we replace temperedness, which is an analytic condition, by a genericity
condition, which can be formulated mod /.
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Let G be an anisotropic unitary similitude group of dimension n, corresponding
to a CM field F with totally real subfield F'*. Assume that F' contains an imagi-
nary quadratic field. We can either assume that G comes from a division algebra
with center F' or (under a mild extra assumption on F') that it is quasi-split at
all finite places. The Shimura varieties Xt associated to G are compact. Let T
be the spherical Hecke algebra acting on H*(Xr,Fy) and let m < T be a maximal
ideal in the support of H*(Xr,Fy).

Theorem 1. (1) There exists a Galois representation
Pm GF — GLn(I_Fg)

such that the Frobenius eigenvalues of pn match the Satake parameters of
m at the unramified places.

(2) Assume that there exists a rational prime p = £ such that p splits com-
pletely in F' and such that py s decomposed generic at p. Then

H'(Xp,Fo)m =0
implies that i = qo = dim X.

We remark that the first part of Theorem 1 is not new. The existence of the
Galois representation py, follows from [6] and it applies to non-compact as well
as compact Shimura varieties. What is new is the method of proof: in both
settings, the key step is to lift the mod ¢ class to a characteristic 0 class. The
argument in [6] relies on an f-adic tower and analogues of the Hasse invariant
to construct the characteristic 0 lift and thus loses track of the properties of the
Galois representation py, at the prime ¢, the most delicate part of the local-global
compatibility that these representations are expected to satisfy. In Theorem 1, we
give a new argument using a p-adic tower, for an auxiliary prime p = ¢. This gives
a strategy for proving local-global compatibility at /.

As for the second part of Theorem 1, Boyer proved a similar result for Shimura
varieties of Harris-Taylor type [2] and Lan and Suh proved results of this kind for
general Shimura varieties under restrictions on level and weight [5]. We explain
the condition that py be decomposed generic at p. For any prime p of F' lying
above p, we ask that

(1) pmlcy, be unramified;
(2) any two eigenvalues A\, X' of Frob, satisfy \/X ¢ {1, (#k(p))*!}.

This condition implies that any lift of py, to characteristic 0, restricted to GF,
corresponds under local Langlands to a generic principal series representation of
GL,(F}).

The proof of Theorem 1 relies on the geometry of the Hodge-Tate period mor-
phism. Thg idea behind the Hodge-Tate period morphism is the following: if we

set C, := @p, then p-divisible groups over the ring of integers O¢, are classified
by pairs (T, W). Here T is the Tate module, a free Z,-module, and W < T'®z, C,
is a sub-vector space, identified with the (one-step) Hodge-Tate filtration. The
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classification result is due to Scholze and Weinstein [7]. Over an infinite-level, per-
fectoid Shimura variety, the Tate modules of the abelian varieties it parametrizes
are trivialized; by sending an abelian variety to its associated p-divisible group,
we obtain a map mgyr from the infinite-level Shimura variety to a Grassmannian
Flq,,, which measures the relative position of W in T'®z, C,. This is actually a
map of adic spaces, since the above can be made to work in families.

In [4], we use a Leray spectral sequence to reduce the computation of H* (X, Fy)
to understanding the geometry of myr. Along the way, we prove several founda-
tional results concerning myr.

Theorem 2. (1) Shimura varieties of Hodge type admit o G(Q,)-equivariant
Hodge-Tate period morphism

THT Xp(poo) — }—KG,M;

which agrees with that of [6] in the Siegel case and which is functorial in
the Shimura datum.

(2) Flg,. has a stratification by locally closed subspaces indexed in terms of a
subset B(G, ) of the Kottwitz set B(G), which classifies isocrystals with
G-structure.

(8) The fibers of the Hodge-Tate period morphism over the stratum }'Elé# for

be B(G,u) are canonical lifts of perfections of Igusa varieties Ig®.

To complete the proof of Theorem 1, we need two more ingredients. Firstly, we
compute the contribution of automorphic forms which are generic principal series
at all primes above p to the alternating sum of cohomology groups [H (Ig, Q)]
and show that it is non-zero only when b corresponds to the the closed, p-ordinary
stratum. Secondly, we show that the pushforward Rmpgr «Fy| Fe, is concentrated

in one degree, when }“Eg, is a maximal stratum on which this complex is non-
zero. This should be thought of as saying that Rmpyr «F¢ is a perverse sheaf, for
some notion of perversity on rigid-analytic spaces.
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Moduli of Supersingular K3 Crystals
CHRISTIAN LIEDTKE

Supersingular K3 surfaces. A K3 surface X over an algebraically closed field
k of positive characteristic p is called supersingular, if the following two equivalent
conditions are fulfilled

(1) X has Picard rank p(X) = 22,
(2) the height of the formal Brauer group Br(X) is infinite.

Concerning the equivalence: (1) = (2) easily follows from the Igusa—Artin-Mazur
inequality and the implication (2) = (1) follows from the Tate-conjecture for K3
surface, which is now a theorem of Charles, Kim, Nygaard, Maulik, Madapusi-
Pera, and Ogus. Moreover, the discriminant of the Néron—Severi group satisfies

discNS(X) = —p?™  for some integer 1< o9 < 10

that is called the Artin invariant and that was introduced by Artin [Ar74]. In
fact, o9 determines the Néron—Severi NS(X) up to isometry and such lattices are
called supersingular K3 lattices.

Moving torsor families. If X is a supersingular K3 surface with Artin invariant
0o <9 in characteristic p, then it admits a genus-one fibration X — P} with a sec-
tion [Lil5]. Associated to this data, there exists a smooth family of supersingular
K3 surfaces, a family of moving torsors

X — X

l l
Speck — Speck[[t]]

such that specialization induces a short exact sequence
0 — Pic(X;) — Pic(X) — Z/pZ — 0,

whose cokernel is generated by the class of the section of the fibration X — P! from
above. In particular, o(X5) = 00(X) + 1, and thus, this family has non-trivial
moduli. Moreover, this family can be algebraized and spread out from Spec k[[t]]
to a family of smooth supersingular K3 surfaces over a curve that is of finite type
over k. We refer to [Lil5] for details.

Moduli of supersingular K3 crystals. The second crystalline cohomology
group of a supersingular K3 surface in positive characteristic p is an F-crystal,
which is of slope 1 and weight 2. Moreover, Poincaré duality equips it with a
perfect pairing. In [Og79], Ogus classified such crystals together with markings by
a supersingular K3 lattice IV, so called N-marked supersingular K3 crystals. In
[Og79], he also constructed a moduli space My — Spec F, for such crystals.

Theorem (Ogus). Let N be a supersingular K3 lattice in odd characteristic p.
Then, My is smooth, proper, and of dimension (co(N) — 1) over F,, and it has
two geometric components.
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Given a K3 surface X together with a genus-one fibration X — P} and a
section, the divisor classes of a fiber and the divisor class of the section span a
hyperbolic plane U inside the Néron-Severi lattice NS(X). This said, the moving
torsor families from above manifest themselves on the level of Ogus’ moduli spaces
My as follows.

Theorem. Let N and N be supersingular K3 lattices in odd characteristic such
that oo(N4) = 0o(N) + 1. Then, a choice of hyperbolic plane U < N gives rise to
a morphism

My, — M.
This morphism is a fibration, whose geometric fibers are rational curves with at
worst unibranch singularities (“cusps”).

Examples (Ogus). Let N be a supersingular K3 lattice in characteristic p > 3.
(1) If oo(N) = 1, then My = Spec F,.
(2) If oo(N) = 2, then My =P} _.

(3) If oo(IN) = 3, then My Xspeck, SpecF, is isomorphic to two disjoint copies
of the Fermat surface Fj,41.

Shioda [Sh74] showed that the Fermat surface F,, := {2} + ... + 2§ = 0} < P3,
n = 4, in characteristic p with ged(n, p) = 1 is unirational if and only if there exists
an integer v > 1 such that p¥ = —1 mod n. In particular, the Fermat surfaces
F, 41 are unirational in characteristic p. Together with Ogus’ examples, we obtain
a new proof of Shioda’s theorem in the following special case.

Corollary (Shioda). For every prime p, the Fermat surface F, 11 < P? is unira-
tional in characteristic p.
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The Spectral Halo
FABRIZIO ANDREATTA
(joint work with Adrian Tovita, Vincent Pilloni)

Let p be a prime number and let N be a positive integer coprime to p. Let " be
the congruence subgroup I'1 (V) n T (p).

Set A = Zp[[Zy]], the Iwasawa algebra for the group Z%. The classical rigid
analytic space W' associated to A is the so called weight space for (elliptic) p-adic
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modular forms: its Cp-valued points correspond to continuous homomorphisms
k: Zy — Ck. For any such Coleman has defined in [Co] an orthonormalizable
space M[(T") of overconvergent modular forms of level I' and of weight x. It is
endowed with a compact operator U,. We denote by P, (X) := det(1 _XUleL(F))

the characteristic series of U, on the space M, (T).

Coleman has proved that there exists a power series P(X) € A[[X] with the
following remarkable property. For every p-adic weight x: Z5 — C the special-
ization of P(X) at & coincides with the characteristic series P, (X).

Based on the analysis of the cases p = 2, due to Buzzard and Kilford [BK], and
p = 3, due to Roe [Ro], he made the following conjecture.

Congjecture (Spectral Halo): Set T := exp(p) — 1 € A.
(1) There exists an F,((T"))-Banach space of overconvergent modular forms

MT(F) and a compact operator U, whose characteristic power series det(1 —
XUP|MT(F)) is the reduction P(X) of P(X) modulo p.

(2) Let (n;, m;) be the breaking points of the Newton polygon of P(X). Then
there exists a positive rational number r < 1 such that for all p-adic weights «
lying in the annulus r < |T| < 1 of the weight space, the breaking points of the
Newton polygon of Py, are (n;, val,(k(1 +p) — 1)m;).

Remarks: (i) The world “spectral” refers to the spectral curve defined by the
zero locus of P(X) in the affine line over W', Conjecture 2 implies that over
r < |T| < 1 the spectral curve is the disjoint union of infinitely many components,
finite and flat over the weight space (the “halo”).

(i) In [LWX] and in [JN] the authors solve Coleman’s conjectures in the quater-
nionic setting. In this case the underlying Shimura variety is 0-dimensional so that
the geometry is very simple. Overconvergent forms are then realized following
Buzzard by introducing complicated p-adic coefficients.

(iii) A solution to Conjecture (1) working with modular curves is given in [AIP2]
and is the content of the present talk. We are optimistic that also Conjecture (2)
will follow. The methods we use are amenable to generalization and in [AIP3] we
dealt with the Hilbert case, proving an analogue of Conjecture (1). It is not at all
clear, and we think it is an interesting question, what the analogue of Conjecture
(2) should be in this context.

The first step is to “complete” W& by considering the analytic adic space
W := Spa(A,A)*" (in the sense of Huber) associated to the (p,T)-adic formal
scheme Spf(A). It contains the adic space W' associated to the classical rigid
analytic weight space introduced by Coleman. The complement consists of the
points supported in characteristic p corresponding to the finitely many residue
fields of A/pA; these are the sought for points at infinity.
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Let X denote the modular curve over Z, of level I, as a p-adic formal scheme.
Write £ — X for the universal generalized elliptic curve and w for the sheaf of
invariant differentials of F relatively to X. Denote by X, the partial blow-up of
the T-adic formal scheme defined by X x A{p/T?,T /Hap3> (here Ha is a local lift
of the Hasse invariant and the completion is with respect to the T-adic topology).
Let X*" be the associated analytic adic space.

Remark: If one replaces T with p the above provides the definition of a tubular
neighborhood of the ordinary locus. Here we are considering the T-adic variant of
this notion within the product of X and W (as adic sapces).

The main result of [ATP2] is the following;:

Theorem 1. There erists an invertible sheaf w"™V over X3 such that its global
sections are endowed with a compact operator Up,.

Their reduction modulo p coincide with the global sections of the base change of
WY 4o the points at infinity and, together with the operator Uy, provide a solution
to Congecture (1).

In [AIP2] we provide a construction in characteristic p and a construction over
Wre | using the characterization of the canonical subgroup in terms of integral
p-adic Hodge theory as in [AIP1]. In order to compare the two we use the analysis
of the anticanoncial tower provided by Scholze [Sc].
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Rigidity and a Riemann-Hilbert correspondence for p-adic local
systems

RuocHUAN LI1u
(joint work with Xinwen Zhu)

This talk is about to explain a joint work with Xinwen Zhu [5]. Firstly, fix k to
be a finite extension of Q, as our base field.

De Rham rigidity for p-adic local systems. Our first main result is concerned
with de Rham rigidity for p-adic étale local systems.

Theorem 1. Let X be a geometrically connected rigid analytic variety over k,
and let I be a Qp-local system on Xet. If there exists a closed point x € X such
that the stalk Lz of IL at some geometric point T over x, regarded as a p-adic
representation of the residue field of x, is de Rham, then the stalk Ly is de Rham
at every closed point y of X and the Hodge-Tate weights (with multiplicity) of Ly ’s
are the same as those of Lz. Moreover, if X is smooth, then IL is de Rham in the
sense of Scholze [6].

Inspired by the Fontaine-Mazur conjecture, we also prove the following result.

Theorem 2. Let X be a geometrically connected algebraic variety over a number
field E and let L be a p-adic étale local system on X . If there exists a closed point
x € X, such that the stalk Lz of I at some geometric point T over x, regarded as
a p-adic Galois representation of the residue field of x, is geometric in the sense
of Fontaine-Mazur (i.e. it is unramified almost everywhere and is de Rham at p),
then the stalk Ly at every closed point y € X, regarded as the Galois representation
of the residue field of y, is geometric.

An application to Shimura varieties. Let (G, X) be a Shimura datum. For a
(sufficiently small) open compact subgroup K < G(Ay), let

Shic(G, X) = GIQ\X x G(As)/K

be the corresponding Shimura variety. Let V be a Q-rational representation of
G, which is trivial on Z¢. Here Z¢ is the largest anisotropic subtorus in the
center of GG that is R-split. Then it is known that V induces a Betti local system
Ly on Shg (G, X). In addition, the theory of canonical models gives a model of
Shg (G, X) (still denoted by the same notation) defined over the reflex field E < C,
and for a choice of a prime p, a p-adic étale local system Ly, over Shx (G, X) (cf.
[4, §111.6]). Applying Theorem 2 to Shx (G, X) with the set of special points, which
is Zariski dense (so in particular nonempty!) in every connected component, we
obtain the following theorem.

Theorem 3. For every closed point x of Shi (G, X), the stalk (Lv,p)z, regarded
as a Galois representation of Gal(E/E(x)), is geometric in the sense of Fontaine-
Mazur.
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A p-adic Riemann-Hilbert correspondence. To prove Theorem 1, by resolu-
tion of singularities for rigid analytic varieties, we may assume that X is smooth.
It turns out that in this case we may deduce Theorem 1 from a version of p-adic
Riemann-Hilbert correspondence.

Let K be a perfectoid field which is the completion of a Galois extension of k
(in k) that contains k(uy«<), and let Gal(K /k) denote the corresponding Galois
group. Let

v Xproet/XK = (XK)proet - (XK)et
denote the projection from the pro-étale site of X to the étale site of Xx. Let
Bgr denote the de Rham period ring associated to K. We consider a sheaf of
Q,-algebras Ox®Bgr on X (see [5, §3.1] for the precise definition); it inherits a
filtration from the filtration on Bgr and a Bgr-linear derivation from the derivation
on Ox. The ringed space (Xx, Ox®Bgr) is denoted by &X', which can be thought
of as the “generic fiber of a canonical lifting of Xx to B&LR”.

Recall that there is the geometric de Rham period sheaf OB4r on Xproct con-
structed by Scholze ([6]). Set

RH(L) = RV, (L ® OBqr).

We have the following theorem, which can be regarded as a first step towards the
long sought-after Riemann-Hilbert correspondence on p-adic varieties.

Theorem 4. (See [5, Theorem 3.6] for the full and precise statements.) Let X
be a smooth rigid analytic variety over k, and let I be a Qp-local system on Xet.
Then RV, (L ® OBqgr) = 0 for i > 0, and the functor RH(L) = v, (L ® OBgr)
is a tensor functor from the category of Qp-local systems on Xt to the category
of vector bundles on X, equipped with a semi-linear action of Gal(K /k), and with
a filtration and an integrable connection that satisfy Griffiths transversality. The
functor RH is compatible with pullback along arbitrary morphisms and (under cer-
tain conditions) is compatible with pushforward under smooth proper morphisms.

We regard the above Theorem as a geometric Riemann-Hilbert correspondence
for p-adic étale local systems. Now define Dy (L) to be the i-th pushforward of
RH(L) along the natural projection Xx — X. (See [5, §3.2] for the more precise
definition.) Then Theorem 1 follows from the following theorem, which in turn
follows from Theorem 4 and can be regarded as an arithmetic Riemann-Hilbert
correspondence.

Theorem 5. (See [5, Theorem 3.7] for the full and precise statements.) Let X
be a smooth rigid analytic variety over k, and let I be a Qp-local system on Xet.
Then

(i) Dig is a functor from the category of Qp-local systems on Xt to the
category of vector bundles on X with an integrable connection as above. If
X is a point, DYy coincides with the usual Dagr functor of Fontaine’s.

(ii) Fori > 1, Diz(L) = 0; and Dig(L) = D} (L). Moreover, the functors
Dfm commute with arbitrary pullbacks.
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(iii) If X is connected and there exists a classical point x such that Lz is de
Rham, then there is a decreasing filtration Fil on DgR(L) by sub-bundles
such that (DS (L), Vi, Fil) is the filtered Ox -module with an integrable
connection associated to L in the sense of [6, Definition 7.4]. In other
words, I is a de Rham local system in the sense of [6, Definition 8.3].

Simpson correspondence. To prove Theorem 4, we consider the 0th graded
piece OC = gr’OBg4r of OBgr. Then we are led to study

H(L) := RV, (L® OC).

Note that taking the associated graded of the connection on OBggr defines a Higgs
field on OC and therefore a Higgs field ¥, on H(L). It turns out the functor

H L (H(L),9L)

is nothing but (a special case of) the p-adic Simpson correspondence, which was
first proposed by Faltings [3] and recently systematically studied by Abbes-Gros
and Tsuji [1, 2]. We note that these works studied more general local systems
on (Xg)et rather than local systems on X.. But in our special case, we give a
simpler construction and prove nicer results. For example, we have the following
statements.

Theorem 6. (See [5, Theorem 2.1] for the full and precise statements.) Let X
be a smooth rigid analytic variety over k, and let I be a Qp-local system on Xet.
Then RV, (L ® OC) = for i > 0, and H = V(L. ® OC) is a tensor functor from
the category of Qp-local systems on Xt to the category of nilpotent Higgs bundles
on Xk . The functor H is compatible with pullback along arbitrary morphisms and
(under certain conditions) is compatible with pushforward under smooth proper
morphisms.
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p-adic period maps and variations of p-adic Hodge structures
DaviD HANSEN

Let X be a connected complex manifold, and let V = (Vz,Fil® ¢ Vz ®z Ox, )
be a polarized Z-variation of Hodge structure on X; for example, if X = A"
for some smooth quasiprojective variety X/C and f : Y — X is some smooth
projective family equipped with a choice of relatively ample line bundle, then the
Z-local system given by the primitive part of R’ f3"Z Jtorsion Canonically underlies
a polarized Z-VHS on X. Writing G for the automorphism group of the (bilinear
form associated with the) polarization, there is a natural G(Z)-covering X — X
parametrizing trivializations of Vz compatible with the polarization, and a natural
G(Z)-equivariant period morphism 7 : X — FI, where FI = G( C)/Q is a certain
generalized flag variety. Much of classical Hodge theory amounts to the study of
these period maps and their properties.

What is the p-adic analogue of this story? Until recently this question seemed
rather murky; however, the situation changed dramatically with Scholze’s discov-
ery of the Hodge-Tate period map out of a Siegel Shimura variety with infinite level
at p [5]. This construction was then generalized by Caraiani-Scholze (resp. Shen)
to arbitrary perfectoid Shimura varieties of Hodge type (resp. abelian type) [1, 6].
In this report we sketch a general framework for constructing p-adic period maps;
in particular, we get a uniform and functorial construction of a Hodge-Tate period
morphism for any Shimura variety,! including those with no known interpretation
as moduli of motives. Our main guide is the following slogan: the p-adic analogue
of a Z- or Q-VHS over a smooth complex manifold is a de Rham Q,-local system
on a smooth rigid analytic space.

Given such a Qp-local system V on a rigid space X, maybe with some G-
structure, we’d like to have some covering space Trivy,x — X parametrizing
“frames of V7”7 analogous to the G(Z)-covering from in the archimedean story.
One quickly observes that this space must be a bit wild: the map Trivy/x — X
should have infinite (but locally profinite) geometric fibers, and in particular will
not be étale. It’s unclear if this space should be representable by an adic space in
general; our main observation is that if one is willing to work with diamonds, then
such a space exists.

In order to state these results more precisely, let us quickly fix some notation
and terminology. In what follows, we fix a prime p, and use the term “adic space”
in reference to (honest) analytic adic spaces over Spa(Z,, Z,); we also write Perf
for the category of perfectoid spaces in characteristic p.

Definition 1. (1) Let S be any site whose objects U have a “natural under-
lying topological space |U|”, and let T be any topological group or ring (or
just any topological space). Then we can define a sheaf T of groups (or
rings) on C by sheafifying the presheaf U — C(|U|,T). If A is a topological
ring and X € § is any given object, we define an A-local system on X as

LAt the expense of passing to its diamond when the Shimura data is not of abelian type, cf.
below.
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U, o~ A

a sheaf M of A-modules on S/x such that M u; locally on some
covering {U; — X }.

(2) (Kedlaya-Liu, Scholze) Let X be any adic space or diamond; then X has a
well-behaved pro-étale site Xproet, and every Y € Xroet has an underlying
topological space |Y| with a natural map to |X|. In particular, given any
topological ring A, we have an associated category ALoc(X) of A-local

systems on (the pro-étale site of) X.

Now, given a reductive group G/Q, with G = G(Q,) its (locally profinite)
group of Q,-points, we consider the following category.

Definition 2. Given X any adic space or diamond, a G-local system on X is a
faithful exact tensor functor V : Rep(G) — QpLoc(X) with the following prop-
erty?: for each connected component of X, there is a geometric point 7 € X lying
in that component such that the composite tensor functor

Vz : Rep(G) — QpLoc(X) = QpLoc(T) = Vectq,
is tensor- isomorphic to the trivial fiber functor

Rep(G) — Vectq,
W.p) — W.

These form a category GLoc(X) in a natural way, and this category turns out
to enjoy a number of good properties:

Theorem 3. (1) If X is any adic space, with associated diamond X©, there
is a natural equivalence GLoc(X) = GLoc(X?).
(2) If X is any adic space or diamond and we take G = GL,, there is a
natural equivalence GLoc(X) = Q,Loc(X ) ank=",
(8) If D is any diamond and V is any G-local system on D, then the presheaf
with G-action

Trivyp : Perf)p  —  Sets
(f -T0 D) — ISOHlGLoc(T) (VtriVa f*V)

defines a pro-étale sheaf on the site Perf,p. Moreover, the morphism
Trivyp — D is representable, surjective, and pro-étale, and Trivy p
is naturally a pro-étale G-torsor over D. In particular, Trivyp is a dia-
mond.

(4) For any open subgroup K < G, the sheaf Trivy,p/K of “K-level struc-
tures on V” is a diamond, and its structure map to D is separated, étale,
partially proper, and surjective. If D = X© is the diamond of a locally

2This property turns out to be automatic for some groups (for example, for G which are
Qp-split with simply connected derived group) but not for all groups. At the time of my talk in
the workshop, I didn’t properly appreciate the necessity of this condition, and I’'m very grateful
to several workshop participants, especially B. Bhatt and P. Scholze, for conversations which
clarified this point.
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Noetherian adic space, then Trivy,xo/K is naturally the diamond of a
locally Noetherian adic space over X.

(5) The association V — Trivyp defines an equivalence from the category
GLoc(D) to the category GTor(D) of pro-étale G torsors over D, with an
explicit essential inverse.

We briefly mention some of the ideas. (1) reduces immediately to the tensor
equivalence Q,Loc(X) =~ Q,Loc(X?), which can be deduced from some descent
results of Kedlaya-Liu [2, 3]. The proofs of (2-5) are intertwined; aside from various
“reduction to GL,,”-type tricks familiar from the theory of Shimura varieties, the
most crucial inputs are:

i. The fact (announced by Fargues) that the Kottwitz map is constant on
connected components of the stack Bung of G-bundles on the Fargues-Fontaine
curve; this allows one to boostrap from knowing that the map 7rivy/p — D hits
every connected component of the target (which is guaranteed by the definition of
a G-local system) to the surjectivity of this map.

ii. The fact that every pro-étale G-torsor D over a given diamond D is a
well-behaved diamond; in particular, this guarantees that Trivy p is a diamond
and has an associated topological space, which is prerequisite to writing down a
candidate for the essential inverse mentioned in (5). This fact is deduced in turn
from the following result, which may be of independent utility:

Theorem 4. Let G be any locally profinite group, and let f : F — F be any
G-torsor in pro-étale sheaves on Perf. Then the morphism f is representable and
pro-étale, and F/K — F is representable and étale for any open subgroup K < G.

This relies on some technical pro-étale descent results for finite étale and sep-
arated étale morphisms to perfectoid spaces, due to Weinstein and to Scholze
(respectively).

Returning to the situation of interest, let X be a smooth connected rigid analytic
space over a p-adic field E. Given G as before, we say that a G-local system V on X
is de Rham if for some (equivalently, any) faithful representation (W, p) € Rep(G),
the Qp-local system Vyy,, is de Rham in the sense of relative p-adic Hodge theory.
With these preparations we can state our main result:

Theorem 5. Maintain the above assumptions on 'V and X. Then:

(1) There is a unique geometric conjugacy class of Hodge cocharacters p :
G,, — G such that the weights of p o u record the Hodge filtration on the
vector bundle Dar(Vw,,) for every (W, p) € Rep(G).

(2) There is a natural G-equivariant Hodge-Tate period morphism
mut : Trivy xo — yﬁ%yu

of diamonds over Spd E, where F#lc. ,, is a certain generalized flag variety

for G.

Finally, we apply these ideas to Shimura varieties. Let (G, X) be a Shimura
datum, with reflex field F and Hodge cocharacter u. Let {SK}KC(;(Af) be the



Arithmetic Geometry 2191

associated tower of smooth quasiprojective Shimura varieties over E. Choose a
prime p of E over p and a tame level group K? < G(A’}); then for any open
compact subgroup K, ¢ G(Q,), we get a smooth rigid analytic space Skrx, =
(Skrk, XE E,)* over Spa E,,.

Theorem 6. There is a natural G(Q,)-equivariant Hodge- Tate period map
THT : S?(p = il% SI%pr — yf%#l
p

of diamonds over Spd Ey,, compatible with morphisms of arbitrary Shimura datum.
When (G, X) is of Hodge or abelian type, this is the “diamondization” of the
Hodge-Tate period morphism constructed by Caraiani-Scholze and Shen.

The rough idea here is that (under a mild condition on the Shimura datum) the

pushout S%pr = 8%, x%r G(Q,) defines a pro-étale G(Q,)-torsor over Sfo(pra
which gives rise to an associated G(Q,)-local system V over Skrx, by Theorem
3. By a remarkable result of Liu-Zhu [4], V is de Rham with Hodge cocharacter
1, so Theorem 5 applies.
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Sansuc’s Formula and Tate Global Duality (d’aprés Rosengarten)
BriaAN CONRAD

1. MOTIVATION

I am reporting on work of my PhD student Zev Rosengarten concerning the Tam-
agawa number Tg of smooth connected affine groups G over global function fields.
Let’s first review some basics over global fields k. (See [Oes, Ch.I] for details.) A
nonzero left-invariant w € Qg’f’k(G) (unique up to k*-scaling) defines a left Haar
measure [, , on G(k,) for any place v of k, and fiey . = |clv - pwv for all ¢ € kX,
Thus, one arrives at a restricted direct product [[ pu,. on G(Ag) = [ G(k,)
that is independent of w except for the problem that this product measure doesn’t
generally converge (since for a non-empty finite set S of places of k containing
the archimedean places and a smooth affine Oy, s-group G with generic fiber G,
Heo,w(G(Op,)) is too far from 1 for most v ¢ S).

Considerations with the character group X(Gg,) as a Gal(ks/k)-module lead
one to the definition of suitable “convergence factors” A, to multiply against p, ,
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for all place v, yielding a convergent restricted direct product pe on G(Ay) that
is a canonical left Haar measure. The precise definition of pg involves some addi-
tional global scalar factors to ensure good behavior with respect to Weil restriction
through a finite extension of global fields.

The measure p induces a preferred Haar measure pg, on the unimodular group

G(Aw)' = {g€ G(Ap) [Ix(9)lx =1 for all x € Xy(G)}

that contains G(k) as a discrete subgroup. Working with G(Aj)! enables one to
bypass the problem that A /k* has infinite volume, whereas its norm-1 subgroup
is compact. The Tamagawa number 7 of G is the volume of G(Ay)'/G(k) relative
to the quotient measure arising from pug,.

It is non-obvious but true that 74 is always finite. Over number fields this
immediately reduces to the case of reductive G, which was settled by Borel [Bo]
(resting on his earlier work on reduction theory with Harish-Chandra [BHC]).
Over function fields, the finiteness was proved in the semisimple case by Harder
[Ha] and in the solvable case by Oesterlé [Oes, IV, 1.3]; the general case is reduced
to those cases over finite extensions in &k in [Co, Thm. 1.3.1] as an application of
the structure theory of pseudo-reductive groups [CGP].

The definition of u¢ is normalized to ensure that 7¢ is invariant under Weil re-
striction through a finite extension of global fields [Oes, Ch.II]. Somewhat deeper,
for a short exact sequence 1 - G’ - G — G” — 1 of smooth connected affine
k-groups there is a formula relating 7¢ to 7¢- and ¢~ [Oes, II1, §5], but it involves
the intervention of several additional arithmetic invariants associated to this exact
sequence (and so using this formula in proofs usually requires some effort).

In the study of 7¢ for reductive G, two other arithmetic invariants often arise:
Pic(G) and the degree-1 Tate-Shafarevich set IIT* (k, G). These are always finite in
the reductive case, by using class field theory (including Tate’s duality theorems)
and the structure of reductive groups to reduce to the case of simply connected
semisimple G, for which Pic(G) and IIT* (k, G) are (not obviously) trivial.

Ono [Ono] and Voskresenskii [V] proved 70 = #Pic(T)/#I* (k,T) for k-tori
T. Considerations with the Siegel mass formula and various calculations worked
out in [We] led to Weil’s Conjecture that 7¢ = 1 whenever G is a simply con-
nected semisimple k-group. (This is “consistent” with the case of tori since for
such G both Pic(@) and IIT*(k, G) are trivial.) Weil’s conjecture was proved by
Langlands-Lai-Kottwitz over number fields, and only recently by Lurie-Gaitsgory
over function fields. Weil’s Conjecture and the Ono—Voskresenskii formula for tori
are unified by Sansuc’s formula [S] saying that 7¢ = #Pic(G)/#III' (k,G) for
reductive G. Over number fields, this formula holds without the reductivity hy-
pothesis since G is (uniquely) an extension of a reductive group by a k-split smooth
connected unipotent k-groups. But such an extension structure often fails to exist
in characteristic p > 0 (e.g., G = Ry ,(SLp)/pp), and Pic(G) can be infinite in
some non-split unipotent cases (e.g., G = {y? = z + caP} = G2 for c € k — kP).
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2. RESULTS

For a field F' and smooth connected affine F-group G, the group EXt}p(G, GL;) of
(central) extensions of G by GL; is naturally isomorphic to the group Pic(G)prim
of primitive classes [L] € Pic(G) (i.e., m{& (L) ~ p} (L) ® p5(L)).

Rosengarten proved several finiteness results beyond the familiar reductive case:
(i) if Gp, is Fs-rational then Pic(G) is finite, (ii) if G(F) is Zariski-dense in G (e.g.,
F-unirational G) then Pic(G) = Pic(G)prim whenever Pic(G) is finite, and (iii) if
F is a global function field then Pic(G)prim is always finite (such finiteness fails
over every local function field and every imperfect separably closed field). This
motivated a general conjecture over function fields, beyond the reductive case:

Conjecture 1 (Rosengarten). 7¢ = #Pic(G)prim/#1T (k, G)

Using the derived series of GG, we obtain a canonical composition series for G each
of whose successive quotients is either (a) commutative or (b) pseudo-semisimple
(i.e., perfect with no nontrivial smooth connected unipotent normal k-subgroup).
It is not evident if cases (a) and (b) imply Rosengarten’s conjecture in general,
due to the complicated behavior of Tamagawa numbers in short exact sequences.
Nonetheless, these are the crucial cases, and Rosengarten’s main result is:

Theorem 2. The conjecture holds for commutative G and pseudo-semisimple G.

The key points in the proof for pseudo-semisimple G are to use the structure
theory of such groups to (i) show Pic(G) is finite in such cases, and (ii) make a
link with Weil’s Conjecture over finite extensions of k. Central isogenies intervene
in this manner, and handling that requires a version of the Poitou—Tate 9-term
exact sequence for finite commutative k-group schemes (recently proved in [Ces]).

3. COMMUTATIVE CASE

The proof of Rosengarten’s conjecture for commutative G requires a Poitou—Tate
9-term exact sequence for arbitrary commutative affine algebraic (i.e., finite type)
k-group schemes G. This involves the fppf abelian sheaf G = Hom(G,GL;1) on
k-schemes that is never representable when G has a positive-dimensional unipotent
quotient (so G and G do not play symmetric roles, in contrast with finite G).

The construction of the 9-term exact sequence rests on a version of Tate local
duality for fppf cohomology of G and G , as well as directly defining perfect pairings

Cootls 1Tk, G) x TP (k, G) — Q/Z

between finite groups for ¢ = 1,2. (The finiteness of these III’s is not hard to
prove.) Tate used a Galois-cocycle method to define (-, >£% for finite G with
order not divisible by char(k). For an fppf-cocycle analogue, one has to prove for
any commutative affine algebraic k-group scheme G that H?(k,G) < H?(k,G) is an
equality (and likewise for QA), this is proved by a delicate devissage via exactness of
G v G. Such exactness requires proving that the fppf abelian sheaf Ext} (G, GL1)
vanishes for any k-scheme S. (The key point is to prove Ext}%(Ga, GL1) = 0 for
semiperfect F,-algebras R.) By a Leray spectral sequence, one then obtains:
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Corollary 3. There is a natural isomorphism Exty. (G, GLy) ~ H'(k, QA) for com-
mutative affine algebraic k-group schemes G.

Coming back to 7¢, in the commutative case Oesterlé proved a formula [Oes,
IV, 3.2] for 7¢ involving contributions from I (k, G) and IT*(k, G) as well as
from kernels, images, and cokernels arising in the Poitou—Tate 9-term sequence for
G. Plugging in the ezactness of that 9-term sequence, this formula collapses to

#H! (k, G)/#111* (k, G) = #Exti (G, GLy)/#11' (k, G),

which is exactly the desired formula. But how to prove ezactness of the Poitou—
Tate sequence for arbitrary commutative affine algebraic k-group schemes G?

By Tate local duality for G, at 2 of the 9 terms this expresses perfectness of
the III7-pairings discussed above. To illustrate the proof of exactness elsewhere,
consider the most difficult case: for G = G, prove surjectivity of the natural map
ag : G(Ar) — H2(k,G)* (where (-)* denotes Q/Z-dual of a discrete group).

~

We need to understand H?(F, G,) for fields F' of characteristic p > 0. Using
some spectral sequences of Breen [Br], Rosengarten proved naturally

H%(F,G,) ~ Ext%(Gqa,GL1) ~ Br(Ga.r)prim.

The latter is contained in Br(Gg, r)[p] due to the primitivity condition, and for
any factorial regular affine Fj-scheme Z there is a concrete description (due to
Kato) of Br(Z)[p] in terms of Q7 . . For Z = Gq,, this yields that Br(Ga,x)prim
is a k-line with an explicit generator, enabling one to prove that when the target of
ag,,, is given the natural compact Hausdorff Pontryagin-dual topology, this map
is continuous with dense image. But ag, , factors through the quotient Ay /k by

class field theory, and that quotient is compact, so ag, , is surjective!
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Poisson’s equations on Berkovich spaces
SHOU-WU ZHANG

Let us recall the classical Poisson’s equation on a compact Kéhler manifold (X,w)
which is the foundation for the Hodge theory. We take a normalization {w™ =1
where n = dim X. Then we have a Poisson’s equation:

Af=g,  fgeC*(X).
The uniqueness and existence of this equation are summarized by the following
exact sequence:
0—C— C?(X) 2 e (x) 25 ¢ —o.
One important application is the existence of metrics on line bundles on X with
harmonic curvature form.

In this talk, we try to formulate a non-archimedean analogue of Poisson’s equa-
tion on a variety X over an algebraically closed field C' with a complete and
nontrivial absolute value | -|. We first need to define a notion of a curvature form
and an operator % We use the notations in our paper [YZ] on Hodge index theo-
rem with a modification: we change the notion “ integrable metrized line bundle”
to “dsp metrized line bundles”, where dsp is the abbreviation of “difference of
semi-positive”. On X, we have a vector space Pic(X )gsp,r of dsp metrized R-line

—~ 0
bundles which includes a subspace Pic (X)gr of flat metrized line bundles. We
define the dsp metrized Neron—Severi group by

o~ ~ —~ 0
NS(X)]R = PiC(X)dSpyR/PiC (X)]R

For a metrized line bundle L € lsi\c(X)dSpyR, define its first Chern form c¢;(L) to
be its class in @(X)R. We will work on the space C(X)qsp of dsp functions f on
X (C) defined by requiring that the metrized line bundle O(f) := (Ox, [1]| = e=7)
is dsp. For a dspfunction f on X, we define the operator
O (X ap — NS(X)e,  f = e (O().

Let C(X) denote the completion of C'(X)qsp with respect to the L®-norm. The in-
tersection theory on the models of X over O¢ defines to multilinear and continuous
pairing;:

C(X)x NS(X)" — R,  (f,Li, - ,Ln) — L fer(Ly) -+ (Ly).

By Gubler, C'(X) can be naturally identified with the space C(X?") continuous
function on the Berkovich space X*". Thus the above pairing define a so called
Chambert—Loir measure ¢1(L1)---¢1(Ly,) on X,
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Let Pic(X )+ denote the positive cone in ﬁi\c(X )dsp,r, namely R, -combinations
of ample line bundles with semipositive metrics and let 1<T\S(X )+ denote its image
in 1<I\S(X)]R. We take a Kéhler form w on X as an element in 1<T\S(X)+ with a
normalization {w" = 1. Now we define a Lapace operator as

20 fw"_l
A C(X)asp — LM (X, w™), A(f) = MT
Without further restriction to both spaces, it is hard to say anything meaningful
about the kernel and the image of this operator. A key point of this talk is
to put a condition, the so-called w-boundedness, on both sides: We say a form
a € NS(X)g is w-bounded if there is an € > 0 such that both w + ea € NS(X)4;
and we say a function f € C(X)qsp is w-bounded if % f is w-bounded; a measure
if called w-bounded if it is the linear combination of products aj - - -, of w-
bounded «;. Let 1<I\S(X )w denote the space of w-bounded forms, LX(X) the space
of w-bounded functions, and L} (X) the space of w-measures. Then we have a
restricted Laplacien operator

A L¥(X) — LL(X).

w

Conjecture 1. For a given g € LL(X), the Poisson equation Af = g has a
solution f € L¥(X) if and only if { gw™ = 0.

Notice that the uniqueness of the Poisson equation has already been established
as a consequence of the local Hodge index theorem in [YZ]. Equivalently, we show
that the Laplacian equation A f = 0 has only constant solutions. One consequence
of the above conjecture is the existence of some canonical metric on any line bundle
on X:

Conjecture 2. For any line bundle M on X, there is an dspmetrization M (unique

up to scalar multiple) such that the curvature ¢q (M) is w-harmonic in the following

sense: ¢1(M) is w-bounded, and satisfies the following equation of measures:
cr(M)w™™ ! = \(M)w"
where A(M) is a constant defined by ¢1(M) - [w]™ with [w] the class in NS(X)r
under the map NS(X)r — NS(X)g.
The following are some results about these conjectures:
(1) Conjecture 1 (and then 2) holds for curves X. In fact in this case, we can
solve Poisson’s equation using a Green’s fucntions g(z,y) for the volume

form w. We can start with a green function go(z,y) for any volume form
wp (for example one associate to the admissible metrics), and define

g(z,y) = go(z,y) — fgo(w, Yw(w) — fgo(w, y)u(y) + fgo(w, yw(@)w(y).

(2) Conjecture 1 (and then 2) holds for the case w is a model metric. In
fact, in this case L2(X) and L} (X) are both finite dimensional with same
dimension, the quadratic form {f, Af)2 is positive definite on LX(X)/C
by local Hodge index theorem. Thus A is bijective.
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(3) Conjecture 1 (and then 2) holds for the case residue characteristic of C' is
0, and w is supported on a dual complex, by method of Bouckson—Favre—
Jonsson.

(4) Conjecture 2 holds when w comes from a polarized dynamical system in
the sense that there is an endomorphism f : X — X such that f*w = qw
with ¢ a constant > 1. This follows from the construction of admissible
metrics for any line bundle in [YZ].

We would like to give an application of Conjecture 2 to a variety X over a
global field K, including the function field K = k(C) for projective curve over
another field k with a fixed positive adelic metrized line bundle L on X. We write
w = c1(L)/deg L™ with n = dim X.

Conjecture 3. Any line bundle M on X has an admissible merization M in
the sense that at each place v of K the bundle M, has harmonic curvature form

c1(My), and that B

M- w™ = \(M)w" T,
Moreover such a metrization is unique up to multiples from m)(K ) with degree
0.

If we write ls\iJc(X)]R = ﬁi\c(X)R/lgi\c(K)deFo. The above conjecture gives a

section to the projection Pic(X)g — Pic(X)g.
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Spreading-out for families of rigid analytic spaces
OFER GABBER
(joint work with Brian Conrad)

Let K be a complete rank 1 valued field with ring of integers Ok, A an adic
noetherian ring and ¢ : A - Ok an adic morphism. We show that if g: X - Y
is a proper flat morphism between rigid analytic spaces over K then locally on Y
a flat formal model of g is the pullback of a proper flat morphism between formal
schemes topologically of finite type over A. For this, if S is an affine noetherian
scheme, Ty — S affine of finite type and Xg — Ty proper flat, we construct a
compatible system of versal n-th order deformations of Xg — Ty over S. As an
application, one can prove that for a proper smooth g and K of characteristic 0,
the Hodge to de Rham spectral sequence for g degenerates and the R7g, QF Jy are
locally free. This is reduced to the case where K is a finite extension of Q, and Y’
is a nilpotent thickening of Sp K, where the result over K was proved by Scholze
and follows for Y by imitating the proof of Deligne over C using a construction of
crystalline cohomology in this case.
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Arithmetic Restrictions on Geometric Monodromy
DANIEL LiTT

Let X be an algebraic variety over C. Let A be some coefficient ring, e.g. Z, Zy,
etc. Suppose that
p i (X(C)™) = GL,(A)

is a representation which arises from geometry, e.g. as a monodromy representa-
tions associated to a locally constant subquotient of R'myA, where 7 : Y — X is
a morphism of algebraic varieties (and where the subquotient also arises from ge-
ometry). We study the restrictions this geometricity condition places on p. Some
sample applications of our technique are:

Theorem 1. Let A be a non-constant Abelian scheme over C(t), and suppose
that A[l] is split for some odd prime . Then A has at least four points of bad
reduction.

This result follows from:

Theorem 2. Let k be a field with prime subfield ko < k. Let xy1,- -+ ,x, < Pp(k),
and let X = P}\{x1, -z }. Then there exists an explicit N such that if

p: i (X3) = GLn(Ze)

is a representation arising from geometry and trivial mod £ > N for some r, then
p is unipotent. If p is pure, it is in fact trivial. (Here if we let

LTg — Tp
L:%(a )
Le = Xd /) g<bge<d

be the field of moduli of {x1,-- ,xm}, we have that N only depends on
im(y : Gal(L/L) — Z),

where x is the cyclotomic character.)

The proof uses “anabelian methods”—in particular, it is a global version of
Grothendieck’s proof of the local monodromy theorem [4, Appendix], and exploits
the action of G on 7¢*(Xp,Z), where 7 is a rational basepoint, as in [1]. See [3]
for detailed proofs.

The proofs involve several notions of independent interest. Recall that if X is
a variety over a field K and

p 7 (Xg) = GLn(Ze)
is a continuous representation arising from geometry, there exists a finite-type
Z-algebra R and a model 2°/R of X such that p extends to a representation

P ) = GLn(Zy).
Thus to study p, it is natural to either

(1) specialize to the case where k is a finite field, by specializing to a well-
chosen closed point of Spec(R), or
(2) pass to the case where k is a p-adic field.
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In [3], we pursue both of these methods; in this report, we only describe method
(1). Let ¢ be a prime and let 75"“(X;,Z) be the maximal pro-¢ quotient of the
geometric étale fundamental group of X with basepoint Z (as defined in [2]). We

define the Zy-group algebra of wft’e(X,;, Z) via

Zllm" (Xp @)l = lim Z[H],
wi (Xg,3) > H

where the inverse limit is taken over finite quotients of 771 by open subgroups. We

let .# be the augmentation ideal of Z[[x"*(X;,Z)]] and define the completed

group Q¢-group algebra of m; via

Qel[xy" (X5, 2)]] = b (Ze[[77"(X sarn, 2)]1/7" © Qo).

n

We first show that

Proposition 3. Let X be a smooth variety with simple normal crossings com-
pactification over a finite field k. Let x € X (k) be a rational point, and choose an
embedding k — k; let T be the associated geometric point of X. Then the induced
G-action on

Qe[ (Xg 2)])/ ™
ét,l

is semisimple. In particular, the .7 -adic filtration of Qe[[my"" (X%, Z)]] splits G-
equivariantly.

On the other hand, the .#-adic filtration of Zg[[ﬁft’e(X,;,f)]] does not split
G-equivariantly. The key to proving Theorems 1 and 2 is to measure and exploit
the extent to which this splitting fails.

We first introduce certain convergent group rings

Q[ (X D)= Qe[ (X5, @)1,

defined as follows. Let m, : Q[[rs"" (X7, 2)]] — Qe[[7""(X;,7)]]/#™ be the
obvious quotient map, and for z € Q,[[7°"*(X¢, Z)]]/.#™, we define its valuation

Un(z) := —inf{v(s) | s € Q such that s - z € Zg[[r"" (X7, 2)]]}.
Then for fixed r € R~ (, we define
Qe[ (X5 )15 = {z € Qe[ (X5, 2)]] | va(wa(@)) + rn — o0}

That is, Qe[[7S"* (X3, Z)]]S¢ " consists of those elements in the .#-adically com-
pleted group ring whose denominators grow at a rate bounded by rn.
The relevant property that these convergent group rings have is the following:

Proposition 4. Let
p: (X5, &) > GLn(Zy)
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be a continuous representation which is trivial mod £". Then for any ro <, there
is a unique commutative diagram of ring homomorphisms

Zol[{ (X, 2)]] — g (2)

b |
Qel[m{" (Xg, D)]]SC o g1, (Qo),

where the top horizontal arrow is induced by p and the vertical arrows are the
obuvious inclusions.

The dotted arrow in Proposition 4 is Frobenius-equivariant; thus if the infinite-
dimensional vector space Q[[7S"* (X%, z)]]S¢ ™ admits a set of Frobenius-eigen-
vectors whose span is dense, the Weights of these eigenvectors obstruct the existence
of such p. Thus the key to the proofs of Theorems 1 and 2 is the following:

Theorem 5. Let k be a finite ﬁeld_and X /k a smooth variety admitting a simple
normal crossings compactification X. Suppose that X satisfies (x): S/ F"T1
is torsion free for all n, where .7 is the augmentation ideal in Zo[[rS" (X7, 7)]].
Then if

(1) ﬂft’e(X,;,:E) is nilpotent, or B

(2) HY (X, Qy) is pure of weight 2 (e.g. if X is simply connected, for example

if it is P*), or

(3) dimg, HY (X5, Q) = 2 and ¢ is sufficiently large, then

there exists an explicit v > 0 such that Q[[x{"" (X5, 2)]]S¢ " is admits a set of

Frobenius eigenvectors whose span is dense. Moreover the weights occuring in S™
are at most —

We conjecture that the conclusions of Theorem 5 essentially always hold:

Conjecture 6. Let X /k be any variety satisfying condition () above, and let ¢

be any prime. Then there exists an r > 0 such that Q[[7-"*(Xz,7)]]<¢ " admits
a set of Frobenius eigenvectors whose span is dense.

Equivalently, the Frobenius eigenvectors {v;} in Qg[[7"* (X7, Z)]] satisfy
'Un(ﬂ.n(’yi)) = O(?’L)
As evidence for this conjecture, we prove:

Theorem 7. Let X /k be any variety satisfying condmon (x). Then for almost all
primes {, the Frobenius eigenvectors {~;} in Qq[[mr] WX, 2)]] satisfy vn(mn(7:)) =
O(nlog n) For the remaining ¢, one has vy (my, (%)) O(n?).

The proof of this theorem relies a p-adic version of Baker’s theorem on linear
forms in (p-adic) logarithms, due to Yu [5].
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Cohomologie p-adique de la tour de Drinfeld: le cas de dimension 1
PIERRE COLMEZ

Il s’agit d’un travail en commun avec Gabriel Dospinescu et Wiestawa Niziot dans
lequel nous prouvons que la cohomologie étale p-adique des revétements du demi-
plan de Drinfeld encode la correspondance de Langlands locale p-adique pour les
représentations de de Rham (il est maintenant classique que la cohomologie étale
{-adique, pour £ # p, encode la correspondance de Langlands locale classique en
méme temps que celle de Jacquet-Langlands).

Soient G = GL3(Q,) et G = D* ol D est l'algebre de quaternions sur Q,.
Soit M, la tour de Drinfeld en niveau infini (non complétée): c’est un revétement
du demi-plan de Drinfeld Qp, = P! — Pl(Qp) de groupe de Galois G. Par ailleurs
Paction naturelle de G sur Qp, (par homographies) s’étend & My,. Enfin, Mg, est
définie sur Q,", mais est munie d’une action du groupe de Weil Wq, de Q,, et les
actions de G, G’ et Wq, commutent. Il s’ensuit que la cohomologie géométrique
de Mo, (ie. celle de C, x My) est munie d’une action de G x G x Wq,.

Soit V' une représentation p-adique de dimension 2 du groupe de Galois absolu
Galq, de Q,. Disons que V est pertinente si V est de de Rham, a poids de
Hodge-Tate 0 et 1, et si la représentation du groupe de Weil-Deligne associée est
irréductible. Grace aux correspondances de Langlands locales p-adique et classique
et a la correspondance de Jacquet-Langlands, on peut associer a V les objets
suivants:

e LL(V), représentation lisse, supercuspidale, de G,

e II(V), représentation unitaire admissible de G,

o JL(V), représentation irréductible de dimension finie de G,
et LL(V) est I'espace des vecteurs lisses de II(V) et est inclus dans I’espace II(V)?"
des vecteurs localement analytiques.

Théoreme 1. [2] Soit V une représentation p-adique irréductible de Galg,, de
dimension 2.
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(i) Alors

JL(V)*Q@I(V)* iV est pertinente,
0 sinomn.

HOmWQp (Va Q;D ® Helt(Mooa Zp(l))) = {

(if) Si V est pertinente,
Homuwg, (V, H (Mas, Q(1))) = JL(V)* @ (IL(V)™)*.

Le (i) est une conséquence du (ii) et des résultats de [3]. La preuve du (ii) re-
pose sur deux ingrédients: la conjecture de Breuil-Strauch prouvée par Dospinescu
et Lebras [5] qui décrit le complexe de de Rham de My, en termes de la corre-
spondance de Langlands locale p-adique, et le théoreme ci-dessous qui décrit la
cohomologie étale surconvergente d’un affinoide de dimension 1 en termes de la
cohomologie de Hyodo-Kato surconvergente (définie par Grosse-Klonne). (Le cal-
cul de HY (M, Q,(1)) s’en déduit en écrivant Mo, comme une réunion croissante
d’affinoides (non connexes).)

Soit Y un affinoide connexe de dimension 1 défini sur une extension finie K
de Q,, et soit YT I'espace surconvergent associé (en ayant étendu les scalaires
4 C,). Les espaces vectoriels Hg (YT) et Hix(YT) sont de dimension finie sur C,,
et QI respectivement, et on a un isomorphisme tyk : Cp @ Hjy (Y1) = Hip (YT).

Théoréme 2. On dispose d’un diagramme commutatif naturel, muni d’une action

de Galg,

C Oy —== HL (Y1, Qp(1)) — (Bf, ® Hiyy (Y1))#=»N=0 ——0
ldlog \L0®LHK
C Oy b, Tan Hiy (YD) ————0

dans lequel les lignes sont exactes, et les fleches verticales injectives.

Il ressort de ce théoreme que la cohomologie étale p-adique géométrique d’un
affinoide (surconvergent), bien que tres grosse, possede des propriétés de finitude
raisonnables: c’est une extension d’un Espace de Banach de Dimension finie par
les sections globales d’un faisceau cohérent.

Une démonstration de ce théoreme consiste a utiliser I'isomorphisme entre la
cohomologie étale et la cohomologie syntomique [4]: cette derniére s’exprime na-
turellement en utilisant les objets intervenant dans le diagramme. Une autre
preuve consiste a calculer la cohomologie étale en termes de symboles; ceci fait ap-
paraitre le revétement universel J du groupe p-divisible de la jacobienne d’une com-
pactification de Y, et on relie J & (BE@HL, (Y1))#=V=0 en utilisant intégration
p-adique (en particulier les résultats de [1]).
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Etale and crystalline companions
KIrRAN S. KEDLAYA

Let X be a smooth scheme over a finite field of characteristic p. For each prime
¢, one has a Weil cohomology theory with ¢-adic coefficients and an associated
category of coefficient objects of locally constant rank. For ¢ # p, the cohomol-
ogy theory is étale cohomology and the coefficient objects are Weil sheaves; for
{ = p, the cohomology theory is rigid cohomology and the coefficient objects are
overconvergent F-isocrystals. See [6, 7] for more precise definitions.

Theorem 1. Suppose that F is a coefficient object on X which is algebraic, that
is, the characteristic polynomials of Frobenius at each closed point x € X has
coefficients in Q. Then these coefficients all belong to a single number field.

Theorem 2. Let ¢’ be a prime and fix embeddings of Q into Q, and Q. Let F
be an algebraic (-adic coefficient object. If dim(X) =1 or ¢’ # p, then there exists
an algebraic V'-adic coefficient object F' such that for each closed point x € X, the
characteristic polynomials of Frobenius on F and F' at x coincide (via the chosen
embeddings). We say that F' is a companion of F.

For dim(X) = 1 and ¢, ¢’ # p, Theorem 1 and Theorem 2 are due to L. Lafforgue
[8] via the Langlands correspondence for GL,,. For dim(X) = 1 and ¢, ¢’ arbitrary,
the work of Lafforgue was adapted by Abe [1] to obtain Theorem 1 and Theorem 2
as fully stated (including the p-adic cases).

Now suppose dim(X) is arbitrary. For ¢ # p, Theorem 1 was established by
Deligne [4] using one-dimensional companions. This argument is essentially ax-
iomatic, and so extends easily to the case ¢ = p, as originally observed by Abe—
Esnault [2]. Similarly, for ¢,¢ % p, Theorem 2 was established by Drinfeld [5]
using one-dimensional companions, and this has been extended to the case ¢ = p,
0" # p by Abe-Esnault.

We are unable to establish the analogue of Theorem 2 for ¢/ = p; this would
include Deligne’s conjecture on the existence of petits camarades cristallines [3,
Conjecture 1.2.10]. Instead, we have the following partial result on the variation
of Newton polygons for ¢-adic coefficients [7].
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Theorem 3. Let F be an algebraic {-adic coefficient object on X. For each closed
point x € X, let N, (F) be the normalized p-adic Newton polygon of Frobenius on
Fa-
(a) The function x — N (F) extends to an upper semicontinuous function on
X.
(b) The function x — N,(F) jumps purely in codimension 1.

These statements would follow from the existence of a p-adic companion via
the specialization and purity theorems of Grothendieck, Katz, and de Jong—Oort.
We instead deduce them by judicious use of one-dimensional companions plus
some additional arguments concerning the stability polygons (Harder-Narasimhan
polygons) of vector bundles on punctured Riemann surfaces admitting logarithmic
connections.
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Patching and the p-adic Langlands correspondence for GL2(Q))
VYTAUTAS PASKUNAS

(joint work with Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty,
Sug Woo Shin)

Let F' be a finite extension of Q,, and let G be its absolute Galois group. One
would like to have an analog of a local Langlands correspondence for the p-adic
representations of Gp. Let E be another finite extension of F', which will be our
field of coefficients, with the ring of integers O, a uniformizer w and residue field
k. To a continuous representation r : Gp — GL,(E) one would like to a attach
(possibly a family of) an admissible unitary E-Banach space representation II(r)
of G := GL,(F). Such a hypothetical construction should encode the classical
Langlands correspondence in the sense that if r is potentially semi-stable with
regular Hodge-Tate weights then the subspace of locally algebraic vectors II(r)&
in II(r) is isomorphic to mgm () ® Talg(r) as a G-representation, where gy (1) is
a smooth representation of G corresponding to the Weil-Deligne representation
attached to r by Fontaine, and m,,(r) is an algebraic representation of G, which
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encodes the information about the Hodge-Tate weights of r. For example if F' =
Qp, n = 2 and r is crystalline with Hodge-Tate weights a < b, then mgy,(r) is a
smooth unramified principal series representation, whose Satake parameters can
be calculated in terms of the trace and determinant of Frobenius on D.,s(r), and
Tatg(r) = Sym®~*~! E2@det™ (@Y where the exponent m(a, b) depends on a choice
of normalization.

Such a correspondence has been established in the case of n = 2 and F =
Qp by the works of Breuil, Colmez and others. However, not much is known
beyond that case. In [4] we have constructed a candidate for such a correspondence
using Taylor—Wiles—Kisin patching method, which is employed to prove modularity
lifting theorems for Galois representations. We will describe the end product of
the paper [4] now.

Let 7 : Gp — GLy (k) be a continuous representation and let R be its universal
framed deformation ring. Under the assumption that p does not divide 2n we
construct an Ry [G]-module My, which is finitely generated as a module over the
completed group algebra Ry [[GL,(OF)]], where Ry, is a complete local noetherian
R} -algebra with residue field k. If y € Spec Ry, is an E-valued point then II, :=
Hom{™ (M, ®p,, 4 O, E) is an admissible unitary F-Banach space representation
of G. The composition R, — Ry, Y E defines an E-valued point x € Spec R, and
thus a continuous Galois representation r, : Gp — GL,(E). We expect that the
Banach space representation II,, depends only on x and it should be related to r, by
the hypothetical p-adic Langlands correspondence. We show in [4] that if = lies on
an automorphic component of a potentially crystalline deformation ring of 7 then
Hglg = Tom (7'z) ® Taig(72) as expected. (The Fontaine-Mazur conjecture predicts
that every irreducible component of a potentially crystalline ring is automorphic,
but it is intrinsic to our method that we would not be able to access these non-
automorphic components even if they existed.) However, there are a lot of natural
questions regarding our construction that we cannot answer at the moment. For
example, it is not clear that II, depends only on z, it is not clear that II, is
non-zero for an arbitrary y, it is not at all clear that My, does not depend on the
different choices made during the patching process.

In this talk, we specialize the construction of [4] to the case F = Q, and
n = 2 (so that G := GL2(Q,) and K := GL3(Z,) from now on) to confirm our
expectation that M, does realize the p-adic Langlands correspondence in this
case and does not depend on the choices made. For simplicity let us assume that
7 is irreducible and let R, be its universal deformation ring. Then R, is formally
smooth over R,. Moreover, in the case, when F' = Q, and n = 2 we may assume
that Ry is formally smooth over R). The following definition is meant to isolate
the key properties of the patched module M.

Definition 1. Let d be a non-negative integer, let Ry, := Rp[[21, ..., 24]] and let
M be a non-zero R, [G]-module. We say that the action of R, on M is arithmetic
if the following hold:
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(AA1) M is afinitely generated module over the completed group algebra Ry [[K]];
(AA2) M is projective in the category of pseudo-compact O[[K]]-modules;
(AA3) for each pair of integers a < b the action of Ry on

M (0°) := Homgyy (M, (o°) )"

factors through the action of Ry (0) := Ry(0)[[z1,...,zaq]], where R,(o)

is a quotient of R, parameterizing representations which are crystalline

with Hodge-Tate weights (a,b), ¢° is a K-invariant O-lattice in o :=

Sym*™ 7! E2@det™ ) | (x)4 := Hom$%™ (+, O) denotes the Schikhof dual.

Moreover, M (0°) is maximal Cohen-Macaulay over Ry (o) and the

Ry (0)[1/p]-module M (c°)[1/p] is locally free of rank 1 over its support.

(AA4) for each o as above and each y € m-Spec Ry[1/p] in the support of M (c°)
we have

H,Zlg = TTsm (Tm) ® Talg (T:b)

The last condition says that M encodes the classical local Langlands correspon-
dence. This motivated us to call such action arithmetic. (In fact in [5] we impose a
slightly weaker condition than (AA4).) As already mentioned the patched module
My, of [4] carries an arithmetic action of Ry, for some d.

Theorem 2. Let M be an Ry [G]-module with an arithmetic action of Ry.

Let m be any irreducible G-subrepresentation of the Pontryagin dual MY of M
then m is the representation of G associated to T by the mod p local Langlands
correspondence for GL2(Q)).

Let m — J an injective envelope of w in the category of smooth locally admissible
representations of G on O-torsion modules and let P be the Pontryagin dual of J.
Then P carries a unique arithmetic action of R,. Moreover,

M =~ P®p, Ry
as Ry [G]-modules.

The theorem shows that M., does not depend on the choices made in the
patching process. Its proof does not use (¢, I')-modules, which play a key role in
Colmez’s approach to p-adic Langlands for GL2(Q,). The proof uses the founda-
tional results of Barthel-Livné [1] and Breuil [2] on the classification of irreducible
mod p representations of G, the fact that the rings R, (o) are formally smooth over
O, when 1 < b— a < p, the fact, proved by Kisin [7], that R,(c)[1/p] are regular
for all o, and the fact that the associated Weil-Deligne representation together
with Hodge—Tate weights determine a 2-dimensional crystalline representation of
Gg, up to isomorphism.

The theorem implies that II,, depends only on the image of y in Spec R,,. How-
ever, we are still not able to deduce using only our methods that II, is non-zero for
an arbitrary y € m-Spec Ry [1/p]. To prove this we relate the arithmetic action of
R, on P to the results of [8], where an action of R, on an injective envelope of 7
in the subcategory of representations with a fixed central character is constructed
using Colmez’s functor. Then by appealing to the results of [8] we show that II,
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and r, correspond to each other under the p-adic Langlands correspondence as de-
fined by Colmez [3]. Tt follows from the construction of My, that after quotienting
out by a certain ideal of Ry we obtain a dual of completed cohomology, see [4,
Corollary 2.11]. This property combined with the theorem enables us to obtain a
new proof of local-global compatibility as in [6].
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Filtered de Rham-Witt complexes and wildly ramified higher class
field theory over finite fields

UWE JANNSEN
(joint work with Shuji Saito, Yigeng Zhao)

Let k£ be a finite field of characteristic p > 0, and let X be a smooth projective
variety of dimension d over k. Let D < X be an effective divisor with simple
normal crossings, and let j : U = X\D — X be the open complement. Then for
any prime ¢ # p, each natural number m, and each integer j we have a perfect
pairing of finite groups for the étale cohomology groups

HYU,Z/I"™(j)) x H2* ' N U, Z/¢™(d — §)) — HZ U, Z/0™(d) = Z/e™,
where Z/¢™(j) denotes the j-th Tate twist of the constant étale sheaf Z/¢™, and
H™(U,—) is the étale cohomology with compact support. This can be used to
describe the quotient 7% (U)/¢™ of the abelianized fundamental group 7¢’, and,

by passing to the inverse limit, the maximal abelian f-adic quotient of 7¢°. In fact,
for 7 = 0 we get isomorphisms for all m

H*\(U,Z/¢™(d)) = H (U, Z/i™)" = 8 (U)/e™,
and an exact sequence
H*7NY, Z/e™(d)) —» H2(U,Z/0™(d)) — H**(X, Z/¢™(d))

which provides a certain description of the middle group.
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Now we consider p-coefficients. If D is empty, Milne obtained a perfect duality
of finite groups

HY(X,vh) x HTP(X 08y — HITY(X vl ) = Z/p"
where vy, = vy, v = WmQ’)}JOg < W Qs are Illusie’s logarithmic de Rham-Witt

sheaves inside the components of the de Rham-Witt sheaves, which can be defined
as the image of the dlog[—] map

(1) dlog[—] : KM /p™ S5 v, < Wi,

on the Milnor K-sheaf sending a symbol {a1, ..., a,} to dloglai]mn...Adlogla,]|m,
where [a]m = (a,0,...,0) € W,,,(Ox) is the Teichmiiller representative. One has
V9 = 7/p™, and Milne’s duality induces isomorphisms

HY(X,vy) = H'(X,Z/p™)" = x{*(X)/p"
There is no obvious analog of cohomology with compact support for de Rham-
Witt sheaves or logarithmic de Rham-Witt sheaves. We propose the following
approach. Let {Dx}xea be the (smooth) irreducible components of D. For r = 0
and D = ], nyDy with ny € N let

Vi x1D = W2 D 1og © T Wm Sy 104

be the étale subsheaf generated étale locally by dlog[xi]m A ...dlog[x,]m with
x, € O for all v and 21 € 1 + Ox(—D).
Lemma 1. For D1 < D2 we have v X|D, cv X|Dy c VImX .
Moreover we show

Theorem 1. There is an exact sequence

0— Vm-1,X|[D/p] = Ym,X|D — V1,X|D — 0,
where [D/p] = > calna/p) Dy, with [ny/p] = min{n’ € Z | n’ = n/p}.

By the isomorphism (1) above this is reduced to (difficult) calculations in Milnor
K-theory of local rings (see [1]). Moreover, in analogy to Illusie’s exact sequence

2) 0] x — O =5 Q5 /A - 0

we prove the following.

Theorem 2. There is an exact sequence

T T 1-C7' r—1
0— v xp— QX|D - QX|D/dQXu) -0,

where Q7

X|D = O (logDred)(*D)

An important tool for the duality is the introduction of I'-filtered rings A for a
not necessarily totally ordered abelian group I', given by collections of subgroups
A7 with A7 ¢ A7 for v <+ (descending filtration!) and A7 - A7 < AT+7,
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For a I'-filtered ring A we consider an associated filtration on the Witt rings
which is inspired by a filtration introduced by Kato and Brylinski: We say that a
Witt vector a = (ag, a1, az,...) is in W(A) if a; € AP for all i > 0.

Moreover, with this we define filtered de Rham-Witt sheaves, by using the
universal definition of Hesselholt and Madsen [1] for p # 2, and Costeanu [3] for
p=2.

In our situation we start with the descending filtration on j,Oy, where for a
divisor D =}, naD) with ny € Z we define

fPOy := Ox(-D),
and the associated filtered de Rham-Witt complex
oWy € Wi Q.
They are closely related to the sheaves v X|D (compare Theorem 2). Then we
get

Theorem 3. There is a a perfect pairing between a discrete group and a profinite
group
H'(U, v, p) x im HH(X w00 ) — HYH (X vy, ) = Z/p™Z
D
where the inverse limit is over the divisors (with multiplicities) D with support in
D,.¢q (compare Lemma 1).

The proof is in two steps. First of all, the pairings give a commutative diagram

o lim HOTH XU ) = im BTGV ) > lim BT (X ) e

D D D

! | |

e > HI(UW, U)Y ——————— H(Up])Y —— -

Vo

= H' (U, 1 v)

P

where the first row is induced by Theorem 1, and its exactness is due to the fact
that the inverse limit is exact for projective systems of finite groups; and where
the second row comes from the classical exact sequence

T T T
0— Vm—1,u 2 VYmu > Vi,u — 0.

so that its exactness is clear. Using this commutative diagram and induction
on m, we reduce our question to the case m = 1. For m = 1 we noticed that
Qf = H_r)nD Q;ﬂ—D’ and the exact sequence

1-C
0—viy—ZQy — Qp —0

imply that vy, ;; can be written as the direct limit (with respect to D) of the
following two term complex

o T 1-C ~r
Fr=129% pip,cs = Yx|-p+p,.a]-
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d—r

1,X|

. d—r F=1 ~nd—r d—r—
g* = [QX|D"QX|D/dQX\D ']

By Theorem 2 we have v{/,, is isomorphic to the two-term complex

and finally Vﬁ x by the two term complex

He = [0% =504
Now we use Milne’s method of pairings of two term complexes to see that we have
a non-degenerate pairing
F*xG* — H*
which reduces the pairing to a duality in coherent Ox-sheaves, which also works
in étale cohomology, and therefore also gives perfect parings in étale cohomology

HdJrlii(Xv Vi;(ﬁ_[)_‘_pred) X Hi(Xa VI,X\D) - HdJrl(Xv Vll,X) = Z/me'

Passing to the inductive limit over D on the first terms and the inverse limit on
D on the right term we obtain the wanted pairing, because the left limit gives
HY(U, V] 7). The two steps above now induces a continuous isomorphism

lim H 500 7 ) — HAU V) 0)” = w5 (0)p"

D
which gives a canonical ramification filtration of the abelianized fundamental
group on the right. A quotient is ramified of order D if it factors through
HA+1=i(X, Vf;(T\D)’ and we can define 7§*(X, D)/p™ as a quotient of 7¢*(U)/p™
with ramified of order less or equal to D, which can be thought of as classifying
abelian étale coverings of U of degree p™ with ramfication bounded by D.
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Generic vanishing for constructible sheaves, revisited
BHARGAV BHATT
(joint work with Christian Schnell, Peter Scholze)

More than 20 years ago, Green and Lazarsfeld initiated [4, 5] the study of generic
vanishing theorems for varieties X equipped with a map to an abelian variety.
Roughly, one studies conditions under which H*(X,wx ® L) vanishes for degree 0
line bundles L pulled back from A. The resulting collection of results have been
very useful in understanding the geometry of irregular varieties. In recent times,
thanks to the work of many people, we have come to understand these results as
vanishing results for certain sheaves on an abelian variety. The goal of our talk
was to revisit some of these results in the context of constructible sheaves, and
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provide alternative proof that are more ‘topological’ or ‘motivic’ and less ‘Hodge
theoretic’ in nature; ultimately, we seek a completely parallel theory that works
in positive characteristic, though we are quite far yet.

Notation 1. If A is a complex torus of dimension g and k is a field of coefficients,
we write Char(A) for the k-linear character variety of A. This is defined as Spec(R)
for R := k[mi(A)], is abstractly isomorphic to G29, and its S-valued points (for
any k-algebra S) are naturally in correspondence with rank 1 S-local systems on
A; given a point x € Char(A), write L, for the corresponding rank 1 x(x)-local
system over A.

1. BASIC GENERIC VANISHING

This talk began by explaining a simple proof of the following result:

Theorem 2. Let A be a complex torus, let k be a field of coefficients, and let M
be a perverse sheaf on A. Then there exists a Zariski dense open U < Char(A)
such that H'(A, M ® Ly) = 0 for i # 0 and x € Char(A).

When £ has characteristic 0 and A is algebraic, this result is due (independently)
to Schnell [3] and Kramer-Weissauer [1]. Schnell’s proof relies on a result of Simp-
son in non-abelian Hodge theory, while Kramer-Weissauer employ the Tannakian
formalism and the hard Lefschetz theorem. In contrast, the key ingredient in our
proof is the simple observation that the universal cover of A is a Stein space.

Proof sketch. The tautological character m1(A) — R* defines a rank 1 R-local sys-
tem Lr on A. Using Lg, there is a “Fourier” transform JF : D%(A, k) — Dyperf(R)
from the constructible derived category of k-linear sheaves on A to perfect R-
complexes defined by the formula

M — F(M) := RT(A, M Qy, Lg).

By standard properties of the Fourier transform and its compatibility with duality,
we are reduced to showing that F(M) € D= if M is perverse. For this, we simply
observe that L ~ mk for m: V' — A the universal cover. Using this fact, and the
projection formula, we get

F(M) ~ RU(V,7* M),
which lies in D>? since V is a Stein space and 7% M is perverse. (]

Remark 3. Theorem 2 implies the following result for constructible sheaves: if
N is a constructible k-linear sheaf on A, then there exists a Zariski dense open
U < Char(A) such that H*(A, N ® L,) = 0 for i > dim(Supp(N)) and x € U.

Remark 4. The compatibility with duality shows that F (M) and its R-linear dual
F(M)Y liein DZ° for M perverse. This formally implies that codim(H*(F(M))) =
¢ for all 4.
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2. REFINED CODIMENSION ESTIMATES

Assume now that k has characteristic 0 and that A is algebraic. Then the codi-
mension estimate from Remark 4 can be strengthened as follows:

Theorem 5 (Schnell). For a k-linear perverse sheaf M on A, we have
codim(H*(F(M))) = 2i.

Schnell’s proof again uses non-abelian Hodge theory. In the talk, we explained
an alternative proof using the Hard Lefschetz theorem on A.

Proof sketch. Fix an ample line bundle with first Chern class ¢ € H2(A, k). Cup-

ping with ¢ defines functorial maps K[—i] <, KTi] for any K € D(A,k). The
proof needs the following two observations about these maps.

(1) The association N — Ly := Lr®pg N defines a functor D(R) — D(A, k).

One first checks this functor is fully faithful; this amounts to A being a

K (m,1). It follows that if N = x(x) for a point x € Char(A) of codimension

J < 2i, then the induced map Ly|[—i] <, Ly[i] is 0 (as N has projective
dimension j as an R-module).

(2) Say M is a simple k-linear perverse sheaf. Then the map M[—i] <, MTi]
induces an isomorphism on HY(A, —) by the Hard Lefschetz theorem.

Now fix x as in (1) and M as in (2), and consider the map M ®j L, [—1i] <,
M ®j Ly[i]. The induced map on H°(A,—) is both 0 and an isomorphism by
(1) and (2). It follows that H*(A, M ® Lx) = 0 if j < 2i. This translates to
F(M) ®g x having no H®. By Nakayama, one concludes that H*(F(M)) is not
supported at any such x, as wanted. (I

3. LINEARITY

Let S be the completion of R at the trivial character, so S identifies with
S/yr\n(Hl (A,k)). The last part of the talk focussed on identifying the completed
stalk of the Fourier transform of a simple perverse sheaf in terms of an explicit
‘linear’ complex (due to Popa-Schnell [2], building on Green-Lazarsfeld [5] for triv-
ial coeflicients). This result (as well as a twisted variant) is the key ingredient in
showing that the supports of the cohomology sheaves of the Fourier transform of
perverse sheaves are unions of translates of subtori in Char(A). The result states:

Theorem 6 (Popa-Schuell). Let M be a simple perverse sheaf of geometric origin.
Then there is a quasi-isomorphism

F(M)®r S ~ (....Hi(A, M)®i S — HT (A, M)...),

with the differential on the right is defined by the map H*(A, M) — H**1(A, M)®
Hy(A, k) dual to the cup product.

The proof in [2] uses Saito’s theory of mixed Hodge modules. In the talk, we
explained an alternative proof of this result. Our proof proceeds by reduction to
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characteristic p, reducing to k¥ = Qy, and using the theory of weights. More pre-
cisely, our main ingredient was the formality of the following objects: the E,-ring
E := RT'(A,k) and the left E-module RT'(A, M). This method yields a canon-
ical quasi-isomorphism as above. However, the twisted variant is not currently
accessible by this method.
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Hodge theory and atypical intersections
BRUNO KLINGLER

In this talk we presented a conjecture on the geometry of the Hodge locus of a
(graded polarized, admissible) variation of mixed Hodge structure over a complex
smooth quasi-projective base, generalizing the Zilber-Pink conjecture for mixed
Shimura varieties.

The general context is the study of the following geometric problem. Let k
be a field and let f : X — S be a smooth morphism of quasi-projective k-
varieties. Can we describe the locus of points s € S where the motive [X;] of the
fiber X is “simpler” than the motive of the fiber at a very general point? Here
“simpler” means that the fiber X and its powers contain more algebraic cycles
than the very general fiber and its powers. If a Tannakian formalism of k-motives
were available, this would be equivalent to saying that the motivic Galois group
GMot(Xs) is smaller than the motivic Galois group of the very general fiber. We
restrict to k = C and consider the Hodge incarnation of our problem. Let V — S be
a variation of (graded plarized, admissible) mixed Z-Hodge structures (ZVMHS)
over a smooth quasi-projective C-variety S. A typical example of such a gadget is
V = R"fZ for f : X — S a smooth morphism. Replacing algebraic cycles by
Hodge classes and motivated by the Hodge conjecture, one wants to understand
the Hodge locus HL(S,V) < S, namely the subset of S of points s for which
exceptional Hodge tensors for Vg s do occur.

The Tannakian formalism available for Hodge structures is particularly useful
for describing HL(S,V). Recall that for every s € S, the Mumford-Tate group
P, (V) of the Hodge structure Vg ¢ is the Tannakian group of the Tannakian cate-
gory <V®,S> of mixed Q-Hodge structures tensorially generated by Vg s and Vg .
Equivalently, the group P,(V) is the stabiliser of the Hodge tensors for Vg s, i.e.
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the Hodge classes in the rational Hodge structures tensorially generated by Vg s
and its dual. This is a connected QQ-algebraic group, which is reductive if Vg 5 is
pure, and an extension of the reductive group Ps(GerV) by a unipotent group in
general (where W denotes the weight filtration on V). A point s € S is said to be
Hodge generic for V if P(V) is maximal. If S is irreducible, two Hodge generic
points of S have the same Mumford-Tate group, called the generic Mumford-Tate
group Pg(V) of (S,V). The Hodge locus HL(S,V) is the subset of points of S
which are not Hodge generic.

A fundamental result of Cattani-Deligne-Kaplan [CDK95] (in the pure case,
generalized by [BPS10] in the mixed case) states that HL(S,V) is a countable
union of closed irreducible algebraic subvarieties of S, called special subvarieties of
(S,V). Special subvarieties of dimension zero are called special points of (S, V). A
special point s whose Mumford-Tate group P(V) is a torus is called a point with
complex multiplication (CM-point) for (S, V).

We would like to understand the geometry of HL(S, V). A first precise version
of this question would be to describe the Zariski-closure of HL(S,V). Are there
any geometric constraints on the Zariski-closure of HL(S,V)? Can one describe
the couples (S,V) such that HL(S,V) is Zariski-dense in S? Particular cases
of this problem have been classically considered by complex algebraic geometers,
essentially when V is pure of weight 1 or 2. For example, when V is pure of weight 1
(hence we are essentially considering families of Abelian varieties), a typical result
(Colombo-Pirola [CiPi90], Izadi [I1z98], Chai [Chai98]) is the following. Let S < A,
be a subvariety of codimension at most g of the moduli space Ay of principally
polarized Abelian varieties of dimension g. Then the set S of points s € S
such that the corresponding Abelian variety As admits an Abelian subvariety of
dimension k is dense (for the Archimedean topology) in S for any integer k between
1 and g—1. In particular HL(S, V) is dense in .S (where we denote by V the ZVHS
restriction to S of the Hodge incarnation R'f.Z of the universal Abelian variety
fiAdy — A, over Ag).

This examples already indicates that special subvarieties for (S,V) are quite
common in general. Even if they have a Hodge theoretic significance, they are not
special enough to force any global shape for the Zariski-closure of HL(S,V). The
goal of the talk was to define a natural, much better behaved, subset Satyp (V) <
HL(S,V): the atypical locus of (S,V).

The crucial notion for defining the atypical locus Satyp(V) < S is the notion of
Hodge codimension:

Definition 1. (Hodge codimension) Let S be an irreducible quasi-projective va-

riety and V — 5™ a variation of mixed Q-Hodge structures on the smooth locus

S5 of S. Let Pg be the generic Mumford-Tate group of (S*™,V) and pg its Lie

algebra (endowed with its canonical mixed Q-Hodge structure, of weight < 0).
We define the Hodge codimension of S with respect to V' as

H-cd(S,V) := dimC(Grglps) —rkImV |
where V : T'S*™ — Gr'WoEnd V is the Kodaira-Spencer map of (S, V).



Arithmetic Geometry 2215

Definition 2. (Atypical subvariety) Let S be an irreducible smooth quasi-projec-
tive variety and V — S a variation of mixed Q-Hodge structures on S.
An irreducible subvariety Y < S is said to be atypical for (S,V) if

1) H-cd (Y, V]yan) < H-ed(S, V)

We denote by Satyp(V) < S the subset of S union of all atypical subvarieties
for (S,V).

The locus Satyp(V) < S is easily shown to be contained in HL(S, V) and to be
a countable union of special subvarieties. The following (equivalent) conjectures
predict that Satyp(V), in contrast with HL(S, V), has a simple geometry:

Conjecture 3. (Main conjecture, form 1) For any irreducible smooth quasi-
projective variety S endowed with a variation of mixed Q-Hodge structures V—
S, the subset S,iyp(V) is a finite union of maximal atypical (hence special) subva-
rieties of S.

Conjecture 4. (Main conjecture, form 2) For any irreducible smooth quasi-
projective variety S endowed with a variation of mixed Q-Hodge structures V—
S, the subset Satyp(V) is a strict algebraic subset of S.

Conjecture 5. (Main conjecture, form 3) For any irreducible smooth quasi-
projective variety S endowed with a variation of mixed Q-Hodge structures V—
S, the subset Satyp(V) is not Zariski-dense in S.

The restriction of Conjecture 3 to the class of pairs (5, V) where S is a subva-
riety of a Shimura variety Sh’(S,V) and V is the restriction to S of a standard
ZVMHS on Sh’(S, V) is the Zilber-Pink conjecture as stated for example by Pila
([Pil16, Conj.2.3]) (this conjecture was formulated by Zilber [Zil02] in the case
of multiplicative groups, it is a stronger version of the original Pink Conjecture
[Pink05b, Conj.1.1]).

Another particular case of Conjecture 3 is the following generalized André-Oort
conjecture:

Conjecture 6 (André-Oort conjecture for ZVHS). Let V — S be any varia-
tion of mixed Hodge structure over a smooth irreducible complex quasi-projective
variety S. Suppose that the union of CM-points for (5,V) is Zariski-dense in S.
Then there exists a connected mixed Shimura variety Sh’(S,V) and a Cartesian
diagram

(2) V= o*V, v,

| |

§ ———=Sh°(5,V)

where ® is a dominant morphism, p : P — GL(V) is an algebraic representation
and V, — Sh?(S,V) is the associated polarized ZVHS on Sh’(S,V).
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The remaining part of the talk was devoted to explain these conjectures in term
of atypical intersection properties in the sense of [Zal2] for period maps and state
partial results.
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Derived equivalences for K3 surfaces and motives
MARTIN OLSSON
(joint work with Max Lieblich)

Let k& be an algebraically closed field of positive characteristic p # 2. Recall that
two K3 surfaces X and Y over k are called derived equivalent if there exists a
k-linear equivalence D(X) — D(Y') between their bounded derived categories of
coherent sheaves. Let H* denote either Qg-étale cohomology, for some prime ¢
different than p, or crystalline cohomology, and define (following Mukai) for a K3
surface X

H(X):= H(X)(-1)® H*(X) ® H*(X)(1).

If H* is Qg-étale (resp. crystalline) cohomology, then we refer to H (X) as the Q-
étale (resp. crystalline) realization of the Mukai motive. As explained in [1, §2],
results of Orlov imply that an equivalence of derived categories P : D(X) — D(Y')
induces an isomorphism

~

of"  H(X) - H(Y),
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which in the case when X, Y, and P are all defined over a subfield of k and
H* is Qp-étale cohomology (crystalline cohomology) is compatible with Galois
actions (resp. F-isocrystal structure) and the so-called Mukai pairing. Likewise if
A*(X )pum,0 denotes Chow groups modulo numerical equivalence, so

then P induces an isomorphism
*
5 A*(Xnum@ = A*(YV)num,g
which is compatible with the Mukai pairing. We say that P is strongly filtered if
@ﬁ* preserves the codimension filtration on the Chow groups modulo numerical

equivalence, sends (1,0,0) to (1,0,0), and sends the ample cone of NS(X)q to
plus or minus the ample cone of NS(Y)g. The main result of [2] is the following:

Theorem 1 ([2, 1.2]). Let P : D(X) — D(Y) be a strongly filtered equivalence.
Then there exists a unique isomorphism X — Y inducing the same map as P on
the étale and crystalline realizations of the Mukai motive.

Remark 2. From this result one can recover the derived Torelli theorem [2, 6.1].

Remark 3. The proof uses the Tate conjecture which for K3 surfaces is a theorem
of Charles, Maulik, and Pera. Their proofs use analytic techniques, aside from
which our arguments are entirely algebraic.

Remark 4. A variant result can also be formulated in characteristic 0.
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D-modules in characteristic p and stability
MARK KISIN
(joint work with Hlne Esnault)

Let X be a smooth projective, geometrically connected variety over a number
field K, and (F, V) a vector bundle with integrable connection on X. Choosing an
integral model for X, (E, V) it makes sense to speak of the reduction X, (E,, V)
of X, (E,V) mod p for almost all primes p

The Grothendieck p-curvature conjecture predicts that if the p-curvature ¢, of
Xp, (Ep, V,) vanishes for almost all p, then M = (E,V) has finite monodromy.
The vanishing of p-curvature means that the action of derivations on E,, given by
V), can be extended to an action of operators of the form W for z a local
co-ordinate on X.

We make the stronger assumption, that for almost all p, (E,, V,) underlies

a Dx, module structure on E,, and we denote by MIC®(X/K), the category
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of (E,V) satisfying this condition. We say that M is isotrivial, if it has finite
monodromy.
Then we have the following results.

Theorem 1. The forgetful functor (E,V) — E is fully faithful on MIC® (X /K).
In particular, if E is Nori finite, then M is isotrivial.

Recall that Nori finiteness means that the class of E in the Grothendieck group
of vector bundles on X is integral over Z. Our next result is an analogue of Katz’s
theorem on the Gauss-Manin connection.

Theorem 2. If M in MIC® (X /K) underlies a polarizable Z-variation of Hodge
structure, then M is isotrivial.

To prove these results we use arguments involving stability of vector bundles,
together with the following theorem, set purely in characteristic p.

Theorem 3. Let Xg be a smooth projective, geometrically connected scheme over
a finite field k, and let Moy be a coherent Dx,-module on Xo. Then My is isotrivial.

Returning to M in MIC®(X/K), the last theorem allows us to associate a
finite étale group scheme G5 = G(Mj), to the fibre of My at s (which depends on
the choice Dx_-module structure on M,). Our final result is

Theorem 4. Suppose that for infinitely many s, the characteristic of k(s) does
not divided the order of Gs. Then M is isotrivial.
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G2 and some exceptional Witt Vector identities
NicHorLas M. Karz

1. THE EXCEPTIONAL IDENTITIES

Fix a prime p, and consider the p-Witt vectors of length 2 as a group scheme over
Z. The addtion law is given by

(z,a) + (y,b) := (x +y,a+ b+ (2P + 4 — (z + y)?)/p).
For an odd prime p, we have
(#,0) + (3,0) + (=2 —y,0) = (0, (z" + ¢* — (x + y)")/p).
Let us define, for odd p, the integer polynomial
folz,yl = (2" + " — (x +y)")/p € Zx,y].
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For p = 2, we have
(,0) + (3,0) + (=2 — y,0) = (0,2° + 2y + y),
and we define
faolz,y] i= 2 + 2y + v* € Z[x,y].
The exceptional identities we have in mind are

fs=—ay(x +y), fs = fafo, fr = fs(f2)*.

2. BASIC FACTS ABOUT G

We work with algebraic groups over C. Given a prime number p, a theorem of
Gabber [Ka-ESDE, 1.6] tells us the possible connected irreducible (in the given
p-dimensional representation) Zariski closed subgroups of SL,. For p = 2, the
only possibility is SLs. For p odd and p # 7, the possibilities are either the image
of SLy in SymP~1(stdy), SO, or SL,. For p = 7 there is one new possibility, Ga,
which sits in
image of SLy ¢ Go < SO7 < SL7.

This new group G2 can be determined among the four by its third and fourth
moments M3 and My. Recall that for a group G (given inside some GL(V)), its
moments (with respect to the given representation V') are defined by

M, (G) := M,(G,V) := dim((VE")Y),

the dimension of the space of G-invariants. For our four groups, M3 is successively
1,1,0,0, and My is successively 7,4, 3,2. In fact, in our application, we will only
use M3. Notice also that M3 = 1 if and only if M3 > 0 for our possible choices.

3. THE LOCAL SYSTEMS
Fix a finite field k of odd characteristic p. We have the quadratic character
X2 : kx - ila

which we extend to all of k by defining x2(0) = 0. Fix a nontrivial additive
character

(k,+) — Mp(Q(Cp))'

[z] of degree n > 2 which is prime to p, we are

= S xa(@)(f(@)).

zek

(0
Given a polynomial f(z) € k
interested in the sums

Now fix a prime number £ # p and an embedding of Q((,) into Q. Then this sum
is the trace of Frob, on H} (A%, Loy (z) ® Ly(f(z))). Here Ly, is the Kummer
sheaf (extended by 0 across 0 € A') and Ly is the (pullback by f of) the
Artin-Schreier sheaf £y ;).

If we consider these sums as we vary f by adding to it a varying linear term,

te = 3 xa(@)(f(x) + ),

zek
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then we are looking at the traces of a rank n local system on the A! of ¢’s, the
Fourier Transform

FT(Lxa@) ® Ly(r(a))-
It is pure of weight one, thanks to Weil. Its description as an FT shows that it is
geometrically irreducible. One knows that its I,-slopes are

{0,n/(n — 1) repeated n — 1 times}.

When n is odd and f is an odd polynomial (i.e. f(—z) = —f(z)), then this
FT is orthogonally self dual, and its Ggeom lies in SO,,. Moreover, after we twist
by an explicit Gauss sum, our FT will be pure of weight zero, and we will have
Garith (= SOn

Here is a general fact about geometrically irreducible local systems F on A}. If
p > 2n + 1, then F is Lie-irreducible, meaning that G° acts irreducibly.

geom
4. LOOKING FOR LOCAL SYSTEMS WHOSE Gyeom IS G2

Some years ago, I proved [Ka-ESDE, 9.1.1] that with f(z) = 27, in any character-
istic p > 17, the FT had Ggeom = G2. A question of Rudnick and Waxman made
me wonder if there were other odd, degree seven polynomials f(x) for which the
FT would have Ggeom = Ga. Using the exceptional identities, it turned out to be
a simple matter to show that Ms = 1 for the local system on A2 with parameters
B, t whose trace function is

(B,t) = (1/9) D) xa(@)¢(x” /7 + 2B2® /5 + B*2®/3 + tw),
xek

g being the aforementioned Gauss sum. Since any specialization of B gives a
Lie irreducible local system, our local system on A? is a fortiori Lie-irreducible.
Moreover, any such specialization has Mz > 1, so its G9,,,, has Mz > 1. If G0,
were the image of SLj for the specialized local system, then Ggeom would be this
image (because this image group is its own normalizer in SO7). This is impossible,
as in any representation of this image, the slopes would have denominators 1 or
2 or 3 (whereas we have denominator 6). So for the specialized local system, we
have GY,,, = G2. As Gy is its own normalizer in SO7, we conclude that each
specialized local system, with B specialized to b € k, i.e.

e (1/9) D x2 (@) (a7 /7 + 202 /5 + 627 /3 + L),

zek

has Ggeom = G2. It then follows easily that on (B, t) space, we have Ggeom = Ga.
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