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ABSTRACT. Recently conjectures by Schmidt and by Davenport were solved
in papers by Dzmitry Badziahin, Andrew Pollington and Sanju Velani, and
by Victor Beresnevich. The methods which they used are the source for a
growing number of works in Diophantine approximation, fractal geometry
and flows on homogeneous spaces, and their full power is still far from being
well understood. The goal of this workshop was to introduce those meth-
ods to a broader audience, and to allow for an opportunity to further their
development.
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Introduction by the Organisers

The workshop Diophantine approximation, fractal geometry and dynamics, organ-
ised by Victor Beresnevich (York) and Sanju Velani (York) was well attended with
over 50 participants and a nice blend of experts with backgrounds in metric num-
ber theory and flows on homogeneous spaces, as well as researchers from adjacent
fields, graduate students and postdocs. The workshop was well planned, aimed
both at newcomers, starting with a broad introduction to metric Diophantine ap-
proximation, and at experts, including informal discussions on the details of the
latest discoveries.

In 1983 W. M. Schmidt formulated a conjecture about the existence of points
in the Euclidean plane that are simultaneously badly approximable with weights
(3,2) and (3, 3), that is Bad(3, 2) N Bad(3, 3) # 0. Should this intersection be
empty, it would immediately prove a well known conjecture of Littlewood from the
1930s. Weighted badly approximable points are characterised by (non-)proximity
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by rational points in a metric ‘skewed’ by some weights of approximation, say, 4
and j where ¢, 5 > 0, i + 7 = 1, which are ‘attached’ to coordinate directions.

The central goal of this workshop was to expose its participants to recent breath-
taking development regarding Schmidt’s conjecture stemming from its proof by
Badziahin, Pollington and Velani in 2011. We delved into the details of the proof
of the conjecture given in a subsequent work of Jinpeng An (2013) and also dis-
cussed the solution to Davenport’s problem, which boils down to the study of the
intersections of Bad (i, j) with planar curves. More generally we studied the recent
work of Beresnevich (2015) on badly approximable points on manifolds.

The workshop started with a discussion of the broader area of metric Dio-
phantine approximation: theorems of Khinchine and Jarnik, Ubiquity and Mass
Transference, the notions of Dirichlet improvable and singular points, dynamical
aspects of Diophantine approximation and the landmark results of Kleinbock and
Margulis. It then continued with a detailed account of the main ideas which led to
the recent achievements described above. There also has been a burst in the de-
velopment of new techniques, namely variants of Schmidt’s game and Generalised
Cantor sets constructions, which were also studied in some depth.

Acknowledgement: The MFO and the workshop organisers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, “US Junior Oberwolfach Fellows”.
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Abstracts

1-Dimensional Diophantine Approximation
AGAMEMNON ZAFEIROPOULOS

In this talk we present some basic results in Diophantine approximation in the
real line. The most fundamental is Dirichlet’s theorem:

Theorem 1. (Dirichlet): Let x € R, Q € N. There exist p € Z, 1 < q < Q such

that

1
o<
ql— qQ

As an immediate corollary to Dirichlet’s theorem we get that for all irrationals
x there exist infinitely many rationals p/q such that |z —p/q| < 1/¢?. In other
words we have a rate of approximation satisfied for all reals and it makes sense to
ask if this is the best possible for all reals. We define the set of badly approximable
numbers to be the set of irrationals for which this bound is the best possible, i.e.

Bad = {z € (0,1) : there exists ¢ > 0 such that ql||qz|| > cforall ¢ =1,2,...},

where || - || denotes the distance to the integers. We try to estimate the size of this
set in terms of the Lebesgue measure following a different way than the original
proof by Khinchine. First we present Khinchine’s theorem:

Theorem 2. Let ¢ : N — (0,00) be any monotonic function. Consider the set

W(lﬂ):{xE(O,l): fz‘ ¥(g)

x—=| < === for infinitely many p/q € @} :
q
Then

0, if Z;’il ¥(q) < o0

This gives the Lebesgue measure of any set of irrationals satisfying a specific
rate of approximation. For the proof of Khinchine’s theorem we introduce the
notion of ubiquitous systems.

Let Iy C R be an interval, R = (R4 )acs be a countable family of points, called
the resonant points, 5 : J — (0,00) be a function which assigns a weight 5, to
each resonant point Ry, u = (u,)22, be a positive and increasing sequence with
Up — 00, p : (0,00) = (0,00) be a function with lim;—, 1o p(t) = 0, called the
ubiquitous function. Assume that for all n = 1,2,... the set J*(n) = {a € J :
Ba < uyp} is finite.

We say that the system (R, () is locally ubiquitous in Iy relative to (p,u) if
there exists an absolute constant x > 0 such that for any subinterval I C I; the
set A(p,n) = Uyeu(n) B(Ra, p(un)) satisfies

|AY(p,n) N I| > &|I].

W@l = {

The main theorem regarding the apparatus of ubiquity is the following:
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Theorem 3. Suppose (R, ) is locally ubiquitous in Iy relative to (p,u) and U :
(0,00) = (0,00) is a function such that V(u,i1) < AU(u,),n > ng for some
constant 0 < A < 1. Consider the set

AR, B,¥)={x € Iy : |x — Ra| < ¥(Ba) for infinitely many o € J}.
Then |A(R, B, 9)| = |Io|, if 200, 2n) = 4o,

n=1 p(un)

This is the theorem we use to prove Khinchine’s theorem, after showing that the
rationals are ubiquitous in the unit interval. In turn Khinchine’s theorem implies
that | Bad | = 1; it suffices to observe that the complement of Bad contains the

set W (o), where 9y(q) = qugq, qg=2,3,...
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Jarnik, Besicovitch and Mass Transference
DEMI ALLEN

In Diophantine Approximation sets of interest often satisfy elegant “zero-one”
laws, a famous example being Khintchine’s Theorem (discussed in the talk Back-
ground: one-dimensional Diophantine approximation). While these zero-one laws
often provide simple criteria for determining whether the Lebesgue measure of a
set is zero or one they do have a drawback. Such zero-one laws involve “excep-
tional” sets of Lebesgue measure zero and provide no further information which
allows us to distinguish these sets even though, intuitively, one might not expect
the sizes of such sets to be the same.

With this motivation in mind, we recall the definitions of Hausdorff measure
and Hausdorff dimension (see, for example, [4]) and explain why we might be
interested in using these to study sets of interest in Diophantine approximation.
We then mention some relevant results of Jarnik and Besicovitch (see, for example,
[1L 2] and references therein).

Recall that given a function v : N — R™T the set of 1-approximable numbers in
the unit interval, I, is

A) = {x el: ’x - ]—;’ < @ for infinitely many (p,q) € Z X N} )

For 7 > 1, we will also use the notation A(7) = A(q — ¢~ 7).



Diophantine Approximation, Fractal Geometry and Dynamics 2755

Jarnik and Besicovitch both independently proved:

Jarnik-Besicovitch Theorem. Let 7 > 1. Then
2
di A =—.
iy (A(7) = ——
For 7 > 1 all we can infer from Khintchine’s Theorem is that | A(7)| = 0 whereas
the Jarnik-Besicovitch Theorem allows us to further distinguish these sets.
In a further study, Jarnik actually proved the following more general result
which can be viewed as the Hausdorff measure analogue of Khintchine’s Theorem.

Jarnik’s Theorem. For s € (0,1) and ¢ : N — RT,
0 if 2,24 () < oo,
H(A(Y)) =
oo if 22021 q =% (q)* = oo and v is monotonic.
We show that, somewhat surprisingly, it actually turns out that Khintchine’s
Theorem implies (the seemingly more general) Jarnik’s Theorem.
That this is the case is a consequence of the Mass Transference Principle [3]
due to Beresnevich and Velani - a remarkable result which allows us to transfer
Lebesgue measure statements for lim sup sets arising from a sequence of balls in

R* to Hausdorff measure statements.
Before we state this result we recall that if E; is a sequence of sets

limsup E; = {z : « € E; for infinitely many ¢} = ﬂ U E;.
i—00 N=1i>N

Also, if B = B(z,7) is a ball in R* and s > 0 let

B® = B(x,r¥).

We then have the following:
Mass Transference Principle (Beresnevich, Velani [3] - 2006). Let {B;}ien be
a sequence of balls in R* with r(B;) — 0 as i — oo, let s > 0, and let  be a ball
in R*. Suppose that
|2 N limsup B} | = (9.

71— 00

Then, for any ball B in €,
H*(BNlimsup B; ) = H*(B) .

i—>00
Remark. The above statement is a simplified version of the statement proved in

[3]. For simplicity, here we restrict ourselves to using Hausdorff s-measure whereas
a more general statement in terms of Hausdorff f-measures is proved in [3].

Two, perhaps unexpected, consequences of the Mass Transference Principle are:
Corollary 1. Khintchine’s Theorem implies Jarnik’s Theorem.

Corollary 2. Dirichlet’s Theorem implies the Jarnik-Besicovitch Theorem.



2756 Oberwolfach Report 48/2016

In addition to some general discussion of the Mass Transference Principle we
show how it may be used to obtain Corollaries[I] and Bl Finally, we conclude by
giving an outline of the proof of the Mass Transference Principle.
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Bad and Dirichlet in Higher Dimensions
ANNE-MARIA ERNVALL-HYTONEN

The aim of the talk was to give an overview of the basic concepts in the theory
of badly approximable points in higher dimensions. The main sources are the
books by Cassels [4] and Schmidt [6], and the expository paper [3] by Beresnevich,
Ramirez and Velani.

Minkowski’s theorem for systems of linear forms is a crucial tool in proving the
basic results in the higher dimensional Dirichlet theory. Minkowski’s theorem is
the following;:

Theorem 1. Let 5;; € R, where 1 <i,5 <k, and let C1,...,C, > 0. If

k
| det(Bi)1<i<il < [ Cis
i=1
then there exists a mon-zero integer point T = (x1,...,xx) such that

|z18i1 + -+ 2kBik]| < C; (1<i<k-1)
|218k1 + - - + 2Bk k| < Ck

The proof of this relies on the Minkowski’s convex body theorem stating that
if B is a convex subset of R™, which is symmetric about the origin (i.e., if z € B
then —z € B), and if the volume of B is greater than 2" (or equal to 2™ in case B
is compact), then B contains a non-zero integer point.

Assume that 0 < 4y,...49, < 1 satisfy Z?:l i; = 1, and let ay,...,q, € R.
Applying Minkowski’s linear forms theorem to the forms with coefficients 3; ; = —1
when 1 < j <n. Bryint1 =1 and B n41 = @5, and with parameters C; = N~
when 1 < j < n and C,4; = N, we obtain that there are integers (p1,...pPn,q)
such that the inequalities |ga; — pj| < N7% for 1 < j < n and |q| < N are
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satisfied. Hence, the points ag,as,...,a, can be simultaneously approximated:
For any (a1,...,a,) € R™ and N € N, there exists ¢ € Z such that

maX{Haqul/ila ceey ||anq||1/in} < N1
and 1 < ¢ < N. In particular, there are infinitely many integers g > 0 such that
max{||a1Q||1/i1, e ||anq||1/in} <q!

The question that arises is: Can we replace the ¢! on the right side of the
inequality by something smaller, say eg~'? This leads to the definition of badly
approximable points:

Definition 2. Assume 0 < i1, ...,in <1 and 3 37_ i; = 1. The set Bad(iy, ..., i)
consists of badly approximable points, namely, points (a1, ...,a,) such that there
exists a constant c(aq, ..., ) so that

maix {|[qaa |/, g} > elan, . an)g
for all g € N.

For all n-tuples (i1, ..., in) With 0 < i, ..., i, and 37, i;, the set Bad(i1, ..., i)
is non-empty.
The claim
Bad (i1, j1) N Bad(iz, j2) # 0

whenever 0 < i1,49,71,j2 < 1 and i1 + j1 = i2 + jo = 1 is known as Schmidt’s

conjecture, although originally Schmidt conjectured the result for i; = j, = +

3
and i = j; = % Even this weaker formulation resisted attacks until Badziahin,

Pollington and Velani [I] proved a much stronger statement:

Theorem 3. Let (i1, Ji), - - -, (id,Jja) be a finite number of pairs satisfying the con-
ditions 0 < is,5: <1 and i + je = 1 for 1 <t <d. Then

dim (ﬂle Bad(it, ji)) = 2.
If Schmidt’s conjecture had not been true, Littlewood’s conjecture, which states
that
lim inf g||gz|||qy|| =0
q—o0

for any (z,y) € R?, would have been true. Indeed, if (z,y) € R? and 0 < i,j < 1,
i+ j =1 satisty (x,y) € Bad(i, j), then for any constant ¢ there exists an integer
q such that

max (|lqz]| /%, llay||”) < eq™".

By multiplying one gets that liminf,_, ¢||gz||||gy|| = 0. However, Littlewood’s
conjecture is still wide open.

Let us now briefly look at linear forms. Using Minkowski’s theorem for systems
of linear forms with 81 ; = a; when 1 < j < n, B1p4+1 = —1 and B41,; = 1 for
1<j<n,and with C; = N™" and C; = N when 2 < j < n+ 1 we obtain that
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for any (a1,...,a,) € R™ and for any real N > 1, there exist ¢1,...,¢n,p € Z
such that

|[gron + -+ qnay, —p| < N7"
and 1 < maxi<;<n[g;| < N. More generally, for the system of linear forms
L(Z) = (L1(T),. .., La(T))
consisting of linear forms
Li(ZT) = aj1z1 + - i T

withT = (21, ..., %), there exists an integer point (Z,7) = (1, .., Tm, Y1, -+ Yn)
with T # 0 such that

1
max |L(T) — 7" < Cpyn———
max ||
where
m™n" (m+n)!

Cm,n =

(m+n)mtn minl

The system of linear forms £(T) = (L1(Z), ... Ly (T)) is called badly approximable
if the constant C,, ,, above cannot be replaced by an arbitrarily small constant,
namely, if there is a constant v(Lq,..., L,) such that

(max[z;|™) (max |£(T) —9|") >

for every integer point (Z,%), T # 0. The system of linear forms corresponding to a
matrix is badly approximable if and only if so is the system of linear forms coming
from the transpose of the matrix [5]. An elegant special case of this principle is
the following theorem [2]:

Theorem 4. Let the numbers i1,...,i, satisfy the conditions 0 < i1,...,i, <1
and 2?21 ij, and let § = (y1,...,yn) € R™. Then the following statements are
equivalent:
(1) y € Bad(i1,...,in)
(2) There exists ¢ > Osuch that for any Q > 1, the only integer solution
(q,p1,-..,pn) to the system

gl < Q. lay; —pjl < (cQ)¥ (1<j<n)

1$q=p1=-=py =0.
(8) There exists ¢ > 0 such that for any H > 1 the only integer solution
(ap,ai,...,a,) to the system

|a0+a1y1+"'+anyn|<CH_1, |0:j|<Hij (1§]STI,)

isag=a1=---=ay, =0.
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Diophantine approximation and dynamics
NATTALIE TAMAM

The primary goal of this talk was to present the correspondence between approx-
imation properties and the behavior of certain orbits in the space of unimodular
lattices. We introduced the definition of unimodular lattices. Then presented
examples of such correspondence.

1. LATTICES AND MAHLER’'S COMPACTNESS CRITERION

Definition 1. A C R” is a lattice if we can find linearly independent vectors
V1, ...V, € R™ such that

AN=7Zv1®---® Zv,.

The set {v1,...,v,} is the generating set of the lattice A. Lattices with covolume
(the n-dimensional volume of the parallelepiped created by the generating set) 1
are called unimodular and £,, denote the set of all unimodular lattices in R"”.

The group SL,, (R) acts on £,, by
9g(Zv1 ® - @ Zv,) =Lgu1 & -+ - ® Zgv, for g € SL,, (R).

This group action is transitive, in particular any lattice in £, is of the form gZ"
for some g € SL,, (R). Since SL,, (Z) is the stabilizer of Z", we get

(1) L, = SL, (R) Z" 2 SL, (R) /SL, (Z)

In order to discuss the behavior of orbits in £,, we need a topology. We may
use the quotient topology which arise from (IJ) and get the following.
Let |-| be the sup-norm and denote 0 (A) = infor,ea |v].

Theorem 2 (Mahler’s compactness, [Cl, p. 137]). A subset X C L,, is precompact
if and only if there exists v > 0 such that all A € X satisfy

§(A) >
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2. THE CORRESPONDENCE
2.1. Dani’s Correspondence.

Definition 3. Let A € M,, ,, (R), 0 <e < 1.
e A is badly approximable if there exists a constant ¢ > 0 such that for
every p € Z™ and q € Z" \ {0}
[Aq+p[" - |q/" > c.
e A is e-Dirichlet improvable if there exists Qg such that for all Q > Qo
there exist p € Z™ , q € Z" such that
0 < |q" < eQ and |p+Aq|" < eQ ™.

e A is singular if it is e-Dirichlet improvable for all 0 < e < 1.

For A € My, », (R) let

AA:(IE)" f)Zm"'" and gt:diag(e%,...,e%,e_%,...,e_%).

Theorem 4 ([D]). Let A € M, ., (R).
o A is badly approzimable if and only if the trajectory {g:Aa : t >0} is
bounded.
o A is singular if and only if the trajectory {g:Aa : t > 0} is divergent.
Let
Ke=A{9€ Lmyn : 6(9) = €}.
Applying the proof of theorem @ one can deduce:

Theorem 5. A € M,,,, (R) is e-Dirichlet improvable if and only if there exists
to > 0 such that {g:Aa : t >0} N K, = 0.

2.2. Kleinbock’s Generalization. Let r € R, s € R such that 7", r; =

> j=18j = 1, the I-parameter subgroup of SLy,1n (R)

gt = diag (e”t, N
What can we say about the elements L € SL,, (R) such that {g,LZ™"" : ¢t € R}

is bounded?
Badly approximable is a notion which is inspired by Dirichlet’s theorem:

Tmt —s1t —Snt
mhe yeees€ ")

Corollary 6. For any A € M, ,, (R), there exist infinitely many p € Z™, q €
7"\ {0} such that
Ip+ Aq|™ |q" < L.

More generally, one can use the following corollary of the Minkowski’s convex
body theorem:

Corollary 7. For any L = (L1,...,Limyn) € SLptn (R), there exist infinitely
many x € Z™T"\ {0} such that

2)  max (|L1x|% ,...,|me|#) . max (|Lm+1x B ,...,|Lm+nx|i) <1.
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The terms in the left hand side of Rlare a generalization of a norm called quasi-
norm defined as follows. For a k-tuple w = (wq,...,wg), w; > 0, Zle w; =1
1

define the w-quasinorm ||, on R* by|x| = maxi<i<y |2;|™:.
Definition 8 ([K]). A matrix L € G is called (r,s)-loose if

inf (1%, o, LonX)| |(Bong 1%« s Lonan)]. > 0.
B R Ll [T, Lo,
Theorem 9 ([Kl|). L € SLytn (R) is (r,s)-loose if and only if the trajectory
{geLZ™*™ . t € R} is bounded.

2.3. Littlewood’s Conjecture. for x € R let ||z|| denote the distance from z
to the nearest integer. The Littlewood’s conjecture concerns simultaneous
approximation of two numbers x,y by rationals. It asserts that:

(3) liminfn - ||nz|| - |ny|| =0
n>1
for all z,y. L.e. z,y may be simultaneously approximated, moderately well, by

rationals with the same denominator.
For any (z,y) € R?, define (AT is a semigroup)

1 0 =z e’
Ay = 8 (1) ?i VAR At = e’ - 2 forr,s >0
e r—s

Theorem 10. The tuple (x,y) satisfies (@) if and only if the orbit ATA(, ) is
unbounded.
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Quantitative nondivergence in the space of lattices
ARINT GANGULY

In the landmark work ([KM]), D. Y. Kleinbock and G. A. Margulis opened a
new horizon to metric Diophantine approximation while proving a longstanding
conjecture of V. Sprindzuk. Their approach is based on a correspondence between
approximation properties of vectors in R™ and orbit properties of certain flows
on the homogeneous space SL(n + 1,R)/ SL(n + 1,Z). This approach also proves
several related hypotheses of Baker and Sprindzuk formulated in 1970s. The core
of the proof is a theorem, providing a quantitative estimate, which generalizes
and sharpens earlier results on non-divergence of unipotent flows on the space of
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lattices. That “Quantitative nondivergence estimate” is the topic of discussion in
this talk.

We begin with, to prepare the required background, the notion of (C, «)-good
functions, exterior algebra on R™ and how the ‘norm’ of a discrete subgroup of R™
is defined using exterior products. Then we state the main quantitative nondiver-
gence result.

Afterwards I have given a sketch, mentioning each major steps, how the just
discussed nondivergence estimate applies to resolve the conjecture of V. Sprindzuk.
This completes the discussion.
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Schmidt (a, 3) Games
YOTAM SMILANSKY

Schmidt («, 8) games are used as a technique to show that sets which may be
small in the sense of measure or category, behave in fact like very large sets in
many other senses, such as Hausdorff dimension and rigidness under countable
intersection.

1. THE GAME

Given 0 < a, 8 < 1, Schmidt’s («, 8) game is played by two players, Alice and
Bob. They take turns and specify a nested sequence of closed balls in a complete
metric space (X,d). If B C X is a ball, we denote by p (B) the radius of the B,

and by A C B a subset of B for which A is a ball of radius p(A)=c-p(B).

1.1. Playing the game. We can now play the game: Fix a target set S C X.
(1) First, Bob chooses a ball By of radius p (By) = ro.
(2) On his nth turn, Alice chooses a ball A4, C Bu_1,50p (An) = roa(af)” "
(
(

3) On her nth turn, Bob chooses a ball B, £ Ay, 50 p(Bp) =10 (aB)".
4) This produces a decreasing sequence of closed balls

a B a B
BoDAlDBlDAQD...

and since the space is complete there exist a single point

Too € ﬁ A, = ﬁ B,,.
n=1 n=0

(5) If o € S then Alice wins, otherwise Bob wins.



Diophantine Approximation, Fractal Geometry and Dynamics 2763

2. STRATEGY AND WINNING SETS

A strategy for Alice is a guide for choosing his nth move, given the moves already
played by Bob. More formally, it is a sequence of functions f,, such that for any
n € N and any legal choices made by Bob until the nth turn By, ..., B,—_1, the

function f, defines a ball A, ¢ By,_1. So if Alice is playing according to the
strategy he must choose A,, = f,, (Bo, ..., Bn—1). A winning strategy for Alice is
a strategy which guarantees a win for Alice, that is, no matter what moves Bob
plays, if Alice uses the strategy then z, € S.

(1) A set S C X is called («, 8)-winning if there is a winning strategy for
Alice in the (o, f) game with a target set S.

(2) A set S C X is called a-winning if for every 0 < 8 < 1 the set S is
(o, B)-winning,.

(3) A set S C X is called winning if there exists 0 < a < 1 for which S is
a-winning.

3. ELEMENTARY PROPERTIES OF (o, 3)-WINNING AND a-WINNING SETS

The following properties are easily proven using elementary methods and translat-
ing strategies to show that a set which is winning in one game is in fact winning
in various other games. They tell us what can be expected of a winning set .S, and
about the possible patterns we can expect to see in the («, ) space for a given set

S.

(1) If S is (e, B)-winning for some «, 3 then S is dense in X.

(2) If S is (o, B)-winning for a, 8 such that 2o > 14+ af (« is big, £ is small)
then S = X (only one winning set).

(3) The only a-winning set with o > 1 is X itself.

(4) For a, 8 such that 28 > 1+ «f (8 is big, « is small) , every dense set S
is (a, B)-winning (“many” winning sets).

(5) If S is (o, B)-winning for some «, B and aff = o' with ¢/ < « then S is
also (o, 8')-winning.

(6) For 0 < o < o < 1 every a-winning set is o/ -winning.

(7) If S is (e, B)-winning then it is (a (Ba)k , 6) -winning for any k € N.

(8) If S is (o, B)-winning and o' = (aﬁ)k for k € N and 3 > 3 then S is
(o, B")-winning.
(9) If S is (o, B)-winning for every 0 < 8 < € then it is a-winning.
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4. THE MAIN PROPERTIES
The following results tell us something about the size of winning sets:
Theorem 1. The intersection of countably many aa—winning sets is a—winning.

The idea is to play simultaneous chess, that is use the following decomposition of
the natural numbers to a countable union of independent arithmetical progressions

N = (JP={1,35709,..}3U{26,10,14,..}U{4,12,20,28,.. } U ..
k=1
and for any given 8 to define a strategy for Alice and the target set (.S, using
his winning strategies on Sy with g, which we are free to choose since S are all
a-winning.

Theorem 2. Let (X,dx), (Y,dy) be two complete metric spaces and let f: X —

(o3

Y be a c-biLipschitz mapping. Let S C X be a-winning, then f (S) is &-winning.

In this case we translate our strategies back and forth, using the biLipschitz
property to show that balls of the required radii can be chosen at each turn, for
example if Bob picks By C Y of radius 7, then f~! (Bo) C X contains a ball By

of radius 7o = 2 and Alice can choose a ball A; C By of radius 2« in the (a, )
game on X according to his winning strategy.

Theorem 3. Assume S is («, B)-winning and t,m are integers such that given a
winning strategy and a ball B,, after t steps in the game, there exist m different
choices for B,y of pairwise disjoint interiors. then

1 logm
dim$§>-———.
e = t |log af]

If S is a winning set then S is of full dimension.
We use a mass distribution argument and the definition of the Hausdorff di-

mension.

5. AN EXAMPLE OF A WINNING SET - Bad, 1S WINNING
We show a very interesting example of a winning set, which is the set of badly

approximable vectors in R™. More precisely we prove:

Theorem 4. Bad, is a-winning for all 0 < a < % in R, where

x—E> Cl .
q| " ¢'ta

This is done using the structure of the rational vectors of bounded denominators,
which is evident from the so called simplex lemma which is discussed in another
talk. The idea is to show that Alice can play in such a way that forces Bob to
play such that for every n € N, x € B,, and % with 1 < g < R"

Badd{xeRd :3e>0:VpeZiqgeN:

c
1+3

X—B’Z

q

q
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for suitable ¢, R. Then, if xo, € NB,, the above holds for every positive integer
q and X, is badly approximable. A very similar proof shows not only that Bady
is a-winning for all o < %, but also its image under any non singular linear
transformation is a-winning.

Bad(r) has full Hausdorff dimension
OFIR DAVID

Dirichlet’s theorem implies that every x € R has a lot of “good” rational approxi-
mations, namely there are infinitely many solutions to

c
z-L < <. PqEL q#0
q q
where ¢ = 1. A similar result holds in higher dimension - given r = (74, ..., r4) such

that 7; > 0 for all 1 <4 < d and an =1, for any vector x = (z1,...,24) € R¢
there are infinitely many solutions to
Ty — &
q
where ¢ = 1. We say that a vector x is well approzimable with respect to r if we can
take ¢ > 0 to be as small as we want and still have a solution to the inequalities
above. The vectors for which this is impossible are called badly approzimable
vectors and we denote them by Bad(r).

A generalization of Khintchine’s theorem shows that Bad(r) has zero Lebesgue
measure. The main goal of this lecture is to show that while it has zero measure,
the set Bad(r) is large in the sense that it has full Hausdorff dimension. This
proof is based on the paper [3] by Pollington and Velani.

In order to show full Hausdorff dimension, we construct Cantor-like sets con-
tained in Bad (r) which have large Hausdorff dimension. These sets are con-

. Pi
T —
v q

approximable, i.e. x is not close to rational vectors, is satisfied for all rational
vectors B with bounded denominator ¢, and the bound increases in each step of
the recursion. The main idea in this construction is the Simplex Lemma which
states that for a fixed R, the rational points with denominator bounded by R in
any small enough d-dimensional box (as a function of R), lie on a d—1-dimensional
hyperplane (and hence most of the vectors in that box will be “far” from these
rational points).

Once we have this construction we will prove the following generalization:

c
Sma Pi,q €%, q#0

structed recursively such that the condition 3¢

> qch” of being badly

(1) Inhomogeneous settings (Beresnevich and Velani) [I]: Given 7 € R? as
above and a fixed vector A = (A1,..., \q) € R%, we denote by Bad(\,r)
the vectors x € R? for which there exists a constant ¢ = ¢ (x) such that

bt

Yo

c
> T Vpi,q € Z, q # 0.
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Similar to the construction in the homogeneous settings, we show that
Bad (A, r) had full Hausdorff dimension.

(2) Bad (r) is almost winning (Kleinbock and Weiss) [2]: While Bad (r) is
winning in the one dimensional case, the standard proof generalizes in
higher dimensions only to the symmetric case, namely that Bad(é, ey é)

is winning. On the other hand, once we understand the reason why it has

full Hausdorff dimension, we can define a modified Schmidt game under
which Bad(r) is winning. These modified games have many of the proper-
ties of the standard Schmidt games, and in particular they imply the full

Hausdorff dimension property.
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Bad(i,j) wins on a fibre: Rooted trees and the strategy
FAUSTIN ADICEAM

Given real numbers ¢,j > 0 such that ¢ + j = 1, denote by Bad(i,j) the set of
badly approximable vectors in dimension two with respect to the weights (i, );
that is,

Bad(i.g) = {(e.0) € B ¢ jut max{y'lesl, ' avl} > 0.

Here and in what follows, ||z|| denotes the distance from a real number z to the
set of integers.

In 1983, W. Schmidt [I] formulated the claim that Bad (%, %) NBad (%, %) # 0.
A more general version of this claim has become known as Schmidt’s Conjecture :

Conjecture (Schmidt’s Conjecture, 1983). For any pair of weights (i1,71) and
(i25j2)7
Bad(il,jl) N Bad (’ig,jg) 75 0.

The motivation behind this conjecture stems from the fact that a counter—
example to it would immediately provide a counter—example to the Littlewood
conjecture, which states that

liminf g - ||gz|| - ||qy|] = 0
q—o0

for all z,y € R.
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In 2011, Badziahin, Pollington and Velani [2] established the validity of Schmidt’s
Conjecture in a stronger form. In order to state it, given weights (4, j) and a real
number 6, denote by

Bad(i,j,0) := {y €R : (0,y) € Bad(i,j)}
the set of weighted badly approximable vectors lying on the fibre {x = 0}.

Theorem 1 (Badziahin, Pollington & Velani, 2011). Let ((in,jn))n>1 be a se-
quence of weights. Set

1 = supin
n>1
and assume that
(1) lim inf min{i,, jn} > 0.
n—oo
Then, for any 6 € R such that
< e 1/i
(2) Inf g™ flgfl] > 0,

the set N> Bad(in, jn,0) is thick in R.

By thick, we mean that the intersection of the set under consideration with any
non—empty open set has full Hausdorff dimension.

The relevance of Assumption (2] in the theorem above is justfied in [2] by
noticing that, whenever it does not hold, Bad(s, j,0) = @ (here, one has obviously
set j =1 —1). Assumption (I]) appears however to be of a purely technical nature
and the authors of [2] make the comment that the result should hold without this
condition. In 2013, J.An [3] confirmed this fact by proving the following result :

Theorem 2 (An, 2013). Let (i,j) be weights and let 0 € R satisfying Assump-
tion [@). Then, the set Bad(i,j,0) is 1/2—winning for Schmidt’s game.

As a winning set is thick and as a countable intersection of winning sets is
also winning, a corollary of this theorem is that the Badziahin—Pollington—Velani
Theorem indeed holds without Assumption (), and with replacing Assumption (2)
by the weaker necessary condition:

inf ¢/ ||q0]| > 0, for every n > 1.
geN

The initial approach undertaken by Badziahin, Pollington and Velani did not
make use of Schmidt games but made use of a so—called dual formulation of the
condition that a vector (x,y) lies in Bad(i,7). An’s strategy, although following
key ideas from this first proof, deals directly with the inequality appearing in the
definition of the set Bad(4, j). It relies on a construction of nested intervals, which
construction is formulated in terms of rooted trees.
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Bad(s,t) wins on a fiber: Partitioning of intervals
DAVID SIMMONS

In this talk I sketched the proof of a theorem of Jinpeng An [2]: for all s,¢ > 0
with s +¢ =1 and for all § € R such that

inf ¢/*||¢0] > 0,
infq 0|l

the set
Bad(s,t;0) := {y eR: iggmaX(qslquH,qtl\qyl\) > 0}
q

is winning for Schmidt’s game. The proof involves looking at the quantitative set
Bad.(s,t;6) as the complement of the union of the “obstacles” A.(P) (P € P),
where

P={P=(21)eQ®:¢l¢f —p| < c}

Ac(B, D)y ={yeR:q'lgy—r[ < ¢}
and ¢ > 0 is a fixed small number. The question is then how to play Schmidt’s
game to avoid these obstacles. It is helpful to draw an analogy to the proof of
the classical Jarntk—Schmidt theorem on the full dimension of the classical set of
badly approximable vectors. The classical proof proceeds by grouping obstacles
into “windows” and then applying the Simplex Lemma to show that all obstacles in
a given window can be avoided simultaneously. In An’s setup, it is not immediately
obvious how to group the obstacles, nor is it obvious how to show that all obstacles
in a given window can be avoided simultaneously.

Rather than describing the proof of An’s theorem in detail, I instead gave some
motivation for the method of grouping obstacles that An uses in his paper. The
motivation takes an “Ansatz” form in which we assume that we have a grouping,
and ask what properties it should have. If we assume that we have a grouping,
then the most relevant characteristics of any given obstacle are

e its “group size”, or the size of the union of the obstacles in the group the
obstacle is a part of, and

e its “visibility”, or the length threshold below which the obstacle and its
group become “visible” for the purposes of Schmidt’s game.
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It is possible to precisely define these characteristics in terms of the geometry of
the situation. If we then assume that we do not have access to a grouping but we
have access to these two characteristics, then we can group obstacles according to
these two characteristics. If we get back the grouping that we started with, then
we count it as a success. It turns out that An’s construction does exactly this.

It turns out that many problems in Diophantine approximation yield this same
basic structure upon analysis, and in general, the structure always yields a set
which is winning for Schmidt’s game. There are at least two different ways to
show this. Due to time constraints I presented the shorter method of [I], which
is essentially as follows: the strategy in Schmidt’s game is just to avoid as many
groups of obstacles as possible, with each group being “weighted” in proportion
to how big it is. Only groups which are visible by the current length threshold
are eligible for being avoided. An induction argument shows that the total weight
of the groups remains bounded by a uniform constant (relative to the current
length threshold) throughout the entire game, which implies that all obstacles are
eventually avoided.

The other method, which is the one appearing in [2], is to introduce the concept
of “rooted trees” to change Schmidt’s game into a combinatorial game. Then the
question of whether or not a set is winning can be reduced to the question of
whether or not certain infinite rooted trees have infinite intersection. It is possible
to prove by induction a lower bound on the cardinality of the intersection at any
given finite stage, which implies that the trees have infinite intersection and thus
that Bad(s, t;0) is winning. However, this proof is more technical and also does
not give an explicit strategy for winning Schmidt’s game.
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Playing Schmidt’s game on fractals
LucA MARCHESE

We consider the set Bad (é, R é) C R? of badly approximable vectors in R% and
we explain Fishman’s result in [I], which establishes that any image of such set
under an affine non-singular map f : R — R? is winning for the Schmidt’s game
played on any fractal which is the support of an ”absolutely friendly” measure.
Friendly measures on R? were introduced by Kleinbock, Lindenstrauss and Weiss
in [3], and the term absolutely friendly was first used by Pollington and Velani [6].
It follows immediately that the same is true for any countable intersection of such
images, by a classical property of winning sets established by Schmidt in [7].
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We also explain that a set which is winning on the support of an Ahlfors regular
measure intersects the support in a set of full dimension, which was also proved in
[1] by Fishman, following the lines of the argument working in the euclidian space,
first given by Schmidt in [7].

Moreover we describe a category of measures for which both results apply,
namely self-similar measures arising from systems of contracting similitudes which
satisfy the open set condition and irreducibility. Ahlfors regularity was estab-
lished in [2] by Hutchinson assuming the open set condition. Then in [3] Klein-
bock, Lindenstrauss and Weiss proved that such measures are absolutely friendly
if irreducibility is also satisfied.

Finally, in dimension two, we discuss without proofs similar results for the set
Bad(i, j) of badly approximable vectors with weights. According to a result of
Nesharim-Weiss established in [5], any such set intersects the vertical line {a} x R
passing through a badly approximable horizontal coordinate in a set which is
winning for a new game introduced by McMullen in [4] and is known as the absolute
game. The great flexibility and stability of this second game enables to deduce
that, for the same «, any countable intersection of sets Bad(iy,j,) intersects
{a} x K in a set of full dimension, where K C R is the middle third cantor set.
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Bad(4,j) is winning
LIFAN GUAN

The aim of my talk is to give a brief sketch of the colored rooted tree argument
An used in the proof of the following theorem:

Theorem 1 ([I]). Bad(i,j) is ag-winning for some ag > 0 independent of weight
(i, ).

Basics on trees. We are going to define subtrees of type (I) and type (II)
here. To begin, we shall recall some basic notation. A rooted tree is a connected

graph 7 without cycles and with a distinguished vertex 7p. We identify a tree T
with its set of vertices. Any vertex 7 € T is connected to 7y by a unique path,
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and the length of the path is called the height of 7. Then the set T is decomposed
into subsets 7, indexed by the height. A vertex 7’ is called a successor of T if
7 lies on the path connecting 7 and 79, and the height of 7/ equals the height
of 7 plus one. The set of successors of 7 is denoted as Tguc(7). Say a tree T is
N-reqular if #Tgue(T) = N for all 7 € T. Let D|N. A D-colored N-regular tree
is a N-regular rooted tree 7 equipped with a map v : 7 — {1,..., D} such that
#Tsue(T) Ny~L(i) = N/D for all 7 and all i. The set #Tau(7) Ny~ 1(i) is also
denoted simply as #7;5;2 (7).
Let 7 be an D-colored N-regular tree and let S a subtree of 7.
e Sis of type (I) if for any 7 € S and 1 < i < D, we have #Ssuc(7)® = 1.
o S is of type (II) if for any 7 € S, there exists 1 < i(r) < D such that
Ssuc(T) = ,Euc(T)(i(T))-

Parameterize squares using trees. Let B be a square in the plane with
its edges parallel to the coordinate lines. The side length £(B) is denoted simply
as [. Let m € N, R € R be two positive numbers with R > 2m. A map ¢ from
a m2-colored m?[R/m)*regular tree T to the set of sub-squares of B is called
admissible if it satisfies the following conditions:

For any 7, edges of ®(7) are parallel to coordinate lines.

For any n > 0 and 7 € T, we have ¢(®(7)) =IR™".

If 7/ is a successor of 7, then ®(7) C ®(7').

For any n > 1 and 7 € T,_1, the interiors of the squares {®(7') : 7 €
Tsue(7)} are mutually disjoint, the union U, e () ®(7') is a square
of side length m[R/m]IR™™, and for any 1 < i < [R/m]?, the union
U emue(y@ ®(77) is a square of side length mlR™".

Type (I) trees and winning. To begin, we quickly review the definition of
Schmidt’s (o, 8)-game. Let a. € (0, 1) be two real numbers. Suppose two players,
say Alice and Bob, take turns choosing a nested sequence of closed squares

BoDA()DBl:)AlDBQDAQD...

in R? satisfying £(A4;) = of(B;) and £(B;11) = Bl(A;). Say a set X is (o, B)-
winning if Alice can make sure that the outcome point zo, = N2, A; belongs to
X. And say a set X is a-winning if it is («, 8)-winning for all 5 € (0, 1).

Let B C R? a closed square. Say a set X is («, 3, B)-winning if Alice can make
sure that the outcome point x, belongs to X whenever Bob chooses B as his By.
The following observation follows directly from these definitions.

(1)
X is (o, B, B)-winning for all 5 € (0,1) and all square B <= X is a-winning.

In view of (), if we want to prove a subset X is ap-winning for ag = (2m)~*

with m a large enough integer, it suffices to show that X is («g, 8, B)-winning for
all 8 € (0,1) and all square B. Hence we may fix a 8 € (0,1) and a square B from
now on.

Let R = 2mpB~! and ® be an admissible map from a m?-colored m?[R/m)*-
regular tree T to the set of sub-squares of B. Then we have
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Lemma 2. Let S be a subtree of type (I). Then the limit set of S defined as
limS= () |J @)
n>171€8S,
is (ayp, 8, B)-winning.

Lemma 3. Let S be a subtree that #(S NS’) = oo for any subtree S’ of type
(IT), then S contains a subtree of type (I).

In short, Lemma 2 says that if a set X contains the limit set of a type (I) tree,
then it is («p, 8, B)-winning, and Lemma [B] says that we can use trees of type (II)
to give a sufficient condition for a subtree to be of type (I).

Bad(i, j) is winning. To begin, we quickly review the definition of Bad(i, j).
For any € > 0, set

Bad.(i,j) = R*\ ] Ad(P), and Bad(i, ) = | Bad.(i, ),
PeQ? >0

€
< q1+j .

In view of (), Theorem [1 can be deduced from the following

where for P = (p/q,r/q) written in reduced form,

r

q

P €
z—‘<ﬁ,y

A (P) = {(:c,y) cR?:

Lemma 4. For any 8 € (0,1) and any square B, there exists e = ¢(3, B) > 0 such
that Bad.(7,j) is (ag, 8, B)-winning.

The set Q? is decomposed into a union of disjoint subsets V,,(n > 1) using a
carefully chosen height function. Then based on this decomposition, for any ¢ > 0,
we can define a subtree S¢ C T by

(2) S ={17€Tn: 7€ Toue(r') with 7' € §_; and ®(7)NA(P) = 0,VP € V,,}.
In view of Lemma [2] and Lemma Bl Lemma [ can be deduced from the following

Lemma 5. For any 8 € (0,1) and any square B, there exists e = ¢(3, B) > 0 such
that if S¢ is defined as in (), then #(S°NS’) = oo for any subtree S’ of type (II).

In conclusion, Theorem [ is reduced to vertices-counting problems on some
particular colored rooted trees.
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Strong, Absolute, and Hyperplane Winning
YU YASUFUKU

In this talk, we discussed several recent variants of Schmidt’s game and highlight
the inter-relations and differences.

First, we introduced McMullen’s strong and absolute games [3]. Given «, 5 €
(0,1), the (a, §)-strong game is played by Alice and Bob taking turns choosing
nested closed balls

BiDAI DBy, DA DBy D -

in R™, so that their radii satisfy
(1) r(Ai) = a-r(Bi),  r(Bit1) 2 B-r(4)
for all ¢ > 1. Note that in the Schmidt’s game, we assumed
T(AZ) = Q- T(Bi), T(BiJrl) = ﬂ . T(AZ)

in place of ({I). We say a set F is an («, §)-strong winning set if Alice has
a strategy so that NA; meets E, an a-strong winning set if it is («, 8)-strong
winning for all 8 € (0,1), and strong winning set if there exists an « € (0,1)
such that it is a-strong winning. A strong winning set is obviously a winning set.

McMullen proves that strong winning sets are stable under quasi-symmetric
homeomorphisms, in particular by bi-Lipschitz maps. He further explicitly con-
structs a set which is winning but not strong winning, by showing that it is winning
but its images under some quasi-symmetric homeomorphisms are not.

In the S-absolute game, the balls are no longer assumed to be nested. Instead,
closed balls satisfy

BlDBl\AlDBQDBQ\AQDBgD"'

and

r(Ai) <B-r(Bi),  r(Bit1) =2 B-1(Bi).
If A; is of radius S - r(B;) and is at the center of B;, then the largest ball that
Bob can choose for B;y; has radius % -7(B;), so we only consider 3 € (0, %)
for the absolute game. We say F is f-absolute winning if Alice has a strategy
so that NB; meets F, and absolute winning if it is absolute S-winning for all

B € (0, %) One can easily show that a S-absolute winning set is (#, (1_’%)—
strong winning. Since % goes upward to % and ﬁ goes downward to 0 as
B goes to 0, it follows that an absolute winning set is strong winning. We can also
show that the countable intersection of strong-winning (resp. absolute winning)
sets is strong winning (resp. absolute winning), by the same argument as showing
the same property for winning sets.

Theorem 1. The set of badly approximable numbers is an absolute winning set.

In fact, McMullen [3] proves more generally that what he calls a Diophantine
set is absolute winning. A Diophantine set is

D) ={z € R" : 7(v,(t)) remains bounded as t — 400},
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where I' is a full lattice inside the group of isometries of the hyperbolic upper
half space H"*! such that T' has a cusp at oo, 7 : H*"™t — H"*1 /', and ~, is
the “vertical geodesic” to w, that is, v, (t) = (z,e™*). The main ingredient in the
proof of this result is the structure theory of finite-volume hyperbolic manifolds.

D2
Tro9 — —

q

DPa
rq — —

q

Xro — —
q

5 geeey geeey

The absolute winning sets are much too restrictive in certain situations, since
Alice can only remove just one of Bob’s possible moves. For example, the set of
badly approximable vectors in R for d > 2 is not an absolute winning set. Indeed,
for any constant C and (z2, . . ., z4) € R, (d—1)-dimensional Dirichlet’s theorem
shows that there exist po,...,pqs € Z and a sufficiently large ¢ € N such that
max(lg zd@DmaX< >

q q

1 C
This means that (1,22, ...,24) is never badly approximable, so Alice loses if Bob
chooses the centers of B;’s to lie on 1 x R4~1,

This example leads to the hyperplane absolute game, introduced by Broder-
ick, Fishman, Kleinbock, Reich, and Weiss [I]. More generally, in the k-dimensional
(B-absolute game, Alice chooses as A; an ¢;-neighborhood of a k-dimensional affine
subspace (a translation of a k-dimensional linear subspace of R?), where ¢; is less
than or equal to 8- r(B;). Bob then has to choose B;11 to sit inside B;\A;. A
set is a k-dimensional (-absolute winning if Alice has a strategy so that NB;
meets this set, and it is k-dimensional absolute winning if it is k-dimensional
B-absolute winning for all 5 € (0, %) In particular, a set is called hyperplane
absolute winning if it is (d — 1)-dimensional absolute winning.

The k-dimensional absolute winning sets are (k 4+ 1)-dimensional absolute win-
ning sets, and 0-dimensional absolute winning sets are precisely absolute winning
sets. Further, a hyperplane absolute winning set is a-strong winning for « € (0, %)
We also have:

Theorem 2. The set of badly approzimable vectors in R? is a hyperplane absolute
winning set.

This is a straight-forward application of a Schmidt-Davenport type lemma.
Another key feature of a hyperplane absolute winning set is the following;:

Theorem 3. A hyperplane absolute winning set is stable under €*-diffeomor-
phisms.

In fact, [I] shows much more generally that
(/e nK
i=1

has positive Hausdorff dimension, where E is hyperplane absolute winning, f; :
U — R% is a ¢'-diffeomorphism from an open set U of R? onto its image, and K
is what they call hyperplane-diffuse set with K N U # ().

As a generalization of Theorem [2] Nesharim and Simmons [4] prove:
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Theorem 4. Bad(s,t) is a hyperplane absolute winning set.

The proof of this result goes through hyperplane potential games in which
Alice gets to remove a suitable countable union of tubular neighborhoods of affine
hyperplanes at each stage. The hyperplane potential winning sets are proved to
be equivalent to hyperplane absolute winning sets in [2].
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Potential winning and weighted Bad in higher dimensions
VICTORIA ZHURAVLEVA

The main purpose of this talk is to discuss recent results concerning Schmidt’s
problem about the intersections of the sets of weighted badly approximable points.
Particularly, we discuss results that were obtained using a new modification of
Schmidt’s («, 8)-game

For d € N we consider a set of weights

d
Ra:={r=(r1,...,rq):7; ZO,Z” =1}
i=1

Set for any ¢ > 0

. = 01 T A >
Bad.(r) = {(#1,...,7q) ;gggggdq llqzil| > c},

where || - || means the distance of a real number to its nearest integer.
The set
Bad(r) = U Bad,.(r)
c>0

is called the set of r-badly approzimable vectors in R.
Two following problems have remained open in dimensions d > 3.

Conjecture 1. For any d > 2, let S be a countable subset of Rq. Then

dimpg ﬂ Bad(r) =d.
res

One of the ways to obtain this result is to prove the following:
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Conjecture 2. For any d > 2, r € Rq,Bad(r) is a-winning in the sense of
(av, B)-Schmidt’s game.

In this talk we discuss results related to Conjecture 2.

In [5] Schmidt proved that Bad (é, ce %) is %—Winning for any d € N. In this
paper you can also find the definition of («, 3)-game and the explanation why
winning sets have full Hausdorff dimension.

In [I] An showed that for any r € R, Bad(r) is (241/2)~!-winning. He invented
a special partition lemma. Nesharim and Simmons in [4] used this lemma to show
that for any r € Rq, Bad(r) is %—Winning. Also they used a new modification of
(o, B)-Schmidt’s game.

This new game is called hyperplane potential game. It was introduced by Fish-
man, Simmons and Urbanski in [2]. The main difference from the previous games
is that Alice is allowed to delete not only one but countably many objects (here
we have hyperplane neighbourhoods).

Guan and Yu in [3] used this game and modified An’s partition to prove that
for d > 2 the set of badly approximable vectors is hyperplane potential winning,

but only for some special weights. Instead of R4 they take weights from the set

Riy:={r=(r1,...,7q) ERaq: #{i:r; = 11;1;2((17"]-} >d—1}.

Their proof consists of the following steps:

e Constructing a partition of all allowed balls

e Attaching a hyperplane to any rational point

e Dividing all rational points into groups according to their heights and
denominators

e Proving that if two balls belong to the same part of this partition then
they belong to one hyperplane

e According to this partition giving Alice a strategy to win

This proof demands one special condition called admissibility which doesn’t
allow authors to give a proof in general case.
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Generalised Cantor sets
SIMON BAKER

Within Diophantine approximation we often say that an element of Euclidean
space is badly approximable if it fails to satisfy some system of inequalities. We
emphasise that badly approximable is meant in a general sense and should not
be interpreted as the classical notion of badly approximable. Given a notion of
badly approximable we denote the set of badly approximable vectors by Bad. Two
problems we are particularly interested in are:

(1) Determining whether Bad has full Hausdorff dimension.
(2) Given a countable collection of bad sets {Bad;}$°,, can one determine the
size of the set

ﬁ Bad1 .
=1

For some notions of badly approximable one can show that Bad is winning in the
sense of Schmidt games. It is a consequence of the winning property that Bad is
of full Hausdorff dimension, and moreover the countable intersection also has full
Hausdorff dimension. For more general notions of badly approximable it is not
clear whether Bad is winning and we have to resort to other techniques. In my
lecture I spoke about generalised Cantor sets which are one such technique.

A traditional Cantor set is generated by firstly taking some cube. We have some
splitting procedure that splits this cube into some finite collection of subcubes all
of the same size. We then have a removal rule which states that a certain configu-
ration of subcubes is removed from this collection. We repeat this procedure with
what remains and so on to infinity. The Cantor set associated to this construction
is the intersection of all of these collections. A generalised Cantor set construc-
tion differs from a traditional Cantor set construction in three ways. Firstly, the
splitting procedure is allowed to depend on what stage of the construction we are
in. Secondly, the removal rule is no longer local, i.e., whether a subcube remains
after step (n+1) depends not only on the level n cube it is contained in, but also
on the subcubes of level (n — 1), level (n — 2),... level 1 it is contained in. Thirdly,
the removal rule states that at most a certain number of cubes are removed. It
doesn’t guarantee any are removed. What is more, we don’t know the configura-
tion of those cubes that are being removed. This general approach means that a
generalised Cantor set is not uniquely determined by its splitting procedure and
removal rule.

Generalised Cantor sets were introduced in [I] by Badziahin and Velani where
they were used to determine the Hausdorff dimension of some Bad set that nat-
urally arises from the mixed Littlewood conjecture. In this paper it is also shown
that if Bad contains a sufficiently large generalised Cantor set then it is of full
Hausdorff dimension. Thus generalised Cantor sets can be used as a tool for
proving full dimension results for general Bad sets. Often they allow us to solve
problem (1) above.
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To make progress with problem (2) one can again use the theory of generalised
Cantor sets. Loosely speaking, given a countable collection of bad sets {Bad; }$2,,
they can be shown to have a large nonempty intersection if they each contain
a generalised Cantor set for which we can either put strong restrictions on the
number of subcubes that can be thrown away at each step in our construction, or
strong restrictions on the number of cubes that appear in the splitting part of our
construction. This approach was successfully applied firstly by Beresnevich in [3],
and then by Badziahin and Harrap in [2]. In particular, Beresnevich introduced
the notion of a Cantor rich set and Badziahin and Harrap introduced the notion
of a Cantor winning set. These properties effectively quantify what is outlined
above. Both of these properties allow one to prove that the countable intersection
of certain bad sets is not only nonempty but also of full Hausdorff dimension. Note
that the approach of Badziahin and Harrap applies to general metric spaces that
satisfy some minor technical conditions.
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What could be ‘badly approximable’ in multiplicative sense?
OR LANDESBERG

In the classical setup of Diophantine approximation the set of badly approximable
numbers is defined as:

Bad = {«a | liminfgq- ||gaf| > 0}
q—o0

Although this set is of zero Lebesgue measure it is quite large in the sense that it
has full Hausdorff dimension. In the multiplicative setup one may consider the set

Mad® = {(, 8) € R* | liminfq-[lqa -[|lg8] > 0}

as a candidate for the set of 'badly approximable’ points in R?. This might not
be the best choice as this set is conjectured to be empty (Littlewood’s conjecture)
and was proven in [5] to have zero Hausdorff dimension.

Similarly in the p-adic multiplicative setup, the set:

0 _ . .
Mad, ={a €R | liminfq-|q|, - ol > 0}
is also conjectured to be empty, where |g|, is the p-adic norm of ¢, and was proven

in [6] to have zero Hausdorff dimension.
Consider the sets:

Mad* = {(a, ) € R* | liminfq - (logq)* - qall - [lgB] > 0}
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A Khinchine type theorem of Gallagher implies Leb(Mad* N [0,1]) is zero for all
A < 2 and one otherwise. Badziahin and velani conjectured in [I] that Mad* has
full Hausdorff dimension for all A > 1 and is empty otherwise. Accordingly it
was suggested that Mad' is the proper analogue for 'badly approximable’ in the
multiplicative sense. A similar conjecture was formulated for the family M ad;; in
the p-adic setup.

In this talk we survey relevant results regarding the multiplicative and p-adic
multiplicative setups (e.g. [2],[3],[],[7],[8],[9]) and describe the analogues of Bad
as suggested in [I]. We then sketch a proof from [I], using generalized Cantor sets,
of the fact that:

{(a,8) € R? | Timinfq-logq-loglogq- |ql, - [lge| > 0}
is of full Hausdorff dimension. Denoting:

Mad;‘ ={aeR| hHAl)iIlfQ' (log q)* - lglp - llge]l > 0}
q—00

this theorem implies:
dim Mady =1 VA>1
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Davenport’s problem: an overview
HANNA HUSAKOVA

The aim of this talk is to describe Davenport’s problem and to make an overview
of the results on the problem obtained for curves and manifolds. In [I] Davenport
proved the following result:
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Theorem 1. Given a finite collection F = {F;,1 < i < r} of continuously dif-
ferentiable maps F; : R™ — R™ such that for some point xg € R™ the Jacobians
of F; at xg has rank n;, 1 < ¢ < r. Then the set of points x € R™ such that

F;(x) € Bad (n%, cee n%) for all F; € F is uncountable.

It is clear that the Jacobian condition which is a necessary for Davenport’s
proof implies that m > n;, 1 < ¢ < r and therefore Davenport writes that the
much more difficult problem arises when the number of independent parameters
is less than the dimension of simultaneous approximation. In particular, given the
some planar curve C we have the following question:

Problem 1 (Davenport). Is the set C N Bad(i, j) uncountable?

The first result on this problem has been obtained in case of vertical lines [2] [3].
Let Ly denote the vertical line parallel to y-axis passing through the point (6, 0).
It is easily verified that for any § € R satisfying liminf ¢*/?||gf| = 0 we have

q—00

that Ly N Bad(i,j) = 0, which means that the answer to the question mentioned
above is negative. Otherwise we obtain dim (Lg N Bad(%, j)) = 1 and the answer
is positive.

The general case of straight lines in R? is somewhat less understood. Given
real a,b € R let L, ; denote the line defined by the equation f(x) = ax + b. The
following result were proved in the papers [4, B]: For any a,bR such that there
exists € > 0 satisfying

Y7~ max {||qal|, [lgb]|} > 0,

(1) lim inf ¢

q—o0
where o := min{4, j}, we have dim (Bad(¢,j) N Ly) = 1. Whether or not condi-
tion () may be relaxed to e = 0 remains an open problem.

It was only a special case of vertical lines. Now assume that C; is given as a
graph for some smooth function f defined on an interval I C R. This case was
considered in papers [4, [3]. Since there exist lines which don’t contain points from
the set Bad(%, j) we need some additional restriction on the curvature of Cy.

Definition 1. We will say that C¢ is a C® non-degenerate planar curve if f is
two times continuously differentiable on the interval I and there exists at least one
point xg € I such that f”(x) # 0.

Then for any C® non-degenerate planar curve C ¢ we have [4] B]:
dim (Bad(i,j) NCy) = 1.

In particular, the answer to the Davenport’s question in this case is positive.

That was results on the problem obtained in two-dimensional case. The original
results of Davenport were formulated in case of arbitrary dimensions, namely for
a finite collection F; = (fi1,..., fim) : R™ — R™ of continuously differentiable
maps. The Jacobian condition implies that m > n; and the problem arises when
m < n; and F; lies on a sub-manifold of R™. Hence, Davenport’s problem boils
down to investigate badly approximable points restricted to sub-manifolds M C R™
of Euclidean spaces.
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Let F' = (f1,..., fn) : B— R"™ be an analytic map defined on a ball B C R™.

Definition 2. The map F' will be called non-degenerate if the functions 1, f1, ...
frn are linearly independent over R.

Given an integer n > 2, F,,(B) will denote a family of maps F' with common
domain B. Every map F € F,(B) defines some non-degenerate manifold M :=
F(B) of dimension m embedded in R™. Define also the collection R,, of weights

n
of approximation (r1,...,7,), 75 >0, > r; = 1.
i=1

Now we are ready to formulate the recent result of Beresnevich [5] which gives
the solution of Davenport’s problem in case of arbitrary dimension.

Theorem 2. Let m,n € N, 1 <m <n, B be an open ball in R™ and F,(B) be a
finite family of analytic non-degenerate maps. Let W be a countable subset of R,
such that inf{min{r; : r; > 0} : (r1,...,rn) € W} > 0. Then we have

dim ﬂ ﬂ F~'Bad(ry,...,rn) | =m.
FEF,(B)reW
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Badly approximable points on manifolds, I
FELIPE A. RAMIREZ

We discuss the main result of Victor Beresnevich’s paper Badly approximable
points on manifolds [I]. Namely, suppose n € N, n > 2, I C R is an open interval,
and F,(I) is a finite family of maps I — R™, all of which are nondegenerate at
some common point xg € I. Let W be a finite or countable subset of

Rn ::{I‘:(Tl,...,Tn):TiZO,T1+"'+Tn:1}a

and suppose that inf{7(r) : r € W} > 0, where 7(r) is the minimal non-zero entry
of r. Then

(1) dim ﬂ ﬂ f~!(Bad(r)) = 1.
£EFn(I) €W

This result, which answers a problem of Davenport [2], has many consequences.
The first is a higher-dimensional version, where we replace I by a ball B C R™.
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In this case, the intersection corresponding to () has dimension m. (For this
higher-dimensional version, one requires that the maps f are analytic as well as
nondegenerate, but this is only because of the “slicing” and “fibering” argument
used to deduce it. It is expected that the result remains true without analyt-
icity.) If we consider the function f as parametrizing an analytic nongenerate
m-~dimensional submanifold M of R™, then the result states that the set of badly
approximable points lying on M has dimension m. If m = n, the case of the
inclusion map B < R™ answers (newly) Schmidt’s Conjecture about intersections
of sets of badly approximable points of different weights.
The proof of (I]) proceeds by showing that the set

N ) f'(Bad(r)

feF,(I)rew

is Cantor rich. Roughly speaking, this means that the set contains an abundance
of generalized Cantor sets having dimension arbitrarily close to 1. One of the
nice features of Cantor richness is that a countable intersection of Cantor rich
sets is also Cantor rich, which reduces the problem to treating f~1(Bad(r)) for
a single choice of f,r. One constructs generalized Cantor sets in £~ (Bad(r))
by repeatedly partitioning the interval into a number of equal sub-intervals, and
at each step discarding some of those sub-intervals. The discarded sub-intervals
are those that intersect so-called dangerous intervals. These are intervals where
“bad approximability” may be violated for a given set of possible denominators.
That is, they are intervals of points « where |q - f(x) — p| can be made small, for
some q € Z" in some |-| _-ball, by choosing p € Z. (Here, we think of the “dual”
definition of bad approximablity.) Since we would like to construct generalized
Cantor sets of large dimension, the challenge is to bound the number and length
of these dangerous intervals. For this, it is beneficial to have a good control over
the sizes of derivatives of f, since these will tell us how many zeros q - f(z) — p has
(which contributes to the number of dangerous intervals), and for how long the
expression remains small near a zero (which contributes to the lengths of dangerous
intervals). Such control on derivatives is afforded by nondegeneracy of f.
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Badly approximable points on manifolds, IT
OLEG GERMAN

The talk continues the story Felipe Ramirez began. The aim is to show the main
ideas the proof of Beresnevich’s theorem is based upon. The strategy is to con-
struct a Cantor rich Cantor type set with parameter R responsible for the number
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of equal subintervals each interval under consideration is divided into. In the pro-
cess, some of those subinterval get discarded, namely those that have a nonempty
intersection with so called dangerous intervals.

Given a map f(z) = (fi(z),..., fn(z)) nondegenerate at xo and an n-tuple of
weights r = (r1,...,7), 73 20, 71 + ...+ 7, = 1, upon setting F(z) = (-1, f(x))
we have to deal with intervals arising from the systems similar to

1) {|aF(ac)| < b~

|ai| <brit, i=1,...,n,

where b is an appropriately chosen base and a = (ag, a1, . ..,a,) € Z"* 1. For each
fixed x the above system determines a one-parametric family of parallelepipeds
centered at the origin, and we want those parallelepipeds to contain no nonzero
integer points. If this is the case, x gives us a badly approximable point. Otherwise,
x is dangerous and should be avoided. Controlling the whole parallelepiped is
difficult, so we cut it into slices with the derivative linear form F'(x). This gives
us two types of slices: the ones separated from the origin obtained by completing
@) with

P a B ()] < o7 DD 0 o<,

where v = max(ry,...,r,), and the corresponding inner slice which is contained
in a larger domain obtained by completing () with

la-F'(z)| < b9,

Then, for each nonzero a € Z"*+! the measure of the set consisting of 2 which have
a in their [-th slice can be estimated from above. In case of the inner slice such an
estimate is obtained by applying a deep result of Bernik, Kleinbok, Margulis. As
for the slices separated from the origin, it can be shown that if I, is an interval
from level p, then the set S(I,) of integer points a contained in the I-th slice of
some points of I, spans a sublattice of Z"*! of lower rank. This allows applying
Blichfeldt’s theorem to show that the cardinality of S(I,,) is rather small, which
eventually leads us to the desired estimates.

Problem session
SaM CHOwW

Problem 1 (V. Beresnevich) Prove that for any nondegenerate submanifold
M CR"™ and any r € RY, with >, 7 = 1 we have

dim(Bad(r) N M) = dim M.

One might wish to read [16]. The result is known for curves, and if M is analytic
then fibering is successful. Without this assumption one may need to develop a
direct approach.
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Problem 2 (V. Beresnevich) Now consider the case n = 2. Let ¢,5 > 0 with
i+j=1. Let L be a line in R%. Prove that

dim(Bad(i,j) N L) =1

if and only if Bad(i,j) N L = (. This is known for C? curves. It’s also known if
the line has rational slope.

Problem 3 (V. Beresnevich) Given any countable collection of weights W C
R, and any nondegenerate analytic manifold M C R™, prove that

Neew Bad(r) N M # 0.

This is known if we impose an additional technical condition. It’s also known in
the case n = 2. One could hope for more; winning would be ideal.

Problem 4 (V. Beresnevich) Let 6§ = (61,...,0,) € R", and let r € RY,
with ), r; = 1. Write Bad(r;0) for the set of y € R™ such that there exists
C = C(y,0) for which

9.V > 09t
max llqy: — ;|| > Cq (¢ €N).

Let M be a nondegenerate analytic manifold in R™. Prove that
Bad(r;0) N M # ().

The set is likely to be of full dimension. The result is known for n = 2, using the
dual form of approximation (ref: Schmidt’s conjecture).

Problem 5 (V. Beresnevich) Write B for the set of x € R such that
|z —a| > cpnH(a)™ "t (0 € C:deg a=n).

Prove that N2, B} # (). This is known for NY_, B%. In a way, Problem 3 implies

n=1
Problem 5 — see [7, §2.3]. One can also consider the problem with « € R instead
of a € C.

Problem 6 (V. Beresnevich) Let d,n € N with d < n. Write B, ; for the set
of x € R such that

max |z; — ;| > cxﬁnH(al)_(""'l)/d
1<i<d

for all conjugate algebraic numbers ay, .. ., aq of degree at most n. Prove that B, ,
is uncountable. We believe that the problem of showing that B, ; is nonempty is
also open. It’s known that the measure is zero.

Problem 7 (S. Chow) Recall the dream theorem for manifolds:

Conjecture. Let M be a nondegenerate submanifold of R", and let ) : N = R>q
be a monotonic function. Then

0, if X, 00" <o

M AW (n,9)|a = {FULL, if D2, (q)" = oc.
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The result is known when n = 2. The divergence case is known when M
is analytic. Under an additional curvature hypothesis, the convergence case is
known [J] for d > 2. The convergence case has recently been solved [§] under a
mild assumption on M whenever d > (n + 1)/2. Prove the convergence case for
curves in R3, under suitable conditions on M. Can the hypothesis d > (n + 1)/2
from [8] be slightly relaxed?

Problem 8 (D. Simmons) For M C R? a nondegenerate submanifold, consider
the intrinsic Dirichlet exponent

-1 —
w(M) = inf limsup —log |z —p/dl p/ql-
2€M /geM log q
Let w(k,d) be the supremum of w(M) over nondegenerate submanifolds M C R?
of dimension k. From [12], we have

d+1
M¢@:>f}3 w(d—1,d) =1,

k+n-—1 k+1
k -1 =
“<’< k—1 > ) kn
and also an explicit upper bound for w(k, d). Can the upper bound be improved?
Can w(k,d) be computed exactly for more values of k and d? What if we con-

sider w'(M), wherein inf,cps is replaced by the essential infimum? Is it true that
w'(k,d) = w(k,d)?

Problem 9 (E. Nesharim) For subsets of the reals, we know that e-Cantor
winning sets are M-Cantor rich whenever M > 41/(1=¢) Is there a converse? Can
the result above be strengthened?

Problem 10 (E. Nesharim) Let 61,02,... € F,. Show that if £ > 0 then there
exist h, k > 1 such that
Ope1 ... Ok+n
rank < h.
Okshte - Opgonye—1
This is mixed Littlewood in the function field setting.
Problem 11 (E. Zorin) Write .S, for the set of counterexamples to the p-adic Lit-

tlewood conjecture. Let H be the Hausdorff measure determined by the dimension
function f : r — (log|logr|)~!, i.e. take the infimum of

> Sr(B)

over p-covers of your set, then take p to zero. It’s known that if .S, is nonempty
then H;(S,) > 0. Prove that if S, is nonempty then Hy(S,) > 0, where g(r) =
|logr|~!. Read [10], and use it to prove that H, < co. Then do it in the classical
Littlewood setting.



2786 Oberwolfach Report 48/2016

Problem 12 (S. Baker) Let ¢1,...,¢n be contractions of R™. Let F be the
attractor, which is the unique set defined by
F =U;¢;(F).
Pick z € F, and an approximating function
YU {1,2,...,n}* — Rso.
We ask when the set
Wiw,) = {y € Fry€ Blds, 00y, 0(s1,..,51)) io.}
is large; ideally we’d like to classify the 1) for which this holds. It’s known that
dimy F < min(s,n),
where s is the similarity dimension of the iterated function system. How about

a Khintchine theory when this inequality is an equality? (This is known for the
Cantor set.) One may wish to consult [5, [6] 17].

Problem 13 (D. Simmons) We count rationals in the Cantor set C, up to given
height. This has an application to the convergence case of the Khintchine theory
of intrinsic diophantine approximation in the Cantor set — see [I3]. Define

Ne(Q) =#{p/a€ C:q < Q}.
The contribution from when the denominator is a power of 3 is at least 2%, so
N (3%) > 2k,

A heuristic provided in [13] tells us not to expect many more rationals in total.
Prove that ox2

Ne(Q) < Qres™e,
We know that at least a logarithmic factor must be present. To give a feel for this
problem, recall that € C' if and only if the base 3 expansion uses only Os and 2s,
and that z € Q if and only if this expansion is preperiodic. For example

[al...ak]3
s €CNQ

where the notation refers to the base 3 expansion.

Problem 14 (E. Nesharim) Is the quantity

0.[@1 .. .ak]3 =

inf infsupinf max(¢'[lgz — o, ¢’ gy — BII)
+j=1zy o3 4

positive? We can also ask the question with liminf, ,. in place of inf,. In
dimension 1, Khintchine [I5] showed that if © € R then there exists o € R such
that

inf g||gz — af| > 0.
q

This can be made uniform: on the right hand side we could replace 0 by an absolute
constant c¢. Formally, we have

¢ = inf sup inf ¢||qgz — ||
T o q
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It’s known that
1/10 < ¢ < 1/7;
the best lower bound is by Godwin [I4] in 1953. Determine the value of c.

Problem 15 (S. Velani, via S. Baker) We know [2] 4] that the sets

{(e5) s Hmint(qtog aloglog )l - a3 > o}

and
{a:timinf(qlog qloglog g, laa] > 0}

have full Hausdorff dimension. Can the loglog ¢ be dropped? Are the sets winning?
How about intersecting with a planar curve?

Problem 16 (S. Velani, via S. Baker) For all a, §, we know from Hurwitz’s
theorem that

1
lim inf ol - < —.
mintalool] - Jad] < 5=

What improvement can we make on the RHS? One may attempt this using contin-
ued fractions. Of course we expect this quantity to be zero (Littlewood conjecture).
Editor: Note that Badziahin [3] obtains 1/19.

Problem 17 (S. Velani, via S. Baker) Let v € R, and let ¢ : N — R>(. Put

W5 (@) = {a €[0,1] : [lga = [l < ¢(q) i-0.}
and
W (¥) = {a € [0,1] : |goe — v — p| < 9(q) i.0. with (p,q) =1}
When v = 0 we have the homogeneous 0-1 laws of Cassels and Gallagher. Prove

it for arbitrary . (The scenario in which o € R\ Q is fixed and the problem is
metric in v was solved by Kurzweil.)

Problem 18 (A. Pollington, via S. Chow) Recall the Duffin-Schaeffer con-
jecture, which states that if

1) )3 w(q)qw(q) o

then W'(¢) has full Lebesgue measure. Erdds [I1] established this under the
assumption that 1(q) = ¢~! on its support. Vaaler [I8] subsequently extended
Erdés’s work to handle ¥(q) < ¢~!. A recent paper by Aistleitner [1] settles DS
whenever

Sh+1

2
Y(@o(e) 1
2 EE— —.
2) > — o <1
n=22" 41
If (@) holds but (@) does not then the support of 1) must be particularly uneven.

Using this, can one prove DS when 1(q) = ¢~'/? on its support? One may wish
to consult [Il Lemma 3].
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