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ABSTRACT. One-dimensional metric graphs in two and three-dimensional
spaces play an important role in emerging areas of modern science such as
nano-technology, quantum physics, and biological networks. The workshop
focused on the analysis of nonlinear partial differential equations on metric
graphs, especially on the bifurcation and stability of nonlinear waves on com-
plex graphs, on the justification of Kirchhoff boundary conditions, on spectral
properties and the validity of amplitude equations for periodic graphs, and
the existence of ground states for the NLS equation with and without poten-
tial.
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Introduction by the Organisers

In many applications, a specific waveguide geometry of the spatial domain suggests
the use of metric graphs as suitable way to approximate dynamics of nonlinear
PDESs on such spatial domains. At the junction between different pieces of metric
graphs, suitable boundary conditions are given to define the coupling between the
edges. These boundary conditions ensure continuity of the wave functions and con-
servation of the current flow through the network junction. Mathematical studies
of nonlinear PDEs on graphs are developed by using different approaches, like the
calculus of variation, bifurcation theory, dynamical systems methods, applied har-
monic analysis, perturbation theory, spectral theory, and numerical simulations.

This workshop brought together 24 participants from 11 different countries from
all over the world, including well-known international experts as well as promising
young postdocs and PhD students.
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The central topics of the workshop were the existence of ground states, bifurca-
tions of solutions of the NLS equation on complex graphs, and their stability. The
existence and non-existence of ground states and bifurcations from ground states
has been discussed by Gregory Berkolaiko, Claudio Cacciapuoti, Simone Dovetta,
Domenico Finco, Diego Noja, Jeremy L. Marzuola, and Enrico Serra. The instabil-
ity of stationary states has been discussed by Riccardo Adami, Dmitry Pelinovsky,
and Lorenzo Tentarelli.

A number of lectures were about infinite periodic graphs. Pavel Exner talked
about an unusual spectrum for such graphs, Hiroaki Niikuni on the effects of a
broken periodicity on the spectrum, Martina Chirilus-Bruckner on the construction
of breathers, and Guido Schneider on the validity of the NLS approximation.

Another topic of the workshop was an approximation of thin domains with
metric graphs. An overview of the approximation technique was given by Olaf
Post. Stefan Teufel considered the NLS limit for bosons in a quantum waveguide.

Dispersive estimates on trees and star-graphs were discussed by Valeria Banica
and Andreea Grecu. Dynamics of other nonlinear PDEs, on or related to metric
graphs, was the subject of the lectures of Andrew Comech, Reika Fukuizumi, and
Liviu Ignat. Evgeny Korotyaev presented estimates for the Schrédinger operator
on the lattice and Davron Matrasulov discussed relativistic solitons on graphs.
Finally Braxton Osting presented Dirichlet partitions by using geometric graphs.

The lectures stimulated many discussions and inspired the participants to new
projects. New research fields have emerged in the discussions such as the analysis
of nonlinear PDEs with vertex conditions different from Kirchhoff boundary condi-
tions or the justification of the Kirchhoff boundary conditions for time-dependent
solutions. Altogether, we think that the workshop was a great success.

The organisers thank the Oberwolfach staff which helped a lot to create the
unique atmosphere during the workshop.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, “US Junior Oberwolfach Fellows”.
Moreover, the MFO and the workshop organizers would like to thank the Simons
Foundation for supporting Davron Matrasulov in the “Simons Visiting Professors”
program at the MFO.
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Abstracts

Nonlinear Instability of Half-Solitons on Star Graphs
RICCARDO ADAMI
(joint work with Enrico Serra, Paolo Tilli)

We review some basic results on the existence of ground states for the NLS on met-
ric graphs in the subcritical case. More specifically, we look for global minimizers
of the energy functional

1 1/ 1
| oy = = u’%lx——/u”dm
Nl =3 [ 1Pae—1 [

where G is a connected, noncompact metric graph G, under the mass constraint

1
E(u,G) = §HUIH%2(Q) -

||U||%2(g) = [

As for the ordinary NLS on the line, subcriticality here means 2 < p < 6. The
problem has been investigated in several papers during the last years [1 2] B} [4].
Non-compact means that at least one edge in the graph is a half-line, i.e. there is
at least one vertex at infinity.

Preliminarly, we recall that the problem is solved for G = R, where for every
p > 0 a ground state exists and is given by the NLS-soliton ¢,, at mass p (together
with all its translated and multiplications by a phase factor), and G = R*, where
the ground states are given by a half-soliton with the correct mass (again, modulo
a global phase). Furthermore, a direct computation shows that

inf  E(u,R") < inf E(u,R)=E(pu,R)<D0.
Jr+ lul?=p Jr lul?=p

The first result holding for general graphs is a topological obstruction to the
existence of ground states, called hypothesis (H), stating that every edge of G
belongs to a trail connecting two distinct point at infinity (we recall that a trail
is a path made of adjacent edges in which edges cannot be repeated, but vertices
can). Here is an example of a graph that satisfies hypothesis (H):

OO#\OQG i}
©.¢] (0. ¢]

We have the following

Theorem. Let G be a non-compact graph satisfying hypothesis (H). Then, for
every (>0
inf  E(u,G) =E(¢,,R)
Jg lul?=p
and there is no ground state at mass u, except if G is one of the bubble towers
displayed as follows:
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(the number of the so-called bubbles range on natural numbers, including zero).

Roughly speaking, the theorem states that if G is more intricated than a line,
then, as regards the issue of minimizing energy with mass constraint, it makes
worse than the line. In order to make better than the line, hypothesis (H) must
be broken. Furthermore, it turns out that the following operative criterion holds:

Theorem. Given G, if there exists u € G with mass equal to one, such that
E(u,G) < E(¢u, R),

then there exists a ground states for E(-,G) at mass u.

Thus, one can exhibit examples of graphs in which it is possible to sit a soliton,
after a suitable sequence of the following operations: cutting, pasting, and mono-
tonically rearranging. The two first operations leave the energy untouched, while
the third one makes it decrease. So, we finally get a function that makes better
than the soliton, so that a ground state exists. The simplest example is given by
the line with a pendant:

In all cases where this strategy works, the existence of a ground state is a
topological fact, in the sense that the metric plays no role. On the other hand, for
the graph made of three half-lines and a pendant

we prove that a ground state exists if and only if the length ¢ of the pendant
is beyond a certain threshold value ¢*. In this case topology is not sufficient to
determine existence, so metric plays a crucial roles. Many other examples like this
can be constructed.

The main message we would like to convey is that existence of ground states
is the result of a competition between half-line and compact core of the graph. If
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the compact core is simple enough (in the sense that it violates hypothesis (H)),
then it wins the competition and gives rise to a ground state.

The techniques mix standard variational results with a thorough insight in the
rearrangement theory, that is used not only in order to restrict the set possible
minimizers, but also in a constructive way.
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Dispersive properties for the linear Schrédinger equation on trees and
consequences

VALERIA BANICA
(joint work with Liviu Ignat)

The Schrédinger equation is classified among the PDEs as a dispersive equation.
This is due to the following property of the linear equation, valid in the classical
case when for the space variable is R™ :

Il ey S esllwllrgen, Ve R

This property together with the conservation of the L? norm implies other disper-
sives properties as the Strichartz estimates. All these dispersive estimates have
an important role in the analysis of the nonlinear equation. For instance the local
existence of classes of general nonlinear solutions is proved using the dispersive
estimates. They are also used at the global in time level for proving scattering.

The linear Schrodinger equation on a metric graph has been extensively studied
since the 90’s from the point of view of the spectral theory. However, the theory for
time-dependent NLS on graphs started only very recently. Mainly there are two di-
rections since 2010’s: the study of the existence and properties of stationary states,
and the study of the dispersive estimates and their consequences. For the first one
we can cite as authors Adami, Cacciapuoti, Finco, Kairzhan, Marzuola, Matra-
sulov, Nakamura, Noja, Pelinovsky, Sabirov, Sawada, Schneider, Serra, Shaikhova,
Sobirov Tilli, ... (see for instance the survey [I5] and also several others abstracts
of this workshop). We shall focus now on the dispersive properties.

We first recall that the dispersion estimate is easily obtained on R™ by using
Fourier analysis. The issue on a general metric graph is the absence of this tool,
explaining the lack of results in this direction.
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The first dispersive results on metric graphs were obtained in particular cases of
graphs by doing a reduction to a setting where the dispersive estimate was already
known. For instance Ignat showed in [12] the dispersion estimate on regular trees
with Kirchhoff conditions (all the vertices of the same generation have the same
number of descendants and all the edges of the same generation are of the same
length) by a very nice reduction to the laminar Schrédinger equation on R, enjoying
dispersion ([5]). Cascaval and Hunter gave in [9] a detailed analysis for the linear
equation for particular type of data and particular shape of trees with Kirchhoff
conditions allowing for a reduction to the Schrédinger equation on half-line with
particular boundary conditions. Also, Ali Mehmeti, Ammari and Nicaise proved
in [3] the dispersion for the Laplacian with a potential on star-shaped trees with
Kirchhoff conditions by obtaining a reduction to a system on R.

For proving the dispersion directly at the level of the graph the natural way
is to compute the resolvent of the Laplacian and to use a spectral formula for
the Schrodinger evolution in time. This can be done easily for simple graphs, as
for instance star-shaped graphs, since the resolvent can be easily compluted. For
general graphs the situation gets very intricate. In [6] and [7] we have obtained
the dispersion for the case of general trees I' having a finite number of vertices
with infinite last edges and Kirchhoff and respectively delta coupling conditions.
More precisely, we have the following results.

1) The solution of the linear Schrodinger equation on I" with Kirchhoff coupling
conditions is a summable superposition of classical linear evolutions:

o0
Srug(e) = 3oy [unly) [ et aray,
I>\ — 00

AER

with ¢x(x,y) € R, I\ among the parametrizations of the edges, ), g |ax| < oo,
and it satisfies the dispersion inequality

(1) [[€™Tug|| oo ry < ﬁHUOHLI(F)a Vi eR"

2) The solution of the linear Schrédinger equation on I' with ¢ coupling con-
ditions of positive strengths satisfies the dispersion inequality ([Il). For generic
strengths of the ¢ conditions and lengths of the edgesﬁ, the solution of the linear
Schrédinger equation on a tree satisfies the dispersion inequality

s C .
(|27 Pug|| oo ry < —=|uoll iy, VYt € RY,

VIt
where P is the projection outside the discrete spectrum.

To end this extended abstract we shall make a series of remarks.

The proof is based on a recursive way to compute the resolvent for a tree,
that eventually allows for obtaining the dispersion. The nature of this recursive
way imposes the shape of a tree for the considered graph, which is a technical

1typically7 the situation to be avoided for 2 vertices is that the length L of the internal edge is
equal to 7%, that is precisely the situation of the presence of zero resonance.
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constraint. Indeed, the simplest case of graph containing a cycle, the tadpole
graph (only one vertex from which emerge a cycle and an infinite edge) enjoys
also the dispersion, as it was proved by computing explicitly the resolvent by Ali
Mehmeti, Ammari and Nicaise in [4].

In [7] we also give conditions for the dispersion to hold in the case of trees with
general coupling conditions. However, these conditions look too intricate. On the
other hand, a resolvent formula for the Laplacian on general metric graphs for
general coupling conditions was given in [14] by Kostrykin, Potthoff and Schrader.
The issue is that this formula is not easy to handle in order to decide dispersion.
Only the case of the star-shaped tree has been settled via this formula by Grecu
and Ignat in [11].

As a consequence of our second result, the dispersion is proved for the Schréding-
er equation with several Dirac potentials on R. This equation was extensively
studied, at least from the spectral point of view (see for instance [2]), and for its
stationary states properties. Previous studies considered dispersion only the case
of one or two potentials, with one exception by Duchéne, Marzuola and Weinstein
that proved a weaker dispersion in [I0] in the case of several Dirac potentials.

As mentioned before the dispersive estimates imply as in the R™ case results
for the nonlinear equation, as local existence results and small data scattering
results. They are an important piece in the proofs of other types of results for the
nonlinear equation on R™, proofs that contain also other ingredients which are not
obvious to transfer to general graphs. In this direction, the propagation of fast
soliton was considered on star-shaped trees with d—type coupling conditions by
Adami, Cacciapuoti, Finco and Noja in [I]. Also, large data scattering on the line
with one repulsive Dirac potential was proved in [§] in the defocusing case, and by
Tkeda and Inui [13] in focusing case.
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Nonlinear resonances: an exploration of NLS on a simple open metric
graph
GREGORY BERKOLAIKO
(joint work with Diego Noja)

When studying families of stationary solutions of nonlinear Schroedinger equation
on open metric graphs, one sometimes observes that a whole solution branch may
disappear under a small perturbation of the graph’s geometry. To investigate this
phenomenon we propose a simple model and an adaptation to NLS of the concept
of linear resonances. We discuss how the disappearing branch can then be viewed
as a branch of complex solutions moving into the ”unphysical” half of the complex
plane.

Existence of the ground state for the NLS with potential on graphs
CLAUDIO CACCIAPUOTI
(joint work with Riccardo Adami, Domenico Finco, Diego Noja)

The problem we are interested in is the minimization of the nonlinear Schrodinger
(NLS) energy functional

(1) E[W]:= W7+ (U, W) + 3 a|¥(v)* ~
veV

1
m”‘l’ﬂgﬁig O<p<2
defined on a metric graph G, where W is a potential on the graph, V is the set
of vertices of the graph, and «, are some real constants that take into account
possible delta-interactions in the vertices. As for the standard NLS with power-
type nonlinearity on the real-line, the case 0 < p < 2 is called subcritical while
the case p = 2 is called critical.

We shall focus attention on the constrained minimization problem
2) — v (m) s= W {E[Y]| ¥ € HY(G), || = m).

The parameter m in the constraint is usually referred to as mass.
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We call ground state (of mass m), a minimizer of problem (), i.e., a function
¥ € HY(G), such that |¥|? = m, and E[¥] = —v,(m). We want to identify
general conditions which guarantee the existence of the ground state for small
mass.

We make the following assumptions:

Assumption 1. G is a finite, connected graph, with at least one external edge.

We call finite a graph that has a finite number of edges and vertices; a graph
G is connected if given any two points of the graph there is always a path in G
connecting them; and we call external an edge of infinite length.

Assumption 2. W = W, — W_ with Wo > 0, Wy € LY(G) + L>(G), and
W_ € L"(G) for some r € [1,1+ 1/p].

Denote by E'™[W¥] the quadratic part of energy functional E[¥],
(3) B (0] = (| W] 4 (0, W) + D | ¥ (0)%,
veV
and by —FEj the infimum
(4) — Ey == inf {E""[U]| U € HY(G), ||V[*=1}.
Assumption 3. Ey > 0.

In the statements of our main results, some constraints on g and m, with an
interplay between the two parameters, are needed. Two quantities will enter the
constraints. For the critical case it will be relevant the best constant Ks,g(g)
satisfying the Gagliardo-Nirenberg inequality
() 19l < Keo(G)[1W|V/2 )0 */2.

In the subcritical case, instead, the constraint will depend on a positive constant,

denoted by +,, which is related to the infimum of the “free” nonlinear NLS energy
functional on the real-line

—t, () := inf { Fx[y] ] b e H'R), [Wl3em =m}  0<p<2,
with
1
. 2 2p+2
E]R[Q/’] = ||1//||L2(]R) - mlld’HL’éuu(R)-
t,(m) can be explicitly computed, and v, is related to t,(m) by

(6) tu(m) = %Lm”% for 0<p<2.

Our first result concerns the existence of a lower bound for the infimum in Eq.

@.
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Theorem 1. Let Assumption 1 hold true and assume W € L(G) + L*°(G). If
0 < p < 2 then v,(m) < 400 for any m > 0. If 1 = 2 then v,(m) < 400 for any

0 <m < V3/K§,(G).
The second result concerns the existence of the ground state.

Theorem 2. Let Assumptions 1, 2, and 3 hold true, then —v,(m) < —mEj.
Moreover, let

- . (Eo/v,)¥ " * i 0<p<2
m, =
S WEYD e (9 it =2

Then the ground state ¥ exists for all 0 < m < my,.

The subcritical case was discussed in [3], while the analysis of the critical case
is in [2]. When G is a star-graph, W = 0, and «,, < 0, both the subcritical an the
critical case were discussed in [IJ.
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On the construction of breathers by tailoring periodicity
MARTINA CHIRILUS-BRUCKNER

Consider the nonlinear Klein-Gordon equation
s(2)0%u = 0%u + q(z)u + r(z)u?

for z,t,u = u(x,t) € R and with spatially periodic coefficients s, q,r. In [2] this
equation was demonstrated to support breathers — that is, time-periodic, spatially
localized solutions — if the coefficient s is a specific step-function (with ¢ and r
then chosen accordingly). This result came as a surprise since breathers were con-
sidered a rare phenomenon for nonlinear wave equations. In fact, the main novelty
was to first carefully tailor the periodic coefficients s and ¢ of the linear part such

that the construction of the breather could be carried out using a spatial dynamics
formulation and a blend of center manifold reduction and bifurcation theory.

The unexpected success of this method led to the quest of finding a whole class
of coefficients s and ¢ for which the above method could be employed. The core
difficulty of the construction is to find coefficients for which the band structure of
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the linear part is such that every other gap is uniformly open around some multi-
ple of a squared integer. This, in turn, can be reformulated as an inverse spectral
problem for Dirichlet and Neumann eigenvalues of a weighted Sturm-Liouville op-
erator. In [3] this question has been addressed showing that one can indeed find
coefficients s € H' (close to s = 1) that give rise to the desired band gap struc-
ture. In order to further extend this result for the purposes of the construction
of breather solutions it is necessary to address this problem for s € L2\ H'/2
which would need a whole set of new tools (since this problem is directly related
to inverse spectral theory for Schrodinger operators with potentials in H*,s < —1).

A new natural direction which might lead to a similar breather construction is
to replace the spatially periodic coefficients by periodic point interactions or to
consider nonlinear Klein-Gordon equations on graphs (see, for instance, [I] or [4]).
In both cases, the tailoring of the band gap structure seems much more accessible
with the main difficulty now being the development of invariant manifold theory
for these new settings.
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Global attraction to solitary waves
ANDREW COMECH
(joint work with Alexander Komech)

Bohr’s second postulate states that the electrons can jump from one quantum
stationary state (Bohr'’s stationary orbit) to another. This postulate suggests the
dynamical interpretation of Bohr’s transitions as long-time attraction

(1) U(t) — |Ey), t — +oo

for any trajectory W¥(t) of the corresponding dynamical system, where the limiting

states |E1) depend on the trajectory. Then the quantum stationary states, denote

them S, should be viewed as points of the global attractor, which we denote by 2.
The attraction () takes the form of the long-time asymptotics

(2) P(,t) ~ o, (w)e @t — oo,

which holds for each finite energy solution. However, because of the superposi-
tion principle, the asymptotics of type (2)) are generally impossible for the linear
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autonomous equation, be it the Schrodinger equation

(3) o = — -y - &

2m ml/f

or relativistic Schrodinger or Dirac equation in the Coulomb field. An adequate
description of this process requires to consider the equation for the electron wave
function (Schrédinger or Dirac equation) coupled to the Maxwell system which
governs the time evolution of the four-potential A(z,t) = (¢(z,t), A(x,t)):

{ (ihdy — ep)?1h = (cBV — eA)* + m?cy,

4 7 . —_ 7.
@ O = 4me(yyp — 0(x)), OA = 4WGW.

Consideration of such a system seems inevitable, because, again by Bohr’s pos-
tulates, the transitions from one orbit to another are followed by electromagnetic
radiation responsible for the atomic spectra which we observe in the experiment.
Moreover, the Lamb shift (a relatively small difference between 2.5, 5 and 2P, 5
energy levels) can not be explained in terms of the linear Dirac equation in the
external Coulomb field. Its theoretical explanation within the Quantum Elec-
trodynamics is based on taking into account the higher order interaction of the
electron wave function with the electromagnetic field.

One might expect the following generalization of asymptotics [2]) for solutions
to the coupled Maxwell-Schrodinger (or Maxwell-Dirac) equations:

(5) (W@, 1), A, 1)) ~ (s (@)= Au, (), t— oo,

The asymptotics (B) would mean that the set of all solitary waves

{(¢we ™", A,) 1w e R}

forms a global attractor for the coupled system. The asymptotics of this form
are not available yet in the context of coupled systems. Let us mention that the
existence of the solitary waves for the coupled Maxwell-Dirac equations (without
external potential) was established in [].

We mention that convergence to a global attractor is well known for dissipative
systems, like Navier—Stokes equations. For such systems, the global attractor is
formed by the static, stationary states, and the convergence to the attractor only
holds for ¢t — +oc.

We would like to know whether dispersive Hamiltonian systems could, in the
same spirit, possess finite dimensional global attractors, and whether such attrac-
tors are formed by the solitary waves. Although there is no dissipation per se, we
expect that the attraction is caused by certain friction via the dispersion mech-
anism (local energy decay). Because of the difficulties posed by the system of
interacting Maxwell and Dirac (or Schrédinger) fields (and, in particular, absence
of the a priori estimates for such systems), we will work with simpler models which
share certain key properties of the coupled Maxwell-Dirac or Maxwell-Schrédinger
systems. Let us try to single out these key features:
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(1) The system is U(1)-invariant.

This invariance leads to the existence of solitary wave
solutions ¢, (z)e~ ",

(2) The linear part of the system has a dispersive character.

This property provides certain dissipative features in a Hamiltonian
system, due to local energy decay via the dispersion mechanism.

(3) The system is nonlinear.

The nonlinearity is needed for the convergence to a single state of the
form ¢, (r)e”™?. Bohr type transitions to pure eigenstates of the energy
operator are impossible in a linear system because of the superposition
principle.

We suggest that these are the very features responsible for the global attraction
to “quantum stationary states”.

Let us briefly list our results. In [2] we prove global attraction to solitary waves
for the Klein—Gordon field coupled to a nonlinear oscillator at one point. Under
the assumption that the potential energy of the oscillator depends polynomially
of its amplitude, the convergence to the attractor is proved in the local energy
norm, for an arbitrary initial data of finite energy. The main ingredient of the
proof is the Titchmarsh convolution theorem, which ensures that the spectrum of
the “omega-limit” trajectory consists of (at most) one point.

In [3], this result is extended to the Klein—-Gordon field coupled to finitely many
oscillators.

In [4], we prove the global attraction to solitary waves for the Klein-Gordon
field in the discrete time-space, coupled to a nonlinear oscillator at one point. The
peculiarity of this model is that the solitary manifold is formed by solutions with
one, two, and four frequencies, of the following form:

P(X)e T,
$1(X)e T 4 ¢y (X)e*i(erW)T,
P1(X)e™ T 4 o (X)e MWrmT 4 g (X)e™™'T 4 @y (X)e W HmT,

Above, (X,T) € Z¢ x Z and w € R mod 27 corresponds to the Fourier transform
of T € Z; the amplitudes ¢(X), ¢;(X), and ¢;(X) belong to [*(Z™).
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NLS ground states on the two-dimensional grid: dimensional crossover
and a continuum of critical exponents

SIMONE DOVETTA
(joint work with Riccardo Adami, Enrico Serra, Paolo Tilli)

We consider the nonlinear Schrédinger (NLS) energy functional
1 1

(1) E(u,G) == |u'|* dx — —/ |u|? dx
2 Ge bJg,

on the two-dimensional grid of edge-length ¢ > 0, G,.

We are interested in ground states of fixed mass p > 0. These are the absolute
minimizers of E with mass constraint

[ o= .
Ge

o+ |ulP e = wu on Gy,

and solve the NLS equation

with Kirchhoff boundary conditions at the vertices of Gy.

The purpose of this talk is to analyse whether ground states exist or not in both
the subcritical and the critical regime, i.e. when p € (2,6) and p = 6 respectively.

Such a problem has already been addressed on metric graphs with a finite
number of nodes and with at least one half-line ([I],[2] for the subcritical case,
[3] for the critical one), where the authors revealed how topological and metric
features of the domain may play a significant role. In shorts, for graphs like these,
it turned out that ground states on the real line (the so-called solitons) provide
a natural energy threshold, and possibility to beat it implies existence of global
minimizers.

Due to the absence of half-lines and to the periodicity of the grid we are dealing
with, however, it appears that solitons on the line play no longer such a crucial
role in our setting. Indeed, we derive a first existence criterion that ensures com-
pactness of minimizing sequences on Gy, provided that the infimum of the energy
functional () is strictly negative.

Theorem 1. If

—co< inf  E(u,Ge) <0
u€H} (Ge)

then the infimum is attained, i.e. there exists a function u € H;(ge) such that

E(u,Gr) = veli}}f(gi) E(v,Gp)

If, on the contrary, E(u,Ge) > 0 for every u € H;(gg), then
0

inf  E(u,Gy) =
ueHL(Ge) (v, Ge)

and it is never attained.
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The periodical structure of the grid deeply helps in gaining compactness, and
the natural threshold for the energy is enhanced to 0, and this highlight a first
significant difference with graphs sharing half-lines.

An even more important difference is rooted in dimension. Indeed, defining
what is the proper dimension of G, reveals to be not as easy as one may expect,
since two different scales coexist: a one-dimensional scale, proper of every edge
building up the graph, and a two-dimensional one, that enter the game when we
are looking at the grid from far beyond th edge-length scale.

Dimension of the space determines critical exponent for the NLS equation, i.e.
the exponent p. for which, as p increases, the infimum of the energy passes from
0 to a negative (possibly unbounded) value. It is well-known that

- for R and for graphs with half-lines and compact core: p. = 6;
- for R?: p. = 4.
Critical exponents are rooted in the so-called Gagliardo-Nirenberg inequalities,
that are cornerstones of investigations like the one we are performing.
On a general non-compact graphs, and thus on G, too, the following Gagliardo-
Nirenberg inequality always holds:
2+1 £
(2) HuHil’(]R) < K1Hu|\22(R)Hu'||22(R)
for every p € [2,00) and every u € H'(R). Here K; denotes the optimal constant
in the inequality.
Moreover, on R2, a similar inequality holds:

-2
3) el gy < KollulBaaey [ Vul2e,

for every p € [2,00) and u € H*(R?).

Since these inequalities provide lower bounds for the energy functional, plugging
them into () shows why p = 6 and p = 4 are the critical exponents in the one-
dimensional and the two-dimensional problem respectively (it is easy to see that
coercivity of (I)) fails in both cases).

On Gy, we prove that both ([2) and (B]) hold, and by interpolation, that an entire
new family of such inequalities arises. In particular, the following interpolated
version

(4) a7 g,y < Epllull a1 122,

holds for every 4 < p < 6.

Inequality (@) reveals the existence of a critical behaviour on Gy for a continuum
of exponents, i.e. exponents varying between 4 and 6. In some sense, the grid
performs a crossover between the purely one-dimensional and two-dimensional
cases, and existence of ground states reflects this feature. Indeed, if for p € (2,4),
ground states exist for every value of the mass > 0, as it happens on the plane R?,
critical masses appear at every p € [4, 6] (depending on the exponent), and global
minimizers exist only for masses greater than these thresholds. The following
theorems thus summarize our main results.
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Theorem 2 (Subcritical case). Let the functional E(-,Gp) be defined as in () and
2 < p < 4. Then, for every i > 0, there exists a ground state at mass p.

Theorem 3 (Dimensional Crossover). Let the functional E(-,Ge) be defined as in
@ and 4 < p < 6. Then, for every p there exists a threshold value p, > 0 such
that

(i) if p = 4 then ground states exist if ;1 > g and do not exist if pu < pq.
(ii) if 4 < p < 6 then ground states exist if and only if p1 > pp
(iii) if p = 6 then ground states never exist, regardless of the value of p.
Furthermore,

0 if 1 < e
—o0 if > e

(5) inf  F(u,G) = {

weH (G,)

We note that the case whit p = 4 and p = p4 remains uncovered, and existence
or non-existence of ground states will be object of further investigations.
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Unusual spectra of periodic graphs
PAVEL EXNER
(joint work with Stepan Manko, Daniel Vasata, and Ondfej Turek)

It is a standard part of the quantum lore that spectrum of periodic system has a
number of familiar properties:

e it is absolutely continuous
e it has a band-and-gap structure
e in the one-dimensional case the number of open gaps is infinite except for
a particular class of potentials
e on the contrary, in higher dimensions the Bethe-Sommerfeld conjecture,
nowadays verified for a wide class of interactions, says that the number of
open gaps is finite
The aim of the talk is to show that if the system in question is a quantum graph,
nothing of that needs to be true. To demonstrate this, we discuss two simple
example, a loop chain exposed to a magnetic field and a rectangular lattice.
The former one was discussed in [I 2]. We consider an infinite array T' of
identical loops of circumference 27 on which we have the magnetic Laplacian,
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Y; 7D21/)j with D := —iV — A and a d-coupling at the vertices connecting the
rings, i.e. with the domain consisting of functions from HZ (I') satisfying

¥i(0) = ;(0) = 1(0), 4,j€n, ZDwi(O) =y9(0),

where n = {1,2,...,n} is the index set numbering the edges and v € R is the cou-

pling constant. If the array has a mirror symmetry, the system exhibits Dirichlet

eigenvalues with eigenfunctions vanishing at the vertices. If the field is homo-
geneous, the latter are interlaced with absolutely continuous bands, however, if

A— % € 7, where A is the tangent component of the vector potential, those shrink

to points and the spectrum consists of infinitely degenerate eigenvalues only.

It is also expected that local perturbations give rise to discrete eigenvalues in the
spectral gaps. We analyze several examples using the well-known duality technique
which allows us to rephrase the spectral problem as a difference equation. We show,
in particular, that no such eigenvalues need to appear; this happens, for instance,
when the magnetic field is changed on a single ring, A = {..., A, A1, A...}, and
the inequality | cos Ay7| < |cos An| is satisfied [2].

If the perturbation is nonlocal the spectral behavior may be very different. We
focus on the example where it changes linearly along the chain, A; = «aj + 0
for some «,0 € R and every j € Z. Using deep results of Jitomirskaya, Avila
and Krikorian about the almost Mathieu equation we prove that the spectrum of
o(—A, 4) has the following properties [3]:

(a) If @,0 € Z and v = 0, then o(—Ay 4) = Tac(—Ay,4) Uopp(—A, 4) where
Oac(—Ay,4) = [0,00) and opp(—A, 4) = {n?|n € N}

(b) If & = p/q with p and q relatively prime, «j + 6 + % ¢Zforallj=0,...,q—1
and assumptions of (a) do not hold, then —A, 4 has infinitely degenerate
eigenvalues at the points of {n?|n € N} and an ac part of the spectrum in
each interval (—oo, 1) and (n2, (n+ 1)2), n € N, consisting of ¢ closed intervals
possibly touching at the endpoints.

(¢) If @« = p/q, where p and g are relatively prime, and «j + 6 + % € Z for some
j=0,...,q—1, then the spectrum —A, 4 is of pure point type and such that
in each interval (—oco, 1) and (n?, (n+1)?), n € N, there are exactly ¢ distinct
eigenvalues and the remaining eigenvalues form the set {n*/n € N}. All the
eigenvalues are infinitely degenerate.

(d) Finally, if o ¢ Q, then o(—A, 4) does not depend on 0 and it is a disjoint
union of the isolated-point family {n?|n € N} and Cantor sets, one inside
each interval (—oo,1) and (n?, (n + 1)?), n € N. Moreover, overall Lebesgue
measure of o(—Ay 4) is zero.

Moreover, using a fresh result of Last and Shamis we can also show that there
exists a dense G set of the slopes a for which, and all 6, the Haussdorff dimension
of the spectrum vanishes, dimg o(—A, 4) = 0.

The graphs in this example had ‘many’ gaps indeed. Next we ask whether
periodic graphs can have ‘just a few’ gaps. In their book, Berkolaiko and Kuchment
recall the reasoning behind the Bethe-Sommerfeld conjecture and say that the
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situation with graphs is similar, however, they add immediately that this is not a
strict law recalling resonant gaps created by a graph ‘decoration’. One may ask
whether it is a ‘law’ at all, that is, whether infinite periodic graphs with a finite
nonzero number of open gaps exist. From obvious reasons we would call them
Bethe-Sommerfeld graphs. The answer depends on the vertex coupling; it is not
difficult to show that such a situation is excluded, if the coupling is scale invariant
or it belongs to a wider class associated with a scale invariant coupling [4] [5].

On the other hand, we are going to show that Bethe-Sommerfeld graphs do
exist. To this aim we analyze the example of an infinite rectangular lattice of the
call sides a,b and a ¢ coupling with the parameter v at the vertices. It is known
that a number k2 > 0 belongs to a gap if and only if k£ > 0 satisfies

tan (B TR L (T B 0 s 0

e AT = M\ 2 T2 |7 ok O
ka ka kb 7w | kb || _

C0t<?§\‘ﬂ.J>+COt<?§\‘?J)<ﬂ fOI"}/<0,

we neglect the Kirchhoff case, v = 0, where the spectrum is [0, c0).

The spectrum depends on the ratio 6§ = ¢. If 6 is rational, o(H) has infinitely
many gaps unless v = 0, the same is true if 8 is is an irrational well approzimable by
rationals, which means equivalently that in the continuous fraction representation
0 = [ag; a1, az,...] the sequence {a;} is unbounded. On the other hand, 6 € R is
badly approximable if there is a ¢ > 0 such that

N
q

for all p, g € Z with ¢ # 0. We analyze in detail the case of the golden mean lattice,

and

0 = @ = [1;1,1,...], which can be regarded as corresponding to the ‘worst’
irrational, and prove that [4] [5]:

(i) If v > \”[—5: or v < —\”[—52, there are infinitely many spectral gaps.

(ii) If
2 _ 2
_ tan 3 \/57'(' <~< T ,
a 4 \/E_)a

there are no gaps in the positive spectrum.

(iii) If
2 2 3—-5
_ﬁ << ——t ( 4 7T> 5

there is a nonzero and finite number of gaps in the positive spectrum.

Furthermore, we present a finer classification of the case (iii) indicating the in-
tervals of v at which the spectrum has exactly N gaps. We also show examples
of ratios 0 for which a lattice can belong to the Bethe-Sommerfeld class for both
signs of the coupling constant ~.
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Stationary states for NLS on a graph
DomMmENICO FINCO
(joint work with Riccardo Adami, Claudio Cacciapuoti, Diego Noja)

Very interesting bifurcation phenomena appears when looking for stationary states
of NLS on graphs. Here we consider the case of focusing power nonlinearities for
sake of simplicity and we consider two graphs where one can gives explicit formulas:
a star graph and a tadpole. We report some results from [11 2] [3].

A star graph G is a graph with one vertex v and N infinite edges e;. We place a
d-interaction of strength o < 0 in the vertex. A function ¥ : G — C is a collection
of functions 1; : e; — C. Stationary solutions of the NLS

(1) i%\P:H\Pf VIER2

have the from ¥(t) = e~“!® and @ satisfies the following equation.
(2) HO, — |®,*®, =wd, ®cDH), w<O0,
The domain of the operator H is defined in the following way:

D(H) := {\11 € H? s.t. 1(0) = ... =, (0) Zw;(O) = awl(o)} .

The action of H is defined by (H¥); = —/ Notice that o,(H) = {—a?/N?}
and o.(H) = [0,00). A stationary state must coincide on each edge, up to phase
multiplication and translations, with ¢ where ¢ is given by :

L 1
¢(x) = [(1 + 1)|w[]>* sech (ur/|w|x)
Matching the free parameters in order satisfy the boundary conditions in D(H),
we obtain that there are up to[(N — 1)/2] + 1 stationary solutions ®J, with
=0, ,[2L], given, up to permutations of the edges, by:

i 2 — (b(x—aj) 1=1,...,7
(q’w)i(){¢($+aj) i=j+1,...,N
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1 «
= arc anh _— .
N <<2j - N>\/|w|>

Due to bell shape of ¢ we say that in a edge there is a bump if the stationary
state reads ¢(z — a;) while on the contrary we say there is a tail. For N = 3 there
just two stationary states (up to edge permutations), the three tail state and the
one bump state, see the picture. Notice that the index j counts the number of
bumps. The stationary state <I)f;, exists for w < wi = *ﬁ and for w — wi we

have a; — oo. In this limit we notice that ®° vanishes and all its LP(G) norms go
to zero while ®/, for j > 1 escapes at infinity all its LP(G) norms stay away from
zero. For w — —oo we have a; — 0 and all the stationary state converge to the
unique stationary states of the Kirchhoff case.

We summarize the situation with the following power diagram (here 1 < p < 2).

2

~

012 a? 2 w
_ _ «
(N—12 ~(N-22 ~NZ

From the point of view of bifurcation theory, the branch of ®° corresponds to a
bifurcation from the simple eigenvalue of H. The bifurcation mechanism of the
higher branches is different and not yet well understood and it does not fit into a
general perturbative scheme at the bifurcation point. A tadpole G is graph with a
closed loop and one infinite edge. We use as coordinates on the graph: = € [—-L, L],
y € [0, 00) while functions on the graph will be written in the following way:

U = (u,n) with w:[-L,L] = C; n:[0,00) = C

The operator H is the Laplacian with Kirchhoff b.c., HU = (—u”, —n’").

D(H) = {w € H? : u(L) = u(~L) = 5(0); ~u'(L) +u/(~L) +1/(0) = 0}

The Spectrum of H is o(H) = 0css(H) = [0,00), moreover we have embedded
eigenvalues: {\,} = {(%F)?,n €} with corresponding (normalized) eigenfunctions
given by: Y,, = L~'/2(sin(nmz/L),0). Notice also that H has a zero energy reso-
nance, T,es = (1,1).



Nonlinear Partial Differential Equations on Graphs 1827

We limit the analysis to the cubic case p = 1. The situation is more complicate
compared to a star graph since besides ¢ there two type of oscillating solutions,
Uen, and ugn, which can be placed on the compact part of the graph and we have
many different ways to match Kirchhoff boundary conditions.

Uen (T3 k) =1/ 12:"2’3:2 cn (1 /ﬁx;k) , weR
ugn(z;8) = %dn (\/ QWNQx;ﬁ) , w<0

For w > 0 we have to take n = 0. The match with wu., fixes the period to be a
integer multiple of 2L; the condition on the period has infinite solutions &, (w).

D, 0 (2,y) = (Uen(x —nL/2,k,),0) n=1,2,...

Stationary solutions ®,, ,, exist for w € R. For w < 0 we can match tue, (- — a, ky,)
with ¢ if we choose the right translation. This is possible in two different ways
and for each n we obtain two states @fyn.

If we try to match ugy, and ¢ we find two families {E,,0,} and {E, 1,,} with

Ew,O,n(xa y) = (udn($§ HO,n)a ¢(y - bO,n)) w<0

The two parameters ko, and by, are determined by the equations:

3 cn? Lyl T K 1—cn? 7L [l T K =1
1 — K2 V2 — K2’ V2 — K2 7
cosh_2(\/ |wlbo,n) = ug, (L; kon)/ (2lw])

There is a finite number of solutions for any L/|w| and exactly one solution Z, ¢ 1
for L/|w| small. Further solutions appear in couples as Ly/|w| increases and the
number of solutions diverges as L+/|w| — 0o. The second family is defined by:

Ew,l,n(xa y) (Udn(iﬂ - Tdn("ﬁl,n)/Q; Hl,n)’ ¢(y - blv"))

4.2 [ Lyl 2 [ Ly/lwl
3k cn < 2;12’“) <lcn <m,n>) )
dn? (\L/%;m)

cosh™ wlbin) = U3y (L=Tan(K1,n)/251,n)
h™?(y/|wlb,n)

2|w]

There is a finite number of solutions of any L/|w| and no solutions for L+/|w]
small. After Z,, 1 , further solutions appear in couples as Ly/|w]| increases and the
number of solutions diverges as L+/|w| — .

We summarize the behavior of stationary states of a tadpole in the following
diagram.
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[l

The branches &, , bifurcate from the
vanishing state in correspondence of the
embedded eigenvalues of the linear since
Dy, —em = cVEY, + O(3/2),

The branch =, bifurcates from the
vanishing state in correspondence of the
zero energy resonance at the threshold
of the continuum spectrum of the linear
Hamiltonian since =, 9,1 = /2|w|(1,1) +
O(|w|?/?). At the secondary bifurcations
where (I)il are born, the linearized op-

= P w erator has a zero energy resonance. The
formation mechanism of higher dn-states
bears some resemblance to the case of ex-
cited states of the star graph.
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Schrédinger equation with point nonlinearity
REIKA FUKUIZUMI

(joint work with Riccardo Adami, Justin Holmer)

In this talk we consider the following nonlinear Schrédinger equation with point

nonlinearity in 1d:

(1) 100 + 0% + K(x)|[9[P~1p =0, teR, xR

where p > 1, and K = §, § is the Dirac mass at x = 0. The singularity in the
nonlinearity is interpreted as the linear Schrodinger equation:

104 + 024p = 0,

teR, x#0

together with the jump condition at x =0

¢(0at) = ¢(0—a t) = ¢(0+at)
0up (0, 1) — et (0—, 1) = —[1(0, )P (0, 1).

Remark that the equation (Il appears as a limiting case of nonlinear Schrédinger
equation with a concentrated nonlinearity (see [2]).
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This equation () obeys the scaling law, i.e. if ¢(x, t) solves (), then ¥y (z,t) =

AY(P=Dp(Az, A%t) solves (@). Thus the regularity of the scale invariant Sobolev

norm H7¢ satisfying [|¢|| go. = ¥l oo i8 0c = £ — p_il' We can therefore observe

that the nonlinear power p = 3 (cubic) is the L? critical setting for o, = 0, and
3 < p < oo is the L? super critical setting for 0 < . < %. We remark that in

2
contrast, p = 5 is the L? critical case for 1D standard NLS (i.e. the case K =1 in

@m)-

An H! local well-posedness theory is available in [I] (see also [3]). More pre-
cisely,

Proposition. Let 1y € H!, there exists T = T(||1o]/z:) > 0 and a unique
solution ¥ (z,t) to ([ satisfying ¢(0) = 1o and ¢ € C([0,7]; HX(R)) N C(z €
3/4 1/4
R;H[O{T]) and 0,9 € C(x € R\ {0};H[O/,T])'

From this proposition, it follows that if the maximal forward time 7% > 0 of
existence is finite (i.e. T* < 00), then necessarily

I 2 = +o0.
Jim [19x (1) 2 = +o0

We say this that the solution (t) blows up at time ¢t = 7™ > 0.
The conservation law for (Il takes the form

M(y) = ¢l
1 1
E@W) = Sl0:9ll%: - m|¢(0,~)|”“.

In the Duhamel form of ()

¢
P(x,t) = eitail/io—i—i/ ei(t_s)aﬂ%é(m)W(a),s)|p_1w($,s)ds
0

2
—4(t B

—_ eit85¢0+ W) 0 S |p 11/}(0 S)
S

o VA5

if we specialize to the value z = 0, we obtain an equation for (0, -):

[4(0, 5)[P~ (0, 5)ds.

ztam
@) $(0,8) = ey (0 /W

Namely the point is that the equation to t(x,t) is completely solved once the
one-variable complex function (0, -) is known.

The solitary waves are the solutions to (1)) of the form
P(x,t) = o).
Here, g satisfies the stationary equation

0= o — 020 — dlwol" o
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It is straightforward that the unique solution is @o(z) = 2Y/®=Ve~l#l and the
rescalings of this solution are the only solitary waves for ().

The authors in [3] established L? supercritical global existence, and blow-up
dichotomy as follows.

Proposition. Suppose that 1 (t) is an H' solution to () for p > 3 satisfying

l—oc 1—

M) we E() < M(‘PO)TZCE((PO)-

Let o~
90125 102(t)] L2
n(t) = —5—; :
lloll 2% [|0xpoll L2
Then

e If (0) < 1, then the solution (t) is global in both time directions and
n(t) <1 for all t € R.

e If (0) > 1, then the solution ¢ (t) blows up in the negative time direction
at some T_ < 0, blows-up in the positive time direction at some 7} > 0,
and n(t) > 1 forall t € (T_,T4).

As far as we know the problem of scattering for () has not yet been studied.
In the case of global existence for standard NLS (i.e. K = 1), the question of
scattering has been addressed by, among many others, [4, 5] [6].

We address in this talk a L? supercritical scattering result in H! to ().

Theorem. Let p > 3. Let 99 € H' and let v(t) be a H' solution to () with
¥(0) = 1y satistying

M(4) 7" E($) < M(p0) = E(w)
and 1(0) < 1. Then, there exist 1,1~ € H* such that

: —itd? _ ok _
Jim (e %y (t) = 4 i =0,

Remark that the defocusing case is similarly proved (without mass-energy condi-
tion). To show this theorem we use the Kenig-Merle method [5] which is these
days becoming standard, but it is required to use an appropriate function space
according to the smoothing properties of the integral equation (2I).
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Dispersive properties for the linear Schrodinger equation on
star-graphs. Application to NLS

ANDREEA GRECU

We consider the linear Schrédinger equation:

(1)

iug(t, ) + Agu(t,z) =0, t#0, xz€G
(0, z) = up(z), reg

where G is a metric graph given by a finite number n € N* of infinite length edges
attached to a common vertex (so-called star-graph), having each edge identified
with the positive real axis; u; represents the time derivative of u, and the Laplace
operator A, =: A(A, B) with domain

D(A(A,B)) = {u € H*(G) : Au+ Bu' =0},

acts as the second derivative along the edges. The n x n real matrices A and B
which express the coupling conditions at the vertex are assumed to satisfy:
(H1) The horizontally concatenated matrix (A4, B) has maximal rank;
(H2) ABT is self-adjoint;
ensuring the self-adjointness of the corresponding laplacian (according to [2], 3]).

For ¢ € [2, 00, % + % = 1, we obtain LP(G) — L%(G) dispersive and space-time
Strichartz estimates for the solution of (1), and well-posedness for the nonlinear
Schrédinger equation (NLS) for a class of power nonlinearities.

The proof of the dispersive properties is based on an explicit form of the solution
obtained via spectral theory, which is further estimated using classical results for
oscillatory integrals. We point out that the explicit form of the resolvent’s integral
kernel (given in [2]) and its properties (delivered in [3]) are of great use. Once the
dispersive properties are obtained, the Strichartz estimates follow by the result of
Keel and Tao in [4]. We make use of these estimates to prove well-posedness of
the NLS

iug(t, ) + Agu(t,z) + MulP~lu =0, t#0, z€g
u(0,2) = o (2), reG

where p € (1,5), A € R. The latter is based on a fixed point argument and follows
in the spirit of [I].



1832 Oberwolfach Report 29/2017

REFERENCES

[1] T. Cazenave, Semilinear Schriodinger Equations, American Mathematical Society, Vol. 10,
(2003)

[2] V. Kostrykin, R. Schrader, Laplacians on metric graphs: Figenvalues, resolvents and semi-
groups, Quantum Graphs and Their Applications, Vol. 415, (2006).

[3] V. Kostrykin, R. Schrader, The inverse scattering problem for metric graphs and the trav-
eling salesman problem, e-print arXiv:math-ph/0603010, (2006).

[4] M. Keel, T. Tao, Endpoint Strichartz Estimates, American Journal of Mathematics, Vol.
120, p. 955-980, (1998).

Kuramoto-Sivashinsky equation on star-shaped trees. A controllability
result

Liviu IGNAT
(joint work with C.M. Cazacu and A.F. Pazoto)

In this talk we present some controllability properties for the linear Kuramoto-
Sivashinsky equation on a network with two types of boundary conditions. More
precisely, the equation is considered on a star-shaped tree with Dirichlet and Neu-
mann boundary conditions. By using the moment theory we can derive null-
controllability properties with boundary controls acting on the external vertices of
the tree. In particular, the controllability holds if the anti-diffusion parameter of
the involved equation does not belong to a critical countable set of real numbers.
We point out that the critical set for which the null-controllability fails differs from
the first model to the second one.

Our main goal is to study boundary null-controllability properties for the Kura-
moto-Sivashinsky (KS) equation

on a star-shaped tree denoted I'. More precisely, I is a simplified topological graph
with NV > 2 edges of the same given length L > 0 and N + 1 vertices. Besides, all
edges intersect at a unique endpoint which is the interior vertex of the graph. The
mathematical formulation of the control problems that we address on I' stands
for a system of N-KS equations on the interval (0, L) coupled through the left
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endpoint z = 0 as follows

Y+ Mgy + Yspwe =0, (t,2) € (0,T) x (0, L)
yi(t,0) = 9 (t,0), te(0,T), i,j€{1,...,N}
Soay E(£,0) =0, te(0,7)

yi (t,0) =yl _(t,0), te(0,7), i,j€{l,...,N}
Yy vk, (£,0) =0,  te(0,T)

yk(o,x) = yé“(x), T < (OaL)-

For system () we study two types of boundary control conditions:

y*(t,L) =0,
@ :
yk(t, L) =uk(t), ke{l,...,N},
respectively
yu(t, L) = a* (1),
(I1) :

yk (¢, L) =b*(), ke{l,...,N}.
The main problem we analyse here is on the following null-controllability issue:
Given any finite time T > 0 and any initial state yo = (y§)k=1.n, can we
find proper control inputs in (I) or (II) (u = (u¥)r=1.n and a = (a*)g=1 N, b =
(b¥)k=1.n, respectively) to lead the solution of system () to the zero state, i.e.,

(3) y*(T,z) =0, foranyzec (0,L), ke{l,...,N}?

Our main results are as given in the following theorems. For simplicity we will
not make explicit the exceptional sets Nyqa, Neven, Nmizt- The interested reader
can consult [I].

Theorem 1 (Null-controllability for model @)-(I)). Let T > 0 be fized. For any
A & Neven U Nopaa and any initial state yo = (y&)k=1.ny € L*(T) there exists a
control u = (u¥)p=1, y € HY(T) having at most N — 1 non-identically vanishing
components such that the solution of system ([2)-(I) satisfies

(4) y*(T,2) =0, for anyxz € (0,L), ke{l,...,N}.

Theorem 2 (Null-controllability for model [@)-(II)). Let T > 0 be fized. For
any A & Neven U Npnize and any initial state yo = (y&)k=1.n € L*(T) there exist
the controls a = (a*)g=1,n,b = (V*)r=1,y € H*(T) having at most 2N — 1 non-
identically vanishing components such that the solution of system @)-(II) satisfies

(5) y*(T,2) =0, for anyxz € (0,L), ke{l,...,N}.
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Estimates for Laplacians and Schrédinger operators on the lattice
EVGENY KOROTYAEV
We consider Schrodinger operators with complex decaying potentials on the lattice.
We determine trace formulae and estimate of eigenvalues and singular measure in
terms of potentials.

We consider Schrodinger operators H = A + V on the lattice Z%, d > 3, where
A is the discrete Laplacian on £%(Z?) given by

1
(Af)m) =3 | Zl_lfm, n=(n){ €2,
where f = (fn)peze € £2(Z%). We assume that the potential V satisfies
if d=3
if d>4

1<p<
1<p<

(1) (Vf)(n) = Vo fn, Ve Ep(Zd)a {

Wk Uoy

Here £P(Z%),p > 0 is the space of sequences f = (fn)neze such that ||f|l, < oo,
where

SUPpeza [ fol, D= 00,
1£llp = 1l = { .
(Xneza [Fnl?)” p € [1,00).

It is well-known that the spectrum of the Laplacian A is absolutely continuous and
0(A) = 04c(A) = [—d,d] and the essential spectrum of H is given by oess(H) =
[—d,d]. The operator H has N < oo eigenvalues {\,,n = 1,..., N} outside the
interval [—d, d]. Introduce the operator-valued function Yy(\) by

Yo(A) = [V]2(A = N)7HV|zei™eY, A e C\ [-d,d.

Let B; and Bs be the trace and the Hilbert-Schmidt classes equipped with the
norm || - ||z, and | - ||, correspondingly. In order to study Schrédinger operators
with complex potentials we need the following results from [6].

Theorem 1. Let u,v € (4(Z%),q > 2. Then for all t € R\ [~1,1], we have

itA KR
(2) [ue™ o]l < Co® [t 734 [|ullgl[v]lg,
where the constant C, < %. If V satisfy {d), then the function Yy : C\[—d, d] — Bs
is analytic and Holder continuous up to the boundary and satisfies

3) YoMz, < CullV I

for some constant C depending from p,d only. If in addition V is real, then the
wave operators

(4) Wi =s—limetHe A as t — +oo
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exist and are complete, i.e., H,.(H) = Ran W.

We define the disc D, = {z € C : |z| < r},r > 0. Define the new spectral
variable z € D by

1
AzA(z)zg(er;) € A=C\[~-d,d], zeD:=Dy.

Here A(z) is a conformal mapping from D onto the spectral domain A such that
e The function A(z) maps the point z =0 to the point A = co.
e The inverse mapping z(-) : A — D is given by 2 = S(A = VA2 —d?), A€A

defined by asymptotics z = % + O)\(;) as |\| = oo.

Define the Hardy space Hoo = Hoo(D). Let F be analytic in D. We say F
belongs the Hardy space H if F' satisfies ||F||sc., = sup,ep |[F(2)] < oo.

We define the regularized determinant D(A) in the cut domain A and the mod-
ified determinant D in the disc D by

(5) D) =det[(I+Yo(\)e ™M],  XeA, D(z)=D((2)), zeD.

The function D is analytic in A and the function D is analytic in the disc D. It
has N < oo zeros (counted with multiplicity) z1, 22, ... in the disc D. Note that
Aj = A(z;) is an eigenvalue of H (counted with multiplicity).

In this paper we combine classical results about Hardy spaces and the free resol-
vent estimates from [6]. This gives us new trace formulae for discrete Scrodinger
operators H = A + V on the lattice Z?, where the potential V is complex and
satisfies the condition (). We improve results from [5], where potentials are con-
sidered under the weaker condition |V|3 € ¢1(Z%).

Introduce another conformal mapping » : A — C\ [id, —id] by x = VA2 —d?, X €

A, where the branch is defined by » = A — % + OA(gl) as [A| = oc.

Theorem 2. Let a potential V' satisfy {{l). Then the modified determinant D is
analytic in the disc D and is Holder up to the boundary and satisfies

2 2
© HD”}C(X,(]D)) < ec*”V”p/Q’

where the constant Cy is from (3). It has N < oo zeros {zj}j-vzl in the disc D,
such that

(7) 0 <ro=inf |z =|a1] < [2a| < ... <z5] < zja] < zjge| <o
Moreover, (z) = log D(z) is analytic in D,, and has the Taylor series
(8) V() = —thoz? —32® —Puzt + ..., as |z <o,
where Py = CTY V2, 3= CTrV3, .. and a = 2.

For the function D we define the Blaschke product B(z) vazl z_;l ((fj = ZZ)) ,z€D
if N>1and B=1if N =0. It is well known that the Blaschke product B(z),
z € D converges absolutely for {|z| < 1} and satisfies B € Hoo with || B¢, < 1,

since D € Ho,. The Blaschke product B has the Taylor series at z = 0:
logB(z) = By — Biz — Bez® — ... as  z—0,
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where By =log B(0) <0, By =Y, (i] fzj), By=1yN, (l fzﬁ),...
We describe the canonical representation of D(z),z € D.

Corollary 3. Let a potential V satisfy (l). Then there exists a singular measure
v >0 on [—m,7], such that D(z) = B(2)e™ 5K ) for all |2| < 1, where

1 ™ it 1 ™ it )
Koo =g [ Sdvt), Ke)=g- [ S log Deeja,

2 et — z 2 et — z

where log |D(e)| € LY(—n,7) and suppv C {t € [-m, 7] : D(e®*) = 0}.

—r —m

Theorem 4. Let V satisfy () and let T = R/(27Z). Then

v(T) 1 it
— By=— [ log|D(e’ >
g 27T/T og [D(e)|dt > 0,
N N
. d [ _, i1
2 (Re () +iIm);) = 7 /Ee du(t) = 5]2:1 (Z - zj),
C? 2 v(T)
> (1—lz]) < =B < - VI ==

N
|3 (Resg +itmg) | < dc? V2,
j=1

There are a lot of papers about eigenvalues of Schrédinger operators in R? with
complex-valued potentials decaying at infinity, see [2] [7] and references therein.

Schrédinger operators with decreasing potentials on the lattice Z¢,d > 1 have
been considered by Boutet de Monvel-Sahbani [I], Isozaki-Korotyaev [3], Isozaki-
Morioka [4], Korotyaev-Moller [6], Shaban-Vainberg [8] and see references therein.
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Ground state on the dumbbell graph
JEREMY L. MARZUOLA
(joint work with Dmitry Pelinovsky)

In [I], we consider a cubic nonlinear Schr odinger equation on a dumbbell graph
consisting of two rings attached to a central line segment under the normal Kirch-
hoff boundary conditions. At small mass, we construct the branches bifurcating
off of the linear spectrum of the graph using Lyapunov-Schmidt expansions. In
particular, we are able to observe symmetry breaking bifurcations into odd and
even solutions off of a constrant branch. At large mass, we construct bound states
that live both in the ring and in the central link by modifying the bound state
that occurs on the real line in an appropriate manner. The method of construc-
tion at large mass uses careful analysis of Jacobi elliptic functions and should have
implications for other solutions on graphs, and should be able to be modified to
other nonlinearities as well through more general special function analysis.

To clarify things, let the central line segment be placed on Iy := [—L, L], whereas
the end rings are placed on I_ := [-L — 2w, —L] and I, := [L,L 4 2n]. The
Laplacian operator is defined piecewise by

u’ (z), x €1, u_(z), x €1l_,
AV = | ujf(x), €y, |, actingon V= | wu(x), z€ly |,
ul(x), v ely, ug(x), ¢ €l

subject to the Kirchhoff boundary conditions at the two junctions:

u_(—L —2m) =u_(—L) =up(—L),
(1) { u'_E—L) —u’z(—L —( 271')): u{)((—L),

Ut (L + 27) = uy (L) = up(L),
(2) { u'y (L) — !y (L +27) = uh(L).

The Laplacian operator A is equipped with the domain D(A) given by a subspace
of H?(I_- U Iy UI,) closed with the boundary conditions () and (2]).
The cubic NLS equation on the dumbbell graph is given by

(3) i%W:AW+ﬂMNL U € D(A),

where the nonlinear term |¥|?W¥ is also defined piecewise on I_ U Iy U Iy. The
energy of the cubic NLS equation (B)) is given by

(4) E(W) = / (o - de

and it is conserved in the time evolution of the NLS equation (B). The energy is
defined in the energy space £(A) given by

)= {wemunury: LIS CH S



1838 Oberwolfach Report 29/2017

Ground states can be defined as solutions of the constrained minimization prob-
lem

() Eo=mf{E(W): Ve&(A), Q) =Qo}

Standing waves of the focusing NLS equation (B]) are given by the solutions of
the form U(t,x) = e"A*®(x), where A and ® € D(A) are considered to be real.
This pair satisfies the stationary NLS equation

(6) —AD 20’0 =AP AcR, dcDA).

The stationary NLS equation (@) is the Euler-Lagrange equation of the energy
functional Hy := F — AQ, where the charge

(7) Q) = / o quPds

is another conserved quantity in the time evolution of the NLS equation (B]).
The two main theorems can be stated as follows.

Theorem 1. There exist Qf and Q§* ordered as 0 < Qf < Q" < oo such that the
ground state of the constrained minimization problem ([3) for Qo € (0,Qf) is given
(up to an arbitrary rotation of phase) by the constant solution of the stationary

NLS equation (0):
(8) () =p, A=-2p", Qo=2(L+2m)p>.

The constant solution undertakes the symmetry breaking bifurcation at Qf and the
symmetry preserving bifurcation at Qg*, which result in the appearance of new
positive non-constant solutions. The asymmetric standing wave is a ground state
of @) for Q@ Z Qf but the symmetric standing wave is not a ground state of (3)

for @2 Q"

Theorem 2. In the limit of large negative A, there exist two standing wave solu-
tions of the stationary NLS equation (@). One solution is a positive asymmetric
wave localized in the ring:

(9)  ®(2) = [A]"*sech(JA]'*(x — L —m) + (x), Qo =2|A"* + Qo,

and the other solution is a positive symmetric wave localized in the central line
segment:

(10) () = |A]"*sech(|A]22) + B(2), Qo= 2/A['"* + Qo

where ||<i>||H2(Lu10uI+) — 0 and |Qo| = 0 as A — —oo in both cases. The positive
symmetric wave satisfying (I0) is a ground state of the constrained minimization
problem ([3) for Qo sufficiently large.

The paper also includes careful numerical verification of these theorems using
a Petviashvilli type iteration argument as well as Newton solvers on graphs.
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Dynamics of relativistic solitons in networks: Metric graph based
approach

DAVRON MATRASULOV
(joint work with K.Sabirov, D. Babajanov and P.Kevrekidis)

In this research we study dynamics of Dirac solitons in networks. The dynamics of
such solitons are modeled in terms of nonlinear Dirac equations on metric graphs.
Explicit soliton solutions of the problem are derived. Conditions(constraints) for
integrability are obtained.

It is shown that under such constraints transmission of relativistic solitons
through the network branching points (vertices) are reflectionless. Such a feature
can be useful from the viewpoint of ballistic transport in branched structures. ...

Nonlinear evolution equations on networks have attracted much attention re-
cently [11 2 B, (4] [5 [6 [7, [8 @, M0]. Such interest is caused by a broad variety
of potential applications of the nonlinear wave dynamics and soliton transport in
networks, such as Bose-Einstein condensates (BECs) in branched traps, Josephson
junction networks, DNA double helix, polymer chains, etc.

Despite the rapidly growing interest in wave dynamics on networks, most of the
studies are mainly focused on nonrelativistic wave equations such as the nonlinear
Schrodinger equation [T, 2, Bl 4 [B, 6] [7, [10]. Nevertheless, there is a number
of works on the sine-Gordon equation in branched systems [8, O [1T]. However,
relativistic wave equations such as the nonlinear Klein-Gordon and Dirac equations
are important in field theory and condensed matter physics and hence exploring
them on metric graphs is of interest in its own right. we address the problem of
In this work we address the sine-Gordon equation and nonlinear Dirac equation
on simple metric graphs by focusing on conservation laws and soliton transmission
at the graph vertices. Our prototypical example will be the Y-junction. Such
problem can be effective model for describing BEC dynamics graphene nanoribbon
Y-junctions.

For a metric star graph consisting of three semi-infinite bonds , the nonlinear
Dirac equation for each bond can be written as L; where j parametrizes the bond
and L for each is of the form [12]

(1) (iv"0, —m) U + ¢° (TW) ¥ =0,

where

(2) U(z,t) = ( igg ) ;U =uly0,
0
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Complete formulation of the problem requires imposing f vertex boundary con-
ditions which can be obtained from fundamental conservation laws. Here we use
conservations of energy and current. The current conservation, J=0 yields the
following vertex boundary condition:

3) Re [1x1]l,—0 = Re[¢2x3]l,—0 + Re [3x3]l,—o -
Here we used the asymptotic conditions
4) ¥, »0atx — —ooand ¥p 3 — 0 at x — oo.

The energy conservation, E=0 gives rise to
Im [¢10: X7 + X10:87]] ,—
= Im [¢201x5 + x20:95][,—o + Im [#30ex5 + x30: 93], g -
(5)
Representing soliton solution of NLDE on a metric star graph in the form
i Aj(x)
. — wt J

Then, from Egs. (@) and (6) we have

dA;
(7) —d; + (m+w)B;j — g (A7 — B})B; = 0,
dB;
(8) d—xj +(m —w)A; — g7 (A7 — B})A; =0.

The vertex boundary conditions for the functions A; and B; can be written as

a1 A1 |g=0 = a2As|g=0 + a3As|z=0,

1 1 1
9) — Bi|z=0 = — B2|z=0 = — B3|z=0.
a1 (65) Q3

A static solution of the system (@), () obeying the asymptotic conditions (@)
can be written as [12]

 [(m+w) cosh?(fz)
Aj(x) = \/ m + wcosh(2Bz)

232
(10) X\/gj?(m—i—bdcosh(Qﬁx)),
_ [(m—w) sinh®(Bz) i
Bj(z) = \/ m + w cosh(267)
232
(11) X\/g]?(erwcosh(QﬂSC)),

where § = v/m? — w?. In order for these solutions of Eqs. (@) and (&) to solve
the problem on the metric graph, they need to also satisfy the vertex boundary
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conditions ([@)). This can be achieved if the constants «; and coupling parameters
g; fulfill the following conditions:

1 1 1
91 5 g3

Having found the these traveling wave solutions one can analyze vertex trans-
mission of Dirac solitons through the graph vertex [12].

REFERENCES

[1] Z. Sobirov, D. Matrasulov, K. Sabirov, S. Sawada, and K. Nakamura, Phys. Rev. E 81,
066602 (2010).
[2] K. Nakamura, Z. A. Sobirov, D. U. Matrasulov, and S. Sawada, Phys. Rev. E 84, 026609
(2011).
[3] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Rev. Math. Phys. 23, 409 (2011).
[4] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Europhys. Lett. 100, 10003 (2012).
[5] R. Adami, D. Noja, and C. Ortoleva, J. Math. Phys. 54, 013501 (2013).
[6] K.K. Sabirov, Z.A. Sobirov, D. Babajanov, and D.U. Matrasulov, Phys. Lett. A, 377, 860
(2013).
[7] D. Noja, Philos. Trans. R. Soc. A 372, 20130002 (2014).
[8] G. H. Susanto and S.A. van Gils, Phys. Lett. A 338, 239 (2005).
[9] J.-G Caputo , D. Dutykh, Phys. Rev. E 90, 022912 (2014).
[10] H. Uecker, D. Grieser, Z. Sobirov, D. Babajanov, and D. Matrasulov, Phys. Rev. E 91,
023209 (2015).
[11] Z. Sobirov, D. Babajanov, D. Matrasulov, K. Nakamura, and H. Uecker, EPL 115 , 50002
(2016).
[12] K.K. Sabirov, D.B. Babajanov, D.U. Matrasulov and P.G. Kevrekidis, arXiv:1701.05707.

Spectral analysis of periodic Schrédinger operators on a broken
carbon nanotube

HIROAKI NIIKUNI

Carbon nanotubes (see Fig. 1), which were discovered in 1991, have been playing
important roles as materials due to its outstanding mechanical properties such
as thermal conduction, electrical conduction, hardness and tribology. Its elec-
trical conduction is related to the structure of spectrum of Schrédinger opera-
tors on carbon nanotubes. In the representative papers [2l 4], spectral properties
of Schrodinger operators on carbon nanotubes were studied from the view point
of quantum graphs. In general, a quantum graph is defined as a triplet of a
metric graph, a differential (Schrodinger) operator and a suitable boundary ver-
tex condition. In [4], Kuchment and Post studied spectral properties of periodic
Schrédinger operators on all class of carbon nanotubes, namely, zigzag, armchair,
and chiral carbon nanotubes. In [2], Korotyaev and Lobanov dealt with direct
and inverse spectral problems for periodic Schrodinger operators on a class of
zigzag carbon nanotubes. They gave an unitary equivalence between their quan-
tum graph and the direct sum of its corresponding periodic Schrodinger operator
on a one-dimensional periodic metric graph with a necklace structure (see also
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[1]). Moreover, they showed the existence of eigenvalues with infinite multiplici-
ties and the band-gap structure of the absolutely continuous spectrum by utilizing
one-dimensional tools for the corresponding Hill operators such as the monodromy
matrix and the Lyapunov function. They also give the results for resonances, the
asymptotic formulas of the spectral band edges. In [3], a scattering theory has
been discussed by Korotyaev and Saburova. They proved the existence and com-
pleteness of the wave operators for a class of perturbations to quantum graphs.

In the talk, the results discussed in [B] was introduced. In [5], we considered
periodic Schrodinger operators on a broken carbon nanotube. In a process to
refine single wall carbon nanotubes, we need metals such as Ni, Co, Y and Fe. So,
carbon nanotubes are strained with tiny particles of metals. In order to get rid
of these metals, we need to clean by acids. Carbon nanotubes are broken in this
process. Furthermore, carbon nanotubes can also be broken by abrasion. Thus,
it is important to study spectral properties of periodic Schodinger operators on
broken carbon nanotubes. Although there are a lot of patterns of broken carbon
nanotubes, we deal with a model of broken carbon nanotubes as in the right hand
side of Fig. 1.

Let us define a broken zigzag carbon nanotube and a periodic Schrodinger
operator on it. We fix N € N, denote the number of zigzags in one round by 2N.
Let 'V be a metric graph like the left hand side of Fig.1(We describe the precise
definition of I'"Y in the talk.). Since there are 8 zigzags in the case of the right hand
side of Fig. 1, we consider that it is ['*. Furthermore, we put Z := Z x J x Zy,
where J = {1,2,3,4,5} and Zy := Z/(NZ). As in Fig. 2, we give a triplet of
numbers (n, j,k) € Z for each edge of I'V without any reduplication, and call it
Iy k- We assume that the length of each edge is equal to 1. Then, I'y, ;, can
be identified with the closed interval [0, 1]. Moreover, we define the Hilbert space
L3(TN) = @,ezL?(T,,) as ©uezL?(0,1). For a real-valued function ¢ € L2(0,1),
we define

(Hfo)(x) = =f5(@) + q(@) fu(x), 2€(0,1)~TF, weZ.

F1c. 1. The left one is a standard zigzag carbon nanotube. A
broken zigzag carbon nanotube which we deal with throughout
this talk is in the right picture.
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Assume that f € Dom(H) satisfies the Kirchhoff vertex condition. Namely, f is
continuous on each vertex and satisfies no flux condition. Then, H is a self-adjoint
operator. In order to study the spectrum of H, we utilize the same method as
in [2]. In short, we put I'y ; =T, ;1 for n € Z and j € J. Let us consider the

following N operators on I'! (see Fig. 3), putting s = ¢!¥. For k = 1,2,..., N
we define N operators Hy, in L?(T'!) as follows:

(kanj)('r) = *’LLN (ZL') + q(SC)’anJ(SC), (0 1) nj? (nv.]) € Zl'
Let f = (fn,;) € Dom(H}) satisfies the Kirchhoff condition except for
—Uy, ( )+un 2(0) — k“n 5(1) =0, un,1(1) = up2(0) = Skun75(1) for (n,j) € 21.

3

Then, we obtain o(H) = Uk:l o(Hy). Thus, it is sufficient to examine o(Hy).
In order to describe our main results, we give notations. Let 6(z, A) and ¢(z, \)
be the solutions to the Schrodiger equation corresponding to the operator L :=

—j—; +q(x) in L?(R) as well as the initial conditions (0, \) = 1, #’(0, \) = 0 and

©(0,A) =0, ¢'(0,\) =1, respectively. The function A(\) = w is called
the Lyapunov function corresponding to L. Moreover, let O’D( ) be the set of the
Dirichlet eigenvalues corresponding to L. For k =1,2,..., N, we put s, = sin Z&

N
and define
1) Dk, ) = 2A%2(N)D(N) + s3
’ VAALY(N) — 4AZ(N)sT + 57

where 01 (A) = 0(1,\), o1 () = ¢'(1,A\), Pe = {X € C| 4A*(\)—4A?(\)si+s; =
0} and

on C\ Py,

(N (N) =7 1—0:( N} (A
Let 0o (H) be the set of eigenvalues with infinite multiplicities of Hy. Then, we
have the following;:

01,1

Fic. 2. Before we rolled up I'3, we obtain the sheet seen in the
picture . The indexes in this picture imply the ones of I';, ; 1.
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FOA 1—‘1,4 I-'2,4

Fic. 3. The degenerate broken zigzag nanotube

Theorem 1. For k=1,2,...,N, we have o(Hy) = 0oo(Hy) U 0ac(Hy), where
(3) o0w(Hr)=0p(L) and ou.(Hp)={NeR| D(k,\) €[-1,1]}.
Thus, D(k, \) plays a role of the spectral discriminant of Hy. The properties

of D(k,A) will be studied by utilizing the Rouché’s theorem of the version for
meromorphic functions. In the talk, the following results were introduced.

Theorem 2. (i) We have oac(H) = Up—; Gac(Hy)-
(i) For k=1,2,..., N, we have 04.(Hy) = 0ac(HNn—})-
(ii) For k =1,2,..., N, there exists real sequence

Ao <Ma SA L <N S < <AL SN <
such that oac(Hi) = U2 [N _15 Ak ]
(iv) We have the following inequality:
+ — + — + — + — +
Ado < A1 <A1 <Age < Aga <Ags <Az <Aga = Agy
< s < A5 < Ao < AJe < A7 <Af7r <Agg <A<
(v) Assume that N = 2(. Then, we have \;, < A}, for alln € N.
(vi) For k=1,2,..., 0N, we have
+ - + - + - + - +
Ao < Ak S AL S A SAL KA S AL <A <Ay
< Aes S <A SN < Ar SN <As <As <
Furthermore, we see the followings on the equality of the above inequality:

(a) If sp # %, then we have X\ o, | # )\;2”_1 forn € N and k =

1,2,....4N. If ¢ =0 and s = %, then we have )\,;2"71 = )\;27%1
formeNandk=1,2,...,¢nN.

(b) If k # %, then we have A, o # )\Z'Ani? for any k = 1,2,... ¢n. If
q=0and k = %, then we have )\,;471_2 = )\;471_2 for any n € N and
k=1,2,...,¢N.

(vii) Let {nn}zy = {A € R A(X) = 0}, {pn}5Z, = on(L) and {&n}32, =

{A e Rl A%(X) = 3} be labelled in the increasing order each other. Then, we
have )\,;471_2 < < )\;,471_2, )\];471 < pp < )\;471 for any n € N and k =
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0,1,2,...,N. Ifk = 0,1,2,....0n, we have A 4 5 < &on1 < A4, 5 and
Mean—1 < & < )\;471_1 for any n € N.

(viii) For n € N, we put \;; = maxo<p<iy A, ond A} = ming<p<sy )\;n.
Then, we have

N o)
U Uac(Hk): UP‘:{—DA;]
k=0 n=1
Especially, we have
0o + — . oy
Uac(H> — Un;l [/\nlla /\n] lf N=2 15
(Un:l[)\n—l’ )\;]) U qc(He) if N=2¢.

(iz) For n € N, we put v, := (A, ,A\}). Then, we have the followings:
(a) Forn €N, we see that \g 4, # /\({471 if and only if Yan # 0.
(b) For n# 0 (mod 4), we see that v, # 0 if and only if there does not exist
ke {l,2,...,¢n} satisfying Mo = )‘Z_,n'
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Standing waves for the NLS on the double-bridge graph and a
rational-irrational dichotomy

DieGco Noja
(joint work with Sergio Rolando and Simone Secchi)

We study a boundary value problem related to the search of standing waves for the
cubic focusing nonlinear Schrédinger equation (NLS) on graphs (see for general
introduction and more recent results [Il 2] and references therein). Precisely we
are interested in characterizing a class of standing waves of NLS posed on the
double-bridge graph G, in which two semi-infinite half-lines are attached at a circle
at different vertices.

o1 =(0,L1),ea=(L1,L1+L2), Li+La=1

e e3=(0,400) =ey

At vertices Kirchhoff or ”free” boundary conditions are imposed, assuring self-
adjointness of the corresponding laplacian Hg. The NLS equation is

d
e R
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Ly

U

us U4

o0 o0
w

Ly
Fi1G. 1. The double bridge graph
and the standing waves are solutions of the form 1; = e~*“*u(z) where w € R and

u is a real function on the double bridge G with components u;, see Figure 1. So
the boundary value problem for standing waves profiles is

—u;-’fu;’:wuj, u; € H*(1;)
(1) ul(()) = UQ(L) = ’LL3(0), Ul(Ll) = UQ(L:[) = U4(0)

u1(0) —up(L) +u5(0) =0, wi(Lla) —up(Ly) — uj(0) = 0.
It is easy to show that for w > 0 only solution compactly supported on the ring
exist and only for a rational value of Li/Ls. Their profiles are given by Jacobi
cnoidal functions and constitute continuous branches of standing waves bifurcating
from the linear eigenstates of the problem (cubic term suppressed). They can
be continued in all the range (—oo, A,) where A, is any eigenvalue of the linear
Schrédinger equation on the double bridge graph; see figure (A). All the compactly
supported standing waves belong to these branches.
For w < 0 one can have nontrivial solutions on the half-line and any solution on
the double bridge graph is composed by an elliptic function (cnoidal or dnoidal,
and not necessarily the same) on every bounded edge and a piece of soliton on the
half-lines.
It is known that no ground state exists for the NLS on the double bridge graph
(B]), at variance with the simpler structure of the tadpole graph ([4 []).
However, the complete classification of standing waves for this BVP is open for
w < 0, and so we simplify the analysis imposing the following requests

e u3,uy4 are nontrivial
- 9
e uj,uy are the restriction to ey, ez of some u € H,,.([0, L])

The corresponding reduced BVP becomes

(Py) { _u”—u?’:wu, ueHﬁeT([O,L]), w<0
* w(0) = £u(Ly) = /2]

where the sign + distinguishes the cases of ug and u4 with the same sign or with
different signs. (P4 ) is a nonlinear boundary value problem in which the spectral
parameter w appears explicitly in the boundary conditions (a so called ”energy
dependent” boundary condition).
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Ultimately, our results refer to this system and are described in [6].

Two main phenomena occur, depending on the quantity L;/Ls being rational or
not.

If L1/Ls € Q there are two families of new solutions. Firstly, from every solution
branch coming from a linear eigenvalue, a secondary global branch bifurcates at
w = 0 (a pitchfork bifurcation). A second independent family is given by a de-
numerable sequence of solutions u;= to both problems (Ps). The corresponding
sequence w,, diverges to —oo (see Figure A).

If L1/Ly € R\ Q a denumerable sequence of solutions for both (Py) again exists,
the corresponding frequency sequence w,, is unbounded from below (a subsequence
diverges to —c0), but other limit points of the sequence w,, exist. Using basic tools
from diophantine analysis, it can be shown that whatever be L1/Ls € R\ Q, a
limit point of frequencies always exist in a certain interval [ay, 0], with ax < 0 (see
Figure B). Moreover numerical evidence shows that other limit points are possible,
depending on the special choice of the ratio L1 /Ly € R\ Q.

Finally, any non positive real number (so, including 0) can be a limit point of a set
of admitted frequencies up to the choice of a suitable irrational geometry Li/Lo.
We end with the following remarks.

As stressed, the above sketched results refer to the systems (Py). In this sense
they describe properties of the "nonlinear spectrum” of the corresponding eigen-
parameter dependent boundary value problem. A non trivial structure of the
discrete spectrum appears, and in the irrational case a limit point of frequencies
always exists.

Are these properties general features of a nonlinear BVP with an energy depen-
dent boundary condition?

llull L2
u e
WE Wi W Wi ALY w
(A) Ll/LzeQ (B) L]_/LQGR\Q

As regards the original boundary value problem (II) describing the totality of
standing waves on a double bridge graph, its complete set of solutions is not yet
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known, and neither is its relation with the reduced problem (P). The structure
for w > 0 is the same as in the reduced case: branches bifurcating from linear
eigenvalues for L1 /Ly € Q and their disappearance in the case L1/Ls € R\ Q. For
w < 0 a reasonable conjecture is that new continuous branches arise, both in the
rational and the irrational geometry. These branches, not related to any evident
linear background, should contain the discrete families displayed in the reduced
case and previously discussed. Work is in progress by these same authors.
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Approximating Dirichlet partitions using geometric graphs
BRAXTON OSTING
(joint work with Todd H. Reeb)

Let U C R? with d > 2 be an open bounded domain with Lipschitz boundary.
A k-partition of U is a collection of k disjoint open sets {Ur}efr), such that
U = UpeyUi. A Dirichlet k-partition of U is a k-partition, {Up} ey, that attains
k
(1) {U%I;[k] ;/\1((]4), where A (U) : uEIE(l%I(lU) E(u).
Hu”L?(U):l

Here, E(u) := [;; [Vu|? dx is the Dirichlet energy so that Ay (U) is the first Laplace-
Dirichlet eigenvalue of U. In the upper right panel of Figure [l a partition of a
“clover” domain is plotted together with the first Laplace-Dirichlet eigenfunction
of each component. In this talk, we consider the problem of approximating a
Dirichlet partition of U wvia a discrete problem solved on a weighted geometric
graph, constructed by uniformly sampling points from U .

We denote by B C R?, a Euclidean ball compactly containing U. We use this
auziliary domain to emulate Dirichlet boundary conditions on QU in the discrete
problem. Similar to [2, 3], we construct a sequence of weighted geometric graphs
G = (V™ WM) from the first n points V(™ = {z;},c(, of a sequence of
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random points {z,}nen of B sampled uniformly and independently. The edge
incident to vertices z; and z; (i = j possibly) has weight

(n) - 1 Xr; — ZL']'
Wij = E—dn <T) )

n
where 7: R? — [0, 00) is a similarity kernel and &, > 0 is an admissible sequence
tending to zero as n — oo; see [4] for the precise assumptions on 7 and {e,}. In
Figure[Il a geometric graph is illustrated in the lower left panel.
We say that a vertex k partition, {Vi}sepm C V(") is a discrete Dirichlet k-
partition of the geometric graph G™ = (V") W) if it attains

k
(2) min ZM(‘/@(”)% where A (S):= min  E,.(u).
V" }eew =1 weLy (V)
e

Here E, . (u) := 3= szzl Wi(f) (u(z;) — u(x;))? is a weighted discrete Dirichlet
energy, LE,(V™) := {u: VO — R: u(x;) = 0if »; € B\ U}, is the class of
1

L? vertex functions which vanish on B\ U, and ||ull,, = (3" u(z:)?)? is
a weighted variant of the L?-norm. In Figure [ a k-Dirichlet graph partition
is illustrated in the lower right panel. Computational methods for computing

Dirichlet graph partitions and many examples can be found in [5l 6] [7] §].

Theorem 1 (Convergence of Dirichlet partitions [4], Corollary 1]). In the above
setting, let {Ve(")}ge[k] and {Up}¢eqx) denote Dirichlet k-partitions of G™ and U,

respectively. Then, with probability one with respect to the sampled points, Ve(")
converges along a subsequence to Uy in the Hausdorff distance as n — oo for all
¢ e [k].

Theorem 1 is illustrated in Figure 2 and can be proven as follows. The con-
tinuum (respectively graph) Dirichlet partitioning problem admits a variational
formulation: solutions are characterized by ground states of a Dirichlet energy
E (resp. {E,.,}nen) for mappings from U (resp. V(™) into a singular space,
Yy = {z € R*: Zf# x7x3 = 0}, given by the coordinate axes [I]. Using methods
developed in [2] 3], we show that with probability one with respect to the sampled
points, as n — oo, the discrete Dirichlet energies, E,, ., I'-converge to (a scalar
multiple of) the continuum Dirichlet energy, E, with respect to the T'L? metric,
coming from the theory of optimal transport. This, along with a compactness
property for the aforementioned energies that we prove, implies the convergence,
along a subsequence, of the discrete ground states to a continuum ground state in
the TL? sense. This, in turn, can be used to show the Hausdorff convergence of
the associated Dirichlet k-partitions along this subsequence.

Many open questions remain for both continuum and graph Dirichlet partitions.
One direction is to generalize Theorem 1 to non-uniformly sampled points, which
would require showing that a generalized Dirichlet energy admits a continuous
minimizer on Hg(U; ). Another direction would be a convergence result for the
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Fia. 1. Illustration for the problem of approximating a Dirichlet
partition of U via a discrete problem on a geometric graph.

Fi1G. 2. An illustration of convergence for the clover domain in
Figure[ll As n — oo, Theorem 1 shows that the graph Dirichlet
partitions, {Ve(")} ¢e[k], converge to a continuum Dirichlet
partition, {Us} e[k, in the Hausdorff sense.

more general objective, Zle N (Uy) with p € [1,00]. In terms of computation,
there is a stochastic process associated with Dirichlet partitions, which could lead
to novel and improved numerical methods. Finally, Dirichlet graph partitions can
be used for the clustering task arising in machine learning. Here, for a very large
dataset, it is common to subsample the edges and /or vertices of the graph, which is
sometimes referred to as graph sparsification. The convergence result stated here,
or more appropriately referred to as a consistency result in the context of statistical
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learning, supports this practice, but quantifying the error incurred would require
a convergence rate of the Dirichlet partitions.
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Nonlinear Instability of Half-Solitons on Star Graphs
DMITRY PELINOVSKY
(joint work with Adilbek Kairzhan)

In a series of papers [I}, 2, [3, 4 5], Adami, Cacciapuoti, Finco, and Noja analyzed
variational properties of stationary states on a star graph, which is the union
of N half-lines (edges) connected at a single vertex. For the standard Kirchhoff
boundary conditions at the vertex and for odd IV, there is only one stationary state
of the NLS on the star graph. This state is represented by the half-solitons along
each edge glued by their unique maxima at the vertex. By using a one-parameter
deformation of the NLS energy constrained by the fixed mass, it was shown that
the half-soliton state is a saddle point of the constrained NLS energy [2]. On the
other hand, by adding a focusing delta impurity to the vertex, it was proven that
there exists a global minimizer of the constrained NLS energy for a sufficiently
small mass below the critical mass [T} [3, 4]. This minimizer coincides with the N-
tail state symmetric under exchange of edges, which has monotonically decaying
tails and which becomes the half-soliton state if the delta impurity vanishes. In the
concluding paper [5], it was proven that although the constrained minimization
problem admits no global minimizers for a sufficiently large mass above the critical
mass, the N-tail state symmetric under exchange of edges is still a local minimizer
of the constrained NLS energy when a focusing delta impurity is added to the
vertex.

Due to local minimization property, the N-tail state symmetric under exchange
of edges is orbitally stable in the time evolution of the NLS in the presence of the
focusing delta impurity. Although the second variation of the constrained energy
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was mentioned in the first work [, the authors obtained all the variational results
in [3, 4, [5] from the energy formulation avoiding the linearization procedure. In
the same way, the saddle point geometry of energy at the half-soliton state in the
case of vanishing delta impurity was not related in [2] to the instability of the
half-soliton state in the time evolution of the NLS. It is quite well known that the
saddle point geometry does not necessarily imply instability of stationary states in
Hamiltonian systems because of the presence of neutrally stable modes of negative
energy [3].

The recent works of Adami, Serra, and Tilli [6] [7] were devoted to the existence
of ground states on the unbounded graphs that are connected to infinity after
removal of any edge. It was proven that the infimum of the constrained NLS
energy on the unbounded graph coincides with the infimum of the constrained
NLS energy on the infinite line and it is not achieved (that is, no ground state
exists) for every such a graph with the exception of graphs isometric to the real
line [6]. The reason why the infimum is not achieved is a possibility to minimize
the constrained NLS energy by a family of NLS solitary waves escaping to infinity
along one edge of the graph. The star graph with vanishing delta impurity is an
example of the unbounded graphs with no ground states, moreover, the constrained
NLS energy of the half-soliton state is strictly greater than its infimum. Thus, the
study in [6] provides a general argument of the computations in [2], where it is
shown that the one-parameter deformation of the half-soliton state with the fixed
mass reduces the NLS energy and connects the half-soliton state with the solitary
wave escaping along one edge of the star graph.

In the present work, we provide a dynamical characterization of the result in
[2] for the NLS with the power nonlinearity and in the case of an arbitrary star
graph. By using dynamical system methods (in particular, normal forms), we
verify that the half-soliton state is the saddle point of the constrained NLS energy
on the star graph and moreover it is dynamically unstable due to the slow growth
of perturbations. This nonlinear instability is likely to result in the destruction
of the half-soliton state pinned to the vertex and the formation of a solitary wave
escaping to infinity along one edge of the star graph.

Since the nonlinear saddle points are rarely met in applications of the NLS
equations, it is the first time to the best of our knowledge when the energy method
is adopted to the proof of the nonlinear instability of the stationary states.
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Limits of Laplacians on thin network-like domains
OLAF Post
(joint work with Pavel Exner)

In this talk, we presented results from [P05] [EPQ09, P12, [EP13] about domains
in RY (d > 2) shrinking to a metric graph. In particular, we show that the
(linear) Neumann Laplacian converges in a generalised norm resolvent sense to
the Kirchhoff Laplacian on the metric graph.

Metric graphs, thin network-like domains and their Laplacians. Let X
be a metric graph with underlying discrete graph having V and E as vertex and
edge set, respectively. To each edge e € E we associate a length ¢, > 0, and
identify an edge in X with an interval I, := [0, £.]. A function on X, can hence
be seen as a family f = (fe)eer with fe: I — C, f € Ly(Xo) := P cpLo(le). A
natural self-adjoint Laplacian Ay on Xy is now the so-called Kirchhoff or standard
Laplacian acting on each edge as (Ao f)e = —f for weakly differentiable functions
fe being continuous at each vertex and fulfilling » .. fi(v) = 0, where f/(v) is
the inwards derivative of f. at a vertex v € V.

An example of a thin network-like domain X, based on a metric graph X, can
be defined as follows: assume that X. is embedded in R? (d > 2) — for simplicity
with straight edges — and let X, be the (open) e-neighbourhood of X in R%. As
operator A., we consider (minus) the Neumann Laplacian on X..

We can decompose X, into open edge and vertex neighbourhoods X. . and
Xe v, respectively (up to subsets of measure 0), where each X, , is e-homothetic
and where X, . is isometric to a product (0,f. — ca.) X Yz with Y, . being a
ball of radius €. Here, a. > 0 is due to the fact that the vertex neighbourhoods
need some space. To make the presentation technically simpler, it is conveniant
to assume that a. = 0 (the embedded case a. > 0 is then a perturbation, see
e.g.[P12] Sec. 5.3.2]). Moreover, we assume that the measure on Y. (the unscaled
space Y7 ) is 1, by a suitable scaling of the measure. If we allow different radii, we
will end up with pe = voly_1(Y1,¢). leading to a Laplacian with so-called weighted
or generalised Kirchhoff conditions >, pefi(v) = 0 (see e.g [EP09)]).
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Convergence of the Laplacian on thin network-like domains. As the spaces
Ho = Ly(Xo) and H, := Ly(X.) are a priori unrelated, we need a suitable identi-
fication operator, namely a bounded operator J: Ly(Xo) — Lo(X,) with

(Jfle=fe®Tcpe and (Jf) =

where (J f). is the contribution on the edge neighbourhoood X, . and (J f), is the
contribution on the vertex neighbourhood, according to the decomposition into
edge and vertex neighbourhoods. Moreover, 1. . is the constant function on Y; .
with value e~/ (the first normalised eigenfunction of Y. ).

The setting (Jf), = 0 seems at first sight a bit rough, but we cannot set
something like (Jf), = e~™/2f(v), since on L,(Xy), the value of f at v is not
defined. There is a finer version of identification operators on the level of the
quadratic form domains, see [P12] Ch. 4] for details or [P11] for a review article.

Let us now calculate the sandwiched resolvent difference R.J — JRg, where
R. = (A. +1)7! for e > 0: Let g € Ly(Xp) and w € Ly(X.), then we have

(Re — JRo)g,w) = (Jg, Rew), (x.) — (JRog, W)L, (x.)
= Z(<(_fé/®15,53ue>L2(Xae <fe®]15 ey U >L (Xe, e))

eelE

— Em/2 U, 0

-S| ftim e aaav],,

= 33 [ (A )+ 0T w) v
veV e~v

where u = R.w € dom A., f = Rog € dom Ay and where u. is the restriction of u
onto X, .. For the second equality, we used the self-adjointness of the transversal
(Neumann) Laplacian on Y; .. For the third equality, we use Green’s first formula,
and then some reordering. Consider now the averages

1 1
= — X = Y.
J(v“v olX /XU Uy dX,, and feue(v) olv /Ye ue(v)d

then we express the sum over the first summands as

() Yem / L) = 32 £0) (f Telv) - £,7)-

e~v e~v

The equality holds as f € dom Ay fulfils the Kirchhoff condition. For the sum over
the second summands, we use the fact that f.(v) = f(v) is independent of e ~ v
and obtain

(1b) > ems / felv ) dY, = em/?f(v) / Ax, T, dX,,

Xo

e~v
performing again a partial integration (Green’s first formula, writing u, as 1 -
Uy). Summing up these contributions, we can express R.J — JRy as a sum of
two operators Se, T : Ly(Xo) — Ly(X.) defined via (Ta)) resp. (1D, respectively.
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Moreover, it can be shown that the operator norm of the first is of order /2,
while the second is of order £3/2. In particular, we can show:

Theorem 1. The sandwiched resolvent difference R.J — JRy of the Neumann
Laplacian A. on the thin neighbhourhood X. and the Kirchhoff Laplacian Ay on
the metric graph Xy can be estimated in operator norm by a term of order e'/2.
Moreover, A. converges in generalised norm resolvent convergence to Agy (notion
explained below).

Convergence of operators acting in different Hilbert spaces. We have
already stated a relation of the two resolvents using an identification operator
J = Jo: Ho = Ly(Xp) — He = Ly(X:). We also want that J is close to some
unitary operator, although J need not to be injective nor surjective. We state the
following concept for abstract Hilbert spaces H, H and self-adjoint, non-negative
operators A, A with resolvents R := (A+1)71, R:= (Z+ 1)~1, respectively. The
following generalises classical notions:

Definition 2. Let § > 0.

(1) A bounded operator J: Ho — H. is called 0-quasi unitary if
Ids —T*J)Rllpsne <6 and  [|(idg —JJ )R] 5 < 6.

(2) We say that A and A are d-quasi unitarily equivalent if there is a §-quasi
unitary operator J such that ||JR — EJHHH;[ <.

(3) We say that A. (acting in H.) converges to Ay (acting in Hg) in the gener-
alised norm resolvent sense if Ay and A. are d.-quasi unitarily equivalent
for some 0. — 0 as e — 0.

Remark 3. If § = 0 in the first to cases, then 0-quasi-unitarity is just unitarity,
and similarly for 0-quasi-unitary equivalence. If H. = Ho and J = idy, in (@),
then Ag and A, are d.-quasi unitarily equivalent if and only if A. > 0 converges to
Ap > 0in norm resolvent sense. Hence, generalised norm resolvent convergence is
a generalisation of classical norm resolvent convergence and unitary equivalence.

From the generalised norm resolvent convergence, we can conclude basically the
same statements as for the classical notion (such as norm convergence of functions
of A. and Ay, appropriately sandwiched etc.) and also uniform convergence of the
spectrum on compact subsets, see e.g. [P12l Ch. 4] and [P06, [EPQ9, P11l [EP13].

Outlook. To what extend can we adopt this general scheme of convergence of op-
erators acting in varying Hilbert spaces also to (mildly) non-linear operators? The
closest result here is probably [Kos00, [Kos02]: Kosugi shows uniform convergence
of a family of semi-linear (Laplace-like) operators on thin tubular neighbourhoods
to a non-linear (Kirchhoff-like) operator on the metric graph.
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The NLS approximation for dispersive systems on graphs
GUIDO SCHNEIDER

For the nonlinear wave equation

(1) Ofu = 02u —u — u?,
with © € R, t € R, u(z,t) € R the NLS equation
(2) 2iwgdp A = (1 —c2)0% A — BA|A[?,

with T € R, X € R, and A(X,T) € C occurs as a universal amplitude equation
which can be derived via the multiple scaling ansatz

(3) ebns = eA (e(a — cgt), e2t) e'Fomteol) 4 ¢ ¢,

in order to describe slow modulations in time and space of the envelope of the
spatially and temporarily oscillating wave packet. Herein, 0 < ¢ < 1 is a small
perturbation parameter, ¢, is the group velocity, and the basic temporal and
spatial wave number wo and ko are related by the linear dispersion relation w? =
k2 + 1. In [3] the following approximation result has been shown.

Theorem. For all s there exists an sa sufficiently large such that the following
holds: Let A € C([0,Ty], H°*) be a solution of the NLS equation ([2)). Then there
exists an g9 > 0 and a C > 0 such that for all € € (0,eq) there are solutions u of
@) which can be approzimated by ewnrs defined in @) such that

sup  lu(t) — enrs(t)||n: < Ce>.
t€[0,Tp /2]

In case of a cubic nonlinearity as for () the proof follows by a simple application
of Gronwall’s inequality. In case of quadratic terms in the original system the proof
is more involved and is based on normal form transformations and the validity of
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non-resonance conditions. The NLS equation is a universal amplitude equation
which can be derived and justified for many spatially homogeneous dispersive
systems. By applying the Fourier transform all such systems can be brought into
the form

(4) 0y (k,t)) = iw;(k)u;(k,t)) + nonlinear terms in convolution form

for j in some index set. The NLS ansatz in Fourier space is strongly concentrated
at the wave number ko and the NLS equation describes solutions of () whose
initial conditions are strongly concentrated in Fourier space at the wave number
ko.

In [1] by applying Bloch transform the nonlinear wave equation

() Afu(x,t) = x1(x)Pyu(z, t) — x2(z)u(z,t) — xa(z)u’(z,1),
with z € R, t € R, u = u(z,t) € R, and smooth 2z-spatially periodic coefficient
functions x; = x;(z), has been brought into the form of (). The linearized
problem
07v(w,t) = x1(2)3v(x,t) — xa(x)v (2, 1)
is solved by the Bloch waves
’U(.T, ﬁ) — fn(fa w)eiézeiiwn(é)t

where neN, ¢e(—1/2,1/2], with wp41(€) > wp(€), and f,(x,£) satisfying

foll,z) = foll,x+21) and  fo(6,x) = full +1,2)e™.
By the ansatz
(6) u(z,t) = eA(e(x + cgt), €2t) fry (o, x)e 0% @m0 b0t o

again a NLS equation can be derived and justified in the sense of the above the-
orem. Hence, the NLS equation is a universal amplitude equation which can be
derived and justified for many spatially periodic dispersive systems. In case of
quadratic terms in the nonlinearity the normal form transforms are more involved
since no convolution structure w.r.t. the Bloch index n exists.

Finally in [2] the validity of the NLS approximation for one-dimensional infi-
nite periodic quantum graphs such as drawn in Figure [Il has been established by
transferring the scalar problem into a vector valued problem of the form (@) on
the real line.

...=0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0O-...

Fic. 1. The periodic graph with Kirchhoff boundary conditions
at the vertices.

The justification of the NLS approximation for original systems on periodic
graphs with quadratic nonlinearities is an open problem. Since Kirchhoff boundary
conditions correspond to very irregular coefficients in (B]) the regularity conditions
on the periodic coefficients in [I] are not satisfied.

As in the spatially homogeneous and spatially periodic situation the theory also
transforms to higher dimensional periodic graphs such as rectangular or hexagonal
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graphs. One-dimensional periodic graphs are good candidates for the construction
of breather solutions.
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Nonlinear Schrédinger ground states on metric graphs: the L2?—critical
case
ENRICO SERRA
(joint work with Riccardo Adami, Paolo Tilli)

On a noncompact metric graph G:

[e ¢}

we consider the nonlinear Schrédinger (NLS) energy functional

(1) E(u,g):l/|u/|2d:c—l/|u|6dz
2 Jg 6Jg

We are interested in ground states of fixed mass > 0. These are the absolute
minimizers of ' with mass constraint

[ tup iz =
g

and solve the quintic NLS equation
u” + Jul*u = wu on G,
with Kirchhoff boundary conditions at the vertices of G.
When the exponent of the potential term in () is strictly less than 6, the

problem is called L?-subcritical, and the existence or non existence of ground
states depends

e on the topology of G
e on the interplay between p and the metric properties of G
This has been analyzed in the papers [1], [2].
When the exponent is 6, the problem is called L?—critical and it turns out that
it is much more delicate than the subcritical one. One of the reasons is that under
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the formal mass-preserving transformation
u(z) — ux(z) = VAu(Az),

the kinetic and the potential terms in F scale in the same way:
BE(ux, \"'G) = XE(u, G),

which is typical of problems with serious loss of compactness.
In the critical case the problem depends very strongly on u and on the ground
state energy function

which plays a central role in all of our results.
When G is the real line R, it is known that there exists a number pg > 0, the
critical mass, such that

Er(p) = {0 ifp < pm (MR = 7T\/§/2) .

—oo if u > pur

Moreover Eg(n) is achieved if and only if = pr and consequently all ground
states have zero energy. The same behavior takes place on the half-line RT, with
the appropriate value for the critical mass: g+ = ur/2.

Thus on the standard domains R and RT the minimization process is extremely
unstable, with solutions existing for a single value of the mass. This behavior is due
to the same homogeneity of the kinetic and potential terms under mass-preserving
scalings and the invariance of R and R* under dilations.

On a generic noncompact graph G however, the problem can be highly nontrivial
and entirely new phenomena may arise, depending on the topology of the graph.

The purpose of this talk is to describe these new phenomena, essentially by
classifying all graphs from the point of view of existence of ground states. The
results we present are contained in the paper [3].

To describe our results we first define the best constant in the Gaglardo-
Nirenberg inequality on G

lullé < Kgllulld- |1W/]2  Vue H'(G)
* Julg
u
Kg= sup ——0
e Talld 113
uZ0

and then the critical mass for a generic noncompact graph G as

_ 13
o=\ gy

It turns out that for every noncompact graph G,

Hr+ < pg < IR
The existence of ground states depends mainly on the topology of the graph G,
according to four mutually exclusive cases:
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G has a terminal point

G admits a cycle covering

G has exactly one half-line and no terminal point
4. G has none of the above properties

bl e

Precisely, the following results hold.

Theorem 1. Assume that G has at least one terminal point. Then

® UG = HR+
o when p € (ug+, pr], Eg(p) = —o0
o when = pp+, Eg(p) =0 but is achieved if and only if G is a half-line.

Theorem 2. Assume that G has a cycle covering. Then

* Lg = iR
o &g(ur) =0 and is achieved if and only if G is R or a tower of bubbles.
In these first two cases, as a rule, ground states do not exist. In Theorem [I]
the terminal edge behaves like R, almost supporting a half-soliton. In Theorem

2 the graph behaves like R, almost supporting a soliton. The “almost” however
cannot be eliminated, resulting in nonexistence of ground states.

Theorem 3. Assume that G has exactly one half-line and no terminal point. Then

® UG = HRr+
o &g(p) <0 (and finite) for every u € (up+, ur]
o Eg(u) is achieved if and only if p € (up+, url-
Theorem 4. Assume that G has no terminal point, no cycle covering and more
than one half-line. If, in addition,
Mg < PR,
then

o £5(4) <0 (and finite) for every 1 € (g, ps]
o &Eg(p) is achieved if and only if u € [ug, ur]-

The last two theorems result unveil completely new phenomena:

e ground states exist for a whole interval of masses
e ground states have negative energy

The proof of these two results is quite involved. It is easy to show that when p
is larger than ug, £g(p) < 0. The value of Eg () is then stabilized by the presence
of the compact part of G, preventing it to collapse to —co. However, due to the
criticality of the exponent 6, much effort is required to prove that minimizing
sequences converge. The key point is the establishment of a modified Gagliardo-
Nirenberg inequality especially suited to deal with the critical case.
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NLS equation on metric graphs with localized nonlinearity
LORENZO TENTARELLI
(joint work with Enrico Serra)

We present some recent results on the bound states of the focusing NLS equation on
noncompact metric graphs. In particular, our work focuses on the case (introduced
in [9, 10]) where the nonlinearity is localized only on the “compact part” of the
graph.

Precisely, let G = (V,E) be a connected noncompact metric graph (for details
see [0 [8, [12]) with a finite number of edges (and vertices), and denote by K =
(V,E,) the compact core of G, that is, the metric subgraph of G consisting of all
its bounded edges.

Then, for fixed p > 2, we recall that a function u = (u.)eer : G — C is said to
be a bound state of the NLS equation on G with homogeneous Kirchhoff boundary
conditions and nonlinearity localized on K if and only if u € H'(G) (see again
[6, 8, 12]) and satisfies:

(1) ull + X |ue P2 ue = e, Ve € E,

where A € R and x, is the characteristic function of K, and
due

(2) ; . (v) =0, Vv eV,

where “e > v” means that the edge e is incident at the vertex v and Zg: (v) stands

for ul(v) or —ul(v) depending on the “orientation” of the parametrization of e
(i.e., according as v is the starting or the endpoint of e). As a consequence, the
function ¢ : RT x G — C, defined by ¢(t,z) = eMu(z) is a stationary solution
of the NLS equation (on G with homogeneous Kirchhoff boundary conditions and
nonlinearity localized on K), namely, for all ¢ > 0, it satisfies () and

e =~ = X |[elP e, Ve €E
(1be representing the derivative with respect to time).

We also stress that our investigation focuses only on the case p € (2,6), which
is usually called the L?—subcritical case.
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Now, it is well known that, if u is a ground state of mass p, namely a minimizer
of the energy functional

1 1
E(u) := 5/ |u'|> do — —/ |ul? dx
g pJk

constrained on the manifold
H,(G) == {ue H(G) : |ullfz) = 1},  n>0,

then it fulfills ()& (), and hence it is a bound state of mass p.
On the existence/nonexistence of the ground states we obtained two results.

Theorem 1 ([15]). Let p € (2,6) and p > 0. Then infyepi(g) E(u) < 0. In
addition,

if inf E(u)<0 = the infimum is attained,
uEHL(G)

namely, there exists a ground state of mass p.

Theorem 2 ([14 [15]). If p € (2,4), then for every pu > 0 there exists at least
a ground state of mass . On the other hand, if p € [4,6), then there exist two
constants 1 > pa > 0 such that:

(i) for every u > p1, there exists at least a ground state of mass p;
(i) for every u < usa, there cannot exist any ground state of mass .

It is also interesting to discuss existence and nonexistence of those bound states
of mass p that are not necessarily ground states. They may arise as constrained
critical points of E|H1(g) at higher energies.

I

Concerning existence and multiplicity of these bound states (with increasing
mass), we proved the following

Theorem 3 ([13]). For every k € N, there exists fir, > 0 such that for all p > fi
there exist at least k distinct pairs (£u;) of (real-valued) bound states of mass p.
Moreover, for every j =1,...k

where o,(w) 4 0 (exponentially fast), as p — oo, and Cp, is a positive constant
depending only on p. Finally, for each j, the Lagrange multiplier A; related to u;
18 positive.

On the other hand, we also established two nonexistence results, which depend

on the sign of the Lagrange multiplier \.

Theorem 4 ([14]). Let p € [4,6). There exists uz > 0 such that, if p < pg, then
there is no bound state of mass p with A > 0.

Theorem 5 ([14]). Let G be a tree with at most one pendant (i.e., an edge incident
at a vertex of degree one). Then, for every p > 2 and p > 0, there is no bound
state of mass p with A < 0.
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Remark 6. Easy computations show that Theorem [ entails that, if p € [4,6)
and g < p3, then there does not exist any bound state supported on G (i.e., that
do not vanish on at least one half-line).

Remark 7. Combining Theorems F&dD] one obtains a sufficient condition for the
nonexistence of bound states.

Finally, we showed an existence result for those particular bound states that
are supported on K (i.e., that do vanish on all the half-lines).

Theorem 8 ([I4]). Let p > 2 and X € R. Assume that G contains a cycle, whose
edges have pairwise commensurable lengths. Then, there exists p > 0 such that
there is at least a bound state of mass p with Lagrange multiplier X and supported

on K.

Remark 9. Note that, in contrast to Theorems [d8d5] Theorem [8 does not present
any restriction on the sign of A. In addition, an analogous result holds even is G
has no cycles, provided that it contains two or more pendants.

Remark 10. Theorems BRAR] are valid even if the nonlinearity affects the whole
graph, that is, when there is no characteristic function in front of the nonlinear
term of (). However, for a complete discussion of the “everywhere nonlinear”
problem (ground/bound states existence/nonexistence) we refer the reader to [I
2, 3[4 5] [7, 1], and the references therein.
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The NLS limit for bosons in a quantum waveguide
STEFAN TEUFEL
(joint work with Johannes von Keler)

We consider a system of N identical weakly interacting bosons confined to a thin
waveguide, i.e. to a region 7. C R? contained in an e-neighborhood of a curve
¢ : R — R3. The Hamiltonian of the system is

N a Zi — 2§
(1) Hr.(t) :Z(—deltazi +V(t,zi))+2—3w( . J) :

i=1 ey M K

where z; € R is the coordinate of the jth particle, delta,; the Laplacian on 7¢ with
Dirichlet boundary conditions, V' a possibly time-dependent external potential and
w a positive pair interaction potential. The coupling a := &2/N is chosen such
that for N-particle states supported along a fixed part of the curve the interaction
energy per particle remains of order one for all N € N and £ > 0. For 8 > 0 the
effective range of the interaction p := (EZ/N)ﬁ goes to zero for N — oo and € — 0
and p~3w(-/11) converges to a point interaction. We consider in the following only
B € (0,1/3), the so called mean-field regime where a/u? still goes to zero.

We show in [2] that when taking simultaneously the NLS limit N — oo and the
limit of strong confinement ¢ — 0, the time-evolution of such a system starting
in a state close to a Bose-Einstein condensate is approximately captured by a
non-linear Schrodinger equation in one dimension. More precisely, we show that
all M-particle density matrices yas(¢) of the solution "¢(t) of the Schrédinger
equation

i () = Hr.() ™= (1)

are asymptotically close to |o()){@(t)|®M, where ¢(t) = ®(t)x with ®(¢) the
solution of the one-dimensional non-linear Schrodinger equation

10,0 (t, ) = (—g“’— + Vieom(2) + V (£, 2,0) + b|<I>(t,x)|2) ®(t, ) with ®(0) = &, .

Here x is the ground state in the confined direction. The strength b of the nonlin-
earity depends on the details of the asymptotic limit. We distinguish two regimes:
In the case of moderate confinement the width e of the waveguide shrinks slower
than the range u of the interaction and b = [o, [x(y)|[* d*y - [ps w(r) d®r, where
Qs is the cross section of the waveguide and x the ground state of the 2d-Dirichlet
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Laplacian on 2. In the case of strong confinement the width e of the waveguide
shrinks faster than the range u of the interaction and b = 0. The geometric po-
tential Vyeom () depends on the geometry of the waveguide and is the sum of two
parts. The curvature x(z) of the curve contributes a negative potential —x(x)?/4,
while the twisting of the cross-section relative to the curve contributes a positive
potential. Our analysis is based on an approach to mean-field limits developed by
Pickl [1].
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