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Introduction by the Organisers

The Oberwolfach Workshop took place from May 21st through 27th of 2016, and
brought together 50 participants. There were 25 talks of 45 minutes each. A
motivation of the subject can be seen from the far-reaching reciprocity and func-
toriality conjectures of Langlands, according to which all reasonable L-functions
arising from Galois representations, arithmetic geometry and harmonic analysis
should be automorphic. One of the main tools to study automorphic L-functions
is the Arthur-Selberg trace formula. The trace formula is used to globalize local
representations into global automorphic forms, and it is essential in the concept of
families where one studies an object by deforming it. The trace formula continues
to motivate a wide-range of techniques in algebra, representation theory on p-adic,
real and adelic groups, in analysis, and in differential and algebraic geometry.

Packets. Gan, Moeglin, Mezo, Cunningham, B. Xu, Kaletha, and W.-W. Li (in
the order of their talks) spoke on the Langlands packets (L-packets) and Arthur
packets (A-packets) for p-adic, real reductive, and adelic groups. Gan gave an
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exposition on triality for algebraic groups of type Dy, highlighted by an automor-
phism 6 of order 3 on the root datum of Dy. Then he described three applications:
(i) spin functorial lift from PGSpe to GLsg, (ii) local Langlands correspondence
for PGSOs, (iii) adjoint lift from GL3 to GLs and an endoscopic classification
for G2 via the stable twisted trace formula with respect to §. Moeglin overviewed
A-packets, especially in the archimedean case, and addressed the problem of prov-
ing multiplicity one for each A-packet in the case of unitary groups. Mezo’s talk
bridged the gap between the two well-known construction of A-packets for quasi-
split orthogonal or symplectic groups, one by Adams-Barbasch-Vogan (ABV) and
the other by Arthur. The ABV construction of packets is based on a pairing
between representations of a real group G and certain equivariant sheaves on the
geometric space of Langlands parameters for G. Cunningham and B. Xu described
their joint program with others on adapting the ABV construction from real groups
to p-adic groups. Some goals of the program are to give a geometric description
of A-packets that is equivalent to the A-packets in the known cases of classical
groups, and to be able to compute the packets explicitly via geometry. A central
issue is to find a geometric version of the endoscopic pairing between members of
a packet and characters of the corresponding centralizer group. Kaletha explained
how to use the inspiration from work of Harish-Chandra and Langlands on the
local Langlands correspondence (LLC) for real groups to construct supercuspidal
L-packets for p-adic groups. The major hurdle for p-adic groups has been that
an explicit character formula has been available only in very special cases. Li’s
talk revolved around the two related topics of stable conjugacy and L-packets
for topological covering groups of p-adic reductive groups as defined by Brylinski
and Deligne. He pointed out the subtlety in defining stable conjugacy for gen-
eral covering groups but proposed a working definition for coverings of symplectic
groups.

Periods. The restriction of an infinite dimensional representation II of a real or
p-adic Lie group G to a non-compact Lie subgroup H C G is typically not a direct
sum of irreducible representations. Hence it is natural to consider H-periods, i.e,
the H-equivariant continuous linear functionals Hom gy (II® m, C) for a representa-
tion m of H. The values of the linear functionals on certain vectors are related to
the L-function of the product II x 7, and if 7 is one-dimensional, to H-periods of
ITI. Of particular interest is the dimension (multiplicity) of the space of H-periods.
Substantial progress concerning periods of irreducible representations of real Lie
groups and in particular orthogonal groups was made in the last couple of years
using harmonic analysis. This was the subject of the lecture by T. Kobayashi.
In the p-adic case, C. Wan and Beuzart-Plessis discussed some multiplicity one
results, obtained using a local trace formula. Murnaghan reported on the progress
in constructing supercuspidal representations with nontrivial H-periods. In the
special case of tempered representations II, 7 of orthogonal or unitary groups, the
Gan-Gross-Prasad period is attached to the pair (G, H), where G = G,, X Gpy1
and H = G, is diagonally embedded, where GG,, is either a unitary or an orthog-
onal group. The conjecture of Gan-Gross-Prasad asserts that the following two
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statements are equivalent: (i) some automorphic representation in the Vogan L-
packet of II has a non-vanishing H-equivariant linear functional; (ii) the central
value L(%, IT, R) does not vanish, where R is a certain representation of the L-
group of G. These conjectures have analogues in the local and global cases. An
example of the global conjecture was presented by Grobner. In all the cases dis-
cussed so far there is exactly one H-period, although there are known examples
where multiplicity one fails. D. Prasad presented a conjecture relating, under same
assumptions, the multiplicity of H-invariant linear functionals to base change for
Langlands parameters of the representation. In another lecture a proof of a special
case was presented by Beuzart-Plessis.

Asymptotics. Chenevier, Blomer, Finis, Brumley, and Marshall spoke about
various problems concerning the asymptotic behavior of the cuspidal automorphic
spectrum of a reductive group over a number field. One set of problems is related
to counting automorphic forms, the Weyl law, the limit multiplicity problem, and
the study of families. The basic tool to approach these problems is the Arthur—
Selberg trace formula. Chenevier spoke about his work with Lannes that provides
a complete list of all the unramified cuspidal algebraic automorphic representations
of GL,, of motivic weight < 22. He also explained his proof of a finiteness result for
cuspidal algebraic automorphic representations of bounded level, motivic weight
< 23, and arbitrary n, that uses the explicit formula for the zeros of Rankin—
Selberg L-functions and a positivity argument. To deal with the asymptotics
of the spectral side in the context of asymptotics, one has to verify two basic
properties of the intertwining operators, called (TWN) and (BD), which were
formulated by Finis and Lapid. In previous work of Finis, Lapid and Miiller it
was shown that (TWN) and (BD) hold for SL, and GL,. Finis spoke about
recent progress concerning the extension to other groups: inner forms of SL,,
classical groups, and partially for G5. In analogy to counting rational points on
algebraic varieties, Sarnak, Shin and Templier have posed the problem to count
the number of cuspidal automorphic representations of GL,, of bounded analytic
conductor. Brumley spoke about his recent work with Milicevic in which they
succeeded to prove an asymptotic formula as x — oo for the number of cuspidal
automorphic representations with conductor < x, under a spherical assumption
at archimedean places when n > 3. The proof uses the advances made in recent
years to bound the non-discrete and non-central terms of the trace formula. The
main term in the asymptotic recalls an analogous result, due to Schanuel, for
the counting function for rational points on projective spaces of bounded height.
Marshall spoke about lower bounds for Maass forms. This work was initiated by
a theorem of Rudnick and Sarnak on lower bounds for Laplace eigenfunctions on
compact hyperbolic 3-manifolds. On a negatively curved manifold, the geodesic
flow is chaotic and based on the correspondence principle between classical and
quantum systems, one expects this to be reflected in the asymptotic behavior of
the Laplace eigenfunctions and the spectrum. Blomer spoke about joint work with
X. Li and S.D. Miller, in which they develop a reciprocity formula for a spectral
sum over central values of L-functions on GL4 x GLs. As an application it follows
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that for any self-dual cuspidal automorphic representation II of GL4, which is
unramified at all finite places, there exist infinitely many Maass forms 7 of GLq
such that L($,II x ) # 0.

Geometry. In the study of the trace formula, geometric questions arise that are
of independent interest. Arthur gave a talk on Langlands proposal on beyond
endoscopy that seeks to understand using the trace formula the expected behavior
of L-functions at s = 1, predicted by functoriality. Shahidi explained some of the
geometric constructions of Braverman—Kazhdan, and more recently Ngo, that are
modeled on the expected properties of local L-functions for any representation of
the L-group. He also explained the relationship with other constructions, such as
the doubling method for classical groups. Getz described in his talk a global sum-
mation formula for the monoid that is attached to the GLy x GLo Rankin—Selberg
convolution. G. Zhang explained his work with Fedosova and Rowlett on formulas
for the variation along the moduli of Riemann surfaces, of the values of the Selberg
zeta function. He discussed examples and counterexamples of positivity properties,
based on global geometric inequalities for the Ricci curvature. Y. Zhu presented his
recent work on the cohomology of noncompact Shimura varieties associated with
SO(n,2), extending earlier results by Morel for unitary and symplectic groups.
He highlighted three ingredients: a comparison of archimedean quantities, proving
cancellations in the boundary terms of the trace formula, and a precise comparison
of transfer factors. J.-L. Waldspurger described his result towards the following
conjecture: in the character expansion of an irreducible representation of a p-adic
reductive group, there is a unique nilpotent orbit which contains all the maximal
elements in the set of nilpotent orbits with nonzero coefficients. He proved the con-
jecture for representations of SO(2n+1) which are Aubert involutions of tempered
unipotent representations. X. He discussed an algebraic approach to the represen-
tation theory of p-adic groups, via establishing decomposition theorems for their
cocenter, which is partly modeled on the rich geometry of affine Hecke algebras.
Chaudouard explained how the study of the moduli space of Higgs bundles in the
recent works of O. Schiffmann, and of Hauzel-Villegas, yields to a description of
Arthur’s local constants for the unipotent terms in the Lie algebra version of the
trace formula.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, “US Junior Oberwolfach Fellows”.
Moreover, the MFO and the workshop organizers would like to thank the Simons
Foundation for supporting Xuhua He in the “Simons Visiting Professors” program
at the MFO.

The workshop organizers are delighted to thank the director, the administration,
and the staff of the MFO for their hospitality and support throughout the week.
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Abstracts

Beyond Endoscopy and elliptic terms
JAMES ARTHUR

Beyond Endoscopy is the proposal [4] of Langlands for applying the stable trace
formula to the general principle of functoriality. It will at best be a long term
enterprise, calling for the ideas and efforts of many mathematicians. However,
there seems also to be a good deal of hidden structure in the problem, which
should lead to a number of well defined and perhaps accessible questions. In the
lecture, we reviewed the main premises of Beyond Endoscopy. We then discussed
the elliptic regular terms in the trace formula for GL(n 4 1). Our aim was to give
some sense of the hidden structure within these often impenetrable objects.
We restrict our attention to the group

G=G(n)=GL(n+1)
over Q, with Langlands dual group equal to
G =G(n) =GL(n+1,0C).

The stable trace formula then reduces to the ordinary trace formula. This amounts
to an identity

(1) Igeom(f) = Ispec(f)a fe CEO(G(A))’

between a geometric expansion on the left and a spectral expansion on the right.
While many of the more exotic terms on each side of (1) are likely to have

important roles in Beyond Endoscopy, we consider only the approximate identity

(2) Lenreg(f) ~ 12(f); feCE(G(A)/Zy),

of “primary terms.” These are the regular elliptic orbital integrals

Iell,reg(f) = Z VOl(V) Orb(77 f)

= Y ol(Z4G,(F)\ G, (A) / f(z™ yz) de)

YET ell,reg (G) Gy (A\G(A)

from the geometric side, and the automorphic characters

L(f) =Y tr(x(f))

= tr f d
wen%@ ( /G RLCLEIE

from the spectral side that occur in the discrete spectrum, with Z, being the
central subgroup

Zy =Zc(R)? C GT(R) = {700 € G(R) : det(roo) >0} C G(A)

of G(R). These terms are quite challenging enough for now!
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For simplicity, we also restrict the test function f. We set

f=Foof® = foaof 5 P,
for a fixed prime p and nonnegative integer k. The archimedean factor fo, is in
C*(GT(R)/Z), while f°°P is the characteristic function

(I ¢(zy))

q#p
on G(A>P), and fk is the function on G(Z,) given by the product

pH/ X({zp € g(n+1,Qp) : |detapl, = P},
for the Lie algebra g = gl(n 4+ 1) of G. With this function, it is easy to see that
the orbital integral Orb(v, f) in (2) vanishes unless the characteristic polynomial
of v has integral coefficients. More precisely, we can assume that v is such that

det(AM =) = A" —ard + -+ (=1)"an A + (=1)"ant1 = p(N),

for b= (ay,...,a,) in Z", and a,.; = dety = p¥. We then have a bijection v — b
onto the set of b € Z™ such that py(\) is irreducible.
The mapping v — b gives a parametrization

Iell,reg(ba f) = VOl(V) Orb('% f)

of the elliptic regular terms by (certain) points b € Z"™. This parametrization,
which was a foundation of Ngo’s proof of the fundamental lemma, represents a
real change of outlook. It imposes a new structure on the elliptic regular terms
in the trace formula. With its focus on irreducible, monic, integral polynomials
rather than the roots of these polynomials, it hints at a new role for the theory of
equations, which emphasizes Galois resolvents and the explicit determination of
Galois groups.

In general, there is typically a parallel structure between geometric and spectral
terms in the trace formula. The Galois theoretic properties of the elliptic regular
terms on the geometric side would now be analogous to the functorial properties
of the discrete, L2-terms on the spectral side. Whether this is more than just an
analogy might depend on the answer to the following question, posed in [3].

Is it possible to apply the Poisson summation formula to the sum
ell reg Z Iell reg b f ZVO] OI‘b 7 f) Y= b,
bezZm
over b in (a subset of ) Z™? In other words can we write

(3) Ien reg Z Iell ,reg 5 f

£ezn

The question is very subtle, and clearly fails if it is interpreted literally. For
example, the sum over b is taken only over a proper subset of Z". Nevertheless,
Altug was able to solve the problem in the case n = 2 of GL(2). He overcame the
analytic difficulties by expanding each I veg (b, f) into a double sum over integers
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[ and f, and then taking the original sum over b inside these two supplementary
sums. (See [1, Theorem 4.2].) In the lecture, we did not have the time to discuss
the difficulties that remain in the case n > 1 of higher rank. There has been some
progress, but there are also problems that are still to be solved.

In any case, if (3) can be established in general, the summation index £ could
be regarded as an additive spectral variable. It would also index its own monic,
integral polynomial pg(A) of degree n. Might there be some concrete relations
between the Galois theoretic properties of the polynomials pe(A) on the geometric
side and the functorial properties of the representations 7w on the spectral side.
In particular is there any relation between those ¢ such that the Galois group of
pe(A) is a proper subgroup of the symmetric group S = Sp41 and the cuspidal
automorphic representations 7 that are proper functorial transfers to the general
linear group G = GL(n+1)? T have no evidence at all for this, and it is safe to say
that any sort of answer lies well in the future. Nevertheless, I find the question
intriguing, and worthy of consideration.

The more immediate reason for seeking a Poisson formula (3) is that it seems to
be amenable to a geometric description of the spectral contribution of the noncusp-
idal (residual) representations on the spectral side of (2). In [3] it was conjectured
that the trivial one-dimensional representation 7 of G(A) should correspond to
the additive spectral parameter £ = 0 in (3). This problem was solved, again for
the case n = 1 of GL(2), by Altug [1, Theorem 6.1]. At the end of the lecture,
we included a few words on a conjectured extension [2, Section 3] of this result to
higher rank that would account for all residual representations 7.
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Triality and Functoriality
WEE TECK GAN

It is a basic principle in mathematics that an object with more symmetries is more
beautiful, or at least easier to study, than a generic one with fewer symmetries. In
this talk, we consider this principle in the following situation. Consider the series
D,, of simple Lie groups or Lie algebras, so that for example, one may be looking
at the linear algebraic groups SOa, (over some field F') and its Lie algebra s0s,,.
By Lie theory, the outer automorphism group Out(D,,) of soa, is equal to the
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group of symmetries of its Dynkin diagram. Thus one finds that

Z)2Z, if n # 4;
the symmetric group Ss, if n = 4.

Out(D,,) = {

Thus, the Lie algebra of type D4 has more symmetries than the generic Lie algebra
of type D,. In particular, it has an outer automorphism 6 of order 3 and this
phenomenon is known as triality. As such, if the above principle were to be
true, one would expect that the representation theory of D4 to be nicer, or more
accessible, than that for general D,,. Is this really the case?

Let us be more precise. If one considers the special orthogonal group SO3,,
then its outer automorphism group is indeed Z/2Z for all n, with an outer auto-
morphism realised by an element in Os,, \ SO2,. This is because the triality auto-
morphism 6 of sog cannot be realised on SOg, but only on the simply-connected
or adjoint form of the group, i.e. the group Sping or PGSOg respectively. The
center Zgpins of Sping is the finite group scheme 1o X ps which has 3 nontrivial
subgroups of order 2. The triality automorphism preserves the center, permuting
the 3 subgroups of order 2, so that it descends to an automorphism of the adjoint
group PGSOg. This implies that one has 3 non-conjugate maps

t; + Sping — Sping/us = SOs,

which are cyclically permuted by the triality automorphism, and together gives an
embedding

v : Sping < SO3.

Following [3], we describe a construction of the group Sping as a subgroup of
SO3, equipped with an outer automorphism of order 3 which is simply the re-
striction of the cyclic permutation on SO3. This construction is based on the
theory of symmetric composition algebras. It gives a realisation of the three 8-
dimensional irreducible fundamental representations of Sping. Likewise, there are
3 non-conjugate maps

fj : SOS — PGSOg

which are cyclically permuted by the triality automorphism. The existence of these
3 different maps f; is a manifestation of the existence of the triality automorphism.

In studying the smooth representation theory of GSOs, (F) (where F is a lo-
cal field here), it is natural to restrict the representations of GSOs,(F) to the
natural subgroup SOs,(F) and then exploit the recent results of Arthur [1] on
the local Langlands correspondence for SOs,(F). Such an approach was taken
by Bin Xu in his Toronto PhD thesis [5]. Using the stable trace formula, he was
able to construct the local L-packets for PGSOq,, (F') and establish the endoscopic
character identities for these L-packets. However, he was not able to fully as-
sociate L-parameters to his L-packets; indeed, it is only apparent how to assign
L-parameters up to twists by quadratic characters. When n = 4 however, we have
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3 different maps (instead of just one)

with finite cokernel & F* /F*2 and such that the images of any two f;’s generate
PGSOg(F). Thus, one is in a much better position in using this approach to
understand the representation theory of PGSOg(F'), as the pullback by each f;
will yield slightly different information. Unfortunately, despite this, we are still
unable to deduce the full local Langlands correspondence for PGSOg(F) from that
of SOg(F). However, in the global setting (i.e. over a number field), we are able to
use this idea to define a notion of global A-parameters for PGSOg. Hopefully, this
notion is sufficient to parametrize the near equivalence classes in the automorphic
discrete spectrum of PGSOg(A) (at least the part which is invariant under the
triality automorphism).

Looking beyond these less-than-definitive results, we are able to exploit the
principle of triality to obtain some interesting results towards Langlands functo-
riality. The basic idea is the following. Suppose one has constructed a functorial
lifting of automorphic representations with respect to a morphism of dual groups

L HY ——— PGSOY = Spins(C) ——s S05(C).

Now one may compose ¢ with the triality automorphism 6 and obtain another map

HY —“— Sping(C) -, Sping(C) LN SOs(C).

This composite map may give a drastically different instance of Langlands func-
toriality from H to SOsg since § o ¢ and ¢ may not be conjugate in Sping(C). The
map f} oo can also be simply described using

HY —“ % Sping(C) —2 504(C).

The existence of the triality automorphism essentially gives one this new functorial
lifting with minimal efforts. This idea has already been observed and exploited in
the monograph [2] of Chenevier and Lannes. Indeed, much of the material in this
talk will eventually appear in a joint paper with Chenevier.

Let us illustrate this using an example. Consider the split group PGSpg whose
dual group is Spin7(C). One has the standard representation

std : Spinz(C) — SO7(C)
and the associated functorial lifting is simply the restriction of automorphic forms
A(PGSpe) —= A(Sps).
On the other hand, one has the faithful Spin representation
spin : Spin;(C) — SOg(C) — GLs(C),
so one expects a functorial lifting of automorphic forms
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We shall explain how theta correspondence and triality allow one to establish this
Spin lifting.

The point is that there are 3 conjugacy classes of embeddings
Spin7(C) — Sping(C)

permuted by triality. One may fix such an embedding so that the standard repre-
sentation of Spinz(C) is compatible with the map f’, i.e the center of Spin(C)
is equal to Ker(fy'), so that there is a commutative diagram:

Sping(C) —— Sping(C)

stdl lfl\/

SO7(C) —— SO0s(C)

Then the Spin representation of Spinz(C) is given by the composite map

Spine(C) —“— Sping(C) —2 S04(C) —9 GLs(C).

By the similitude theta correspondence, one obtains a theta lifting from cuspidal
representations from PGSpg to PGSOg which realises the functoriality associated
to ¢t. On the other hand, let A denote the lifting from a classical group to the
appropriate GLy given by Arthur. Then, if 7 C Acyusp(PGSps) is such that its
global theta lift ©(7) to PGSOs is nonzero, the above discussion shows that

A(f1(©(m))) = 1® A(xlsps)

on GLg: this is not a very exciting functorial lifting. However, using f2 instead
of fi1, one sees that A(f5(©(m))) is the Spin lifting of 7, i.e. it is functorial with
respect to the map std o fy o¢. In particular, we have the following theorem with
minimal work:

Theorem 1. Let 7 be a globally generic cuspidal representation of PGSpg. Then
the weak Spin lifting of m to GLg exists.

Finally, we discuss the twisted trace formula associated to (PGSOs,8). The
twisted endoscopic groups are the groups Ga, SLs and SOy4. For the endoscopic
group H = SLg3, the map HY = PGL3(C) — Sping(C) is the unique lifting of
the adjoint representation of PGL3(C). Thus, the stable twisted trace formula of
Moeglin and Waldspurger [4], coupled with the transfer of Arthur [1] from SOsg to
G Lg, gives readily the following theorem:

Theorem 2. The weak adjoint lifting from GL3 to GLg exists.

We hope that a detailed study of this stable twisted trace formula will yield the
Arthur conjecture on the automorphic discrete spectrum of Go. This is an ongoing
project with Zhifeng Peng.
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On level 1 cuspidal algebraic automorphic representations of motivic
weight < 23

GAETAN CHENEVIER

Let 7 be a cuspidal automorphic representation of GL,, over Q. We say that 7 is
algebraic if the infinitesimal character of its Archimedean component, that we may
and shall view as a semisimple conjugacy class in M,,(C), has integer eigenvalues
k1 < kg <--- < k,. Those integers are then called the weights of 7 ; up to twisting
7 by |det |? we may and shall always assume k; = 0, in which case the biggest
weight k., is also called the motivic weight of w, and denoted by w(rw).

The main interest in those algebraic 7’s is that they are exactly the ones to
which we expect (and know in many cases how) to attach geometric irreducible
and pure (-adic representations p of Gal(Q/Q) (or motives), the weights of 7
corresponding the Hodge-Tate numbers of p, and w(7) to Deligne’s weight of p.

For example, 7 is of “Artin type” if, and only if, it is algebraic of motivic weight
0. Moreover, if 7 is generated by a cuspidal elliptic eigenform of weight k& > 1 (so
n = 2), then 7 is algebraic with ko = w(w) = k — 1. By Harish-Chandra, there are
only finitely many cuspidal algebraic 7 of given dimension, conductor and weights,
but their exact number is unknown already for n = 3 and conductor 1.

The following theorem is a joint work with Jean Lannes [CL, Chap. IX Thm. 3.3].

Theorem 1. (Ch.-Lannes) Let n > 1 and 7 be a cuspidal algebraic automorphic
representation of GL,, over Q with w(m) < 22, and such that m, is unramified for
each prime p. Then either :

(i) n =1 and w is the trivial representation,

(ii) n = 2, w(m) € {11,15,17,19,21}, and 7 is generated by the unique nor-
malized cusp form for SLa(Z) of weight w(rm) + 1,

1) N =9, W\T) = ana T 1S ewart-Jacquer's Sym suggestive notation),
3 22 and 7 is Gelbart-J. t’s Sym2A ti tati
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(iv) orn = 4, w(n) € {19,21} and 7 is the Arthur transfer to GLy of the
cuspidal automorphic representation of PGSp,(= SO(3,2)) generated by
the one-dimensional space of vector-valued Siegel modular cuspforms for
Sp4(Z) of weight Sym? @ det®, with (j, k) = (6,8), (4,10), (12,6) or (8,8).

In particular, there are exactly 11 such 7’s, and none if n > 4.

This theorem was known at least to Serre and Mestre for w(7) < 11, in which
case it implies 7 = 1 [MES, §III Rem. 1]. Observe that modulo the Artin-
Langlands reciprocity conjecture, the case w(w) = 0 is just Minkowski’s theorem:
any number field different from Q has a ramified prime. Modulo the Fontaine-
Mazur-Langlands conjecture, the case w(w) = 1 also contains the Abrashkin-
Fontaine theorem : there is no nonzero abelian variety over Z. As far as we know,
the theorem is already new for w(m) = 11. See forthcoming work of Taibi and the
author for a version of this theorem for the motivic weights w = 23 and 24.

The theorem above has several interesting consequences. It gives for example
some hints on the mysterious motive of the moduli spaces M, ,, of n-pointed stable
curves of genus g for 3¢ — 3 + n < 22, which confirm numerical computations of
Bergstrom, Faber & Van der Geer. More concretely, when combined with Arthur’s
classification of automorphic representations of classical groups, it also has the
following applications discovered in [CL] :

(a) Niemeier lattices (that application was the main motivation of the theorem
and really requires the motivic weight w(m) to go up to 22) : new proof that the
set Xo4 of isometry classes of Niemeier lattices has 24 elements, simple solution
of the Kneser neighbors problem for Niemeier lattices, a proof that the genus 12
Siegel theta series map C[Xa4] = M12(Spyy(Z)) is an isomorphism (Eichler’s basis
problem), and a proof of the conjecture of Nebe-Venkov on higher genus theta
series of Niemeier lattices.

(b) Siegel modular forms : computation of dim Sy, (Sp,,(Z)) for all k < 12 and
all genus g, except for (k, g) = (12,24). For instance we prove the following table:

g 12345 |6]7|8|9]10]|11]12]>12
dim S12(Spo,(Z)) || 1| 1| 1|22 (3|3 [4]2[2]1 |1 0

(c) Harder congruences : proof of the original “mod 41 example” or Harder’s
congruence, which concerns the 7 of dimension 4 with (5, k) = (4, 10).

The finiteness of the number of 7 in Theorem 1 above is already much surprising.
It turns out to be special case of a quite more general result, which is our second
theorem (to appear in a forthcoming paper of the author) :

Theorem 2. (Ch.) Let N > 1. There are only finitely many cuspidal automorphic
representations © of GL,, over Q (with n varying), whose Artin conductor is N
and which are algebraic of motivic weight < 23.
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Modulo GRH, this is also true for w = 24. We are not aware of any reason why
the same result should hold for all w.

Let us now say a word about the proofs of these theorems. We use and de-
velop an analytic argument in the lead of previous works of Stark, Odlyzko, Serre,
Mestre, Fermigier and Miller. Roughly, in order to show that a m with given 7
does not exist, we show that the Rankin-Selberg L-function L(s, 7 x ') does not
exist for a suitable choice of 7’ (often 7" or a known 7’). The contradiction comes
from the study of the explicit formula “4 la Riemann-Weil” applied to L(s, 7 x 7’)
and to a suitable test function. The analytic properties of those L-functions (such
as the meromorphic continuation to C, the functional equation, the determination
of the poles, and its boundedness in vertical strips away from the poles) which
have been proved by Gelbart, Jacquet, Shalika and Shahidi, play a crucial role.
Let us now explain briefly the proof of the finiteness statement (Theorem 2).

We denote by Ko, the Grothendieck ring of finite dimensional complex repre-
sentations of the Weil group Wgr of R which are trivial on the central subgroup
R<g. As an abelian group, K, is freely generated by 1 and by the 2-dimensional
representations I,, of Wg, with w > 0 an integer, induced from the character
z +— (z/|z])" of the index 2 subgroup C* of Wg. If 7 is a cuspidal algebraic
automorphic representation of GL,, of motivic weight w, then the Langlands pa-
rameter of T, ® | det|~*/2 lies in the subgroup KS* C Ko, generated by the I,
with v < w and © = w mod 2, and by 1 if w is even.

Let 7 be as in the statement of Theorem 2. Choose a function F' : R — R>g
which is even, compactly supported, of class C?, and whose Fourier transform F (s)
has a nonnegative real part on the complex strip [Im s| < ﬁ. The explicit formula
applied to L(s, 7 x 7V), a Dirichlet series with nonnegative coefficients, shows

(1) Ir(VeV)< ﬁ(4i)+F(0) dim V' log N,
™

where V is the Langlands parameter of mo, @ |det |~*(™/2 and Jp : Ko, — R is a
certain explicit linear form depending on F' (see [CL, Chap. IX Proposition-Def.

3.7]). We have also used that the Artin conductor of 7 x 7V is bounded above by
N2 dim V/ .

But V — Jp(V ® V) is a real-valued quadratic form on the free abelian group
K<®. Animportant observation made in [CL, Chap. IX §3] is that for w < 23, and
for a suitable (explicit) choice of test function F, this quadratic form is positive
definite. Theorem 2 follows then from (1), as the set of points of an Euclidean
lattice whose norm is less that a given affine function is necessarily finite.

This proof is effective, and applied in the special case N = 1 it leads to a finite
(but still big) list of possiblilities for mo. This is just the starting point of the
proof of Theorem 1 given in [CL], which is rather long and delicate, and requires
a number of new ingredients (and many numerical computations). In particular,
we analyse carefully the explicit formula applied to various L(s, 7 x 7’), where the
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7' are specific known automorphic representations. See [CL, Chap. IX §3] for all
the details.
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Spectral reciprocity and non-vanishing of automorphic L-functions
VALENTIN BLOMER
(joint work with X. Li, S. D. Miller)

Let 1 < m < n be two positive integers. Given a cuspidal automorphic representa-
tion IT on GL(n, Q)\GL(n, A), do there exist (infinitely many?) self-dual cuspidal
automorphic representations m on GL(m, Q)\GL(m, A) such that L(3,IIx ) # 0?

Analytic number theory approaches this problem by trying to prove an asymp-
totic formula (or a lower bound) for

(1) > L(/2.0x7)

cond(m)<T

as T — co. The case m = 1 (i.e., 7 corresponds to a quadratic Dirichlet character)
is one of the prime applications of the theory of multiple Dirichlet series ([HK]).
In the case m = 2, n = 3, an affirmative answer follows from work of X. Li [Li,
Theorem 1.1].

For n > 4 and any value of m the problem becomes very hard. The most direct
approach — asymptotically evaluating (1) — fails, at least with currently available
tools, and quickly leads to a “deadlock”. Therefore we introduce a different path
which we now proceed to describe.

Fix a cuspidal automorphic representation IT on GL(4,Q)\GL(4,A), which we
assume to be unramified at all finite places. Given a sufficiently nice test function
h, we define the following spectral mean value

LO/2.00 x = 1 (> L(1/2+it,THL(1/2 — it T
MH(h):;%mh(t“H%/_m = |§(1+)2§t)/|2 !

h(t)dt,

where 7 runs over all representations corresponding to Maafl forms for SLo(Z),
and the parity €, € {£1} is defined as the root number of the corresponding L-
function L(s, 7). Our first result is a spectral reciprocity identity for M (h) that
we state in slightly simplified form. For exact details and hypotheses see [BLM,
Theorem 3].
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Theorem 1. We have
Mi(h) = Mg(h) + two similar terms
where

h(r) == / h K(t, r)h(t) dt

— 00
for a certain integral kernel K(t,r) that can be expressed in terms of hypergeometric
4F3 functions.

This formula is motivated by earlier work of Kuznetsov and Motohashi [Mo]
who considered the case when II is replaced by a minimal parabolic Eisenstein
series.

A careful analysis shows that for

50 2
2n —1\2
hr(t) = e_(t/T)QPT(t), where Pr(t) := (711_[1 2 + ( 5 ) ) 7200

one has
(2) M(hT> < T.
On the other hand, lower bound techniques of Rudnick and Soundararajan [RS]

yield
3) 1 [L(/2 +at, P
2 J_oo  |C(1 4 2dt)|?
Hence if II is self-dual so that
L(3 +it, I L(E —it,11) = L(3 +it, M L(E —it, 1) = |L(L +it, ) 2,

we can combine (2) and (3) and return to the nonvanishing question raised at the
beginning. This gives our second result:

hp(t)dt > TlogT.

Theorem 2. Let II be a cuspidal automorphic representation on
GL(4,Q)\GL(4,A) which is self-dual and unramified at all finite places. Then
there exist infinitely many cuspidal automorphic representations m associated to

Maaf cusp forms for SL(2,Z) such that L(%,H x ) # 0.

The proof of (2) is technically challenging. It uses the GL(4) Voronoi sum-
mation formula to manipulate a sum containing the Hecke eigenvalues of Il and
Kloosterman sums. It is absolutely crucial to employ the full power of the GL(4)
Hecke algebra and use a symmetric version of this formula which includes on both
sides the precise Kloosterman sums arising from the Kuznetsov formula. This is
captured in the following result (cf. [MZ] and [BLM, Theorem 4] for further de-
tails). Let ar(ni,na, ns) denote the abelian coefficients of II normalized such that
ar(1,1,1) = 1. For € € Z/27Z denote

Z Z sgn(n)an(n,m,1) S(n,1,¢) (|n| -
(In|m?)> c 2

neZ\{0} m,c>0

The multiple sum is absolutely convergent in the range fts < —1/4, R(s+2) > 1
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Theorem 3. The function Ve (s, z) has holomorphic continuation to the region
{(s,2) € C* | R(s +22) > 5/4,Rz > 5/4, and Rs < —1/4}
and satisfies the functional equation
Ven(s,2) =Gen(l —s—2)V, g(1 —s—22,2),

for a certain explicit expression in gamma and trigonometric functions associated
to the archimedean representation parameter of I1.
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Limit multiplicities and analytic properties of intertwining operators
ToBIAS FINIS
(joint work with Erez Lapid)

In the recent papers [8, 6], a conditional solution to the limit multiplicity problem
for the collection of all congruence subgroups of a fixed non-cocompact arithmetic
lattice was obtained. To control the contribution of the continuous spectrum,
two conditions on the analytic behavior of intertwining operators were imposed:
properties (TWN) (or its variant (TWN+)) and (BD). In [8], these properties were
verified for the groups GL(n) and SL(n). The talk reported on recent progress for
inner forms of these groups, split groups of rank two and quasi-split classical groups
[4, 5]. The results might also be relevant to the study of other asymptotic problems
with the trace formula.

In [6, Definition 1.2] we defined the limit multiplicity property for a family K of
open compact subgroups K of G(A®), where G is a reductive group defined over a
number field k£ and S a finite set of places of k, including the archimedean places.
Loosely speaking, this property concerns the convergence of the discrete spectral
measures on G(ks)! associated to the members of K to the Plancherel measure of
this group, with the necessary modification in the case of a non-trivial center. We
also refer to [ibid., Definition 1.3] for the definition of a non-degenerate family of
open compact subgroups. Let T be a finite set of non-archimedean places of k that
is disjoint to S. We say that a family K of open compact subgroups of G(A®) has
bounded level at T, if for every v € T there exists an open compact subgroup L,
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of G(k,) with L, C K for all K € K. A trivial modification of the argument of [6]
yields then the following result (properties (TWN+) and (BD) will be explained
below).

Theorem 1. Let G be a reductive group defined over a number field k. Suppose
that G satisfies property (TWN+) and property (BD) with respect to the set San —
So. Let S be a finite set of places of k, including the archimedean places, and K§
an open compact subgroup of G(A®). Then limit multiplicity holds for any non-
degenerate family KC of open subgroups of Kg that has bounded level at Sy — S.

In the case where G is in addition k-simple and simply connected, and G(kg)
is not compact, the strong approximation property allows one to reformulate this
result in terms of the discrete spectral measures of the congruence subgroups of
the arithmetic lattice G(A®) N Kj [ibid., Corollary 1.5].

We now explain the definition of property (TWN+). Let M be a proper Levi
subgroup of G (defined over k). For each pair P,Q € P(M) there is a global
intertwining operator

Mgip(\) : A2(P) — A%(Q),
meromorphic in A € a}; ¢, where A2(P) denotes the space of K- and 3-finite vectors
in the induced representation Indggﬁg (L2 (A M(F)\M(A)) @ eMHMOD) and
A2%(Q) the corresponding space for the group Q.

The study of the operators Mg p()) reduces to the case where the parabolic sub-
groups P and @ are adjacent along a reduced root « € Xjps. Property (TWN+)
pertains to the corresponding normalizing factors n,(m, s) introduced by Lang-
lands and Arthur [1]. They are meromorphic functions of a complex variable s
depending on 7 € Ilgisc (M (A)) that are closely connected to certain automorphic
L-functions studied by Langlands and Shahidi. They depend only on « and not
on the parabolic subgroups P|*Q.

Let U, be the unipotent subgroup of G corresponding to a. Let M, be the
group generated by Ui,. It is a connected k-simple and k-isotropic group. Let
Msf be the simply connected cover of Ma, and p*°® : M;C — M, the natural
homomorphism.

Definition 1. The group G satisfies property (TWN+) (tempered winding num-
bers, strong version) if, for any proper Levi subgroup M of G defined over k, and
any root a € ¥js we have the estimate

T+1
/‘|@wﬁnﬁ<mmﬂ+MMmﬂ+MMmﬁw
T

for all m € Tgisc(M(A)) and all real numbers T'.
Here we set level(m; p°) = N(n), where n is the largest ideal of o), such that
LK™ (M (Agin)) #0,

with K(n) denoting the principal congruence subgroup of level n of G(Ag,) (with
respect to the usual choices). Furthermore, A(moo;p™¢) = A(7TOO|MQ(]%O)) =1+
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Ix (7o) Ma(koo))H27 where y denotes the infinitesimal character (the precise depen-
dence on the archimedean component is actually irrelevant to the limit multiplicity
problem, but important in other contexts).

We conjecture that all reductive groups G over number fields satisfy property
(TWN+). The main result of [4] is the following. Its proof uses the connection of
the normalizing factors to automorphic L-functions, and (in the first two cases)
functoriality with GL(n) [2, 3].

Theorem 2. The following groups satisfy property (TWN+).

(1) GL(n) and its inner forms.
(2) Quasi-split classical groups and their similitude groups.
(3) The split exceptional group Gs.

The same holds for any group whose derived group coincides with the derived group
of any one of the groups above.

We now turn to property (BD), which is essentially a local property. Let v be a
non-archimedean place of k. Set F' = k,,, let @ be a uniformizer of F' and ¢ be the
cardinality of the residue field of F'. Let K be a special maximal compact subgroup
of G(F). Let P = MU be a maximal parabolic subgroup of G defined over F, P the
opposite parabolic subgroup and 7 a smooth irreducible representation of M (F') on
a complex vector space. We consider the family of induced G(F)-representations
Ip(m,s), s € C, which extend the fixed Ky-representation III,(("F)OKO (v (rynk,),

and the associated local intertwining operators
M(s) = Mﬁ\P(Wa s): IIID((OF)QKO (7T|M(F)mK0) - Ig(op)ﬂKo(ﬂM(F)nKo),

which we regard as a family of linear maps between vector spaces that are inde-
pendent of s. For any closed subgroup K of Ko, let M(s)¥X be the restriction of
M (s) to the space of K-invariant vectors in III__,((“F)ﬁK0 (7| v (Pynks )-

We recall that the matrix coefficients of the linear operators M (s) are rational
functions of ¢*, and that the degrees of the denominators are bounded indepen-
dently of 7 [12]. For any n > 1 write K, for the principal congruence subgroup of
K of level w™ with respect to a fixed faithful k-rational representation p of G and
a suitable lattice A, in the space of p. Let M be the F-simple normal subgroup
of G generated by U and U.

Definition 2. (1) A group G satisfies property (BDmax) at v, if there exists
a constant C' > 0 such that for all maximal parabolic subgroups P = MU
defined over F = k,, smooth irreducible representations 7w of M (F') and
all n > 1, the degrees of the numerators of the matrix coefficients of
M (s)EnOM(F) are bounded by Ch.

(2) A group satisfies property (BD) (bounded degree) at v, if all its Levi
subgroups (defined over F = k,) satisfy property (BDmax).

(3) We say that G satisfies property (BD) for a set S of non-archimedean
valuations of k, if it satisfies (BD) at all v € S with a uniform value of C.
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We conjecture that property (BD) is satisfied for all reductive groups over num-
ber fields with S = Sg,, the set of all non-archimedean valuations.

In [7], property (BD) was established for the groups GL(n) and SL(n) with
S = Shn. The main result of [5] is that property (BD) for a group G at v is
implied by a quantitative bound on the support of supercuspidal matrix coefficients
(property (PSC)) for all semisimple normal subgroups of proper Levi subgroups of
G defined over F' = k,. By [7, Corollary 13], Property (PSC) holds for a reductive
group if all its irreducible supercuspidal representations are induced from cuspidal
representations of subgroups that are open compact modulo the center. As a
consequence of Kim’s exhaustion theorem for supercuspidal representations [9],
we conclude:

Theorem 3. Let G be a reductive group defined over a number field k. There
exists a finite set So of non-archimedean places of k such that G satisfies property

(BD) for the set Sgn — So.

Moreover, using additional known results on supercuspidal representations [10,
11], we can be more specific in a number of cases.

Theorem 4. (1) Let G be a split group of rank two or an inner form of GL(n)
or SL(n) defined over a number field k. Then G satisfies property (BD)
with respect to the set Sgn of all non-archimedean places.

(2) Let G be a symplectic, special orthogonal or unitary group defined over
a number field k. Then G satisfies property (BD) with respect to the set
Shn — {’U € San : U|2}.

As an application of these results we finally have the following consequence for
the limit multiplicity problem.

Theorem 5. (1) Let G be a split group of rank two or an inner form of GL(n)
or SL(n) defined over a number field k. Then limit multiplicity holds for
any non-degenerate family KC of open subgroups of a given open compact
subgroup K§ of G(A%).

(2) Let G be a quasi-split classical group defined over a number field k. Then
limit multiplicity holds for any non-degenerate family IC of open subgroups

of K5 that has bounded level at {v ¢ S : v|2}.
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Symmetry Breaking Operators for Orthogonal Groups O(n, 1)
TosHIYUKI KOBAYASHI

Given an irreducible representation 7 of a group G and a subgroup G’, we may
think of 7 as a representation of the subgroup G’ (the restriction w|g/). A typical
example is the tensor product representation m; ® mo of two representations 7, and
o of a group H, which is obtained by the restriction of the outer tensor product
m1 W e of the direct product group G := H x H to its subgroup G’ := diag(H).

As branching problems, we wish to understand how the restriction 7|g behaves
as a G'-module. For reductive groups, this is a difficult problem, partly because
the restriction 7|g may not be well under control as a representation of G’ even
when G’ is a maximal subgroup of G. Wild behavior such as infinite multiplicities
may occur, for instance, already in the tensor product representation of SLs(R).

The author proposed in [3] to go on successively, further steps in the study of
branching problems via the following three stages:

Stage A: Abstract feature of the restriction 7|
Stage B: Branching laws.
Stage C: Construction of symmetry breaking operators (Definition 1).

Here, branching laws in Stage B ask an explicit decomposition of the restriction
into irreducible representations of the subgroup G’ when 7 is a unitary represen-
tation, and also ask the multiplicity m(rw, 7) := dim Homg (7|gr, 7) for irreducible
representations 7 of G'. The latter makes sense even when 7 and 7 are nonunitary.
Stage C refines Stage B, by asking an explicit construction of SBOs when 7 and
T are realized geometrically.

Definition 1. An element in Homg (7|gr, 7) is called a symmetry breaking oper-
ator, SBO for short.
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Stage A includes a basic question whether spectrum is discrete or not, see [1].
Another fundamental question in Stage A is an estimate of multiplicities. In [2, 6],
we discovered the following geometric creteria to control multiplicities:

Theorem 1 (geometric criteria for finite/bounded multiplicities).
(1) The dimension of Homg (|G, T) is finite for any irreducible representa-
tions m of G and any T of G' iff G x G'/diag(G’) is real spherical.
(2) The dimension of Homg: (7|g/, T) is uniformly bounded with respect to
and 7 iff (Gc x Gi)/diag(Gy) is spherical.

Here we recall

Definition 2. (1) A complex manifold X¢ with holomorphic action of a com-
plex reductive group G is spherical if a Borel subgroup of G¢ has an open
orbit in Xc¢.

(2) A real manifold X with continuous action of a real reductive group G is
real spherical if a minimal parabolic subgroup of G has an open orbit in
X.

The latter terminology was introduced in [2] in search for a broader framework
for global analysis on homogeneous spaces than the usual (e.g. group manifolds,
symmetric spaces). That is, the function space C*(G/H) (or L*(G/H) etc.)
should be under control by representation theory if

(1) dim Homg (r, C®(G/H)) < 0o for all 7 € Gaam,

and hence we could expect to develop global analysis on G/H by using representa-
tion theory if (1) holds[2]. We discovered and proved that the geometric property
“real spherical” characterizes exactly the representation-theoretic property (1):

Fact 1 ([2, 6]). Let X = G/H where G D H are algebraic real reductive groups.

(1) dimHomg(mr, (X)) < 00 (Y7 € Gaam) iff X is real spherical.
(2) dim Homg (7, C*°(X)) is uniformly bounded iff X¢ is spherical.

Theorem 1 follows from Fact 1.

The classification of the real spherical spaces of the form (G x G')/diag(G’)
was accomplished in [5] when (G, G’) is a reductive symmetric pair. This a priori
estimate in Stage A singles out the settings which would be potentially promising
for Stages B and C of branching problems. One of such settings arises from a
different discipline, namely, from conformal geometry. The first complete solution
to Stage C obtained [7] is related to this geometric setting as below.

Given a Riemannian manifold (X, g), we write G = Conf(X, g) for the group of
conformal diffeomorphisms of X. Then there is a natural family of representations
m of G on C®(X) for A € C given by

(ma(h)f)(z) = Qb o) f(h~t-z) forhe G,z e X.
We can extend this to a family of representations on the space £¢(X) of differential

i-forms, to be denoted by Wf\i).
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If Y is a submanifold of X, then there is a natural morphism
G':={heG:h-Y CY}— Conf(Y,gly).
Then we may compare two families of representations of the group G':

e the restriction 7T§\i)|Gf acting on £ (X),
1(5)

e the representation 7/%/) acting on £0)(Y).

A conformally covariant SBO on differential forms is a linear map £4(X) — £7(Y)
1(7)

.. Here is a basic question arising from conformal

that intertwines Wf\i) | and 7
geometry:

Question 1. Let X be a Riemannian manifold X, and Y a hypersurface. Con-
struct and classify conformally covariant SBOs from £¢(X) to £7(Y).

We are interested in “natural operators” D that persist for all pairs (X,Y).
The larger Conf(X;Y) is, the more constrains are on D, and hence, we first
focus on the model space with largest symmetries which is given by (X,Y) =
(8™, 8"~1). In this case the pair (G, G") of conformal groups is locally isomorphic
to (O(n+1,1),0(n,1)). It then turns out that the criterion in Theorem 1 (2) for
Stage A is fulfilled. Then Question 1 is regarded as Stages B and C of branching
problems. Recently, we have solved completely Question 1 in the model space:

e Continuous SBOs for i = j = 0 were constructed and classified in [7].
e Differential SBOs for general ¢ and j were constructed and classified in [4].
e The final classification is announced in [8].

Here is a flavor of the complete classification:

Theorem 2. IfHomG,(ﬂgi)|G/,7r’l(,j)) # {0} for some A\, v € C, thenj € {i—2,i—
1,4,i4+ 1} ori+je{n—2,n—1,n,n+1}.

In the talk, I gave briefly the methods of the complete solution [4, 7, 8], some
of which are also applicable in a more general setting that Theorem 1 (an a priori
estimate for Stage A) suggests.

Finally, some applications of these results include:

e an evidence of a conjecture of Gross and Prasad for O(n, 1), see [8];

e periods of irreducible unitary representations with nonzero cohomologies;

e a construction of discrete spectrum of the branching laws of complementary
series [7, Chap. 15].
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A Relative Local Langland Correspondence
DIPENDRA PRASAD

For a quadratic extension E/F of local fields, G a reductive algebraic group over
F, and 7 an irreducible admissible representation of G(FE), this lecture attempts
to understand the multiplicities,

m(r) = dimHomg gy (7, C),

specially to understand when it is nonzero, and to interpret it in terms of Langlands
parameters associated to the representation .

A basic object in this understanding is a quasi-split reductive group G°P(F)
called the opposition group such that G°?(E) = G(F), and G°?(FE) is obtained by
twisting G by the Chevalley involution of G(F).

The following conjecture was proposed.

Let

S6(F) = Hom(Wp," G(C))
be the variety of Langlands parameters, and
Sa(F) = Hom(Wg," G(C))//G(C),

the equivalence classes of parameters. It can be seen that Y (F') is a countable
disjoint union of normal affine varieties. There is the base change map

Sgor(F) 2GS Sgon(B)CNEF) = 345(E)CaIE/F)
which is a finite map of the varieties involved.

Conjecture: Let 7 be an irreducible generic representation of G(E) which has a
Whittaker model for a character of N(E)/N(F). Then,

Yaer (Gal(e/F),c(p)dimHomg, (g)(7,C) = degBC at o,

which is the number of ways of lifting (counted with multiplicity) of the parameter
or: Wy —LGP to Wi, —L Gor.
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As a basic example, one has the case of G(F') = GL,,(F') in which case G°P(F)
is the quasi-split unitary groups over F'. In this case, it is known that m(w) < 1,
and also that the basechange map of parameters:

BC : Yy (F) — EaLm) (F)
is injective.
It is known that for 7 a generic representation of GL,(E),
m(r) =1

if and only if 7 is obtained as a basechange of a repersentation of U, (F').

The lecture ended by discussing higher multiplicities which exist for G(F') =
Us(F), G(E) = GLz(E), and interperting them in terms of fibres of the basechange
from representations of GL2(F') to representation of GLy(E).

Distinction of square-integrable representations for Galois pairs and a
conjecture of Prasad

RAPHAEL BEUZART-PLESSIS

Let F be a p-adic field, E/F be a quadratic extension and H be a connected
reductive group over F. Set G := Rp,pH where R, r denotes Weil’s restriction
of scalars (so that G(F') = H(E)). For x : H(F) — C* a continuous character and
7 a smooth irreducible representation of G(F') we define a multiplicity m(r, x) by

m(m, x) := dim Hompg (7, x)

where Homp(m,x) denotes the space of (H(F'), x)-equivariant linear forms on
7. This space is known to always be of finite dimension ([7], Theorem 4.5) and
we say that 7 is (H, x)-distinguished if m(m, x) # 0. Recently, Dipendra Prasad
has proposed very general conjectures describing this multiplicity in terms of the
Langlands parameterization of 7 ([13]), at least for representations belonging to the
so-called ‘generic’ L-packets. These predictions are in the spirit of what we now call
the ‘relative’ Langlands program whose main local goal is roughly to describe the
set of (H,x)-distinguished representations for very general subgroups H (usually
called spherical) of a reductive group G in terms of Langlands dual picture. In
this report, we present some results supporting Prasad’s very precise conjectures
in the particular case of stable (essentially) square-integrable representations (i.e.
we will consider the multiplicity m(I1, x) for IT a discrete L-packet of G). We now
state this ‘stable-discrete’ version of Prasad’s conjecture. To this end, we need to
restrict slightly the generality by only considering characters x that are of ‘Galois
type’ i.e. which are in the image of the map constructed by Langlands

H'Wg, Z(H)) = Homeont(H(F),C*)
This map is always injective (because F is p-adic) but not always surjective (al-
though it is most of the time, e.g. if H is quasi-split). Prasad associates certain
invariants to the situation at hand. First of all, he constructs a quasi-split group
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H°P over F' which is an E/F form of the quasi-split inner form of H as well as
a certain quadratic character wy g : H(F) — {£1} of Galois type. We refer the
reader to [13]§7-8 for precise constructions of those and content ourself to give
three examples:

o If H=GLy, then H? = U(n)ys (quasi-split form) and wyg g = (Ng/F ©
det)™*! where g5 is the quadratic character associated to E/F;

o If H =U(n) (a unitary group of rank n), then H°? = GL,, and wy g = 1;

o If H = SO(2n + 1) (any odd special orthogonal group), then H°P =
SO(2n+1)4s (the quasi-split inner form) and wy, g = 1NE/F © Nepin Where
Nipin : SO(2n + 1)(F) — {£1} denotes the spin norm.

Secondly, Prasad associates to every character x of Galois type of H(F) a certain
‘Langlands dual group” H$? which sits in a short exact sequence

(1) 1= H® = HP — Wrp — 1

together with a group embedding ¢ : H{P — LG (where PG denotes the L-group
of G) which is compatible with the projections to Wr and algebraic when re-
stricted to H°P. Although the short exact sequence (1) always splits, there does
not necessarily exists a splitting preserving a pinning of H°” and hence HIP s
not always an L-group. However, in the particular case where x = wy g, we have
HP = LHOP and ¢ is the homomorphism of quadratic base-change. We are now
ready to state (a slight generalization of) the stable version of Prasad’s conjecture
for square-integrable representations:

Conjecture 1. Let ¢ : WDp — LG be a discrete L-parameter, 1 (¢) C Irr(G)
the corresponding L-packet and I1, = Z d(m) the stable representation as-

m€Ell%(¢)
sociated to ¢. Then, we have

m(Ig, x) = |ker' (F; H,G)| 7' >

where

e The sum is over the set of ‘L-parameters’ ) : WDp — HP (up to Hor-

conj) making the following diagram commutes (up to G-conj)

HP
. lAL
¢ L
WD ——*G

e ker'(F;H,G) := Ker (H'(F,H) — H'(F,G)) (corresponds to certain
twists of the parameter v that become trivial in *G);

o Z(¢) = Cents(¢)/Z(GYWF and Z(¢) := Cent o, (V) Z(HP)WVF
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As we said, this is only part of Prasad’s general conjectures which aim to describe
(almost) all the multiplicities m(m, x) explicitly. This version of the conjecture is
known in few particular cases: for H = GL(n) by Kable and Anandavardhanan-
Rajan ([9], [1]), for H = U(n) by Feigon-Lapid-Offen ([8]) and for H = GSp(4)
by Hengfei Lu ([10]). The following theorems are both formal consequences of
conjecture 1 and are the main results presented in this report:

Theorem 1. Let H, H' be inner forms /F, G := Rg/pH, G' := Rg/pH' and
X, X' characters of Galois type of H(F) and H'(F) corresponding to each other
(i.e. coming from the same element in H'(Wg, Z(H))). Let II, II' be (essentially)
square-integrable representations of G(F') and G’ (F) respectively which are stable
and transfer of each other (i.e. O(x) = O (y) for all stably conjugated strongly
regular elements x € Gyeq(F) and y € G (F) with 0y, O the Harish-Chandra
characters of IT and IT"). Then, we have

m(IT, x) = m(IT', x')

Theorem 2. For m = St the generalized Steinberg representation of G(F) and x
a character of Galois type we have

o 1 if X = WHE
m(St,x) = { 0 otherwise

Theorem 2 confirms an older conjecture of Prasad ([12], conjecture 3) which was al-
ready proved for split groups and tamely ramified extensions by Broussous-Courtes
and Courtes ([4], [6]) and for inner forms of GL,, by Matringe ([11]). The proof of
Broussous and Courtes is based on geometry of the building whereas Matringe uses
some Mackey machinery. Our approach is completely orthogonal to theirs and is
based on a certain integral formula computing the multiplicity m(m, x) in terms of
the Harish-Chandra character of 7. This formula is reminiscent and inspired by a
similar result of Waldspurger in the context of the so-called Gross-Prasad conjec-
ture ([14], [15]). It can also be seen as a ‘twisted’ version (‘twisted’” with respect
to the non-split extension E/F) of the orthogonality relations between characters
of discrete series due Harish-Chandra ([5], Theorem 3). It can be stated as follows
(where we assume for simplicity that the group H is semi-simple):

Theorem 3. For 7 a square-integrable representation of G(F') and x a continuous
character of H(F') we have

m(m, x) = /FQH(H) O (x)x(x)" dx

where 0, denotes the Harish-Chandra character of 7, I'g;; (H) stands for the set of
regular elliptic conjugacy classes in H(F') and dz is a certain natural measure on
it.

Theorem 1 is an easy consequence of this formula and theorem 2 also follows
from it with some extra work (the basic idea being that we know explicitly the



Harmonic Analysis and the Trace Formula 1579

character of the Steinberg representation so that we can apply theorem 3 and
compute). For its part, theorem 3 is a consequence of a certain simple local trace
formula adapted to the situation and which takes its roots in Arthur’s local trace
formula (]2]) as well as in Waldspurger’s work on the Gross-Prasad conjecture for
orthogonal groups ([14], [15]). A similar formula has been proved by the author in
the context of the Gan-Gross-Prasad conjecture for unitary groups ([3]) and the
method of proof is similar.
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Distinguished positive regular representations
FioNA MURNAGHAN

Let G = G(F') be the F-rational points of a connected F-group G that splits over
a tamely ramified extension of F', where F' is a nonarchimedean local field of odd
residual characteristic.

Suppose that 6 is an involution of G (that is, an F-automorphism of G of order
two) and H = G? is the group of #-fixed points in G. A smooth representation 7
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of G is said to be H-distinguished if the space Hompy (7, 1) of H-invariant linear
forms on the space of 7 is nonzero. We describe results of [M3] on distinction of
particular irreducible admissible (complex) representations of G, which we refer
to as positive regular representations.

Suppose that ¢ is a quasicharacter of a tame maximal torus T of G and Ty+
is the maximal pro-p-subgroup of 7. We say that a quasicharacter ¢ of T is G-
regular on Ty+ if ¢ does not agree on T+ with the restriction of any quasicharacter
of a twisted Levi subgroup of G that strictly contains 7. (Here, a twisted Levi
subgroup of G is a subgroup of the form G’(F'), where G’ is a connected, reductive
F-subgroup of G that becomes a Levi subgroup over a finite extension of F'.)
The equivalence classes of positive regular representations are parametrized by G-
conjugacy classes of pairs (T, ¢), where T is a tamely ramified maximal torus of G
and ¢ is a quasicharacter of T' that is G-regular on Ty+. We denote a representation
whose equivalence class corresponds to the G-conjugacy class of a pair (T, ¢) by
T(T,¢)-

Under mild restrictions on the residual characteristic of F', we derive necessary
conditions for H-distinction of a positive regular representation mr 4), expressed in
terms of properties of (appropriate conjugates of) T and ¢ relative to the involution
0. In particular, we show that T is 6-stable, T contains G-regular 6-split elements,
and the restriction of ¢ to T(‘)ﬂ is trivial. (Here, an element g of G is -split if
0g)=9")

An H-distinguished admissible representation 7 is H-relatively supercuspidal
([KTI,[L]) if for every A in Hompg(w, 1) and every vector v in the space of ,
the function g — (A, m(g)v) is compactly supported modulo HZ¢, where Zg
is the centre of G. We prove that if 7(p 4y is H-distinguished, T" and ¢ have the
properties listed above, and T is compact modulo 7% Zg, then 7(T,$) 18 H-relatively
supercuspidal.

The results discussed here form part of a general program devoted to the study
of distinction of tame representations (that is, representations whose inertial sup-
port consists of supercuspidal representations arising via Yu’s construction). In
cases where there are no G-regular 6 split elements, there are no H-distinguished
positive regular representations. We comment briefly on a more general construc-
tion ([M2]) of tame relatively supercuspidal representations that does not require
existence of #-split G-regular elements.
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Special L-values and the refined Gan-Gross-Prasad conjecture
HARALD GROBNER
(joint work with Jie Lin)

MOTIVATION

In the algebraic theory of special values of L-functions, Deligne’s conjecture for
critical L-values of motives is (still) one of the driving forces. Cut down to one
line, it asserts that the critical values at s = m € Z of the L-function L(s,M) of a
motive M can be described, up to multiplication by elements in the coefficient-field
E(M), in terms of certain geometric period-invariants ¢* (M) and certain explicit
integral powers of (274), [Del79, Conj. 2.8]:

(1) L(m, M) ~pga (2m3)4™ 0" (M).
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Yielding to the conjectural dictionary between motives M/F of rank rk(M) = n
and algebraic automorphic representations IT of GL,, (Ar), translating L(s, M) into
L(% + s,1If), one may hope to transfer Deligne’s conjecture into the less rigid
setup of automorphic representation-theory. Indeed, specializing to cohomological
generic representations II, one may define a Whittaker period p(II) € C* by a
fixed comparison of two chosen Q(II)-rational structures, one on the Whittaker
model W (II;) and one on the cohomological realization of IT;. Deligne’s motivic

conjecture then translates into a conjectural relation

E(TI) being a suitable finite extension of the number field Q(IT). In this relation
the factor p(m, II,,) — essentially the weighted sum of archimedean zeta-integrals
at s = 1*7" + m, playing the role of (27ri)d(m) above — is the most mysterious
ingredient: After a line of partial results, B. Sun proved its non-vanishing in
great generality; a precise relation to Deligne’s all explicit (27ri)d(m), however, an

indispensable prerequisite in order to retranslate (2) back into (1) is yet to be
found.

RATIONALITY FOR CRITICAL VALUES OF RANKIN-SELBERG AND ASAI
L-FUNCTIONS WITH EXPLICIT POWERS OF (27%)

In this talk we report on our solution of this problem for several L-functions of a
large family of automorphic representations over arbitrary CM-fields: More pre-
cisely, let

e F any CM-field with maximal totally real subfield F*, [FT: Q] =d > 1

e II a cuspidal automorphic representation of GL,,(Ar)

o II' =T1I; + ... 4+ I} an isobaric sum on GL,_1(Ap), fully induced from an
arbitrary number k& > 1 of cuspidal automorphic representations IT;,

such that II, (resp. II.,) is conjugate self-dual and cohomological with respect
to E, (resp. E,). We assume the compatibility-condition between the coefficient
modules of [T and II.: Homgr,, ,(r.@.0) By @ B, C] # 0. Then we obtain
our two main theorems

Theorem A (Rankin-Selberg L-functions, [Gro-Lin17], Thm. 5.2). For all critical
points s = 3 + m of L(s,II x II'),

Amdn(n—1)—1d(n—1)(n—
LI (5 +m, IIx ) ~gygqypoar (2m8)™ 007240 =002 (11 p(I1) G (0,

g(wn}) being the GauB-sum of the central character of II}. If m = 0 we either
assume some auxiliary non-vanishing hypotheses, or sufficient regularity of u&p’.

Theorem B (Asai L-functions, [Gro-Linl7], Thm. 5.1). Assume that II' is con-
jugate self-dual and that p’ is sufficiently regular. Then LS(S,H’,AS(_I)PI) is
holomorphic and non-vanishing at s = 1 and we obtain

L3IV, AsCD" )~y poat (20) 1 p(IT).

Our two main theorems yield the following corollary.
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Corollary 1 ([Gro-Linl7], Thm. 5.6). If the conditions of both Thm. A & B above
are satisfied, then for all critical points s = % +m of L(s, I x IT'),

LS(3 +m, I x I')
LS(1,1, AsV™) LS(1,11, As¢D" )

mdn(n—1)— dn(n+1)/2

NQ(H)Q(H’)FG‘” (27T’L)

APPLICATIONS

The refined GGP-conjecture for unitary groups. Our corollary suggests
an immediate application to the refined Gan-Gross-Prasad conjecture for uni-
tary groups: Let G(V) and G(W) be unitary groups over F't attached to non-
degenerate Hermitian spaces of dimension dimp V' =n > dimp W = n’. For tem-
pered, decomposable cusp forms ¢ € m and ¢’ € 7’ the refined GGP-conjecture,
cf. [Liul6], asserts that the period-integral P (e, gp’) of p ® ¢ satisfies
9 AG(V) Ls(l T X 7T
Pl = =5 L5(1,m, Ad) LS(1, 7/, Ad) HO‘” o220

Here, a,(py,¢),) are local integrals — stabilized and su1tab1y normalized — over
certain matrix coefficients, whereas Ag () /2% is a rather elementary constant, at-
tached to the (expected) Vogan-Arthur packets of 7 and 7’ and the Gross-motives.
An easy observation tells us that Agyy ~pea (27m')%d"("+1), which equals the
inverse of the right-hand-side of the relation of our corollary for m = 0. Invoking
results of Harris, [MHar13], in the totally definite case we are able to show that

Theorem C (|Gro-Linl7], Thm. 6.8). If V and W are totally definite and if the
quadratic base changes BC(w) = II and BC(n’) = II' satisfy both the conditions
of Thm. A & B above, then

A L5(3,m x 7o)
N2 G(V)
[Pl @) ~ppe) 5 T 7 Ad) L5017, Ad) ];[Sav Pt

A recent theorem of Harder-Raghuram. Independent of our application to
the refined GGP-conjecture, we obtain a certain generalization as well as refine-
ment of a result of Harder-Raghuram, cf. [GHar-Rag17], on the ratio of consecutive
critical values of the Rankin-Selberg L-function attached to a pair of cuspidal rep-
resentations (o, 0’) of GL,(Ap+) X GLy/ (Ap+):

Theorem D ([Gro-Linl7], Thm. 5.5). Assume that the conditions of Thm. A

above are satisfied. Let 2 + m, 1 + ¢ be two critical points of L%(s,II x II').
Whenever L%(% + ¢,1I x H’) is non-zero (e.g., if £ # 0), we obtain

LS(L +m, T x IT)

LS(L 4+ 0,11 x11)

In particular, the quotient of consecutive critical L-values satisfies

L5(3 +m, I x IT')

LS(3 +m, I x IT')

d(m—£)n(n— 1)

NQ(H)Q(H’)FG‘” (27T’L)

(27m)dn(n 1) c (@(H)Q(H’)FG‘”.
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On generalized Fourier transforms in doubling method for classical
groups
FREYDOON SHAHIDI

We discuss the notion of a generalized Fourier transform introduced by Braver-
man and Kazhdan on certain space of Schwartz functions on a reductive group,
defined by delicately normalized intertwining operators [BK1, BK2]. This is part
of their program, now enhanced by ideas of Ngo [N1, N2], to develop a theory of
L—functions for any reductive group and any representation of its L—group, gener-
alizing the work of Godement and Jacquet [GJ] in the case of principal L—functions
for GL(n).

In the case of standard L—functions for classical groups, one has the work of
Piatetski-Shapiro and Rallis [GPSR, PSR, LR], continued by Lapid—Rallis, as
well as Jian—Shu Li, S. Yamana and W. T. Gan, which defines and studies these
L—functions through their doubling method.

We specialize the Fourier transforms of Braverman—Kazhdan to the case of dou-
bling, showing that they behave the same way as normalized intertwining opera-
tors of doubling method which are done by means of “degenerate local coefficients”
[PSR, LR]. These local coefficients are defined by degenerate (character) inducing
data as opposed to the cases considered in Langlands—Shahidi method [Sh].

Finally, we define the basic function in both setting and show that they are
preserved by the Fourier transform. This is the unramified function whose integral
against the normalized spherical matrix coefficient of the classical group gives
the standard L—function. It requires a shift of s by —% in the L—function data
which although needed for global reasons, remains mysterious locally and does
not produce the shift present in Godement—Jacquet and Ngo [N3]. The geometric
aspects of the work involved is presented in a paper by Wen-Wei Li [Li].
Acknowledgment. This research stay was partially supported by the NSF grant
DMS-1500759.
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A Poisson summation formula for the Rankin-Selberg monoid
JAYCE R. GETZ

1. GENERALIZATIONS OF POISSON SUMMATION

Let F' be a number field and let G be a connected reductive group over F'. Given
a representation r : YG — GL(V;.) of its L-group and a cuspidal automorphic rep-
resentation m of G(Ap) the associated Langlands L-function L(s,, p) is expected
to admit a meromorphic continuation to the plane, satisfy a functional equation,
and have poles corresponding to fixed vectors of r o ¢(r), where ¢(n) : Lr — LG
is the (conjectural) Langlands parameter of .

In the case where r is the standard representation of G = GL,, these properties
were deduced from the Poisson summation formula on the space of n x n-matrices
GL,, by Godement and Jacquet. Braverman and Kazhdan introduced an influen-
tial conjecture which asserts that this is but the first case of a general phenomenon.
More precisely, they conjecture the existence of an r-transform

Fr: S (G(AR)) = Sr(G(Ar))

from a certain space of conjectural Schwartz functions S,(G(Ar)) to itself and
the existence of a summation formula generalizing Poisson summation for this
transform. There has been quite a bit of work motivated by this conjecture,
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notably by Bouthier, Cheng, L. Lafforgue, Li, Ng6, and Sakellaridis. I refer to the
introduction of my paper [1] for references.

2. THE RANKIN-SELBERG MONOID

Motivated by this idea of generalized versions of Poisson summation, in the paper
[1] I prove a summation formula for the monoid whose points in an F-algebra R
are given by

M(R) := {(X1, X2) € GLY*(R) : det X; = det X»}.
We let G be the unit group of the monoid:
G(R) := {(g1,92) € GLS*(R) : det g; = det go}.

The monoid M is related to the Rankin-Selberg L-function on GLs x GLy. We
recall that the Rankin-Selberg L-function is the Langlands L-function attached to
the exterior tensor product

p: “GLy x “GLy — GL4(C).

This factors through *G.
To state it the summation formula, for ® € S(Ar x Ap x GLY?(Ar)) let

1) Z(D,s)(7) : = /AF </GL?2(AF)<1> (]@,t,T) " (trZT) dT) It dt.

This function admits a meromorphic continuation to Re(s) > —4 (see [1]). Let

(@) = Reir:e_s_j(Aq;(?)(w '

Here Ap(s) is the completed Dedekind zeta function.

Let hg € C®((AgL,\GL2(Fs))*?). Modifying hs by a central integration
which will not be made precise here one arrives at a function fg € C°(GLY?(Fy)).
One then sets

d=dy® feSALxCLY*(Ar))
where &g € S(A%) is any function such that
Dy(t,0) =0 for all t € Ap and Fa(Po)(0,0) =Tp_(1)

where F3 denotes the Fourier transform in the second variable and I'p_(s) is the
archimedian factor of Ap(s). Let

¢Sw(z’ y7 T) = ®(y7 x? T)
(the sw is for “switch”). Finally let
(2) w:G— Gy,

be the character given on points by (g1, g2) — det g1.
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Theorem 1 (Getz). Assume that the endomorphism of L?([GLa)?) given by hSlGL;Q((’Q‘E‘)
has cuspidal tmage. Then

wigigs DI Y. T(®) (91795 ")

YEM(F)
=lw(grgs )l Y (@) (w(gi 'g2)91795 )
YEM(F)
ResszlLS(s, T, p)
+ Z 45(2) K7r®|det|(h51GL§2(@§))(91792)'

T=mo®7y
where the sum on my is over cuspidal automorphic representations of Agr, \GL2(AF).

The proof of this theorem uses the expansion of the d-function developed by Duke,
Friedlander and Iwaniec which was cast in the framework of the circle method by
Heath-Brown.

3. AVENUES FOR FUTURE WORK

I now explain an application which in fact was my motivation for pursuing this
project in the first place. Assume that there is a subfield k < F such that F/k is
Galois with Galois group Gal(F/k) = {1, 7); that is, Gal(F/k) is generated by two
elements. For example Gal(F'/k) could be any simple nonabelian group.

Let G be the connected reductive k-subgroup of Resp/;, G whose points in a
k-algebra R are given by

Go(R) :={(g1,92) € G(R®y F) : det g; = det go € R*}.

This k-subgroup comes equipped with an action of Gal(F/k)?, and in particular
we have an automorphism 6 of G given on points by 6(g1,g2) := (t(g1),7(g2)).
Set

Ress—1 L5 (s, T, p)

(3) 2(91592) = Z CS(Q) K7r®|det|(hslé(@s))(91592)
T=mo Ry F e
(4) = w(gg I > T(®) (91797 )
~YEM(F)
—lwlgga Dl D T(®™)(w(gr g2) 91795 -
YEM(F)
(the second equality is the content of Theorem 1).
Consider
Ress—1 L7 (s, m, p)
(5) /Z(g,@(g))dg: / Z 45(2) Kﬂ@\det\(hslé(@g))(gae(g))dg'
[Go] [Go] 71':71'0®7r0v F

Only representations 7y such that all of the Galois conjugates 7§, o € Gal(F/k),
are isomorphic up to a twist by a character can contribute to this sum. On
the other hand, it should certainly be possible (after applying an Arthur-style
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truncation, perhaps) to evaluate this expression geometrically using the right hand
side of (3). This will yield a nonabelian trace formula, that is, a trace formula
isolating representations invariant under a nonabelian group of automorphisms.

Making this precise seems tractable, but the end goal would be to compare
this nonabelian trace formula to a trace formula over k£ and establish base change
and descent of automorphic representations of GLs over nonabelian Galois exten-
sions (see [2, 3]). T have no paradigm or heuristic for executing this comparison.
Nevertheless, it should be possible to gain insight. One project that seems more
manageable is examining (5) for a family of test functions h giving a count of the
number of representations in a tower of Gal(F'/k)-invariant congruence subgroups
of Go(Ar). The goal would be to see if the number, on average, is as expected
assuming base change and descent. This would give a numeric version of base
change.
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A-packets in the archimedean case
COLETTE MOEGLIN
(joint work with David Renard)

The talk given is a report about joint work with David Renard. Let F' be a local
field of characteristic 0, Gy be a quasi split reductive group and G a pure inner
form of G, both defined over F'. We will identify G and Gy with their F’ points. We
denote by W}, the Weil-Deligne group of F. If F' is archimedean, this is nothing
but the Weil group and if F' is p-adic, this is the direct product of the Weil group
of F with SL(2,C). And we denote by G the connected component of LG, the
L-group of G. We assume that Gy is a classical group.

First of all, we recall the definition of A-packets following Arthur and specially
[2]. Let ¢ be a morphism of W}, x SL(2,C in G. We assume that the restriction
of 1 to W}, is tempered and that the restriction of ¥ to SL(2,C) is algebraic.
Tempered means essentialy bounded on Wy and algebraic on SL(2,C) if F is p-
adic, but this is not general enough if G has a non finite center. We call such a
morphism an A-morphism.

All the normalization for the transfer factors and the twisted trace are done
using the Whittaker normalization.
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To an A-morphism, we consider A(¢)) the group of components:

A() = Cent (1) /Cent g (¥)°,

and s, the image of the non trivial element of SL(2,C) by 2.

To any s € Cents(v) such that 5?2 = 1, we consider the elliptic endoscopic
datum of G, (s, H,Centg(s)?(Wr)), where H is the quasi-split classical group
such that “H is isomorphic to Cents(s)*¢(Wr)) (no auxiliary data are needed
in our simple situation). In this way 1 defines naturally an A-morphism for H,
denoted 1)s.

The A-packet associate to 1 is a linear combination with complex coefficients
of irreducible representations of G' x A(1), denoted 74 (¢), satisfying the following
transfer relations:

wéo (1)(sy) is stable and its transfer to the twisted GL(dim, F') is the twisted
trace of the representation of GL(dimi, F') associated to t. Here dima) is the
dimension of ¢ viewed as a representation of W x SL(2,C) when we compose
with the natural representation of the L-group of G.

for any s as above, e (G) 74 (1) (ssy,) is the transfert of the stable representation
7 (1s)(sy) of the endoscopic datum associate to s and 1 as above, where X (G)
is the Kottwitz’ sign.

For these properties, we recall that the local spectral transfer is defined in
a very great generality as a map sending a stable finite linear combination (with
coefficients in C) of irreducible representations of an elliptic endoscopic datum of G
to a finite linear combination (with coefficients in C) of irreducible representations
of the group G. For the ordinary transfer, this is due to Shelstad ([15]) and Arthur
(cf. [3]) and for the twisted transfer (which covers the ordinary transfer) this is
[13] IV.3.3 and [14] Appendice.

We say that 74 (1) has multiplicity one for G, if when we write 74(¢) in the
basis of irreducible representations of G the coefficients are irreducible characters
of A(¢)) instead of a linear combination with coefficient in C of characters.

Another more familiar way to state the conjecture is the following: first of all,
remark that if Z(G) the center of G is non trivial, there exists a character, 7¢
of this center, character which depends on the inner form G such that for any
s € A(¢) and any z in this center:

7 ()(s2) = na(2)mG (1) (s)-

For any character € of A(1) with restriction 7g to the center of G (if such a center
exists) define:

Ta(W)e = AW)/Z(@G)TH YT e()mG)(s).

s€AW)/Z(G)
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Then the multiplicity one conjecture, asserts that for any € as above, 74 (1), is
a sum of irreducible representations of G, each occuring with multiplicity one and
for € # € the representations 74 (¢)e and 74 (1))e are disjoint.

This is now well known in the case where 1 is trivial on SL(2,C), the tempered
case, where in fact 74 (¢)) is irreducible (or zero). This is due to Shestad and Mezo
in the archimedean case (see [16] and [7]), to Arthur in [4] for the p-adic case with
a method which extends to unitary groups (see for example [5]) and for any G as
above (see the explanations in [11]).

The conjecture is that 74 (1) has multiplicity one for G for any 1 with of course
a more complicate statement than in the tempered case, because ﬂ'é(z/J)E is no more
irreducible (or zero) for general .

This is known if F' is a p-adic field ([8]), for F' a complex field ([10]). For F = R,
this is known if the infinitesimal character is integral and regular ([1]) and this is
also known for G an orthogonal or symplectic group if the restriction of Wg to
the subgroup C* of Wy is trivial and all the subrepresentations occuring in 1 are
symplectic if G is symplectic and orthogonal if G is orthogonal ([9])

In the talk we have discuss the case of real unitary groups where it is easy to
describe Fé(’t/]) in terms of cohomological and parabolic inductions. Even with
this very explicit description the conjecture is not yet totaly proved. And we have
sent the audience to [12] for what is known if G is a real orthogonal or symplectic
group. In these last cases, we also have an explicit description of wé () but it
is much more difficult than in the case of unitary groups to explicitly decompose
Wé (¥) in irreducible representations and the multiplicity one is not proved. But
we have proven that for any e a character of A(v), 74(¢)), is a sum with positive
integer coefficients of unitary representations of G.
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Arthur Packets from Harmonic Analysis and Sheaf Theory
PauL MEzo

Our talk concerns a comparison of twisted endoscopy from two fundamentally
different points of view. The original point of view relies on harmonic analysis.
The alternative point of view, relying on sheaf theory, is due to Adams, Barbasch
and Vogan ([ABV92]). In order to describe the comparison, we will provide a
simplified overview of both perspectives. Experts will realize that we have omitted
numerous technicalities in the overview, but our statements will be very nearly
true for connected, split and adjoint real algebraic groups G. The actual level of
generality is that of a connected reductive algebraic group defined over the real
numbers R.

We begin with the original version of endoscopy due to Langlands and Shel-
stad. Langlands partitioned the irreducible representations of the group G(R)
into L-packets II4. The index ¢ is an L-parameter, which we will take to be a
homomorphism

(1> d):WR—)VG

of the real Weil group into the dual group of G. Let us write the local Langlands
Correspondence as

(2) H¢ — ¢

If we restrict our attention to tempered representations then every representa-
tion 7 € II4 further corresponds to a unique irreducible representation 74(m) of
a finite abelian group which is the component group of the centralizer ¥Gg. The
main point here is that for irreducible tempered representations of G(R) we have
a more refined one-to-one correspondence

(3) ™ (¢, 7o ().



1592 Oberwolfach Report 25/2017

A typical example of standard endoscopy begins by taking an element s in the
centralizer VG, and setting Y H equal to the identity component of the fixed-
point subgroup of its inner automorphism Int(s). The group Y H is the dual
group of a reductive algebraic group H— an endoscopic group. By construction
we have ¢(Wg) C VH C VG, so we may define ¢ : Wg — VH from (1) by
simply replacing the codomain of ¢ with VH. The facile relationship between ¢y
and ¢ becomes a deep theorem when comparing the L-packets 11y, and II. For
tempered representations the comparison takes the form of the spectral transfer
theorem

(4) Lift [ > Oy | = D 7(m)(3) On

FHEH¢H melly

Here, $ is the component of s € VG4, and O, and O,, are distribution characters.
It is in this distributional sense that the spectral transfer theorem is based on
harmonic analysis.

One would like to extend the spectral transfer theorem to include nontempered
representations. In this direction, Arthur has proposed extensions of L-parameters
and L-packets. These extensions are usually called A-parameters and A-packets.
The A-packets are designed to accommodate the nontempered representations
which appear as factors of automorphic representations. There is a conjectural
extension of (4) for A-packets, which has been proved when G is symplectic or
special orthogonal ([Art13]).

The proofs of the known cases of spectral transfer for A-packets rely on an
extension of (4) in a different direction. This is the extension to twisted endoscopy,
which includes endoscopic groups H defined using outer automorphisms of VG.

Example 1. Take G to be a general linear group. Then VG is also a general linear
group. Replace the inner automorphism Int(s) above by the outer automorphism
of VG defined by inverse-transpose. Then ¥V H is a special orthogonal group, and
the endoscopic group H is either special orthogonal or symplectic.

A twisted spectral transfer theorem for A-packets was proven in the framework
of Example 1 ([Art13]). Its proof relies on the twisted spectral transfer theorem
for tempered representations.

We now turn to endoscopy from the sheaf-theoretic perspective, juxtaposing
the main points. The first point is the local Langlands Correspondence (3). In
[ABV92] the set of L-parameters is replaced by a topological space X (¥G). There
is a YG-action on X (VG), and the VG-orbits S C X (V@) are in bijection with
(equivalence classes of) L-parameters. Correspondence (2) is now enriched as

Iy < ¢ < S.

One motivation for introducing X (VG) is that the closure relations between v G-
orbits imply relationships between the representations of corresponding L-packets.
These implications are absent in (2) alone.
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Correspondence (3) is also strengthened in [ABV92]. For each YG-orbit S,
an extension of the component group of VG, is defined. This extension is still
a finite abelian group. Its irreducible representations are in bijection with an
extended L-packet I1g D II4. The packets IIg are extended since they may include
representations of real forms of G other than just the given real form G(R). More
symbolically, there is a bijection

(5) 7 (9, 75(m))

where 7 runs over all irreducible representations of some real forms of G including
G(R). Correspondence (3) may be recovered from (5) by restricting to tempered
representations.

Another striking feature of (5) is that the pair £ = (S, 75(n)) determines an
irreducible perverse sheaf P(£) on X (VG). Suffice it to say that & defines a sheaf
(actually a local system) of vector spaces on S C X (YG), and that P(£) is some
sort of extension of this sheaf to a chain complex of sheaves on X (YG). Taking
this leap for granted, we rewrite (5) as

(6) m(§) < & < P(£).

Correspondence (6) expresses a duality between irreducible representations and
irreducible perverse sheaves.
The spectral transfer theorem (4) takes on roughly the following form in [ABV92]

(7) Lift [ Y wu| =) 7s(m)(s)

ma€llsy, m€lls

(We have suppressed some signs.) The sums here are virtual representations with
irreducible tempered summands. The lift in (7) is defined by applying the duality
of (6) to the equation

>, P(m)=Rest| >  7(3) P(¢)

Ea=(Su,7’) £=(S,7)

On the right, Rest denotes the restriction functor (the inverse image functor in-
duced by the inclusion Y H < Y@&). This is an identity of virtual perverse sheaves,
which has no direct connection to harmonic analysis.

The spectral transfer theorem (7) has a generalization to nontempered represen-
tations. However, to properly describe requires the theory of microlocal geometry.
We limit ourselves to saying that in the nontempered situation, the extended
packets Ig,, and IIg of (7) are replaced by micro-packets, and that the extended
component groups are replaced by micro-component groups. It is furthermore
shown that an A-parameter specifies a unique micro-packet and micro-component
group. Thus, sheaf-theoretic A-packets are a special class of micro-packets. This
leads to the following question:

Are Arthur’s A-packets in [Art13] equal to A-packets of [ABV92]?
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Recall that Arthur’s A-packets were defined using twisted endoscopy as in Example
1. The most direct solution to this question should therefore employ twisted
endoscopy using the sheaf-theoretic framework of [ABV92].
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Arthur packets and Adams-Barbash-Vogan packets for p-adic groups
CLIFTON CUNNINGHAM, BIN XU
(joint work with Andrew Fiori, James Mracek and Ahmed Moussaoui)

1. OVERVIEW

Our project concerns Arthur packets, which are objects originating from the clas-
sification of automorphic representations. With a view to a local description of
Arthur packets, Adams-Barbasch-Vogan [1] initiated the study of the geometry of
certain parametrizing spaces of Langlands parameters for connected real reductive
algebraic groups and, soon after, Vogan [5] included p-adic groups in this story.
Their analysis of the geometry of these parametrizing spaces led to what are now
known as ABV-packets and also led to the conjecture that local Arthur packets are
ABV-packets. On the other hand, not until a few years ago do the Arthur packets
really become known for quasisplit symplectic and orthogonal groups by Arthur
[2], and for unitary groups by Mok [4], Kaletha-Minguez-Shin-White [3]. So our
main intention in this project is to see how representation theory and geometry
interact through local Arthur packets under these two seemingly very different
perspectives.

2. PARAMETRIZING SPACE OF LANGLANDS PARAMETERS

Let F be a p-adic field and G be a quasi-split connected reductive algebraic group
over F. We fix an L-group G for G and equip the complex dual group G with the
discrete topology. A Langlands parameter of G is a continuous homomorphism
¢ : Lr — LG from Lr := Wr x SL(2,C) to the L-group of G such that: it
commutes with projections to Wr on both sides; @|sy(2,c) is algebraic; and ¢(Wr)
consists of semisimple elements of “G. We denote the set of Langlands parameters
by P(XG). There is a natural G-equivariant fibration P(*G) — X(LG), to a
complex ind-variety X (“G) equipped with an action of G such that the fibre over
any z € X(YG) is a principle homogeneous space for the unipotent radical of
Stabg(z). In fact, it is X (“G) rather than P(*G) that we would like to consider
as the parametrizing space of Langlands parameters. The components of the
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parametrizing space X (YG) are complex varieties, each stabilized by the action of
G.

Our interest lies in studying the category Pervg (X (“G)) of G-equivariant per-
verse sheaves on X (F'G), each component separately. The isomorphism classes of
simple objects in this category are in bijection with pairs (C, p) with C' an G-orbit
in X(YG) and p € Irrep(Ac), where A is the equivariant fundamental group of
C, i.e., Ac = mo(Stabg(x)) for any x € C. There is a similar bijection on the
representation side; in particular, if ¢ € P(YG) is a preimage of z € X (L'G) then
Ay = mo(Stabg(¢)) is naturally isomorphic to mo(Stabg(z)).

3. LocAL LANGLANDS CORRESPONDENCE FOR PURE RATIONAL FORMS

A pure rational form § of G is a 1-cocycle of the absolute Galois group I'r in G.
It determines an inner form G5 of G together with an embedding Gs(F) < G(F).
Let G(F) act by conjugation on pairs of (m,§) where § is a pure rational form
and 7 is an isomorphism class of admissible representations of Gs(F). The set
of G(F)-conjugacy classes will be denoted by Ilyuwe(G/F). The local Langlands
correspondence for pure rational forms of G can be stated as follows: There is
a natural bijection between yuwe(G/F) and G-conjugacy classes of pairs (9, p)
with ¢ € P(YG) and p € Irrep(Ay). This conjecture is known for general linear
groups and unitary groups, and the case of symplectic and orthogonal groups
would essentially follow from the results claimed by Arthur [2, Theorem 9.4.1].
The local Langlands correspondence for pure rational forms of G determines a
natural bijection

Mpure(G/F) = Penvi™ (X ("@)) o, [m,0] > P(m,0).

4. ARTHUR PARAMETERS AND ARTHUR PACKETS

An Arthur parameter for G is a continuous homomorphism 1 : Lz xSL(2,C) — LG
such that: ¢|r, is a Langlands parameter of G; v|gp(2,c) is algebraic; and the
projection of ¥)(Wg) to G has compact closure. An Arthur parameter 1) determines
a Langlands parameter ¢y, by ¢y (u) = 1(u, diag(|u|'/?, |u|~/?)) for u € L, where
the norm map on Lp is simply the pull-back of that on Wr. This induces an
inclusion of the set of (A?—conjugacy classes of Arthur parameters into the set of
é—conjugacy classes of Langlands parameters.

Arthur’s work leads to the following general conjecture on Arthur packets for
pure rational forms of G: Every Arthur parameter v naturally determines a finite
subset pure,p (G/F) of Ipure(G/F) together with a canonical map

Hpure,w(G/F) — Rep(Aw)a [7Ta 6] = <'a [7Ta 6]>¢7

where Ay = mo(Stabg (1)), Rep(Ay) is the set of isomorphism classes of represen-
tations of Ay and (-, [m,8])y is the associated character of Ay.

We call Iyyre s (G/F) a pure Arthur packet for G. This conjecture is known for
general linear groups and unitary groups; the case of symplectic and orthogonal
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groups would essentially follow from Arthur’s conjecture [2, Conjecture 9.4.2] for
inner forms.

5. VANISHING CYCLES OF PERVERSE SHEAVES

Let ¢ be an Arthur parameter for G, and let Cy, be the G-orbit in X (LG) deter-
mined by the image z, € X(¥G) of ¢4. The conormal bunde TéwX(LG) has a

unique open dense G-orbit T, X (EQ)sreg and the Arthur parameter ¢ determines
a conormal vector (zy,&y) in this orbit. Moreover, the equivariant fundamental
group of TéwX (XG)sreg is canonically isomorphic to Ay. Using the vanishing cycle
functor, we construct a functor

Ev?b : Perv (X (*G)) — Rep(Ay)

to the category Rep(Ay) of representations of A, which plays the role of the
microlocalization functor in the work of Adams-Barbash-Vogan and Vogan. In
particular, the relation between this functor and characteristic cycles is as follows.
For any equivariant perverse sheaf P on X (¥G), the multiplicity of the conormal
bundle [T¢, X (Y*G)] in the characteristic cycle of P is equal to the dimension of
Evy,(P).

The conjectural geometric construction of local Arthur packets by Adam-Barbasch-
Vogan and Vogan now takes the following form.

Conjecture 1. For any Arthur parameter ¢ of G,
Hpure,p(G/F) = {[7,6] € Wpure(G/F)|Evy, (P(m,6)) # 0}
Moreover, for any [m,0] € Ipure, v (G/F) and any a € Ay,
(a, [, 0]}y = Trace Ev,(P(r,d))(a).

We will prove this conjecture in certain cases in a series of papers currently in
preparation.
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Counting cusp forms by analytic conductor
FARRELL BRUMLEY
(joint work with Djordje Mili¢evic)

Motivation. Let Xy be a smooth projective genus g absolutely irreducible curve
over a finite field F, of characteristic p. Let F = F, be an algebraic closure.
Let X = Xo ®p, IF be the base change of Xy to F. Write Fr for the Frobenius
endomorphism of the scheme X. Fix a prime ¢ # p and consider the set F
of isomorphism classes of irreducible rank 2 Q,-local systems on X. For every
integer m > 1 the mt-iteration Fr™ acts on F. Let F,, = E™™" denote the set of
fixed points of Fr'™.
In 1981, Drinfeld proved the following beautiful

Theorem 1 (Drinfeld). If g > 1 then

k
(1) HEy = q=3m N,

i=1
where k > 1, r; € Z, and the u; are Weil numbers of wt/2 < 4g — 3.

The proof goes as follows: thanks to Drinfeld’s Galois to automorphic correspon-
dence over function fields, the set F,, can be identified with the set of everywhere
unramified cuspidal automorphic representations of GLa (A, ), where K, is the
function field of X, and X, = Xo ®p, Fgm. (We're neglecting technical issues re-
garding twisting.) One can then use the Jacquet-Langlands-Selberg trace formula
to count the latter set; the identity contribution gives the main term of ¢(*9—3)™,

What is most interesting about this theorem is the following observation, again
due to Drinfeld: the formula (1) is reminiscent of the Lefschetz fixed point formula
for a smooth projective algebraic variety over F, of dimension 4g — 3. One would
then like to view F as a space having an appropriate cohomology theory H*(F)
for which #FE,, can be expressed as an alternating trace of Fr"* acting on H*(E).
These ideas have inspired recent work by Deligne and Flicker, but this dream
remains far from a reality.

Number field setting. We now move to a number field, but, for lack of an
underlying curve, a global Frobenius endomorphism, or the global Arthur L-group,
we pass directly to the automorphic side, as in the proof of Drinfeld’s theorem.

Let F be a number field and n > 1 an integer and write G = GL,, as a group over
F. The set of all cuspidal automorphic representations of G(Ar)! will be denoted
by Ag. Here G(Ap)! = Ac\G(AF), where Ag is the connected component of
the split part of the R-points of Resp/q(Z). Then A is a discrete subset of the
restricted tensor product of the unitary duals II(G,) over all places v.

The aim here is to truncate Ay in some natural way and study the asymptotics
of resulting exhaustive sequence of finite sets. The hope would then be to see
a parallel with an analogous geometric counting problem, as was the case for
Drinfeld.
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With this in mind, for a real parameter ) > 1 we define

3(Q) ={me Ao : Qr < Q},

where @ is the analytic conductor of . Following Sarnak, this is referred to as
the universal family. As a family of cusp forms, one can study various arithmetic
statistics associated with it, such as the symmetry type and Sato-Tate measure.
The most basic invariant of this family is its asymptotic size, which is established
in the following

Theorem 2 (B.-Mili¢evi¢).
(A) : Assume n < 2. There is C > 0 such that

#F(Q) =CQ" +0(Q"*"/log Q).
(B): Letn>1 and

FMaass (@) = {7 € F(Q) : T is spherical}.
There is Cyiaass > 0 such that

#]:Maass(Q) = CMaassQn+1 + O(Qn+1/10g Q)

Remarks 1. The implied constants in the error terms (as well as the main terms)
depend on n and F: we do not track the uniformity in n and F. Still, one could
pose the following interesting questions in the n and F aspects:

(1) fixn, set Q =1+ ¢, and allow the discriminant Dy — 00; counting such
forms would then be similar to Drinfeld’s situation.

(2) fir F, set Q =1+ ¢, and allow n — oo; counting such forms recovers the
number field analog of a question of Venkatesh.

Remarks 2. The restriction to the Maass spectrum (spherical at infinity) for
n > 3 is purely technical. In the spherical case, one has explicit spectral inversion
formulae which facilitate the estimation of archimedean orbital integrals.

Remarks 3. We do not obtain power savings in Theorem 2, but we have recently
developed a new strategy to do so, and have verified it in the case n = 1.

Leading term constants. We now describe the leading term constants appear-
ing in Theorem 2. They are both of the form n+r1 times the volume of a sort of
“Tamagawa measure.”

For every place v of F we let II(G,) denote the unitary dual of G,, endowed
with the Fell topology. Let ©,, be the measure on II(G,) given by

1
A | ————djp(m,),
4 aCrpyrr e ()

where ¢(m,) denotes the local conductor of the irreducible tempered (hence generic)
representation ,, and fip is the (suitably normalized) Plancherel measure. The
measure 7, is finite, and one can evaluate its total volume as ¢,(1)/¢,(n + 1)"+1;
one can think of this as the value at s = n+ 1 of the local conductor zeta function.
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Let II(Ga,.) denote the direct product of II(G,,) over all v, with closed subspace
II(G},.). Define a measure o(F) on II(G} ) by the following regularized product

p(F) = () I ¢ on - Peo-

v<00
Finally, let fican be the Gross canonical measure on [G] = G(F)\G(Ar)!, whose

2
total volume is D7, /Q«E}(l)fp (2) - --€p(n). Then the positive constant C' appearing
in Theorem 2 is given explicitly as
1 N
= n—Jrl N ptcan|l - [[2(F)]I-
A similar description is available for Cyraass.
One then observes a parallel with the famous theorem of Schanuel, as interpreted

by Peyre, giving an asymptotic
1
#{z € P"(F): H(z) < H} ~ n—HHuTam(P")IIH”“, H — oo,

for the number of rational points on projective space over F' of bounded exponential
WEeil height. Here pitam is a certain Tamagawa measure on P".

Proof of Theorem. The proof of the theorem relies (not surprisingly) upon the
Arthur trace formula. Roughly speaking, this is an identity Jspec = Jgeom Of
distributions on C°(G(Afp)!). In counting problems such as these, the idea is
that the most regular part of Jypec — the contribution from the discrete spectrum

Jdisc(‘P) =tr Rdisc(@) = Z tr 7T((p)
wCL2([G))

— should be governed by the most singular part of Jyeom — the contribution from

the central elements
Jcent(@) - H/Lcan” Z 50(7)
YEZ(F)

We carry this out with test functions ¢ of the form ex (q) ® f, where eg, (q) is
the idempotent corresponding to the Hecke congruence subgroup Ki(q) and f is
a Paley-Wiener function of growing exponential type such that e — tr moo(f)
approximates a truncation of II(GL,) by bounded archimedean conductor.

The strategy is then to show that

(1) Jaisc — Jecent is small, using recent breakthrough work of Finis, Lapid, Matz,
Mueller, Shin, and Templier;

(2) Jaisc — Jdisc,me temp 18 small, through a delicate choice of test functions to
overcome the growing exponential type of f;

(3) Jeent — J1 is small, which is trivially true for g large enough.

The result of these steps is that a smooth sum over the cuspidal spectrum (tem-
pered at infinity) is governed by the identity distribution. One then unsmooths,
and uses dimension formulae of Reeder to sieve out for newforms. The logarithmic
savings in the error term is then directly read off from taking the exponential type
to be logarithmic in the level, a natural threshold.
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Second Variation of Selberg Zeta Function and Positivity
GENKAI ZHANG
(joint work with K. Fedosova, Julie Rowlett)

Let X be a compact Riemann surface of genus g > 2 equipped with the hyper-
bolic metric ds? = p(z)|dz|?. Let A,, = 49;,0,, be the Laplace-Beltrami operator
on sections of K™, m = 0,%1,---, where K is the holomorphic co-tangent bun-
dle. The Selberg zeta function Z(s) on X is proportional to the analytic torsion
det(Ag + s(s — 1)), up to constants independent of geometry of X. The analytic
torsion can be viewed as a function on the Teichmiiller space 7 of marked com-
plex structures on X. The kernel and co-kernel of 9, define vector bundle over
the Teichmiiller space and the Quillen metric is defined on the determinant of
the kernel bundles by the quotient of the analytic torsion and the Gram-Schmidt
determinant det(u;,u;)), where {u;} is a frame of the bundle H°(K™) over the
Teichmuller space. The curvature of the Quillen metric is then proportional to the
Weil-Petterson metric, namely log %
Weil-Petterson metric. The function det(A,,) is in turn given by the Selberg zeta
function Z(s) for s = m. We are interested in studying the plurisubharmonic-
ity of the functions det(Ag + s(s — 1)) and logdet(Ag + s(s — 1)); generally the
plurisubharmonicity of log f implies that for f. This amounts to find the second
variational formula for logdet(Ag 4 s(s — 1)). The first variational formula has
been studied by [7] for fs > 1.
Our main results are summarized in the following

(1) The second variation 99 log Z(s), Rs > 1, is given by
(1) 0,0, log Z(s) = Z 0,0, log £(v) A(s)+ Z |0, log £(7)[* (A, (5)+B,(s))

provides a Kahler potential for the

yE€Prim ~yE€Prim
where
_.4d d e _(s+ kM)
A»Y(S)—SEIOgZW(I)+£IOgZW(S) 7Zm
and
2 d? d? -1 d? -1
By (s) = (s e log Z.,(s) + 25@ log z4(s) ™" + e log Z(s) )

oo (S+k)2e(s+k)€('y)

- kZ:O (G0 — 1)z

Z,(s) and z4(s) are local zeta functions, and Prim stands for the prime
elements in I.

(2) The Hessian 0,0, log Z(s) is positive for s = m is sufficiently large and
lim,,— o0 %éuau log Z(s) exists.

(3) The Hessian 9,0, log Z'(1) (for s = 1 the Z(s) should be replaced by Z’(1)
since Z(1) = 0) is indefinite: For hyperelliptic surfaces there exist p’s such
that 0,0, log Z(s) have different signs.
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We are interested eventually to find surfaces which are extremal points for
det(Ag). For that purpose we have found 0, logdet(Ag) as an integration of u
against an explicit holomorphic quadratic form ¢ given by the geometry of X.
Thus the locally extremal points are given by the equation ¢ = 0. It remains a
challenging problem to find these surfaces.
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Lower bounds for Maass forms
SIMON MARSHALL
(joint work with Farrell Brumley)

Let Y be a closed Riemannian manifold of dimension n and with Laplace operator
A. Let {1;} be an orthonormal basis of Laplace eigenfunctions for L?(Y’), which
satisfy |[1;]l2 = 1 and (A + A?)y); = 0. We assume that {t;} are ordered by
eigenvalue, so that 0 = Ay < Ay < .... It is an important question in harmonic
analysis to determine the asymptotic size of 1);, i.e. the growth rate of ||¢);]|c in
terms of A;. The basic upper bound for ||4;]|e0, proved by Avacumovié¢ [1] and
Levitan [8], is given by

(1) [9illoo < ATV,
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This bound is sharp on the round n-sphere. Indeed, the zonal spherical harmonics
have peaks of maximal size at the poles of the axis of rotation. More generally,
Sogge and Zelditch [17] have shown that the compact Riemannian manifolds satu-
rating (1) necessarily have points which are fixed by an appropriately large number
of geodesic returns, in the sense that every geodesic passing through such a point
is a loop.

On the other hand, it is reasonable to expect! that if Y has strictly negative
curvature then the strong bound

(2) 19i]l o0 <e AS

holds with density one. This is akin to the Ramanujan conjecture in the theory
of automorphic forms [15]: a generic sequence of eigenfunctions is tempered. Any
sequence violating (2) will be called exceptional.

The theorem we present is the result of an attempt to give sufficient conditions
for a negatively curved manifold to support exceptional sequences. Although the
question is of interest in this general setting, our techniques are limited to arith-
metic locally symmetric spaces. Put succinctly, we show that an arithmetic man-
ifold supports exceptional sequences whenever it has a point with strong Hecke
return properties.

0.1. Comparison to quantum ergodicity. Before stating our results we would
like to discuss the conjectural generic behavior (2), which to our knowledge has
not been previously stated in the literature.

One way of approaching this question is via the link between the asymptotics
of sequences of eigenfunctions and the dynamical properties of the geodesic flow.
Roughly speaking, microlocal analysis suggests that eigenfunctions on Y should
exhibit the same degree of chaotic behaviour as the geodesic flow. On S", for in-
stance, the geodesic flow is totally integrable, and this is reflected in the fact that
one can both write down an explicit basis of eigenfunctions, and find eigenfunctions
with large peaks. Conversely, if YV is negatively curved then its geodesic flow is
highly chaotic, and one expects this to be reflected in the asymptotics of the eigen-
functions. For example, the quantum ergodicity (QE) theorem of Schnirelman [16],
Colin de Verdiere [4], and Zelditch [18] states that the L2-mass of a generic se-
quence of Laplacian eigenfunctions on a negatively curved manifold equidistributes
to the uniform measure. More precisely, every orthonormal basis of eigenfunctions
admits a density one subsequence 1); such that the measures |1/;|?dV tend weakly
to dV. It would be interesting to see if existing microlocal techniques such as those
used in the QE theorem can be used to prove the expected generic behavior (2) of
the sup norm, or weaker versions involving power savings off the local bound (1).

Recall now the conjectural strengthening of the quantum ergodicity theorem
by Rudnick and Sarnak [13], known as the Quantum Unique Ergodicity (QUE)
conjecture. It states that in negative curvature the L?-mass of any sequence of

IThe Random Wave Model would predict that almost all sequences satisfy this bound. There
are in fact known examples of negatively curved Y admitting sequences violating it. In each of
these examples, the offending sequences are in fact of zero density.
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eigenfunctions equidistributes to the uniform measure. A similar conjecture has
been made relative to sup norms for compact hyperbolic surfaces (but unfortu-
nately lacks a catchy name): Iwaniec and Sarnak [6] conjecture that (2) should
hold for all eigenfunctions of a compact hyperbolic surface. In our terminology, this
is saying that hyperbolic surfaces do not support exceptional sequences. This is a
very difficult problem, even for arithmetic surfaces (where QUE has actually been
proved [9]). In fact, the bound (2) is often referred to as a Lindelof type bound,
as it implies the classical Lindel6f conjecture on the Riemann zeta function in the
case of the modular surface. The Iwaniec-Sarnak conjecture is consistent with the
Random Wave Model, which itself can be thought of as the eigenfunction analog
of the Sato-Tate conjecture in the theory of automorphic forms [15]. Moreover,
it is supported by numerical computations as well as a power improvement (in
arithmetic settings) over (1) established in [6].

Unlike the setting of the QUE conjecture, there do in fact exist compact mani-
folds Y of negative curvature which support exceptional sequences, in the sense of
violating (2). The first such example was given by Rudnick and Sarnak [13]. They
showed the existence of an arithmetic hyperbolic 3-manifold Y and a sequence
of L?-normalised eigenfunctions v; on Y for which [|1);]|oc > )\3/276. Strain-
ing somewhat, one can view this result as being parallel to the early discovery
by Piatetski-Shapiro of counter examples to the Ramanujan conjecture for non-
generic cusp forms on the symplectic group.

0.2. Statement of results. Our main theorem is modelled on a result of Mili¢evi¢
[12], which, building on [13], provides a structural framework for the class of
arithmetic hyperbolic 3-manifolds supporting exceptional sequences.

First recall that an arithmetic hyperbolic 3-manifold arises from the following
general construction. Let E be a number field having exactly one complex em-
bedding, up to equivalence, and let F' be its maximal totally real subfield. For a
division quaternion algebra B over F, ramified at all real places of F, denote by
G the restriction of scalars of B! from E to F. Then any arithmetic hyperbolic
3-manifold is commensurable with a congruence manifold associated with G.

Following [12], an arithmetic hyperbolic 3-manifold as above is said to be of
Maclachlan-Reid type if E is quadratic over F' and there exists a quaternion divi-
sion algebra A over F satisfying B = A ®@p E. The main result of loc. cit. is that
Maclachlan-Reid type manifolds support exceptional sequences (in fact, satisfying
the same lower bounds as the examples of Rudnick-Sarnak).

Notice that when B = A ®p F, the following properties hold. Let vy be the
unique archimedean place of F' which ramifies in E. By [10, Theorem 9.5.5] we
may assume that A is ramified at vg. Then

(1) Gy, = SLy(C) is noncompact, and non-split (as an R-group);

(2) G, = H! (the norm-one Hamiltonian quaternions) is compact for all real
v # vo;

(3) the global involution 6 : g — o(g) of G, where o is the unique non-trivial
element in the Galois group of E over F, induces a Cartan involution on
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G.,- Indeed, GY = Al, so that GY(F,,) = H! is the maximal compact
SU(2) inside G,,, = SL2(C).
Our main result is an extension of this to a wide range of compact congruence
manifolds.

Theorem 1. Let F' be a totally real number field, and let vy be a real place of F.
Let G/F be a connected anisotropic semisimple F-group. We make the following
additional assumptions on G.

(1) Gy, is noncompact, not split, and R-almost simple.
(2) G, is compact for all real v # vg.
(3) There is an involution 6 of G defined over F that induces a Cartan invo-
lution of G, .
LetY be a congruence manifold associated to G. Then there exists 6 > 0 and a
sequence of linearly independent Laplacian eigenfunctions v¥; on Y that satisfy

il =1, (A+M); =0, and [|[]lec > A

0.3. Remarks on the theorem. A well-known theorem of Borel [3] addresses the
question of whether one can find many groups satisfying the rationality hypothesis
(3). One consequence of his theorem is that for any connected, simply-connected,
semisimple algebraic R-group G satisfying condition (1), Theorem 1 produces a
manifold Y of the form I'\G/K with an exceptional sequence of eigenfunctions.

Theorem 1 goes some distance toward answering the basic question of determin-
ing the precise conditions under which one should expect a Lindel6f type bound on
a compact congruence negatively curved manifold. The three numbered conditions
on the group G are a particularly convenient way of asking that a large enough
compact subgroup of G, admits a rational structure, which is a key ingredient in
our proof. Although the condition that G, is not split should be necessary, we ex-
pect that the other conditions can be relaxed somewhat. For example, throughout
most of our proof, the condition that G,, is R-almost simple could be weakened
to G being F-almost simple. The stronger form of this condition is only used
to simplify the application of a theorem of Blomer and Pohl [2, Theorem 2] and
Matz-Templier [11, Proposition 7.2].

Besides the results of Rudnick-Sarnak and Mili¢evi¢ that we already mentioned,
both in the context of arithmetic hyperbolic 3-manifolds, there are other results in
the literature which provide examples of arithmetic manifolds supporting excep-
tional sequences. For instance, the techniques of Rudnick-Sarnak were generalised
to n-dimensional hyperbolic manifolds for n > 5 by Donnelly [5]. And Lapid and
Offen in [7] discovered a series of arithmetic quotients of SL(n,C)/SU(n) admit-
ting large eigenforms through the link with automorphic L-functions (conditionally
on standard conjectures on the size of automorphic L-functions at the edge of the
critical strip). Note that Theorem 1 includes the examples of Rudnick-Sarnak,
Donnelly, and Mili¢evi¢, although without explicit exponents. It is unable to re-
produce the examples of Lapid-Offen due to the compactness requirement, but — as
was indicated above — it can produce compact quotients of SU(n,C)/SU(n) with
an exceptional sequence of eigenfunctions. In fact, non-compact quotients should
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also be amenable to our techniques, via an application of simple trace formulae,
but we have not pursued this.

A synthesis of the subject, as well as a general conjecture restricting the possible
limiting exponents for exceptional sequences, can be found in the influential letter
[14].
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On a variant of Arthur’s truncation
PIERRE-HENRI CHAUDOUARD

1. INTRODUCTION

In [13] Hausel and Rodriguez-Villegas gave a striking conjectural formula for the
Betti numbers of the moduli space of Higgs bundles over a smooth projective curve
(in the so-called coprime case). This moduli space is a quasi-projective variety
which is smooth over the base field and proper over an affine space. Moreover,
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its cohomology is pure. When the base field is finite, one can moreover get a
conjectural formula for the number of Higgs bundles (cf. [16]). On the other hand,
the counting of Higgs bundles is closely related to the nilpotent part of the Lie
algebra version of the Arthur-Selberg trace formula for function fields (cf. [9] and
[10]). Using the analogy between number fields and function fields, one can state a
conjectural explicit formula a la Hausel-Rodriguez-Villegas for the nilpotent part of
the trace formula for a specific test function (a Gaussian function ; cf. [6]). In [17],
Schiffmann got a closed formula for the counting of Higgs bundles (nonetheless his
formula is a priori different from Hausel-Rodriguez-Villegas formula). One of his
main innovation is to truncate the stack of vector bundles by bounding above the
maximal slope of a subvector bundle. In my talk, I drew some consequences of this
new truncation on (the Lie algebra version of) the trace formula. In particular,
I explained an explicit formula for the nilpotent contribution for a large class of
test functions.

2. STABILITY OF VECTOR BUNDLES

For simplicity, the base field is the field Q of rationals. To explain the new trun-
cation in the adelic setting, it is convenient to use the language of vector bundles
over Spec(Z) (O-lattices in [18] and [12]). A vector bundle (on Spec(Z)) is a pair
E = (M, b) where M is a free Z-module of finite type and b is a scalar product on
M ®z R. One has the notions of subbundles and isomorphisms of vector bundles.
Moreover one defines

e the rank which is the rank of the underlying Z-module.
e the degree which is by definition
deg(&) = —log(vol(M ®z R/M))

where M ®zR is equipped with the Haar measure that gives the covolume
1 to the lattice generated by an orthonormal basis.
e the slope
deg(&)
n(&) =
rank(&)

provided rank(&) > 0.
e the maximal slope

Hmax(€) = max(u(F))
where the maximum is taken over the subbundles F of £ (it is shown that
the maximum exists and is finite).
o the semi-stability: a vector bundle £ is semi-stable if pmax(E) < p(€).
Let n > 1 be an integer and G = GL(n). Let A be the ring of adeles of Q and
K be the usual maximal compact subgroup of G(A). The quotient

GQN\G(A)/K
is identified, via g — &4, with the set of isomorphism class of vector bundles.

Loosely speaking, the trace formula is based on the notion of semistability and
the following combinatorial identity for any g € G(Q)\G(A)/K:
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1 if &€, is semi-stable
G . _ g
ZGP Z 7p(Hp(d9)) = { 0 otherwise.

P SeP(Q\G(Q)

where the sum is over standard parabolic subgroups P of G. Here Hp : G(A) —
ap = Hom(X*(P),R) is obtained from the Iwasawa decomposition G(A) = P(A)K
and the natural homomorphism P(A) — ap given by p — (x — log|x(p)|a)-
Moreover 7p is the characteristic function of the open obtuse Weyl chamber in ap
and
eg —_ (71)dim(ap)fdim(ac;).

The sum over § is of finite support.

We will use the new function E“ < which is the characteristic function of
g € G(Q)\G(A)/K such that pmax(Ey) < 0. Using the Iwasawa decomposition
and a similar condition on each G L-block of the standard Levi factor of a standard
parabolic subgroup, one also defines E*<? on P(Q)\G(A)/K.

3. THE FINE GEOMETRIC EXPANSION OF THE LIE ALGEBRA VERSION OF THE
ARTHUR-SELBERG TRACE FORMULA

We will denote Lie algebras by the corresponding gothic letter e.g. g is the Lie
algebra of G. Let f € S(g(A)) a Schwartz-Bruhat function. For any standard par-
abolic subgroup with standard Levi decomposition P = M N (N is the unipotent
radical) and any G-orbit o in g one defines for g € G(A)

kpo(f.9) = > Flg~ Y (X +U)g)dU.

Xem(Q),1§(X)=0 ” *#)

Here 1§ (X) is the Lusztig-Spaltenstein induced orbit from the M-orbit of X. Let’s
define (the sum is over standard parabolic subgroups of G)

ko(fag) = ZQGD Z 7A-P(I—IP((Sg))kP,o(fa(Sg)'
p seP(Q\G(Q)

We have the following refined geometric expansion of the trace formula.
THEOREM (cf. [7])

(1) The integral

To(f) = / ko(f,9) dg
G(Q\G(A)L

is absolutely convergent where G(A)! is the subgroup of element g € G(A)
such that | det(g)|a = 1.
(2) The sum over all G-orbits o

> Je(f)

o

1s absolutely convergent.
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4. MAIN RESULT

For any standard Levi subgroup, let P = M N be the attached standard parabolic
subgroup. For any f € S(g(A)) we define its constant term as

/ FOEY(X + UYE) dUdR € S(m(A)).
n(A)

One says that f is almost invariant if for any pair (M, L) of standard Levi
subgroups and any element w in the Weyl group W such that L = wMw™! one
has

fM(X) = fL(wa_l)

for any X € m(A). For example, a bi-K-invariant function is almost invariant.

Let 0 be a G-orbit. Let L£(0) be the set of pair (M,0o’) (up to G-conjugacy)
where M is a standard Levi subgroup and o’ is a M-orbit in m such that the
induced orbit I§;(o’) is 0. Let W(M,0’) be the stabilizer of (M, 0’) in the Weyl
group W. Let rpy = (r — 1)! where r is the number of GL-blocks of M.

From now on, let’s assume that o is nilpotent. Then to any pair (M, o’) € L(0),
one attaches:
e a zeta distribution Z(/ 0/)(+, ) on S(m(A)) defined by an explicit integral
which is convergent and holomorphic for R(s) > 0;
® O(r,0)(s) which is an explicit truncated integral of an Eisenstein series.
This function is convergent and holomorphic for R(s) > 0.
In fact, Z(ar,0)(+,8) and O(az,01)(s) are products over components of (M,o0") and
it suffices to define them in the simple case where M = G. Let’s remark that
G,on(f,s) for f € S(g(A)) is given by an Eulerian product whose local factors
at p are almost all of the following type:

H(l o p7(1+ay+lys))71

y
where the product is over boxes y of the Young diagram of o such that I, > 0. Here
ay and [, are the usual arm and leg functions. Here the correspondence between
nilpotent orbits and Young diagrams is normalized so that a row corresponds to
a zero orbit.
THEOREM (cf. [6]) Let o be a nilpotent orbit and f € C(g(A)) be a compactly
supported test function. Let’s assume that

(1) the support of f is small enough;
(2) f is almost invariant.
Then
— i /R E— Oz (5)-
Ja(f) s—)O,?lﬁn(ls)>Os Z 6M|W(M, 0,)| (]\/I,U)(fMaS> (]\/I,O)(S>
(M,0’")EL(0)
REMARKS

e The functions Zns,01y(far, s) and Oaz,01)(s) may have pole of high degrees
at s = 0 so the existence of the limit is not obvious a priori.
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o Let p be a place and t € Q,. Then for any f € C°(g(A)), the function
f(t) is of small enough support for [¢| >> 0. Since the distribution J, (f)
satisfies some homogeneity properties, the restriction on the support is not
too severe.

For any orbit o (not necessarily nilpotent), one defines the following variant of

ko(f59)

kSO(f9) =) €5 > #p(Hp(39))E"="(59)kp.o(f,59).
P 6eP(@\G(@

THEOREM (cf. [6]) For any s € C such that (s) > 0, the integral

JEO(f, ) = / kS9(g)| det(g)|* dg
G(Q\G(A)

s absolutely convergent and moreover

li J=0 = J.(f).
54)07})%{15)>03 [ (f,S) U(f)

With the new function k:ogo( fy9), one can permute the integral and the sum
over the parabolic subgroups P. For almost invariant functions, one gets a variant
of the main theorem which uses truncated orbital integrals. For nilpotent orbits
and functions of small supports, it is possible to separate the truncation from the
orbital integrals: this achieves the proof of the main theorem.
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Stabilization of the trace formula for orthogonal Shimura varieties
YIHANG ZHU

Let (G, X) be a Shimura datum. Let Shx = Shx (G, X) be the associated Shimura
variety for a neat open compact subgroup K C G(Ay). It is smooth and quasi-
projective over the reflex field £. To simplify notation we assume E = Q in the
following.

We temporarily assume that Shy is proper. With the aid of the (conjectural)
formalism of Arthur parameters, the local Euler factors of the Hasse-Weil zeta
function ((Shg, s) are given conjecturally as follows:

Conjecture A (Kottwitz, cf. [7, §10], [5, Conj. 5.2]). For almost all primes p,
the following local Euler factors are equal

2dim Shg

(p(Shk,s) = H HHHLP<S - %7 Vi (v)

) (=) m(y,vmy)
=0 Y mypov

Here ¥ runs through the Arthur parameters that are cohomological at infinity,
7y runs through representations of G(Ayf) belonging to 1, and v runs through
suitable characters of the group Sy, of self-equivalences of v. For given (¢, 7, v),
the expression Ly(-,9"(v)) is the local Euler factor of an automorphic L-function,
and m(y, v, m¢) € Z is determined by a certain recipe.

To approach Conjecture A, Langlands and Kottwitz have developed the strategy
of comparing Grothendieck-Lefschetz trace formulas and stable Arthur-Selberg
trace formulas, summarized in Conjecture B below. We drop the assumption
that Shg is proper. Let Shx be the Baily-Borel compactification of Shy, which
is a normal projective variety over E compactifying Shx. Let ITH* denote the
formal alternating sum of the (¢-adic) intersection cohomology of (Shg)g. (For
the motivation of considering TH" cf. [12, §2] or the introduction of [17])

Conjecture B ([7, §10]). Let p > 2 be a hyperspecial prime for K, in the sense
that K = K,K? with K, C G(Qp) hyperspecial and K? C G(A%). Assume
¢ # p in the definition of TH*. We have a commuting action of the Hecke algebra
H(G(A%)//KP) and Gal(E/E) on TH". Let f>> € H(G(A%)//KP), and let
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®, € Gal(E/E) be any lift of the geometric Frobenius at p. We have, at least for
7 € N large enough,

(1) Te(f7> x @) | TH*) = > u(G, H)ST? (1),

H
where in the summation H runs through the elliptic endoscopic data of G. For
each H the test function f : H(A) — C is prescribed in terms of f7>, (G, X), j
by a certain recipe !, and ST# () is the geometric side of the stable trace formula
for H. The constants +(G, H) are explicitly defined.

Theorem 1 ([17]). Conjecture B is true for the orthogonal Shimura varieties in
Definition 2 below, for almost all p.

Definition 2. The orthogonal Shimura varieties are associated to Shimura data
(G, X) as follows: G = SO(V) where V is a quadratic space over Q of signature
(n,2), and X is the space of oriented negative definite planes in Vg. For simplicity
we assume n > 5.

Remark 3. (n,2) is the only possible signature for G = SO(V) to have a Shimura
datum. The orthogonal Shimura varieties are non-compact and not of PEL type.
They are examples of abelian type Shimura varieties of types B and D.

Remark 4. In the proof of Theorem 1 we have used the simplified formulas for
STH(fH) due to Kottwitz. It seems that a proof that they coincide with Arthur’s
stabilization [2][1][3] has not appeared in the published literature. In view of that,
Theorem 1 should be regarded as a variant of Conjecture B, with each STH(fH)
re-defined by Kottwitz’s formulas.

Remark 5. The reason that Theorem 1 is only stated for almost all primes is
due to a lack of the construction of integral models of the Baily-Borel and toroidal
compactifications of abelian type (even at hyperspecial level) in the literature.

Remark 6. Theorem 1 is the analogue of Morel’s earlier work [13] [14] for unitary
and Siegel Shimura varieties.

Remark 7. In principle, one could deduce Conjecture A from Conjecture B and
Arthur’s conjectures. For some choices of G in Definition 2, the relevant Arthur’s
conjectures have been proved by Taibi [16], generalizing Arthur’s work on quasi-
split classical groups [4]. In these cases we will pursue in a future work the proof
of a version of Conjecture A based on Theorem 1.

We now present the idea of the proof of Theorem 1.

The work of Morel ([10] [11] [13], also cf. [12]), together with a theorem of
Pink ([15]), allows one to compute the LHS of (1) in terms of compact support
cohomology of the strata in Shr. The contribution from the compact support
cohomology of Shg itself is computed and stabilized in an ongoing joint work with

IThe definition of fH assumes the Langlands-Shelstad transfer and the fundamental lemma
(at primes away from p and o).
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Kisin and Shin [9]. The boundary terms can be organized as a summation over
standard proper Levi subgroups M C Gg:

Boundary terms on the LHS of (1) = Z Tray.
MCG

Thus the problem is to stabilize the above expression, i.e. to prove:

(2) > T =) uG.H) Y ST,

MCG H M'CH

Here M’ runs through the standard proper Levi subgroups of Hg. On the RHS of
(2), each term ST, (fH) has a relatively simple formula due to Kottwitz (Remark
4). On the LHS of (2), each term Trj; is a mixture of the following:

o Kottwitz’s fixed point formula [7][8].

e The topological Lefschetz formula of Goresky-Kottwitz-MacPherson [6].

o Kostant-Weyl traces. By this we mean Weyl character formulas for certain
algebraic M-sub-representations of H*(LieN ,C), where P = MN is a
standard parabolic subgroup of G containing M. These sub-representa-
tions are defined by truncation in terms of the weights of certain central

cocharacters of M.

We highlight some key ingredients in the proof of (2).

Archimedean comparison. On the RHS of (2), the archimedean contribu-
tions consist of values of stable discrete series characters. On the LHS of (2), the
archimedean contributions are understood to be the Kostant-Weyl traces discussed
above. After explicit computation we prove identities between these two kinds of
objects.

Proving cancellations. We have to prove cancellations among a lot of terms
on the RHS of (2). These include the terms with a ”bad” factor at p, and also the
terms indexed by (H, M') with M’ not transferring to G.

Comparing transfer factors. Signs are important to ensure the correct can-
cellation of terms. One important source of signs comes from comparing different
normalizations of transfer factors for real endoscopy. We compute the difference
between the normalization A; p (introduced in e.g. [7, §7]) and the Whittaker
normalizations. In case there are more than one Whittaker data, we also compare
the resulting different Whittaker normalizations.
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A local trace formula for the Ginzburg-Rallis model and some
generalizations

CHEN WAN

In this report, we will talk about a local trace formula for the Ginzburg-Rallis
model. This trace formula allows us to prove a multiplicity formula for the
Ginzburg-Rallis model, which implies the multiplicity one theorem on the Vo-
gan L-packet. Then we will talk about some generalizations of this trace formula
to other models.

1. THE GINZBURG-RALLIS MODEL

Let F be a local field of characteristic zero, and let G(F) = GLg(F'). Take P =
P5 99 = MU to be the standard parabolic subgroup of G whose Levi part M (F)
is isomorphic to GLa(F') x GLa(F') x GLo(F'), and whose unipotent radical U (F')
consists of elements of the form

1
(1) u=u(X,Y,Z):=1{0
0

We define a character £ on U(F) by
(2) §u(X,Y, 2)) = ¢(tr(X) + tr(Y))

X
1 , X,KZGMQXQ(F).
0

=N
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where 1 is a non-trivial additive character on F'. It is clear that the stabilizer of
¢ is the diagonal embedding of GLy(F) into M (F), which is denoted by Hy(F).
For a given character x of F'*, one induces a one-dimensional representation w
of Ho(F) given by w(h) := x(det(h)). Combining w and &, we get a character
w®&on H(F) := Ho(F) x U(F). The pair (G, H) is the Ginzburg-Rallis model
introduced by D. Ginzburg and S. Rallis in [GR00]. Let 7 be an irreducible
admissible representation of G(F) with central character x?, we would like to
study the multiplicity m(7) := dim(Homgp)(m,w ® §)).

In order to consider the formulation of the Vogan L-packets, for F' # C, let D be
the unique quaternion algebra over F'. Define Gp = GL3(D), and similarly we can
define Up, Hy p and Hp. We can also define the character wp ® {p on Hp(F).
Then for an irreducible admissible representation 7p of Gp(F) with central char-
acter x?, we also study the multiplicity m(rp) := dim(Hompy,, (p)(7p,wp @Ep)).

Let 7 be a generic representation of G(F), and let mp be the local Jacquet-
Langlands correspondence of m to Gp(F) if it exists; otherwise set 71p = 0. In
particular, if F'= C, mp is always 0. We are interested in the summation m(r) +
m(np). The local conjecture states that

(3) m(m) +m(rp) =1

for all generic representations m. Another aspect of the local conjecture is the
so-called e-dichotomy conjecture, which relates the multiplicity with the value of
the exterior cube epsilon factor. The conjecture states that

(4) m(r) =1 €e1/2, NB3r)ox ) =1; m(n) =0 < €(1/2, (A*m)@x 1) = —1.

In my papers [Wanl5], [Wanl6a] and [Wanl6b], I proved the local conjectures for
tempered representations. My results can be stated as follows.

Theorem 1 ([Wanl5], [Wanl6a], [Wanl6b]). Let m be a tempered representation
of G(F) and let wp be the local Jacquet-Langlands correspondence of m to Gp(F).
Then the followings hold.
(1) m(n) +m(rp) = 1.
(2) If F is archimedean, then the e-dichotomy conjecture (4) holds. If F is p-
adic, then (4) holds for all tempered representations m of G(F) = GLg(F)

that is not a discrete series or the parabolic induction of a discrete series
of GL4(F) x GLy(F).

Our proof of Theorem 1 uses the methods developed by Waldspurger and
Beuzart-Plessis in their proofs of the local Gan-Gross-Prasad conjecture ([B12],
[B15], [W10], [W12]). The main ingredient is to prove a local trace formula

Igeom(f) = I(f) = Ispec(f)

for the model. Here for a given strongly cuspidal function
f€CX(G(F)/Za(F),x™ 1), we define the distribution I(f) to be

() = / / F(g~ " hg)w ® E(h)dhdg.
H(F)\G(F)JH(F)/Zu (F)
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The spectral side is defined to be
Ispec(f) - / 9f(7r)m(7_r)d7r
HteWLp(G7X2)

where 07(m) is defined via the weighed character. The geometric side is defined
via the germs of 0, here ¢ is the quasi-character associated to f via the weighted
orbital integral. To be specific, Igeom(f) is the summation of the germ at the
identity element and the integrals of the germs over all maximal elliptic torus of
Hy(F). Then the trace formula will gives us the multiplicity formulas:

m(m) = Mgeom (), M(TD) = Mgeom(TD)-

Here mgeom (m) (resp. mgeom (mp)) is defined via the germs of the distribution
character 0, (resp. 0,,). Then by applying the relations between the distribution
characters under the local Jacquet-Langlands correspondence, we can show that
m(n) + m(rp) = 1.

2. SOME GENERALIZATIONS

Now we would like to generalize the trace formula in the last section to some
other models. Let (G, H) be an arbitrary spherical pair. First, we can always use
the same formula to define the distribution I(f). However, in general the model
(G, H) will not be strongly tempered, hence we can not expect the multiplicity
formula holds for all tempered representations. As a result, we will only consider
the discrete series. So we define

Ispec(f) - / Gf(ﬂ')m(ﬁ')dﬂ'
M2(G,x?)

And we also require f € °C(G(F)/Zg(F),x~2) which is the dual of all discrete
series. Under some mild assumptions for the pair (G, H), we can prove the spectral
expansion I(f) = Lspec(f) for all f € °C(G(F)/Za(F),x?).

Now for the geometric side, it is not clear how to define Igcom (f) for general pairs
(G,H). So we will focus on some specific models, in particular, the generalized
Shalika models. Let F' be a p-adic field and let D/F be a division algebra. Let
G(F) = GL2,(D), and let P = MU be the standard parabolic subgroup of type
(n,n). Let Ho(F') be the image of the diagonal embedding GL, (D) — M(F). As
in the Ginzburg-Rallis model case, we can define a character w ® { on H(F) :=
Ho(F)x U(F). The pair (G, H) is called the generalized Shalika model. If D = F,
this is just the original Shalika model.

For this model, we still define the geometric side Igeom (f) in terms of the germs
of 8. It will be the summation of the integrals of the germs over all maximal
elliptic torus of Hy(F'). We expect the trace formula

Igeom(f) = I(f) = Ispec(f)

holds for all f € °C(G(F)/Za(F),x™2). If this true, we can then prove a mul-
tiplicity formula m(7) = Mgeom (7) for discrete series. Based on the multiplicity
formula, we can show that the multiplicity is a constant on every discrete Vogan
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L-packets. In other word, the multiplicity is invariant under the local Jacquet-
Langlands correspondence. At this moment, we only know how to prove the trace
formula when n = 1,2, and we are currently trying to prove it for general n
([Wanl7a], [Wanl7b]).
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Supercuspidal L-packets
TAasHO KALETHA

This talk presented a few separate but related results on the complex representa-
tion theory of reductive p-adic groups:

(1) The definition and classification of a large class of supercuspidal represen-
tations, called “regular”.

(2) A formula for the Harish-Chandra character of regular supercuspidal rep-
resentations, evaluated at certain special elements of the group.

(3) An explicit construction of a correspondence between regular supercuspi-
dal representations and Langlands parameters.

(4) An extension of this construction to the setting of general supercuspidal
parameters — currently work in progress.

1. REGULAR SUPERCUSPIDAL REPRESENTATIONS

Harish-Chandra has classified the discrete series representations of real reductive
groups. Given such a group G/R, the topological group G(R) has a discrete series
of representations if and only if there exists an elliptic maximal torus S C G, and in
that case the equivalence classes of such representations are in 1-1 correspondence
with pairs (B, ), where B C G x C is a Borel subgroup containing S and 6 :
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S(R) — C* is a character whose differential is B-dominant. These pairs are
taken up to conjugation by the Weyl group Qr = N (S, G)(R)/S(R). If we restrict
attention to those 6 whose differential is regular, and let S vary, we obtain a
parameterization of most discrete series representations by G(R)-conjugacy classes
of pairs (5,6), where S C G is an elliptic maximal torus, and 6 : S(R) — C* is
a character with regular differential. This parameterization can be described as
follows: Given (S, 60), there exists a unique discrete series representation whose
Harish-Chandra character, evaluated at v € S(R), is given by the formula

. 0 S Tt

We now let F' be a non-archimedean local field and G a connected reductive
group defined over F'. Our goal is to find an analogous classification of a large class
of supercuspidal representations of G(F). In the case G = GLy, assuming the
residual characteristic p of F' is prime to N, work of Howe and Moy accomplishes
that for all supercuspidal representations, and this gives us hope that it may be
possible in general. Assuming that G splits over a tame extension of F'; J.K. Yu
[6] has given a construction of supercuspidal representations, whose initial input
is a datum of the form ((G° C --- ¢ G% = G),7_1,(do,...,¢q)), where G* are
tame twisted Levi subgroups of G, ¢; : G(F) — C* are characters, and 7_; is
a depth-zero supercuspidal representation of G°(F). We define a supercuspidal
representation to be “regular” when it arises via this construction from a datum
where m_1 corresponds, via Moy-Prasad theory [5], to a regular Deligne-Lusztig
character.

wENR

Theorem 1. Assume that p is not a bad prime for G and does not divide the order
of m1(G ger). Then there is a 1-1 correspondence between G(F)-conjugacy classes
of tame regular elliptic pairs (S,0) and equivalence classes of reqular supercuspidal
representations.

Definition 2. A pair (S,0) consisting of a maximal torus S C G and a character
0 : S(F) — C* is called tame regular elliptic if the splitting extension E/F of S
is tame, the stabilizer of 0 in the Weyl group N(S,G)(F)/S(F) is trivial, and the
action of inertia on the subroot system Roy = {a € R(S,G)|0oNg poa” (1+pg) =
1} preserves a set of positive roots.

Here R(S,G) denotes the absolute root system of S, Ng/p : S(E) — S(F) is
the norm map, and pg is the maximal ideal in the ring of integers of E.

Remark 3. The assumption on p in the theorem can be summarized, according
to Dynkin types, in the following table.

A, B, Chn D, FEs E; Es Fy Go
p>n+1|p>2|p>2|p>2|p>3|p>3|p>d|p>3 |p>3

2. HARISH-CHANDRA CHARACTERS

A recursive formula for the Harish-Chandra character of any supercuspidal repre-
sentation arising from Yu’s construction has been developed by Adler-Spice [1] and
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refined by DeBacker-Spice [2]. It involves many subtle roots of unity whose defi-
nition depends on the fine structure of the p-adic group governed by Bruhat-Tits
theory. We are interested in finding a reinterpretation of this formula, in the case
of regular supercuspidal representations, that can be formulated in a Lie-theoretic
language.

Given a tame regular elliptic pair (5, 6), let m(g ¢y denote the regular supercus-
pidal representation corresponding to it via Theorem 1. Write R(S, G)sym for the
subset of those roots a whose Galois orbit contains —«. Fix a non-trivial character
A : F — C*. For any such a we have its field of definition F,. Explicit formulas
[3, (4.6),(4.9)] determine a, € F.* and x, : FJ — C* and we define the function

Al SF) 5 C e [ Xe (M) _

Qo
a€R(S,G)sym/T

Theorem 4. For a topologically semi-simple reqular v € S(F'), the value of the
Harish-Chandra character of ms ¢y is given by

@) Ol XMoo~ X*(S)e,A) Y AfFla ()0 (1),
weNE

Here e(G) is the Kottwitz sign of G, Ty is the minimal Levi subgroup of the
quasi-split inner form of G, and ¢’ is the product of 6 with a certain explicit
sign character of S(F'), given by a simple formula [3, (4.3)], that is an artifact
of the construction of Yu. Following DeBacker-Spice we may reparameterize Yu’s
construction so that 8’ = 6.

Theorem 5. Let FF = R. Use the same formula to compute a,, and take for xq
Shelstad’s based x-data. Then (2) recovers (1).

3. LocAL LANGLANDS CORRESPONDENCE — REGULAR CASE

Let “G be the L-group of G. Let W the Weil group of F, with inertia subgroup
Ir and wild inertia subgroup Pr. Given a disctere parameter ¢ : Wr — G such
that ¢(Pp) is contained in a maximal torus and Cent(p(Ir),G) is abelian, we
can construct, guided by Theorem 5 and Langlands’ work [4] for real groups, an
L-packet II,(G) and prove that it has the correct internal structure. Whenever
the technical assumptions of the Adler-Spice character formula are satisfied, we
can also prove stability and endoscopic transfer identities.

4. LocAL LANGLANDS CORRESPONDENCE - GENERAL CASE

This is currently work in progress. We consider a general discrete parameter
¢ : Wp — LG, ie. we do not impose conditions on p(Pr) and ¢(Ir). Instead we
impose a slightly stricter condition on the residual characteristic p — it is prime to
the order of the absolute Weyl group. Again we tabulate this restriction in terms
of Dynkin types:

An Bn Cn Dn EG E7 E8 F4 G2
p>n+1l|p>n|p>n|p>n|p>5|p>T|p>7|p>3|p>3
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In this generality, the group S, = Cent(p(Wr),&)/Z(G)" may be non-abelian,
even for classical Dynkin types. This makes the internal structure of the L-packets
more interesting. These L-packets will contain supercuspidal representations that
are not necessarily regular. They are obtained by considering pairs (S, ) where
satsifies a condition that is weaker than regularity. The G(F)-conjugacy class of
such a pair gives rise to a finite set of supercuspidal representations that is a torsor
for the finite abelian group Q1% ,. This structure is mirrored by the irreducible

representations of S, and its variants.
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Examples of wave front sets for some representations of special
orthogonal p-adic groups

JEAN-LOUP WALDSPURGER

Let F' be a finite extension of Q,, G' be a connected reductive group over F, 7
be an admissible irreducible representation of G(F') (in a complex space), ©, be
the character of 7 defined by ©,(f) = tracen(f) for f € CX(G(F)), g be the
Lie algebra of G. We denote Nil(g(F')) the set of nilpotent conjugacy classes for
the adjoint action of G(F) in g(F') and, for N € Nil(g(F)), we denote Iy the
orbital integral over IN. Introduce the usual exponential exp, defined in some
neighbourhood of 0 in g(F'), and a Fourier transform ¢ — ¢ in C°(g(F)), with
usual properties.

Theorem (Harish-Chandra). There exists some neighbourhood V;
of 1 in G(F), contained in the image of exp, and there exists a family
(arx,N)Neni(g(F)) Of complex numbers, such that, for f € C(G(F)) with
Supp(f) C Vp, we have

Gﬂ(f) = Z aw,NIN((f ° el'p)A)-

NeNil(g(F))

We use the order on Nil(g(F)): N < N’ if and only if N is included in the
topological closure of N’. Denote Nilyq.(7) the maximal_ elements of the set
{N € Nil(g(F)); ar,n # 0} (this set is non-empty). Denote F an algebraic closure
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of F and Nil(g(F)) the set of nilpotent conjugacy classes for the adjoint action of
G(F) in g(F). The know examples suggest the following

Conjecture. There exists an unique N, € Nil(g(F)) such that, for all
N € Nilyyaz(7), N is included in N,.

If this is true, we call N, the wave front set of 7.

Now, we assume G = SO(2n+1). There is two forms of this group, one split and
the other non split and we accept the two forms. We assume p is big relatively to n.
Recall the Langlands parametrization of the irreducible admissible representations
of G(F). Consider an homomorphism v : Wr x SL(2,C) — G = Sp(2n, C), with
usual properties, where Wy is the Weil group of F. Denote Sy the group of
connected components of the commutant in G of the image of ¥. Denote Sd, its
group of characters and Sw(G) the subset of € € Sw such that e(—14) = 1 if G is
split, (—15) = —1if G is non-split (—14 is the central element —1 in G). Then
the Langlands conjecture says that the irreducible admissible representations of
G(F) are parametrized by the conjugagy classes of pairs (1, €) where 1) is as above
and € € S’w(G). This parametrization has been obtained by Arthur for the split
group G ([1] theorem 2.2.1).

We restrict to the set of tempered representations of unipotent reduction. ” Tem-
pered” is equivalent to: ¥(Wp) is relativement compact; ”of unipotent reduction”
is equivalent to: the restriction of ¢ to Wp is unramified. Denote Wiynip(G)
the set of conjugacy classes of pairs (1, ¢) satisfying these properties. To each
(1, €) € Wiunip(G), Lusztig has associated a tempered representation of unipotent
reduction 7y . of G(F) ([2]). We use this representation constructed by Lusztig.
The following theorem ([4] introduction et [5] theorem 1.3) says that it satisfy the
expected properties.

Theorem. For (¢,€) € VUiynip(G), the representation my . satisfy the
relations relative to endoscopy and twisted endoscopy which determine

uniquely this representation.

1
01 ) € SL(2,C). To
1 is associated a nilpotent orbit of the Lie algebra sp(2n,C): the orbit of the
logarithm of ¥ (1, ). The nilpotent orbits in this Lie algebra are parametrized by
the set P*Y™P(2n) of symplectic partitions of 2n and we denote Ay the partition
associated to the preceding nilpotent orbit. Similarly, the nilpotent orbits in g(F)
are parametrized by the set P°"!"(2n + 1) of orthogonal partitions of 2n + 1.
Following Spaltenstein, we define a ”duality” d : PY™P(2n) — P°"*"(2n +1). For
A € PsV™P(2n), d()) is the greatest orthogonal partition of 2n + 1 which is less or
equal to *(A U {1}), with usual notations. The image of this duality is the subset
of special partitions in P°"*"(2n + 1).

Denote D the Aubert-Zelevinski’s involution for the group G. We denote dy =
D(W¢75).

Theorem. For (1,¢) € ¥iynip(G), the conjecture above is verified for
the representation J, .. The wave front set of this representation is
parametrized by d(\y)

Let (v, €) be an element of Wiyn,(G). Denote u =
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Cf. [6] theorem 3.3. This result was previously obtained by Moeglin ([3] theorem
3.3.5) under different hypothesis. Our proof is different.
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Cocenter of p-adic groups
XUHUA HE

In this report, we give an overview of the new cocenter project towards some
new understanding of complex and mod-I representations of p-adic groups. It is
based on the three preprints [5], [6] and [3]. The last one is a joint work with D.
Ciubotaru.

0.1. To explain why the study of cocenter (of an algebra) is useful in representation
theory, we start with a “toy model”.

Let G be a finite group and C[G] be the group algebra (over complex numbers).
Let C[G] = C[G]/|C|G], C[G]] be its cocenter, the algebra modulo its commutator.
Let Re(G) be the Grothendieck group of finite dimensional complex representa-

tions of G. We have the trace map Tr¢ : C[G] = Rc(G)*, h— (V = Tr(h,V)).

The cocenter C[G] has a standard basis indexed by the conjugacy classes of G and
the Grothendieck group Rc(G) has a standard basis given by the isomorphism
classes of irreducible representations of G. Via these basis, the trace map is rep-
resented by the “character table”, an invertible square matrix. In particular, the
trace map T'rc¢ is bijective and gives a natural duality between the cocenter and
the representations.

For any algebraically closed field R, we may define the trace map Trg in a
similar way. The map is always surjective, but not injective in general. However,
there is a simple and explicit description of the kernel of the map Trg.

0.2. Now let F be a nonarchimedean local field with residue characteristic p (i.e.
a finite extension of Q, or Fy((¢))). Let G be a connected reductive group over F
and G = G(F) be its F-points. We are mainly interested in the smooth admissible
representations of G over an algebraically closed field R of characteristic 0 or of
positive characteristic [ with [ # p. In order to study the smooth admissible
representations, we do not use the group algebra as in the finite group case, but
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use the Hecke algebra instead. To be more precise, the Hecke algebra we use is
H=Cx (G,Z[%]), the “integral form” of the usual Hecke algebra over complex
numbers. We will describe some structural results on H and its cocenter H. In
order to apply these results to the representation theory (over R), we use the
extension of scalar Hp = H ®Z[%] Rand Hi = F@Z[%] R.

The relation between the cocenter and representations of p-adic groups was first
studied by Bernstein, Deligne and Kazhdan in [1] and [8]. They showed that over
complex numbers, the cocenter and the representations are dual to each other in
the following sense: T'rc : He = Re(G) Here Rc(G);0q 1 the space of good
linear form on R (G).

The relation between the cocenter and representations were also studied later
by Dat, by Flicker and more recently, by Henniart and Lemaire [4], in which they
generalized the duality between the complex cocenter and the complex representa-
tions to complex w-twisted cocenter and complex w-representations coming from
the theory of twisted endoscopy.

However, it is fair to say that the cocenter and its relation to representations
is not much studied as it should be. One reason is that the cocenter Hc is just a
vector space, and does not possess a rich algebraic structure. It took me quite a
long time before finally realized that the key point is to get a nice decomposition
on the cocenter, which would lead to a nice filtration on the representation side.

*
good*

0.3. In [5], we introduced the Newton decompositions: G = U, G(v), H = @, H(v)
and H = @, H(v).

Here G(v) is the Newton stratum associated to the given Newton point v. It
is a G-domain defined by G(v) = Uwe‘;vmimeVG(IwI), where [ is the Iwahori

subgroup, W is the Iwahori-Weyl group and Wy, is the subset of 1474 consisting of
elements of minimal length in their conjugacy classes. The Z[%]—submodule H(v)
of H by definition consists of functions with support in G(v) and H(v) is the image
of H(v) in the cocenter H.

The most technical part of the definition is the minimal length condition. In
fact, this is the key idea that makes the decomposition work. The definition of
G(v) is highly motivated by Kottwitz’ work on the o-isocrystals [9], [10] and by
the recent progress in the theory of affine Deligne-Lusztig varieties.

0.4. For applications to representation theory, one would like to understand not
only the cocenter of the Hecke algebra H, but also the cocenter of the Hecke
algebra H(G, K). Here K is an open compact subgroup of G and H(G, K) is the
convolution algebra of K-biinvariant, compactly supported functions on G.

For any Newton point v, let H(G, K;v) = H(G,K)N H(v) and let H(G, K;v)
be the image of H(G, K;v) in H. Note that for any open compact subgroup K, we
have H(G, K) # &, H(G, K; v). However, we show that for the congruent subgroup
I, of the Iwahori subgroup I of G, we still have the Newton decomposition for
H(G,I,). We also give a set of Iwahori-Matsumoto type generators for each
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Newton component H (G, I,;v). As an application of it, we give a simple proof of
a conjecture of Howe [7] on the invariant distributions.

0.5. In the representation theory of p-adic groups, there are two important func-
tors, the parabolic induction functor ij; and Jacquet functor rps for any given
standard Levi subgroup M. On the dual side, we expect to have the restriction
map 75; and induction map i5;. We expect that these maps are compatible with
the Newton decompositions of the cocenter of Hecke algebras of G and of M. Also
for the purpose of a uniform approach to both complex representations and mod-I
representations, it is important to have such map defined over the integral forms,
i.e. the Hecke algebras of Z[%]—Valued functions.

The restriction map 7 on the cocenter, which after extension by scalar, is
adjunct to the parabolic induction functor on the representations, is given by the
Van Dijk’s formula. In [3], we showed that the map defined by the Van Dijk’s
formula has the desired properties.

The induction map %y; on the cocenter, is expected to be a map that after
extension by scalar is adjunct to Jacquet functor. This is more complicated than
the restriction map 7»s. By now, we do not have a complete answer to it. However,
in [6], we obtain a partial answer. Namely, we give an explicit formula for the
restriction of the induction map iy to the so-called +-rigid part of the cocenter
of M.

0.6. After we have the Newton decomposition of the cocenter and a fairly good
understanding on the induction and restriction map, we are able to explore the
representation theory of p-adic groups.

There are two important submodules of the cocenter H: the elliptic cocenter
He" and the rigid cocenter H"*. The elliptic cocenter is the analogous part of the
elliptic representations, an important family of irreducible representations. The
rigid cocenter, on the other hand, is shown in [6] to be the “building blocks” of
the whole cocenter H. In [3], we establish an important result in the structure of
cocenter: the elliptic cocenter is contained in the rigid cocenter.

As an application, we prove the trace Paley-Wiener theorem for mod-I repre-
sentations under the assumption that [ does not divide the order of the relative
Weyl group. For complex representations, such result was established in [1].

As another application, we establish the abstract Selberg principle on the rela-
tion between smooth projective representations and the orbital integral of compact
elements. This was proved in [2] for complex representation. Now we showed that
it is also true for mod-I representations.
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Stable conjugacy for the BD-covers of symplectic groups
WEN-WEI L1

1. OVERVIEW

The representation theory for coverings of linear reductive groups has spurred
some interests in recent years. In order to adapt Langlands’ ideas to this setting,
the first task is to single out a wide class of coverings with an algebro-geometric
origin, which admit classification theorems and behave functorially under various
operations. Brylinski and Deligne [1] set up a reasonable framework by considering
central extensions of sheaves over the big Zariski site Sz, of the form

12Ky > FE—>G—1,

where S is a reasonable base scheme, say S = Spec(F') in this report for some
local field F'. Here G is a reductive S-group and Kj is the sheafification of the
usual K5. For split and simply connected G, such Ks-extensions are known to
Matsumoto in the 1960’s.

Next, given an integer m > 1 with

(W(F)l, F#C

m | Np :=
| N 1, F=C,

taking F-points and pushing-out by the norm-residue symbol (-, ) pm, : Ko(F) —
m yields a topological central extension

1= pi = G — G(F) — 1.

Coverings arising in this way are called BD-covers. We refer to [2, 6, 3], among
others, for various facets of the Langlands program for BD-covers.
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Fix an embedding € : p,,, — C*. We study the representations of G on complex
vector spaces such that p,, acts via the character ¢, called e-genuine or simply
genuine.

2. STABLE CONJUGACY

One of the main hurdle for Langlands program on BD-covers is the lack of a good
notion of stable conjugacy. As far as I know, available theories apply only to

(1) the metaplectic groups of Weil (due to Adams), which is based on the
oscillator representation, or

(2) BD-covers of SL(2) in a unpublished note by Hiraga and Ikeda, based on
Flicker’s work.

I will propose a definition of stable conjugacy for BD-covers
1= fim — Sp(2n) — Sp(2n, F) — 1, char(F) # 2

arising from Matsumoto’s central extensions (without loss of generality!) with
arbitrary m | Np such that char(F) f m. When m = 2 we recover Weil’s meta-
plectic groups. This will be done by reduction to various SL(2, K*), where K* is
some finite separable extension of F. Stable conjugacy for SL(2, K*) is realizable
by PGL(2, K*)-action, which lifts uniquely to BD-covers. We also denote it by
Ad(g). In the case G = SL(2) already, this construction encounters two problems:

(1) It is incompatible with Adams’ definition when m = 2.

(2) Let 6,0" € Ghreg,ss(F) be stably conjugate with centralizers T',T'. Stable
conjugacy in G yields an isomorphism Ad(g) : T'— 7" that is independent
of the choice of g € G(F) with Ad(g)(§) = ’. In contrast, the construction
above of Ad(g)(f) depends on the choice of g € PGL(2, F).

For G = SL(2) and t € Tyeg(F), one calibrates Ad(g)(f) by multiplying it by a i,
valued factor Cy, (-, g). The new action will be on Tg ,,, the pullback of G — G(F)
along the isogeny tqm : Tg,m — T furnished by general theory [6], or its translate
by preimages of —1 when 4 | m; this is expected by the general philosophy of [6].
Specifically, we may identify T with KN™=" for an étale F-algebra K of dimension
2, and LQ.m : to +> tgn/ng(Q’m); for ty € Lélm (t), the required calibration factor is
simply 1

Cm(thg) = (NK/F(w)adet g)F,gcd(Q,m) € Um

whenever tg = w/@, for w € K*.

For general GG, some results on the Weil restriction of Brylinski-Deligne cover-
ings will be needed. All in all, we are able to lift stable conjugacy to various TQym
or their translates by tuples of &1 when 4 | m, where T'C G are maximal tori.

The notion of stable conjugacy might shed some light on the stabilization of
trace formula for such coverings. I hope to address these issues in subsequent
works.
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3. EPIPELAGIC SUPERCUSPIDAL L-PACKETS

Suppose F' D Q, with p >, 0. To support the formalism above, one constructs
genuine epipelagic supercuspidal L-packets (or some weaker variant when 4 { m)
and establish their stability in an appropriate sense. Following Kaletha [4], the
epipelagic L-packets are constructed from (i) a stable conjugacy class of embed-
dings of maximal tori j : S < G, subject to various conditions (eg. tameness,
ellipticity); (i) a character 6 : S(F) — C* subject to some regularity conditions.

Given (5,6) and j as above, we first lift 6 to a genuine character ; of jAS’ cG.
The maximal torus jS also determines a point € B(G/F). Form the genuine

supercuspidal c-Ind%‘G(F)w(Hjej), the character ¢; : jS(F) — {£1} arises from
Kaletha’s toral invariants, and r > 0 is the depth of §. This yields the required
packet by varying j.

The construction of 6, is rather subtle when m = 2 (mod 4). It involves a
splitting of C* x#m ;S’, together with a sign that measures the ratio between
toral invariants of Sp(2n) and SO(V,q) with dimV = 2n + 1, in terms of the
moment-map correspondence.

On the other hand, to (.9, #) we may also associate an epipelagic supercuspidal
L-parameter for G, as in [4]. All these turn out to be compatible with the formalism
of L-groups in [6]. When m = 2, our L-packet coincides with that obtained from
O-lifting; this is proven using the results of Loke-Ma—Savin [5].
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