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ABSTRACT. The interaction among fundamental particles in nature leads to
many interesting effects in quantum statistical mechanics; examples include
superconductivity for charged systems and superfluidity in cold gases. It is a
huge challenge for mathematical physics to understand the collective behav-
ior of systems containing a large number of particles, emerging from known
microscopic interactions. In this workshop we brought together researchers
working on different aspects of many-body quantum mechanics to discuss re-
cent developments, exchange ideas and propose new challenges and research
directions.
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Introduction by the Organizers

The workshop Many-Body Quantum Systems, organized by Christian Hainzl (LMU
Munich), Benjamin Schlein (University of Zurich), Robert Seiringer (IST Austria)
and Simone Warzel (TU Munich) was well attended with over 50 participants,
coming from Europe, North America and Asia.

During the workshop we had 21 lectures, covering a large variety of subjects
in mathematical physics, including equilibrium and non-equilibrium properties
of Bose gases at low temperature, the Hartree-Fock theory of weakly interact-
ing fermions, quantum spin systems and their topological phases, as well as the
Frohlich and related models of polarons.
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1. EQUILIBRIUM PROPERTIES OF BOSE GASES

In the last years, there has been substantial progress in the mathematical under-
standing of the low-energy properties of interacting Bose gases. In this line of
research, Jan Philip Solovej presented a rigorous lower bound for the ground state
energy of a dilute Bose gas in the thermodynamic limit, matching the celebrated
Lee-Huang-Yang formula predicted by physicists more than 60 years ago. Chiara
Boccato discussed a series of works establishing the validity of the Bogoliubov ap-
proximation for the low-energy excitation spectrum of interacting Bose gases in the
Gross-Pitaevskii regime, relevant for the description of recent experiment on cold
atomic gases. In his talk, Andreas Deuchert showed a mathematical derivation of
the free energy of trapped Bose gases (in the Gross-Pitaevskii regime) at positive
temperatures, and presented a proof of Bose-Einstein condensation for this sys-
tem. Horst Knorrer reported on recent progress in a long-term program aiming at
a proof of Bose-Einstein condensation for dilute Bose gases in the thermodynamic
limit.

2. TIME-EVOLUTION OF BOSE GASES

Also the time-evolution of interacting Bose gases and its approximation through
effective equations have been closely investigated by the mathematical physics
community in recent years. Along this line of research we had two talks in
Oberwolfach. Lea Bossmann discussed her recent works showing that the time-
evolution of 3-dimensional Bose Einstein condensates that are confined in 2- and
1-dimensional traps can be described through nonlinear one-particle (2- or 1-
dimensional) Schrodinger equations. Michele Correggi talked about dynamics of
many-boson systems in the semiclassical limit.

3. QUANTUM SPIN SYSTEMS

While analytically easier to handle, quantum spin systems capture many of the
essential properties of many-body theories. For this reason, they attracted a lot
of attention in the last years. Yoshiko Ogata discussed her recent results about
classification of topological phases in quantum spin chains. Amanda Young, on the
other hand, displayed a family of 2-dimensional quantum spin systems for which
the existence of a gap at the bottom of their spectrum and be proved. Martin Fraas
discussed states in quantum Hall systems exhibiting anyonic properties. The free
energy of the ferromagnetic Heisenberg spin chain was the topic of the talk by
Marcin Napiorkowski, establishing that the low temperature asymptotics matches
to leading order the one of an ideal Bose gas, which was known previously only in
dimensions three and higher.

4. POLARONS AND OPEN QUANTUM SYSTEMS

Polaron systems model electrons coupled to the quantized oscillations of the lattice
where they move, or, more generally, impurities immersed in a quantum bath.
They have been used in physics as toy models to explain the existence of an effective
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attraction between electrons leading to the emergence of superconductivity. In the
last years, the mathematical physics community has made a significant effort to
reach a rigorous understanding of the properties of polarons. In this workshop,
Simone Rademacher reported on recent progress in the mathematical analysis of
the dynamics of a Frohlich polaron and on its description through the Landau-
Pekar equations in the strong coupling limit. Jonas Lampart explained his recent
results on self-adjointness of Hamiltonian operators describing the Bogoliubov-
Frohlich polaron of an impurity immersed an a quantum gas.

Polarons are example of open quantum system where a small system (the elec-
tron) is coupled with an infinite system (the quantized oscillation field, in the case
of the polaron). Different types of open quantum systems have been discussed
by Alain Joye, who presented his research on adiabatic transitions in two-level
systems that are coupled to a Bose field.

5. EFFECTIVE THEORIES

Complex many-body quantum systems are often described in the physics literature
through simplified effective theories. As discussed above, one of the main goals of
mathematical statistical mechanics is the rigorous justification of these theories,
starting from fundamental, microscopic descriptions of many-body systems. An-
other important goal for mathematical physicists is the study of the mathematical
properties of effective theories.

Along this line of research, Edwin Langmann discussed mathematical questions
related with the Bardeen-Cooper-Schrieffer model of superconductivity. David
Gontier presented recent results about minimizers of Hartree-Fock functional de-
scribing systems of atoms and molecules and their symmetry with respect to trans-
lations.

6. OTHER

Systems of many-particles whose evolution follows classical laws of physics or sto-
chastic processes are also an important subject in mathematical physics. Recent
results in this direction were presented by Chiara Saffirio, who discussed a rigor-
ous derivation of a linear Boltzmann equation with a memory term approximating
the classical time-evolution of a Lorentz gas in an external magnetic field, and by
Michael Loss, whose talk was devoted to the proof of the so-called Kac conjecture
regarding the relaxation time in the stochastic Kac model. Jeremy Sok gave a lec-
ture about his work on the dynamics of classical spin systems and their continuum
limit.

Jan Derezinski presented a detailed analysis of an analytic family of Schrodinger
operators, which appear naturally in various places in mathematical physics. Fi-
nally, disordered systems have been used in physics for 60 years to understand
transport properties of matter. In the workshop, two talks focused on systems
with randomness. Peter Miiller discussed how much delocalization is needed to
guarantee the validity of an area law for the entanglement entropy. Antti Knowles,
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on the other hand, presented his recent results on the localization and delocaliza-
tion properties of eigenvectors of the adjacency matrix of random graphs.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1641185, “US Junior Oberwolfach Fellows”.
Moreover, the MFO and the workshop organizers would like to thank the Simons
Foundation for supporting Bruno Nachtergaele in the “Simons Visiting Professors”
program at the MFO.
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Abstracts

On the Lee-Huang-Yang universal formula for the asymptotics of the
ground state energy of a Bose gas in the dilute limit
JAN PHILIP SOLOVEJ
(joint work with Sgren Fournais)

We study N bosons governed by the Hamiltonian

HN:Z_Ai+ Z v(xi—xj)

i=1 1<i<j<N

acting on ®gm L?(A). Here the N bosons are confined to a box A = [0, L]? and we
will assume that the 2-body interaction v € L'(R?) is a non-negative, spherically
symmetric function of compact support.

The object of interest is the ground state energy E(N) = inf specHy. Or more
precisely the thermodynamic limit of the ground state energy density

e(p) = lim L73E(N).
N/L3—p
Our aim is to understand the asymptotic behavior of e(p) as p — 0. A two term
asymptotic formula was suggested by Lee-Huang-Yang [7] in 1957. The remarkable
property of this formula is that it depends on the potential v through only one
parameter, the scattering length. The scattering length can be defined as the finite
number a given by

a = lim
Tr—>00

zlw(z), where (—A + %v) (1-w)=0.

Formally the scattering length can be approximated through the Born series, where
the first two terms are

a=ay+a+..., ao

1 1 1 ?(p)?
8 8 12873 p?

The universal Lee-Huang-Yang formula is then
128
1 =drpia (1l + —— 3 3
(1) e(p) = 4mp a( + gz Ve +o(va )>,

in the limit when pa® — 0.

This formula has a long history. The leading term was suggested by Lenz [6].
Bogolubov in his celebrated 1947 paper [2] on the theory of superfluidity intro-
duced the approximation that now carries his name and arrived at the following
expression for the energy density

eBog(p) = 102J ! f [p2 + po(p) —v/p* + 2pp217(p)] dp.

2P 1Y 7 1679
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Bogolubov realized however that this result had to be wrong for very strong po-
tentials, e.g. the hard core, where even the first term would be infinite. In a
footnote in his paper he thanks Landau for suggesting that it would be reasonable
to expect that {v should be replaced by 8ma.

We can rewrite Bogolubov’s expression as follows

1 — - o(p)*
enog(p) = Amp*(ao+a1) + 55 f [ p* + 20p*0(p) — p* — pO(p) + p° —2(p2 ] dp
1 1
= a0+ o)+ g (9O) [N =t = 1

+o(pd(0))*?
47

P
<p2(a0 +a) + %(pao)m + o(pa0)5/2)>

Note that it was by adding and subtracting the term 4mp2a; that it was possible
to get a convergent integral. Note also that if we replace ag + a1 by a in the first
term and ag by a in the second term we arrive at the Lee-Huang-Yang formula.

Bogolubov did not notice this rewriting in his original paper. Lee, Huang, and
Yang did not do the rewriting explicitly as above, but used the pseudopotential
method to arrive at the convergent integral. The pseudopotential is a zero range
potential, which is actually known to be unstable for many bosons. It is therefore
very difficult to make the argument of Lee, Huang, and Yang rigorous.

The rigorous work on establishing the Lee-Huang-Yang formula started with
Dyson [3] who already in 1957 gave an upper bound which had the correct leading
order, but an error term of order O(p%a(pa®)'/?). For the hard core potential this
is still the best known upper bound. Lieb and Yngvason [5] gave a lower bound
agreeing with the first term, but with an error worse than the upper bound of
Dyson.

Erdés, Schlein, and Yau [4] made the interesting observation that for sufficiently
regular potentials an upper bound agreeing with the first term could be reached
using quasi-free trial states. This is interesting as it is exactly quasi-free states
that minimize Bogolubov’s approximating Hamiltonian. Shortly after Yau and
Yin [8] generalized this approach to prove an upper bound with the correct second
order Lee-Huang-Yang term. The trial state is however much more complicated
than a quasi-free state.

In [1] Boccato et. al. establish a two term formula correspoding to the Lee-
Huang-Yang formula for dilute confined Bose gases.

The purpose of this talk was to present recent joint work with Fournais estab-
lishing the Lee-Huang-Formula as a lower bound for all L! interaction potentials.
This complements the upper bound of Yau and Yin and thus finally proves the
Lee-Huang-Yang formula for a large class of interaction potentials.
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The excitation spectrum of the Bose gas in the Gross—Pitaevskii
regime
CHIARA BOCCATO
(joint work with Christian Brennecke, Serena Cenatiempo, Benjamin Schlein)

We consider a gas of N bosons trapped in a box A = [—~1/2,1/2]3 with periodic
boundary conditions. The Hamiltonian acts on permutation symmetric functions
in L2(AY), and we represent it in second quantized form as

1 .
(1) Hy = Z p’ata, + IN Z V(r/N)ay,, a5 aptqir,
pEA* p,q,TEA¥

*®
p

operators. Here V is the Fourier transform of the interaction potential V e L3(R?),
which we take non-negative, spherically symmetric and compactly supported. The
scaling (in position space N2V (N-)) models a very dilute system for large N: the
range of interactions is of order N1, while the mean interparticle distance is much
larger, of order N~1/3; this is called the Gross-Pitaevskii regime.

Bose-Einstein condensation has been proven for this model for the reduced
densities associated to the ground state [10] and the reduced densities associated
to sequences of approximated ground states [11, 15]. In [14, 12, 11, 15] the ground
state energy has been computed to be En = 4wagN + o(N). With ag we denote
the scattering length of V.

We present now our works [2, 3] in the theorems below. Theorem 1 improves
the previous results on Bose-Einstein condensation, determining its convergence
rate; Theorem 2 improves the results on the ground state energy showing the next
order in N. In Theorem 2 we also determine the excitation spectrum of (1).

where for every p € A* = 2773, a* and a,, are the usual creation and annihilation
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Theorem 1 (Optimal rate for Bose-Einstein condensation). Let V € L3(R?) be
non-negative, spherically symmetric, compactly supported. Let n € L2(AN) be a
sequence with |Yn| =1 and such that

Oy, Hyony < dmagN + ¢

for a ¢ > 0. Then the reduced density matriz vy = Try
with Yy is such that

,,,,, N|YNY WUN| associated

C¢c+1)
N

for all N € N large enough, where po(x) = 1 for all x € A is the one—particle
zero—momentum mode.

(2) 1 — o, YNwoy <

Theorem 2 (Ground state energy and excitation spectrum). Let V' be as in
Theorem 1. Then, for N — o0, the ground state energy is given by

En = 47(N —1)ag + exa?

1 8mag)?
3) -3 > [pQ + 8mag — +/|p[* + 167agp? — % + O(N~M4y.

®
pEAT

Here we introduced the notation A* = 27Z3\{0} and we defined

ex =2 — lim Z %JPD'
M—w S p
pEZ>\{0}:
[p1ls|p2].|ps|<M
Moreover, the spectrum of Hy — En below a threshold { consists of eigenvalues
given, in the limit N — oo, by

@) 7 mpV/Ipl* + 16magp® + O(N 41+ ¢%)).

pEAﬁ
Here n, e N for all pe A% and ny #+ 0 for finitely many p € A% only.

Remarks:

1. In (2) we establish a bound, uniform in N, for the number of excited
particles over the condensate. The techniques we use to prove Theorem 1
also allow us to prove stronger bounds for the energy of excited particles
and powers of the number of excitations. This is crucial for the proof of
Theorem 2.

2. We find in the ground state energy a contribution eja? of order one origi-
nating from the fact that we work in a finite volume. The expression in (3)
is the analogue of the Lee—-Huang—Yang formula for the thermodynamic
limit of the Bose gas (see [18, 7] for recent rigorous results).

3. In the spectrum (4) we see the dispersion relation of excitations £(p) =
VIp|* + 16magp? = /167magp|(1 + O(p?)). E(p) is linear for small mo-
menta, as a consequence of interactions. Linearity of £(p) is believed to
be at the basis of the phenomenon of superfluidity [4].
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Results analogous to Theorem 1 and 2 have been proven in the mean field limit
[17, 8, 9, 6]. The Gross Pitaevskii is mathematically more involved, because of the
emergence of the scattering length in (3) and (4).

Theorem 2 confirms Bogoliubov’s prediction of 1947. In [4] Bogoliubov pro-
posed a heuristic method to compute the excitation spectrum of a dilute Bose
gas in the thermodynamic limit. He considers an effective Hamiltonian, where
the condensate contribution has been computed by a c-number substitution and
contributions that are cubic and quartic in creation and annihilation operators
have been neglected. The resulting Hamiltonian is quadratic and can be easily
diagonalized. In the resulting formula for the excitation spectrum however only
the first Born approximation of the scattering length appears. In his final result
he substitutes it with the full scattering length, obtaining expressions analogous
to (3) and (4).

In our works we develop a rigorous implementation of Bogoliubov theory. To
prove Theorem 1, we introduce an excitation Hamiltonian Ly, factoring out the
Bose-Einstein condensate. The idea comes from [9] and implements rigorously
Bogoliubov’s c-number substition. We define then generalized Bogoliubov trans-
formations (used also in [1, 5]) to model correlations among particles and to define
a renormalized excitation Hamiltonian Gy. A second renormalization, this time
through the exponential of an operator which is cubic in creation and annihilation
operators leads to a new Hamiltonian R . We apply then localization techniques
from [13] to conclude the proof of (2).

To prove Theorem 2 we observe that Gy contains cubic and quartic opera-
tors of order one, which therefore should contribute to the second order of the
ground state energy and to the excitation spectrum. These terms were neglected
in Bogoliubov’s method. With a new cubic unitary map e we extract these con-
tributions and define a new excitation Hamiltonian Jy = e 4Gne?. This is now
approximately quadratic in creation and annihilation operators. We control the
errors using our bounds for the number of excitations obtained before (see Remark
2). In our final excitation Hamiltonian the potential energy contributions are now
renormalized and only the scattering length appears. Finally (3) and (4) follow
from diagonalization.
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Dynamics of the strongly coupled polaron
SIMONE RADEMACHER
(joint work with Nikolai Leopold, Benjamin Schlein, Robert Seiringer)

The polaron is a model of an electron together with its self-induced polarization
field in an ionic crystal. A polaron, whose extension is large compared to the
lattice spacing of the crystal, is described through the Frohlich Hamiltonian

(1) Hy = -A +J dk [bie™ ™" + be’™] +J dk bjiby,
rs |k RS

acting on the Hilbert space L? (R?’) ® F. Here, the polarization field is considered
to be quantized through so called phonons on the bosonic Fock space F. The
Frohlich Hamiltonian H,, is written in strong coupling units. It depends on the
coupling constant o > 0 of the electron to the polarization through the creation
and annihilation operators b resp. by. They satisfy the rescaled commutation
relations

(2) [bf, bi] = 26 (k—K'),  [br,bw] = [bF, b5 1 =0 Vk, k' e R®,

We are interested in the dynamics of the polaron for large coupling constant a@ —
. The time evolution of the polaron ¥, € L? (R%) ® F is given through the
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Schrodinger equation

(3) 10y = H, Uy

We consider initial data of product form ¥y = 1) @ W (a2 goo) Q where the phonon
field is a coherent state. Pekar used this product ansatz to derive the first order
contribution of the ground state energy of the strongly coupled polaron. We
address the question whether the time evolved Pekar product state ¢, @W (anot) Q
with respect to the Landau-Pekar equations

{iaﬂ/}t = (—A+V,,) Y

i dupr(k) = (k) + |k~ [1he |2 (k)

with Vi, (z) = 2Re {3, dk |k|~'¢(k)e™** provides an approximation of the solution
of the Schrédinger equation (3) in the strong coupling limit o — oo. Note that in
the Landau-Pekar equations, the electron wave function 1; satisfies a Schrédinger
equation, while the phonon field ; is described through a classical field equation.
We are interested in initial data satisfying

Assumption 1. Let ¢ € L? (R®) such that
e(po) = inf {, (=A + Vi) ¥ : € H (R), |92 = 1} <0.

This assumption ensures the existence of a unique positive ground state .,
of hyy = —A + V,,, with corresponding eigenvalue separated from the rest of the
spectrum by a gap of size Ag > 0. We show that the Landau-Pekar equations (4)
approximate the time evolution (3) of an Pekar product state with ¢( satisfying
Assumption 1 and ¢y = 1), being the ground state of h, :

Theorem 1. Let @o satisfy Assumption 1 and ag > 0. Let (¢, 1) € H' (R?) x
L? (Rg) denote the solution of the Landau-Pekar equations with initial data
(Vos o) € H' (R3) x L2 (Rg) and w(t) = o*Im{py, Orory + |@i|3. Then, there
exists a constant C' > 0 such that

(5)  lle™M"py, @W (aP00) @ — el @y @ W (a?) Q < CaHe] /2

for all o = .

(4)

It follows from Theorem 1 that the Pekar ansatz is a good approximation for
times |t| « o?. First results in this direction valid on smaller times scales resp. for
a smaller class of initial data have been obtained in [1, 3, 4]. The proof of Theorem
1 is based on a non-linear adiabatic theorem for the Landau-Pekar equations:

Theorem 2. Let ¢y satisfy Assumption 1. Let (¢y,¢;) € H' (R?) x L* (R3)

denote the solution of the Landau-Pekar equations with initial data (Ye,, o) €
H' (R®) x L? (R3). Then, there exist C,Ch, > 0 such that

(6) [ — emthods eledy |2 < Ca™2, V[t] < Crya.

The restriction to times |t| < Cja,a? ensures the persistence of the spectral gap
of hy,. For a similar result as stated in Theorem 2 in one dimension, we refer to
[2]. Tt remains an open problem to prove an approximation of the dynamics of the
strongly coupled polaron valid on larger time scales.
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Proof of Kac’s conjecture for the hard sphere gas
MICHAEL Loss
(joint work with Eric Carlen, Maria Carvalho)

In 1956 Mark Kac [1] published his Master Equation approach to kinetic theory.
This consists of a linear evolution equation describing a spatially homogeneous gas
of N particles that undergo binary collisions at exponentially distributed times.
He assumed for simplicity that the particles move in one dimension and more im-
portantly he also assumed that the scattering cross sections did not depend on the
velocities of the particles. Such kind of colliding particles are called Maxwellian
molecules. In this paper he introduced the notion of a chaotic distribution and
proved that his Master Equation propagates chaos which led him to a rigorous
derivation of a model Boltzmann equation, the Kac-Boltzmann equation. The
Master Equation turns out to be ergodic, i.e., any initial distribution tends to-
wards the unique equilibrium state. This led him to the question of speed of con-
vergence. Kac conjectured that the gap of the generator of the evolution should be
bounded below by a constant independent of the number of particles and this was
finally proved in 2000 by Elise Jeanvresse [2]and shortly thereafter the gap was
explicitly computed in [3]. The Kac program was revisited in an important paper
by Stephane Mischler and Clement Mouhot [4]. The authors considered momen-
tum preserving collisions and, more importantly, allowed for the dependence of the
scattering cross sections on the velocities, in particular hard spheres were included
in their work. They proved propagation of chaos, which is considerably more dif-
ficult than the case of Maxwellian moelcules, and they also proved approach to
equilibrium in the Wasserstein distance with a polynomial rate independent of the
number of particles. What was left open is the analogous gap conjecture for this
realistic model and this is the topic of this report.

We denote by & = (v1,...,vn) € R*N where v; is the velocity associated with
particle ¢. The generator for the master equation that describes the collisions of
N hard spheres (with suitable normalizations) is given by

W et @=N( Y ) Sl [0 fRme

1<J
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where
vi(o) k=i
(2) (Ri7j,gﬁ)k = ’U;k (O’) k =j 5
Vk k # 1,7
and
v +v; v — vy
o) = HEH i,
. R R k]
(3) vi(o) = 5 T g O
The velocities v;, v; are the velocities before the collision and v} ,’U] are the veloc-

ities after the collision. The parameter o € S? parametrizes the collision. One can
easily check that the total energy as well as the total momentum is conserved and

we set
N

18, 1
ZNZ|U1| ,pZNZUi-
i=1 i=1
We denote the space of velocity vectors satisfying the energy and momentum con-
straint by Sy g and endow it with the uniform normalized measure o induced

by the Lebesgue measure on R3Y. The quadratic form associated with (1) is

ef f) =

N —1
2 ( ];7 ) Z JS L2 lvi — ;| [f () — f(Ri,j,o'U)]2 dodoy .

and we define the gap by
An(E,p) =
inf {5(fa f)  feL*(Snppon), {f:1r2py) =0 and ||f“%2(aN) =1 }
Our main result is
THEOREM 0.1. There exists a positive constant K, independent of N such that
AN(E,p) = (E - |p]*)/*K .

By scaling it is enough to consider the case where £ = 1 and p = 0 and we
abbreviate Sy,1,0 by Sy. The first step is to consider an auxiliary quadratic form

1/2
1 + o) N 2
@) DS = sz[ L [£2 — fPuf] dow -
where Pkf is a marginal, i.e., the unique function f()(v;) such that for any g(vy),
§sy f@g(vp)don = (g, FD(vg)g(v)don. This quadratic form defines a linear

operator that is the generator of another stochastic process, which we call the
conjugate process.
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The gap associated with the quadratic form D is defined by
()
AN = inf {DN(fa f) : fELQ(SN) ) <f7 1>L2($N) =0 and Hf||%2(SN) =1 } .

The following theorem provides the link between the Kac process and the con-
jugate process:

THEOREM 0.2.

N ~
6 An = An_1AnN .
(6) N Z T AN-1AN
A detailed analysis of D shows that
~ 1 c
> _ -
AN = (1 N N3/2) ’
where C is a constant independent of N. If we pick Ny such that (1— NLO - #) >
0, we get that ’
5 C
Ay =2 5, (1= jgﬁ)ANo

where the infinite product converges. In a separate analysis one establishes that for
any N, Ay > 0. The detailed proofs can be found in https://arxiv.org/pdf/1812.
03874.pdf.
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Adiabatic transitions of a two-level system coupled to a Bose field
ALAIN JOYE
(joint work with Marco Merkli & Dominique Spehner)

This work is devoted to the transition probability between the energy eigenstates
of a two-level time-dependent system in contact with a reservoir which plays the
role of an environment the two-level system is weakly coupled to. We model the
reservoir by a Bose field minimally coupled to the two-level system in an appro-
priate way specified below; therefore, we are in the framework of time-dependent
open quantum systems. The quantum process we study is a basic step in the
understanding of energy transfers within driven small quantum systems in contact
with an environment. As the properties of genuinely time-dependent quantum
processes are often unreachable without resorting to specific asymptotic regimes,
we consider the problem above in the adiabatic and small coupling limits.
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The adiabatic regime, characterized by a slow time variation of the Hamiltonian
governing the quantum system under scrutiny, yields rather detailed approxima-
tions of the true quantum dynamics in a variety of physically relevant situations.
The adiabatic theorem was first stated for time dependent Hamiltonians with iso-
lated eigenvalues in [BF, K1], and then extended to accommodate isolated parts of
spectrum, see [N1, ASY]. This version applies to the two-level system we consider
in absence of coupling. Adiabatic approximations for Hamiltonians with eigenval-
ues embedded in the continuous spectrum were then provided by [AE]. This is
the spectral situation for the total Hamiltonian of the two-level system coupled to
the Bose field. Later, adiabatic theorems were formulated in [A-SF, J3, AFGG1]
for non-self-adjoint generators, leading to extensions to gapless, non self-adjoint
generators provided in [S]. Such results apply to effective Markovian descriptions
of open quantum system by means of time dependent Lindblad generators.

In our setup, the total Hamiltonian given by the time-dependent two-level sys-
tem minimally coupled to the Bose field is varying on a slow time scale 1/e, under
the supplementary assumption that the coupling of intensity A > 0 commutes at
all times with the Hamiltonian of two-level system. This means that the system
and reservoir do not exchange energy instantaneously.

More precisely, the Hilbert space of the total system is Hor = C2@F . (L2(R?)),
whith 7 (L?(R3)) the bosonic Fock space on L?(R?), the one-particle momentum
Hilbert space. The Hamiltonian of the reservoir reads Hg = {w(k)a*(k)a(k)dk?,
where a*(k)/a(k) are the bosonic creation/annihilation operators with momentum
k and w(k) = |k| is the dispersion relation. The smooth time-dependent Hamil-
tonian of the two-level system writes Hg(t) = 25:1 e;(t)P;(t), for t € [0, 1], with
corresponding spectral projectors P;(t) and instantaneous eigenvalues e;(t) sepa-
rated by a gap: infeqo,17 [e1(t) —e2(t)| > 0. The coupling to the reservoir is linear
in the field operator ¢(g) = {5 (9(k)a(k)+g(k)a*(k))dk®/~/2, where g € L?(R?) is
the form factor: the interaction Hamiltonian is given by a coupling constant A > 0
times Hint(t) = B(t) ® ¢(g) , where B(t) is a slowly-varying self-adjoint operator
on C? with eigenvalues by (t), b2(¢). Our main assumption is that [Hg(t), B(t)] =0
for all t € [0, 1], an expression of the instantaneous nondemolition character of the
coupling. The evolution operator Uy () on Hiot is thus given by

ie0:Unc(t) = (Hs(t) @ I + AHine (1) +1® Hr)Unc(t), Uxc(0) =1,

where the factor € in the LHS expresses the adiabatic scaling.

We further suppose that all derivatives of the total Hamiltonian vanish at the
initial time. Starting initially in an eigenstate of the two-level system tensored
with € the vacuum vector of the Bose field, we compute the transition probability

© PO =T (R0 @D UL D(P1(0) @ 12X Ur(t)*)

of the state of the full system at some later rescaled time ¢ to the other instanta-
neous eigenstate of the system, regardless of the state of the field, in the adiabatic
and small coupling regime (¢, \) — (0,0). The adiabatic theorem applied to the
uncoupled two-level system tells us that the transition probability between its
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levels equals pgojg) (t) = e2qi52(t) + O(e3), where q12(t) = 0 is explicit and
generically non zero. By contrast, the gapless adiabatic theorem applied to the
total Hamiltonian only tells us that the transition probability we are interested in
tends to zero, if applicable at all. Our choice of coupling together with the small-
ness of A allows us to determine the leading order of the transition probability
pg)‘fg (t) in appropriate regimes of (e, A) — (0,0), and to compare with pgojg (t).
Introducing the reservoir autocorrelation function (t) = {e¥*“g,g>;> and 7 its
Fourier transform, we prove that for g regular enough

)\2 t R
P30 =00+ 5 [ #0M0A (o) ds + enn(e, )

Here b1a(t) = b1(t) — ba(t), e12(t) = e1(t) — ea(t), and, in the asymptotic regime
e « A « €'/3) the error err(e,\) « min(e?,e)?) is smaller than both explicit
terms above. This shows in particular that the leading order correction due to
the presence of the reservoir is O(e\?), and that the critical regime making both
terms of the same order is A = y/e. Moreover, 5 being positive definite, the integral
correction vanishes if e (t) is the ground state of the two-level system.

This question was addressed in the literature by means of an effective description
of the presence of the reservoir encoded in a time dependent Lindblad operator
[AFGG1, AFGG2, FH]. When the dissipator part of the Lindbladian is chosen to
be of dephasing type, the authors compute the transition probability between the
levels of the small system in the adiabatic limit. While it is difficult to bluntly
compare the two approaches, the coupling we choose induces similar features as
those induced by a dephasing Lindbladian. In particular, the leading order of the
transition probability obtained within the effective approach is of order ¢ in the
adiabatic regime, all other parameters being kept fixed.
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Classification of SPT phases in quantum spin chains
YOSHIKO OGATA

A quantum spin chain is given by A := ), Mg, where M, is the algebra of d x d-
matrices. Physical models on A is given by interactions ®:

(1) ® : finite subsets of Z 3 X — ®(X) = ®(X)* € Ax.

Here Ax := )y Mg, regarded as a subalgebra of A. An interaction @ is uniformly
bounded if supy [|[®(X)| < co. It is of finite range if there is R > 0 such that
®(X) = 0 if the diameter of X is larger than R. For a uniformly bounded finite
range interaction ® and a finite subset A of Z, set Ho(A) := > vy ®(X). Then
the following limit exists for each A € A

(2) 73 (4) = lim Ad(e"Tr™)(4),

and defines a C*-dynamics 7 on A. Let dg be a generator of 74 with a domain
D(ds). A state w is called a 7¢-ground state if the following inequalities hold:

(3) Ciw (A*55(A)) =0, AeD(5s).

We say that ® has a unique gapped ground state if the 7-ground state w is unique
and there is a v > 0 such that

(4) —iw (A*3gp(A)) = yw (A*A), AeD(dg), withw(4) =0.

We denote the set of all uniformly bounded finite range interactions with unique
gapped ground state by P. The classification of the unique gapped ground state
phases is the classification of P with respect to the following criterion: &y ~ ®; if
there is a smooth path in P connecting them. Now we introduce a symmetry to
the game. In this talk, we considered the reflection symmetry. (Analogous result
holds for on-site symmetry.) The reflection on A is an automorphism I' given by

(5) rQW):=Q =Y, QeM,, jez,

where QW) is an element of A acting as Q on the j-th site and as 1 on the rest. Let
R:7 — Zbeamap R(j) := —j—1. Then an interaction ® is reflection invariant if
I(®(X)) = P(R(X)) for all X. We denote the set of all uniformly bounded finite
range reflection invariant interactions with unique gapped ground state by Pr.
The criterion for the classification of Pr is ®g ~r ®; if there is a smooth path in
Pr connecting them. It may happen that two elements ®¢, ®; € Pr are equivalent
with respect to ~ but not with ~p. This is the concept of symmetry protected
topological (SPT) phases introduced by Gu and Wen [GW]. In this talk, T asked a
question how to detect that ®¢, ®; € Pr are not equivalent with respect to ~p. In
order to think about this problem, we introduced an invariant of the classification
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~p. It is defined as follows. Let w be a unique gapped ground state for ® € Pr.
Thanks to a Theorem by Matsui [M], we know that a unique gapped ground state
satisfies a property called the split property. This split property combined with
the reflection symmetry, we see that there is an irreducible representation (H,7)
of Ag such that

(6) (H:=HQH,#:=7mol|4, @m,Q)

is a GNS representation of w for some €2 € A. By the reflection symmetry, we have
a unitary operator U on H such that

(7) Ur(A)QY = 7oT(4A)Q, Ae A

Because of the symmetric structure of the GNS representation, we see that there
is a o0p € £1 such that

(8) LE®n) =oe(n®E), &neH.

This 04 is the index we define. Our main result is the following [O]: This index
0¢ is an invariant of ~p. The index is a generalization of the index considered in

[PTBO1], [PTBO2].
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How much delocalisation is needed for an enhanced area law of the
entanglement entropy?

PETER MULLER
(joint work with Leonid Pastur, Ruth Schulte)

The talk addresses the results of the paper [MPS19].

The entanglement entropy of a pure state ¥ of a quantum system with respect
to its bipartition into a subsystem and its “environment” is given by the von Neu-
mann entropy Sy := —Tr(oy logs ow), where oy is the reduced density operator
obtained by partially tracing out the environment Hilbert subspace from the den-
sity operator |¥X¥| of the whole system. Here, the trace Tr(-) is over the Hilbert
subspace of the remaining subsystem, and we have used the Dirac notation for
rank-1 projections. A concrete realisation of the situation is given by a multi-
particle or spin system in d space dimensions, which is divided into two spatial
parts, say, a cube A, for the subsystem and its complement for the environment. If
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the ground state ¥ is energetically separated by a spectral gap or a (suitable) mo-
bility gap from the excited states, then the corresponding entanglement entropy is
typically not an extensive quantity, but obeys an area law, S¢ ~ L', Here, L is
the side length of A;,. We refer to the overview [ECP10] from a physics perspective
and to, e.g., [ARS15, ARNSS17, EPS17, BW18, FS18, Stol6] for mathematically
rigorous results.

On the other hand, if there is not even a mobility gap separating the ground
state then one expects a growth rate faster than the area but slower than the
volume, see e.g. [MS16]. A typical and interesting situation is that of a system
probed at a quantum critical point. In this case, a logarithmic enhancement to the
area law, Sy ~ L4 11n L, is observed [JK04, RM09, CC09]. We aim to understand
the properties of a mobility gap above the ground state leading to the presence or
absence of a logarithmic enhancement to the area law. Clearly, such finer questions
require a more detailed understanding, and it is natural to study first sufficiently
simple situations in order to make progress.

Quasi-free fermion gases provide an excellent testing ground to achieve this goal.
Their ground states ¥ = U, are parametrised by the Fermi energy Er € R, and
the corresponding entanglement entropy can be entirely expressed in terms of
single-particle quantities Sp,. (L) := Swv,, = Tr{h(1a, 1) o g.1(H)1a,)}. Here,
H is the single-particle Hamiltonian, 1, the multiplication operator by the indi-
cator function of Ay, the trace is over the single-particle Hilbert space and h(\) :=
—Alogy A— (1—X)log,(1—A) for A € [0, 1] (with the convention 0log, 0 := 0). The
following cases are mathematically understood by now: (i) In case the single-
particle Hamiltonian is a multi-dimensional random Schrodinger operator and the
Fermi energy falls into the region of complete localisation, the validity of an area
law is established in [PS14, EPS17, PS18a]. The proofs rely on the exponential
decay in space of the Fermi projection for Er in the region of complete localisa-
tion. (ii) In the case of a free Fermi gas in d dimensions or if the single-particle
Hamiltonian is a one-dimensional periodic Schrédinger operator, a logarithmically
enhanced area law is shown to occur [Wol06, HLS11, LSS14, LSS17, PS18b]. The
latter four works even provide the exact asymptotics of Sg, by establishing suit-
able Szegd-type formulas based on deep work of Sobolev [Sob13, Sob15].

In (i) the Fermi energy lies in a spectral region of dense pure point spectrum
with corresponding eigenfunctions that are not only exponentially localised in
space but also give rise to dynamical localisation. In contrast, in (ii) the spectrum
is absolutely continuous with delocalised generalised eigenfunctions. It is therefore
only natural to ask the following questions: Is a logarithmic enhancement to an
area law possible without absolutely continuous spectrum? In other words, is a
weaker breakdown of localisation already sufficient? Is it possible for disordered
fermions to violate the area law at all?

We will answer these questions affirmatively by considering the random dimer
model in one dimension with Bernoulli disorder. Its random Hamiltonian on ¢2(Z)
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is given by

H = =3 (1600001 + 16001Xl) +v D)V (@)[82¢60.

TEL TEL

Here v > 0 is the disorder strength and {6, },ez the canonical basis of ¢?(Z).
The family of 0-1-Bernoulli random variables (V(Q.T))Iez is independently and
identically distributed and every other pair of consecutive sites shares the same
value of the potential, that is, V(2z) = V(2z + 1) for all x € Z.

The almost-sure spectrum of H consists only of a dense pure point part with
exponentially decaying eigenfunctions, but for 0 < v < 2 the two spectral values
0 and v are critical in the sense that the localisation length diverges there. Thus,
whenever Er # 0 and Er # v, the analysis of [PS14, EPS17] applies and provides
the existence of the limit limy,_,, E[Sg, (L)] of the disorder-averaged entanglement
entropy, i.e., the validity of the area law. We complement the picture in [MPS19]
by showing the following

Theorem. There exists a mazimal disorder strength vpmq. € 10,2[ such that for
every v € |0, Vmaz| and for a critical Fermi energy Er € {0,v}, we have

lim inf w > 0.
L—w InL

Thus, for weak disorder and a critical Fermi energy, there is at least a logarith-
mic enhancement to the area law.

Since self-averaging is known to fail for entanglement entropies of one-dimen-
sional random systems [PS18al, it is desirable to obtain an almost-sure statement
as well. We have also achieved this in [MPS19], but for a slightly modified version
of the entanglement entropy.

An important ingredient in our proof of the theorem are the delocalisation
properties — approximate clock spacing of eigenvalues and flatness of eigenfunctions
— for the finite-volume random dimer model in a critical energy window proved by
Jitomirskaya, Schulz-Baldes and Stolz [JSBS03].
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Abelian Anyons in Fractional Quantum Hall Effect
MARTIN FRAAS
(joint work with Sven Bachmann, Alex Bols, Wojciech de Roeck)

A key signature of fractional quantum Hall effect (FQHE) is that the low energy
excitations behave as anyons. In some cases, for example 1/3-FQHE, the anyons
are Abelian, in others, for example 2/5-FQHE, the anyons are non-abelian. The
connection between fractional quantum Hall conductance and the properties of
the low energy excitations is well understood in topological quantum field theories
[1, 2]. The low energy theory is described by a 'loop-soup’ model and the anyonic
nature of the excitations is determined by commutation properties of the loops.
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This picture is expected to also apply to microscopic models but it was not known
how to construct these loop operators. Our work fills this gap and provides a con-
struction of these unitary operators, under certain natural conditions, for Abelian
anyons. Extension to the non-abelian case is an important open problem.

In an Abelian ’loop soup’ model, the ground state space P is invariant under
application of unitaries U, associated to closed loops « in the underlying space.
The loop operators associated to loops «, 8 have a commutation relation

(1) UXUZULUgP = ?™P, 0< ¢ < 1.
A unitary associated to an open curve 7, obtained by restricting a closed loop

unitary to the part 7y, creates an excitation ¢ at the end point of the loop, see
figure 1.

R
€ Y
’\_60
OR
0}
/\\

FIGURE 1. The unitary U, creates an excitation € at its end-
point. The excitations always come in pairs, we imagine that the
corresponding excitation —e at the other end point is far away.

The commutation relation (1) then immediately implies that taking the second
excitation around the loop a around e leads to a statistical factor ¢. If ¢ # 0
we get a non-trivial statistics of excitations. We will see that ¢ is related to the
Hall conductance of the model and also to the charge of the excitation e. In a
lattice system, this phenomena was demonstrated in excatly solvable models like
the toric code [3] and the Levin-Wen model [4].

Our goal is to construct the loop operators U, starting from a generic micro-
scopic model. We consider a quantum lattice system on an L x L discrete torus
described by a local Hamiltonian H. We assume the following properties of the
model,

(1) H is gapped,
(2) The ground state space is p-dimensional and topologically ordered [5],
(3) The Hamiltonian conserves charge.

The latter assumption means that to each region 2 on the torus we can associate
a charge operator Qq and the commutator [H, Qq] is supported on the boundary
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0% of Q. Assumptions (1) and (3) then imply [6, 7] that, for a particular function
W decaying at infinity, the operator

0

Qo= | Wt Qe " dt,

— 0
commutes with P. For a loop a = 012, the loop operator that we aimed to construct
is given by

Uy = exp(QWiQQ).

Since charge has an integer spectrum the operator is indeed supported on 02 with
exponentially decaying tails.

On torus there are two classes of closed loops, with representatives a;, as, that
are not boundaries of a region. They can be obtained as one part of a boundary.
Let I' = {0 < x1 < L/2} be the half torus, then 0I" consists of two parts d+ each
of which is a non-contractible closed loop, we can take 0 = 1. Let @ be the
charge in I'. Then the operator Q = Q — K_ — K, with K4 located at d+ and
the integrality of charge implies that

Usp = 27 (Q—K-) 2mi(Q-K+)

Exponential decay of correlations then imply that also

Ual — eQﬂ"L’(Q*K,)

commutes with P (up to finite size corrections decaying in L) and is a loop operator
associated with a non-contractible loop 0— = a;.

Let U,, be the unitary corresponding to the second non-contractible loop as.
In [8], we establish the commutation relation (1) and connect the angle to the Hall
conductance.

Theorem. There exists an integer n such that
Uk U U, Ugy P = ™% .

Moreover for any ground state ¢ € P,

(2) (0 (U2, QUns — Q=) = 2.
where (U}, QUa, — Q) is the charge transported through ¢ by the application
of Uy,.

By a standard Laughlin argument, %% has the meaning of the Hall conduc-
tance. We end the discussion by noting that (2) can be also interpreted as giving
the charge @ of the excitation € in the box R, see figure 1. If v is an open curve
that is obtained by restricting as then the expression (2) is exactly the excess
charge of U,y compare to the charge in the ground state 1. Indeed, the only
contribution to UJQU, — Q comes from the intersection of v with the boundary
0R and equals to the contribution (U} QUa, — Q)— coming from one of the two
intersections of the closed loop as with the boundary JR.
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A gapped family of two-dimensional AKLT models
AMANDA YOUNG

(joint work with Houssam Abdul-Rahman, Marius Lemm, Angelo Lucia,
Bruno Nachtergaele)

A central question in the study of quantum spin systems is the behavior of the low-
lying excitations and, in particular, if there is a spectral gap above the ground state
energy. While the importance of the spectral gap is well-known, it is generically
undecidable [8, 5], and there are few approaches for determining its existence
[9, 10, 11, 12, 15, 16, 19]. Furthermore, few results hold for multi-dimensional
systems [4, 6, 7, 17]. In our work [1], we prove that a family of two-dimensional
AKLT models are gapped above the ground state.

One of the most famous quantum spin systems is the family of isotropic an-
tiferromagnet models introduced by Affleck, Kennedy, Lieb and Tasaki (AKLT)
[2, 3]. In their seminal work, the authors proved the spin-1 AKLT chain satisfies
the three conditions of the Haldane phase: a spectral gap above the ground state,
exponential decay of correlations, and a unique ground state in the thermody-
namic limit. Generalizations of the AKLT model to other regular lattices were
introduced and conjectured to be gapped, including the spin-3/2 model on the
hexagonal lattice. It has been shown that the spin-3/2 model has a unique ground
state with exponential decay of correlations [3, 13]. However, while it was recently
shown that the spin-3/2 model on an infinite chain of hexagons is gapped [18], the
spectral gap question on the hexagonal lattice still remains open.

In the present work [1], we consider AKLT models defined on a decorated
hexagonal lattice and prove they are gapped as long as the decoration parameter is
at least three. The lattice, denoted I'("™) where n > 1 is the decoration parameter, is
defined by replacing each edge of the hexagonal lattice with a chain of n particles,
see Figure 1a. Each site x € I'(™ is either a spin-1 or spin-3/2 particle determined
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(A) The decorated hexagonal lattice. (B) A visualization of the support of
the ground states used to calculate €.

FIGURE 1. The decorated hexagonal lattice for n = 2 and finite-
size criterion sub-volume S, U S, used to estimate ~y,.

by its degree via s, = deg(x)/2. We define the AKLT Hamiltonian as usual with
nearest neighbor interactions given by the orthogonal projection onto the subspace
of maximal total spin, i.e.

(1) Hy= Y, PUty)
edges
{zy}cA
for any finite volume A  T'™). To establish that the system is gapped, we proved
that if n > 3, then there exists v, > 0 for which

for any finite volume A with periodic boundary conditions. Since AKLT models
are frustration-free (implying the ground state energy is zero), the value =, is
necessarily a lower bound on the spectral gap.

To calculate ~,, we reduce the spectral gap question to estimating the overlap
of ground states that are supported on a quasi one-dimensional system that is
independent of A. Using translation invariance, we show that

H? > %(1 — 3€n)Ha

where, for any two nearest-neighbor spin-3/2 particles v and w, ~ is the spectral
gap Hg, and

5 Ce o oWl
0£6.vets, s, |P1IY]
¢Egsu s wegsw
b, 1G5, USw
Here, S, € A is the star consisting of v and the three spin-1 chains connected to
v, and Gx is the ground state space of Hx. See [1] for more details.
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In (3), the vector ¢ € Hg, s, is a ground state of Hg, but an excited state for the
system supported on S, U S,,. An analogous statement holds for ¥. As ground
states, the support of ¢ and 1 overlap on a one-dimensional AKLT chain of length
n (see Figure 1b), which has exponential decay of correlations. This suggests that
the excitations of ¢ and ¥ are approximately localized to disjoint regions of space
and, moreover, that ¢ and ¥ become orthogonal as n grows. This indicates that
en < 1/3 for sufficiently large n.

To make this argument rigorous, we use the valence bond picture for the ground
states on S, U S, to define a tensor network state representation that is injective
for n > 2. Here, the ground states have the usual AKLT valence bond description
where each site z is identified with the symmetric subspace of deg(x) spin-1/2
particles, and every pair of connected spin-1/2 particles is projected into a singlet
state, see Firgure 2. Similar to the AKLT chain, the valence bond picture can be
encoded into tensors T, = {T4* : |s| < degT(z)} C €221 where nk,n” € {1,2}
are, respectively, the number of edges to the left and right of . For spin-1 particles,
T, is the usual set of MPS matrices. This construction induces a matrix algebra
Kx and tensor network state I'x : Kx — Hx such that Gx = ran(T'x) for each
X € {Sy, Sw, Sy U Sw}. Moreover, I'x is injective for n > 2.

Due to the injectivity of I'x, techniques used for estimating the spectral gap of
one-dimensional finitely correlated state models, [9], can be modified to estimate
the spectral gap for this system. For each X € {S,, Sw, Sy U Sw} we can define an
inner-product {-, -)x on Kx for which

KCx(B), I'x(C)) =(B,C)x| < C-3"|B|x[|C]x.

For vectors ¢ € Gg, and ¢ € Gg,, we show there are matrices Bg, C{Z € Ks,us.,
and a constant 4,, = O(3™") for which

6, 0> = (B3, CoY s, | < AnlolIl.

Under the additional assumption that ¢, ¥ € giuym, it can be further determined
that the matrices By, Cy, become orthogonal as n — o, i.e.

‘<B",C$>X‘ < A2B,|¢||v| where B, = O(1).

The specific values of A,, and B, are such that ¢, < A, + A2 B,, < 37"*2 which
establishes the result.

We conclude with a few comments on this result and its methods. First, the
result that n > 3 is not sharp. While we can show that our method does not hold
for n = 1, our approach was further extended to AKLT models on the decorated
square lattice in [20]. In this subsequent work, numerical results showed that
€2 < 1/3 for both the decorated hexagonal and square lattices. Finally, the tensor
network methods we applied in this work are rather generally applicable and are
not specific to the AKLT interaction. They should be able to prove spectral gaps
for other decorated models with sufficiently injective tensor network states.
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FIGURE 2. The valence bond state representation of the ground
states on S, U Sy,.
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On the continuous limit of classical spin chains with long-range
interactions

JEREMY SOK
(joint work with Enno Lenzmann)

We consider the continuum limit of classical spin chains with long range interac-
tions. The spins Sy € S? are placed on the sites of a regular lattice hZ < R or
{2z, = €'?7/N} = S! and vary in time according to

0tS = Z Jik=m|(Sk = Sm) A Sk,
j#k
where Ji; = 0 denotes an interaction potential. Using the canonical Poisson struc-
ture on [ ], S?, it can be rewritten as an Hamiltonian system with Hamiltonian

H=4"1 Z J|k—m\|Sk — Sj|2.

)

kg
This family of equations are used to model the evolution of magnetization within
a material. We are especially interested in the 1/r? interaction, i.e. Jk—m| =
Cplk —m|™ on R or Cy|zx — 2|72 on S', where Cj, ~ h or Cy ~ N~ The
corresponding equation appears as the large spin limit of the celebrated Haldane-
Shastry quantum spin chains.

In the discrete system, it turns out that taking the continuum limit A~ — 0% on

R or N — 400 on S' yields the so-called half-wave maps equation

0:S = (W—AS) A S.

The goal of this talk is to rigorously derive this continuum limit.

Given a regular initial data S(x), we consider the time-evolution of its sampling
according to the discrete equation. At each time, the discrete spin system is seen
as the sampling of the (vector-valued) finite frequency band function given by the
sampling theorem. In the continuum limit, we obtain an S-valued function S(t; )
solution to the half-wave maps equation. Depending on the regularity of the initial
data, the limit is known to be a strong solution to the equation (at least up to
some time Ty (S) > 0) or just a global in time solution to the weak form of the
equation.
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The generalized linear Boltzmann equation for magnetotransport
CHIARA SAFFIRIO
(joint work with A. Nota, S. Simonella)

We consider the dynamics of a test particle in the plane R? bouncing among a
configuration of N fixed hard disks centred at (ci,...,cy) € R?YN and distributed
according to the Poisson law of intensity p. = ey, where € Ry and € > 0 is the
radius of the obstacles. More precisely, the probability of finding N hard disks in
a given a bounded measurable set A < R? is

(1) Pa(dcl,...,dCN) =€_HE‘A‘%d01...dCN,

where we denoted by |.A| the Lebesgue measure of A.

This model is referred to as the Lorentz gas and it was introduced by Lorentz
in 1905 (cf. [6]) to describe the motion of electrons in metals. In the late 60s
Gallavotti used this model to provide the first rigorous derivation of the linear
Boltzmann equation from a Lorentz gas with a random distribution of fixed hard
disks in the low-density limit (cf. [4], [5]). He proved that, as e — 0, the one-
particle correlation function converges in L!'(R? x R?) towards a solution to the
linear Boltzmann equation

(0t +v-Vy) ft,z,v) = QMJ [n-v]y (ft,z,v—2(n-v)n) — f(t,z,v)) dn,
Sl

where f is a probability density on R? x R? representing the probability of finding

the test particle at time ¢ in the position x with velocity v, S* denotes the unit

sphere and [n - v]4 is the positive part of the scalar product n - v.

In our setting, the obstacles are hard disks randomly distributed according to

(1), under the action of a uniform, constant, magnetic field orthogonal to the plane.
More precisely, the Lorentz force acting on the test particle reads as F(v) = Bv*
where B is the magnitude of the magnetic field and v = (v, —v1). Moreover,
the test particle is assumed to have unit mass and unit charge. Starting from the
initial position x with initial velocity v, the particle moves under the action of the
Lorentz force Bv' up to the first instant of contact with an obstacle. Then it is
elastically reflected and so on (cf. Fig. 1).
Bobylev et al, in [1] and later in [2, 3], observed that the presence of a given external
field, in the two dimensional Lorentz model, strongly affects the derivation of the
linear Boltzmann equation in the Boltzmann-Grad limit. This is easily seen by the
following simple computation: the probability of performing a complete cyclotron
orbit without hitting any obstacle is given by

P.((C)) = & H M — et
where R > 0 is the radius of the cyclotron orbit,
C = {zero obstacles in A.(R) spanned by the tagged particle} ,

A.(R) is the annulus of radius R and width ¢, and |A.(R)| denotes the area of
the set A.(R). It follows that P.({C}) is strictly positive. These events are not
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O

FiGURE 1. Test particle’s motion

described by the standard Boltzmann equation, as the Markovianity of the limit
system can not be attained. In order to take into account those effects, Bobylev
et al. in [1, 2, 3] have introduced the following generalized Boltzmann equation:

D g —2ukTy,
o B 3 [, antwem
[x({v-n>0})o, +x({v-n<O0})]f(t—kTL,z, S;kv),

where x(A) denotes the characteristic function of the set A. More precisely we
denote by x({v:n > 0}) the characteristic function of the set of vectors n € S*
such that v -n = 0. The operator

D
D—t=(0t+v-Vm+(v><B)-Vv)

is the generator of the free cyclotron motion with frequency B and [t/T] the
number of cyclotron periods Ty, completed before time ¢, being [x] the integer
part of z. In the right hand side of (2) Ty, = 27/B is the cyclotron period. The
angular integration over the unit vector n in (2) is over the entire unit sphere S;
centred at the origin. The operator o, is defined by

ond(v) = $(v =2(v - n)n)

where ¢(v) is an arbitrary function of v. The precollisional velocity v = v—2(v-n)n
becomes v after the elastic collision with the hard disk. Finally, the shift operator
S~% when acting on v, rotates the velocity through the angle —k@, where @ is the
scattering angle (from v’ to v) determined by n.
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Despite a memory term appears in the equation, the low-density limit largely
simplifies the picture, as the differential cross section becomes independent of
B and, out of a zero measure set of initial data, the test particle is either a
circling particle or a wondering particle which collides with infinitely many different
obstacles, thus avoiding configurations leading the test particle to be trapped in
clusters of a finite number of scatterers. Our result provides a rigorous derivation
of the generalised linear Boltzmann Eq. (2) first proposed in [1].

Main result. For a given configuration of hard disks (c1,...,cn), let 77¢(z,v) be
the (backward) Hamiltonian flow solution to the Newton equations for the tagged
particle with initial datum (x,v) moving in a Poisson distribution of hard disks of
radius € and subject to a magnetic field perpendicular to the plane. For a given
probability distribution fy = fo(x,v), for any ¢ = 0, let

felt,2,v) = Ec[fo(Yey < (,0)].
be the one-particle correlation function, where E. denotes the expectation with
respect to the probability P. defined in (1).
If fo € Lip(R? x R?), then for all T' > 0

lim [ fe = flloe o130t (m2 xm2)) = 0,
where f is a solution to (2) with initial datum fj.

The proof is based on an extension of the argument used by Gallavotti in [4, 5],
focused on a clever parametrization of the scatterers in terms of impact times
and impact vectors. We prove that, in presence of a constant magnetic field
perpendicular to the plane, such a parametrization is still well defined through a
change of variables up to a negligible set of configurations. Moreover, we introduce
two new ideas: a time splitting which allows to consider separately the Markovian
and the non-Markovian part of the generalized Boltzmann Eq. (2); we distinguish
between internal (with the seme obstacle) and external (with different obstacles)
recollisions, being the first ones responsible for the memory term in the equation
and the second ones negligible as € — 0. The convergence is attained by means of
a monotonicity argument.
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Gross—Pitaevskii Limit of a Homogeneous Bose Gas at Positive
Temperature

ANDREAS DEUCHERT
(joint work with Robert Seiringer)

The experimental realization of Bose—Einstein condensation (BEC) in trapped
alkali gases in 1995 [3, 1] triggered numerous experimental, theoretical and math-
ematical investigations of the properties of dilute quantum gases. While early
experiments could only prepare such systems in harmonic traps, modern exper-
imental techniques allow also for the engineering of box-like trapping potentials
with approximate Dirichlet boundary conditions at the edges [7].

In a recent work we considered together with Jakob Yngvason the trapped Bose
gas in the Gross—Pitaevskii (GP) limit at positive temperature [4]. We were able
to prove that the difference between the interacting free energy and the one of
the ideal gas is to leading order given by the minimum of a GP energy functional.
Additionally, we could show that the one-particle density matrix (1-pdm) of every
approximate minimizer of the Gibbs free energy functional is to leading order given
by the one of the ideal gas, where the condensate wave function has been replaced
by the minimizer of the GP energy functional. The proof of these statements is
based on the fact that particles inside the thermal cloud live on a much larger
length scale than particles inside the condensate, and hence the interaction can
be seen to leading order only in the condensate. The experimentally relevant and
mathematically more difficult case of the gas in a box, where the condensate and
the non-condensed particles live on the same length scale and all interactions are
relevant to leading order, had been left as an open problem. In the remainder of
this note we consider this case. More precisely, we consider a system of N bosonic
particles confined in a three-dimensional box of side length L, whose Hamiltonian
reads

N
(1) HN:Z_Ai‘i‘ Z on(z; — xj).

i=1 1<i<j<N
By A; we denote the Laplacian with periodic boundary conditions acting on the
i-th particle. With our methods we can also treat Dirichlet boundary conditions
but we do not consider this case here. The interaction potential is of the form

(2) N (@) = (N/L)* v(Na/L),

with a nonnegative potential v. The scattering length ay of vy scales as ay/L ~
N1, which assures that the interaction energy per particle is of the same order as
the spectral gap of the Laplacian in the box. The scattering length is a combined
measure for the range and the strength of a potential and it is the only parameter
that enters the low energy scattering cross-section in quantum mechanics. Ground
state properties of the dilute Bose gas have been investigated from a mathematical
point of view in great detail in the GP limit and in the thermodynamic limit. See
[8] for an overview and [2, 6] for two recent developments concerning the excitation
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spectrum of the Bose gas in the GP limit and the next-to-leading order correction
of the ground state energy in the thermodynamic limit.

In this note we are interested in the Bose gas at positive temperature, and
therefore consider the canonical free energy of the system. As the ground state
energy, it can be characterized by a variational principle called the Gibbs varia-
tional principle. Denote by Sy = {I' € L(Hy) | 0 < T < 1, Tr[I'] = 1} the set
of states on the bosonic N-particle Hilbert space Hy consisting of permutation
symmetric, square integrable wave functions. Accordingly, Tr denotes the trace
over Hy. The free energy is given by
(3 F({IT,N,L)= Fie%fN i{Tr [HnT] — TS(F)E with  S(T) = —Tr [['In(T)].

"

=F(T)

The quantity S is called the von-Neumann entropy and the unique minimizer of
the free energy functional F is the Gibbs state of the system. By Fy(8, N, L) we
denote the free energy of the ideal gas (v = 0). We are interested in temperatures
of the order of the critical temperature of the ideal gas or smaller, that is, in inverse
temperatures (8 such that 8 > const. (47) '((N/L?)/¢(3/2)) %3, Here ¢ denotes
the Riemann zeta function. Apart from the above result for the trapped Bose gas
in the GP limit [4], the only other known result concerning the dilute Bose gas at
positive temperature concerns the free energy asymptotics in the thermodynamic
limit, see [10] for the upper bound and [9] for the lower bound. We note that the
second reference is a key ingredient for parts of the proof of Theorem 1 below.
The first reference is not relevant for us because we give a much simpler proof for
the upper bound for the free energy in the case of the GP limit. This is possible
because the gas is much more dilute in this regime compared to the setting in [10].
Our main result in [5] is the following statement:

Theorem 1: Assume that v is a nonnegative interaction potential with finite
scattering length. Denote by 00(8, N, L) the expected condensate density in the
canonical Gibbs state of the ideal Bose. In the combined limit N — oo, Bo*3 >
const.

(4)  F(8,N,L) = Fo(8, N, L) + dray L? (292 — 00 (B, N, L)2) (14 0(1)).

Moreover, for any sequence of states I'y € Sy with one-particle density matrices
YN and

(5)  F(Tn) = Fo(B,N, L) +drayL? (292 — 00 (B, N, L)2) (1+o(1)),
we have

(6) lvv = w0l < o).

Here yn,0 denotes the one-particle density matriz of the canonical Gibbs state of
the ideal gas and || - |1 is the trace norm.

We remark that the free energy in (4) has the same form as the one of the
dilute Bose gas in the thermodynamic limit. The reason for this are the periodic
boundary conditions. They also imply that the condensate wave function equals
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a constant. The structure of the interaction term in (4) can be understood if one
realizes that the exchange term in the interaction is only relevant for particles
sitting in different one-particle orbitals, which is typically the case for particles
in the thermal cloud but not for particles in the condensate. This is the reason
why the interaction energy between particles inside the thermal cloud is twice as
large as the one between particles in the condensate. The quantities related to
the canonical ideal gas in Theorem 1, that is, Fy(3, N, L), 0o(8, N, L) and vn,o,
can be replaced by their grand canonical equivalents and the statement remains
true. This is advantageous because explicit formulas are available for the latter
quantities. We also remark that (6) implies BEC in the sense

bwd) _ [, _ (@)3/2

(7) lim sup
Nowpg=1 - N

B

where . denotes the inverse critical temperature of the ideal gas.

We conclude our discussion by highlighting two main technical novelties of our
proof: The first key ingredient of our approach is a novel use of the Gibbs varia-
tional principle that goes hand in hand with the c-number substitution, which is a
central technical tool in the proof in [9]. It allows us to work with a general state
I" instead of with a version of the grand canonical Gibbs state. Like this, we can
keep the information that I" has exactly N particles and we are able to quantify
the coercivity of the Gibbs free energy functional F. The second main novelty is a
lower bound for the bosonic relative entropy of two density matrices (the difference
between their free energies) in terms of a function of their trace norm difference.
This bound is used in the proof of (6) and allows us to substantially simplify parts
of the analysis with respect to a similar part of the proof in [4].

+
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Symmetry Breaking in a Gas of Bosons
HORST KNORRER
(joint work with T. Balaban, J. Feldman, E. Trubowitz)

The talk was a status report on our program to rigorously demonstrate sym-
metry breaking in a cold, weakly interacting gas of bosons hopping on a three
dimensional lattice. Technically, to show that the correlation functions decay at a
non—integrable rate when the chemical potential is sufficiently positive, the non—
integrability reflecting the presence of a long range Goldstone boson mediating
the interaction between quasiparticles in the superfluid condensate. It is already
known [5], [7] that the correlation functions are exponentially decreasing when the
chemical potential is sufficiently negative. See also [9].

The first step in the program was to express the positive temperature partition
function and thermodynamic correlation functions in a periodic box (a discrete
three—dimensional torus) as ‘temporal’ ultraviolet limits of four—dimensional (co-
herent state) lattice functional integrals. By a lattice functional integral we mean
an integral with one (in this case complex) integration variable for each point of
the lattice. By a ‘temporal’ ultraviolet limit, we mean a limit in which the lattice
spacing in the inverse temperature direction (imaginary time direction) is sent to
zero while the lattice spacing in the three spatial directions are held fixed. The
argument, presented in [1],[2] is a mathematically rigorous interpretation of the
standard physics argument (see [8] (2.66)) which writes the correlations in terms
of an ill defined infinite dimensional complex Gaussian measure’.

Then, by a complete large field/small field renormalization group analysis,
we expressed the temporal ultraviolet limit for the partition function as a four—
dimensional lattice functional integral with the lattice spacing in all four directions
being of the order one, preparing the way for an infrared renormalization group
analysis of the thermodynamic limit. An overview is given in [3].

Next, we initiated the infrared analysis by tracking the evolution of the effec-
tive interaction generated by the iteration of a renormalization group map that
is characteristic of a parabolic covariance®: in each renormalization group step
the spatial lattice directions expand by a factor L > 1, the inverse temperature
direction expands by a factor L? and the running chemical potential grows by a
factor of L?, while the running coupling constant decreases by a factor of L~!.
Consequently, the effective potential, initially close to a paraboloid, develops into
a Mexican hat with a moderately large radius and a moderately deep circular well
of minima. This construction ends after a finite number (depending on the “cou-
pling constant” vg , a suitable norm of the two body interaction) of steps once the
chemical potential, which initially was of the order of the coupling constant, has
grown to a small ‘¢’ power of the coupling constant. The renormalization group
iterates have moved away from the trivial noninteracting fixed point and it is no

I slightly different contexts, the fact that such an integral does not make sense, was pointed
out in [6] or in [10], section IV
2Morally7 the 1 4+ 3 dimensional heat operator.
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longer possible to solve the equations giving the critical point of the effective ac-
tion simply by perturbing off of the linearized equations. For an overview of the
construction see [4].

The technical implementation of the parabolic renormalization group uses 1+ 3
dimensional block spin averages, while we had used decimation for the effectively
one dimensional problem of evaluating the temporal ultraviolet limit. In both
regimes oscillatory integrals occur, which we control by stationary phase calcu-
lations. In the treatment of the temporal ultraviolet problem, the critical points
of the integrands are easy to determine, while in the “parabolic regime” they are
solutions to (weakly) nonlinear systems of parabolic equations. In both cases the
critical points are not real, but a Stokes’ argument allows to shift the relevant
multi dimensional contour to the ‘reals’. The evaluation of fluctuation integrals
is similar in both cases: it relies on an adaptation and simplification of polymer
expansions. In the parabolic step, there is an important new feature: the chemical
potential has to be renormalized.

To analyze the output of the block spin convolution (a single renormalization
group step), it is de rigueur for the small field/large field style of renormalization
group implementations to introduce local small field conditions on the integrand
and then decompose the integral into the sum over all partitions of the discrete
torus into small and large field regions on which the conditions are satisfied and
violated, respectively. Small field contributions are to be controlled by powers of
the coupling constant vy uniformly in the volume of the small field region. Large
field contributions are to be controlled by a factor e~¥/% | ¢ > 0, raised to
the volume of the large field region. Morally, in small field regions, perturbation
expansions in the coupling constant converge and exhibit all physical phenomena.
Large field regions give multiplicative corrections that are smaller than any power
of the coupling constant. So, in the leading terms, every point is small field.

If the actions in our functional integrals were sums of positive terms (as in a
Euclidean O(n) model) it would be routine to extract an exponentially small factor
per point of a large field region. They are not. There are explicit purely imaginary
terms. We analyze the parabolic flow of the leading term, in which all points are
small field, as long as it is possible to expand around zero field. Nevertheless, we
show that our actions do have positivity properties and consequently there is at
least one factor e~1/°6 whenever there is a large field region. A stronger bound
of a factor per point of a large field region has been achieved in the “ultraviolet
regime” and shown to be reasonable in the “parabolic regime”. Such a stronger
bound gives complete control of the full renormalization group flow in this regime.

For the final step of the program (which is not yet completed), we continue
the parabolic evolution, but expand around fields concentrated at the bottom of
the well rather than about zero (much as is done in the Bogoliubov Ansatz) and
track it through an additional finite number of steps until the running chemical
potential is sufficiently larger than one, so that the well is sufficiently deep. At
that point we turn to an elliptic renormalization group map that expands both the
temporal (inverse temperature) and spatial lattice directions by the same factor L.
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It is expected that the elliptic evolution can be controlled through infinitely many
steps, all the way to the symmetry broken fixed point. The system is superrenor-
malizable in the entire parabolic regime because the running coupling constant is
geometrically decreasing. However in the elliptic regime, the system is only strictly
renormalizable.
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Free energy asymptotics of the quantum Heisenberg spin chain
MARCIN NAPIOGRKOWSKI
(joint work with Robert Seiringer)

The quantum ferromagnetic Heisenberg model is one the most important and
widely studied models of statistical mechanics. The low temperature properties
of the model are usually examined using spin wave theory. Briefly, spin wave
theory (or spin wave approximation) assumes, that the low-energy behaviour of
the system can be described in terms of non-interacting collective excitations of
spins called spin waves. The spin wave approximation has been very successful,
predicting many features that have been later tested experimentally.
Our goal is to rigorously justify this approximation in the case of the one di-

mensional chain. The model is defined in terms of the Hamiltonian

L-1
(1) H =Y (82 -3, E‘IH) .

r=1
Here § = (S, 52,5%) denote the three components of the spin operators cor-
responding to spin S, i.e., they are the generators of the rotations in a 25 + 1
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dimensional representation of SU(2). The Hamiltonian Hy acts on the Hilbert
space 1 = ®£=1 C?5+1. We added a constant S? for every site in order to
normalize the ground state energy of Hy, to zero.

We are interested in the free energy of the system. It is given by

(2) f(B,8) = lim fL(5,5).

where

fo(B,S) = _ﬂiL In Tre~#Hz

We are interested in the behavior of f(S, 8) in the low temperature limit 8 — oo for
fixed S. In my talk I announced the following result which confirms the predictions
of spin wave approximation as far as the free energy is concerned.

Theorem 1. Consider the Hamiltonian (1) and the corresponding free energy (2).
For any S = 1/2,

_ )
N

The expression on the right hand side of (3) is the free energy of a system
of non-interacting bosons. This is what spin wave approximation predicts as,
according to Holstein and Primakoff [5], spin waves can be interpreted as free
bosonic quasiparticles called magnons.

Recently, this kind of result has been obtained in three and more dimensions by
Correggi, Giuliani and Seiringer in [3]. We would like stress that previous results in
this direction either provided non exact upper bounds (see [4, 6]) or were obtained
in the large S limit [2, 1].

Let me make a few remarks about the proof. We work in the Holstein—Primakoff
representation, i.e. we set

(4)

T
+ —\29af |1 = Ll
Sy QSaI[l 25]

(3) lim £(8,8)536% = Ci= — | In(1—e)dp

1/2

¥ 1/2
, S, =128 [1 — axam] az, S%=:ala,—8S,
+ 25 1,

where a , a, are bosonic creation and annihilation operators, S* = S +i52, and
[-]1+ = max{0, -} denotes the positive part. The operators a and a act on the
space (2(Np) via (a f)(n) = /n+ 1f(n +1) and (a'f)(n) = /nf(n — 1), and
satisfy the canonical commutation relations [a,a’] = 1. One readily checks that
(4) defines a representation of SU(2) of spin S, and the operators S, leave the
space ®5_, 2([0,25]) = H1 = ®%_, C25+1 which can be naturally identified
with a subspace of the Fock space F := ®£:1 (?(Np), invariant.
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The Hamiltonian Hy, in (1) can be expressed in terms of the bosonic creation and
annihilation operators as

Ng Ny Ny
SZ<—%\/1——\/ Hax“— L \/1— 2;1\/1—ﬁax

+ N + Nag1 — gnxn“l)— S Z - alﬂ)(ax —az41) - K=T-K,

where we denote the number of particles at site = by n, = ala,. In the equation
above we introduced the operator 7" which describes bosons hoping freely on the
lattice. According to spin wave approximation, this part of the Hamiltonian is the
dominant one at low temperatures.

This motivates the choice of the trial state for the upper bound. First, however,
we use an energy localization into Dirichlet boxes of size \/BS « £ « 39, just like
in [2, 3]. The trial state we then choose is of the form

Pe PP
(5) r—_r°¢
TrfPe_ﬂT’P
Here, P is defined by
¢
= f(nz)
r=1
where
1 if n,=0;
fng) = [H}’il (1- %)] i n,=1,2,...,25;
0 if ng, >2S.
As mentioned before, the operator T is the Hamiltonian on Fock space describing
free bosons on Ay = [1,...,¢], now with Dirichlet boundary conditions.

As far as the upper bound is concerned, the choice of P is the main difference
between the proof in one and three dimensions. In fact, in three dimensions it was
enough to choose P to be the projection onto n, < 1 for any x on the lattice. In
the three dimensional case, the crucial inequality was

PHP <T+ (25 —1) ), nan,

r~y

where £ ~ y means = and y are nearest neihgbours. The presence of the last
term is related to the hard-core constraint n, < 2S. In three dimensions Correggi,
Giuliain and Seiringer where able to show that this term is small and thus bound
the Hamiltonian in terms of free bosons on the lattice. In one dimension one can
not expect this term to be small. This is why we had to modify the trial state. In
particular, with the new choice of P one can show that PHP < T. The rest of
the proof of the upper bound is analogous to the one in three dimensions [3].

The lower bound is more complicated and we refer to the upcoming article for
the details.
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Finally, let us remark that the trial state (5) can be used also in two dimensions.
It leads to the upper bound on the 2d free energy f2 of the form

(6) 124(8,8) < =5757167% (1= 0((8S) ™)

for any k < % This yields an upper bound which is in agreement with spin wave
approximation. A lower bound matching (6) remains an open problem.
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Derivation of 1d and 2d Gross—Pitaevskii equations for strongly
confined 3d bosons

LEA BOSSMANN
(joint work with Stefan Teufel)

Since two decades, it has been experimentally possible to realise quasi-1d/2d Bose—
Einstein condensates (BECs) in cigar- and disc-shaped traps [6], and our aim is
to contribute to the mathematically rigorous understanding of such systems. We
show that in the joint limit of infinite particle number and infinite trap asym-
metry, condensation is preserved by the time evolution, and the dynamics of the
condensate are asymptotically described by an effective 1d/2d Gross—Pitaevskii
(GP) equation.

We study the dynamics of a BEC of N 3d bosons in an extremely asymmetric
trap, where the particles are in one or two directions confined to a region of order
0 < e « 1. In the coordinates

z=(z,y)eR®, zeR?, yeR¥>? d=1,2,

where z € R? denotes the longitudinal direction(s) and y € R3~? is the coordinate
in the confined direction(s), the Hamiltonian is given as

N
(1) H=3 (-0, + ZVE(4) + 31 walzi—%).

1<i<j<N

The transverse confinement is modelled by the potential V1 : R3~¢ — R, which is
rescaled by e. We assume V= to be such that the ground state y of the operator
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Ay + V+ with eigenvalue Ej is localised on a length scale of order one. Conse-
quently, the normalised ground state x© of —A, + 8%Vl(g), corresponding to the
eigenvalue %, is localised on the scale € and given as

_3=d
(2) X(y) =7 x(¥).
The interaction w,, between the particles is defined as

2 -1 g

(3) wy(z) = p w(p z),  p= e,

where w : R? — R is assumed non-negative, spherically symmetric, bounded and
compactly supported. The scaling (3) of the interaction w describes a Bose gas in
the GP scaling regime at a longitudinal length scale of order one and a transverse
length scale of order €.

To realistically model the physical situation, we take the two limits N — oo
and ¢ — 0 simultaneously. Our analysis does not cover all possible sequences
(N,e) = (00,0) but is constrained by the requirements
Ned =0 ford=1,
(ac) admissibility condition:
Ne?2 -0 ford =2,

(mc) moderate confinement: Ne®© — oo ford=2,

where we use the notation % and z~ to denote (z + o) and (z — o) for arbitrary
but fixed o > 0. Condition (ac) ensures that ¢ shrinks sufficiently fast compared
to N1, while condition (mc), which is required only for disc-shaped traps, states
that € cannot shrink too fast either.

We assume that the initial data exhibit BEC in the joint limit (N,e) — (o0, 0),

) i T gt = Ie)el| = 0.

where the limit is taken along a sequence satisfying (ac) and (mc). Here, ’yél) de-
notes the one-particle reduced density matrix of the initial state ¢ < € L% (R3N),
and @5 € L*(R3) is the condensate wave function. Given the strong confinement,
the condensate wave function ¢f is assumed to factorise into the transverse ground
state x° and a longitudinal part ®, € H24(R?),

() ©o(2) = Po(x)x"(y) -

Moreover, we assume that

. wN,a ®
0 lim |ES(0) — & (0) =0.
( ) (N,e)—(0,0) H ( ) b ( )
Here,
(7) EY (1) == £, Ht)) pagon) — 2

denotes the “renormalised” energy per particle, and
(8) Ey (1) == (@, (—A, + |2 D)2 (re)
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is the effective longitudinal energy per particle, with

) bim sra [ @)y = smas [ el

R3—d R3—d
In [8, 10], it is shown that both assumptions (4) and (6) are satisfied if wév’a is the
ground state of H with an additional longitudinal confining potential, and for &,
the minimiser of the corresponding functional (8).

The state 1»™(t) of the system at time ¢ is determined by

(10) igrw™e(t) = HuMe(t),  Ne0) =g
Our main result [2, 3] shows that condensation in a factorised state as in (5) is

preserved by the N-body time evolution, where the time-evolved longitudinal part
®(t) solves the d-dimensional GP equation

P

(11) i5®(t,z) = (—Az + b|<I)(t,z)|2) O(t, x), ®(0) = Dy,

L
with b as in (9). This is summarised in the following theorem:

Theorem 1. Let d € {1,2}, &y € H*(R?), and denote by Ty the mazimal time
of H?*(R%)-existence of the solution of (11). Let wév’a satisfy (4) and (6), and
let wN2(t) and ®(t) denote the solutions of (10) and (11), respectively. Then, for
any 0 < T < Ty,

2 g g b T ey RO = 0.

We conclude with some remarks:

(1) Our proof [1, 3] includes all interactions of the form

wy5(2) = pt BPwpP2), Be(0,1].
Besides, (1) may additionally contain a bounded and sufficiently regular
external potential V (¢, z), which leads to the additional term V (¢, (x,0))
n (11). We obtain a non-optimal estimate of the rate of the convergence
of the reduced densities, which grows exponentially in time.

(2) To prove Theorem 1, we adapt Pickl’s method [9] to the situation with
strong confinement. To handle the dimensional reduction, we require the
constraints (ac) and (mec), which seem to be of technical nature.

(3) Similar results for interactions w, g with 8 in subsets of (0, 3) have been
obtained in [4, 5, 7]. Note that these works require constraints similar to
(ac) and (mc).
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On some families of exactly solvable Schrodinger operators
JAN DEREZINSKI
(joint work with Laurent Bruneau, Vladimir Georgescu and Serge Richard)

Schrédinger operators that can be analyzed in terms of special functions play
an important role in applications. It is natural to organize them in holomorphic
families of closed operators. Clearly, for most values of parameters these operators
are non-self-adjoint. Even if we are interested mostly in self-adjoint cases, the
existence of an analytic continuation (which is in general non-selfadjoint) plays an
important role in applications.

There exists a large literature concerning exactly solvable Schrédinger opera-
tors. However, the literature is restricted almost exclusivealy to the self-adjoint
case, e.g. [7], or treats these operator formally, without the Hilbert space setting,

e.g. [6].

1. POTENTIAL -5

Consider an operator on L?(R,) formally defined by
1\ 1
1 Bom 4 (o= 1)L
( ) T + (@ 4] x2
where a € C. Let us set @ = m?. In [1] the following holomorphic family of closed
realizations of (1) was introduced:

(2) H,,, —1<Re(m),

defined as L,,> with boundary conditions ~ gatm,
The operators H,, are homogeneous of degree —2. H,, is the only closed realization
of L,z for Re(m) = 1. In the region —1 < Re(m) < 1 this operator function can
be obtained as the unique analytic continuation from Re(m) > 1. Most probably
the line Re(m) = —1 is the boundary of its domain of holomorphy.
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In —1 < Re(m) < 1 there exist also realizations of L,,2 with mixed boundary
conditions, which are no longer homogeneous. As described in [4], it is natural to
organize them into two holomorphic families:

(3) Hpk, —-1<Re(m)<l, keCu{wn},

defined as L,,> with boundary conditions ~ g3tm 4 Im%_m;
(4) Hy, veCu{mw},

defined as Ly with boundary conditions ~ x? (V + ln(m)).

The operators Hy, , have curious point spectrum, situated along a segment of an
appropriate logarithmic spiral.

2. POTENTIAL 1

Let us now conside the differential operator

(5) Lgo = —0? + (a — %)x_z — g

on L?(R.). Again, it is useful to set @ = m?. In [5] the family
(6) Hgm, BeC, —1<Re(m),

defined as Lg ;2 with boundary conditions ~ gz tm (1 __F z)
1+2m
is introduced. Similarly as above, for Re(m) > 1 the operator Hg ., is the only
closed realization of Lg ,,,2. Inside the strip —1 < Rem < 1 it can be obtained by
analytic continuation.

This family is holomorphic except for a singularity at (3,m) = (0, —3). This
singularity is not visible if we restrict ourselves to 8 = 0. In fact, we have Hy ,, =
H,,, and H,, is analytic in Re(m) > —1, which includes —%. Note that H_1 is the
1-dimensional Laplacian with the Neumann boundary condition. However, when
we include the additional variable 3, a singularity appears. More precisely, we
have the identity

Hﬁ, 1 :Hﬁyé, ,8#0,

and Hg y, is holomorphic around (0, %) But H 1 # Hy, because Hy is the 1-
dimensional Laplacian with the Dirichlet boundary condition. The singularity of
Hpg ,, can be explained by the behavior of the point spectrum.

3. HOMOGENEOUS RANK ONE PERTURBATIONS

Let us rename the operators Hg ,, and HY, of Sect. 1to Hg,,,, and HY,. Following
[2, 3] we will describe another closely related family of exactly solvable operators.
Consider the multiplication operator

Xf(x) :=zf(z)
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on the Hilbert space L?[0,0[. Let m € C, A € C u {o0}. Consider a formal
expression

(7) X + Mz 2 Wa%|.

Note that X is homogeneous of degree 1 and the perturbation is formally ho-
mogeneous of degree 1 + m. The perturbation is not a well defined operator.
However, using the theory of singular rank one perturbation (sometimes called
the Aronszajn-Donoghue method) one can interpret (7) as a well defined closed
operator H,,  or H.

There exists a close link between the operators of Sect. 1 and those of this
section. As proven in [2], the pairs of operators f[m, f{m,,.i are similar to H,,,
H,, », where

T T'(m)
8 A =
®) sin(mm) KF(—m)’
and f{O, I:IOV are similar to Hy, Hf, where p = —2v.
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Symmetry breaking in the reduced Hartree-Fock Dirac model for
crystals

DAVID GONTIER
(joint work with Mathieu Lewin and Faizan Nazar)

In this talk, we study the reduced Hartree-Fock Dirac (rHFD) model for crystals,
which is a non-linear mean field approximation which allows to study systems
with an infinity of electrons in a Ry-periodic potential (the crystal). It takes the
form of a minimisation problem over the set of one-body density matrices v which
commutes with R-translations, where Ry < R.



2588 Oberwolfach Report 41/2019

In the first part of the talk, we prove that the model breaks symmetry when the
Dirac constant is large enough. In other words, the minimiser with R = 2Ry is
energetically favourable compared to the one with R = Ry. The proof relies on a
rescaling, which exhibits a new minimisation problem over self-adjoint operators
v, of the form

J(N) := inf {Tr(—A'y) — ]—1) fRd Py, Y€ S(LARY)), 0 <y <1, Tr(y) = N} .

In the second part of the talk, we study whether the problem J(N) has minimisers,
foralld > 1 and 1 < p <1+ d/2. Such a minimiser is solution to the fermionic
non-linear Schrodinger equation

N N
V= Z luixuil,  (=A = pP"Mu; = pu;,  with  p = Z Juil?.
i=1 i=1
Following usual concentration-compactness arguments (see e.g. [Lewll]), we see
that the existence of minimisers is closely related to the binding inequality

VISK<N-1, JN)<JN—-K)+JK).

Unfortunately, we were not able to prove binding inequality for all 1 < p < 1+d/2.
We were only able to prove it for p sufficiently close to 1 and all N € N, and for all
1 <p<min(2,1 +d/2) and an infinite sequence N7 < Ny < ---. Our proof relies
on the so called bubble decomposition, together with the inequality J(2N) < 2J(N)
and the pigeonhole principle.

The aforementioned symmetry breaking in tHFD is a consequence of the binding
inequality J(2N) < 2J(N).
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The BEC-Polaron and the Bogoliubov-Fréhlich Hamiltonian
JONAS LAMPART

The Bogoliubov-Frohlich Hamiltonian models the interaction of an impurity parti-
cle with the excitations of a Bose-Einstein Condensate. For a heuristic derivation
of this model, one

e considers a very dilute Bose gas, taking all interactions to be essentially
contact interactions;

e uses the Bogoliubov approximation (see[5, 7]) for the BEC, describing
excitations by a free quantum field;

e neglects interactions between the impurity and the excitation that are
more than linear in the creation/annihilation operators of excitations.
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The (formal) Hamiltonian arrived at by this heuristic is (using the Fourier repre-
sentation for the field)

(1) Hiormal = —A; +dU(w) + a(v) + a™(vs),

where x denotes the position of the impurity, dI'(w) is the energy of the free field
with dispersion

(2) w(k) = [kl + 2,

and the coupling form-factor for given 2 € R3 is

1 RN
(3) vy (k) = @) (m) e,

This Hamiltonian has the same form as other polaron Hamiltonians, such as
Frohlichs optical polaron. Such models have been studied thoroughly for gen-
eral dispersion relations w and interactions v. However, in our case there is a
strong ultraviolet (UV) singularity, since the interaction does not decay at all
as k — o0. Due to this there was, until recently, no known way of defining a
Hamiltonian corresponding to Hiormar without UV-cutoff. In the article [2] we
solved the UV problem for a model with the same type of singularity using the
method of interior-boundary conditions (IBCs). We then applied these ideas to
the Bogoliubov-Frohlich Hamiltonian, reformulating them in the language of renor-
malisation, in [3].

In the IBC-approach [9], one tries to define the domain of a Hamiltonian, cor-
responding to the formal expression Hgorma in some distributional sense, in terms
of (singular) boundary conditions. These relate the value of the wavefunction

with n bosons (excitations) at a collision configuration y; = x, j € {1,...,n} and
the wave-function with fewer bosons at the point (x,y1,...,¥j—1,¥Yj+1,---Yn) €
R3+3(n—1) Thinking of such boundary conditions is particularly natural in the

case of contact interactions, but generalised conditions of this type can also de-
scribe the domain of the Frohlichs polaron and the Nelson model [4].

For the Hamiltonian treated in [2] (with w(k) = k% + 1, v.(k) = €**), one
thereby obtains a self-adjoint operator (Hipc, Digc) on the Hilbert space H =
L?(R3) @ F(L?(R3)), defined on elements satisfying the asymptotic condition

C_ _
(4) w(n)(xvyla' e ayn) ~ <|$_7:1U| +C()10g|1' _yn|> T/J(H 1)(zayla' "7yn71)5

as Yy, — x (and by, symmetry, similar conditions as y; — x).

The Hamiltonian (Higc, Dipc) can also be arrived at using a renormalisation
procedure. This reveals the presence of a logarithmically divergent contribution
to the ground state energies of the cut-off Hamiltonians Hy, in addition to the
divergence proportional to A that was expected from (e.g.) the Nelson model.
Such a divergence had also been observed in the physics literature [1].

Consider the the cut-off Hamiltonian H,, where interactions are set to zero for
|k| = A (Hy = Hp—o is the free Hamiltonian). Let also o > 0 and set

(5) Gpr = —(Ho+ a)fla*(ULA).



2590 Oberwolfach Report 41/2019

Then we have the simple identity
(6)  Hr=(1-GH(Hp+0)(1—Gp) — 0 —alven)(Ho + o) a*(van).

It is not difficult to see that the resolvent of Hy regularises v sufficiently for G5
to make sense also for A = co.

Lemma 1. [2, Sect.3] The operator G := G, is bounded from H to D(H{) for
0 < s <1/4, and for o large enough 1 — G is invertible on D(H{).

Expressions such as a(v; 2)(Hg + o) ta*(vz ) are also known from the theory
of point interactions with conserved particle number. Spelling out the action of
this operator in Fourier space and for fixed Boson number, n, we find

— a(vp,2)(Ho + 0) " a* (0,,2)9™ (p, K)

_ - ’UA(kn-‘rl)UA(k/") (n) N
@) S Z J (p—kny1)? + legkz) + O’w (b + kj = kntr, Kj) ks,

j=1
where Kj is K = (k1,...,kn+1) without the j-th entry. The operator appearing
in this sum are of different type for j =n + 1 and j < n:

e For j = n + 1 the variable of integration is not an argument of ¥, so
the operator acts as multiplication by the function

(8) ton (P K1) = _J (p— knlj);;(?lgi)i}(ki) +

This function diverges as A — 00, but ¢, a(p, Kpnt1)—10,4(0,0) has a limit,

dkn+1-
g

(9) lim (tU,A(pa Kn+1) - tO,A(Ov 0)) =: Td(p, Kn+1)'
A— w0

Note that ¢, (0,0) ~ eA.

e For j # n + 1, the summand in (7) acts as an integral operator that is
well-defined for A = o0, on a suitable domain. We denote the sum of these
operators for j = 1,...,n by Tyq.

Weset T := Tq+T,q. This operator is known as the Skornyakov—Ter-Matirosyan
operator in the theory of point interactions. The following lemma is based on ideas
from this field [6](see [2, Lem.17] for details on the bound, and [8, Lem.3.6] con-
cerning the convergence).

Lemma 2. The operator T is bounded from D(T) = D(H01/2) to H, and
(10) Ahn}f (—a(ve,a)(Ho + )" a*(vpn) —t0,a(0,0)) =T

in the norm of operators from D(Hé/2+€) to H, for any e > 0.

Given these lemmas, one is tempted to define the renormalised Hamiltonian as

(11) 1-G*)Hoy+0)(1-G)+T —o.
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This is correct for the Nelson model, for example, but does not work for the more
singular Bogoliubov-Frohlich model. The problem is that the expression has no
obvious domain, since the natural domain of the first term is

(12) {peM: (1-GeD(Ho)} = (1= G)™ D(Hy)
(which is dense because (1 — G)™!) is continuous), but
(13) (1= G)"D(Ho) n D(T) = {0},

as one easily checks (cf.[4, Sect.4]).

The solution is to perform an additional transformation, similar to this first
one. This will reveal the additional logarithmic divergence and allow us to define
the renormalised operator.

Set Ty := (—a(vg,a)(Ho + o) "ta* (vg,4) — t0,4(0,0)), and (for o large enough)
(14) Gr = —(Ho +Tx + o) ra* (v ).

Then we have the identity, similar to (6),
(15) Hp = (1=G%)(Ho+Ta+0)(1=Gr)—0—a(ve n) (Ho+Ta+0) " a* (vp.0)—Th.
Now by the resolvent formula and the definition of Ty
—a(ve p)(Ho +Ta +0) ta*(vgn) — Ta
= a(ven)(Ho + o) " Ta(Ho + Ta + o) ra* (vg.n) + t0.4(0,0)
(16) = a(vgn)(Ho + o) *Ta(Ho + ) ta*(ven) + Ra + t0.4(0,0).

From lemmas 1, 2, one easily sees that the remainder Rj remains bounded as
A — oo. The principal term can be treated in a similar way to Th: One spells
out the expression, and separates it into integral operators and multiplication
operators. The multiplication operators are renormalised by subtracting the value
of the multiplier with all arguments set equal to zero. This procedure yields the
following:

Lemma 3. There exists a family sp of real numbers such that

(17) Alim (a(ve,a)(Ho + o) YTA(Hy +Ta + o) ta*(ven) — sa) =: S
-0

in the sense of operators from D(H§) to H, for any € > 0.

By perturbation theory one can also see that G has the same mapping properties
as G. It thus makes sense to set (with G := G,)

(18) Hyen:=(1=G*)Ho+T+0)1-G)—0+8
on the domain
(19) D(Hyen) = (1 — G) ' D(Ho) < D(Hy)

(for s < 1/4).
The main result of [2], [3] follows essentially from these lemmas. It is:



2592 Oberwolfach Report 41/2019

Theorem 1. The operator Hyen is self-adjoint on D(Hyen) and bounded from
below. For Ej := to.2(0,0) + sp we have convergence of Hy — Ep to Hien in
norm-resolvent sense. Moreover, Hyen, = Hipc+ const., where the latter is defined
in [2].

We conclude with the remark that the convergence shows, in particular, that
H,ey, is independent of . The numbers Ep = e1 A +e3log A+O(1) are explicit and
the expression for H,e, obtained by this procedure is also rather explicit. It is easy
to check whether a a given ¢ € H is an element of D(H,e,), since the condition
(1 —G)y € D(Hy) can be checked sector-wise, and on the n-boson sector depends
on (™ and (=1 only (see also [4, Sect.4]).
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Quasi-Classical Dynamics
MICHELE CORREGGI
(joint work with Marco Falconi and Marco Olivieri)

We study the dynamical properties of a coupled quantum system composed of a
small subsystem given, e.g., by non-relativistic trapped particles, interacting with
a semiclassical environment, which may be described by the action of a quantized
bosonic field. We name such a regime quasi-classical [8, 9, 10] (see also [1, 2, 11, 14]
for similar settings) to stress that only the environment is semiclassical, while the
small subsystem remains quantum.

A typical realistic setting realizing the quasi-classical regime is the one of a very
intense field (for instance a laser or a strong magnetic field), i.e., when the state
of the field contains a large number of carriers or field’s excitations, so that it
can be considered macroscopic: if we denote by N the number of particles in the
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small subsystem, which is assumed to be constant, and by dG(1) = { dk a'(k)a(k)
the field’s number operator, the state of the ﬁeld U gives rise to a macroscopic
behavior, if (¥ |dG(1)|T) » N ~ 1. It is then mathematically convenient to
introduce a semiclassical parameter €, such that 1/¢ is proportional to the average
number of field’s excitations, and therefore, when ¢ — 0, the system becomes
quasi-classical. We thus set (U, |[dG(1)| ¥.» ~ 1/e, which can be suitably rewritten
as

(1) (U, |edG(1)| T = Jdk (T, |al(k)ac (k)| V) < C

where the rescaled creation and annihilation operators a? (-) := \/ea? () satisfy
the following canonical commutation relations:

(2) [ac(k), aZ (k)] = ed(k — k') .

Hence, when € — 0, the environment becomes classical while the particle sub-
system retains its quantum features. Due to the coupling between the two subsys-
tems, one expects to obtain in the limit a quantum system driven by a classical
environment, which is in fact the effective model emerging from next Theorem 1.
We anticipate that the proof of such a result relies on an adaptation to the quasi-
classical setting of the framework of infinite dimensional semiclassical analysis,
originally introduced in [3, 4, 5, 6], and further discussed in [12, 13].

Let us now specify in more detail the microscopic model we plan to study, which
is the Nelson model with ultraviolet cut-off: the full system is described by the
Hilbert space #®.%., where # = L*(R*V) takes into account the particle degrees
of freedom, and % = G.(h) = @, _, h®" is the symmetric Fock space of the
field, with one-excitation space ) and with e-dependent canonical commutations
relations [ac(2), al(w)] = ezlwy, .

The full Hamiltonian H, then reads

(3) H. = Ko + v()dG- (w Z [a] ) +a:(\x;))]

where Ko := Ko ®1 and Ko = —A+U(x1,...,xy), with U positive and trapping,
i.e., such that' (—A +U +\) "' e Z*(L2(RNY)), for any A > 0. The function
v(e) is ideally varying between 1 and 1/e, so that

(4) limev(e) =v e {0,1},

e—0

which is going to determine the classical dynamics of the environment in the limit
(see (7)). Finally, the coupling factor is A(x; k) = Ag(k)e **, with A\ € L%(R?),
independent of £ (ultraviolet cut-off).

'We denote by £*(#) and Z(¢) the Schatten ideal of order k and the space of bounded
operators over the Hilbert space 7.
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The quasi-classical counterpart of H. is naively obtained by replacing the operators
with the corresponding classical symbols, which leads to the effective potential

N
(5) V() = 3 2RI, € ()

j=1
depending on the classical state of the field z € .

A state of the microscopic system is a normalized density matrix I': over
HC ® .. Its classical counterpart is a state-valued measure m € A (f);iﬂ1 (%”)),
i.e. a measure taking values in trace class positive operators .2} (). Each state-
valued measure m can be conveniently described by its norm Radon-Nikodym
decomposition dm(z) = vm(2)dpm(z), where pn, is a scalar Borel measure and
Y (2) € LL(H) is a pm-integrable, a.e. defined function taking values in normal-
ized density matrices.

In order to establish a notion of convergence between quantum states and their
classical limits, we define the Fourier transform of a state I'. € Z(# ® ;)
as [o(n) = truy, (L-We(n)) € LY (HA), for any 1 € b, where We(n) is the Weyl
operator W.(n) := eilal(m+ac(m) Analogously, the Fourier transform of a state-
valued measure m € . (h; L1 () is

{ﬁ(n) = Ld,um(z) Vm(z)e%yxn‘z% e gl(%) -

Definition 1 (Quasi-classical convergence).
Let . € L} (A @A) and me A (b; LL(A)). We say that

(6) FE —m,
e—0

if and only if f‘g (n) — m(n) pointwise for all n € b in weak-+ topology in L*(H).

The main question addressed in [10] is the quasi-classical convergence of the
evolved state I'c(t) := e =!It or, equivalently, the derivation of an effective
dynamics for the small subsystem in the limit ¢ — 0. In order to study such a limit,
we make the following very general assumption on the initial datum T'c(0) = T.:

(A) 36> 0,3C; <+ st.  Tr(T. (Ko +dG.(1) +1)°) < Cs ,

which is compatible with the interpretation (1).
The main result in [10] is that, for all ¢ € R, T, (¢) also converges to the
quasi-classical state m; defined by the norm Radon-Nikodym decomposition

(7) dmg = Us,o(2)7m (2)Uf o(2) d (7 £ i)

where m is the classical state at time ¢t = 0 and U, s(z) is the two-parameter unitary
group, which is weakly generated by the time-dependent Schrodinger operator
Kt := Ko+ V(e ®%2). Finally, e " § iy is the push-forward of the measure fiy
by the flow e~#“  which yields a free evolution for ¥ = 1 and no dynamics at all
for v = 0. We recall that (e‘it”w ﬂ,um) (S) = pm (eit”wS), for any measurable .S,
and the push-forward does not affect the Radon-Nikodym derivative.
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Theorem 1 (Quasi-classical evolution in the Schrédinger picture).
Let T. € LA ® H.) be a normalized state satisfying (A). Then, there exist at
least one subsequence {en}, oy and one probability measure m € A (b; LL(H)),

such that [[m(b)[ g1 (e =1 and T'e, —m Moreover, for allt € R,

(8) Fan (t) — My,

n—+o0
where my is given by (7).

We can pictorially represent the content of Theorem 1 above in the following
commutative diagram

e—iHet

Ie(t)

effective dynamics

Ym(2) dpm(2) ¢ U o(2)m (20U () d (€7 8 jim) -

where we have decomposed the initial state-valued measure as dm(z) =

Ym(2)dpm(2) and the convergence is always along a given subsequence {e,}, .-
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Eigenvalues and eigenvectors of critical ErdGs-Renyi graphs
ANTTI KNOWLES
(joint work with Johannes Alt, Raphaél Ducatez)

An (undirected simple) graph on N vertices can be characterized by its adjacency
matrix A = A* = (A,y)Y,—; € {0, 1}V*N where A,y is 1 if 2 and y are adjacent
and 0 otherwise. The eigenvalues and eigenvectors of A play a central role in
spectral graph theory. By making A random, we obtain a natural construction
of sparse random matrices. Such a random operator can also be interpreted as a
random Hamiltonian, describing a particle whose hopping is restricted to edges of
a sparse graph.

Arguably the simplest model of a random graph is the FErdds-Rényi graph
G(N,p), where each edge {z,y} of the complete graph is kept with probabil-
ity p independently of the others. This means that the upper-triangular entries
(Azy : ¢ < y) are independent Bernoulli(p) random variables. Here the parameter
p = py can depend on NNV, and the graph is sparse if pyy — 0 as N — o0. Despite
its simple definition, the eigenvalues and eigenvectors of the adjacency matrix of
G(N, p) exhibit very complex behaviour, depending on the scale of the parameter
p. To discuss this behaviour in more detail, we parametrize p = d/N.

Let Ay = A2 = -+ = Ay denote the eigenvalues of the (conveniently normalized)
adjacency matrix d~/2A4. The most basic question about the distribution of the
eigenvalues is the convergence of the empirical eigenvalue measure + vazl O, (%),
which, with high probability, converges in distribution to Wigner’s semicircle law
o(z)x with o(z) = 5=+/(4 —x?), if and only if d — o as N — . Note that
this statement says nothing about the fluctuations or even locations of individual
eigenvalues.

The expected behaviour of the eigenvalues and eigenvectors changes dramati-
cally around the critical scale d = log N. Informally, the critical scale corresponds
to the threshold below which the concentration of the degree sequence Dy, ..., Dy
fails, where D, = Zy Ay, is the degree of vertex z. Thus, for' d » log N all de-
grees are with high probability close to d, while for d « log NV the degrees differ
wildly. A famous manifestation of this phenomenon is the connectivity threshold
for G(N,d/N): for d/log N > 1 the graph is with high probability connected, and
for d/log N the graph has with high probability isolated vertices. It is well known
that as long as d > 1, the graph has a unique giant component (of size of order
N), while all other components are of order O(log N). Throughout the following,
we only consider the giant component, discarding the smaller components.

In the recent works [1, 2], we analyse the eigenvalues and eigenvectors of
G(N,d/N) on the critical scale. We uncover a phase diagram consisting of lo-
calized and delocalized phases, which is analogous to the well-known conjectured
phase diagram of the three-dimensional Anderson model at weak disorder [4]. See

Here a « b or b » a means that a = o(b).
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Figure 1 for a depiction of this diagram. It summarizes the content of the follow-
ing theorem, proved in [1, 2] and [3]. For its statement, we introduce the function

A :[2,00) — [2,00) defined by A(a) = \/%

(=

D no eigenvalues

delocalized

— 1 ~ 9K
by = g7 & 2.59

localized

FIGURE 1. The phase diagram of the graph G(N,d/N) on the
critical scale d = log N. We parametrize d = blog N, and plot
the diagram in the (A, b)-plane, where A is the location in the
spectrum. The coloured regions are where the spectrum is lo-
cated with high probability. In the red region, we prove complete
eigenvector delocalization. In the blue region, we prove eigen-
vector localization. The grey regions, which have width o(1)
around the points {0, +2}, have so far not been analysed. For
b=by = mgﬁ’ the spectrum converges with high probability to
[—2,2]. For b < by, the spectrum converges with high probability
to [—f(b), f(b)] where f(b) > 2 is a decreasing function of b.

Theorem 1. Suppose that \/log N « d < N/2. Denote by o, = D, /d the normal-
ized degree of x. Then for any v > 0 the following statements hold with probability

at least 1 — O, (N7Y).
(1) Eigenvalue locations. Let 0 € Sy satisfy ay1) = Qp(a) =+ 2 Qu(N)-
Let L = max{l > 1 : a,q) = 2+ o(1)} denote the expected number of
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eigenvalues larger than 2 + o(1). Then for 1 < 1 < L we have |A\j41 —
Aay@y) <o(1) and |Apy2 —2| = o(1).

(2) Eigenvector delocalization. The eigenvector u; is completely delocalized
(i.e. |2 < N='*°W) if d = Clog N for some constant C or if the
associated eigenvalue \; satisfies o(1) < |A\;| <2 —o(1).

(3) FEigenvector localization. Let A = 2+ o(1) be an eigenvalue with eigen-

SN, Define the set of vertices in resonance with \,

W) ={z:0a; =2,|A(az) — A =0o(1)}.
Forr =1 define the set of resonant balls Br(A) = U,ep () Br(z). Then
Jor v > 1 we have 3, 45 () u(z)? = o(1).
(All factors o(1) are in fact quantitative functions of d.)

vector u €

This result indicates that at criticality G(N, d/N) provides a model of a random
operator that exhibits analogous characteristics to the Anderson model in three
dimensions. However, it seems to be more amenable to a rigorous analysis, infor-
mally because it tends to be more delocalized. This means not only that we can
rigorously establish the existence of a delocalized phase, but also that in the local-
ized phase the eigenvectors are localized around not one localization centre (as in
Anderson localization), but around many (the resonant vertices W(X\)). Heuristi-
cally, this difference may be understood by noting that G(N,d/N) is much better
connected than Z2/NZ?, with a diameter logarithmic in N instead of polynomial.
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