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Introduction by the Organizers

The workshop on Non-Archimedean Analytic Geometry and Applications was or-
ganized by Peter Schneider (Münster), Peter Scholze (Bonn), Michael Temkin
(Jerusalem) and Annette Werner (Frankfurt).

Non-Archimedean Geometry is a central area of Geometry with particular rele-
vance for Arithmetic Geometry and numerous applications to other fields. Among
the crucial problems are the famous Langlands program and the huge field of
p-adic Hodge theory. Basic frameworks to attack these questions are the non-
Archimedean analytic spaces introduced by Vladimir Berkovich and Roland Hu-
ber. Recently, Peter Scholze has added perfectoid spaces as a powerful new tool
to attack deep problems in p-adic Hodge theory and representation theory. This
has led to a rich edifice of deep theories connecting characteristic zero and charac-
teristic p geometry in an unexpected way. Recent developments in this direction
include diamonds and prismatic cohomology.
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The workshop had 34 on-site participants, and 19 online participants. Alto-
gether we had 20 one hour talks. A summary of the topics can be found below.
Several participants explained work in progress or new conjectures or promising
techniques to attack open conjectures. The workshop provided a lively platform
to discuss these new ideas with other experts.

During the workshop we learned about the Geometrization of the local Lang-
lands conjecture by Laurent Fargues and Peter Scholze. For a general reductive
group G over a nonarchimedean local field E, the local Langlands correspondence
predicts a relation between the representation theory of G(E) and so-called L-
parameters, which are 1-cocycles of the Weil group WE with values in the Lang-
lands dual group Ĝ. In one direction, Fargues and Scholze constructed this corre-
spondence by using the moduli space of G-bundles on the Fargues–Fontaine curve.
Technically, all geometric objects here are not schemes or built from schemes, but
rather certain complicated stacks built from perfectoid spaces, which are very
nonnoetherian p-adic analytic spaces. The technical underpinnings of the theory
include strong descent theorems like pro-étale or v-descent for vector bundles or
étale cohomology. Much of this foundational work has now been put to use in
various other questions in p-adic geometry, as was seen in other talks given at the
workshop.

Motivated by the work of Fargues–Scholze, Johannes Anschütz developed a
Fourier transform for Banach–Colmez spaces, with the idea of extending the ap-
proach of Drinfeld and Laumon for constructing Hecke eigensheaves. As a confir-
mation that this is on the right track, they showed that their Fourier transform
produces vector spaces of the dimension predicted by the Jacquet-Langlands cor-
respondence for GL2.

Ben Heuer explained a contribution to the p-adic Simpson correspondence re-
lating vector bundles for the v-topology (which correspond to Faltings’ generalized
representations) and Higgs bundles in a sheafified way. In order to define Higgs
bundles in the relative setting, he introduced a new category of smoothoid spaces
combining smooth adic and perfectoid spaces. Matti Würthen proved in his talk
that in the good reduction case Higgs bundles are associated to genuine represen-
tations of the fundamental group if their reduction satisfies a condition by Lan-
Shen-Zuo. Since this condition can be checked in interesting cases, these results
are an important step towards the fundamental open question which Higgs bun-
dles correspond to genuine representations in a p-adic Simpson correspondence.
Hélène Esnault discussed a result ensuring that rigid local systems on varieties
over number fields are crystalline at almost all places, which is used in a critical
way in the recent full proof of the André–Oort conjecture. The proof makes use
of the p-adic Simpson correspondence.

A few talks considered the interplay between various geometric questions and
non-archimedean spaces. A fascinating application of geometry over valuation
rings to the classical birational geometry was discussed in a talk of Johannes
Nicaise. He constructed a specialization map for stably birational types, which
can be viewed as a birational analogue of the limit mixed Hodge structure, and
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used it to obtain numerous new examples of projective varieties of low dimension
which are provably not stably rational. Andreas Mihatsch introduced a formalism
of piecewise smooth δ-forms on Berkovich spaces, which extends the formalism
of Chambert-Loir and Ducros, defined the Green current δ-form of closed sub-
spaces given by vanishing of a regular sequence of functions, and illustrated the
theory with an application of Green currents to intersection theory on models of
Lubin-Tate spaces. Katharina Hübner described a non-archimedean approach to
bounding wild ramification locus from below. As an application a question about
equivalence of various definitions of tameness of finite morphisms between algebraic
varieties is finally settled independently of existence of resolution of singularities.
Piotr Achinger constructed a specialization map between de Jong’s fundamental
group of a non-archimedean analytic space and the pro-étale fundamental group
of its formal model, and explained why for η-normal models this map has a dense
image.

A series of talks discussed duality and operations on cohomologies of p-adic
analytic spaces with p-adic and Fp-coefficients. The talks of Bogdan Zavyalov and
Lucas Mann presented two different proofs of Poincaré duality for Fp-cohomology
of analytic spaces over Cp (or any algebraically closed and complete extension of
Qp). In both cases, the starting point was the comparison theorem of Scholze which
reduces the question to the almost duality for cohomology with O+/p-coefficients.
Zavyalov reduced this latter question to a computation in a polystable case by
establishing a new (locally equivariant) version of a local altered semistable reduc-
tion. Mann established a whole 6-functor formalism for coherent almost modules
modulo a pseudo-uniformizer and used it to prove Poincaré duality; his method
makes essential use of the formalism of condensed mathematics and solid modules
recently developed by Dustin Clausen and Peter Scholze. Dustin Clausen explained
an application of the theory of solid modules to a proof of the Grothendieck–
Hirzebruch–Riemann–Roch theorem for proper smooth rigid-analytic varieties,
which is a new result. Pierre Colmez discussed duality for p-adic pro-étale co-
homology of open spaces over both p-adic fields and Cp. In the p-adic case a
number of conjectures were suggested and discussed during the conference. It
might be the case that the conjectures are a bit overoptimistic and a naive topo-
logical duality should be corrected using the condensed approach, though a proof
in the case of dimension one was presented.

Eugen Hellmann explained work on moduli spaces of Galois-equivariant vector
bundles on the Fargues–Fontaine curve. These take the role of spaces of Lang-
lands parameters in the p-adic local Langlands correspondence, and more precisely
they are expected to appear in a formulation of the p-adic local Langlands cor-
respondence for locally analytic representations. In particular, Hellmann showed
evidence that these moduli spaces are rigid-analytic Artin stacks, and how they
are related to the Emerton–Gee formal algebraic stack of (φ,Γ)-modules. Also
on the subject of the p-adic local Langlands correspondence, David Hansen ex-
plained an application of Lucas Mann’s 6-functor formalism to Scholze’s functor
from p-adic GLn(K)-representations to p-adic representations of the units D× in
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the central division algebra D/K of invariant 1/n, in particular on a version of
Poincaré duality in this setting.

Vladimir Berkovich studied analytic spaces over C((t)). Interesting cohomology
theories in this case are related to the classical cohomology of complex analytic
spaces. Berkovich constructed “étale” cohomology with coefficients in Z and de
Rham cohomology, showed that they combine into a canonial mixed Hodge struc-
ture and established Poincaré duality for the latter. In particular, this subsumes
the classical limit MHS construction.

Ana Caraiani explained a new proof of a theorem of Ohta on the ordinary part
of completed cohomology of the modular curve, relating it to Hida’s spaces of ordi-
nary p-adic modular forms; the proof makes use of the Hodge-Tate period map and
the Bruhat stratification on the flag variety, as well as some comparison theorems
in integral p-adic Hodge theory. It is likely that the approach can be generalized
to higher-dimensional Shimura varieties. Yujie Xu explained new results on the
geometry of integral models of Shimura varieties (of Hodge type); in particular,
she showed that even in the special fibre, the map to the Siegel moduli space is a
closed immersion, for well-chosen level structures.

Bhargav Bhatt obtained striking applications of techniques from p-adic Hodge
theory and prismatic cohomology to long-standing open problems in commutative
algebra and birational geometry, in particular on the Cohen-Macaulayness of ab-
solute integral closures, and Kodaira vanishing up to finite covers. These results
have been critical in recent progress on the minimal model program for 3-folds in
mixed characteristic.

Andreas Bode explained a theory of rigid-analytic D̂-modules and a theory of 6
functors in this setup, using the theory of bornological vector spaces. In particular,
he explained a notion of holonomicity in this setup and proved stability under some
important operations.

Due to the hybrid format the schedule was adjusted so that on the first three
days talks took place only in the afternoons, leaving the mornings for joint work
and discussions among the on-site participants. The organizers made a specific
effort to invite PhD students and postdocs. For many of them it was the first
Oberwolfach workshop they ever attended. More than half of the talks, namely
11, were given by Phd students, postdocs and younger untenured faculty. The
organizers also identified possible female invitees, thus ensuring that among the
participants of the workshop there were ten women mathematicians.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1641185, “US Junior Oberwolfach Fellows”.
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Abstracts

Rigid analytic moduli stacks of (ϕ,Γ)-modules

Eugen Hellmann

(joint work with Valentin Hernandez, Benjamin Schraen)

Let F be a finite extension of Qp and denote by GF = Gal(F̄ /F ) the absolute
Galois group of F , where F̄ is a fixed algebraic closure of F . We consider the
Fargues-Fontaine curve X = Y/ϕZ constructed in [4] and which comes equipped
with a continuous GF -action. Here

Y = Spa(W (OC♭
p
))\{p[̟] = 0},

where C♭p is the tilt of the completion Cp of F̄ and ̟ ∈ OC♭
p

is the choice of a

pseudo-uniformizer. The space Y by construction comes equipped with the action
of a Frobenius ϕ and a continuous GF -action commuting with ϕ.

We aim to study families of GF -equivariant vector bundles on X , parametrized
by rigid analytic spaces. More precisely, we consider the category fibered in
groupoids

Xd : S 7−→ {GF -equivariant vector bundles of rank d on S ×Sp(Qp) X}

on the category of rigid analytic spaces over Qp. Obviously there are many similar-
ities with the theory of vector bundles on an algebraic curve. One main difference
which makes the study of Xd harder is the fact that there is no analogue of an
ample line bundle in the equivariant context: given an equivariant vector bundle
V on X it is not possible to twist V by a (power of an equivariant) line bundle
such that its higher cohomology vanishes.

By the work of Fargues-Fontaine and Berger, equivariant vector bundles on X
admit an equivalent description in terms of (ϕ,Γ)-modules over the Robba ring
RF of F . This equivalence in fact generalizes to families parametrized by rigid
analytic spaces and we will freely use this equivalence in the following. As (ϕ,Γ)-
modules over RF have a model over some annulus in the open unit disc, descent
for vector bundles on rigid analytic spaces implies:

Proposition. The category fibered in groupoids Xd is a stack for the Tate-fpqc
topology on the category of rigid analytic spaces over Qp.

In general we expect the following:

Conjecture. The stack Xd is a rigid analytic Artin stack of dimension

d2[F : Qp](= dim ResF/Qp
GLd)

and a local complete intersection.

Towards this conjecture we have the following partial result:
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Theorem.

(i) The diagonal of Xd is representable.
(ii) For a finite extension L of Qp and an L-valued point x ∈ Xd, there exists

an open neighborhood Ux ⊂ Xd of x such that Ux is a rigid analytic Artin
stack of the expected dimension and a local complete intersection.

Example. In the case d = 1 we can explicitly describe X1 as follows: by a result
of Kedlaya-Pottharst-Xiao [5] every (ϕ,Γ)-module over RF“⊗QpA, for an affinoid
algebra A, is of the form RF (δ) ⊗ L for a uniquely determined character δ :
F× → A× and a uniquely determined line bundle L on SpA. Hence we find that
X1 = T /Gm, where T is the space of continuous characters of F×, on which Gm
acts trivially. It should be noted that Xd does not coincide with the generic fiber
X

rig
d of the Emerton-Gee stack Xd of (ϕ,Γ)-modules [3] (defined on p-power torsion
Zp-schemes). In the one-dimensional case we can write

X1 =W ×Gm/Gm,

X
rig
d =W × (“Gm)rig/(“Gm)rig,

whereW denotes the space of continuous characters of O×
F and (“Gm)rig is the rigid

analytic generic fiber of the formal multiplicative group (that does not coincide
with the rigid analytic space Gm).

Finally we study B-structures of equivariant vector bundles, for a fixed Borel
subgroup B ⊂ GLd. In the classical context of vector bundles on an algebraic
curve X, Drinfeld (see [1]) defines a compactification BunB of the stack BunB of
B-bundles on X that comes equipped with projections to Bund, the stack of rank
d vector bundles on X, and to BunT , the stack of T -bundles (for a fixed choice of a
maximal torus T ⊂ B). The literal translation of this construction to the context
of GF -equivariant vector bundles in the Fargues-Fontaine curve X yields stacks

X
naive

B ,XB and XT

on the category of rigid analytic spaces over Qp.

Theorem.

(i) The stacks XB and X
naive

B are rigid analytic Artin stacks.

(ii) There is a well defined ”scheme-theoretic” image XB of XB in X
naive

B

which is a rigid analytic Artin stack.

We point out that there are some important differences with the classical theory
of vector bundles on curves:

- The stack XB is not dense in X
naive

B , hence the closure procedure in (ii) is
necessary.

- The projection XB → Xd is neither proper nor surjective. It rather should
be expected that the induced map

(∗) XB −→ Xd ×XT
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is proper, and its image is equi-dimensional of dimension d(d+1)
2 [F : Qp]

which is the dimension of the Weil restriction from F to Qp of a Borel
subgroup in GLd. The pullback of the scheme-theoretic image of (∗) to the
generic fibers of (framed) Galois deformation rings conjecturally coincides
with the trianguline variety of [2].
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Variation of stable birational type and bounds for
complete intersections

Johannes Nicaise

(joint work with John Christian Ottem)

This talk is based on [NO19]. We explain how the specialization map for stable
birational types can be combined with Shinder’s principle of variation in families
to establish new bounds for stable rationality for complete intersections.

1. Introduction

Let F be an algebraically closed field of characteristic zero.

Definition. Let X and Y be F -schemes of finite type. We say that X and Y are
stably birational if X×PℓF is birational to Y ×PmF for some ℓ,m ≥ 0. We say that
X is stably rational if it is stably birational to SpecF ; equivalently, if X × PℓF is
rational for sufficiently large ℓ.

It is obvious from the definition that rationality implies stable rationality. The
converse implication is true in dimension at most 2 but breaks down in higher
dimensions.

It is a fundamental problem in algebraic geometry to determine for which values
of n, d > 0 a very general degree d hypersurface in Pn+1

F is (stably) rational. Here,
very general means that we may exclude a countable union of Zariski closed strict
subsets of the parameter space |O

P
n+1
F

(d)|. The best known result is due to Stefan

Schreieder [Sch19]: for n ≥ 3 and d ≥ log2n + 2, a very general hypersurface of
degree d in Pn+1

F is not stably rational. This logarithmic bound is a significant
improvement of earlier linear bounds, but probably still far from sharp. It seems to
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be expected that smooth hypersurfaces of degree d ≥ 4 are never stably rational,
but there is no value for d for which such a result is known in all dimensions.

The aim of this talk is to deduce analogous results for complete intersections.
Taking as input a result for hypersurfaces (for instance, Schreieder’s bound), our
method produces a similar bound for complete intersections. It is based on the
specialization map for stable birational types [NS19] and Shinder’s principle of
variation of stable birational type in maximally degenerating families.

2. The specialization map

We denote by SBF the set of stable birational equivalence classes {X} of integral
F -schemes X of finite type. If X is any F -scheme of finite type, we can still define
a class {X} by setting

{X} = {X1}+ . . .+ {Xr} ∈ Z[SBF ]

where X1, . . . , Xr are the irreducible components of X and Z[SBF ] is the free
abelian group on the set SBF . This group carries a natural ring structure, uniquely
characterized by the multiplication rule {X} · {Y } = {X × Y } for all F -schemes
X and Y of finite type.

The ring Z[SBF ] keeps track of stable birational types in a rather naive way, but,
surprisingly, still lends itself to some non-trivial calculus. In [NS19], we defined a
specialization map for stable birational types that attaches a “limit” type to any
degenerating one-parameter family of smooth and proper F -schemes. It should be
viewed as a birational analog of the nearby cycles functor or limit mixed Hodge
structure.

To define the specialization map, we first set up some notation. We denote by
k an algebraically closed field of characteristic zero, and we set R = ∪n>0k[[t1/n]].
This is a valuation ring with quotient field K = ∪n>0k((t1/n)), the field of Puiseux
series over k.

Theorem (Nicaise–Shinder [NS19]). There exists a unique ring morphism

sp: Z[SBK ]→ Z[SBk]

such that, for every strictly toroidal proper flat R-scheme X , we have

sp({XK}) =
∑

S

(−1)codim(S){S}

where the sum runs over the strata S in the special fiber Xk (that is, the connected
components of intersections of sets of irreducible components of Xk).

The strictly toroidal R-schemes in this statement generalize the class of strictly
semistable R-schemes, and are more flexible in applications. The expression for
sp({XK}) should be viewed as a “virtual stable birational type” for Xk; it is similar
to the calculation of the nearby cycles/limit mixed Hodge structure by means of
the weight spectral sequence.

The theorem can be deduced from Hrushovski and Kazhdan’s theory of motivic
integration, or from the weak factorization theorem. A special case of the formula
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is already noteworthy: if X is smooth and proper overR, then the formula collapses
to sp({XK}) = {Xk}. It is highly non-trivial that the stable birational type of Xk
only depends on the stable birational type of XK , but not on XK itself. In fact,
this settled a long-standing problem in birational geometry.

Corollary. Stable rationality specializes in smooth and proper families in char-
acteristic zero.

Indeed, if X is smooth and proper over R and XK is stably rational, then
{XK} = {SpecK} so that

{Xk} = sp({XK}) = sp({SpecK}) = {Spec k}

which means that Xk is also stably rational. This specialization result was further
upgraded to rationality by Kontsevich and Tschinkel in [KT19].

By contraposition, the specialization map can also be used as an obstruction to
stable rationality: if X is a strictly toroidal proper flat R-scheme and

∑

S

(−1)codim(S){S} 6= {Spec k}

in Z[SBk], then XK is not stably rational. To apply this obstruction to concrete
examples, it is important to rule out accidental cancellations in the alternating
sum. For this purpose, the following generalization of a theorem due to Shinder is
often convenient.

Corollary (Variation of stable birational type). Let f : Y → Spec k[t] be a proper
and flat morphism with connected fibers such that X = Y×k[t]R is strictly toroidal
and such that every stratum of Xk is stably rational. Then either all smooth
geometric fibers of f are stably rational, or there are at most countably many
closed fibers of fixed stable birational type.

In the latter case, we can change the stable birational type of a closed fiber by
slightly perturbing it in the family. This variation principle is again a direct
consequence of the existence of the specialization map. Assume that W is a
connected smooth and proper k-scheme such that f has uncountably many closed
fibers that are stably birational to W . A standard Hilbert scheme argument then
implies that W ×k K is stably birational to XK . It follows that

{W} = sp({W ×k K}) = sp({XK}) =
∑

S

(−1)codim(S){S}

in Z[SBk], where S runs over the strata of Xk. Since each of these strata is stably
rational by assumption, the right hand side of this chain of equalities is an integer
multiple of {Spec k}. It follows that {W} = {Spec k}, and thus that W , and
therefore XK , are stably rational. Specialization of stable rationality now implies
that all smooth geometric fibers of f are stably rational.
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3. Bounds for complete intersections

Theorem (Nicaise–Ottem [NO19]). Let n, r and d1 ≤ . . . ≤ dr be positive inte-
gers. Assume that

n+ r ≥
r−1∑

i=1

di + 2.

Suppose moreover that there exists a non-stably rational smooth hypersurface of

degree dr in P
n+r−

∑r−1
i=1 di

k . Then a very general complete intersection of degree

(d1, . . . , dr) in Pn+rk is not stably rational.

For instance, the theorem implies that a very general complete intersection of
a quadric and a quartic in Pmk is not stably rational for m = 6, 7, 8, because a very

general quartic in Pm−2
k is not stably rational.

To prove the theorem, we consider very general homogeneous polynomials
F1, . . . ,
Fr of degrees d1, . . . , dr in n+ r+1 variables, and we degenerate F1, . . . , Fr−1 into
products of disjoint sets of variables: the equations





tF1 −
∏d1
j=1 z1j = 0

. . .

tFr−1 −
∏dr−1

j=1 zr−1,j = 0

Fr = 0

define a strictly toroidal closed subscheme X in Pn+rR .
The generic fiber XK is a smooth complete intersection of degree (d1, . . . , dr)

in Pn+rK . We will show that XK is not stably rational; specialization of stable
rationality then implies the analogous result for very general complete intersections
of degree (d1, . . . , dr) in Pn+rk .

The strata of Xk are of the form Z(Fr) ∩L where Z(Fr) is the hypersurface in
Pn+rk defined by Fr = 0 and L is a linear subspace of Pn+rk defined by the vanishing
of a subset of the coordinates z11, . . . , zr−1,dr−1. There is a unique minimal stratum

Z(Fr) ∩ L0 where L0 is a linear subspace of Pn+rk of codimension d1 + . . .+ dr−1.
By assumption, Z(Fr) ∩ L0 is not stably rational.

When applied to the strictly toroidal R-scheme X , the formula for the special-
ization map takes the form

sp({XK}) = ±{Z(Fr) ∩ L0}+
∑

L 6=L0

±{Z(Fr) ∩ L}.

Since Z(Fr) ∩ L0 is not stably rational, we know that {Z(Fr) ∩ L0} 6= {Spec k}.
To conclude that sp({XK}) 6= {Spec k}, and thus that XK is not stably rational,
we must argue that the contribution of {Z(Fr) ∩ L0} does not cancel out with
other terms in the alternating sum. For this purpose, we can apply the variation
principle: using techniques from tropical geometry, one can put each of the varieties
Z(Fr) ∩ L with L0  L in a family over Spec k[t] such that the stable birational
type of Z(Fr)∩L varies with t but the subvariety Z(Fr)∩L0 remains constant in
the family. For a detailed account of this construction, we refer to [NO19].
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Prismatization

Bhargav Bhatt

(joint work with Jacob Lurie)

This talk covers some results of [1, 2]. Most of the results discussed were also
independently discovered by Drinfeld [3]

1. Introduction

In previous joint work [4] with Scholze, we introduced the following object:

Definition 1.1. For any (bounded) p-adic formal scheme X , the absolute pris-
matic site X∆ is the category of all bounded prisms (A, I) equipped with a map
Spf(A/I)→ X , topologized via (say) the flat topology.

The paper [4] mostly focussed on the relative variant of this construction. In
this talk, we explain how to understand the above absolute version via stacks.

2. The classical analog (following Simpson)

Fix a field k of characteristic 0; work with presheaves on k-algebras. We explain
how to interpret de Rham cohomology of k-varieties as the O-cohomology of an
associated sheaf.

Construction 2.1 (The ring sheaf GdR
a ). Let ”Ga = Spf(kJtK) ⊂ Ga = Spec(k[t])

be the formal completion of Ga at 0, so ”Ga(R) = Nil(R).

 ”Ga → Ga gives an “ideal” in Ga, so GdR
a := Ga/”Ga is naturally an étale

sheaf of rings on k-algebras; explicitly, GdR
a (R) = Rred

Using GdR
a , we obtain:

Definition 2.2 (The de Rham space). Let X/k be a smooth variety. Let XdR be
the presheaf on k-algebras given by

XdR(R) = X
(
GdR
a (R)

)
= X(Rred).

Theorem 2.3 (Simpson). There is a natural isomorphism RΓ(XdR,O)≃RΓdR(X).
Moreover, there is an analogous statement with coefficients: vector bundles on
XdR identify with vector bundles on X equipped with a flat connection, and this
identification is compatible with cohomology.
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One has a variant of this object for crystalline cohomology as well: given a
smooth p-adic formal scheme X/Zp say, one has

RΓ(Xcrys,O) ≃ RΓcrys(X/Zp),

where Xcrys is the functor on p-nilpotent rings defined by

Xcrys(R) = X((Ga/G
♯
a)(R)),

where G♯
a is the PD-hull of 0 in Ga. We remark that the quotient Ga/G

♯
a is

interpreted now as a ring stack (as the map G♯
a → Ga need not be injective on R-

valued points); in particular, (Ga/G
♯
a)(R) is a 1-truncated animated ring, and the

right side above is interpreted as a mapping space in derived algebraic geometry.
(A similar comparison holds true for coefficients.)

3. Relative prismatization

Let (A, I) be a bounded prism, and let X/(A/I) be a smooth p-adic formal A/I-
scheme. Recall that for any (p, I)-complete A-algebraR, the structure map A→ R
refines uniquely to a δ-map A→W (R); write IW (R) → W (R) for the base change
of I → A, regarded as a generalized Cartier divisor on Spec(W (R)).

Definition 3.1 (The relative prismatization). Define a presheaf WCartX/A of
groupoids on (p, I)-complete A-algebras R via

WCartX/A(R) = X
(
W (R)/IW (R)

)
,

where W (R)/IW (R) is interpreted as a 1-truncated animated ring. Similarly, define

WCartHTX/A = WCartX/A ×Spf(A) Spf(A/I)

to be the restriction of WCartX/A to a functor on p-nilpotent A/I-algebras.

The stack WCartX/A plays the role of Simpson’s de Rham space for relative
prismatic cohomology. In particular, its O-cohomology will be the relative pris-
matic cohomology (Theorem 3.4). Granting that comparison, the following two
results follow from known results for relative prismatic cohomology. However, they
admit much more direct proofs using the stacky approach.

Proposition 3.2 (Hodge-Tate comparison). There is a natural map WCartHTX/A →

X over A/I. Moreover, this map is a T ♯X/(A/I){1}-gerbe.

Proposition 3.3 (Crystalline comparison). There is a natural identification of
ring stacks

W/Lp := Cone
Ä
W

p
−→W

ä
≃ Ga/G

♯
a.

on p-nilpotent rings.

Theorem 3.4. There is a natural identification RΓ((X/A)∆,O) ≃ RΓ∆(X/A); a
similar statement holds true for coefficients.
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4. Absolute prismatization

To geoemtrize the absolute prismatic site of a p-adic formal scheme X , we need to
geometrize the notion of a prism (corresponding to the case X = Spf(Zp)). This
is accomplished as follows:

Definition 4.1. The presheaf WCart (called the Cartier–Witt stack) of groupoids
on p-nilpotent rings is given by setting WCart(R) to be the groupoid of maps
α : I →W (R), where I is an invertible W (R)-module and α is a W (R)-linear map
such that for any local generator d ∈ I, the Witt vector α(d) = (a0, a1, a2, ...) ∈
W (R) is distinguished, i.e., a0 is nilpotent and a1 is a unit.

The stack WCart can be written as the quotient stackWdist/W
∗, where Wdist ⊂

W is the subfunctor of the Witt vector functor spanned by distinguished elements
(so Wdist is the formal completion of an affine open in W ), and the quotient is
formed in (say) the etale topology. Generalizing to arbitrary X is now straight-
forward given our previous work:

Definition 4.2 (The Cartier-Witt stack). For a bounded p-adic formal scheme
X , define a presheaf WCartX of groupoids on p-nilpotent rings via

WCartX(R) := {
Ä
I
α
−→W (R), η ∈ X (W (R)/I)

ä
| α ∈WCart(R)}

Theorem 4.3. For quasi-syntomic X, we have RΓ(WCartX ,O) ≃ RΓ∆(X); a
similar statement holds true for coefficients.

These results are useful as they convert the potentially unwieldy notions (such
as that of a crystal of vector bundles on the absolute prismatic site) to much more
finitistic ones (such as that of a vector bundle on a relatively concrete stack). Some
applications include:

(1) Absolute prismatic cohomology via q-de Rham cohomology: For quasi-
syntomic X and p > 2, we have a homotopy pullback square

RΓ∆(X) //

��

RΓqdR(X)hZ
∗

p

��

RΓdR(X) // RΓdR(X)hZ
∗

p ,

where the top right denotes the q-de Rham cohomology of X , the left
vertical map is the de Rham comparison and the right vertical map is
obtained by setting q = 1.

(2) Sen theory and Deligne–Illusie (due to Drinfeld): If X is a smooth scheme
over a perfect field k equipped with a lift to W2(k), then the de Rham com-
plex F∗Ω∗

X of X admits a natural endomorphism Θ (called the Sen opera-
tor) that acts on Hi(F∗Ω∗

X) ≃ Ωi
X(1) by −i. In particular, if dim(X) < p,

then the generalized eigenvalue decomposition for Θ splits the conjugate
filtration on F∗Ω∗

X , thus yielding a new proof of the Deligne–Illusie theo-
rem on the degeneration of the conjugate and Hodge-to-de Rham spectral
sequences.
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(3) Drinfeld’s refined prismatization via the Nygaard filtration: Using The-
orem 4.3, we expect to show in forthcoming work that Drinfeld’s stack

X∆
′

from [3] is the Rees stack for the Nygaard filtration when X is the
spectrum of a quasiregular semiperfectoid ring.
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Arithmetic properties of rigid local systems

Hélène Esnault

(joint work with Michael Groechenig)

1. Introduction

The aim of the lecture, which relies on [3], is to generalize to the quasi-projective
non-projective case the theorem described in the introduction and Theorem 5.4
of [2] stating that irreducible complex rigid local systems, while restricted to a
p-adic formal scheme with good reduction, for p large, underlie the structure of a
Fontaine-Laffaille module and define p-adic local systems.

2. Assumption and preliminary geometric facts

Assumption 1 (Throughout). X smooth quasi-projective /C; all irreducible com-
plex local systems L of rank r with unipotent monodromies at ∞ are strongly co-
homologically rigid i.e. H1(X, End(L)) = 0. (Verified for Shimura varieties of real
rank ≥ 2 by Margulis superrigidity.)

Facts 2 (Preliminary geometry).
1) For j : X →֒ X̄ a good compactification, has

H1(X̄, j!∗End(L))
inj
−→ H1(X, End(L))

so (strongly cohomologically rigid) =⇒ (cohomologically rigid) (fixing unipotent
conjugacy classes at ∞ and the determinant) =⇒ (rigid) (fixing unipotent conju-
gacy classes at ∞ and the determinant).

2) E Deligne’s extension of (L⊗C Oan, 1⊗ d) with E → Ω1
X̄

(log∞)⊗OX̄
E with

nilpotent residues. So

H1(X̄,Ω•(log∞)⊗ End(E,∇)) = H1(X, End(L)) = 0.

Atiyah class computation + Hodge theory ([4, Appendix B])=⇒

0 = ci(E) ∈ H2i(X̄,Q), i ≥ 1.
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3) (E,∇) necessarily semi-stable as saturated sub (E′,∇′) ⊂ (E,∇) has also
nilpotent residues, so (E′,∇′) ⊂ (E,∇) locally split outside of a codimension 2
subset Σ ⊂ ∞ ⊂ X̄ in X̄, and for j : X̄ \ Σ →֒ X̄, has (E′,∇′) = j∗j

∗(E′,∇′) ⊂
(E,∇) = j∗j

∗(E,∇). Thus (E′,∇′) is Deligne’s extension as it is determined
outside of codimension 2. Thus 0 = ci(E

′) ∈ H2i(X̄,Q), i ≥ 1.

4) Langer moduli ([9, Theorem 1.1]) MdR(r), MDol(r) of stable log-objects to
the Hilbert polynom P (E) = P (⊕r1OX̄) are defined over some S smooth /Z,
MdR(r)S MDol(r)S → S flat and XS, X̄S → S relative NCD and base change for
H1(X̄S ,Ω

•(log∞)⊗ End(ES ,∇S)).

5) The characteristic polynomials of the residues ES → Ω1(log∞S)⊗ ES at ∞S

are regular functions on MdR(r)S , so the nilpotent residues condition defines closed
subs M◦

dR(X)(r)S ⊂MdR(r)S , which after shrinking are flat /S. M◦
dR(X)(r)S(C)

consists precisely of the Deligne’s extensions of the underlying (strongly cohomo-
logically rigid) irreducible local systems. So it is 0-dimensional, say of cardinality
N . By taking an étale cover of S, we may assume that M◦

dR(X)(r)S consists of
N -sections.

6)

Theorem 3 ([1], Theorem 1.1). All L are integral. (Finiteness of {L} implies all
L defined over one OL, L number field).

7) Mochizuki ([10, Theorem 10.5]): any (E,∇) with nilpotent residues deforms
real analytically to a polarized C-VHS, so rigidity implies all the (E,∇) underlie
a polarized C-VHS. So with 6)

Claim 4. Assumption 1 =⇒ all L underlie a polarized Z̄-VHS.

8) Boundedness of possible Hodge filtrations.

Definition 5 (Good model). S/Z smooth, condition 5), plus: all (E,∇, F il)
defined over S, Fil locally split /S. So (grFil(E),KS) stable Higgs, locally free
/S nilpotent. We assume also for any Spec(W (Fq))→ S, char Fq > 2r + 2.

Theorem 6 ([3], Theorem A.4). Assumption 1 =⇒ on a good model, for any

Spec(W ) → S, with W = W (Fq), the formal connection (ÊW , ∇̂W )/‘XW carries
the structure of a locally free Fontaine-Laffaille module.

(Standard definition of a Fontaine-Laffaille module right now irrelevant as we
shall work with an equivalent definition).

3. Sketch of Proof of Theorem 6

s closed point of Spec(W ). Has M◦
dR(r)s =: (dR)◦s consisting of N s-points, and

(Dol)◦s defined as the set of stable rank r log Higgs bundles (V, θ) with the residues
of θ being nilpotent and Hilbert polynomial P (V ) = P (⊕r1OX̄).

Claim 7. C−1 (Ogus-Vologodksy [11, Theorem 2.8]) : (Dol)◦s → (dR)◦s and is
injective (in particular (Dol)◦s is finite).
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Proof. C−1 defined for p > r + 1 plus lift to W2, preserves stability, total Chern
classes and nilpotency of the residues at ∞. �

Claim 8. H1(X̄s, End(C−1(V, θ))) = H1(X̄s, End(V, θ)) = 0.

Proof. C−1 defined for 2r rank objects, preserves cohomology, LHS = 0 by 4). �

By Claim 7, |(Dol)◦s| = M ≤ N = |(dR)◦s |. Let M ′ ≤ M be the number of
objects in (Dol)◦s of the shape (V, θ) = (grFil(E),KS).

Corollary 9. Given (V, θ) ∈ (Dol)◦s there is at most one possible (E,∇, F il) with
(V, θ) = (grFil(E),KS).

Proof. Given Fil on (E,∇), then Rees (⊕i∈Z(FiliE)t−i,∇t) on X [t, t−1] has fibre
(grFilE,KS) at t = 0 and (E,∇) at t = ∞. Deformation of (grFilE,KS) from
Fq[t]/(t

n) to Fq[t]/(t
n+1) is computed by H1(X̄s, End(V, θ)) = 0. As any (E,∇) is

endowed with at least one Fil (by 7) and good model), has N ≤M ′. �

Corollary 10. 1) M ′ = M = N ; C is bijective; the p-curvature of any
(E,∇) ∈ (dR)◦s is nilpotent;

2) any (E,∇) ∈ (dR)◦s carries precisely one Fil;
3) gr : (dR)◦s → (Dol)◦s , (E,∇) 7→ (grFilE,KS) is well defined and bijective.

Proof. Ad 1): N = M ′ ≤M ≤ N (first inequality from Corollay 9, last inequality
by Claim 7). Thus M ′ = M = N . C−1 sends nilpotent Higgs to nilpotent p-
curvature dR.

Ad 2): any (E,∇) ∈ (dR)◦s carries at least one Fil by the good model and more
would imply M > N by Corollary 9. 3) follows. �

Corollary 11. σ := C−1 ◦gr is a permutation of (dR)◦s and has finite order f |N !.

Definition 12. The chain

(E0,∇0, F il0, φ0 : C−1(grFil0E0,KS) ∼= (E1,∇1),

E1,∇1, F il1, . . . , Ef−1,∇f−1, F ilf−1, φf−1 : C−1(grFilf−1Ef−1,KS) ∼= (E0,∇0))

is called a f -periodic Higgs-de Rham flow. ([7], [8]).

Proposition 13. 1) The f -periodic Higgs-de Rham flow lifts to ‘XW in what is

still a f -’periodic Higgs-de Rham flow’ over ‘XW .
2) The operator σ becomes the Frobenius on the isocrystals (ÊW , ∇̂W )K .

Here W = W (Fq), K = Frac(W ) and recall that the p-curvatures of the mod
p-reduction are nilpotent so we have isocrystals with a Frobenius structure.

Proof. The (E,∇) in (dR)◦s lift by definition to ‘XW together with their Hodge

filtration. So gr is defined on ‘XW yielding some (V̂W , θ̂W ) so (VK , θK) which

in addition are stable. C−1 is defined on ‘XW by Ogus-Vologodsky. As the lift
(ÊW , ∇̂W ) is uniquely determined by its reduction to s =⇒ f -periodicity.



Non-Archimedean Geometry and Applications 249

Remark 14. Claim 8 =⇒ (semi-continuity of coherent cohomology)

H1(X̄K , End(VK , θK)) = 0 =⇒ (VK , θK) ∈M◦
Dol(r)S(K).

If we define M◦
Dol(X)(r)S ⊂MdR(r)S , so (V, θ) ∈M◦

Dol(C) if the residues at∞ are
nilpotent and H1(X̄, End(V, θ)) = 0, and we assume by étally shrinking S in the
good model that in addition M◦

Dol(X)(r)S(S) consists of different (finitely many)
S-sections, we see that in fact we have N such and they all come from the Higgs-de
Rham flow. If we had a log-Simpson correspondence at the level of moduli /C, we
would know this and could shorten the argument.

�

Proposition 15. Lan-Sheng-Zuo, Lan-Sheng-Yang-Zuo: 1) Fully faithful functor:
(f -periodic Higgs-de Rham flow with nilpotent residues level ≤ p − 1) → (log-
Fontaine-Laffaille modules with Frobf -structure, with nilpotent residues level ≤
p− 1).

2) Generalization of Fontaine-Laffaille-Faltings [5] Theorem 2.6* and p.43 i)

applied to ⊕f−1
i=0 Frob

i(object): fully faithful functor (log-Fontaine-Laffaille modules
with Frobf -structure, with nilpotent residues, level ≤ p − 1) → (crystalline local
systems on XK with values in GLr(Zpf )).

Remark 16. Crystalline here is defined by Fontaine on K, Faltings on ’small’
opens defined by a ring R, étale over the Tate algebra of Gdm over W , then on
their rings by admissibility of a Bcrys(R), then gluing. Generalization by Tan-
Tong, and just a few days ago Du-Lu-Moon-Shimizu. All those concepts restricted
to Spec(W ) → XW yield the same definition, which is Fontaine’s one. Matti
Würthen told us that he can construct directly a prismatic F -crystal in the sense of
Bhatt-Scholze out of a Fontaine-Laffaille module. Granted this in the log-version,
one could enhance a bit Theorem 6 to

Theorem 17 (?). Assumption 1 =⇒ on a good model, for any Spec(W ) → S,

the formal connection (ÊW , ∇̂W )/(‘XW \∞W ) carries the structure of a prismatic
F -crystal.

4. Étale theorem

Has O(S) ⊂ C and choose W ⊂ C for Spec(W ) → S as in Theorem 6. This

defines K̄ ⊂ C with (Grothendieck) π1(XC)
∼=
−→ π1(XK̄). By Theorem 3, under

Assumption 1, each L is integral. A p-place p of OL, p =char(Fq), defines Lp on
XC. Keep the same letter Lp for the ŌLp

local system on XK̄ .

Theorem 18 ([3], Theorem A.21). Assumption 1 =⇒ Lp defined on XK̄ descends
to a crystalline local system on XK with values in GLr(Zpf ) for some f |N !.

Proof. By the compatibitliy of Faltings p-adic Simpson correspondence on ‘XW [6,
Theorem 5] with his Fontaine-Laffaille functor [5] loc.cit, calling πi, i = 1, . . . , N
the GLr(Zpf ) local systems on XK defined Proposition 15, where f is a l.c.m. of
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the periods, which divides N !, the πi/XK̄ correspond to the Higgs bundles (V, θ)K̄
which are stable, so in particular πi/XK̄ is irreducible. Likewise

dimCp Hom(XCp , π1, π2) ≤ dimCp Hom(XCp , (V1, θ1), (V2, θ2)) = 0

as Faltings functor from small p-adic local systems to Higgs bundles is faithful. So
the number of isomorphism classes of πi/XK̄ is the same as the one of πi/XK which
is N . But by the complex Riemann-Hilbert correspondence, there are precisely N
isomorphism classes of Lp.

�

Remark 19. Theorem 18 via Remark 16 is the way Pila-Shankar-Tsimerman use
our work for Shimura varieties of real rank ≥ 2 in their proof of the André-Oort
conjecture for those [12, Theorem 1.2].
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Hodge theory for non-Archimedean analytic spaces

Vladimir Berkovich

Let K be a non-Archimedean field with a nontrivial discrete valuation whose ring
of integers K◦ contains the field of complex numbers C which maps isomorphically

onto the residue field ‹K, the quotient of K◦ by the maximal ideal K◦◦. In work in
progress on complex analytic vanishing cycles for formal schemes, I defined integral

 https://arxiv.org/abs/2109.08788 
 https://arxiv.org/abs/2109.08788 
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“etale” cohomology and de Rham cohomology without and with compact support
for so-called restricted and bounded K-analytic spaces. In this talk I present de
Rham and Hodge theoretic results relating both cohomology.

1. Restricted and bounded K-analytic spaces

The category of restricted K-analytic spaces K-”An is the localization of the cat-
egory of quasicompact special formal schemes flat over K◦ with respect to proper

morphisms that induce isomorphisms between their generic fibers. If “X is such a
space represented by a formal model X, the generic fiber Xη of the latter does not

depend on X and is the underlying K-analytic space X of “X . The correspondence
“X 7→ X is a faithful functor K-”An→ K-An to the category of K-analytic spaces.

Objects of the category of bounded K-analytic spaces K-Ăn are pairs (X,Y )
consisting of a separated compact strictly K-analytic space X and an open sub-
set Y ⊂ X such that its complement X\Y is a strictly analytic subdomain of
X . A strong morphism (X ′, Y ′) → (X,Y ) is a morphism ϕ : X ′ → X with

ϕ(Y ′) ⊂ Y . It is called a quasi-isomorphism if it induces an isomorphism Y ′ ∼
→ Y .

The category K-Ăn is the localization of the category of such pairs with strong
morphisms between them with respect to quasi-isomorphisms. The correspon-
dence Y̆ = (X,Y ) 7→ Y is a faithful functor K-Ăn→ K-An. By Raynaud theory,

one can construct a faithful functor K-Ăn → K-”An : X̆ 7→ “X, and the corre-
spondence X 7→ (X,X) gives rise to fully faithful functors from the category of
separated compact strictly K-analytic spaces to both categories.

2. Integral “étale” cohomology

Integral étale cohomology of a restricted or bounded K-analytic space depend on
the choice of a universal covering of the complex analytic spaceK⋆1 = (K◦◦/(K◦◦)2)
\{0}, which is isomorphic to the punctured complex plane. Moreover, this space is
a classifying space of universal coverings of itself (in a certain precise sense). This
allows one to construct a natural faithful functor Π(K⋆1) → G(K) : ̟ 7→ K(̟)

from the fundamental groupoid of K⋆1 to the étale fundamental groupoid of K that
takes a point ̟ to an algebraic closureK(̟) of K. For example, for anyK-analytic

space X one can construct local systems Hnét(X,Zl) : ̟ 7→ Hn
ét(X“⊗“K(̟),Zl) and

Hn(|X|,Z) : ̟ 7→ Hn(|X“⊗“K(̟)|,Z).

Fact 2.1. One can construct, for every restricted (resp. bounded) K-analytic

space “X (resp. X̆), quasi-unipotent local systems of finitely generated abelian

groups Hn(“X,Z) (resp. Hnc (X̆,Z)) on K⋆1, functorial in “X (resp. X̆) and such
that

Hn(“X,Z)⊗Z Zl
∼
→ Hnét(X,Zl) (resp. Hnc (X̆,Z)⊗Z Zl

∼
→ Hnc,ét(X,Zl) .

Functoriality of cohomology with compact support (here and below) has the
usual meaning, i.e., it is covariant with respect to open immersions and contravari-
ant with respect to proper morphisms.
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3. de Rham theory

Let ω1
K◦ be the module of one log differential forms on the formal scheme Spf(K◦)

provided with the canonical log structure K◦\{0} →֒ K◦. One has ω1
K◦ =

K◦d log(̟) for any generator ̟ of K◦◦. A D-module over K◦ is a finite free
K◦-module E provided with a connection ∇ : E → ω1

K◦ ⊗K◦ E. For such a con-
nection, there is an associated endomorphism δ of the C-vector space E/(K◦◦),
called the residue of the connection ∇. The D-module E is said to be distinguished
if the set sp(E) of eigenvalues δ lies in Q∩[0, 1). One then has E =

⊕
λ∈sp(E)E(λ)

for D-submodules E(λ) with sp(E(λ)) = {λ}.

Fact 3.1. One can construct, for every restricted (resp. bounded) K-analytic

space “X (resp. X̆) and every n ≥ 0, a distinguished D-module over K◦,Hn
dR(“X/K◦)

(resp. Hn
dR,c(X̆/K

◦)), functorial in “X (resp. X̆) and such that, if X is rig-smooth

and compact, then Hn
dR(X/K◦)⊗K◦ K

∼
→ Hn

dR(X/K) = RnΓ(X,Ω·
X/K).

Furthermore, consider the free K◦-module of rank one L = HomK◦(K◦◦,K◦).
It is generated by the homomorphism ℓ̟ : K◦◦ → K◦ with ℓ̟(̟) = 1 for any
generator ̟ of the ideal K◦◦, and the K◦-algebra S = SymK◦(L)[ 1

ℓ̟
] does not

depend on ̟. The formal complex analytic space K⋆ is the inductive limit of the
analytifications K⋆r = Spec(S/(K◦◦)r)h. It is provided with the log structure for
which the canonical morphism K⋆ → Spf(K◦)h = lim

−→
Spec(K◦/(K◦◦)r)h is strict.

The element z = ̟ℓ̟ ∈M(K⋆) ⊂ O(K⋆) does not depend on ̟, and it defines a

strict morphism K⋆ → Spf(K̂◦)h, where K is the fraction field of OC,0 and z is a

fixed coordinate function on C. One can show that ω1
K◦ ⊗K◦ OK⋆

∼
→ ω1

K⋆/“K◦
and

that, for a D-module E, the tensor product E = E ⊗K◦ OK⋆ is provided with a
connection ∇ : E → ω1

K⋆/“K◦
⊗OK⋆ E .

A distinguished de Rham structure over K⋆ is a triple (HZ, E, α) consisting
of a local system of finitely generated abelian groups HZ on K⋆1, a distinguished
D-module E, and an isomorphism of flat vector bundles on K⋆

α : HZ ⊗Z OK⋆
∼
→ E ⊗K◦ OK⋆ .

Then the residue of the connection on E gives rise to a homomorphism of local
systems N : HQ → HQ(−1) and, for any generator ̟ of K◦◦, α induces an

isomorphism of K◦-modules α(̟) : HZ, ˆ̟ ⊗ZK
◦ ∼
→ E for the image ˆ̟ of ̟ in K⋆1.

Fact 3.2. In Fact 3.1, there are distinguished de Rham structures dRhn(“X/K◦) =

(Hn(“X,Z), Hn
dR(“X/K◦), α) (resp. dRhnc (X̆/K◦) = (Hnc (X̆,Z), Hn

dR,c(X̆/K
◦), α)).

4. Hodge theory

Given a generator ̟ of K◦◦, there is an associated ̟-conjugation on K◦ that
preserves ̟ and acts as the complex conjugation on C ⊂ K◦. It induces a similar
̟-conjugation on VK◦ = V ⊗R K◦ for any R-vector space V . A ̟-mixed Hodge
structure over K◦ is a triple (HZ,W, F ) consisting of a finitely generated abelian
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group HZ, a finite increasing filtration W on HQ, and a finite decreasing filtration
F byK◦-submodules onHK◦ , which possess the usual properties of a mixed Hodge
structure but on the K◦-module HK◦ with ̟-conjugation on it. A K◦-submodule
P of a D-module E over K◦ is said to be D-marked if the quotient E/P has no
torsion and P =

⊕
λ∈sp(E)(P ∩ E(λ)).

A distinguished mixed Hodge structure over K⋆ is a tuple

H = (HZ, (HQ,W ), (E,F ), α) ,

where (HZ, E, α) is a distinguished de Rham structure over K⋆, W is a finite
increasing filtration on HQ with N(Wk) ⊂Wk−2(−1), and F is a finite decreasing
filtration on E by D-marked K◦-submodules with ∇(F k) ⊂ ω1

K◦ ⊗K◦ F k−1 such
that, for any generator ̟ of K◦◦, the triple H̟ = (HZ, ˆ̟ ,W ˆ̟ , F̟) is a ̟-mixed

Hodge structure over K◦, where F̟ is the preimage of F with respect to α(̟).

Fact 4.1. For every boundedK-analytic space X̆ without boundary, dRhn(“X/K◦)
extend to functorial distinguished mixed Hodge structures over K⋆

Hdgn(X̆/K◦) = (Hn(X̆,Z), (Hn(X̆,Q),W ), (Hn
dR(X̆/K◦), F ), α)

so that the following is true:

(1) if hp,q 6= 0, then p, q ≥ 0 and, if X̆ is smooth, then p, q ≤ n;

(2) there are canonical isomorphisms Hn(|X |,Q)
∼
→W0(Hn(X̆,Q));

(3) if X is proper smooth, then the Hodge filtration on Hn
dR(X/K◦) is in-

duced by the stupid filtration on the de Rham complex Ω·
X/K , and the

Hodge-de Rham spectral sequence Ep,q1 = Hq(X,ΩpX/K) =⇒ Hp+q
dR (X/K)

degenerates at E1.

Fact 4.2. For every smooth bounded K-analytic space X̆ of pure dimension n,
dRhpc(X̆/K

◦) extend to functorial distinguished mixed Hodge structures over K⋆

Hdgpc (X̆/K◦) = (Hpc(X̆,Z), (Hpc (X̆,Q),W ), (Hp
dR,c(X̆/K

◦), F ), α)

so that the following is true (Poincaré duality):

(1) there is a surjective trace mapping TrX̆ : Hdg2nc (X̆/K◦)→ ZK⋆(−n) and,
if X is geometrically connected, it is an isomorphism;

(2) for any 0 ≤ p ≤ 2n, there is a perfect pairing of distinguished mixed Hodge
structures over K⋆

HdgpQ(X̆/K◦)⊗Hdg2n−pc,Q (X̆/K◦) → Hdg2nc,Q(X̆/K◦)
Tr
→ QK⋆(−n) .
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A p-Adic 6-Functor Formalism in Rigid-Analytic Geometry

Lucas Mann

We develop a p-adic 6-functor formalism in p-adic rigid-analytic geometry. The
main motivation for this theory was to provide a new proof of the following
Poincaré duality result:

Theorem. Let C be an algebraically closed non-archimedean field over Qp and let
X be a proper smooth rigid-analytic variety of pure dimension d over C. Then for
all i ∈ Z there is a natural perfect pairing

Hi(Xet,Fp)×H
2d−i(Xet,Fp)→ Fp(−d).

To develop the 6-functor formalism we will not work directly with Fp-sheaves, as
these have a poor behavior under base-change. Instead, we make use of Scholze’s
primitive comparison theorem (saying thatHi(Xet,Fp)⊗OC/p andHi(Xet,O

+
X/p)

are almost isomorphic), which allows us to instead work with certain sheaves of
O+
X/p-modules. In this context it is also very convenient to allow more general

spaces than rigid varieties and more general pseudouniformizers than p – more
concretely, we will denote by vStack♯π the category of pairs (X, π) where X is a
small v-stack in the sense of [1] together with a map X → SpdZp (e.g. this could
be a rigid variety) and π is a pseudouniformizer on X (e.g. any pseudouniformizer

in C if X lives over a field C). To every (X, π) in vStack♯π we can now associate a
suitable category of “O+

X/π-modules”:

Theorem. There is a unique hypercomplete v-sheaf of ∞-categories

(vStack♯π)op → Cat∞, (X, π) 7→ Da
�
(O+

X/π),

such that for every affinoid perfectoid space X = Spa(A,A+) which is weakly of
perfectly finite type over some totally disconnected perfectoid space we have

Da
�
(O+

X/π) = Da
�
(A+/π).

This somewhat technical result lies at the heart of our work. Let us explain some
of the occuring terminology. We first refer the reader to [1] for the definition of to-
tally disconnected perfectoid spaces. Moreover, a map Spa(B,B+)→ Spa(A,A+)
of perfectoid spaces is called weakly of perfectly finite type if there is a surjection

A〈T
1/p∞

1 , . . . , T
1/p∞

n 〉 → B of topological A-algebras. The ∞-category Da
�
(A+/π)

is the derived ∞-category of solid almost A+/π-modules which are introduced in
[2] and can roughly be described as “complete topological A+/π-modules modulo
almost isomorphisms”.

With the ∞-category Da
�
(O+

X/π) at hand, we can now introduce the desired
6-functor formalism:

Definition. Let f : Y → X be a map in vStack♯π.

(a) The tensor product ⊗ on Da
�
(O+

X/π) is induced from the solid tensor prod-
uct of modules.

(b) The internal hom Hom on Da
�
(O+

X/π) is defined as the right adjoint of the
tensor product.
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(c) The pullback functor f∗ : Da
�
(O+

X/π) → Da
�
(O+

Y /π) is the “restriction

map” of the sheaf X 7→ Da
�
(O+

X/π).

(d) The pushforward functor f∗ : Da
�
(O+

Y /π)→ Da
�
(O+

X/π) is the right adjoint
of f∗.

(e) If f is “nice” (more precisely bdcs, which we will not define properly here)
we can define the shriek pushforward f! : Da� (O+

Y /π)→ Da
�
(O+

X/π). If f is
étale then f! is a left adjoint of f∗ and if f is proper then f! = f∗.

(f) If f is bdcs then f ! : Da
�
(O+

X/π)→ Da
�
(O+

Y /π) is the right adjoint of f!.

While the precise definition of bdcs maps is rather subtle and will not be dis-
cussed here, we remark that every map of rigid-analytic varieties over some base
field C is bdcs. The above six functors define all the properties of a 6-functor
formalism:

Theorem. The functors ⊗, Hom, f∗, f∗, f! and f
! satisfy the following properties:

(i) Functoriality: (f ◦ g)! = f! ◦ g!, etc.
(ii) Special Cases: If f is étale then f ! = f∗ and if f is proper then f! = f∗.
(iii) Proper base-change: For every bdcs map f : Y → X and map g : X ′ → X

in vStack♯π with base-change f ′ : Y ′ → X ′ and g′ : Y ′ → Y there is a
natural isomorphism g∗f! = f ′

! g
′∗.

(iv) Projection Formula: For every map f : Y → X in vStack♯π, every M ∈
Da
�
(O+

X/π) and every N ∈ Da
�
(O+

Y /π) there is a natural isomorphism
f!(N ⊗ f∗M) = f!N ⊗M.

With the full power of a 6-functor formalism at hand, we can now come back
to the original motivation of proving Poincaré duality. We first get the following
result:

Theorem. Let f : Y → X be a smooth map of analytic adic spaces over Qp and

let π ∈ Qp be a pseudouniformizer. Then for all M ∈ Da
�
(O+

X/π) the natural

map f∗M⊗f !(O+a
X /π)

∼
−→f !M is an isomorphism and f !(O+a

X /π) is an invertible

object of Da
�
(O+

Y /π).

By general properties of a 6-functor formalism, the proof of this smoothness
result reduces to the case that X is a totally disconnected space and Y is the
relative 1-dimensional torus over X . In this case it is an explicit computation,
similar to a previous compuations by Faltings [3]. In order to deduce Poincaré
duality it remains to see that Lf := f !O+a

X /p satisfies Lf = O+a
Y /p[2d](d) in the

case that f has pure dimension d. A priori we only know that Lf is invertible,
which is a surprisingly subtle notion in the almost setting (in particular invertible
objects need not be locally free in any sense). In order to get a better handle on this
sheaf, we will show that it must automatically come from an invertible Fp-sheaf.
This follows from the following p-torsion Riemann-Hilbert correspondence.

Definition. Let vStack♯π|p ⊂ vStack♯π denote the full subcategory spanned by

those pairs (X, π) where π|p. Given any X ∈ vStack♯π|p we denote Da
�
(O+

X/π)ϕ
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the ∞-category of pairs (M, ϕM ), where M ∈ Da
�
(O+

X/π) and ϕM : ϕ∗M
∼
−→M

is an isomorphism. Here ϕ denotes the Frobenius x 7→ xp on O+
X/π.

One easily constructs an adjoint pair of functors

− ⊗Fp O
+a
X /π : Det(X,Fp)

oc
⇄ Da

�
(O+

X/π)ϕ : (−)ϕ,

where Det(X,Fp)
oc denotes the ∞-category of overconvergent étale Fp-sheaves on

X .

Theorem. For every X ∈ vStack♯π|p, the functor − ⊗Fp O
+a
X /π : Det(X,Fp)

oc →

Da
�
(O+

X/π)ϕ is fully faithful and induces an equivalence of dualizable objects on
both sides.

One checks that all six functors extend to the ϕ-module setting and induce a
6-functor formalism on ϕ-modules. In particular, if f : Y → X is a smooth map
as above and Lf := f !O+a

X /p then Lf is an invertible ϕ-module and thus of the

form Lf = Lf,0 ⊗Fp O
+a
Y /p for some invertible Fp-sheaf Lf,0 on Y . One can now

use a “deformation of the normal cone” argument to deduce:

Theorem. Let f : Y → X be a smooth map of analytic adic space over Qp and
assume that f is of pure dimension d. Then f !O+a

X /p = O+a
Y /p[2d](d).

This finishes the proof of Poincaré duality in rigid-analytic geometry. We expect
many more applications of our 6-functor formalism, especially when applied to the
geometric Langlands program. A natural question to ask is whether one can define
similar ∞-categories “Da

�
(O+

X)” and “D�(OX)”, but this is currently unknown
(one has to prove a version of the descent result at the beginning of this extended
abstract for Da

�
(A+) and D�(A,A+) for this to work). Another interesting question

is whether the above Riemann-Hilbert correspondence can be extended to all étale
Fp-sheaves (not just the overconvergent ones) – in fact we conjecture that it can
even be extended to v-sheaves.
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p-adic Jacquet-Langlands correspondence: duality, dimension,
nonvanishing

David Hansen

(joint work with Lucas Mann)

Fix a prime p, a finite extension F/Qp, and an integer n > 1. Set G = GLn(F ),
and let D/F be the division algebra of invariant 1/n. If H is any p-adic Lie
group, we write D(H) for the derived category of the abelian category of smooth
Fp-representations of H .
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By a classical theorem of Jacquet-Langlands and Rogawski, there is a natural
bijection IrrL2(G)

∼
→ Irr(D×) from the set of square-integrable irreducible smooth

representations of G towards the set of irreducible smooth representations of D×.
This bijection is characterized by a simple character identity, and is compatible
with twisting and contragredients.

In light of the emerging p-adic Langlands program, it is very natural to hope for
some kind of Jacquet-Langlands transfer with p-adic or mod-p coefficients. Here
the story cannot be as simple as a bijection between irreducible representations;
nevertheless, using p-adic geometry, Scholze defined a canonical Jacquet-Langlands
functor [1]. More precisely, Scholze defines an exact covariant functor

Repsm
Fp

(G)→ Sh
Ä
(Pn−1

F̆
/D×)ét,Fp

ä

π 7→ Fπ

using the geometry of the Gross-Hopkins period map. For any π ∈ Repsm
Fp

(G), the
module

J i(π)
def
= Hi

ét(P
n−1
Cp

,Fπ)

is then naturally a smoothD×-representation. Scholze proved that if π is an admis-
sible G-representation, then each J i(π) is also an admissible D×-representation,
and J i(π) = 0 unless 0 ≤ i ≤ 2n− 2.

We prefer to package the J i’s into a single operation on the level of derived
categories. Since π 7→ Fπ is exact, this requires no extra effort: the functor F•

extends naturally to a triangulated functor

D(G)→ D
Ä
(Pn−1

F̆
/D×)ét,Fp

ä

V 7→ FV ,

and for any V ∈ D(G) we simply define

J (V ) = RΓ(Pn−1
Cp

,FV ) ∈ D(D×).

Of course, if π ∈ Repsm
Fp

(G) = D(G)♥ then Hi(J (π)) ∼= J i(π). Scholze’s results

on admissibility translate into the fact that J restricts to a functor Db
adm(G) →

Db
adm(D×), and one can then ask how this restricted functor interacts with duality.
In the context of mod-p representations of p-adic Lie groups, naive smooth

duality is essentially useless. However, for any p-adic Lie group H , Kohlhaase
has defined a (derived) duality functor SH � D(H) with excellent properties [4].
Our main result is that Kohlhaase’s duality interacts with the functor J in the
simplest possible way.

Theorem. For any V ∈ Db
adm(G), there is a natural isomorphism

(J ◦ SG)(V ) ∼= (SD× ◦ J )(V )[2− 2n](1− n)

in Db
adm(D×).

This result has several applications. To state them, recall first that any ad-
missible smooth Fp-representation π of a p-adic Lie group H has a canonically
associated Gelfand-Kirillov dimension dimH π ∈ Z ∩ [0, dimH ]. One immediate
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corollary of our result is that the functors J i(−) cannot increase the Gelfand-
Kirillov dimension by very much.

Theorem. Let π be an admissible smooth GLn(F )-representation, and let Nπ ≥ 0
be the least integer such that J i(π) = 0 for all i > Nπ. Then

dimD× J i(π) ≤ dimGLn(F )(π) +Nπ

for all i. In particular, since Nπ ≤ 2n− 2, we have

dimD× J i(π) ≤ dimGLn(F )(π) + 2n− 2

for all π and all i.

Note that the possible increase of dimension by 2n − 2 is rather small com-
pared to the maximal Gelfand-Kirillov dimension in this setting, which is dimG =
dimD× = n2[F : Qp].

Now we specialize to the case n = 2, but with F/Qp still arbitrary. Set d =
[F : Qp]. Let B ⊂ G = GL2(F ) be the upper-triangular Borel subgroup, with
T = F× × F× ⊂ B the diagonal maximal torus. Let ω : F× → F×

p be the
character defined as the composition

F×
NmF/Qp
−→ Q×

p

x 7→x|x|
−→ Z×

p
red
→ F×

p .

If χ1 ⊗ χ2 : T → Fp
×

is any smooth character, we can consider the smooth

induction π(χ1, χ2) := IndGB(χ1ω⊗χ2). This is irreducible iff χ1ω 6= χ2. Moreover,
SiG(π(χ1, χ2)) = 0 for all i 6= d,1 and π(χ1, χ2) and π(χ2, χ1) are swapped by the
functor SdG(−)⊗ (χ1χ2ω ◦ det).

Now let χ1 ⊗χ2 be a smooth character of T such that χ1χ
−1
2 6= ω±1. It is easy

to see that J 0(−) applied to either π(χ1, χ2) and π(χ2, χ1) is zero. Much less ob-
viously, by a result of Ludwig and Johansson-Ludwig [2, 3], it is known that J 2(−)
applied to either is also zero. With this in mind, we set τ(χ1, χ2) = J 1(π(χ1, χ2)).
The duality theorem then immediately implies the following dichotomy.

Theorem. Let χ1⊗χ2 be a smooth character of T such that χ1χ
−1
2 6= ω±1. Then

in the above notation, exactly one of the following two possibilities occurs.
i. τ(χ1, χ2) = τ(χ2, χ1) = 0.
ii. τ(χ1, χ2) and τ(χ2, χ1) are both nonzero, and are swapped by the functor

SdD×(−) ⊗ (χ1χ2ω ◦ Nm). Moreover, SiD×(−) applied to either is identically zero
for any i 6= d.

Finally, we specialize further to the case F = Qp (with p > 3). In this situation,
Paskunas has shown by global methods [5] that τ(χ1, χ2) and τ(χ2, χ1) cannot both
be zero! Combining this with the dichotomy estabilished in part ii. of the previous
theorem, we deduce the following.

Proposition. Let D/Qp be the quaternion division algebra with p > 3, and

let χ1 ⊗ χ2 : Q×
p × Q×

p → F×
p be any smooth character with χ1χ

−1
2 6= ω±1.

1Here and elsewhere, for any π ∈ Repsm
Fp

(H), we write Si
H

(π) for the ith cohomology of the

complex SH(π).
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Then τ(χ1, χ2) is a nonzero D×-representation with Gelfand-Kirillov dimension
one. Moreover, τ(χ1, χ2) admits no nonzero finite-dimensional H-stable quotient
representation for any open compact subgroup H ⊂ D×.

This last claim amounts to the statement that τ(χ1, χ2) is ”maximally non-
semisimple” in some precise sense.

The proof of the duality theorem crucially uses Mann’s p-adic six-functor for-
malism.
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Jussieu

Hirzebruch-Riemann-Roch for rigid analytic spaces

Dustin Clausen

(joint work with Peter Scholze)

Let F be a complete non-archimedean field of characteristic 0, let X be a smooth
and proper rigid analytic space over F , and let V ∈ Vect(X) be a vector bundle
on X . According to a theorem of Kiehl, the total cohomology

⊕i≥0H
i(X ;V )

is a finite-dimensional F -vector space. The individual dimensions dimF H
i(X ;V )

are important to compute, but it turns out that they depend on rather fine prop-
erties of the geometric input data (X,V ). In particular, they are not invariant
under deformations of (X,V ).

The situation improves if we pass to the Euler characteristic

χ(X,V ) :=
∑

i≥0

(−1)i dimF H
i(X ;V ).

This quantity is invariant under deformations, and it is therefore reasonable to ask
for a simpler formula for it, where the terms themselves are invariant under de-
formation, and indeed computable. This is provided by the Hirzebruch-Riemann-
Roch (HRR) formula, which says that

χ(X,V ) =

∫

X

ch(V ) · Td(TX).

To make sense of the right-hand side requires first of all choosing a cohomology
theory on smooth proper rigid analytic spaces over F . In principle everything I
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say should have an analog for whatever cohomology theory you like, but here let’s
use the simplest option: Hodge cohomology. This is defined as

⊕i≥0H
i(X ; Ωi)

where Ωi is the bundle of i-forms. It will be helpful to view this as the 0th

cohomology group of an object in the derived category of F -vector spaces, namely

Hdg(X) := RΓ(X ;⊕iΩ
i[i]).

The usual wedge product on differential forms supplies a multiplication on Hdg(X).
Next we recall what the Chern character ch(V ) ∈ H0 Hdg(X) and Todd class

Td(V ) ∈ (H0 Hdg(X))∗ of a vector bundle V ∈ Vect(X) are. First, these associa-
tions are functorial in (X,V ) with respect to pullback. Second, if

0→ V ′ → V → V ′′ → 0

is a short exact sequence of vector bundles, then the Chern character is addtitive
and the Todd class is multiplicative:

ch(V ) = ch(V ′) + ch(V ′′),

Td(V ) = Td(V ′) · Td(V ′′).

By the splitting principle for Hodge cohomology, this reduces the determination
of these classes to the case of V = L a line bundle, where they are given by:

ch(L) = ec1L,

Td(L) =
c1L

1− e−c1L
.

Here the first Chern class c1L is a class in the summand H1(X ; Ω1) of Hodge
cohomology, gotten from the map d log : Gm → Ω1 by applying H1 via the iso-
morphism Pic(X) = H1(X ;Gm). Since Ωi = 0 for i > dim(X), this class c1L
is nilpotent, and one should read the right-hand side of the above formulas as a
formal power series (with Q coefficients) in c1L. For example, Bernoulli numbers
appear in the Todd class.

Finally we should define the map∫

X

: H0 Hdg(X)→ F.

In fact, it comes from a map Hdg(X)→ F , defined as follows: take the composition

Hdg(X)→ Hd(X ; Ωd)→ F,

where the first map is projection onto the top-dimensional summand and the
second map is the trace map coming from Serre duality on X . For future ref-
erence, we note that this map Hdg(X) → F , composed with the multiplication
Hdg(X) ⊗F Hdg(X) → Hdg(X), gives rise to a self-duality on Hdg(X) ∈ D(F ),
as a consequence of Serre duality.

Now all of the terms in the HRR formula have been defined. Before describing
the method of proof, let me give some historical orientation. The HRR formula
in the context of smooth projective varieties over C was proved by Hirzebruch.
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Then it was proved for smooth projective varieties over an arbitrary field by
Grothendieck. Then it was proved for arbitrary smooth proper complex analytic
spaces by Atiyah-Singer. Then it was proved for smooth proper varieties over an
arbitrary field by Fulton.

As far as I’m aware, it had not been proved for smooth proper rigid analytic
varieties in general. The difficulty is that none of the above proofs can possibly
work in this context. Both Hirzebruch and Grothendieck crucially relied on an
embedding into projective space. Atiyah-Singer relied on the existence of an un-
derlying real manifold and applied their index theorem. Fulton relied on Chow’s
lemma to reduce to the projective case.

On the other hand, we have been developing condensed mathematics with a
special focus on analytic geometry, and we now have a substantial body of new
techniques and, more importantly, new definitions in this context. We viewed the
prospect of proving the HRR formula as a test of our formalism.

To describe our proof, let me start with a reminder about Grothendieck’s gener-
alization of HRR, since it is important for the proof to work with this generalization
even if we’re only interested in HRR itself. Grothendieck says we should focus on
the association V 7→ ch(V ), and extend it to a homomorphism

ch : K0(Perf(X))→ H0 Hdg(X),

where on the left-hand side we have the Grothendieck group of perfect complexes
on X .

Both K0(Perf(−)) and H0 Hdg(−) have both a natural pullback and a natural
pushforward functoriality for arbitrary maps f : X → Y of smooth proper rigid
spaces. For K0 Perf(−), these are simply induced by the corresponding pullback
and pushforward on the categorical level of perfect complexes. For H0 Hdg(X), or
indeed for Hdg(X) itself, the pullback is the natural one, and the pushforward can
be defined as the dual to the pullback, via the natural self-duality of Hdg(X) ∈
D(F ) coming from Serre duality.

Now, the point is that while the homomorphism ch is functorial with respect
to pullback, it is not functorial with respect to pushforward. The Grothendieck-
Riemann-Roch (GRR) theorem says that pushforward functoriality is salvaged if
we modify the pushforward on Hodge cohomology, by conjugating with the Todd
class of the tangent bundle. GRR applied to the map f : X → ∗ reduces to HRR.

Our method for proving the GRR theorem is to find a cohomology theory which
is somehow “halfway between” K(Perf(−)) and Hdg(X). More precisely, we factor
ch as

K(Perf(−))→ HHD�(F )(D
�(X))→ Hdg(X).

The middle cohomology theory HHD�(F )(D
�(X)) is based on our theory of de-

rived solid quasi-coherent sheaves, namely we take the Hochschild homology of
D�(X) relative to D�(F ).

Let us make precise what we mean by saying HHD�(F )(D
�(−)) lies halfway

between K(Perf(−)) and Hdg(X). First of all HHD�(F )(D
�(−)) also has pullback
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and pushforward functoriality, and just as for K(Perf(−)) these are formally in-
duced by pullback and pushfoward functorialities on categories. Moreover, the first
map above commutes with both pullback and pushforward, again for essentially
formal reasons. This is the sense in which the middle term is close to K(Perf(−)):
it has exactly the same functoriality.

On the other hand, the map HHD�(F )(D
�(X)) → Hdg(X) is actually an

isomorphism. This is a version of the Hochschild-Konstant-Rosenberg (HKR) the-
orem, and it gives the sense in which HHD�(F )(D

�(X)) is close to Hdg(X), al-
though they don’t have the same pushforward functoriality.

Given this, the GRR problem reduces to the following: we are given a coho-
mology theory with two different pushfoward functorialities, and we want to show
that they are in fact the same. The cohomology theory is Hdg(X); the first push-
foward functoriality comes from transporting that on HHD�(F )(D

�(X)) via the
HKR isomorphism, and the second pushfoward functoriality comes from conjugat-
ing the natural pushforward functoriality on Hdg(X) with the Todd class of the
tangent bundle.

To handle this situation we prove an abstract GRR theorem which says that,
under suitable axiomatics (notably including the presence of a Künneth formula),
to check that two different pushforwards on the same cohomology theory agree, it
is enough to check that they have the same Euler classes of line bundles. In our
present situation, this equality of Euler classes, and hence the GRR theorem, is a
trivial calculation which exactly reduces the definition of the Todd class.

Removing normalization from the construction of integral models of
Shimura varieties of abelian type, “motivically”

Yujie Xu

1. Introduction

Let (G,X) be a Shimura datum of Hodge type, i.e. it is equipped with an em-
bedding (G,X) →֒ (GSp(V, ψ), S±), where V is a Q-vector space equipped with
a symplectic pairing ψ. The embedding of Shimura data induces an embedding
of Shimura varieties ShK(G,X) →֒ ShK′(GSp, S±) for suitable choices of compact
opens K ⊂ G(Af ) and K ′ ⊂ GSp(Af ). For K ′ sufficiently small, the moduli in-
terpretation of the Siegel modular variety ShK′(GSp, S±) naturally gives rise to
an integral model SK′(GSp, S±). We consider the integral model SK(G,X) of
ShK(G,X) with hyperspecial (resp. parahoric) level structure at p, as constructed
in [6] (resp. [8]), which is initially defined as the normalization of the closure of
ShK(G,X) inside SK′(GSp, S±). In this report, we discuss the author’s recent
work [16], which shows that this construction can be simplified, in that the normal-
ization step is redundant, and that SK(G,X) is simply the closure of ShK(G,X)
inside SK′(GSp, S±).

The construction of smooth (resp. normal) integral models of Shimura varieties
plays an important part in the Langlands program, which seeks to describe the
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zeta function of a Shimura variety in terms of automorphic L-functions [13]. For a
more detailed historical exposition, see [6, 7]. On the other hand, special instances
of results such as Theorems 1, 2 and 3, to be presented in section 2, have been
useful in various other aspects of arithmetic geometry, e.g. in the construction of
p-adic L-functions using Euler systems techniques, in the arithmetic intersection
theory of special cycles on Shimura varieties and their integral models as in the
Kudla-Rapoport program, arithmetic Gan-Gross-Prasad Program etc.

2. Main Results

Our main theorem is the following, which is independent of the choice of symplectic
embeddings.

Theorem 1. [16] For K ⊂ G(Af ) small enough and hyperspecial, there exists
some K ′ ⊂ GSp(Af ), such that we have a closed embedding (“the Hodge embed-
ding”)

SK(G,X) →֒ SK′(GSp, S±)

More precisely, the normalization step SK(G,X)
ν
−→ S

−
K (G,X) is redundant as

the closure S
−
K (G,X) is already smooth.

We remark that experts have long known the finiteness of the Hodge morphism
SK(G,X) → SK′(GSp, S±) for PEL type SK(G,X). Indeed, the finiteness of
such morphisms boils down to the finiteness of certain H1

fppf (see [17] for details).
Note that for a general abelian type integral model, since the normalization step
really occurs in the construction of its Hodge type component, removing normal-
ization from the construction of Hodge type models also removes normalization
from the construction of any abelian type integral model.

We also state the following two analogues of our Theorem 1. Firstly, in the
case of parahoric integral models constructed in [8], we impose mild technical
assumptions from [19, 6.18]. We certainly expect this technical assumption from
loc.cit. to be eventually unnecessary in our Theorem below.

Theorem 2. Let GQp be residually split, and K a parahoric level structure. There
exists a closed embedding SK(G,X) →֒ SK′(GSp, S±) of integral models, for some
suitable K ′.
More precisely, the normalization step in the construction of SK(G,X) is redun-
dant as the closure S

−
K (G,X) is already normal.

The second analogue concerns toroidal compactifications of integral models of
Hodge type constructed in [14] (the PEL cases were constructed earlier in [10]).
Combining our main theorem 1 with an analysis as in [11] on the boundary compo-
nents of toroidal compactifications, one immediately obtains the following result.

Theorem 3. Let (G,X) be a Shimura datum of Hodge type. For each K ⊂ G(Af )
sufficiently small1, there exist collections Σ and Σ′ of cone decompositions, and

1For parahoric level, assume the same condition as in Theorem 2.
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K ′ ⊂ GSp(Af ), such that we have a closed embedding of toroidal compactifications
of integral models

S
Σ
K (G,X) →֒ S

Σ′

K′ (GSp, S±)

extending the Hodge embedding of integral models.
In particular, the normalization step is redundant, and S Σ

K (G,X) can be con-

structed by simply taking the closure of ShK(G,X) inside S Σ′

K′ (GSp, S±).

In particular, the Hodge morphism is a closed embedding in the PEL case2,
where we consider integral models constructed by Kottwitz [9] (resp. Rapoport-
Zink [15]). Note, however, that the Hodge embedding result holds even for “exotic”
PEL type integral models that are not covered by Kottwitz or Rapoport-Zink
PEL models–indeed, one can simply consider a moduli space for abelian schemes
equipped with an action by a non-maximal order OB, and the resulting integral
model is not necessarily flat (and the level structure may be deeper than parahoric),
but this exotic PEL model still embeds into a suitable Siegel integral model.

To see the result in this (broadly understood) PEL case, whether “exotic” or
not, recall that the Hodge morphism is simply given by forgetting the OB-action
on an abelian scheme A, where B is a semisimple Q-algebra attached to the PEL
moduli problem. Let T (p)(A) be the prime-to-p Tate module. For a point on
SK(G,X), the corresponding level structure

η : V ⊗ Apf
∼
−→ T (p)(A)⊗ Apf

is compatible with the OB-actions on both sides. This shows that the OB-action
on A is already determined by η, and hence the Hodge morphism is an embedding.
Strictly speaking, this argument only applies when we let the level structure away
from p go to zero, but it is not hard to deduce Theorem 1 from this (see [18] for
details).

In the general Hodge type case, the mod p points of the integral model SK(G,X)
can be interpreted as abelian varieties equipped with certain “mod p Hodge cycles”,
which come from reduction mod p of Hodge cycles in characteristic zero. These
mod p Hodge cycles are indeed motivated cycles in characteristic p in the sense of
[1, 2, 3]. We denote the mod p Hodge cycle at a mod p point x ∈ SK(G,X) by
a tuple (sα,ℓ,x, sα,cris,x), which is determined by either its ℓ-adic étale component
or its cristalline component (see Proposition below ). This is analogous to the
case of Hodge cycles in characteristic 0, which are determined by either their étale
components or their de Rham components [5].

More specifically, let S
−
K (G,X) be the closure of ShK(G,X) in SK′(GSp, S±).

By a criterion in [7] (resp. [19]), two mod p points x, x′ ∈ SK(G,X)(k) that
have the same image in S

−
K (G,X)(k) are equal if and only if sα,cris,x = sα,cris,x′ .

Therefore, to show that the normalization morphism is an isomorphism, it reduces
to proving the following statement on cohomological tensors:

Proposition. [16] sα,ℓ,x = sα,ℓ,x′ =⇒ sα,cris,x = sα,cris,x′ .

2This terminology can cause ambiguity. The reader should note that we mean Kottwitz’
(hyperspecial) or Rapoport-Zink’s (parahoric) PEL moduli problem.
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By a CM lifting result on SK(G,X) due to [7] (resp. [19]), these cohomological
tensors lift, up to G-isogenies, to Hodge cycles on CM abelian varieties. A key
observation is that when two mod p points x, x′ ∈ SK(G,X)(k) map to the
same image in S

−
K (G,X)(k), they can be CM-lifted using the same torus, whose

cocharacter induces the filtration on the Dieudonné modules D(Ax) = D(Ax′)
which then identifies the filtrations on the Dieudonné modules associated to CM-
liftable mod p points, giving rise to an isogeny in characteristic zero between the
two CM lifts. This observation allows us to match up the mod p cristalline tensors
using the input from ℓ-adic étale tensors, precisely due to the rationality of Hodge
cycles in characteristic zero and the existence of an isogeny lift in characteristic
zero.

It is worth pointing out that, in the case where the aforementioned cohomologi-
cal tensors are algebraic–for example, at points where the Hodge conjecture is true–
the family of Hodge cycles (tensors) sα that naturally lives over the Hodge type
integral model SK(G,X) becomes a flat family of algebraic cycles over SK(G,X).
In this case, sα,ℓ,x = sα,ℓ,x′ implies that the two algebraic cycles corresponding
to the two ℓ-adic cycles are ℓ-adic cohomologically equivalent, hence numerically
equivalent, and we only need to show that they are also cristalline-cohomologically
equivalent. Recall that the Grothendieck Standard Conjecture D says that nu-
merical equivalence and cohomological equivalence agree for algebraic cycles. The
proof of the Proposition thus follows from a cristalline realisation of this Standard
Conjecture D, for points on the integral model of Hodge type and their associated
cristalline tensors, which are mod p Hodge cycles.

In general, without the algebraicity of sα, the Proposition is essentially a weaker
form of a conjecture due to Yves André on the rationality of motivated cycles in
characteristic p > 0 [1, 3], which has implications for the Tannakian category
constructed by Langlands-Rapoport [12].

References
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Moduli spaces in p-adic non-abelian Hodge theory

Ben Heuer

1. Introduction

We report on work in progress on p-adic analogues of the moduli theoretic aspects
of the non-abelian Hodge correspondence:

For a smooth projective complex variety X and x ∈ X(C), the non-abelian
Hodge correspondence due to Corlette–Simpson is an equivalence of categories

Repf.d.
C (π1(X, x))

∼
←→

{
semistable Higgs bundles on X
with vanishing Chern classes

}

which on isomorphism classes induces a homeomorphism

MBetti(C)→MDol(C)

between the Betti and Dolbeault moduli space [6, §7].
If X is instead a connected proper smooth rigid space over a complete al-

gebraically closed non-archimedean extension K of Qp, with fixed base point
x ∈ X(K), one is led to ask whether there is an analogous equivalence

Repf.d.
K (πét

1 (X, x))
∼
←→

{
Higgs bundles on X

satisfying...??

}

where the category on the left is now given by the continuous finite dimensional
representations of the étale fundamental group. While an equivalence as above
is not yet known in general, instances of such functors have been constructed in
many special cases, starting with the works of Deninger–Werner [1], Faltings [2],
and more recently Liu–Zhu [4]. We note that the equivalence is in general expected
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to be non-canonical, namely it will depend on choices of a B+
dR/ξ

2-lift of X (related
to a splitting of the Hodge–Tate sequence of X) and an exponential on K.

Our goal is to show that there are also analogues of the homeomorphism of
moduli spaces, and that this can help study the open question what condition has
to be imposed on the “Higgs” side of the correspondence, as well as to give a more
canonical statement. Our basic idea is to find a non-abelian version of Scholze’s
pro-étale approach to the Hodge–Tate spectral sequence [5, §3]: For this one first
shows that for the projection of sites ν : Xproét → Xét there are isomorphisms

Riν∗O = ΩiX for all i ≥ 0

(up to a Tate twist which we ignore), then one considers the Leray sequence of ν.

2. v-vector bundles on X

On the “Betti” side of the correspondence, our key object of study will be vector
bundles on Scholze’s pro-étale site Xproét, i.e. locally free modules with respect to
the completed structure sheaf. This is because there is a fully faithful functor

Repf.d.
K (πét

1 (X, x)) →֒ VBv(X)

from the representations in question, which are “global” objects on X , to pro-étale
vector bundles, which we can study locally on X . It is constructed in terms of the
pro-finite-étale universal cover of X , which is a pro-étale πét

1 (X, x)-torsor

‹X → X,

by interpreting any continuous representation πét
1 (X, x) → GL(V ) on a finite di-

mensional K-vector space V as a descent datum for the vector bundle V ⊗K OX̃
on ‹X. This construction is essentially due to Faltings, as pro-étale vector bundles
are equivalent to his notion of “generalised representations”. Moreover, pro-étale
vector bundles on X are the same as v-vector bundles on (the diamond associated
to) X , which is the language we shall use in the following. But either category is
in general strictly bigger than the full subcategory of analytic vector bundles.

Towards the p-adic non-abelian Hodge correspondence, the general expectation
is now that this should be induced by an equivalence of categories

{
v-vector bundles on X

}
→

{
Higgs bundles on X

}
.

To get a moduli theoretic approach to this conjectural correspondence, we are
thus led to consider for any n ∈ N the following moduli functors fibred in groupoids,
defined on the category of affinoid perfectoid spaces over K:

Bunv,n : T 7→{v-vector bundles on X × T of rank n}

Higgsn : T 7→{Higgs bundles on X × T of rank n}

Here the notion of Higgs bundles on the adic space X × T requires some ex-
planation, because it requires a notion of Kähler differentials: To get a good local
definition of the latter, we introduce the category of smoothoid spaces, which
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consist of analytic adic spaces Y that locally admit a smooth morphism of adic
spaces to a perfectoid space over K. For any smoothoid adic space Y , we then set

ΩiY := Riν∗OY

where ν : Yv → Yét is the natural morphism of sites. On Y = X ×T one can show
that this agrees with the pullback of ΩiX , so gives a sensible notion of differentials.

Our first main result towards a p-adic Hodge correspondence is then:

Theorem 2.1. For any smoothoid space Y and n ∈ N, there is a canonical and
functorial isomorphism of sheaves of pointed sets on Yét

R1ν∗GLn(O)
∼
−→ (Mn(O) ⊗ Ω1

Y )∧=0/GLn(O).

Here the condition “∧ = 0” on the right is the Higgs field condition, so we can
think of the right hand side as the isomorphism classes of Higgs bundles on Y
up to sheafification. We therefore regard the theorem as a “sheafified non-abelian
Hodge correspondence”. This is closely related to Faltings “local correspondence”
(in a more general setting of smoothoids). The main difference of the above to
Faltings’ result is that it is completely canonical and functorial, at the expense
of forgetting about morphisms, i.e. only relating isomorphism classes. We will
now explain why this functoriality is enough to derive a much stronger, geometric
incarnation of the correspondence, in two special cases: line bundles and curves.

Before, we note that the theorem is also interesting for understanding the dif-
ference between étale and pro-étale vector bundles on adic spaces. For example,
it implies that the moduli functor Higgsn is a v-stack (for Bunv,n this is clear).

3. The case of Gm

In the case of GL1 = Gm, Theorem 2.1 says that there is an isomorphism

R1ν∗Gm = Ω1
Y .

Let us now for simplicity assume that X is projective, and switch from the moduli
stacks Bunn,v and Higgsn to the associated moduli functors Bunv,n and Higgsn
obtained by passing to sets of isomorphism classes and v-sheafifying. Explicitly,
for n = 1, this yields the v-Picard functor of X , namely the functor on perfectoid
test objects

Picv := Bunv,1 : T 7→ Picv(X × T )/Picv(T ).

We similarly define the étale Picard functor Picét using étale line bundles instead.
Then using Theorem 2.1, one can deduce the following (see [3] for more details):

Theorem 3.1. Both Picét and Picv are represented by smooth rigid group vari-
eties, and there is a short exact sequence in the étale topology

0→ Picét → Picv → H0(X,Ω1
X)⊗Ga → 0.

Choices of an exponential and a B+
dR/ξ

2-lift of X lead to a splitting on K-points.

This shows that Higgs1 and Bunv,1 can be regarded as twists of each other over
the base H0(X,Ω1)⊗Ga. This is the perspective which we expect to generalise.
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4. The Hitchin fibration

By a classical construction due to Hitchin, there is a natural morphism

H : Higgsn → Bn :=

n⊕

i=1

H0(X, SymiΩ1)⊗K Ga

defined by sending a Higgs bundle (E, θ) to the characteristic polynomial of θ. As
a consequence of Theorem 2.1, one can define an analogous morphism

‹H : Bunv,n → Bn

on the v-bundle side that we call the “twisted Hitchin fibration”. By restricting
to the locus of representations, we obtain a natural morphism of rigid spaces

‹H : Hom(πét
1 (X, x),GLn)→ Bn.

that is both an analogue of the Hitchin fibration and of the Hodge–Tate morphism.
Assume now that X is a curve of genus g ≥ 2. In this case, the Hitchin fibration

H is well known to be a Picard-torsor generically on Bn: More precisely, there is
a relative “spectral curve”

f : X → Bn

which has smooth connected fibres over a Zariski-dense open locus B◦
n. Let us

denote by X ◦, Higgs◦n, ... the respective fibres over B◦
n, then H◦ : Higgs◦n → B

◦
n

is a split torsor under PicX ◦|B◦
n,ét

, the relative étale Picard functor of f , which
agrees with the analytification of the algebraic Picard functor. Our main result is:

Theorem 4.1.

(1) Over the locus B◦
n, the twisted Hitchin fibration

‹H : Bun◦
v,n → B

◦
n

is a non-split PicX ◦|B◦
n,ét

-torsor.
(2) In particular, Bun◦

v,n is represented by a smooth rigid space.

(3) Any B+
dR/ξ

2-lift X of X induces an étale local system LX on B◦
n and a

canonical isomorphism of rigid spaces

Bun◦
v,n ×B◦

n
LX

∼
−→ Higgs◦n ×B◦

n
LX.

This is our desired geometric incarnation of the p-adic non-abelian Hodge cor-
respondence in terms of an isomorphism of rigid analytic moduli spaces. While we
do not know of any immediate analogue of this theorem in the complex setting, we
remark that any choice of an exponential on K induces a splitting of the morphism
LX → B◦

n on K-points, from which we obtain a homeomorphism

Bun◦
v,n(K)

∼
−→ Higgs◦n(K)

in close analogy to the complex case. In upcoming work, we will also investigate
the behaviour of the locus of representations under this isomorphism.
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Six operations and holonomicity for ÙD-modules on rigid
analytic spaces

Andreas Bode

1. Background

Let X be a smooth complex algebraic variety. The theory of DX -modules, modules
over the sheaf of differential operators on X , is an important and powerful tool in
geometric representation theory. Before turning to the p-adic analytic analogue,
we quickly summarize this complex algebraic picture.

There are three finiteness conditions we can consider in studying D-modules:
firstly, we can ask for coherence over DX . Secondly, we can use the fact that OX is
contained in DX and restrict to OX -coherent DX -modules. It can be shown that
an OX -coherent DX -module is the same as a vector bundle with an integrable
connection, so we will usually speak of ‘integrable connections’ rather than OX -
coherent DX -modules to simplify the terminology.

The third finiteness condition is in many ways the most remarkable: one can
develop a dimension theory for coherent DX -modules (for example, by interpret-
ing the homological grade as the codimension) and prove that for any non-zero
coherent DX -module M, we have dim(M) ≥ dimX (Bernstein’s inequality). We
say that a coherent DX -module M is holonomic if it is of minimal dimension, i.e.
if dim(M) ≤ dimX .

Any integrable connection is holonomic, so that we have the following inclusions:

{integrable connections} ⊂ {holonomic modules} ⊂ {coherent modules}.

The importance of the notion of holonomicity stems from the following result: we
can define six functors on the derived category Db(DX) – the tensor product ⊗L

OX
,

the duality functor D, and for any morphism f between smooth varieties the direct
image f+, the inverse image f+, and their ‘shriek’ versions f! and f !.

Theorem 1. Holonomicity is preserved by all six functors, i.e. each of the functors
preserves the full subcategory Db

hol(D).
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Moreover, when restricted to Db
hol(D), the six operations obey the usual laws

for composition, base change, projection and adjunction, turning this framework
into (a version of) a six functor formalism. In fact, if we impose additional reg-
ularity conditions, the Riemann–Hilbert correspondence (almost) identifies these
six functors with the ‘classical’ six functor formalism for constructible sheaves.

In the following sections, we discuss a p-adic analytic analogue of this theory by
providing a derived categorical framework in which all six functors can be defined,
and arrive at a suitable notion of holonomicity.

2. ÙD-modules on rigid analytic spaces

Now let K be a finite extension of Qp with valuation ring R and uniformizer
π ∈ R, and let X be a smooth rigid analytic K-variety. In [1], Ardakov–Wadsley

introduced the sheaf ÙDX , whose sections over affinoids are given by a Fréchet
completion of the usual ring of differential operators, and studied the abelian

category of coadmissible ÙDX -modules, which is a direct analogue of the category
of coherent D-modules in the algebraic theory.

For a sensible derived picture, we need to find a category which is retaining the
analytic flavour of the theory, so that e.g. the functor “⊗OX makes sense, while at
the same time exhibiting good behaviour from a homological standpoint, so that
a good theory of the derived category and derived functors exists. We propose for

this the category of complete bornological ÙDX -moduiles.

Definition. A (convex) bornology on a K-vector space V is a collection B of
‘bounded’ subsets such that

(i) {v} ∈ B for any v ∈ V .
(ii) B is closed under finite unions.
(iii) if B ∈ B and B′ ⊂ B, then B′ ∈ B.
(iv) if B ∈ B and λ ∈ K, then λ ·B ∈ B.
(v) if B ∈ B, then R · B ∈ B.

The notion of bornological vector spaces has been in use in functional analysis
for quite a long time, and recently Bambozzi, Ben-Bassat and Kremnitzer have
studied bornologies in the context of nonarchimedean analytic geometry, see [3].

We say that a bornological vector space is complete if its bornology is generated
by π-adically complete R-submodules. In particular, any complete bornological
vector space can be written as a colimit of Banach spaces, and the completed
projective tensor product of Banach spaces can be extended to give the category

B̂cK of complete bornological spaces a closed symmetric monoidal structure.

Moreover, B̂cK is a quasi-abelian category in the sense of Schneiders [7], so that
we can form its derived category. It has enough projectives, and its left heart (its
‘abelian envelope’) has enough injectives.

It is quite straightforward to verify that the Fréchet structure of sections of
ÙDX can be used to give ÙDX the structure of a sheaf of complete bornological K-

algebras. It follows that we can form the unbounded derived category D(B̂c(ÙDX))
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of complete bornological ÙDX -modules, on which analogues of all six functors can
be defined without any difficulty.

The following theorem ensures that Ardakov-Wadsley’s work fits into this frame-
work.

Theorem 2 ([4, Theorem 1.2]). Let X be a smooth rigid analytic K-space. Then
there is an exact fully faithful functor

{coadmissible ÙDX−modules} → B̂c(ÙDX).

3. C-complexes and holonomicity

The category D(B̂c(ÙDX)) is way too large to afford good behaviour under the six
functors, so we need to restrict to certain full subcategories playing the roles of
Db

coh(D) and Db
hol(D).

We first transpose the definition of coadmissibility to the derived setting. Let X

be a smooth affinoid. Then ÙD(X) ∼= lim
←−
Dn(X) for certain Noetherian Banach

algebras Dn(X), and a complete bornological ÙDX -module is coadmissible if and
only if it is obtained by glueing coherent Dn-modules. Analogously, the category

of C-complexes is defined to be the full subcategory of D(B̂c(ÙDX)) obtained by
glueing Db

coh(Dn) in a suitable sense. A bounded C-complex turns out to be the
same as a bounded complex with coadmissible cohomology, but we caution the
reader that unbounded C-complexes also exist.
The category of C-complexes behaves similarly to Db

coh(D) with respect to the six
functors.

Theorem 3 ([4, Theorem 1.3]). Let f : X → Y be a morphism between smooth
rigid analytic K-spaces.

(i) If f is smooth, then f ! preserves C-complexes.
(ii) If f is projective, then f+ preserves C-complexes.
(iii) D preserves C-complexes, and D2(M) ∼=M for any C-complex M.

Theorem 4 ([4, Theorem 7.12]). Let X be a smooth rigid analytic space, and let
f : X → Sp K be the structure morphism. Then

f+OX ∼= Rf∗(Ω•
X/K)[dimX ].

The theory of holonomicity turns out to be more subtle. While it is possible to

develop a dimension theory for coadmissible ÙD-modules and prove an analogue of
Bernstein’s inequality, the resulting modules of minimal dimension (which we call
‘weakly holonomic’) can be quite pathological (see [2]). We follow Caro’s strategy
for arithmetic F −D-modules ([5]) by introducing a notion of holonomicity which
has many stability properties already built into the definition.

Definition. We say that a C-complexM on a smooth rigid analytic K-variety X
is

(i) 0-holonomic if for any smooth f : X ′ → X and any divisor Z ⊂ X ′,
RΓZ(f !M) is a C-complex.
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(ii) n-holonomic if it is (n − 1)-holonomic, and for any f , Z as above,
DRΓZ(f !M), Df !M are (n− 1)-holonomic.

(iii) holonomic if it is n-holonomic for all n ≥ 0.

One of the main results of [2] is that any integrable connection is 0-holonomic,
and by reducing to the test case of smooth divisors it is then easy to prove that
the notion of holonomicity developed above is indeed reasonable.

Theorem 5. Any integrable connection is holonomic.

Using results on closed embeddings and several diagram chases, many stability
properties of holonomicity now become purely formal. We summarize everything
in a conjecture.

Conjecture.

(i) Holonomicity is stable under f !, f+, D, as well as f+ = f! whenever f is
projective.

(ii) Holonomicity is stable under tensor products “⊗L

OX
.

(iii) Holonomicity allows for the usual composition, bsae change and projection
rules.

(iv) Holonomic modules are algebraic (i.e. obtained from a coherent D-module
via completion) and weakly holonomic.

We remark that the restriction for direct images is necessary, as we have seen
above that f+OX need not be a C-complex in general. One expects however that
rather than requiring being projective, properness is enough.

Conjectures (i) and (iii) are fairly straightforward – we stress in particular
that no bornological subtleties arise as long as we remain within the realm of
C-complexes, so that everything can be done quite formally. The tensor product
of (ii) should be possible by mimicking Caro–Tsuzuki’s work in [6] and proving

that holonomic ÙDX -modules are ‘constructible’ out of suitable integrable connec-
tions. This would also provide finite length results which then resolve (iv) by
understanding the irreducible case.
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Geometrization of the local Langlands correspondence ([1])

Laurent Fargues

(joint work with Peter Scholze)

1. Semi-simple parameters

Let E be a non-archimedean local field with residue field Fq. Thus, either E is
a finite degree extension of Qp or Fq((π)). Let G be a reductive group over E.
Choose ℓ 6= p and let Λ be a Zℓ-algebra (with the assumption ℓ ≫ 0 with some
explicit bound when ℓ is not invertible). We denote LG for the Langlands dual
of G over Λ. Let π be a smooth representation of G(E) with coefficients in Λ
that is Schur irreducible i.e. End(π) = Λ. We construct its semi-simple Langlands
parameter

ϕπ : WE −→
LG

that is a pseudo-representation, not a “real morphism” in general, but a usual
semi-simple representation/parameter when Λ = Fℓ or Qℓ.

2. The stack BunG

To construct those Langlands parameters we need some geometry. For this let
PerfFq

be the category of Fq-perfectoid spaces equipped with the v-topology, an

analog of the fpqc topology. We note ∗ = Spa(Fq) for the final object of the v-
topos (that is not representable by a perfectoid space). We introduce the moduli
stack of G-bundles on the curve

BunG −→ ∗.

This sends S ∈ Perf
Fq

to the groupoid of principal G-bundles on XS where XS is

the “relative curve” attached to S, an E-adic space. More precisely, the collection
of curves (the one studied by Fargues and Fontaine) (Xk(s),k(s)+)s∈S attached to
each point s ∈ S and the associated perfectoid residue field k(s), can be “put in
family” as an E-adic space XS functorial in S. Here is the first result we obtain.

Theorem 1. The moduli space BunG is an Artin v-stack (ℓ-cohomologically)
smooth of dimension 0. More precisely, its diagonal is represented by a locally
spatial diamond and there exists a locally spatial diamond U together with a (ℓ-
coho.) smooth morphism U → BunG such that U → ∗ is (ℓ-coho.) smooth.

The geometry of BunG is described in the following way. Let us note Ĕ for
the completion of the maximal unramified extension of E with it’s Frobenius σ.
We denote B(G) = G(Ĕ)/σ-conjugation for the Kottwitz set of twisted conjugacy
classes, b ∼ gbg−σ, that can be identified with the set of isomorphism classes of

G-isocrystals. For each b ∈ G(Ĕ) we can construct a principal G-bundle Eb on XS .
Let us recall the following.
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Theorem 2 (Fargues-Fontaine, Fargues). If S = Spa(F, F+) is a geometric point
i.e. F is an algebraically closed perfectoid field, there is a bijection

B(G)
∼
−−→ H1

ét(XF,F+ , G)

[b] 7−→ [Eb].

Thus, we have
B(G) = |BunG|.

We obtain the following further results concerning the geometry of BunG.

Theorem 3.

(1) The first Chern class of a principal G-bundle is a locally constant function
with connected fibers. It induces a bijection

π0(BunG)
∼
−−→ π1(G)Γ

where π1(G) is Borovoi’s fundamental group and Γ = Gal(E|E).
(2) There is a “nice” Harder-Narasimhan stratification for which each stratum

is locally closed and the semi-stable locus, BunssG , is open.
(3) Each connected component contains a unique semi-stable point and we

have
BunssG =

∐

[b] basic

[
∗ /Gb(E)

]

where Gb for b basic is an inner form of G (G1 = G for example).
(4) More generally, for each [b] ∈ B(G), the associated HN-stratum is

[
∗ /‹Gb

]

where ‹Gb is a group diamond such that ‹Gb = ‹G0
b ⋊Gb(E) where Gb is an

inner form of a Levi subgroup of G∗ and ‹G0
b is a “unipotent diamond”, a

successive extension of positive Banach-Colmez spaces.

3. The triangulated category Dlis(BunG,Λ)

We define and study a triangulated category

Dlis(BunG,Λ)

that is Dét(BunG,Λ) when Λ is torsion and a subcategory of Dproét(BunG,Λ�)

(solid complexes) in general. For each [b] ∈ B(G) let us denote ib : [∗/‹Gb] →֒ BunG
for the inclusion of the associated HN stratum. There is then a functor

(ib)∗ : Dlis(BunG,Λ) −→ Dlis([∗/‹Gb],Λ) =︸︷︷︸
ℓ 6=p

D(Gb(E),Λ)

where D(Gb(E),Λ) is the derived category of smooth representations of Gb(E)
with coefficients in Λ.

In particular, via (i1)∗ and (i1)!, D(G(E),Λ) is a direct factor in Dlis(BunG,Λ).
Thus, we can see the “classical smooth representation theory of G(E)” as a “di-
rect factor” of Dlis(BunG,Λ). This is a general principle in our work. In some
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sense the good objects for the local Langlands program are not the usual smooth
representations of G(E) but rather objects of Dlis(BunG,Λ). In fact more general
notions from classical representation theory extend like the notion of admissible
and finite type representations. In fact we have the following theorem. We take
Λ = Qℓ to simplify.

Theorem 4. For A ∈ Dlis(BunG,Qℓ),

(1) A is a compact object if and only if it has finite support and for each
[b] ∈ B(G), (ib)∗A ∈ D(Gb(E),Λ) is bounded with finite type cohomology.

(2) A is ULA (universally locally acyclic) if and only if for each [b] ∈ B(G)
and K a compact open subgroup of Gb(E), [(ib)∗A]K is a bounded complex
of finite dimensional Qℓ-vector spaces.

(3) There is an involution DBZ : Dlis(BunG,Qℓ)
ω ∼
−−→ Dlis(BunG,Qℓ)

ω that
extends the usual Bernstein-Zelevinsky involution on Db(G(E),Qℓ).

4. The moduli of Langlands parameters

The other object that shows up in this work, after BunG, is

LocSys“G −→ Spec(Zℓ),

the moduli of Langlands parameters. One has

LocSys“G =
[
Z1(WE , “G)/“G]

where Z1(WE , “G) is an infinite disjoint union of finite type affine Zℓ-schemes.
Moreover, LocSys“G → Spec(Zℓ) is locally complete intersection of dimension 0. We
are mainly interested in Coh(LocSys“G), the bounded derived category of coherent
sheaves with quasicompact support and its subcategory Perf(LocSys“G) of perfect
complexes.

5. The spectral action

Using an enhanced version of Beilinson-Drinfeld/Vincent Lafforgue formalism of
factorization sheaves and a Geometric Satake correspondence for the BdR-affine
Grassmanian we obtain the following.

Theorem 5. One can construct a monoidal action of Perf(LocSys“G) on
Dlis(BunG,Zℓ).

This monoidal action allows us to construct the semi-simple Langlands param-
eters in families in the following way. We note Z for the center of a category. It
induces morphisms

O(Z1(WE, “G))
“G= Z(Perf(LocSys“G))︸ ︷︷ ︸

spectral stable center

−→ Z(Dlis(BunG,Zℓ)︸ ︷︷ ︸
geometric stable center

(i1)∗

−−−−→ Z(D(G(E),Zℓ))︸ ︷︷ ︸
classical Bernstein center

.

The composite of those two morphisms constructs the semi-simple local Langlands
correspondence.
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6. The geometrization conjecture

We finally state the categorical form of the geometrization conjecture. For this we
suppose that G is quasi-split. Let U be the unipotent radical of a Borel subgroup

and ψ : U(E)→ Z
×
ℓ be a non-degenerate character. We note

Wψ = (i1)!
(
c-ind

G(E)
U(E) ψ

)
,

the so-called Whittaker sheaf. We note F ∗A for the spectral action of F on A.

Conjecture. The functor

Perf(LocSys“G/Zℓ) −→ Dlis(BunG,Zℓ)
ω

F 7−→ F ∗Wψ

extends to an equivalence

CohNilp(LocSys“G/Zℓ)
∼
−−→ Dlis(BunG,Zℓ)

compatible with the spectral action.

In the preceding the index “Nilp” means Arinkin-Gaitsgory singular support
condition. This means that the singular support of our complexes is contained in
the nilpotent cone, the case when this is in the zero set inside the nilpotent cone
being the subcategory Perf(LocSys“G). In our situation this condition becomes
automatic when we invert ℓ but we need it if we work integrally.
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A comparison theorem for ordinary p-adic modular forms

Ana Caraiani

(joint work with Elena Mantovan, James Newton)

Let G = GL2/Q, with the standard Borel subgroup B = T ⋉N ⊂ G. Assume that
K = KpKp ⊂ G(Af ) is a sufficiently small compact open subgroup. Let YK/Q be
the modular curve of level K, with (minimal) compactification XK . Let C be the
completion of an algebraic closure of Qp. Faltings’s Hodge–Tate decomposition [7]
gives a short exact sequence

0 → H
1(XK,C , ω

−k(−D))(k + 1) → H
1
et,c(YK,C ,Zp)⊗Zp C → H

0(XK,C ,Ω1
⊗ ω

k) → 0,

where k ≥ 0, Vk is the local system on YK corresponding to the representation
Symk(Z2

p) of Kp, ω is the usual automorphic line bundle on XK , and D is the
divisor of the cusps. This short exact sequence, which relates the étale and coherent
cohomology of modular curves, admits a Hecke and Galois equivariant splitting,
and there are also versions for usual and interior cohomology. In this talk, I
described how to obtain an integral version of the Hodge–Tate decomposition for

https://arxiv.org/abs/2102.13459
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families of ordinary p-adic modular forms, interpolating both the weight k and the
level Kp.

Assume that Kp = G(Zp) from now on. To interpolate the étale cohomology
groups of YK with compact support, one considers the following ordinary completed
cohomology group, which was originally introduced by Hida:

(1) ‹H1,ord
c := lim

←−
n

Ç
lim
−→
m

H1
et,c(YK1(pm),Q,Z/p

n)ord
å
.

Here, we let K1(pm) := {k ∈ K | k ≡ ( 1 ∗
0 1 ) (mod pm)}, and the superscript ord

denotes the ordinary part, which can be obtained by applying Hida’s idempotent to
the cohomology group at each finite level. This cohomology group is a p-adically
admissible representation of T (Zp) and can also be recovered as the (derived)
ordinary part functor, as defined by Emerton [6], applied to the full completed
cohomology of the modular curve with tame level Kp.

Later, it will be convenient to view (1) as a module over the Iwasawa algebra
Λ := Zp[[T (Zp)]] - in some sense, we work on a “dual side”. Explicitly, we set
Λn := Λ⊗Z/pn and define a functorMn, taking smooth representations of T (Zp)
with Z/pn-coefficients to Λn-modules, given by H 7→ Mn(H) := HomΛn(H∨,Λn).
We define

(2) M̃1
c := lim←−

n

Mn

Ä‹H1,ord
c /pn

ä
.

Using the fact that the ordinary part of cohomology with compact support is

concentrated in degree 1, one can show that M̃1
c is a finite projective Λ-module.

To interpolate the coherent cohomology groups on either side of Faltings’s de-
composition, one considers Hida theory (for coherent cohomology in degree 0) and
higher Hida theory (for coherent cohomology in degree 1), as recently defined by
Boxer–Pilloni in the case of the modular curve [2]. For this, we consider the ordi-
nary locus Xord (at level K) as a formal scheme over Spf Zp; it is in fact affine.
Over it, one can construct the Igusa tower, a pro-étale T (Zp)-torsor π : Ig→ Xord

obtained by trivialising the graded pieces of the slope filtration of the universal
p-divisible group. We also have a diagram

(3) Ig

p1
~~⑦⑦
⑦⑦
⑦⑦
⑦

p2

  
❅❅

❅❅
❅❅

❅

Ig Ig

,

where p1 = ‹F is (up to an isomorphism) the “canonical lift” of the relative Frobe-
nius, and where p2 is an isomorphism. We have the cohomological correspondence
Up = 1

p tr‹F : p∗2OIg → p!1OIg and we set

H0 := H0(Ig,J )Up−ord, with J ⊂ OIg the ideal of the cusps.

The space of global sections of Ig is what Hida calls the space of p-adic modular
forms, and we are restricting to the subspace of cusp forms that are also ordinary
at p. On the dual side, we have the universal character κ : T (Zp) → Λ×, which



Non-Archimedean Geometry and Applications 279

induces the sheaf ωκ := π∗(J ⊗Zp Λ)T (Zp) on the ordinary locus Xord. We obtain
a finite projective Λ-module

M0 := H0(Xord, ωκ)Up−ord ≃ lim
←−
n

Mn(H0/pn).

The module M0 interpolates the spaces of ordinary p-adic cusp forms of vary-
ing weights (which are recovered by specialising the universal character), and its
finiteness over Λ is not immediate: it follows from classicality in weight k ≥ 3.
Projectivity is easier to establish: it follows from the affineness of Xord.

In [2], Boxer and Pilloni define a second Λ-adic family using higher coherent
cohomology. One can reverse the roles of the two projections in diagram 3 and

obtain the cohomological correspondence ‹F : p∗1OIg → p!2OIg. We consider

H1
c := H1

c (Ig,J )
‹F−ord,

using Hartshorne’s definition of coherent cohomology with compact support, and,
dually,

M1
c := H1

c (Xord, ωκ)
‹F−ord ≃ lim←−

n

Mn(H1
c /p

n).

Using affineness and classicality in weight k ≤ −1, Boxer and Pilloni show that
M1
c is a finite projective Λ-module.

Theorem 1. Set ΛOC := Λ⊗̂ZpOC . There is a Hecke-equivariant short exact
sequence of finite projective ΛOC -modules

0→M1
c ⊗̂ZpOC

(1)
−→ M̃1

c ⊗̂ZpOC
(2)
−→M0⊗̂ZpOC → 0,

where the map (1) is equivariant with respect to the map that sends t =
(
t1 0
0 t2

)
∈

T (Zp) to tw0 =
(
t2 0
0 t1

)
and the map (2) is equivariant with respect to the map that

sends t ∈ T (Zp) to t21κ(t).

Remark.

(1) Theorem 1 was originally proved by Ohta in [8] and reproved by Cais [4],
but, in our set-up, the connection to higher Hida theory is more direct.

(2) After inverting p, one can consider the finite slope case, which is more
general than the ordinary, slope = 0 case. In this case, one can describe
finite slope p-adic modular forms defined using modular symbols in terms
of Coleman (map (2), due to [1] and [5]) and higher Coleman theory (map
(1), more recently defined and studied by Rodŕıguez Camargo [9]).

To establish Theorem 1, we first construct a sequence of morphisms

(4) H1
c ⊗̂ZpOC → ‹H1,ord

c ⊗̂ZpOC → H0⊗̂ZpOC .

For this, we apply a version of Scholze’s primitive comparison (almost) isomor-

phism ‹H1,ord
c ⊗̂ZpOC

a
≃ H1

qproet(XN(Zp), Î
+), where XN(Zp) = lim

←−N(Zp)⊂Kp
XKpKp

as diamonds. We then use the Hodge–Tate period map π : XN(Zp) → |P
1/N(Zp)|

at this intermediate level and pull back the Bruhat decomposition from P1/N(Zp).
We obtain a decomposition of XN(Zp) into a closed, anti-canonical subset, and an
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open neighbourhood of the canonical locus. The morphisms in (4) arise from the
corresponding long exact sequence for cohomology in a closed subset. The dy-
namic of the Hecke operator Up simplifies this long exact sequence when taking
ordinary parts, and a comparison result in the style of Bhatt–Morrow–Scholze [3]
allows us to recover the coherent cohomology of the Igusa tower. Finally, to prove
that the dual sequence is (almost) exact, one uses the classicality results in weight
k ≥ 3 for M0 and in weight k ≤ −1 for M1

c .
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Huber’s GOS-formula and dimensions of representations of
quaternion algebras

Johannes Anschütz

(joint work with Arthur-César Le Bras)

Let p be a prime and let E be a local field with residue field Fq of characteristic p.

Let Perf
Fq

be the category of perfectoid spaces over Fq. To any S ∈ Perf
Fq

let XS

be the relative Fargues–Fontaine curve associated with S and E. We let Bun be
the small v-stack on PerfFq

sending S to the groupoid of vector bundles on XS .

Assume now that S is a small v-stack and E ∈ Bun(S) fiberwise of positive
slopes. Then we define the “positive Banach–Colmez space” BC(E) associated
with E as the small v-sheaf over S by

(T → S) 7→ H0(XT , ET ),

and the “negative Banach–Colmez space” BC(E∨) via

(T → S) 7→ H1(XT , E
∨
T ).

There exists a natural pairing

α : BC(E) × BC(E∨)→ [S/E]
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because the stack [S/E] indentifies with the stack of extensions of O by O. Given
a non-trivial character ψ : E → Λ, where Λ = Fℓ with ℓ 6= p, the pullback α∗Lψ
of the associated local system Lψ on [S/E], serves as the kernel for a “Fourier
transform”

Fψ : Dét(BC(E),Λ)→ Dét(BC(E∨),Λ).

Theorem 1 (A.-Le Bras). The functor Fψ is an equivalence, commuting with
Verdier duality.

The statement holds more generally for a class of “flat coherent sheaves” on the
Fargues–Fontaine curve (still of fiberwise positive slopes), and then generalizes

Ramero’s Fourier transform for the adic affine line A1,ad
Cp

.

The rest of the talk focused on the case that E = O(1) for S = Spd(Fq). As1

BC(O(1)) ∼= Spd(Fq((t)))

the fibers of the Fourier transform are computed by compactly supported cohomol-
ogy of sheaves on the open, rigid-analytic unit disc DC for some non-archimedean,
algebraically closed field C/Fq. Theorem 1 implies that the stalks of the Fourier
transform of an object A ∈ Dét(BC(O(1)),Λ) with perfect stalks, are again perfect.
The example of BC(O(1)) is particularly interesting as

(BC(O(1)) \ {0})/E× ∼= Div1
Fq

:= Spd(Ĕ)/ϕZ

and Λ-local systems L on Div1
Fq

are equivalent to Λ-representations of the Weil

group WE of E. Pulling back L to BC(O(1)) \ {0}, then !-extending to BC(O(1))

and doing the Fourier transform yields an object B̃ ∈ Dét(BC(O(−1),Λ), which
naturally descents to an object B ∈ Dét(BC(O(−1))/E×,Λ). Now,

BC(O(−1)) \ {0}/E× ∼= BC(O(1/2)) \ {0}/D×

for the divison quaternion algebra D over E. If L is of dimension 2 and irre-
ducible, then Fargues’ conjecture and results of Frenkel/Gaitsgory/Vilonen on the
geometric Langlands correspondence for GLn suggest that the restriction of B to
the punctured BC-space descents further to [Spd(Fq)/D

×] and corresponds there
to the Jacquet-Langlands correspondent πσ of the local Langlands correspondent
of the Weil representation σ associated with L.

Theorem 2 (A.-Le Bras). Assume L is irreducible of rank 2. If Bx is the stalk
of B for a geometric point x : Spd(C,OC)→ BC(O(1/2)) \ {0}/D×, then Bx[1] is
concentrated in degree 0 and has dimension dimΛ(πσ).

If the Swan conductor sw(σ) of σ cannot be lowered by twisting with a character,
then more concretely

dimΛ(πσ) =

®
2qsw(σ/2 if sw(σ) is even,

(q + 1)qsw(σ)/2−1/2 if sw(σ) is odd.

1Here Fq((t)) should better be replaced by the field of norms for the completed maximal

abelian extension of E.
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The proof of this theorem applies Huber’s Grothendieck-Ogg-Shafarevich formula
to the punctured open rigid-analytic unit disc D∗

C to reduce the question to a
determination of Swan conductors near the origin and the boundary, and then
uses Ramero’s result on convexity of the discriminant function of a local system
to calculate these Swan conductors. To get an expression in terms of the Swan
conductor sw(σ) (and not just in terms of the Swan conductor of σ|Gal(E/Eab) via

the field of norms) we then use results of Fontaine–Wintenberger to analyze how
the Swan conductor changes under the field of norms construction.
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[3] Johannes Anschütz and Arthur-César Le Bras. A fourier transform for banach-colmez spaces.

arXiv preprint arXiv:2111.11116, 2021.

Mod-p Poincaré Duality in p-adic Analytic Geometry

Bogdan Zavyalov

We discuss the proof of the mod-p Poincaré Duality for p-adic rigid-analytic va-
rieties. For the rest of the report, we fix a non-archimedean field K of mixed

characteristic (0, p), and denote its completed algebraic closure by C = “K.

Theorem 1. Let X be a smooth and proper rigid-analytic variety of pure dimen-
sion d. Then there is a trace map tX : H2d(XC ,Fp(d))→ Fp that induces a perfect
pairing

Hi(XC ,Fp)⊗Fp H2d−i(XC ,Fp(d))
∪
−→ H2d(XC ,Fp)

tX−−→ Fp

for every i ≥ 0.

Remark 2. The trace map tX was already constructed by Berkovich in [1], it was
also shown that tX is always surjective. However, it seems difficult to establish
Theorem 1 by the methods of that paper.

A version with Qp-coefficients and K discretely valued was established in [5].

The essential idea of the proof is to reduce Theorem 1 to almost duality for
O+/p-coefficients. More precisely, using the trace map defined by Berkovich, we
can assume that K = C is algebraically closed. Then one can use the primitive
comparison theorem

Hi(X,Fp)⊗Fp OC/p ≃
a Hi(X,O+

X/p)

to reduce the question to showing that the complex RΓ(X,O+
X/p(d))[2d] is almost

dual to RΓ(X,O+
X/p). We show this by choosing a formal OC -model X with the

mod-p fiber X0 and writing

RΓ(X,O+
X/p) ≃ RΓ(X0,Rν∗O

+
X/p)

where ν∗ : (Xproet,O
+
X/p)→ (X0,OX0) is the natural morphism of ringed sites.
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This approach gives us the opportunity to study RΓ(X,O+
X/p) in two steps:

first understand the “p-adic nearby cycles” Rν∗O
+
X/p, and then understand the

effect of RΓ(X,−). It turns out that Rν∗
(
O+
X/p

)
is of “coherent flavour”, so one

can apply coherent methods (such as Grothendieck Duality) to study the effect of
RΓ(X0,−) on Rν∗

(
O+
X/p

)
.

In order to make sense of this “coherent flavour”, we need to introduce almost
coherent sheaves:

Definition. Let X be a finitely presented OC-scheme. An OX-module F is almost
coherent if mC⊗F is quasi-coherent and there is an open affine covering X =

⋃
I Ui

such that F(Ui) is almost finitely presented over OX(Ui) (in the sense of [4]).

Theorem 3.

(1) If X = SpecA, the global section functor

Γ(X,−) : Modqc,acohX →ModacohA

induces an equivalence between quasi-coherent, almost coheret modules and
almost coherent A-modules.

(2) (Quasi-coherent) almost coherent OX-modules form a Weak Serre subcat-
egory of all OX -modules.

(3) If f : X → Y a proper morphism of finitely presented OC-schemes, the
derived pushforward functor Rf∗ carries D+

qc,acoh(X) to D+
qc,acoh(Y ).

(4) If X is a proper, finitely presented OC-scheme with a formal p-adic com-

pletion “X. Then the pullback functor Lc∗ induces an equivalence

Lc∗ : Dqc,acoh(X)→ Dqc,acoh(“X)1.

(5) If f : X → Y is a morphism of separated, finitely presented OC-schemes.
Then the twisted inverse image functor f ! : D+

qc(Y ) → D+
qc(X) induces a

functor
f ! : D+

qc,acoh(Y )→ D+
qc,acoh(X).

Using Theorem 3, we can show that the “p-adic nearby cycles” are almost
coherent:

Theorem 4. Let X be a rigid-analytic space of dimension d with an admissible

formal OC-model X . Then mC ⊗ Rν∗O+/p ∈ D
[0,d]
qc,acoh(X0).

Remark 5. Somewhat surprisingly, the hardest part of Theorem 4 is to show
that Rν∗O+/p is almost concentrated in degrees [0, d]. This step uses the stronger
version of the almost purity theorem from [3]. This bound will be crucial in the
proof later.

Using Theorem 3(5) (applied to the structure morphism f0 : X0 → Spec (OC/p)),
the adjunction (Rf0,∗, f

!
0), and Theorem 4 one easily sees that almost duality for

RΓ(X,O+
X/p) follows from the following theorem:

1With the appropriate definition of almost coherent modules on a formal scheme “X.
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Theorem 6. Let X be a smooth rigid-analytic space of pure dimension d, and X
its formal OC-model. Then there is an almost morphism

TrF,X0 : Rν∗O
+
X/p→ ω•

X0
(−d)[−2d]

(called Faltings’ trace map) that induces an almost perfect pairing

Rν∗O
+
X/p⊗

L
OX0

Rν∗O
+
X/p

∪
−→ Rν∗O

+
X/p

TrF,X0−−−−→ ω•
X0

(−d)[−2d].

The proof of Theorem 6 has two essentially independent steps: the first one
is to construct Faltings’ trace map, and the second is to show that it induces an
almost perfect pairing. For the first step, one uses degree bound from Theorem 4
to argue that it suffices to construct an almost morphism

Rdν∗O
+
X/p→ ωX0(−d)

where ωX0 := H−d(ω•
X0

) is the dualizing sheaf ofX0. Then one shows that it suffices

to construct Faltings’ trace map integrally, i.e. an almost morphism Rdν∗“O+
X →

ωX (−d). Up to some (ζp−1)-torsion issues, the desired morphism was constructed
in [2] on the smooth locus X sm, and in [6] on the generic fiber. Then one uses
the reduced fiber theorem, and an “extend from codimension-2” type argument to
construct the desired morphism on the whole formal scheme X .

To show that TrF,X0 induces an almost perfect pairing, we do an explicit compu-
tation with continuous group cohomology on polystable formal models, and then
reduce to the case of polystable models via the following Meta-Theorem.

Meta-Theorem 7. Suppose we want to prove some claim P(X,X ) for all pairs
of a smooth rigid-analytic space X and its formal model X . Then it suffices to :

(1) show that P(X,X ) is étale local on X ;
(2) descends through rig-isomorphisms X ′ → X ;
(3) descends through “nice” finite group quotients X ′ → X , i.e. X = X ′/G

for an OC -action of a finite group G on X such that the action is free on
the adic generic fiber;

(4) show that P(X,X ) holds for X that is a finite product of standard semi-
stable formal schemes Spf OC〈T0, . . . , Tn〉/(T0 . . . Tm−π) for some integers
m ≤ n and π ∈ OC \ {0}.
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Specialization for the pro-étale fundamental group

Piotr Achinger

(joint work with Marcin Lara, Alex Youcis)

1. The étale fundamental group

The story starts with the following problem, addressed by Grothendieck in [6,
Exposé X]: In a family of algebraic varieties, how does one compare the (étale)
fundamental groups of the fibers? More precisely (and preparing the statements
slightly to suit are needs), let K be a field which is complete with respect to a rank
one valuation, with O ⊆ K its valuation ring and k = O/m its residue field, and
let X be a proper O-scheme with nonempty connected fibers. A geometric point
xK ∈ X(K) comes from a unique element xO ∈ X(O) (O being the valuation
subring of K), which then induces a point xk ∈ X(k) where k is the residue field
of O and also an algebraic closure of k. Then, there is a continuous specialization
homomorphism

sp: πét
1 (XK , xK) −→ πét

1 (Xk, xk).

If X is flat over O and is either normal or its special fiber is reduced, then the
map sp is surjective. The latter statement is aptly called the ‘semicontinuity
theorem’ by Grothendieck. He also shows a ‘continuity theorem,’ which addresses
the question whether sp is an isomorphism if K = K and X is in addition smooth
over O (answer: it is after prime-to-p completion).

2. The pro-étale fundamental group

In situations of geometric interest (e.g. semistable curves) one often has to deal
with X as above where the special fiber Xk is not normal, and which (therefore)
might admit natural covering spaces which are not seen by its étale fundamental
group. For a concrete example (to be referenced several times below), let us
consider a cubic X ⊆ P2

O such that XK is smooth while Xk is isomorphic to
P1
k with 0 and ∞ identified. Let Y be an infinite chain of Yn = P1

k’s indexed
by n ∈ Z, where we identify 0 in Yn with ∞ in Yn+1. There is a natural étale
map Y → P1

k = Xk which looks very much like a covering space, and in fact is a
Z-torsor and satisfies the valuative criterion for properness. That said, it does not
fit into the framework of the étale fundamental group because it is not of finite
type.

In order to treat such coverings, one may use the pro-étale fundamental group
πproet
1 (X, x) of a connected locally topologically Noetherian scheme X introduced

by Bhatt and Scholze [4]. Its definition is based on the category CovX of geometric
coverings of X , which are étale maps Y → X satisfying the valuative criterion of
properness. The base point x induces a fiber functor Fx : CovX → Sets, and
one defines πproet

1 (X, x) as the automorphism group of this functor, endowed with
the topology coming from the compact-open topologies on the infinite symmetric
groups Aut(Fx(Y )) for all objects Y of CovX . The theorem here is that the pair
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(CovX , Fx) is a tame infinite Galois category, which basically means that the fiber
functor induces an equivalence

Fx : CovX
∼
−→ πproet

1 (X, x)-sets

where the target is the category of discrete sets with a continuous action of
πproet
1 (X, x). The profinite completion of πproet

1 (X, x) is πét
1 (X, x).

The chain of P1’s mentioned above is thus an example of a geometric covering,
and in fact (if k = k) it is the “universal covering” of the nodal curve Xk, so

that πproet
1 (Xk) ≃ Z. In fact, non-normality of Xk is crucial here: if X is a

geometrically unibranch locally Noetherian scheme, then geometric coverings are
disjoint unions of finite étale coverings, and hence πproet

1 (Xk) ≃ πét
1 (Xk), so this

group is profinite. We also note that, unlike in our motivating example, general
geometric coverings are not disjoint unions of finite étale coverings étale locally
on the base, already for X being the union of two copies of Gm glued together at
a point.Related to this is the fact that πproet

1 (X) is in general not a pro-discrete
group, but what is called a Noohi topological group.

Coming back to Grothendieck’s specialization map, one might ask naively if
there is a similarly defined continuous specialization homomorphism

πproet
1 (XK , xK)

?
−→ πproet

1 (Xk, xk),

compatible with the version for πét
1 . Unfortunately, the answer is no, already in

the case of our degenerating cubic! Indeed, the target is the discrete group Z (if k
is algebraically closed) and the source is profinite (as XK is normal). If the map
is continuous, it has to have compact image, and hence would have to be trivial.
But, the specialization map for πét

1 is nontrivial in this case, contradiction.

3. The de Jong fundamental group

The proposed way of clarifying this issue employs formal and rigid geometry. In
fact, formal geometry is present already in the construction of Grothendieck’s
specialization map. If we denote by FEtX the category of finite étale coverings
of a (formal) scheme X , then in the situation of §1 the crucial point is that the
inclusion i : Xk → X induces an equivalence

i∗ FEtX
∼
−→ FEtXk

.

Composing its inverse with the restriction FEtX ≃ FEtXK , we obtain a functor
FEtXk

→ FEtXK which then induces a map on fundamental groups in the reverse
direction. However, in order to prove that i∗ is an equivalence, one introduces

the formal scheme “X, the formal completion of X with respect to the topology on
O. Then, the topological invariance of the étale site easily gives FEt

X̂
≃ FEtXk

,
while Grothendieck’s existence theorem (which applies since X is proper) gives
an equivalence FEtX ≃ FEt

X̂
. In the example of the Z-cover of the nodal cubic

Xk, we still obtain a Z-cover of the formal scheme “X , but since it is infinite the
existence theorem does not apply. However, we can still take its rigid-analytic
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generic fiber, obtaining an étale space over “Xrig, which in fact is the famous Tate
uniformization of the rigid elliptic curve Xan

K !
Therefore we begin to suspect that the “correct” analog of the specialization

map with target πproet
1 (Xk) should have as a source some kind of π1 of the rigid-

analytic generic fiber. Fortunately, such a theory has been developed by de Jong [5]
(in the context of Berkovich spaces). Let X be a rigid-analytic space over K (or an
adic space locally of finite type over Spa(K)). A de Jong covering is an étale map
Y → X such that X admits an open covering by partially proper open (i.e. wide
open) subsets Xi ⊆ X with the property that Y ×XXi is the disjoint union of finite

étale coverings of Xi for all i. De Jong (essentially) proved that the category CovdJ
X

of de Jong coverings of X , together with a fiber functor induced by a geometric
point x, is a tame infinite Galois category if X is connected. We therefore obtain
a Noohi topological group πdJ

1 (X, x) which we call the de Jong fundamental group.
Variants of de Jong’s fundamental group were recently introduced in [2, 3].

4. The results

We are now able to state our main result:

Theorem 1 ([1]). Let X be a formal scheme locally of finite type over O.

(a) If Y → X is an étale map of formal schemes whose special fiber Yk → Xk

is a geometric covering, then its rigid generic fiber Yrig → Xrig is a de
Jong covering.

(b) Consequently, if Xk and Xrig are both connected and non-empty, and if
xrig is a geometric point of Xrig specializing to a geometric point xk of Xk,
we obtain a continuous specialization homomorphism

sp: πdJ
1 (Xrig, xrig) −→ πproet

1 (Xk, xk).

(c) The map sp has dense image if X is moreover η-normal (i.e. if X is flat
over O and OX is integrally closed in OX ⊗O K).

Part (a) (of which (b) is a formal consequence) is at least a bit surprising.
Indeed, as we have noted before, a geometric covering Yk → Xk does not have to
split into the disjoint union of finite étale coverings étale locally on Xk. Therefore
there is a priori no reason why Yrig → Xrig should split even locally on Xrig, not
to mention the “wide open” condition in the definition of a de Jong covering. The
key idea in the proof is that the tubes (preimages under the specialization map) of
the irreducible components Zi of Xk form a wide open cover Xi of Xrig. Therefore,
if these components are normal (or geometrically unibranch), then Yk → Xk is the
disjoint union of finite étale coverings, and then the same holds for the restriction
of Yrig → Xrig to Xi. (An important role in this argument is played by fact that
Xi is the rigid generic fiber of the non-adic formal scheme obtained by completing
X along Zi.)

In order to make use of the previous paragraph, one has to deal with non-normal
irreducible components of Xk. To this end, we need to perform some admissible
blowups of X . Unfortunately, we do not know if there exists an admissible blowup
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X ′ → X such that the irreducible components of X ′
k are normal, even if X it-

self is normal. However, what saves us is the key following technical auxiliary
result: There exists an admissible blowup X ′ → X such that for every irreducible
component Z ′ of X ′

k with image Z in Xk, the map Z ′ → Z factors through the
normalization of Z.

Part (c) of the theorem is an analog of Grothendieck’s semicontinuity theorem.
As the groups in question are no longer compact, it is difficult to find a criterion for
surjectivity (for profinite groups dense image means surjective). For dense image,
the criterion is that if Y → X is étale and Yk → Xk is a connected geometric
covering, then Yrig is connected. Using idempotents, it is trivial to see that this
is the case if Y is η-normal. So to prove (c), one needs to show that if Y → X is
étale and X is η-normal, then so is Y . Proving this is a bit technical, especially
in the non-noetherian case, and relies on a version of Serre’s normality criterion.
Namely, X is η-normal if and only if it is flat over O, its local rings at the generic
points of Xk are valuation rings, and for every (equiv. for some) pseudouniformizer
π ∈ O, the scheme X ⊗O/π has no embedded points (a function which vanishes
on a dense open has to be zero).
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The residually wild locus for an étale morphism of adic spaces

Katharina Hübner

(joint work with Michael Temkin)

Let (k, k+) be a nonarchimedean field (whose valuation is allowed to be trivial).
We consider an étale morphism f : X → Y of smooth adic spaces over k. For a
point x ∈ X mapping to y ∈ Y the residue field extension k(x)/k(y) is a finite
separable extension of valued fields. The ramification behaviour of the extensions
k(x)/k(y) for varying x encodes information about an extension of f to a morphism
of formal models X → Y. In most situations nice formal models are not available
without assuming resolution of singularities and singular models are difficult to
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handle. By examining the residue field extensions k(x)/k(y) instead of working
with a model, we can avoid using resolution of singularities in many cases.

Let us assume that the residue characteristic of k+ is p > 0. If the morphism
f : X → Y is residually tame (i.e. all residue field extensions k(x)/k(y) for x ∈ X
are tame), the locus Rf of all x ∈ X where k(x)/k(y) ramifies is a skeleton of f . In
case of wild ramification, however, the residual ramification locus Rf is expected
to be much bigger. For curves over an algebraically closed field, the residually
wild ramification locus has been described by Adina Cohen, Michael Temkin, and
Dmitri Trushin in [1]. It is a radial subset with respect to an appropriate skeleton,
i.e. can be thought of as a tubular neighbourhood of the skeleton.

The goal of this project is to understand the residual ramification behaviour
of f : X → Y for higher dimensional spaces over fields that are not necessarily
algebraically closed. We expect that the residually wild ramification locus is either
empty or large in an appropriate sense. A first step in this direction is the following
theorem. Before we state it let us recall that a divisorial point of X is a point

such that the residue field extension ˜k(x)/k̃ (of the extension of valuation rings
k(x)+/k+) has transcendence degree dimxX (or dimxX− 1 if |k×| = {1}). These
are the points that correspond to irreducible components of the special fiber of
some model X/k+ of X .

Theorem 1. Let f : X → Y be an étale morphism of smooth adic spaces over k.
Then the residually wild locus Rf is either empty or contains a divisorial point.

The theorem tells us that we can read off wild ramification at divisorial points
and do not need to deal with more complicated valuations. It is proved by first
reducing to the case of a finite étale morphism of degree p of curves. If the base
change of f to the algebraic closure of k stays ramified, we can use the description
of Rf for curves over algebraically closed fields. However, it can also happen
that this base change is unramified. For this case we prove a version of local
uniformization over perfectoid fields that are not necessarily algebraically closed.
We then show that we can find a perfectoid field k′ over k such that the base
change of f to k′ stays ramified. What remains is a direct computation on discs
and annuli.

As an application of the theorem we answer the following question by Hélène
Esnault: Let Y be a smooth scheme over a field k of positive characteristic. Let
X → Y be a finite étale galois morphism that is curve tame (i.e. the base change
to any curve is tame, see [2]). Then does f extend to a map f̄ : X̄ → Ȳ of
normal compactifications wich is numerically tame (i.e., for every point x ∈ X̄ the
inertia group Ix has order prime to p)? A positive answer is given in [2] under the
assumption of resolution of singularities. Using the above theorem we are able to
prove the statement without this assumption.
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Semistable Higgs bundles in p-adic non-abelian Hodge theory

Matti Würthen

We reported on work in progress on a fundamental open problem in the p-adic
Simpson correspondence.

Let X be a connected smooth projective variety over Cp. The p-adic Simpson
correspondence aims to relate Higgs-bundles on X to vector bundles on the pro-
étale site, i.e. locally free sheaves over the completed structure sheaf ÔX on
Xproét. The pioneering work was done by Faltings [4], which has been extended
by Abbes-Gros and Tsuji [1] and recently by Wang [13] in the general context of
rigid analytic spaces, building on work of Liu-Zhu [11].

Let LF (ÔX) be the category of finite locally free sheaves over the completed

structure sheaf ÔX on the pro-étale site Xproét. Denote by πét1 (X) = πét1 (X, x)
the étale fundamental group of X with respect to some chosen base point x. By
the so-called primitive comparison theorem of Faltings-Scholze, LF (ÔX) contains
the category Repcont

πét
1 (X)

(Cp) of continous representations of the étale fundamental

group on finite dimensional Cp-vector spaces as a full subcategory. Naturally, one
may ask which Higgs-bundles lie in the essential image of Repcont

πét
1 (X)

(Cp) under

the p-adic Simpson correspondence. In analogy to the complex situation, one
may hope that the essential image consists of the semistable Higgs-bundles with
vanishing Chern classes (here meant to be l-adic Chern classes).

An attempt to relate πét1 (X)-representations to vector bundles (with vanishing
Higgs-field) was first undertaken by Deninger and Werner (see [2] and [3]). In
particular, they obtained the following: Let E be a vector bundle which admits
an integral model E over an integral model X of X , such that the special fiber E ⊗
OCp/m is a numerically flat vector bundle. Then there is a πét1 (X)-representation
associated to E. The work of Deninger-Werner is compatible with the p-adic
Simpson correspondence, which was first shown by Xu for curves in [15]. The
work has also been generalized to arbitrary rigid spaces in [14]. Recent work of Xu
[16] on curves also indicates that - using so called twisted pullbacks - one might
even hope to be able to reduce the problem for general Higgs-fields to the problem
of finding models with numerically flat reduction.

Unfortunately, finding models which have numerically flat reduction seems to
be very difficult in general. For plane curves, examples have been constructed in
[5].

In general, stronger results have been obtained in the case of Higgs line bundles
[6] and for Higgs bundles on abeloid varieties [7].

For smooth algebraic varieties in characteristic p, Ogus and Vologodsky [12] have
introduced a correspondence between Higgs bundles (more precisely so-called PD-
Higgs bundles) and bundles with flat connections (whose p-curvature extends
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to an F -PD-Higgs field). Using this work, Lan-Sheng-Zuo [10] have introduced
the notion of strongly semistable Higgs bundles (henceforth called LSZ-strongly
semistable). In the case of bundles with vanishing Chern classes on a projective
variety over a finite field, these are Higgs bundles which initiate a so-called prepe-
riodic Higgs-de-Rham flow. It was shown by Lan-Sheng-Zuo [10][Theorem 6.5] and
independently by Langer that on a projective smooth variety over a finite field any
semistable nilpotent Higgs bundle with vanishing Chern classes of small rank < p
is LSZ-strongly semistable. Note that in particular every semistable vector bun-
dle of rank < p with vanishing Higgs field is thus LSZ-strongly semistable (even
though it may not be strongly semistable (i.e. numerically flat) in the classical
sense as a vector bundle).

The goal of our work is to prove that Higgs bundles are associated to πét1 (X)-
representations in the good reduction case, if they admit an integral model whose
special fiber is LSZ-strongly semistable with vanishing Chern classes. In this way
we can in some cases simultaneously extend the approach of Deninger-Werner to
Higgs-bundles, while avoiding the problem of finding models with numerically flat
reduction.

More precisely, we are able to prove the following.

Theorem. Let k be a finite field and let X be a smooth projective scheme over
W (k) and denote by K the fraction field of W (k). Let further (E , θ) be a Higgs
bundle on X , such that the reduction (E, θ)k is nilpotent of level < p and LSZ-
strongly semistable with vanishing Chern classes. Then (E , θ) ˆ̄K

corresponds to a

πét1 (X)-representation via the p-adic Simpson correspondence.

Assume that (E, θ) is a semistable Higgs-bundle on the generic fiber X of X .
By a general version of Langton’s theorem (by Langer [8]), it is always possible
to find an integral model of (E, θ) on X , whose reduction to the special fiber
Xk is semistable (in fact, local freeness of the integral model is non-obvious, but
assured in our situation by [9][Theorem 2.2]). As mentioned above, by results of
Lan-Sheng-Zuo/Langer, any nilpotent semistable Higgs bundle of rank < p with
vanishing Chern classes on Xk is strongly semistable. This leads to the following.

Corollary. Let k be a finite field and let X be a smooth projective scheme
over W (k) and denote by K the fraction field of W (k). Let further (E, θ) be a
semistable Higgs bundle of rank < p with vanishing Chern classes on X, such that
(E, θ) admits an integral model, whose Higgs-field is nilpotent modulo p. Then
(E, θ) ˆ̄K

corresponds to a πét1 (X)-representation.
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δ-Forms on Lubin–Tate space

Andreas Mihatsch

Let X/Z be a regular, proper, flat and generically smooth scheme. In Gillet–Soulé’s
formulation of Arakelov theory, arithmetic cycles on X are defined as pairs (Z, g),
where Z is a cycle on X in the algebraic sense and g a Green current on X (C) for
Z(C). The intersection product of two such pairs is defined scheme-theoretically
in the Z-component and analytically (⋆-product) in the g-component.

A folklore expectation is that the employed complex-analytic theory of forms
and currents has an analog on non-archimedean analytic spaces. Presumably,
this will alleviate the need for integral models in the above definition. Namely,
instead of X and Z, one could then consider smooth, proper varieties X/Q and
tuples (Z, (gp)p), where Z is a cycle on X and gp a Green current on the p-adic
analytification Xan

p for Zan
p .

A candidate definition for a suitable theory of differential forms has been put
forth by Chambert-Loir–Ducros [1]. Let, from now on, (k, v) denote a non-
archimedean, additively valued field and X/k a non-archimedean space in the
sense of Berkovich. Any tuple of invertible functions f = (f1, . . . , fn) ∈ OX(U)×

defines a continuous map

v(f) =
(
v(f1), . . . , v(fn)

)
: U → Rn.

Given a (p, q)-form α on Rn in the sense of Lagerberg [5], Chambert-Loir–Ducros
define a pullback (p, q)-form v(f)∗(α). Sheafifying this construction gives rise to
smooth differential forms on X . These behave a lot like their complex analytic
counterparts. We mention that Gubler–Jell–Rabinoff [3] have recently expanded
this formalism by considering pullbacks ψ∗(α) for more general ψ : U → Rn.
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The subtlety of Chambert-Loir–Ducros’ definition lies with the fact that the
sheafification is performed on the topological space of X , while constructions in-
volving formal models are usually G-local. Thus arises the need to also incorpo-
rate piecewise smooth functions and forms into the theory. To this end, Gubler–
Künnemann [4] have introduced their so-called δ-forms. Roughly speaking, these
enrich smooth forms by pullbacks v(f)∗(T ) of tropical cycles T on Rn. The differ-
ential calculus of δ-forms is then developed in terms of tropical intersection theory
on Rn.

During my talk, I presented a new definition of δ-forms and an application to
intersection theory on formal schemes. These were taken from [7] and [8]. Assume
for this that X is of pure dimension d and without boundary. To any tuple
f = (f1, . . . , fn) ∈ OX(U)× as above, Ducros [2] has associated the skeleton

Σ(U, f) =
¶
x ∈ U | tr.deg

Ä
k̃
Ä
f̃x
ä
/k̃
ä

= d
©
.

Here, k̃ denotes the graded residue field of k and k̃
Ä
f̃x
ä

the graded extension

generated by the graded residue classes of the germ of f in x. By results of [1],
[2] and [3], it is naturally a weighted piecewise linear space of pure dimension
d. Furthermore, the distinguished piecewise linear functions v(fi), i = 1, . . . , n,
satisfy a balance condition which makes it into a tropical space. It is then possible
to define pullbacks v(f)∗(α)|Σ(U,f) as polyhedral currents on Σ(U, f), meaning as
linear combinations of polytopes on Σ(U, f) with differential form coefficients.

Definition ([8, Def. 4.2]). A δ-form on X is the datum of polyhedral currents
(ωΣ)Σ=Σ(V,g), for varying open subsets V ⊆ X and tuples of invertible functions
g on V , such that every point has a neighborhood U as well as f and α as before
with ωΣ = v(f)∗(α)|Σ for every Σ ⊆ U .

Example. Most importantly, every piecewise smooth function φ : X → R is a
δ-form. This means that φ is continuous and G-locally smooth in the sense of
Chambert-Loir–Ducros. If, for example, X/Ok is a formal model and L a line
bundle on X , then its generic fiber L/X is equipped with a piecewise smooth
metric | · |. There is a differential calculus for δ-forms that allows to define the
curvature c1(L, | · |), which is a δ-form of degree (1, 1). The corresponding Monge–
Ampère measure c1(L, | · |)d is explicitly computed as a certain polyhedral current
on a suitable skeleton Σ.

My results on intersection theory are motivated by the following complex-
analytic example. Consider the function φ = log |z21 + . . .+ z2r | on Cr \ {0}. Then
ω = (−1)rφ(∂∂̄φ)r−1 is a Green current for {0}, meaning here that

∫
ω ∧ (∂∂̄ρ) =

ρ(0) for every compactly supported smooth function ρ.
Let Z = V (f1, . . . , fr) ⊆ X be the closed subspace defined by a regular sequence

f1, . . . , fr ∈ OX . The non-archimedean analog of the above function is

φ := min{v(f1), . . . , v(fr)} : X \ Z → R.

It is piecewise smooth and, in particular, a δ-form. Put ω = (−1)r−1φ(d′d′′φ)r−1.
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Theorem ([8, Thm. 5.5]). The δ-form ω is a Green current for Z. More precisely,
for every compactly supported δ-form η of degree (d− r, d− r),

∫

X\Z

ω ∧ (d′d′′η) = −

∫

Z

η.

In some cases, this formalism can reproduce intersection numbers from for-
mal schemes. Assume for this that k is discretely valued with uniformizer π and
v(π) = 1. Let X/SpfOk be a local, flat formal scheme with generic fiber X
that is formally of finite type and separated. Let Z = V (f0, . . . , fd) ⊆ X be an
artinian closed formal subscheme that is defined by a regular sequence. Define
φ = min{v(f0), . . . , v(fd)} and ω as before. Then [8, Thm. 5.9] states

(∗) lenOk

(
OZ

)
=

∫

X

ω.

Originally, my search for such a result was motivated by an intersection prob-
lem in Lubin–Tate formal deformation spaces. Consider for this an unramified
quadratic extension E/F of p-adic local fields and some h ≥ 1. Then there is a
closed immersion N → M of the Lubin–Tate space for height h and field E into
that for height 2h and field F , namely the map forgetting the OE -action. The
dimension of N is h, exactly half the dimension of M. The units O×

D of the ring
of integers in a division algebra of Hasse invariant 1/2h act on M and one may
define an intersection number for γ ∈ O×

D,

Int(γ) := lenOF̆
ON∩γN ∈ Z≥1 ∪ {∞}.

It is finite for generic γ, which is the case of interest. Since both M and N are
regular and local, N is defined by a regular sequence and (∗) may be applied. It
is then possible to evaluate the integral in (∗) explicitly, cf. [8], and to recover the
following formula for Int(γ), which is due to Q. Li.

Theorem (Q. Li [6]). There is a constant c that only depends on F and h such
that for all generic γ,

Int(γ) = c

∫

GL2h(OF )

|Res(Pγ , Pg)|
−1 dg.

Here, Res(Pγ , Pg) denotes the resultant of certain polynomials one attaches to γ
and g. I refer to [6] and [8] for further details.
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Duality for the proétale p-adic cohomology of analytic spaces

Pierre Colmez

(joint work with Sally Gilles, Wies lawa Nizio l)

Let K be a finite extension of Qp and let C be the completion of K.

The geometric proétale cohomology of an open annulus. Let YK be an
open annulus defined over K and set YC := YK × C. Then, Kummer theory or
syntomic computions give, for k ∈ Z,

Hi
proét(YC ,Qp(k)) ≃





Qp(k) if i = 0,

Qp(k − 1)⊕ (O(YC )/C)(k − 1) if i = 1,

0 if i ≥ 2

To define the cohomology with compact support, let us first define the boundary
∂YC of YC as lim

←−X
YC \ X , where X runs over quasi-compact subspaces of YC

(hence O(YC) = lim−→X
O(YC \X)). This is the disjoint union of two “ghost circles”.

Then, define RΓproét,c(YC ,Qp(k)) as the fiber of the map RΓproét(YC ,Qp(k)) →
RΓproét(∂YC ,Qp(k)). The usual long exact sequence gives isomorphisms

H1
proét,c(YC ,Qp(k)) ≃ Hi−1

proét(∂YC ,Qp(k))/Hi−1
proét(YC ,Qp(k))

from which one gets:

Hi
proét,c(YC ,Qp(k)) ≃





Qp(k) if i = 1,

Qp(k − 1)⊕ O(∂YC)/C2

O(YC)/C (k − 1) if i = 2,

0 if i 6= 1, 2

which does not look too good for a duality between cohomology and cohomol-
ogy with compact support. Nevertheless, (O(∂YC)/C2)/(O(YC)/C) is naturally
the C-dual of O(YC)/C by Serre duality (but not its Qp-dual since C is infinite
dimensional over Qp).

The arithmetic case. One can use Hochschild-Serre spectral sequence to com-
pute the cohomology of YK from the cohomology of YC , and Tate’s results that
Hi(GK , C(j)) = K if j = 0 and i = 0, 1 and Hi(GK , C(j)) = 0 if j 6= 0 or i 6= 0, 1
(here GK = Gal(K/K)). A case by case inspection, using Poitou-Tate duality
between Hi(GK ,Qp(j)) and H2−i(GK ,Qp(1− j)) shows that H4

proét,c(YK ,Qp(2))

= Qp and H4−i
proét,c(YK ,Qp(2−k)) is the Qp-dual of Hi

proét(YK ,Qp(k)). This leads
to the following conjecture:

Conjecture. Let YK be a partially proper analytic space (or a dagger space)
defined over K, smooth, connected, of dimension d. Then:
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(i) H2d+2
proét,c(YK ,Qp(d+ 1)) = Qp.

(ii) Hi
proét(YK ,Qp(k)) × H2d+2−i

proét,c (YK ,Qp(d + 1 − k)) → Qp is a duality of
topological Qp-vector spaces.

Remark.

(i) The conjecture is true if YK is proper thanks to the recently proved
Poincaré duality for proper analytic spaces over C (proofs by L. Mann
and by B. Zavyalov).

(ii) The conjecture is perhaps overoptimistic for topological reasons in the
general case (one should probably phrase it using condensed mathematics
of Clausen and Scholze), but we have the following result.

Theorem. The conjecture is true in dimension 1.

The geometric case. For a proper curve,

Hi
proét(YC ,Qp(1))×H2−i

proét,c(YC ,Qp(1))→ Qp(1)

is a perfect duality. In the case of the open annulus appearing above there seems
to be a mixing of Qp-duality and C-duality as well as a shift of cohomological
degrees.

Now, Qp and C are C-points of BC’s (which are sums of copies of Ga “up to
finite dimensional Qp-vector spaces”), namely Qp is the C-points of Qp and C is
the C points of Ga. In this category (or even in the bigger category of VS’s in
which finite dimensionality is dropped), one has

HomVS(Qp,Qp(1)) = Qp(1) Ext1VS(Qp,Qp(1)) = 0

HomVS(Ga,Qp(1)) = 0 Ext1VS(Ga,Qp(1)) = C

This leads to the following conjecture:

Conjecture. Let Y be a partially proper analytic space (or a dagger space) defined
over C, smooth, connected, of dimension d. Then:

RΓproét(Y,Qp(j)) ≃ RHomVS(RΓproét,c(Y,Qp(d+ 1− j)),Qp(1))[+2d]

Theorem. The conjecture is true in dimension 1.

Remark.

(i) If Y is proper, all spaces are finite dimensional over Qp and the statement
is true (with usual duality) by the above mentionned results of Mann and
of Zavyalov.

(ii) In order to make sense of the conjecture, one has to “geometrize” p-adic
proétale cohomology to turn it into VS’s. This is done in [2] where a
“geometrized” comparison theorem with syntomic cohomology is also es-
tablished.

(iii) Using the point of view on BC’s developped in Le Bras’s thesis, one can
express everything that comes out of syntomic cohomology in terms of co-
herent cohomology of complexes of sheaves on the Fargues-Fontaine curve
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XFF. This suggests an ad hoc definition for RHomVS which, actually, was
proved to be correct recently by Anschütz and Le Bras [1].

(iv) Using these tools, the proof for curves is rather straightforward, and prob-
ably extends, at least locally, to higher dimension.
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Institut de Mathématiques de Jussieu
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Université Paris XIII
99, avenue Jean-Baptiste Clement
93430 Villetaneuse Cedex
FRANCE

Prof. Dr. Ruochuan Liu

School of Mathematical Sciences/Peking
University
No. 5 Yiheyuan Road, Haidian District
Beijing 100 871
CHINA

Prof. Dr. Francois Loeser
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