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Abstract. The conference was in the area of geometric group theory, the
field of mathematics in which one studies infinite groups (finitely generated, or
more generally locally compact, countable etc.) via actions on spaces endowed
with various structures (geometric, measurable, analytic etc.). The surging
current activity in the field is drawing more and more connections with other
mathematical areas, and this was successfully reflected in the program of this
week, during which problems in algebraic topology, representation theory and
functional analysis, to name just a few, featured prominently alongside core
topics in the area.
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Introduction by the Organizers

During this meeting, a good balance was found between reporting on the most
recent advances on classical questions of geometric group theory, and on work at
the boundary with other fields, either on relevant problems coming from those
fields or on tools and ideas newly imported from geometry and analysis to resolve
core problems in group theory.

In the first setting, many questions are motivated by the fact that hyperbolic
groups can be seen as generalizations of free groups, and a focus on this idea
prompts many natural questions of an algebraic nature. A fundamental result
from this perspective is that a hyperbolic group admits many quotients, often
hyperbolic themselves. This raises the problem of understanding the full range of
possible quotients (equivalently, the range of normal subgroups), investigating the
residual properties of the group. Another source of questions, more related to the
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geometry of (the Cayley graphs of) finitely generated groups, is the study of the
growth of elements counted according to their length, of isoperimetric problems
and of boundaries of groups.

While such basic questions are for the most part solved in the Gromov hyper-
bolic setting, they are open and considerably more difficult when dealing with
weaker forms of hyperbolicity and non-positive curvature. The study of such con-
ditions is motivated both by analogies with classical cases, such as non-uniform
lattices of hyperbolic spaces, and by the fact that they are satisfied by a wealth
of new classes of discrete groups, that are not Gromov hyperbolic but have some
hyperbolic features. It turns out that it is often best to define weakened notions
of hyperbolicity in terms of actions on suitable spaces rather than via the intrinsic
large scale geometry of the group itself.

The same analogy with classical cases (e.g. finitely generated groups of matri-
ces and, more specifically, arithmetic subgroups of Lie groups) leads to beautiful
and deep problems such as establishing the validity of Kazhdan’s famous property
(T), the study of amenability, for both groups and specific actions, and variants
of the Tits alternative (asserting that a group is either virtually solvable or con-
tains a non-abelian free subgroup). All these questions make sense for important
classes of groups such as mapping class groups MCG(Σ) of surfaces, groups of
outer automorphisms Out(Fn) of non-abelian free groups and isometry groups of
(possibly exotic) buildings. The common feature of these situations is that one
can no longer rely on the linearity of the groups and more geometric arguments
and tools must be used instead.

An important current trend in the field is the tendency to consider questions
or use tools of a more analytic nature. For instance, there is great interest in
strengthening property (T) by investigating the existence of fixed point properties
for affine actions on more general Banach spaces, rather than just Hilbert spaces –
this is an important topic in the field of rigidity theory of group actions. The use
of operator algebras to define new invariants for groups is likewise an important
approach to many questions, from the viewpoint of group (co)homology and alge-
braic or differential topology. Similarly, ideas from probability theory at various
levels, for instance Markov chains on groups or invariant random subgroups (i.e.
probability measures on the compact space of closed subgroups of a group) play
an increasingly prominent role in geometric group theory. All of this was well
illustrated in the list of the 25 talks given during the week.

We had 50 participants (37 in person and 13 remote) from a wide range of countries,
and 25 official lectures.

The staff in Oberwolfach was—as always—extremely supportive, courteous and
helpful.

We are very grateful for the additional funding for 3 young PhD students and
recent postdocs through Oberwolfach-Leibniz-Fellowships. We think that this pro-
vided a great opportunity for these students to be immersed in main trends of the
area at an early stage in their career.
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We believe that the meeting was a great success; many colleagues were delighted
to have an in-person meeting, the first in many months for some of them. Each
lecture was an opportunity for the speaker to present a high level result. The
liveliness of the question sessions and of the more informal conversations during
breaks and in the evening showed clearly that talks were dealing with up-to-date
questions and suggesting important directions for further research.
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Abstracts

Hyperbolic Kazhdan groups with large finite simple quotients

Pierre-Emmanuel Caprace

(joint work with Martin Kassabov)

Recall that a discrete group G is said to satisfy Kazhdan’s property (T) if there
is a non-empty finite subset Q ⊂ G and a constant ε > 0 such that the following
condition is satisfied by every unitary representation π of G: if there is a vector
v such that ‖π(q)v − v‖ < ε‖v‖ for all q ∈ Q, then G fixes a non-zero vector
w. Historically, the first known examples of discrete groups with property (T),
highlighted by Kazhdan himself, were lattices in simple Lie groups of rank ≥ 2, see
[7]. Incidentally, these lattices are arithmetic groups by a theorem of Margulis, and
their finite quotients are subjected to stringent restrictions, namely the Congruence
Subgroup Property (Serre’s conjecture on this subject is still incompletely resolved,
see [9] for a short survey). In view of this historical background, and because of
known rigidity properties of Kazhdan groups (see [1, Th. 1.2.5]), it is tempting to
believe that property (T) yields restrictions on finite quotients on a general basis.
For that reason, the construction of a Kazhdan group with finite simple quotients
of Lie type and arbitrarily large rank, established by M. Kassabov in [6], came as
a surprise. As of today, our knowledge of Kazhdan groups with large finite simple
groups remain limited. Until recently, the only known family of Kazhdan groups
mapping to Alt(d) for infinitely many values of d is given by Aut(Fn) for all n ≥ 4
(see [5, 8] for property (T) and [8] for the alternating quotients).

In this talk, we presented another family of Kazhdan groups mapping having
large finite simple quotients. Those groups have the additional feature of being
Gromov hyperbolic. The following result describes some of them.

Theorem 1 (Caprace–Conder–Kaluba–Witzel [2]). Let p be an odd prime. The
group

Gp = 〈a, b, c | ap, bp, cp, [a, b, b], [b, a, a],[c, a, c], [c, a, a, a], [c, a, a, c]
[c, b, c], [c, b, b, b], [c, b, b, c]〉

is infinite hyperbolic.
For each p ≥ 7, it has property (T) (while for p = 3 it does not).
For each p ≥ 3, it maps onto SL2d(p) or Sp2d(p) for infinitely many d’s.

The following result affords additional finite simple quotients of the group Gp.

Theorem 2 (Caprace–Kassabov [3]). For each prime p ≥ 7 and each prime ℓ,
the group Gp maps onto Alt

(
(p3ℓ − p3)/ℓ

)
.

The proof of the latter indirectly relies on the Classification of the Finite Sim-
ple Groups (CFSG). Indeed, we show that Gp maps onto the group of tame auto-
morphisms of the polynomial ring R = Fp[X,Y, Z] generated by α : (X,Y, Z) 7→
(X + Y, Y, Z), β : (X,Y, Z) 7→ (X,Y + Z,Z) and γ : (X,Y, Z) 7→ (X,Y, Z +X2).
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The group Aut(R) is well known to be residually finite: finite quotients are af-
forded by permutation actions on the affine spaces k3 for each finite extension k
of Fp. Indeed there is a natural identification k3 = Hom(R, k), and the group
Aut(R) acts on the latter set by precomposition. Observe that the Aut(R)-action
commutes with the natural Aut(k)-action. Moreover, restricting the action from
Aut(R) to Gp, one observes that the subset F 3 is stabilized for each intermediate
field Fp ⊆ F ⊆ k. A key point in the proof of Theorem 2 consists in showing that
if p ≥ 7 and if the degree ℓ = [k : Fp] is prime, then the induced Gp-action on the
orbit space (k3 \F3

p)/Aut(k) is 6-transitive. On the other hand, the CFSG implies
that every 6-transitive subgroup of Sym(m) contains Alt(m). Since Gp is generated
by elements of order p, every permutation action consists of even permutations.
The conclusion of Theorem 2 follows.
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A boundary for mapping class groups

Ursula Hamenstädt

The mapping class group Mod(S) of a closed surface S of genus g ≥ 2 acts properly
on the Teichmüller space T (S) of marked hyperbolic structures on S. This action
is not cocompact, but the following result is due to Ji-Wolpert and Ji [3]. For
its formulation, for ǫ > 0 denote by Tǫ(S) the subspace of all marked hyperbolic
structures whose systole, that is, a shortest closed geodesic, has length at least ǫ.
This defines a manifold with corners, embedded in T (S).

Theorem 1 (Ji 2012). For sufficiently small ǫ > 0, the space Tǫ(S) is a Mod(S)-
equivariant deformation retract of T (S) on which Mod(S) acts properly and co-
compactly.

As a consequence, for any torsion free subgroup Γ of Mod(S) of finite index,
Tǫ(S) is the universal covering of a classifying space for Γ.
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Given these facts, it seems now natural to construct a compactification T of
of Tǫ(S) on which Mod(S) acts as a group of transformations and which captures
topological and geometric properties of Mod(S). Desirable properties of such a
compactification with boundary X = T − Tǫ(S) are as follows.

(1) The space T is compact and metrizable.
(2) The action of Mod(S) on X is minimal, that is, every orbit is dense.
(3) The action of Mod(S) on X is topologically free, that is, the interior of

the fixed point set of any element of Mod(S) different from the identity is
empty.

(4) The action of Mod(S) is small for every open covering U of T : IfK ⊂ Tǫ(S)
is any compact set, then for all but finitely many g ∈ Mod(S), we have
gK ⊂ U for some U ∈ U .

(5) For every x ∈ X and every neighborhood U of x in T , there exists a
neighborhood V ⊂ U of x such that V ∩ Tǫ(S) is contractible.

The purpose of the talk was to explain the following result [2].

Theorem 2. There exists an explicit construction of a compactification of Tǫ(S)
with properties (1)-(5).

The boundary X of this compactification contains the Gromov boundary ∂C(S)
of the curve graph of S as a dense Gδ-subset.

An earlier construction of a boundary for Mod(S) with properties (1)-(3) above
is contained in [1]. Metrizability of this boundary is not established in [1] but was
later shown by Hagen. The relation between these two constructions is unclear.
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Measure equivalence rigidity of Out(FN)

Camille Horbez

(joint work with Vincent Guirardel)

Measure equivalence was introduced by Gromov [7] as a measurable analogue of
quasi-isometry. Two countable groups Γ1,Γ2 are measure equivalent if there exists
a standard measure space Σ equipped with a measure-preserving action of Γ1×Γ2

by Borel automorphisms, such that for every i ∈ {1, 2}, the action of Γi on Σ is free
and has a fundamental domain of finite measure. The space Σ is called a measure
equivalence coupling between Γ1 and Γ2. Crucially, any two lattices in the same
locally compact second countable group G are measure equivalent (through their
left/right action on Σ = G, equipped with its Haar measure). Also, if Γ1,Γ2 are
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virtually isomorphic (there exist finite-index subgroups Γ0
i ⊆ Γi and finite normal

subgroups Fi E Γ0
i such that Γ0

1/F1 ≈ Γ0
2/F2), then they are measure equivalent.

Below FN is a rank N free group, and Out(FN ) is its outer automorphism
group.

Theorem 1 ([6]). Let N ≥ 3, and let H be a countable group which is measure
equivalent to Out(FN ). Then H is virtually isomorphic to Out(FN ).

Furman proved that any countable group which is measure equivalent to a lat-
tice in a higher-rank simple Lie group G, must be virtually isomorphic to a lattice
in G [5]. Kida proved the measure equivalence superrigidity of most mapping
class groups of finite-type orientable surfaces [10]. Theorem 1 is also not the first
rigidity theorem about Out(FN ): it was known that for N ≥ 3, every automor-
phism of Out(FN ) is inner (Bridson–Vogtmann [2], Khramtsov [9]), and in fact
every automorphism between finite-index subgroups of Out(FN ) is a conjugation
(Farb–Handel [4] for N ≥ 4, Horbez–Wade [8] for N = 3).

Many proofs of quasi-isometric rigidity of a finitely generated group G involve
computing the group of self quasi-isometries of G. In analogy, an argument of
Furman reduces the proof of measure equivalence rigidity to the study of self
measure equivalence couplings of G. Theorem 1 is derived from the following
statement: for every self measure equivalence coupling Σ of Out(FN ), there ex-
ists an (Out(FN ) ×Out(FN ))-equivariant measurable map Σ → Out(FN ) (where
Out(FN ) is equipped with the product action by left/right multiplication). Using
techniques introduced by Furman, we derive from our work a rigidity theorem for
lattice embeddings of Out(FN ).

Corollary 2. Let G be a locally compact second countable group, and let σ :
Out(FN ) → G be a lattice embedding. Then there exists a continuous homomor-
phism π : G → Out(FN ) with compact kernel such that π ◦ σ = id.

Given a finitely generated group G, with a finite generating set S, the Cayley
graph Cay(G,S) is defined as the simple graph having one vertex per element of
G, where two distinct vertices g, h are joined by an edge if there exists s ∈ S such
that g = hs or h = gs. By viewing Out(FN ) as a lattice in the automorphism
group of its Cayley graph with respect to any finite generating set S, we deduce
that every automorphism of Cay(Out(FN ), S) is at bounded distance from the left
multiplication by an element of Out(FN ). We also derive the following statement.

Corollary 3. Let Γ ⊆ Out(FN ) be a torsion-free finite-index subgroup, and let
S be a finite generating set of Γ. Then Aut(Cay(Γ, S)) embeds as a finite-index
subgroup of Out(FN ) that contains Γ (in particular it is countable).

I will now describe some tools used in the proof of Theorem 1. For technical
reasons, we work in the finite-index subgroup Out0(FN ) consisting of elements
acting trivially in homology mod 3. Let Γ1 = Γ2 = Out0(FN ), and consider a self-
coupling Σ, coming with an action of Γ1×Γ2. For simplicity, let us assume that the
actions of Γ1 and Γ2 have a common fundamental domain Y . Then Y ≈ Γ1\Σ ≈
Γ2\Σ. Through these identifications, Y is equipped with two actions (of Γ1 and
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of Γ2), and these two actions have the same orbits. The two actions determine
a measured groupoid G over Y , coming with two cocycles ρ1, ρ2 : G → Out(FN ).
To prove Theorem 1, it is in fact enough to show that the cocycles ρ1, ρ2 are
cohomologous, i.e. there exists a measurable map ϕ : Y → Out(FN ), such that for
almost every g ∈ G with source x and range y, one has ρ2(g) = ϕ(y)ρ1(g)ϕ(x)

−1.
We then take advantage of the rigidity of a combinatorial Out(FN )-graph, the

graph of nonseparating free splittings SN . Its vertices are the decompositions
FN = A∗{1}, considered up to equivariant homeomorphism of their Bass–Serre
tree (equivalently, a vertex is dertermined by the conjugacy class of a corank one
free factor A); two vertices are joined by an edge if there exists a two-edge graph
of groups decomposition of FN that collapses to both. A theorem of Pandit [11],
building on earlier work of Bridson-Vogtmann [3], asserts that for N ≥ 3, the
natural map Out(FN ) → Aut(SN ) is an isomorphism.

Our goal is now to build the map ϕ : Y → Out(FN ) ≈ Aut(SN ). Given a vertex
S ∈ V SN , we consider the subgroupoid H1

S ⊆ G made of all g ∈ G such that ρ1(g)
fixes S. By considering the cocycle ρ2, one also defines a subgroupoid H2

S . We
prove that H1

S is also, in an appropriate sense, a vertex stabilizer with respect to
the cocycle ρ2: there exist a countable Borel partition Y ∗ = ⊔Yn,S (which depends
on S) of a conull Borel subset Y ∗ ⊆ Y , and for every n, a vertex Sn ∈ V SN , such
that the restricted subgroupoids (H1

S)|Yn
and (H2

Sn
)|Yn

coincide. This enables us
to associate a map V SN → V SN for every y ∈ Y , sending S to Sn if y ∈ Yn,S . In
fact, almost everywhere, this map determines a graph automorphism of SN .

To prove the above statement, we characterize subgroupoids of G that stabilize
a vertex of SN in a purely groupoid-theoretic way, without refering to any cocycle.
I will now present the group-theoretic version of this problem: how to characterize
subgroups H ⊆ Out(FN ) that preserve a corank one free factor A algebraically?
If H is such a subgroup, it maps (by restriction) onto Out(A). The kernel of this
homomorphism has an index two subgroup isomorphic to A × A, consisting of
automorphisms that send a stable letter t of the HNN extension FN = A∗{1} to

w−1
1 tw2 with w1, w2 ∈ A. We prove the following (partial) converse.

Proposition 4. Let H ⊆ Out0(FN ) be a subgroup which contains a subgroup
isomorphic to K1 ×K2, where each Ki is nonamenable and normal in H. Then
H preserves the conjugacy class of a proper free factor.

The next theorem is a key ingredient in our proof. It is an Out(FN )-analogue of
Ivanov’s theorem associating a canonical decomposition of a finite-type connected,
orientable surface S, to every subgroup H of its mapping class group, detecting
the “active” parts of S for H . Likewise, our construction detects, in a sense, the
“active” parts of FN for a subgroup of automorphisms. The proof involves JSJ
decompositions of groups and the dynamics of FN -actions on arational trees.

Theorem 5. Let N ≥ 2, let H ⊆ Out0(FN ) be a nontrivial subgroup. If H fixes
the conjugacy class of a proper free factor, so does its normalizer NOut0(FN )(H).

To derive the above proposition, one lets H act on a hyperbolic Out(FN )-
graph, the graph of free factors FF. If K1 contains an infinite-order element ϕ
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which fixes a free factor, then (by the above theorem) so do K2 (which normalizes
〈ϕ〉) and H . Otherwise ϕ acts as a loxdromic isometry of FF, and its pair of fixed
points at infinity is invariant under K2, which contradicts the non-amenability of
K2 using works of Bestvina–Reynolds and Hamenstädt describing ∂∞FF in terms
of arational FN -trees. In the groupoid-theoretic version of this argument, the
amenability of boundary point stabilizers is replaced by the amenability of the
Out(FN )-action on ∂∞FF, proved jointly with Bestvina and Guirardel [1].
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Random character varieties

Emmanuel Breuillard

(joint work with Oren Becker, Péter Varjú)

We study the dimension and irreducibility of the G-character variety of a random
group, where G is a semisimple Lie group. For example, we show that with an
exponentially small probability of exceptions, for a random word w of length n,
the word variety {(a, b) ∈ G,w(a, b) = 1} is a non-empty finite set of G-conjugacy
classes forming a single Galois orbit. The proofs are conditional on GRH and
use uniform mixing of random walks and uniform expander bounds for mod p
quotients, which we establish along the way.

In more details: letG be a complex simply connected semisimple linear algebraic
group defined overQ, e.g. G = SL2(C). Given a tuplew = (w1, . . . , wr) of r words
in k letters x±1

1 , . . . , x±1
k , we consider the finitely presented group:

Γw := 〈x1, . . . , xk|w1 = · · · = wr = 1〉.
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Its representation variety

Hom(Γw, G) := {(x1, . . . , xk) ∈ Gk, w1(x1, . . . , xk) = · · · = wr(x1, . . . , xk) = 1}
is a closed algebraic subvariety of Gk, which is defined over Q and invariant under
conjugation by G. The subvariety Zw of those ρ ∈ Hom(Γw, G) with Zariski-dense
image in G is a Zariski-open subset.

We are interested in G-representations of a random group Γw, where the words
w1, . . . , wr are chosen to be independent with the same probability distribution
obtained by spelling out ℓ letters x±1

i independently at random with equal prob-
ability 1

2k to form each word. We show:

Theorem 1 (under GRH, [3]). Fix G as above and k ≥ 2, r ≥ 1. There is c > 0
such that for all ℓ ≥ 1 the following holds with probability least 1 − e−cℓ for a
random r-tuple of words w

(1) If r ≥ k, Zw is empty,
(2) If r = k − 1, then Zw is finite non-empty and Q-irreducible.
(3) If r ≤ k−2, then Zw is geometrically irreducible of dimension (k−r) dimG.

By the GRH here we mean the statement that all non-trivial zeroes of the
Dedekind zeta functions of all algebraic number fields lie on the critical line.

Proofs are based on a double counting argument, where we compute the ex-
pected value of |Zw(Fp)| by combining the average over the tuples of words w
with an average over primes in a certain interval [ 12T, T ]. The Lang-Weil esti-
mates and the Chebotarev density theorem (see [5]) are crucial ingredients. So is
the fact that random walks on Cayley graphs of G(Fp) are expanders (see [1]). In
fact, to obtain the exponential decay of the probability of exceptions, it is essen-
tial to show that the spectral gap is uniform over all Cayley graphs of G(Fp). We
prove:

Theorem 2 ([4]). Given k and ǫ > 0 there is a subset Bǫ of all primes such that
for all T ≥ 1

(1) |Bǫ ∩ [1, T ]| ≤ T ǫ,
(2) the family of all k-regular Cayley graphs of G(Fp) for p /∈ Bǫ is a family

of expanders.

This extends [2], where the result was proved for G = SL2.
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Automorphisms and splittings of special groups

Elia Fioravanti

The automorphism group of a finitely generated group G can sometimes be de-
scribed quite explicitly in terms of amalgamated-product and HNN splittings of
G over a family of subgroups. Hyperbolic groups are the most classical instance
of this phenomenon, due to old breakthroughs of Rips and Sela [9].

Theorem (Rips–Sela). Let G be a (torsion-free) Gromov-hyperbolic group. A
finite-index subgroup of Out(G) is generated by finitely many Dehn twists with
respect to splittings of G over cyclic subgroups.

The original proof of this result is extremely general. Hyperbolicity of G is only
needed to construct nice G–actions on R–trees, after which one only needs tools
from Rips Theory, which apply to general finitely presented groups.

Based on this, it is reasonable to expect that similar tools can be used to study
automorphisms of much broader classes of groups. Relatively hyperbolic groups
have received a lot of attention in this direction [3, 6], but groups with weaker
hyperbolic features have remained largely unexplored1.

At the same time, there is evidence that many non-relatively-hyperbolic groups
should also exhibit strong connections between their automorphisms and splittings.

An excellent example of this is provided by right-angled Artin groups AΓ. Sim-
ilar to the situation for hyperbolic groups, a finite-index subgroup of Out(AΓ) is
generated by finitely many Dehn twists — the Laurence–Servatius generators [8]
known as partial conjugations and transvections.

An important difference, however, is that these Dehn twists correspond to split-
tings over rather large subgroupsAΓ. In fact, it is easy to construct examples where
Out(AΓ) is infinite, but AΓ does not split over any (virtually) abelian subgroups.

In view of these observations, it is natural to wonder what can be said on the groups
Out(G) for general special groups G, in the Haglund–Wise sense [7]. On the one
hand, special groups share many similarities with right-angled Artin groups. On
the other, they form a much broader and more mysterious class of groups, and it
is not known if Out(G) is always finitely generated at this level of generality.

Our main theorem is a weaker analogue of the Rips–Sela theorem in this setting,
which nevertheless demonstrates how splittings over abelian subgroups naturally
need to be replaced with splittings over centralisers.

Theorem 1 ([2]). Let G be a special group. Then Out(G) is infinite if and only
if it contains an infinite-order Dehn twist with respect to a splitting G = A ∗C B
or G = A∗C , where:

(a) either C is the centraliser of a finite subset of G;
(b) or C is the kernel of a homomorphism Z → Z, where Z is the centraliser

of a single element of G.

1However, a new approach due to Sela and based on weakly acylindrical actions on hyperbolic
spaces promises to change this. See [10] for some preliminary results.
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Note that Case (b) cannot be avoided in the previous theorem: there are exam-
ples of right-angled Artin groups AΓ such that Out(AΓ) is infinite, but AΓ admits
no splittings over centralisers of finite subsets.

It is also interesting to study the coarse-median preserving subgroup of Out(G).
To define this, note that the group Out(G) acts on the space of all coarse median
structures onG. Special groups are endowed with natural coarse median structures
arising from their (quasi-convex) embeddings into right-angled Artin groups, so,
fixing one such structure [µ], we can consider its stabiliser Out(G, [µ]) ≤ Out(G).

The subgroup Out(G, [µ]) tends to display closer similarities to automorphism
groups of hyperbolic groups than the whole Out(G). For instance, whenG is hyper-
bolic, there is only one coarse median structure on G, hence Out(G, [µ]) = Out(G).
Instead, when (G, [µ]) is a right-angled Artin group equipped with the coarse me-
dian structure induced by the Salvetti complex, Out(G, [µ]) is the group of un-
twisted automorphisms previously studied by Charney–Stambaugh–Vogtmann [1].

As it turns out, the group Out(G, [µ]) has an even simpler relation to the
splittings of G.

Theorem 2 ([2]). Let (G, [µ]) be a special group with an induced coarse median
structure. Then Out(G, [µ]) ≤ Out(G) is infinite if and only if it contains an
infinite-order Dehn twist with respect to a splitting as in Case (a) of Theorem 1.

Theorems 1 and 2 are proved by analysing some natural G–actions on R–trees
and exploiting tools from Rips theory (especially the work of Guirardel [4, 5]).

More precisely, to every right-angled Artin group AΓ and every vertex v ∈ Γ,
we can associate a natural action on a simplicial tree AΓ y Tv. This is the Bass–
Serre tree of the HNN splitting of AΓ with vertex group AΓ−{v} and stable letter
v. Embedding the special group G into some right-angled Artin group AΓ, we
obtain a proper G–action on the finite product

∏
v∈Γ Tv.

The R–trees involved in the proof of Theorems 1 and 2 are limits Tω
v of copies

of the Tv, suitably rescaled and twisted by automorphisms of G. The core of the
proof lies in analysing arc-stabilisers for the limit actions G y Tω

v and showing
that they are centralisers (or closely related subgroups). This is extremely delicate
because arc-stabilisers for the actions G y Tv are not “algebraically meaningful”
subgroups of G (unlike abelian subgroups), so we do not have any control on their
images under automorphisms of G.

They key result to overcome these issues is the following.

Theorem 3. Fix an embedding G →֒ AΓ and some v ∈ Γ. Then sufficiently long
arcs in Tv can be perturbed so that their G–stabiliser becomes a centraliser in G.

Now, automorphisms of G will certainly take centralisers to centralisers, which
allows us to suitably characterise arc-stabilisers of the limit trees Tω

v .
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Boundary rigidity of groups acting on products of trees

Bakul Sathaye

(joint work with Kasia Jankiewicz, Annette Karrer, and Kim Ruane)

The visual boundary of a CAT(0) metric space is defined as the set of equivalence
classes of asymptotic rays endowed with the cone topology. For hyperbolic spaces
X and Y , any quasi-isometry X → Y between them extends to a homeomorphism
of their visual boundaries. Consequently, the homeomorphism type of the bound-
ary of a hyperbolic group is a well-defined group invariant. This is not true for
CAT(0) groups, i.e. groups that act geometrically on CAT(0) spaces.

Bowers-Ruane give an example of a group G acting geometrically on CAT(0)
spaces X and Y , such that the associated G-equivariant quasi-isometry between
the spaces does not extend to a homoemorphism between their visual boundaries
[1]. Croke-Kleiner provided an example of a CAT(0) group G and two CAT(0)
spaces X,Y , both admitting geometric actions by G such that ∂X and ∂Y are
non-homeomorphic [4]. Wilson further showed that in fact this same G acts ge-
ometrically on uncountably many spaces with boundaries of distinct topological
type [11]. This group G is the right-angled Artin group with the defining graph a
path on four vertices.

A CAT(0) groupG is called boundary rigid if the visual boundaries of all CAT(0)
spaces admitting a geometric action by G are homeomorphic. As noted above,
hyperbolic CAT(0) groups are boundary rigid while not all CAT(0) groups are
boundary rigid. Ruane proved that the direct product of hyperbolic groups is
boundary rigid [9]. Hosaka extended that to show that any direct product of
boundary rigid groups is boundary rigid [6]. Hruska-Kleiner proved that groups
acting geometrically on CAT(0) spaces with the isolated flats property are bound-
ary rigid [7].

A bushy tree is an infinite tree of bounded valence with no terminal vertices.
We study a family of CAT(0) groups acting geometrically on the product of two
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bushy trees. We will assume the groups preserve the factors, which is always the
case after passing to an index 2 subgroup. We refer to such groups as (cocompact)
lattices in a product of trees. We are interested in the following question:

Question. Are lattices in a product of trees boundary rigid?

The simplest example of a lattice in a product of trees is a direct product Fn×Fm

of two finite rank free groups. These are boundary rigid by [9]. However, there
exist lattices in product of trees that are irreducible, i.e. they do not split as direct
products, even after passing to a finite index subgroup. Irreducible lattices in
products of trees were studied by Burger-Mozes [2], [3] and by Wise [10].

We give the positive answer to the above for torsion-free lattices.

Theorem 1. Let G be a torsion-free lattice in a product of trees. Suppose G acts
geometrically on a CAT(0) space X. Then ∂X is the join C ∗ C of two copies of
the Cantor set.

Moreover, if X is geodesically complete, then X splits as a product of CAT(0)
spaces X1 ×X2, where ∂Xi = C for each i = 1, 2.

If the action of G on T1 × T2 is vertex-transitive, then G admits a particularly
nice presentation and it is always virtually torsin-free.

Corollary 2. Every (not necessarily torsion-free) vertex-transitive lattice in a
product of trees is boundary rigid.

There are two major steps in the proof of the theorem. We first show that ∂X
splits as a join of two 0-dimensional subspaces and then show that each subspace
is homeomorphic to C.

To show ∂X splits as a join, it suffices to show that ∂TX , the Tits boundary of
X , splits as a metric join of two discrete sets. In our setting, this will provide a
quasi-dense subset X ′ of X which splits isometrically as a product X1 ×X2. This
is enough to conclude that the visual boundary ∂X splits as ∂X1 ∗∂X2, with each
factor 0-dimensional.

Once we have this information about ∂X , we prove that ∂Xi = C for i = 1, 2.
This step is non-trivial when G is irreducible.

In the special case when X is a CAT(0) cube complex and the action of G is
essential (or X has the geodesic extension property instead of essential action),
the Rank Rigidity theorem of Caprace-Sageev allows us to get the splitting of ∂X
as a join of 0-dimensional subspaces almost immediately.
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Rates of growth of acylindrically hyperbolic groups

Koji Fujiwara

(joint work with Zlil Sela)

Let G be a finitely generated group with a finite generating set S. Let Bn(G,S)
be the set of elements in G whose word lengths are at most n with respect to
the generating set S. Let βn(G,S) = |Bn(G,S)|. The exponential growth rate of
(G,S) is defined to be:

e(G,S) = lim
n→∞

βn(G,S)
1
n .

A f.g. group G has exponential growth if there exists a finite generating set S
such that e(G,S) > 1. We define:

e(G) = inf
|S|<∞

e(G,S),

where the infimum is taken over all the finite generating sets S of G.
Given a f.g. group G we further define the following set in R:

ξ(G) = {e(G,S)||S| < ∞},
where S runs over all the finite generating sets of G. The set ξ(G) is always
countable.

It is proved in [FS] that if G is a non-elementary hyperbolic group then ξ(G)
is well-ordered (hence, in particular, has a minimum); the ordinal of ξ(G) is at
least ωω; for each r ∈ ξ(G) there are only finitely many S with e(G,S) = r up to
Aut(G).

I will outline the proof of the well-orderedness of ξ(G) for hyperbolic groups,
then discuss the following generalization obtained in [F]: Suppose a f.g. group G
acts on a δ-hyperbolic graph X acylindrically, and the action is non-elementary.
Assume that there exists a constant M such that for any finite generating set S
of G, SM contains a hyperbolic element on X . Assume that G is equationally
Noetherian. Then, ξ(G) is a well-ordered set. In particular, e(G) is realized by
some S. This result covers all (non-uniform) lattices in a rank-1 simple Lie groups
as examples.
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Isoperimetric inequalities in finitely generated groups

Denis Osin

To each finitely generated group G, we associate a quasi-isometric invariant called
the isoperimetric spectrum of G. If G is finitely presented, our invariant is closely
related to the Dehn function of G. The main goal of this paper is to initiate the
study of isoperimetric spectra of finitely generated (but not necessarily finitely
presented) groups. In particular, we show that the isoperimetric spectrum of
small cancellation groups, certain wreath products, and free Burnside groups of
sufficiently large odd exponent is “linear” in a certain precise sense, i.e., behaves
exactly like the isoperimetric spectrum of hyperbolic groups. We also address
some natural questions on the structure of the poset of isoperimetric spectra. As
an application, we prove that there exist 2ℵ0 pairwise non-quasi-isometric finitely
generated groups of finite exponent. This talk is based on joint work with K.
Rybak [1].
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Markov chains on groups and quasi-isometries

Alessandro Sisto

(joint work with Antoine Goldsborough)

Random walks on groups provide a model for a “generic” element of a group, and
they are very interesting and very well-studied from several points of view.

A lot of geometric group theory revolves around studying groups quasi-isometric
to each other, and in this context it is natural to study what one can say about
random walks on quasi-isometric groups. Unfortunately, however, random walks
are not compatible with quasi-isometries, in the sense that they cannot be ”pushed
forward” via quasi-isometries in any meaningful sense.

To resolve this, Antoine Goldsborough and I proposed the study of more general
Markov processes on groups that are indeed ”quasi-isometry compatible”, which
we call tame Markov chains. We studied such Markov chains on two classes of
groups which include:

• non-elementary hyperbolic and relatively hyperbolic groups,
• acylindrically hyperbolic 3-manifold groups,
• right-angled Artin groups whose defining graph is a tree of diameter at
least 3,



536 Oberwolfach Report 11/2022

• groups acting acylindrically and non-elementarily on a tree with nilpotent
and undistorted edge stabilisers.

Let us call the classes C1 and C2; for this abstract it does not matter much what
these are exactly, just that they contain a variety of examples as illustrated above.

Using tame Markov chains, we proved a central limit theorem for random walks
on groups quasi-isometric to groups in the classes Ci, namely:

Theorem: ([3]) Let G be a group quasi-isometric to a group in C1 or C2 (e.g.
one of the groups listed above). Fix a word metric dG on G, and let (Zn) be a
simple-random walk on G. Then there exist constants L, σ > 0 such that we have
the following convergence in distribution:

dG(1, Zn)− Ln

σ2
√
n

→ N (0, 1),

where N (0, 1) denotes the normal distribution with mean 0 and variance 1.

The interest of this theorem is that the assumption is only that the group G
is quasi-isometric to a group we know about, while the conclusion is a strong
conclusion about random walks.

The main technical result we proved towards the theorem is a version of a
result of Maher-Tiozzo [1] for random walks on groups acting non-elementarily on
a hyperbolic space. This result says that random walks make linear progress on
the space being acted upon, and we show the same result for tame Markov chains,
rather than random walks, for groups from C1 and C2 (each of which comes with an
action on a hyperbolic space). Our proof is rather different from Maher-Tiozzo’s,
or any other proof of similar results in the literature, and indeed we require more
geometric input. This is where we need additional assumptions other than just a
group acting non-elementarily on a hyperbolic space.

However, for any group where linear progress for tame Markov chains holds
(e.g. groups from C1 and C2), we can use known arguments from the random walks
literature to deduce various consequences. In particular, we can use methods of
Mathieu and myself [2] to deduce that Markov paths stay close to quasi-geodesics,
in a suitable sense. In the setup of the main theorem, this says that sample paths
of the random walk on G stay close to geodesics, and at that point we can use a
criterion for the central limit theorem from the aforementioned paper [2].
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A new proof of best slope homological stability for mapping class
groups of surfaces

Nathalie Wahl

(joint work with Oscar Harr and Max Vistrup)

Suppose that {Gn}n∈N is a collection of groups equipped with a sum

Gn ×Gm
⊕−→ Gn+m

and with compatible homomorphisms φn : Bn → Gn from the braid groups; such
homomorphisms are determined, using the sum ⊕, by a single element b ∈ G2

that satisfies the braid relations. We will consider here the associated sequence of
groups

G1
⊕1−−→ G2

⊕1−−→ . . .

obtained by summing with the identity element 1 ∈ G1. We will assume for
simplicity that these maps are injective.

Theorem 1. [9, Thm A][6, Sec 7] Given ({Gn}n∈N,⊕, b) as above, there exists
for each n a semi-simplicial set Wn with an action of Gn that is transitive on p-
simplices for all p and with stabilizers Stab(σp) ∼= Gn−p−1. If there exists a k ≥ 2
such that Wn is (n−2

k
)–connected, then

Hi(Gn;Z)
⊕1−−→ Hi(Gn+1;Z)

is a surjection for all i ≤ n
k
, and and isomorphism for all i ≤ n−1

k
.

One can think of Gn as the automorphism group of an object “X⊕n” in a
monoidal category. For X = V a vector space we could take Gn = GL(V n) while
Gn could be a mapping class group if X is instead a surface. The map Gn → Gn+1

is obtained by adding the identity on X and b : X ⊕X → X ⊕X is a morphism
that “switches the X ’s”. (See [12] for a introduction for this point of view on
homological stability.)

We are here interested in the group Gg = π0 Diff(Sg,1), the mapping class group
of a surface Sg,1 of genus g with one boundary component fixed by the mapping
class. Take X = S1,1 a surface of genus 1, and consider the map

π0 Diff(Sg,1)× π0 Diff(Sh,1)
⊕−−→ π0 Diff(Sg+h,1)

induced by boundary connected sum of the surfaces

Sg,1 ⊕ Sh,1 := Sg,1 ∪I Sh,1
∼= Sg+h,1,

that is gluing the surfaces along an interval I in their boundary. Taking b ∈
π0 Diff(S2,1) a half-twist along a boundary-parallel circle as shown in Figure 1,
one can check that the space Wg given by the theorem identifies with the tethered
chains of Hatcher-Vogtmann [5], see [9, Sec 5.6]. It follows from [5] that Wg is

( g−3
2 )–connected. Applying the theorem, this gives homological stability for the

mapping class groups π0 Diff(Sg,1) in the range i ≤ g−2
2 , which however is known

not to be optimal [2].
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Figure 1. braid b ∈ π0 Diff(S1,1 ⊕ S1,1) and b′ ∈ π0 Diff(D2 ⊕′ D2)

In this talk, we explain how our chosen X = S1,1 can be decomposed as a sum
using the building block D = (D2, I0, I1), a disc with two intervals marked in
its boundary, and the sum ⊕′ that now glues along two intervals instead of one.
Indeed, this sum givesD⊕′2g+1 ∼= Sg,1 and D⊕′2g+2 ∼= Sg,2, and we have factorized
our old stabilisation map as the composition of two maps:

π0 Diff(Sg,1)
⊕′D−−−→ π0 Diff(Sg,2)

⊕′D−−−→ π0 Diff(Sg+1,1).

For the braiding, we take the element

b′ ∈ G2 = π0 Diff(D ⊕′ D) = π0 Diff(S1 × I)

given by the Dehn twist along the middle circle in the cylinder, as depicted in Fig-
ure 1. The corresponding map B2g+i → π0 Diff(Sg,i) is in this case the geometric
embedding of the braid group with image the subgroup generated by the Dehn
twists on a chain of embedded circles [1, 13], see also [10]. We show in [4] that the
space Wn associated to this data by the above theorem identifies with the “dis-
ordered arc complex”, a simplicial complex of collections of disjointly embedded,
non-separating arcs between two points b0 and b1 in the boundary of the surface,
such that the ordering of the arcs at b0 and b1 agree.

Proposition 2. [4] The disordered arc complex Wn is n−5
3 –connected.

Applying the above theorem, we immediately get the following corollary.

Corollary 3. The stabilization map

Hi(π0 Diff(Sg,1))
∼=−→ Hi(π0 Diff(Sg+1,1))

is an isomorphism in the range i ≤ 2g−3
3 .

This range is 1
3 off the best known range as given in [2], see also [3, 8, 11]. Note

that the slope 2
3 is known to be optimal by [7, Thm 1.1]. One can in addition

deduce a stability result with twisted coefficients, see [9, Thm A] and [6, Thm C].
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Subgroups of hyperbolic groups of type F3 and not F4

Claudio Llosa Isenrich

(joint work with Bruno Martelli, Pierre Py)

Introduced by Gromov in his seminal 1987 essay [4], the class of hyperbolic groups
is an important class of finitely generated groups that attracts much interest in
geometric group theory. Hyperbolic groups are known to enjoy many nice prop-
erties. For instance, they have linear Dehn function, solvable word and conjugacy
problem, no Z2-subgroups, and every hyperbolic group has a classifying space, a
K(G, 1), which is a CW-complex with finitely many cells in each dimension. It is
natural to ask which properties of hyperbolic groups are inherited by all of their
subgroups. While some of the aforementioned properties clearly pass to subgroups,
for others this is not clear and raises challenging problems.

In 1982 Rips [14] proved that there are subgroups of hyperbolic groups which
are finitely generated and not finitely presented. In particular, such subgroups can
not be themselves hyperbolic. In [4], Gromov asserted the existence of finitely pre-
sented subgroups of hyperbolic groups, which are not themselves hyperbolic. The
first such examples were constructed by Brady [1] in 1999. More precisely, Brady
proved the existence of subgroups of hyperbolic groups which are of finiteness type
F2 and not F3, and more examples of this form were constructed subsequently by
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Lodha [12] and Kropholler [9]. Here we call a group of finiteness type Fk if it has
a classifying space with finite k-skeleton. This generalises finite generability (resp.
finite presentability), which are equivalent to type F1 (resp. type F2). Finally,
very recently, Italiano, Martelli and Migliorini [6] proved the existence of non-
hyperbolic finitely presented subgroups of hyperbolic groups which have a finite
classifying space, solving a fundamental open problem.

Brady’s work raises the natural

Question 1 (Brady [1]). Let n ≥ 3 be an integer. Is there a subgroup H < G of
a hyperbolic group G which is of type Fn and not of type Fn+1?

In my talk I present a positive answer to Brady’s question for n = 3.

Theorem 2 ([10, Theorem 1]). There is a hyperbolic group G which has a subgroup
H < G of finiteness type F3 and not F4.

To obtain our examples we start from a finite volume real hyperbolic 8-manifold
M8 = H8

R
/Γ, where Γ < SO(8, 1) is a certain non-uniform lattice; M8 is obtained

from a right-angled Coxeter polytope. In [5], Italiano, Martelli and Migliorini
prove that M8 admits a continuous map f : M8 → S1 to the circle such that the
kernel ker(f∗) of the induced map on fundamental groups is of type F3. To obtain
this result, they use that Γ is a cubulable finite index subgroup of a right-angled
Coxeter group and apply Bestvina–Brady Morse theory. On the other hand it
follows from a theorem of Lück [13] and the non-vanishing of the 4th ℓ2-Betti
number of π1(M

8) that ker(f∗) is not of type F4. Thus, ker(f∗) is a group of type
F3, but not F4, which is a subgroup of Γ, and the latter is relatively hyperbolic
with respect to a family of parabolic Z7-subgroups, corresponding to the (toric)
cusps of M8.

To obtain the desired subgroups of hyperbolic groups, we now proceed in three

steps. First we prove that there is a small perturbation f̃ : M8 → S1 of f with the

property that ker(f̃∗) is still of type F3 and not F4 and such that there is no torus

cusp section T 7 →֒ M8 on which the restriction of f̃ is homotopic to a constant
map. Then we apply a result of Fujiwara–Manning [3] to obtain a Dehn filling

M
8
of a finite cover of M8 which is CAT(-1) and a finite CW-complex; the non-

triviality of f̃ on torus cusp sections implies that f̃ induces a map f : M
8 → S1

with ker(f∗) of type F3. Finally, we use homological arguments to proof that

H4(ker(f∗),Q) is not finite dimensional and therefore ker(f∗) is not of type F4.
Our approach generalises to higher dimensions in the following sense. Assume

that we can find a non-uniform lattice Λ < SO(2n, 1) together with a homomor-
phism Λ → Z, which has kernel of type Fn−1 and is induced by a continuous map
M2n := H2n/Λ → S1 which is not homotopic to a constant map on any torus
cusp section T 2n−1 →֒ M2n. Then we could apply the same techniques of Dehn
filling suitable finite covers of M2n to construct subgroups of hyperbolic groups
which are of type Fn−1, but not of type Fn. Note that for uniform lattices the
cusp condition is empty and we do not have to perform a Dehn filling, since Λ is
already hyperbolic. This discussion raises the:
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Question 3. Let Λ < SO(2n, 1) be a lattice. Is there a finite index subgroup
Λ0 < Λ and a homomorphism φ : Λ0 → Z with kernel of type Fn−1, but not Fn?

Currently, we only have examples of such lattices for n ∈ {1, 2, 4} and for
n = 4 only in the non-uniform case. However, we suspect that they exist in all
dimensions. Evidence for this is provided by Fisher’s recent proof [2] of a conjecture
of Kielak [7, 8] about finiteness properties of kernels of virtual algebraic fibrations
of RFRS groups. Indeed, one consequence of this and the existence of RFRS
lattices in SO(2n, 1) is:

Proposition 4 ([10, Proposition 19]). For all n ≥ 1, there is a uniform lattice
Λ < SO(2n, 1) and a homomorphism φ : Λ → Z, such that ker(φ) is of finiteness
type FPn−1(Q), but not of type FPn(Q).

Here FPn(Q) is a homological finiteness condition. It is strictly weaker than
the homotopical finiteness condition Fn and thus Proposition 4 does not enable us
to answer Question 3.

Finally, let me also mention that in forthcoming work of myself and Pierre Py
[11] we prove the existence of subgroups of hyperbolic groups of type Fn−1 and not
Fn for all n ≥ 2, thus solving Brady’s question for all n. These groups will arise
as subgroups of cocompact lattices in the holomorphic isometry group PU(n, 1)
of the complex hyperbolic ball. To prove our result we will use a novel approach
relying on methods from complex geometry rather than Bestvina–Brady Morse
theory, making it essentially different from the one described above.

References

[1] N. Brady, Branched coverings of cubical complexes and subgroups of hyperbolic groups, J.
London Math. Soc. (2) 60, No. 2 (1999), 461–480.

[2] S. P. Fisher, Improved algebraic fibrings, preprint arXiv:2112.00397 (2021).
[3] K. Fujiwara and J. Manning, CAT(0) and CAT(−1) fillings of hyperbolic manifolds, J.

Differential Geom. 85, No. 2 (2010), 229–269.
[4] M. Gromov, Hyperbolic groups, Essays in group theory, Math. Sci. Res. Inst. Publ. 8,

Springer, New York (1987), 75–263.
[5] G. Italiano, B. Martelli and M. Migliorini, Hyperbolic manifolds that fiber algebraically up

to dimension 8, preprint arXiv:2010.10200 (2020).
[6] G. Italiano, B. Martelli and M. Migliorini, Hyperbolic 5-manifolds that fiber over S1, preprint

arXiv:2105.14795 (2021).
[7] D. Kielak, Residually finite rationally solvable groups and virtual fibring, J. Amer. Math.

Soc. 33, No. 2 (2020), 451–486.
[8] D. Kielak, Fibring over the circle via group homology, in Manifolds and groups, Abstracts

from the workshop held February 9–15, 2020. Organized by Clara Löh, Oscar Randal-
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Homological filling functions and the word problem

Robert Kropholler

(joint work with Noel Brady and Ignat Soroko)

The word problem in finitely presented groups is deeply related to the Dehn func-
tion. Namely, we have the following theorem:

Theorem 1. Let G be a finitely presented. Then G has solvable word problem if
and only if the Dehn function of G is bounded by a recursive function.

The Dehn function of a finitely presented is independent, up to equivalence, of
finite presentation. For the larger class of finitely presented groups there are many
analogues. We will focus on a class between finitely generated groups and finitely
presented groups.

Definition 2. A group G is of type FH2 if G acts geometrically on a connected
simplicial complex X with H1(X) = 0.

The condition of type FH2 is equivalent to being of type FP2 and is implied
for finite presentability. Since the Dehn function requires a finite presentation to
be well-defined we must modify the definition. We do this as follows.

Definition 3. Let X be a simplicial complex with H1(X) = 0. For each 1-cycle
γ ∈ X(1) there exists a 2-chain c =

∑
i aiσi where ai ∈ Z and σi are 2-cells in X,

such that γ = ∂c.
The homological area of γ is

HAreaX(γ) = min
{∑

i |ai| | γ = ∂c, c =
∑

i aiσi

}
.

We define the homological filling function of X as

FAX(n) = sup
{
HAreaX(γ) | γ is a 1-cycle in X(1) with |γ| ≤ n

}
,

where |γ| is the size of γ, given by the ℓ1–norm on the cellular chain group C1(X).
Let H be a group of type FH2 define the homological filling function of H to be

FAX for some space X with a geometric H-action and H1(X) = 0.

The homological filling function of a group is well-defined up to the equivalence
on functions f, g : N → N given by f � g if and only if there is a C such that
f(n) ≤ Cf(Cn+ C) + Cn+ C.

Various other basic facts about FAH can be found in [3]. For instance, this
function is a quasi-isometry invariant for groups of type FH2.

The definition given here is designed to mirror that of the Dehn function for
finitely presented groups. A natural question is whether this function detects
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solvability of the word problem for groups of type FH2. We show that this is not
the case:

Theorem 4. [3] There exists groups H of type FH2 with FAH ≃ n4 with unsolv-
able word problem.

To prove Theorem 5, we build on the pushing techniques of [1], which were used
to study the filling functions of Bestvina-Brady groups, and apply them to Leary’s
groups GL(S) [5]. The group GL(S) depends on a flag complex L and S ⊂ Z. By
[5], we know that when H1(L) = 0 the group GL(S) is of type FH2. We prove
the following theorem.

Theorem 5. [3] Let L be a connected flag complex with H1(L) = 0. Let FAL be
the homological filling function for π1(L) and H = GL(S). Then

• For any S ⊂ Z, we have FAH(n) � n2 FAL(n
2).

• For any S ⊂ Z, we have FAH(n) � n4 FAL(n).
• If S 6= Z, then FAH � FAL.

If π1(L) 6= 0, then the groups GL(S) form an uncountable family of groups
up to isomorphism [5]. This is also true for quasi-isometry [4]. There are only
countably many algorithms, thus there are only countably many finitely generated
groups with solvable word problem. Thus for each L with π1(L) 6= 0 we obtain
groups of the form GL(S) with unsolvable word problem. In certain cases, we can
see that for S 6= Z the upper bound and lower bound from Theorem 5 agree. For
instance, by starting with a 2-complex with fundamental group

〈a, b, c | b−1ab = a2, b =

8∏

i=1

[bi, ci], c =

11∏

i=9

[bi, ci]〉

one obtains uncountably many groups with homological filling function equivalent
to 2n.

We end with three questions regarding homological filling functions. Since there
are only countably many finitely presented groups there can be only countably
many equivalence classes of Dehn functions. For groups of type FH2 this is no
longer the case. Thus it is natural to ask the following.

Question 6. Are there uncountably many equivalence classes of homological filling
functions for groups?

One could attempt to prove this by using the groups GL(S) for varying S. In
our work, the only dependence on S seen is in the cases S = Z and S 6= Z. If
one were to gain a dependence on the set S one could hope to answer the above
question. We pose the following as a first step towards this.

Question 7. Given S, T ( Z. Are the homological filling functions for GL(S)
and GL(T ) equivalent?

Finally, we show in [3] that GL(S) has solvable word problem if and only if
π1(L) has solvable word problem and S is recursive. Thus all our examples are



544 Oberwolfach Report 11/2022

infinitely presented. This leads us to the following question for finitely presented
groups.

Question 8. Let H be a finitely presented group. Suppose that FAH if bounded
by a recursive function. Does H have solvable word problem?

It is worth mentioning that the homological filling function and the Dehn func-
tion can have very different behaviour for finitely presented groups. Indeed, in [2]
groups H with FAH(n) � n5 and 2n � δH(n).
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Charmenability

Uri Bader

(joint work with Boutonnet-Houdayer-Peterson and Vigdorovich)

The prominent example of the action of GLn(Z) on the torus Tn has the following
two features:

• (Stiffness) In every invariant closed convex subset of probability measures
there exists an invariant one.

• (Finiteness) An ergodic invariant measure is either the Haar measure, or
supported on a finite orbit.

The above dynamical system could be interpreted as follows. Considering the
group Γ = Zn, we have that GLn(Z) ≃ Aut(Γ) and the space probability measures
on Tn is identified with the space of positive definite function on Γ.

With Itamar Vigdorovich we study the question of Stiffness and Finiteness for
the action of Aut(Γ) on the space of positive definite function on Γ, where Γ is an
arbitrary nilpotent group.

With Boutonnet-Houdayer-Peterson we consider the case where Γ is a higher
rank lattice. Then, virtually, Γ ≃ Aut(Γ) and we prove the following:

• (Stiffness) In every invariant closed convex subset of positive definite func-
tions there exists an invariant one.

• (Finiteness) An extremal invariant positive definite function is either von
Neumann amenable or supported on the amenable radical.
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A group which satisfies the above two properties is called charmenable. Apply-
ing the above two results together, we get that an arithmetic group is charmenable
iff its semisimple part is not of rank 1. More precisely, we have the following.

Theorem [B-Vigdorovich]: Let G be a Q-algebraic group. Then either all arith-
metic subgroups of G are charmenable or none of them are. Denoting by R the
solvable radical of G, the first case occurs if and only if the real rank of G/R is
not equal to 1 and G/R has at most one R-isotropic Q-simple factor.
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Balls in essential manifolds and actions on Cantor spaces

Roman Sauer

(joint work with Sabine Braun)

We report on the following result in [1] which is the non-sharp macroscopic cousin
of the well-known conjecture that rationally essential manifolds do not admit a
metric of positive scalar curvature (the stateminent for R = 1 readily implies the
one for all R > 0 by scaling the metric). Let V

(M̃,g̃)
(R) denote the maximal volume

of an R-ball on the universal cover of a Riemannian manifold (M, g).

Theorem. There is a dimensional constant ǫ(d) > 0 with the following property.
For every rationally essential Riemannian manifold (M, g) of dimension d and
every R > 0 we have

V
(M̃,g̃)

(R) > ǫ(d) · Rd.

If ǫ(d) could be chosen to be the volume of a Euclidean d-ball, then the above
conjecture would follow. A closed oriented manifold is rationally essential if its
classifying map sends the fundamental class to a non-zero class in rational ho-
mology. Guth proves the above theorem in [2] for closed aspherical manifolds.
The extension to rationally essential manifolds needs a number of new tools from
topological dynamics of actions on Cantor spaces and equivariant topology.

We also report on ongoing work with D. Raede which aims at making the constant
ǫ(d) explicit. Unlike the work with S. Braun which is based on Guth’s methods
this project combines the ideas from topological dynamics with recent work of
Papasoglu [3].
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Property (T ) for Aut(Fn)

Piotr W. Nowak

(joint work with M. Kaluba and D. Kielak)

Property (T ) was introduced by Kazhdan in 1966 and has become a fundamental
rigidity property for groups. Only a few classes infinite groups are known to
satisfy property (T ), including most notably lattices in higher rank Lie groups,
automorphism groups of thick buildings and certain random hyperbolic groups.
We refer to [1] as the most comprehensive overview of property (T ).

Recently a new characterization of property (T ) due to Ozawa [8] described
property (T ) for a finitely generated group G in terms of an algebraic spectral
gap-type condition, expressed in the form of the equation

(1) ∆2 − λ∆ =

k∑

i=1

ξ∗i ξi,

in the real group ring RG, where ∆ = 1−|S|−1
∑

s∈S s is the Laplacian associated
to a finite, symmetric generating set S, λ > 0 and ξi ∈ RG. This characterization
allowed for a new strategy to be used to prove property (T ) for infinite groups:
solving (1) with the aid of positive definite programming. This method was first
implemented by Netzer and Thom [7] to give a new proof of property (T ) for the
group SL3(Z) and to improve significantly the estimate of its Kazhdan constant.
Similar result were later obtained for SLn(Z) by Fujiwara and Kabaya for n = 3, 4
[2] and Kaluba and Nowak for n = 3, 4, 5 [3].

The first new group for which property (T ) was proved using this new approach
was Aut(F5), the automorphism group of the free group on 5 generators [4]. The
infinite case was settled subsequently by Kaluba, Kielak and Nowak [5] in the form
of the following

Theorem. The group Aut(Fn) has property (T ) for n ≥ 6.

As numerical methods can only be applied to a single group at a time, a key
ingredient of the proof of the above theorem is a technique of decomposing equation
(1) in the group SAut(Fn), a subgroup of Aut(Fn) of index 2, into smaller pieces.
More precisely, whenever m ≥ n the Laplacian element ∆m ∈ R SAut(Fm) can
be written in terms of copies of the Laplacian ∆n ∈ SAut(Fn), that are stitched
together by the action of the alternating group Altm.

A similar idea is then applied to the square of the Laplacian ∆2 ∈ SAut(Fm),
which is first decomposed into a sum of three other elements of the group ring, the
square part Sqm, the opposite part Opm and the adjacent part Adjm. For each of
these elements there is a separate decomposition formula, which allows to express
such an element in R SAut(Fm) in terms of sums of translates of corresponding
elements R SAut(Fn). These facts allow to express the equation ∆2

m − λ∆m, for
a certain positive λ, in terms of the operators Sqn, Opn and Adjn. Then a single
computation using semidefinite programming in the ring R SAut(F5) is used to
finish the proof.
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The same argument applies in the case of the family SLn(Z), where an algebraic
spectral gap certified in the group ring of SL5(Z) additionally yields new estimates
on Kazhdan constants of SLn(Z) for n ≥ 6, which asymptotically are 1/2 of the

well-known upper bound of

√
2

n
.

Another consequence is a new answer to a question of Lubotzky about the
dependence on the generating of the property of being expanders. Indeed, as
Aut(Fn), n ≥ 3, are residually alternating, there exists a sequence of alternating
groups Altki

such that as quotients of Aut(Fn) and with the inherited generating
set their Cayley graphs form a sequence of expanders, while they are known not
to be expanders with with respect to their usual generating sets.

Another application concerns an algorithm used to generate random elements in
finite groups. Lubotzky and Pak [6] studied the Product Replacement Algorithm
and have observed that it can be described in terms of a certain natural action
of Aut(Fn) and the associated random walk, whose fast convergence would be
implied by a spectral gap. Our results showing property (T ) for Aut(Fn) for
n ≥ 5, combined with those of Lubotzky and Pak, thus provide the explanation of
the surprisingly fast convergence of the Product Replacement Algorithm.
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Shadows of galleries in buildings

Petra Schwer

(joint work with Elizabeth Milićević, Yusra Naqvi and Anne Thomas)

One of the main tools when studying affine buildings are retractions. They are
closely linked to both the combinatorics of folded galleries as well as the orbits of
various prominent subgroups in the reductive groups defining the buildings. This
link gives rise to a combinatorial model which allows to understand orbits on and
sub-varieties of affine Grassmannians and affine flag varieties.
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In this talk I presented a new formalization of chimney retractions using filters
on half-apartments and explained how these retractions connect to folded galleries
and shadows. The main source for this talk is [6] as well as [4, 2].

1. Classical retractions

It is well known that any affine building admits two types of retractions. More
formally suppose X is an affine building with atlas A, then

(1) for every apartment A ∈ A and every alcove c ∈ A there exists a retraction
rA,c : X → A such that the restriction of rA,c onto any apartment A′ ⊃ c
is an isomorphism fixing A ∩ A′ pointwise. And

(2) for every apartment A ∈ A and every Weyl chamber C ∈ A there exists
a retraction ρA,∂C : X → A such that the restriction of ρA,∂C onto any
apartment A′ with ∂A′ ⊃ ∂C is an isomorphism fixing A ∩ A′ pointwise.

The first of these retractions is defined with respect to a maximal simplex in
X while the second is defined with respect to a maximal simplex in the visual
boundary of X , which is itself a spherical building.

In case the building X is of algebraic origin we find a (split, connected, reduc-
tive) group G defined over a non-archimedian local field F with discrete valuation
such that X is the Bruhat-Tits building of G over F . Denote by O the ring of
integers of F and let K = G(O). The group G admits several nice decompositions:

G = UTK = IWI = KTK,

where T is a (split) maximal torus, U the unipotent radical of the Borel B = TU
and I the Iwahori subgroup of G(F ). The groupW = N(T )/Z(T ) is the associated
affine Weyl group.

There is a close connection between the retractions and these decompositions
which comes from the fact that K is the stabilizer in G(F ) of a vertex in the
apartment A on which T acts as translations. This vertex is sometimes referred to
as the origin of X . The Iwahori group I is the stabilier of the fundamental alcove
c0 in A which contains the origin. The Iwahori may also be seen as the lift into
G(F ) of the (spherical) Borel in the residue building at the origin. In addition the
group U stabilizes the direction of the fundamental Weyl chamber C0 and may
hence be seen as the stabilizer of a maximal simplex ∂C0 in the sphere ∂A at
infinity of the affine apartment A. Using this one obtains for a point p ∈ A that

r−1
A,c0

(p) = I.p and ρ−1
A,∂C0

(p) = U.p.

This allows to go back and forth between geometric objects, such as preimages
under retractions, and algebraic onjects, such as orbits of points. One application
is the following direct analog of Kostant’s convexity which I proved in [4]. This
theorem answers the question of how the T -part of an element g ∈ G changes when
one multiplies the element g = utk on the left by some k′ ∈ K. The algebraic
statement is a direct consequence of the geometric statement using the translation
via retractions explained above.
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Theorem 1 ([4] Kostant convexity for buildings). Let X be a thick affine building,
fix an apartment A, a fundamental alcove c and a fundamental Weyl chamber C
in A. Then

ρA,∂C(r
−1
A,c(W̄ .λ)) = conv∗(W̄ .λ)

for any vertex λ in A.
Moreover, if X is the BT-building associated with a group G as explained above,

then for any vertex λ = tK one has

Ut′K ∩KtK 6= ∅ ⇐⇒ t ∈ conv∗(W̄ .λ).

In the theorem above conv∗(W̄ .λ) denotes the set of those vertices in the metric
convex hull of the spherical Weyl group orbit W̄ .λ which have the same type as λ.
The proof relies on the fact that one can track end-vertices of images of galleries
under retractions.

2. Chimney retractions

A natural way to compactify an affine building X is to take the union of X with
its Tits or visual boundary at infinity. One of the retractions discussed above
was determined by a maximal simplex in this boundary. In other words, we were
retracting from a chamber in the spherical building at infinity.

A different type of compactification of X , see for example work of Guivarch-
Rémy [3] or Caprace-Lecureux [1], is obtained by taking the union of X with
the affine buildings obtained from parallel classes of so called chimneys. In the
algebraic case a different way of saying what is done is to take the union of a
Bruhat-Tits building X of a group G over F together with the affine Bruhat-Tits
buildings of the Levi factors of G.

These smaller buildings arise exacly like the panels trees appearing in the litera-
ture and are attached at infinity of parallel classes of panels or smaller dimensional
faces of Weyl chambers. The maximal simplices in these boundary buildings cor-
respond to chimneys which are certain filters of half-spaces in apartments similar
to the cubes in the roller boundary of a cubical complex. Roughly speaking one
can also think of chimneys as translates of certain strips in the building X which
bounded by parallel walls of distance one in some of the root directions. A precise
definition of a chimney is given in [6].

An piece of an affine building X of type Ã2 together with some of the wall trees
are shown in Figure 1 to illustrate the compactification using affine buildings at
infinity. In this case there are three types of chimneys: one corresponds to alcoves
(i.e. triangles) in the building X . The second type corresponds to alcoves in the
wall trees. Such a chimney can be pictured by a strip between two walls. An
example is shaded grey in the same figure. The third class corresponds to vertices
at infinity which represent a Weyl chamber direction in X . Again an example is
shaded in (a slightly darker) grey. One has

(3) For every chimney ξ there is a retraction rξ : X → A such that the
restriction of rξ to any apartment A′ containing ξ is an isomorphism onto
A fixing A′ ∩A pointwise.
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This definition looks a lot like the previous definitions of retractions with the
advantage that only one definition is needed to get all the n+ 1 retractions of an
n-dimensional affine building.

Figure 1. Part of a two-dimensional affine building with chim-
neys (shaded in grey) and its boundary buildings of dimension
one and zero.

As in the classical case, retractions are closely linked with double coset in-
tersections. And again one can understand these retractions and double coset
intersections using galleries.

Definition 2. Let σ be a simplex in an apartment A and let ξ be a chimney in
the same apartment. The shadow Shξ(σ) of σ with respect to ξ is the collection of
end-simplices of galleries starting in the fundamental alcove c0 which are obtained
by ξ-positively folding a minimal gallery from c0 to σ.

In the classical case Sh∂C0
(λ) = conv∗(W̄ .λ). Similar to the convexity theorem

one can show the following result with the caveat that we don’t yet have a closed
description of the shadow in the formula.

Theorem 3 ([6]). For all alcoves x, y, z in A there is a bijection between the points
in

IxI ∩ (IP )
yzI
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and ξy-positively folded galleries from c0 to z of type x counted with multiplicities.
Moreover Shξy (x) = rξy (r

−1
c0

(x)).

Recursive descriptions of certain shadows are obtained in [2] and [6]. One
application of the study of these double coset intersections was given by Milićević,
Thomas and myself in [5, 7] where we compute non-emptiness and dimensions of
affine Deligne-Lusztig using folded galleries and chimney retractions.

3. Summary

Let me summarize what we have learned and give you three take-home messages:

• Buildings are great - they have retractions!1

• In understanding shadows we understand retractions.
• Shadows are used to study affine flag varieties and affine Grassmannians.

The connection between double coset intersection, retractions, folded galleries
and shadows is explained for a general audience in [8].
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On the homology torsion growth for SLd(Z), Artin groups and
mapping class groups

Damien Gaboriau

(joint work with Miklos Abert, Nicolas Bergeron and Mikolaj Fraczyk)

The growth of the sequence of Betti numbers is quite well understood when con-
sidering a suitable sequence of finite sheeted covers of a manifold or of finite index
subgroups of a countable group.

1Misha Kapovich once told me this and what can I say - I agree!
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We are interested in other homological invariants, like the growth of the mod
p Betti numbers and the growth of the torsion of the homology. We produce
new vanishing results on the growth of torsion homologies in higher degrees for
SLd(Z), Artin groups and mapping class groups. As a central tool, we introduce a
quantitative homotopical method that constructs ”smaller” classifying spaces for
finite index subgroups, while controlling at the same time the complexity of the
homotopy equivalence. Our method easily applies to free abelian groups and then
extends recursively to a wide class of residually finite groups.

We obtain the following typical kind of results:

Theorem 1 ([ABFG21]). Let Γ be a countable residually finite group. Let (Γn)
be a residual chain or a Farber sequence of finite index subgroups. Let K be any

field. For every degree j ≤ α, we have:

dimK Hj(Γn,K)

[Γ : Γn]
−→ 0 and

log |Hj(Γn,Z)tors|
[Γ : Γn]

−→ 0 as n → ∞,

where the value α depending on the group Γ may be taken as follows:

• Γ = SLd(Z)  α = d − 2; more generally Γ an arithmetic lattices in a
semi-simple affine algebraic groups G and α = rankQ(G)− 1;

• Γ = MCG(Sg)  α = 2g − 2; more generally if the surface has genus g
and b boundary components Γ = MCG(Sg,b)  α = 2g− 3+ b when g ≥ 1
and b ≥ 1, while α = b− 4 if g = 0 and b ≥ 4;

• Γ = residually finite Artin group for which the K(π, 1) conjecture is satis-
fied  α such that the nerve is (α− 1)-connected;

• Γ = Out(Wn) where Wn = Z/2Z ∗ Z/2Z ∗ · · · ∗ Z/2Z (n times)  α =
⌊n
2 ⌋ − 1 (This last example comes from joint work with Yassine Guerch

and Camille Horbez [GGH22]).

Observe that both the existence of a limit and the independence relatively to
the sequence of subgroups in the above theorem are not at all obvious a priori.

I present the basic objects and some of the ideas.
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Locally testable codes

Shahar Mozes

(joint work with Irit Dinur, Shai Evra, Ron Livne, Alexander Lubotzky)

An error correcting code is a subset C ⊆ Fn
2 . We will think of elements of C as

words of length n ”bits” (0’s and 1’s). The rate of a code is ρ(C) = log2(|C|)/n,
its distance δ(C) is the minimal Hamming distance between any two codewords,



Geometric Structures in Group Theory 553

normalized by dividing by n. A code is called Locally Testable is there is a ”tester”
who given a word w ∈ Fn

2 reads q randomly chosen bits from w and decides whether
to accept or reject the word so that if w ∈ C accepts with probability 1 and if
w 6∈ C rejects with probability at least κ · dist(w,C). Where κ > 0 and q ∈ N are
some fixed constants. (We say that such a code is κ-Locally Testable with with
q-queries.)

Our main result is proving the existence of an infinite family of locally testable
codes with rate and distance bounded below and fixed q and κ.

Theorem. For every 0 < r < 1 there exist δ, κ > 0, q ∈ N and a polynomial
time construction of an infinite family of error correcting codes {Cn} with rates
at least r, distances at least δ and for every n Cn is a κ-locally testable code with
q-queries.

The codes we construct are linear codes. Let us mention that Panteleev and
Kalachev [2] have announced construction of codes with similar properties at the
same time and independently.

A key ingredient in the construction of these codes is the use of certain high
dimensional expanders which are finite square complexes, the LR-Cayley square
complex C(G,A,B), associated with a group with two symmetric generating sets
A, B and which have good expansion properties. The square complex C(G,A,B)
is may be viewed as taking the union of a left Cayley graph of G with respect
to A and a right Cayley graph of G with respect to B (on the same set of
vertices G) and gluing a square for each g ∈ G, a ∈ A, b ∈ B at the edges
{g, ag}, {ag, agb}, {agb, gb}, {gb, g}. Note that there are two types of edges in the
complex: edges corresponding to elements of A (”A-edges”) and edges correspond-
ing to elements of B (”B-edges”). To define the code one chooses two fixed linear
codes CA ⊂ FA

2 and CB ⊂ FB
2 . The link of an A-edge can be identified with B

and the link of a B-edge can be identified with A. The code C is defined to be the
linear subspace of all maps f : C(G,A,B)(2) → F2 from the squares of C(G,A,B)
to F2 so that for each A-edge the restriction of f to squares containing it (its link)
is in CB and similarly for B-edges the restriction to the corresponding link is in
CA. This construction can be viewed as a generalization of the celebrated Sipser
Spielman [3] expander codes. For an appropriate choices of the ”local” codes CA

and CB and a family of groups G with sets of generators A and B having good
expansion properties one obtains locally testable codes as in the theorem. Given a
word, i.e., a labelling of the faces of the squares of the square complex by elements
of F2 the tester chooses a random vertex and checks whether the labelling of its
link belongs to CA ⊗ CB.
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Euler characteristics of complexes of graphs

Karen Vogtmann

(joint work with Michael Borinsky)

Outer space CVn is a contractible space of graphs originally introduced to study
the group Out(Fn) of outer automorphisms of a finitely-generated free group Fn

[1]. Outer space decomposes naturally as a union of open simplices, but is not a
simplicial complex because some of the faces of these open simplices are missing.
If one includes the missing faces, one obtains a contractible simplicial complex
CV ∗

n called the simplicial closure of Outer space.
The simplicial closure CV ∗

n gives rise to several chain complexes which appear
in other areas of mathematics, such as Kontsevich’s graph complexes and tropi-

cal algebraic geometry. For example the quotient CV
∗

n of CV ∗
n by the action of

Out(Fn) is what the tropical geometers call the moduli space of tropical curves
of genus n. As another example, Kontsevich’s even commutative graph complex

GC(n)
2 is easily identified with the relative chain complex C∗(CV

∗

n, CV
∞

n ), where
CV ∞

n is the (invariant) subcomplex consisting of simplices that are not contained
in CVn and the bar again indicates the quotient by the action of Out(Fn). For
the study of Out(Fn) a subcomplex Kn of the barycentric subdivision (CV ∗

n )
′

called the spine of Outer space is important; this is the subcomplex spanned by
all vertices of (CV ∗

n )
′ that are not in (CV ∞

n )′. The spine Kn is quasi-isometric
to Out(Fn) and the chain complex C∗(Kn) computes the rational homology of
Out(Fn). In addition, by a theorem of Kontsevich the homology of this chain
complex can be identified with the homology of his odd Lie graph complex LG(n)

[5].
The purpose of this talk was to explain how techniques borrowed from quantum

field theory can be used to study both the virtual and naive Euler characteristics
of these chain complexes. Here by the naive Euler characteristic we mean the al-
ternating sum of the Betti numbers, i.e. the usual Euler characteristic of the quo-
tient space. The virtual Euler characteristic takes the group action into account;
it counts the alternating sum of the number of orbits of simplices of dimension i
divided by the order of their stabilizers. The virtual Euler characteristic is consid-
erably easier to compute and has other virtues; for example it behaves well with
respect to short exact sequences of groups, and for arithmetic groups and surface
mapping class groups it cam be computed in terms of zeta functions.

The talk focused on a specific example, namely the virtual Euler characteristic of

C∗(CV
∗

n, CV
∞

n ). I explained how to find a combinatorial generating function F(~)
for this number, then how to view this generating function as the path integral of
a 0-dimensional scalar quantum field theory with a very simple potential function
V (~). Specifically, V (x) = ex − 1− x and F(~) is the path integral for

1√
2π~

∫

R

e
−x2

2~ e
−1

h
(ex−1−x)dx.

It happens that this expression is actually integrable (unlike the integral associated
to most potentials), and we can deduce (up to some easily understood factors)
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that F(~) is the asymptotic expansion of the Gamma function in the scale {~k}
as ~ → 0. Sterling’s classical formula expresses the asymptotic expansion of the
Gamma function in terms of Bernoulli numbers, and we conclude that the virtual

Euler characteristic is 0 if n is even and Bn+1

n(n+1) if n is odd.

The rest of the talk sketched how to use the cubical structure of the spine of
Outer space to obtain a generating function for the virtual Euler characteristic
χ(Out(Fn)) in a similar way. With more work, this method can be souped up
to compute the naive Euler characteristic e(Out(Fn)). Earlier, in [3], we had
found a different generating function for χ(Out(Fn)), which we were able to use
to determine the sign and asymptotic growth rate of χ(Out(Fn)). The form of the
new generating functions makes it possible to extract from our previous work the
fact that the ratio of e(Out(Fn)) to χ(Out(Fn)) tends to e−

1
4 ≈ .78 as n → ∞.
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Origami expanders

Tim de Laat

(joint work with Goulnara Arzhantseva, Dawid Kielak, Damian Sawicki)

Spectral gap is an important rigidity property for measure-preserving group actions
with various applications, one of which is the construction of expanders. Let G be
a group generated by a finite symmetric generating set S. A probability measure-
preserving action G y (X,µ) has spectral gap if there exists a constant κ > 0 such
that for every f ∈ L2(X,µ) with

∫
X
fdµ = 0, we have

∑
s∈S ‖s.f − f‖2 ≥ κ‖f‖2,

where (s.f)(x) = f(s−1x).
Let T2 = R2/Z2 be the 2-torus, which we identify with [0, 1)2 ⊆ R2 equipped

with Lebesgue measure. For an integer k > 1, consider the elementary matrices

(1) ak =

(
1 k
0 1

)
and bk =

(
1 0
k 1

)
.

It goes back to [9, 4] that for every k ∈ Z>1, the natural action of the group
〈ak, bk〉 generated by ak and bk on T2 has spectral gap. It is standard that for
k > 2, the group 〈ak, bk〉 is a free group.

Another class of fundamental examples of actions with spectral gap comes from
rotations of the sphere S2; see e.g. [3, 5, 2].
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Figure 1. The staircase of genus 4.

The aim of this talk is to explain a new class of actions with spectral gap,
namely on surfaces of arbitrary genus g > 1, and to mention the construction of
a new type of expanders coming from these actions. Concretely, the surfaces we
consider are origami surfaces. These are obtained by gluing together finitely many
copies of the unit square in such a way that the resulting surface is a branched
covering of T2. Special cases of origami surfaces were first studied in [10, 11]; the
name origami was introduced in [6]. The following result is [1, Theorem A].

Theorem 1. Let Σ be an arbitrary origami surface. Then the free group F2 admits
a measure-preserving action by Lipschitz homeomorphisms on Σ with spectral gap.

This theorem gives the first examples of measure-preserving actions with spec-
tral gap on surfaces of higher genus g, i.e., genus g > 1.

Let us now recall the notion of origami surface more precisely. Let (m,σ, τ) be a
triple, where m is a positive integer, and σ and τ are elements of Sym({1, . . . ,m})
such that the subgroup they generate acts transitively on {1, . . . ,m}. An origami
surface (or square-tiled translation surface) associated with (m,σ, τ) is a topolog-
ical space Σ constructed as follows: Let {P1, . . . , Pm} be m copies of the square
[0, 1]2 together with homeomorphisms ρi : Pi → [0, 1]2. The space Σ is obtained
by gluing, for every i ∈ {1, . . . ,m}, the left side of Pi (coming from the left side
of [0, 1]2 under the homeomorphism ρi etc.) to the right side of Pσ(i), in such a

way that precomposing this gluing with ρi
−1 and postcomposing with ρσ(i) yields

a map sending the left side of [0, 1]2 to its right side by translation. We proceed
analogously in the vertical direction, using τ .

The maps ρi combine to a single map ρ : Σ → T2, which is a branched covering
of the torus T2 branching over at most one point. Topologically, Σ is a connected,
closed, orientable surface. It also carries a measure µ of total measure m, inherited
on each of the squares Pi from the Lebesgue measure on [0, 1]2.

An example of an origami surface of genus 4 is given in Figure 1. For obvi-
ous reasons, this origami surface is called the staircase Z4. Analogously, we can
consider the staircase Zg of arbitrary genus g.
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Let Σ be an origami surface associated with the triple (m,σ, τ), consider the
matrices ak, bk from (1), and suppose that k > 2 is any multiple of the orders of
σ and τ . Let us now define an action of F2 = 〈ak, bk〉 on Σ.

Definition 2. Let Σ be an origami surface and Pi a square of Σ. The horizontal
arrangement map associated with Pi is the unique map hi : R×[0, 1] → Σ satisfying
the following conditions:

• For every j ∈ Z, postcomposing the restriction of hi to [j, j + 1] × [0, 1]
with ρ coincides with the composition of the translation by (−j, 0) with the
natural quotient map [0, 1]2 → T2.

• The square [0, 1]2 is mapped to Pi.

The vertical arrangement map associated with Pi is the map vi : [0, 1] × R → Σ
defined analogously.

Note that the matrices ak and bk preserve the subsets R× [0, 1] and [0, 1]× R

of R2, respectively. Consider a square Pi of Σ, and let hi : R × [0, 1] → Σ be the
corresponding horizontal arrangement map. The action of ak on Pi is obtained
by first lifting Pi to [0, 1]2 under h−1

i , then applying the matrix ak, and then
projecting back to Σ using hi. We define the action of bk analogously, using the
vertical arrangement map. This procedure yields a well-defined action of 〈ak, bk〉
on Σ. It can be verified that this action satisfies the conclusion of Theorem 1. We
refer to [1] for a detailed proof.

Let us briefly discuss the construction of a new type of expanders, coming from the
above group actions. Expanders are sequences of finite, highly connected, sparse
graphs with an increasing number of vertices; see e.g. [7] for the definition. One
way to construct expanders is from actions with spectral gap. This idea already
(implicitly) underlied several of the earliest explicit constructions of expanders,
e.g. the original Margulis expander [8]. For a systematic study of this method, we
refer to [12], in which the expanders constructed from a group action with spectral
gap are quasi-isometric to appropriate sequences of level sets of the warped cone
over the action, which is a metric space encoding the dynamics of the group action.

The second part of [1] studies the expanders associated with the warped cones
of the actions of Theorem 1. We call these origami expanders. They turn out to
be coarsely distinct from previous constructions of expanders, and we refer to [1]
for many results on the coarse geometry of these expanders. As an example of
such a result, let us mention the following theorem, which is [1, Theorem D].

Theorem 3. Let g > 2, and let Zg be the staircase of genus g (see Figure 1)
equipped with the action of F2 as constructed above. Let (Γn)n be an expander that
is quasi-isometric to the warped cone over F2 y Zg. Then:

• The expander (Γn)n is not coarsely equivalent to any box space.
• The expander (Γn)n is not coarsely equivalent to any warped cone OHY ,
where H is an infinite group, Y is a manifold, and the action H y Y is
free.
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The Kaplansky conjectures

Giles Gardam

There is a series of four long-standing conjectures on group rings that are attrib-
uted to Kaplansky, namely the unit, zero divisor, idempotent and direct finiteness
conjectures.

Conjecture. Let G be a group and K be a field. If G is torsion free, then the
group ring K[G] has

• no non-trivial units,
• no non-zero zero divisors, and
• no idempotents other than 0 and 1.

For arbitrary G, the group ring K[G] is

• directly finite, that is, if ab = 1 for a, b ∈ K[G] then ba = 1.

A group ring element of the form kg for k ∈ K \{0} and g ∈ G is called a trivial
unit. The unit and zero divisor conjectures were first formulated in Higman’s thesis
[2, p. 77] but were popularized by Kaplansky [4]. The idempotent conjecture has its
origins in a 1949 conversation of Kadison and Kaplansky; the conjecture that the
reduced group C∗-algebra of a torsion-free group has no non-trivial idempotents
is known as the Kadison–Kaplansky conjecture. The direct finiteness conjecture
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was raised by Kaplansky following his proof that it holds if K has characteristic
zero [3, pp. 122–123]

The author recently gave an explicit counterexample [1] to the unit conjecture
using the virtually abelian group sometimes referred to as the Hantzsche–Wendt
group, which Promislow showed to be a candidate by virtue of not having the
unique product property [8].

Theorem 1. Let P be the torsion-free group defined by the presentation

〈 a, b | b−1a2b = a−2, a−1b2a = b−2 〉
and set x = a2, y = b2, z = (ab)2. Set

p = (1 + x)(1 + y)(1 + z−1) q = x−1y−1 + x+ y−1z + z

r = 1 + x+ y−1z + xyz s = 1 + (x+ x−1 + y + y−1)z−1.

Then p+ qa+ rb+ sab is a non-trivial unit in the group ring F2[P ].

While the unit conjecture remains open in characteristic zero, Murray subse-
quently gave counterexamples with the same group P in every positive character-
istic [6].

The four Kaplansky conjectures form a chain of implications. It is a trivial fact
that a ring with no non-zero zero divisors has no non-trivial idempotents and a ring
with no non-trivial idempotents is directly finite. It is also known that if the group
ring of a torsion-free group has no non-trivial units then it has no non-zero zero
divisors [7, Lemma 13.1.2]. The zero divisor conjecture is known for many groups,
such as residually torsion-free elementary amenable groups [5], whereas the unit
conjecture is false for the very mild Hantzsche–Wendt group. This suggests there
is a large gulf between the two conjectures. However, the zero divisor conjecture
is in fact a statement about units: if it is false, then there is a counterexample in
positive characteristic, and if G is torsion-free and K has positive characteristic
then K[G] satisfies the conjecture if and only if its group of units has no non-trivial
torsion.

The main obstacle to constructing a counterexample to the zero divisor conjec-
ture is the lack of explicit candidates (torsion-free and without the unique product
property) given by small presentations. The set of such candidates is at least now
known to be non-empty.

Theorem 2. The torsion-free group ∆ defined by the presentation

〈 a, b, c, d, e, f, g | acb, add, afg, bbf, cdg, cef, eeg 〉
does not have the unique product property.

This Ã2-lattice has no linear representations over C with infinite image and has
property (T). As far as the author is aware, this rules out all existing techniques
to prove the zero divisor conjecture.

Question. Does ∆ satisfy the zero divisor conjecture?
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An invitation to coarse groups

Federico Vigolo

(joint work with Arielle Leitner)

A coarse space is a space that is equipped with a notion of “uniform boundedness”.
Prototypical examples of coarse spaces are metric spaces: a family of subsets of
(X, d) is uniformly bounded if there is an upper bound on their diameters. A
natural non-metric example is given by topological groups: a family of subsets
of (G, τ) is uniformly bounded if they are all contained in left translates of some
compact subset of G. A general coarse space is a set equipped with a coarse
structure X = (X, E) as defined by Roe in [7]. For the purpose of this talk,
we may assume that E is induced by a metric or a topology as explained above.
Coarse geometry is the study of those geometric features of a coarse space that
are preserved under uniformly bounded perturbations.

A map between coarse spaces is controlled if it preserves uniform boundedness.
According to the coarse philosophy, we should not be able to differentiate between
close functions. We thus say that a coarse map f : X → Y is an equivalence class
of controlled functions, where we identify close functions. Two coarse spaces are
coarsely equivalent if there are coarse maps f : X → Y and g : Y → X such that
g ◦ f = idX and f ◦ g = idY . For example, it is simple to verify that two geodesic
metric spaces are coarsely equivalent if and only if they are quasi-isometric.

Coarse spaces and coarse maps are objects and morphisms of the category of
coarse spaces. A coarse group is a group object in this category. Concretely, it
is a coarse space G = (G, E) together with a multiplication ∗ and an inversion
(·)−1 that satisfy the group axioms up to uniformly bounded error. The study of
coarse groups and their coarse homomorphisms has connections with a number of
different topics going from geometric group theory to number theory and functional
analysis. The basic elements of this theory fit together rather nicely: there are
notions of coarse homomorphisms, isomorphisms, subgroups and quotients. The
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coarse analogues of the Isomorphism Theorems hold true [3]. This talk is a brief
introduction and survey of the subject, with emphasis on examples.

The first examples of coarse groups are obtained from groups. If d is a left-
invariant metric on a group G, the coarse space G = (G, Ed) need not be a coarse
group because the multiplication function need not be controlled. Up to coarse
equivalence, one can actually verify that G is a coarse group if and only if d
a bi-invariant metric on G. Besides abelian groups, many natural groups come
equipped with bi-invariant metrics, e.g. the Hamming distance on the symmetric
group Sn and the metric induced by operator norm d(T, S) = ‖T − S‖ on the
group U(H) of unitary operators on a Hilbert (or Banach) space.

If G is a group and E is a coarse structure so that G = (G, E) is a coarse group,
we say that G is a coarsification of G. Every finitely generated group Γ admits a
canonical coarsification. Namely, if S is a finite generating set and S is the union
of all its conjugates, then the word metric dS associated with S is bi-invariant and
hence (G, dS) is a coarse group. This coarsification is canonical because different
generating sets give rise to bi-Lipschitz equivalent metrics. One may also verify
that this is the finest “connected” coarsification of G. In turn, this raises the
following natural question:

Problem 1. Given a finitely generated group G, is dS unbounded?

It is not hard to show that dS is unbounded if G admits unbounded quasimor-
phisms φ : G → R. In particular, this is the case if G is hyperbolic or fibers over
Z. In the opposite direction, dS is bounded on Sl(n,Z) and the infinite dihedral
group D∞. More in general, it is a known that every affine Coxeter group and
many higher rank arithmetic lattices are bounded [4, 6, 8]. The following is a
known open question:

Question 2 ([1]). Let G be a lattice in a higher rank simple Lie group with finite
centre. Is dS bounded?

Exotic examples of coarse groups are obtained by considering coarse subgroups
(these can be defined as images of coarse homomorphisms [3]). For instance, if
G = (G, E) is a coarsified group and X ⊂ G is an approximate subgroup in the
sense of in the sense of Breuillard–Green–Tao then one may modify the group
operations to make (X, E|X) into a coarse group. This coarse group X is truly
coarse, in the sense that these modified operations will no longer satisfy the group
axioms.

One example of interest is as follows. Let (F2, dS) be the free group on two
generators equipped with its canonical coarsification, and let φ : F2 → R be the
homomorphism defined by sending one generator to 1 and the other to an irrational
number. One may verify that the preimage K := φ−1(−1, 1) is an approximate
subgroup of F2, hence K = (K, dS |K) is a coarse subgroup (it is the “coarse
kernel” of φ [3]). We conjecture that this coarse group is very far from being a
coarsified group. Namely, we pose the following:

Conjecture 3. There does not exist a group G with a coarsification G = (G, E)
such that G and K are isomorphic coarse groups.
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In the converse direction, using an appropriate weakening of the notion of coarse
structure we can prove the following:

Theorem 4 ([3]). For every coarse group G there exists a group G′ with a “frag-
mentary coarsification” so that G is isomorphic to a coarse subgroup of (G′, E).

One interesting object of study is the group AutCrs(G) of coarse automorphisms
of a given coarse group G. For concreteness, we propose the following:

Problem 5. For n ≥ 2, study the group AutCrs(Fn, dS) and its subgroups.

To provide some motivation, the following result follows easily from the work
of Hartnick–Schweitzer:

Theorem 6 ([2, 3]). The group AutCrs(Fn, dS) has torsion of arbitrary order, it
contains an infinite simple group and there is a natural embedding Out(Fn) →֒
AutCrs(Fn, dS).

With regard to the embedding Out(Fn) →֒ AutCrs(Fn, dS), it is intriguing
to compare it with its abelian analogue. In fact, it is simple to observe that
AutCrs(Z

n, dS)
∼= AutCrs(R

n, d‖·‖) ∼= Gl(n,R), while Out(Zn) ∼= Gl(n,Z) and the
analogous homomorphism Out(Zn) → AutCrs(Z

n, dS) is nothing but the inclusion
Gl(n,Z) ⊂ Gl(n,R). One can obtain a great deal of information on Gl(n,Z) by
observing that the index two subgroup Sl(n,Z) < Gl(n,Z) is a lattice in the
simple Lie group Sl(n,R) < Gl(n,R). In analogy, it is natural to wonder whether
AutCrs(Fn, dS) or some subgroup of it can be used to study Out(Fn).

To conclude, the following problem is a first step towards a study of the structure
theory of coarse groups.

Problem 7. Classify the coarsifications of Z.

If S is an infinite generating set of Z, the induced word metric dS defines a
coarsification of Z. For a given set S, it is natural to ask whether dS is bounded.
For instance, if S is the set of all primes, boundedness of dS is a non-effective
version of the Goldbach conjecture. More generally, it is an interesting number
theoretic problem to understand whether two sets S, S′ give rise to the same coarse
structure [5].

Another class of coarsifications of Z consists of those of the form (Z, τ) where
τ is some group topology on Z. Considering profinite topologies, one can show
that there are at least a continuum of different coarsifications of Z [3]. It would

be interesting to know if there are 22
ℵ0

distinct coarsifications.
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Condensed Mathematics

Peter Kropholler

Let G be a topological group satisfying the T1 separation axiom (so the trivial
subgroup is closed). The Clausen–Scholze condensed mathematics promises an
abelian category of condensed G-modules that is closed under arbitrary limits and
colimits and which has enough projectives. This makes it at once possible to
perform classical methods of homological algebra, to define Ext∗G(A,B) by using a
projective resolution of the condensedG-module A, and even to define Farrell–Tate

cohomology Êxt
∗

G(A,B) in which case projective resolutions of both A and B are
required. The theory uses a philosophy akin to the methods of algebraic geometry
as laid down in Grothendieck’s famous Tohoku paper [3]. In fact, in the wake of
Grothendieck’s work many foundational principles of condensed mathematics can
be seen in the writings of Gleason [2], of Dyckhoff [1], and of other authors: the
combination of Grothendieck’s framework using the earlier insights of Steenrod
and others could have led to the same goal in the nineteen sixties or seventies but
instead developments took a different direction. Condensed Mathematics had to
wait until 2018 to be discovered when Clausen joined Scholze’s research group at
the University of Bonn. The pair very rapidly developed a complete theory to a
level considerably higher than we can comprehend in this short lecture.

1. Illustration

Consider the identity map Rδ → R from the reals made discrete to the reals
with their normal topology. This is a continuous bijection, an isomorphism of the
abstract additive groups, but not an isomorphism of topological abelian groups:
the inverse is discontinuous. Now consider the one point compactification N∪{∞}
of the natural numbers and replace Rδ and R by continuous Rδ- and R-valued
functions with domain N∪{∞}. The induced map [N∪{∞}, Rδ] → [N∪{∞}, R] is
injective but not surjective. The domain consists of eventually constant sequences,
the codomain consists of all convergent sequences. What was once a surjection
now has a huge cokernel. We are using maps from the test space N ∪ {∞} to
distinguish the discrete group from the topological and in an algebraic manner
by means of distinct vector spaces of sequences. The received wisdom is that we
should consider other test spaces, not just N ∪ {∞}: Clausen and Scholze invite
us to consider all compact Hausdorff spaces.
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2. Applications

Here is a taster of the kinds of results that can be proved: one of Clausen–Scholze,
and a second more recently formulated of my own. The first is central to Scholze’s
Liquid Tensor Experiment [5].

Theorem (Clausen–Scholze). Let 0 < p′ < p ≤ 1 be real numbers, let S be a
profinite set, and let V be a p-Banach space. Let Mp′(S) be the space of p′-

measures on S. Then ExtiCond(Ab)(Mp′(S), V ) = 0 for all i ≥ 1.

In this Theorem the Ext groups are computed over the category Cond(Ab) of
condensed abelian groups: we’ll come to the definition below. The second result is
rather more open-ended: a Metatheorem because its exact meaning depends on an
interpretation of the notion of hierarchical decomposition that has yet to be fully
researched. In a hierarchically decomposable group, there are certain preferred
subgroups one of which is the group itself. To each such subgroup H there is
an associated ordinal α(H) known as the height so that if H ⊂ K are preferred
subgroups then α(H) ≤ α(K).

Metatheorem. Let G be a hierarchically decomposable T1 topological group. Sup-
pose that A is a condensed G-module of type FP∞ and B is a condensed G-
module that is projective on restriction to every height zero subgroup of G. Then

Êxt
i

Cond(Mod-G)(A,B) = 0 for all i ∈ Z.

Both Theorem and Metatheorem are cohomological vanishing theorems.

3. Definitons, Examples, Proofs

Let KHaus denote the category of compact Hausdorff spaces and let Set denote
the category of sets. A condensed set is a contravariant functor S : KHausop →
Set such that two axioms hold.

Sh1: S(T ⊔ T ′) = S(T )× S(T ′) — S takes disjoint unions to products.
Sh2: A statement about equalisers: see [4] for the details.

3.1. Examples. For an example of a condensed set, take any Hausdorff space X
and consider the functor X := [ , X ] that send a compact Hausdorff space to the
set of continuous X-valued functions. That is, functions, not homotopy classes of
functions. This construction immediately produces condensed sets: that is to say
Axioms Sh1 and Sh2 hold automatically.

3.2. Simplifications. The forgetful functor KHaus → Set has a left adjoint β
which sends a set X to its Stone–Čech compactification βX . This has a universal
property like a free group: given any function f from X to a compact Hausdorff
space Z there is a unique continuous map βX → Z extending f . In particu-
lar, Stone–Čech compactifications satisfy the naive projective property: any map
from βX to the codomain Z of an epimorphism Y ։ Z of compact Hausdorff
spaces factors through the domain Y . The compact Hausdorff spaces that have
this projective property are precisely the retracts of the Stone–Čech compactifi-
cations and they are the objects of a full subcategory Proj of KHaus. Gleason
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proved that a compact Hausdorff space is projective if and only if the closure of
every open subset is open (a property that goes by the arcane title ‘extremally
disconnected’). What matters here is that all projective compact Hausdorff spaces
are totally disconnected and therefore profinite. So we have three categories
Proj ⊂ Profinite ⊂ KHaus and three wonderful things hold true: first, we
can use any one of these three categories to define a condensed set because using
the axioms Sh1 and Sh2, any compliant functor with domain Proj or Profinite
extends uniquely by right Kan extension to the domain KHaus. Secondly, when
the domain is Proj the second Axiom Sh2 is implied by the first Axiom Sh1. So
now we have a very simple definition: a condensed set is a contravariant functor
Projop → Set such that Sh1 holds. Thirdly, if you have a functor that doesn’t sat-
isfy Axiom Sh1 (such a gadget is called a presheaf ) there is a natural sheafification
that does satisfy Axiom Sh1.

A condensed abelian group is a contravariant functor Projop → Ab such that
Sh1 holds. In fact you can define condensed anythings just so long as the category
of anythings has finite products so that Sh1 makes sense. But the category of
abelian groups is particularly attractive. Being an abelian category, epimorphisms
are epitomised by coequaliser diagrams and the naive projective property that an
object P is projective when every morphism to the codomain of an epimorphism
should factor through the domain can be expressed more pithily by saying that
hom(P, ) commutes with finite colimits. An object P in an abelian category is
called compact if hom(P, ) commutes with filtered colimits. Scholze then points
out that if you take any projective compact Hausdorff space S giving rise to a
condensed set S : Projop → Set then the presheaf of abelian groups that sends
Z ∈ Proj to the free abelian group on S(Z) = [Z, S] sheafifies to a functor that
commutes with all limits and colimits. In one sweep the following fact emerges.

The category of condensed abelian groups is closed under all limits and colimits
and has enough compact projective objects in the sense that every object is the
epimorphic image of a direct sum of compact projectives.

3.3. Proving the Metatheorem. The idea is to prove by induction on the height

of H that for all preferred subgroups H of G, Êxt
i

Cond(Mod-G)(A, Ind
G
HB) = 0.

The theorem will then follow from the special case H := G. The base case for
the induction comes from the assumption that B is projective as a module for the
height zero subgroups using the observation that induction functor takes projective
H-modules to projective G-modules. As evidence of the delicacy of matters, note
that in the condensed world, induction is not always an exact functor, nor does
restriction necessarily preserve projectivity.
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Groups acting almost freely on 2-dimensional CAT(0) complexes
satisfy the Tits Alternative

Damian Osajda

(joint work with Piotr Przytycki)

Tits proved that every finitely generated linear group satisfies (what is now called)
the Tits Alternative, saying that each of its finitely generated subgroups is virtu-
ally solvable or contains a nonabelian free group. It is believed that the Tits
Alternative is common among ‘nonpositively curved’ groups. However, up to now
it has been shown only for few particular classes of groups. The main result of
[1] is the following theorem establishing the Tits Alternative for groups acting on
2-dimensional CAT(0) complexes.

Theorem 1. Let G be a finitely generated group acting on a CAT(0) triangle
complex X with a bound on the order of the cell stabilisers. Then G is virtually
cyclic, or virtually Z2, or contains a nonabelian free group.

Corollary 2. If X has finitely many isometry types of simplices, then Theorem 1
holds also for G infinitely generated.

As corollaries we obtain the Tits Alternative for subgroups of the tame auto-
morphism group Tame(k3) or of 2-dimensional Artin groups acting with bounds
on the orders of the cell stabilisers on appropriate complexes.

As a means of proving the main theorem and as a result of its own interest we
present a characterisation of CAT(0) triangle complexes using a link condition.
Earlier such characterisations were established for locally compact triangle com-
plexes and for piecewise Euclidean and piecewise hyperbolic triangle complexes.
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Group actions on Lp-spaces : dependance on p

Mikael de la Salle

(joint work with Amine Marrakchi)

The study of group actions on Hilbert spaces is central in operator algebras, geo-
metric group theory and representation theory. In many natural situations how-
ever, particularily interesting actions on Lp spaces appear for p 6= 2. One cele-
brated example is the construction by Pansu [7] (and later greatly generalized by
Yu to all Gromov hyperbolic groups [8]) of proper actions of groups of isometries
of hyperbolic spaces on Lp for large p. In these results and many other, the rather
clear impression was that it was easierfor a group to act on Lp space as p becomes
larger. This impression was made more precise by Chatterji, Druţu, and Haglund
[2] in a question, that became later known as Druţu’s conjecture.

To be more precise, we need to introduce some notation. Whenever we write
Lp, we will mean the space Lp(X,µ) of real-valued p-integrable functions on a
standard measure space (X,µ). And by action of a topological group G on Lp,
we will always mean continuous action of G by affine isometries (the word affine
is superfluous if p ≥ 1, by the Mazur-Ulam theorem). To a topological group, we
associate two subsets of the positive real numbers, that can be respectively called
the fixed point spectrum and proper action spectrum of G:

F (G) = {p ∈ (0,∞) | every action of G on Lp has bounded orbits}
and

P (G) = {p ∈ (0,∞) | G admits a proper on Lp}.
Here proper means metrically proper, that is for every C > 0, {g ∈ G | ‖g·x−x‖p ≤
C} is compact for some (equivalently any) x ∈ Lp. So for non-compact groups,
these two sets are clearly disjoint, and the proper action spectrum can only be
non-empty for localy compact groups.

Druţu’s conjecture is that both sets are intervals, and more precisely that

p ∈ F (G) =⇒ (0, p] ⊂ F (G),

and

p ∈ P (G) =⇒ [p,∞) ⊂ P (G).

For simplicity, we will mostly discuss the fixed point spectrum.
Given an isometric (linear) representation π of G on a Banach space V , the set

of affine actions with linear part π, up to a change of origin, is parametrized by the
first cohomology group H1(G, π). For the reader unfamiliar with this vocabulary,
it is enough to record that the formula H1(G, π) = 0 means every affine action
whose linear part is π has a fixed point.

The classical theorem of Banach and Lamperti says that, for p 6= 2, every linear
isometry U of Lp(X,u) is of the form

Uf(x) = w(x)
dTµ

dµ
(x)

1
p f(T (x))
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for a measurable function w : X → {−1, 1} and a measurable bijection T : X → X
preserving the measure class of µ. In other words, this identifies is group of linear
isometries of Lp(X,µ) with

Aut(X, [µ])⋉ L0(X,µ; {−1, 1}).
In particular, since this group does not depend on p, any continuous homomor-
phism

σ : G → Aut(X, [µ])⋉ L0(X,µ; {−1, 1})
gives rise to a family πp,σ : G → O(Lp(X,µ)) of linear isometric representations
of G on Lp.

The following question is therefore a refined form of Druţu’s conjecture.

Question 1. Given a continous homomorphism

σ : G → Aut(X, [µ])⋉ L0(X,µ; {−1, 1}),
is the set {p | H1(G, πp,σ) = 0} an interval?

A positive answer is known in several cases: when X is atomic, or (under some
additional conditions on G) when µ is a probability measure and σ takes values in
the measure-preserving subgroup Aut(X,µ)⋉ L0(X,µ; {−1, 1}) [5, 3, 4, 6].

With Marrakchi, we also observed [6] that if we define the subspace H1
#(G, πp,σ)

of formal coboundaries as {b ∈ H1(G, πp,σ) | ∃f ∈ L0(X,µ), b(g) = f − πp,σ(g)f},
then

{p | H1
#(G, πp,σ) = 0}

is an interval. However, this does not answer Question 1 because we do not know
whether all cocycles are formal coboundaries. However, this becomes true at the
cost of enlarging the space:

Lemma 2. Let σ : G → Aut(X, [µ]), (A,+) be a locally compact abelian group
and c : G×X → A a measurable cocycle (c(gh, x) = c(g, x)+c(h, σ(g)−1x)). Then
the formula

(σ ⋊ c)g(x, a) = (gx, a+ c(g−1)(x))

defines a measure-class preserving action of G on (X ×A, µ×Haar) such that, if
h(x, a) = a, c(g, x) = ((σ ⋊ c)g(h)− h)(x, a).

The following is our main theorem.

Theorem 3. [6] Let G be a topological group. Take 0 < p ≤ q < ∞. Then
for every continuous affine isometric action α : G y Lp, there exists a continuous
affine isometric action β : G y Lq such that ‖αg(0)‖pLp

= ‖βg(0)‖qLq
for all g ∈ G.

It confirms Druţu’s conjecture, but does not settle Question 1, because the
actions on Lp and on Lq are different. Moreover, the action on Lq can be taken so
that its linear part comes from a homomorphism G → Aut(X,µ) for some infinite
measure µ.

Theorem 3 is so general and precise that the proof has to be short. And in-
deed, it amounts to three consecutive applications of Lemma 2, and at the end of
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truncation argument. The first application, with A = {−1, 1}, reduces to actions
coming from morphisms

G → Aut(X, [µ]).

The second application, with A = (R∗
+,×), consists in untwisting the Radon-

Nikodym cocycle. This is the classical Maharam extension. The third application,
with A = (R,+), allows to untwist the additive cocycle. The apparently bad news
is that, unless A is compact, Lemma 2 destroys all integrability properties of the
cocycles. This is fixed by a truncation argument, and this is where the assumption
that q > p is used.
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A strong Tits alternative for Out(FN).

Vincent Guirardel

(joint work with Camille Horbez)

A group G satisfies the Tits alternative if for any finitely generated subgroup
Γ ⊂ G, either Γ is virtually solvable or Γ contains a non-abelian free group.

In this talk, we strengthen this notion as follows: we say that a group G satisfies
the strong Tits alternative if a subgroup Γ ⊂ G is either virtually solvable or SQ-
universal.

Recall that Γ is SQ-universal if for any countable groupA there exists a quotient
Q of Γ such that A embeds in Q.

The simplest countable groups which are not SQ-universal are simple groups.
Indeed, a SQ-universal groups must have uncountably many non-isomorphic quo-
tients. Similarly, groups such as SL3(Z) and higher rank lattices are not SQ-
universal because of Margulis normal subgroup theorem.

A quite large class of SQ-universal groups is the class of acylindrically hyperbolic
groups [2].
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Our main Theorem is the following

Theorem 1. Out(FN ) satisfies the strong Tits alternative. More precisely, any
subgroup Γ ⊂ Out(FN ) which is not virtually abelian has a finite index subgroup
which maps onto an acylindrically hyperbolic group.

Since Aut(FN ) →֒ Out(FN+1), it follows that Aut(FN ) also satisfies the strong
Tits alternative.

The analogous result for mapping class groups of surfaces was proved in [2]. A
closely related alternative has been proved by Handel-Mosher [5]: given a finitely
generated subgroup Γ ⊂ Out(FN ), either Γ is virtually abelian or its 2nd bounded
cohomology group H2

b (Γ) is infinite dimensional.
If Γ ⊂ Out(FN ) contains a fully irreducible element φ, then φ acts as a WPD

element on the free factor complex of FN [1]. It follows that Γ is either virtually
abelian or SQ-universal and acylindrically hyperbolic.

Using Handel-Mosher’s subgroup classification, we can therefore assume that Γ
preseves a free factor system G and that Γ contains an element φ which is fully
irreducible relative to G.

When G is non-sporadic, we thus have an element φ that is loxodromic on the
relative free factor complex FFG [4]. The bad news is that contrary to the absolute
free factor complex, there exist elements φ ∈ Out(FN ;G) which are loxodromic but
fail to be WPD on FFG . This was already noticed by Handel and Mosher, and
they constructed WWPD elements instead to achieve the bounded-cohomology
alternative.

We prove the following stronger result which is a main ingredient of the proof.
It is stated as a rigidity result in the Gromov boundary ∂∞(FFG) of the relative
free factor complex.

Theorem 2.

• every loxodromic element φ ∈ Out(FN ;G) is WWPD for its action on FFG

• Out(FN ;G) acts discretely on the set (∂∞FFG)
(3) of triples of distinct

points at infinity

But we don’t know how to deduce SQ-universality from the WWPD condition.
Therefore, to get an action with true WPD elements, we cannot work with FFG .
The following result allows us to restrict to a virtually Γ-invariant subgroup and
get WPD elements.

Theorem 3. Let Γ ⊂ Out(FN ;G) be a subgroup acting non-elementarily on FFG .
Then there exists a subgroup A < FN , invariant under a finite index subgroup

Γ0 ⊂ Γ and such that Γ0
|A acts with a WPD element on a suitable relative free

factor complex of A.

The proof of this last result builds on the structure of R-trees having infinite sta-
bilizer, by the first author and Gilbert Levitt, and on the random walk techniques
used by the second author in its proof of the Tits alternative for the automorphism
group of a free product [6].
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