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Abstract. Algebraic K-theory has seen further progress during the last
three years. One important aspect of this recent progress has been a better
conceptual understanding of motivic filtrations on K-theory and the system-
atic use of localizing invariants and related concepts. Progress on motivic
cohomology has also played an important role concerning foundations as well
as applications.
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Introduction by the Organizers

The workshop Algebraic K-theory was well attended by over fifty participants
from various backgrounds. Most participants attended in person, but a smaller
group attended online. The workshop covered a wide range of topics in algebraic
K-theory and its applications. Two major lines of investigation were emphasized
during the workshop. One was the definition and application of motivic filtrations
to algebraic K-theory of schemes, and, more generally, to localizing invariants
applied to stable ∞-categories of geometric origin. Another line of results was
concerned with excision and motivic homotopy theory.

Results related to motivic filtrations

At the workshop, Antieau, Elmanto, Iwasa, Krause, Morin, and Morrow reported
on results concerning the definition and application of motivic filtrations of K-
theory and related theories.

Krause reported on ongoing work with Antieau and Nikolaus, which extends
the definition of Bhatt–Scholze prismatic cohomology to allow for the base to be
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a general δ-ring, as opposed to a prism. This extended theory facilitates faithfully
flat descent for prismatic cohomology, and Krause used these methods to produce
an algorithm which determines the structure of the algebraic K-groups of Z/pn+1,
and more generally, of OK/m

n+1 for [K : Qp] <∞. These results demonstrate the
spectacular progress made possible by methods based on motivic filtrations.

Morin gave a new conjectural formula for special values of zeta functions of
arithmetic schemes in terms of the determinants of Weil-étale cohomology and of
derived de Rham cohomology relative to the ring S of animated integers. The
novelty of this work was Morin’s realization that the latter precisely combines the
derived de Rham cohomology relative to the ring of integers Z and an archimedean
correction factor defined in earlier work of Flach–Morin. So the animated inte-
gers somehow encode archimedean information! Morin defined derived de Rham
cohomology relative to S as the graded pieces of a refined motivic filtration of
topological cyclic homology that recovers the Bhatt–Morrow–Scholze filtration of
completed topological cyclic homology.

Elmanto and Morrow both reported on work that extends the motivic filtration
of algebraic K-theory to schemes quasi-compact and quasi-separated (qcqs) over
a field by showing that the square formed by the cyclotomic trace map and its
sheafification for the cdh-topology is cartesian and that the latter map carries
Voevodsky’s slice filtration on the domain to the Bhatt–Morrow–Scholze filtration
on the target. As an application, these results show that the negative K-groups
of a (not necessarily noetherian) scheme qcqs over a field vanish below minus the
valuative dimension of the scheme.

Iwasa reported on work with Annala that characterizes the algebraic K-theory
of qcqs schemes as the initial sheaf of spectra for the Zariski topology which admits
a Chern class of line bundles and satisfies the projective bundle formula. He also
explained that, by replacing the Zariski topology by the étale topology, one obtains
an analogous characterization of Clausen’s Selmer K-theory.

Antieau explained forthcoming work by Hahn–Raksit–Wilson, which defines a
new filtration called the “even filtration” of every commutative algebra in spectra.
It turns out that, in many cases, this very general filtration recovers “motivic”
filtrations, the earlier definition of which relied on geometric input. These examples
include the Bhatt–Morrow–Scholze filtration of p-adically completed topological
cyclic homology, and Morin’s refinement thereof to uncompleted topological cyclic
homology presented at the workshop. It remains an unresolved question as to
whether the even filtration of algebraic K-theory of a scheme agrees with the
motivic filtration thereof in the cases where the latter is defined.

Results related to excision and motivic homotopy theory

Hoyois and Tamme reported on results concerning Milnor excision, and Asok and
Bachmann reported on results concerning motivic homotopy theory.

Tamme explained his work with Land on a general method for understanding
the structure of the K-theory of a pushout of associative algebras in spectra.
He applied these methods to determine the total fiber of the square of K-theory
spectra obtained from the conductor square of the group ring Z[Cp], a problem
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which first appears in Milnor’s book on algebraic K-theory. The result, which has
also been obtained independently by Krause–Nikolaus, is that the total fiber in
question is equivalent to the K-theory of a free associative Fp-algebra in spectra
on a generator of degree 2, the structure of which was previously determined by
Bayindir–Moulinos. This is the first time that the difference between the K-theory
of a Z-order in a semisimple Q-algebra and the K-theory of a maximal Z-order
that contains it has been determined.

Asok reported on work with Bachmann and Hopkins which shows that for a
scheme affine and smooth of relative dimension d+ 1 over an algebraically closed
field of characteristic 0, a rank d vector bundle splits off a trivial rank 1 summand
if and only if its dth Chern class vanishes. The result employs a version of the
Freudenthal suspension theorem in unstable motivic homotopy theory.

Ravi reported on work with Khan which extends the definition of motivic stable
homotopy theory to (scalloped algebraic) stacks, generalizing a definition by Hoyois
of equivariant stable motivic homotopy theory for group scheme actions.

Bachmann reported on his result that the∞-category of p-local motivic spectra
over Fp is Z-linear. In fact, more is true in that the commutative ring in spectra
given by the endomorphisms tensor unit is an animated ring. He explained that
this result supports a conjecture of Hopkins–Morel that Fp is obtained from the
motivic cobordism spectrum MGL by annihilating the ideal defined by the additive
formal group law.

Hoyois reported on work with Elmanto, Iwasa, and Kelly which shows that
the ∞-category of motivic spectra satisfies Milnor excision. In particular, for any
scheme S and any motivic spectrum E over S, the cohomology theory E(−) on
S-schemes takes Milnor squares of S-schemes to cartesian squares of spectra.

Results related to motives and number theory

In addition to the work of Morin already mentioned, Binda, Jansen, and Scholbach
reported on work related to motives and number theory.

Jansen reported on work with Clausen showing that the exit-path∞-category of
the reductive Borel–Serre compactification of the classifying space of a reductive
group G over Q is equivalent to an explicit 1-category, whose objects are the
parabolic subgroups of G, and whose morphisms encode parabolic induction. This
leads to a definition of a new unstable algebraic K-theory associated with a finite
projective module over a ring, which, as opposed to the Quillen plus-construction
of the classifying space of the automorphism group of the module, is well-behaved
for all fields, and, conjecturally, for all rings.

Binda reported on work with Kato and Vezzani affirming a p-adic version due
to Fontaine–Jannsen of Deligne’s monodromy-weight conjecture in the case of a
smooth complete intersection in a projective toric variety over a complete discrete
valuation field of a mixed characteristic with perfect residue field. The proof follows
Scholze’s proof of Deligne’s ℓ-adic monodromy-weight conjecture in the analogous
situation, replacing Scholze’s almost purity theorem and tilting equivalence by
motivic versions based on earlier work of Ayoub and Ayoub–Gallauer–Vezzani.
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Scholbach explained work with Richarz, which aims at a motivic version of the
Satake equivalence for split reductive groups over global fields.

Miscellaneous results

The workshop also featured a number of results outside the three groupings above,
notably, the resolution of the “redshift conjecture” reported by Land.

Land explained work with Mathew, Meier, and Tamme on the interaction of
algebraic K-theory and the chromatic filtration of the∞-category of commutative
algebras in spectra. Together with work of Burklund–Schlank–Yuan, this shows
that the hth graded piece for the chromatic filtration of a commutative algebra
in spectra is nonzero if and only if the (h + 1)th graded piece for the chromatic
filtration its algebraic K-theory is so, in agreement with the “redshift” philosophy.
More informally, this shows that algebraic K-theory displays Bott periodicity at
all chromatic levels.

Finally, Pirutka reported on work with Cadoret on birational geometry and
Milnor K-theory; Bräunling explained work with Groechenig, which produces
non-torsion classes in the higher K-groups of varieties over a field, as defined by
Zakharevich; and Hornbostel reported on analogues of the Quillen formal group
for Sp-oriented motivic cohomology theories.
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4-valued ternary laws and 2-valued formal group laws . . . . . . . . . . . . . . . . 1359

Tom Bachmann
Motivic stable homotopy theory is Z-linear at the characteristic . . . . . . . . 1361

Marc Hoyois (joint with Elden Elmanto, Ryomei Iwasa, Shane Kelly)
Milnor excision for motivic spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1364

Benjamin Antieau
The even filtration after J. Hahn, A. Raksit, and D. Wilson . . . . . . . . . . 1367



Algebraic K-Theory 1319

Abstracts

Purity in chromatic localizations of algebraic K-theory

Markus Land

(joint work with Akhil Mathew, Lennart Meier and Georg Tamme)

The purpose of this talk was to give some perspective and new results on higher
chromatic analogs of the (proven) Lichtenbaum–Quillen conjecture on the algebraic
K-theory of schemes. To put this into context, I recalled the following: First, one
considers the following localizing invariant of stable ∞-categories

KSel = TC×LKUTC LKUK

first introduced by Clausen in his work on Artin reciprocity laws. Here, LKU refers
to the Bousfield localization functor on spectra at the cohomology theory KU .
Selmer K-theory satisfies étale descent so one obtains a canonical factorization

K → Ket → KSel

of the tautological mapK → KSel through the étale sheafificationKet of K-theory.
First, I recalled how Selmer K-theory of schemes can be described (sometimes)

in terms of more familiar chromatic localizations. In order to do so, I recalled the
telescopic spectra T (n) = S/(p, . . . , vn−1)[v−1

n ], and their corresponding Bousfield
localizations LT (n), as well as the localizations Lf

n = LT (0)⊕···⊕T (n) which, as I
briefly touched upon, can be thought of in terms of the moduli stack of formal
groups, more specifically the open substack of formal groups of height at most n
(in the latter case) and its closed substack of formal groups of height exactly n (in
the former case).

Example 1. Let X be a scheme over spec(Z[ 1p ]). Then KSel(X)(p) = Lf
1K(X)(p),

and KSel(X)∧p = LT (1)K(X). We have that LT (1)K(X)/p = K(X)/p[v−1
1 ], where

we think of v1 as a Bott element in algebraic K-theory, so that LT (1)K(X)/p is

Bott periodic. In the opposite case, when X is p-complete, one has KSel(X)∧p =
TC(X)∧p .

In [3], Clausen–Mathew show, making use of deep earlier work of several au-
thors, that the map Ket → KSel induces an isomorphism on π∗ for ∗ ≥ −1 on
qcqs spectral algebraic spaces, and that the map K → KSel, and hence also the
map K → Ket, induces an isomorphism on p-local π∗ for ∗ bigger than certain
invariants of the residue fields k like the mod p (virtual) Galois cohomological
dimension (if char(k) 6= p) or the dimension of Kähler differentials of k over kp (if
char(k) = p).

I then discussed the following table of implications which one might wish to
understand for R ∈ CAlg(Sp).
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R is (T (0) = Lf
0)−local K(R)(p) is asympt. Lf

1−local

R is asympt. Lf
n−1−local K(R)(p) is asympt. Lf

n−local

R is T (m)− acyclic K(R) is T (m+ 1)− acyclic

LQ

chrLQ

chrom. redshift

chrom. heightshift

where m ≥ n. The first line is, by the above explanations, the conclusion of
the Lichtenbaum–Quillen conjecture. Here the word asymptotically comes in two

flavours, the qualitative result that the fibre of the map K(R)(p) → Lf
1K(R)(p) is

bounded above, and the quantitative refinement specifying a bound and perhaps
also describing LT (1)K(R) in some way. The second line is a direct higher chro-
matic analog, hence called chromatic Lichtenbaum–Quillen and coined chromatic
redshift by Ausoni and Rognes – with the idea that the application of K-theory
shifts chromatic periodicity. In remarkable works, the (quantitative) chromatic
Lichtenbaum–Quillen conjectures have been verified in [2, 1] for BP 〈1〉 and BP 〈2〉,
and qualitatively in [5] for BP 〈n〉 for general n.

The lower vertical implications are trivial, and one may wonder instead how
algebraic K-theory shifts chromatic height. In particular, for the higher chromatic
LQ conjecture to hold, one should better be able to show that the algebraic K-

theory of an Lf
n−1-local ring is T (m+1)-acyclic for allm ≥ n. Our results (together

with work of further authors as I explain below) give the stronger lower equivalence
and establishes chromatic height shift in full generality.

I observed that, for an algebra in spectra R, the following two numbers deserve
the name height :

inf{n ≥ −1 | LT (n+1)R = 0} and sup{n ≥ −1 | LT (n)R 6= 0}.

It is a theorem of Hahn that (if finite) these numbers agree for commutative alge-
bras. Chromatic height shift then asks for the equality

height(K(R)) = height(R) + 1.

In the rest of the talk, I sketched how our main result, together with work
of other authors, establishes this equality for commutative algebras. The first
theorem I addressed is the main result of [6].

Theorem 1. Let A ∈ Alg(Sp).

(1) For n ≥ 1, we have LT (n)K(A)
≃
→ LT (n)K(Lf

nA).

(2) For n ≥ 2, we have LT (n)K(A)
≃
→ LT (n)K(LT (1)⊕···⊕T (n)A).

Though I have not discussed a proof in my talk, I sketch here the main steps
in the proof of (1) above.
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Proof.

(1) First, we show that there exists an N such that for f : A → B an N -
connective Lf

n-equivalence of connective ring spectra, the induced map
LT (n)K(A) → LT (n)K(B) is an equivalence. This uses the plus con-
struction model of Ω∞

0 K(A), and a result of Bousfield which gives an
N (depending only on n) such that the suspension spectrum functor takes
N -connective Lf

n-equivalences of spaces (defined via vn-periodic homotopy
groups) to Lf

n-equivalences of spectra, together with the consequence of
the existence of the Bousfield–Kuhn functor that a spectrum X is, T (n)-
locally, naturally a retract of Σ∞Ω∞

0 X . As a consequence, we obtain
that for any Lf

n-acyclic ring spectrum A, the map A→ τ≤NA induces an
equivalence on LT (n)K(−).

(2) We then use (1) and the main theorem of [7] together with an induction
over the Postnikov-tower of τ≤NA and show that LT (n)K(−) is truncating

in the sense of [7] on Lf
n-acyclic ring spectra (for n ≥ 1, this implies that

LT (n)K(A) = 0 for an Lf
n-acyclic connective ring spectrum A).

(3) For a stable category C such that for all objects X ∈ C the endomorphism
spectrum EndC(X) is Lf

n-acyclic, we show that LT (n)K(C) = 0. This

proceeds by writing K(C) as the geometric realisation |[n] 7→ Kadd(SnC)|
and Kadd(SnC) as a filtered colimit of K(Ai) for Ai = EndSnC(Xi). The
assumptions are such that Ai is a connective Lf

n-acyclic ring spectrum, so
(2) applies.

(4) Finally, we note that the fibre of the map K(A) → K(Lf
nA) is given by

the K-theory of the full stable subcategory of Perf(A) consisting of the
Lf
n-acyclic objects. Thus (3) applies to show the theorem.

�

Corollary 1. Let A be a ring spectrum and n ≥ 2. Then the maps LT (n)K(A)←
LT (n)K(τ≥0A)→ LT (n)TC(τ≥0A) are equivalences.

Using this, an extension of Hahn’s result on T (n)-acyclicity of commutative al-
gebras in spectra, equivariant algebraicK-theory, and a clever inductive argument,
in [4] the authors show the following complementary vanishing result:

Theorem 2. For n ≥ 2, we find that LT (n)K(Lf
n−2S) vanishes.

Together with Theorem 1 above, we obtain the following purity theorem:

Theorem 3. For n ≥ 1, we have LT (n)K(A)
≃
→ LT (n)K(LT (n)⊕T (n−1)A).

As an immediate consequence we obtain.

Corollary 2. Let A ∈ CAlg(Sp). Then height(K(A)) ≤ height(A) + 1.

The converse then follows by combining work of Yuan [8] and forthcoming work
of Burklund–Schlank–Yuan. Their theorems can be phrased as follows, (1) is due
to Yuan and makes use of Corollary 1 above, while (2) is due to Burklund–Schlank–
Yuan and has nothing to do with K-theory.
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Theorem 4. Let n ≥ 1.

(1) Let En be a height n Lubin–Tate theory. Then height(K(En)) = n+ 1.
(2) Let A ∈ CAlg(Sp) with LT (n)A 6= 0. Then there exists a Lubin–Tate

theory En and a map of commutative algebras A→ En.

In particular, height(K(A)) ≥ height(K(En)) = n+ 1.

Together, these results establish that for A ∈ CAlg(Sp) with height(A) ≥ 1, we
have height(K(A)) = height(A) + 1, as promised.
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On the K-theory of Z/pn

Achim Krause

(joint work with Ben Antieau, Thomas Nikolaus)

In recent work, we develop new methods to study the K-theory of rings such as
Z/pn. Specifically, let

• K be a p-adic number field, i.e. a finite extension of Qp, of ramification
index e and residue field degree f ,
• ̟ ∈ OK a choice of uniformizer,
• n ≥ 1 some number.

We generally study K-theory of rings of the form OK/̟
n. In fact, it is easy to

recover the integral K-theory K∗(R) from the p-completed K-theory K∗(R;Zp) by
Gabber rigidity and Quillen’s computation of K∗(Fq), so we focus on p-completed
K-theory. We highlight two prior important results on K-theory of rings of the
form OK/̟

n:

Theorem 1 (Hesselholt-Madsen[1]). For R = Fq[z]/zn, we have

K2i−2(R;Zp) =

{
Zp for i = 1

0 for i > 1
, |K2i−1(R;Zp)| = qi·(n−1) for all i
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Theorem 2 (Angeltveit[2]). For R = Z/pn, we have

K2i−2(R;Zp) =





Zp for i = 1

0 for 1 < i < p

Z/p for i = p

, |K2i−1(R;Zp)| = pi·(n−1) for i ≤ p− 1

In both cases, the actual group structures of the odd-degree groups are identi-
fied, we omit them for simplicity. Notably, the orders of the K-groups look similar
through a range, but start to differ right at the edge of the known range for Z/pn.
It is also notable that the even groups tend to vanish, although this phenomenon
ends right at the edge of the known range for Z/pn.

We extend on these results by providing and implementing an algorithm to
compute arbitrary K-groups of general rings of the form OK/̟

n. Specifically, we
show:

Theorem 3 (AKN). For fixed OK, fixed n ≥ 1 and fixed i ≥ 1, there is an explicit
three-term cochain complex

Zf ·(ni−1)
p → Z2f ·(ni−1)

p → Zf(ni−1)
p ,

with H0 ∼= 0, H1 ∼= K2i−1(OK/̟
n), and

H2 ∼=

{
K2i−2(OK/̟

n) if i > 1

0 if i = 1

The maps in the chain complex can be determined algorithmically, and com-
puted in practice with a computer. We obtain tables such as Figure 1.

At p = 2, only the first two rows were previously known through Angeltveit’s
result. Notably, it appears that the even K-groups start to vanish again in high
degrees. Based on the description from Theorem 3, we are able to prove this:

Theorem 4 (AKN, “Even vanishing theorem”). For R = OK/̟
n and

i >

(
p

p− 1

)2

· (p⌊
n
e ⌋ − 1),

we have

K2i−2(R;Zp) = 0, |K2i−2(R;Zp)| = pfi·(n−1).

Concretely, this means that the orders of K∗(OK/̟
n) and K∗(Fpf [z]/zn) agree

in large degrees. The actual group structure seems to differ in arbitrarily large
degrees though.

The description in Theorem 3 is based on trace methods and prismatic co-
homology. By a theorem of Dundas-Goodwillie-McCarthy, the cyclotomic trace
map

K∗(R;Zp)→ TC(R)

is an isomorphism in nonnegative degrees for R = OK/̟
n, since these are nilpo-

tent extensions of finite fields. It thus suffices to study topological cyclic homology
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Figure 1. The 2-torsion part of K∗(R) for some rings of the form
R = Z/2k. Shown are the orders of the cyclic summands (written
as powers of 2).

R : Z/4 Z/8 Z/16 Z/32

K1 21 21, 21 21, 22 21, 23

K2 21 21 21 21

K3 23 23, 22 23, 24 23, 26

K4 0 21 22 23

K5 23 21, 26 21, 21, 29 21, 22, 212

K6 0 0 21 21

K7 21, 23 24, 24 21, 24, 28 21, 21, 24, 211

K8 0 0 21 22

K9 21, 21, 23 21, 21, 22, 22, 24 21, 21, 22, 212 21, 21, 21, 22, 22, 217

K10 0 0 0 21

K11 21, 25 21, 21, 21, 22, 22, 25 23, 23, 212 21, 23, 25, 216

K12 0 0 0 21

K13 21, 22, 24 21, 21, 21, 21, 22, 23, 25 21, 21, 21, 23, 215 21, 21, 21, 21, 23, 222

K14 0 0 0 21

K15 21, 21, 21, 25 21, 21, 21, 21, 22, 22, 23, 25 21, 21, 22, 25, 215 21, 21, 22, 23, 25, 221

K16 0 0 0 21

K17 21, 21, 21, 23, 23 21, 21, 22, 22, 23, 29 21, 22, 22, 22, 23, 217 21, 21, 22, 22, 22, 23, 226

K18 0 0 0 0

K19 22, 23, 25 21, 23, 24, 212 23, 23, 24, 220 23, 23, 23, 24, 227

K20 0 0 0 0

TC(R). The traditional approach to doing so goes through a sequence of spec-
tral sequences, which leads to technical difficulties in absence of a good algebraic
description of the result. Prismatic cohomology, originally discovered by Bhatt-
Morrow-Scholze while studying topological periodic homology TP (and the closely
related negative topological cyclic homology TC−), provides a shortcut. They

construct a filtration F≥∗
BMS on all terms in the defining fiber sequence

TC(R)→ TC−(R)→ TP(R),

whose i-th associated graded is given by a fiber sequence

Zp(i)(R)[2i]→ N≥i∆̂R{i}[2i]→ ∆̂R{i}[2i].

Here the two right-hand terms are a certain twist of absolute (Nygaard-completed)
prismatic cohomology of R. The left-hand term is the i-th syntomic complex of
R, essentially defined as the fiber of the right-hand map. Crucially, all terms are
essentially algebraic. In our case R = OK/̟

n, it turns out that the two right-
hand terms are both concentrated in degree 2i−1, and so the fiber is concentrated
in degrees 2i − 1 and 2i − 2. So the spectral sequence recovering TC∗(R) from
the homotopy groups of the syntomic complexes Zp(i)(R)[2i] degenerates, and it
suffices to compute those.

Absolute prismatic cohomology is difficult to compute, in contrast to relative
prismatic cohomology, which often admits generators-and-relations descriptions
via prismatic envelopes. In what follows, we recover absolute prismatic cohomology
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from certain relative prismatic cohomologies by a kind of descent. This is inspired
by observations in THH, specifically the following two:

(1) In [3], we observe the fiber sequence

THH(R)→ THH(R/S[z])→ Σ2 THH(R/S[z])

relating absolute THH and THH relative a given element of R.
(2) In [4], Liu and Wang construct a limit diagram

TP(R) TP(R/S[z]) TP(R/S[z0, z1]) . . .

together with analogues for TC− and TC.

A priori, an analogous diagram in terms of prismatic cohomologies relative
Zp[[z0, . . . , zn]] doesn’t make sense, since there is no choice of prism structure on
these δ-rings preserved by all the cosimplicial maps. In this case, however, one can
check by hand that the prismatic envelopes describing ∆R/An for different choices
of prism structure are all canonically isomorphic. This motivates the following
surprising observation:

Theorem 5. Prismatic cohomology ∆R/A extends canonically to a functor on a
category of pairs A→ R where A is a δ-ring and R any A-algebra.

If the kernel of A→ R contains a distinguished nonzerodivisor, this agrees with
the usual relative prismatic cohomology, but implies functoriality in arbitrary δ-
ring maps. In particular, it is now possible to construct the following diagram:

Proposition 6. There is a limit diagram

∆R ∆R/Zp[[z]] ∆R/Zp[[z0,z1]] . . .

(and twisted versions) which for R = OK/̟
n, made into a Zp[[z]] algebra via

z 7→ ̟, degenerates to a cochain complex of cohomological dimension 1.

Based on this limit description of absolute prismatic cohomology, we obtain a
description of the syntomic complex Zp(i)(OK/̟

n) as total fiber of a square of
the form

N≥i∆(1)
(OK/̟n)/Zp[[z]]

{i} ker

∆(1)
(OK/̟n)/Zp[[z]]

{i} ker

where the terms labeled ker arise as kernel of the second differential in the cochain
complexes arising from Proposition 6. All four terms admit descriptions in terms
of prismatic envelopes, which lead to a filtration induced by the z-adic filtration.
This has the property that F≥ni ⊆ N≥i, from which we prove that the total fiber
of the square does not change when we truncate to F[1,ni−1]. This makes all four
terms free Zp-modules of rank f · (ni − 1), leading to the explicit description of
Theorem 3.
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The reductive Borel–Serre compactification and unstable

algebraic K-theory

Mikala Jansen

(joint work with Dustin Clausen)

For a fixed ring A and finitely generated projective A-module M , there is a map
BGL(M) → K(A). An unstable algebraic K-theory is an intermediary anima
thorough which this map factorises, which is built entirely from linear algebra
internal to M as is BGL(M), but which is ideally closer in nature to the K-theory
space K(A). Classical models for unstable algebraic K-theory include Quillen’s
plus-construction ([7]) and Volodin K-theory ([9]).

We propose a new model for unstable algebraic K-theory ([1]), which is given as
the realisation of a category RBS(M), the reductive Borel–Serre category, defined
as follows

• objects are splittable flags in M : F = (0 ⊂M1 ⊂ · · · ⊂Md−1 ⊂M).
• morphisms F → F′ are given by the set {g ∈ GL(M) | gF ≤ F′}/UF,

where the poset relation is given by refinement of flags, i.e. F ≤ F′ if F
refines F′, and UF is the group of elements preserving F and inducing the
identity on the associated graded of F.
• composition is induced by multiplication in GL(M).

The empty flag (0 ⊂ M) has automorphism group GL(M), so we get a map
BGL(M) → |RBS(M)|. The map |RBS(M)| → K(A) is arises from a different
description of RBS(M) where objects are interpreted as associated gradeds of an
unspecified flag. This relies on the observation that giving a flag F in some sense
overspecifies the object, since we are only interested in what morphisms do on the
associated graded. This alternative description allows us to make a more refined
statement, showing that our unstable models “stabilise” to recover the actual the
K-theory space:

Theorem 1. Let M be a set of representatives of finitely generated projective A-
modules. Then the category

∐
M∈M

RBS(M) has a natural structure of a monoidal
category and the K-theory space K(A) identifies with the group completion of its
realisation: K(A) ≃ ΩB|

∐
M∈M

RBS(M)|
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The proof of this requires a wealth of simplicial manipulations, but ultimately
relies on identifying B|

∐
RBS(M)| with Quillen’s Q-construction. If we replace

RBS(M) by BGL(M), this is essentially Segal’s definition of algebraic K-theory
([8]). An important technical difference, however, is that whereas

∐
BGL(M) is

symmetric monoidal,
∐
RBS(M) is only monoidal.

An important part of this story is that the categories RBS(M) have impor-
tant geometric origins. The reductive Borel–Serre compactification is one of the
classical compactifications of locally symmetric spaces. It is an important and in-
teresting geometric object which comes equipped with a natural stratification. Its
stratified homotopy type (or exit path∞-category) is given by a 1-category which
can be described purely algebraically in terms of parabolic subgroups, unipotent
radicals and group actions ([3]). The categories RBS(M) are in fact direct gener-
alisations of the this stratified homotopy type, using the correspondence between
flags and parabolic subgroups.

From now on, we make the technical assumption that M be split Noetherian,
i.e. any descreasing chain of splittable submodules stabilises.

The following identification of what happens to the map BGL(M)→ |RBS(M)|
of π1 already gives some indication of the nature of |RBS(M)|. Let E(M) ⊂
GL(M) be the subgroup generated by the elements which induce the identity on
the associated graded of some flag. This is a variant of the usual group En(A)
generated by elementary matrices, and for n ≥ 2 + sr(A), En(A) = E(An) ([10]).

Theorem 2 ([1]). The map GL(M) = π1BGL(M) → π1|RBS(M)| surjective
with kernel E(M).

For a large class of rings, this calculation completely captures the difference
between BGL(M) and |RBS(M)|:

Theorem 3 ([1]). For a ring A with many units in the sense of [6] and a fin-
tely projective module M such that any summand of M is free, then the map
BGL(M) → |RBS(M)| exhibits |RBS(M)| as the plus-construction of BGL(M)
with respect to E(M).

An example of this setting, is when A local commutative with infinite residue
field, and then M can be any finitely generated projective module. The proof of
this relies heavily on work of Nesterenko–Suslin on rings with many units: these
are a class of rings for which the maps PF → PF/UF are homology-isomorphisms.

For finite fields, it is a very different story.

Theorem 4 ([1]). Let k be a finite field of characteristic p and V a finitely gen-
erated k-vector space. Then

• the map BGL(V )→ |RBS(V )| is a Z[1/p]-homology isomorphism,
• the map |RBS(V )| → ∗ is a Fp-homology isomorphism.

The Fp-homology of the general linear groups over k is non-trivial, rather com-
plicated and still largely unknown ([5, 4]). But it vanished upon stabilisation, so
it does not contribute to K(k) ([7]). Away from the characteristic on the other
hand, the homology groups are well-understood ([7]). So these models exactly



1328 Oberwolfach Report 24/2022

remove complicated part which anyway dies upon stabilisation. This result should
properly be attributed to Grodal ([2]) but we provide a different proof inspired
by the geometric origins of RBS(M). To prove that the Fp-homology vanishes,
we reduce to showing that the Fp-cohomology of the Steinberg representation of
GLn(k) vanishes.

We shall finish of with some of the many questions yet to be answered about
these models for unstable algebraic K-theory:

1. We have maps BGLn(A) → |RBS(An)| for all n and taking colimits we
obtain a stable version BGL∞(A) → |RBS(A∞)|. In what generality do
these maps exhibit |RBS(A∞)| as the plus-construction of GL∞(A)? For
all fields and a large class of rings with many units this is true by our
calculations.

2. What kind of homological stability properties do the reductive Borel–Serre
categories satisfy?

3. The realisation |
∐
RBS(M)| is a priori just an E1-space. Does it satisfy

higher homotopy commutativity?
4. A more vague question is that of exploiting the geometric origins. One

could try to identify explicit constructible sheaves on the reductive Borel–
Serre compactification as representations of its stratified homotopy type
and investigate if these can be generalised to the algebraic situation as
representations of the categories RBS(M).
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On the motivic cohomology of schemes

Elden Elmanto

(joint work with Matthew Morrow)

Let k be a field and X a smooth k-scheme. The work of various authors [3, 5, 7, 10,
11, 12] constructs an Atiyah-Hirzebruch style spectral sequence (also commonly
known as the motivic spectral sequence)

Hi−j
mot(X ;Z(−j))⇒ K−i−j(X),

which diffracts the algebraic K-theory of X into its motivic cohomology. We ex-
plain an extension of this spectral sequence to the case when X is a qcqs scheme
over Fp, using recent advances in the subject. Here, we discuss the story in char-
acteristic p > 0; the characteristic zero story will appear in Morrow’s article in
this volume.

Theorem 1. Let SchFp denote the category of qcqs Fp-schemes. There exists, for
each j ≥ 0, presheaves

Z(j)mot : Schop
Fp
→ D(Z),

and a filtration on (Thomason-Trobaugh) K-theory

Fil≥∗
motK→ K : Schop

Fp
→ DF(S)+

1,

which enjoy the following properties:

(1) the filtration is multplicative and exhaustive. It is complete whenever X
has finite valuative dimension.

(2) Each Fil≥j
motK and Z(j)mot is a finitary, Nisnevich sheaf.

(3) There is a canonical identification of graded pieces

grjmotK ≃ Z(j)mot[2j];

(4) if ℓ is coprime to p then we have a canonical equivalence:

Z(j)mot/ℓ ≃ Lcdhτ
≤jRΓét(−;µ⊗j

ℓ );

(5) at the prime p, we have a cartesian square

Z(j)mot/p Z/p(j)syn

RΓcdh(−; Ωj
log)[−j] RΓeh(−; Ωj

log)[−j].

(6) For any r ≥ 1, there is a first chern class

c1(O(1)) ∈ H2(Z(1)mot(Pr
X));

such that the map

Z(j)mot(X)⊕ · · · ⊕ Z(j − r)mot(X)[−2r]
π∗⊕···⊕π∗(−)∪c1(O(1))r

−−−−−−−−−−−−−−−−→ Z(j)mot(Pr
X)

is an equivalence, i.e., it satisfies the Pr-bundle formula.

1This denotes the ∞-category of filtered spectra equipped with an augmentation.
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(7) If X is an (essentially-)smooth Fp-scheme, then we have a canonical iden-
tification:

Z(j)mot(X) ≃ zj(X, •)[−2j],

where zj(X, •) is Bloch’s cycle complex.
(8) We have a canonical equivalence:

LcdhZ(j)mot ≃ LA1Z(j)mot.

The presheaf Z(j)mot is constructed by modifying a cdh-local version of the the-
ory (which is related to “conventional motivic homotopy theory”) with syntomic
cohomology, built from prismatic cohomology [2]. The former is a presheaf of com-
plexes, Z(j)cdh, constructed by cdh-sheafifying the left Kan extension of Voevod-
sky’s complexes from smooth k-schemes to all qcqs k-schemes; the details of this
construction will appear in joint work with Tom Bachmann and Matthew Morrow
[1]. An important property of this construction is its value after p-completion:

Zp(j)cdh(X) ≃ RΓcdh(X ;WΩj
log)[−j],

a cdh-extension of the Geisser-Levine theorem [6]. On the other hand, we have
the p-adic syntomic complexes Zp(j)syn whose cdh-sheafification we can compute
as:

LcdhZp(j)syn(X) ≃ RΓeh(X ;WΩj
log)[−j];

whence we have a map Zp(j)cdh → LcdhZp(j)syn(X). The presheaf Z(j)mot is then
defined as the following pullback:

Z(j)mot Zp(j)syn

Z(j)cdh LcdhZp(j)syn.

Similar arguments also produce a map Fil≥∗
motKH→ LcdhFil≥∗

motTC, where Fil≥∗
motTC

is the motivic filtration coming from [2]. The motivic filtration on K-theory is then
defined by an analogous pullback diagram. The construction of our motivic filtra-
tion is a filtered refinement of the following cartesian square:

(1)
K TC

KH LcdhTC.

tr

This existence of this cartesian square follows from the fact 1) that fiber of the
cyclotomic trace satisfies cdh-descent [9] and that 2) KH identifies with LcdhK [8].

The key to comparing our construction with Voevodsky’s original complexes is
based on the following result, joint with Bachmann and Morrow:
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Theorem 2. Let X be a qcqs Fp-scheme, then

(1) Z(j)cdh(A1
X) ≃ Z(j)cdh(X) and,

(2) if X is essentially smooth over Fp, then Z(j)cdh(X) recovers Voevodsky’s
motivic cohomology.

(3) LcdhZp(j)syn satisfies the P1-bundle formula.

These are motivic refinements of facts about localizing invariants: 1) that LcdhK
is A1-invariant, 2) that K ≃ KH on regular noetherian schemes and 3) LcdhTC sat-
isfies the P1-bundle formula (which is a consequence of the bicartesian square (1)).

Theorem 2.(1) implies Theorem 2.(2) using the formalism of Gersten resolutions
[4]. Theorem 2.2 then, in turn, produces a non-obvious map from Z(j)mot|EssSmFp

to Voevodsky’s motivic cohomology which we proved to be a retraction. It then
suffices to prove that a summand of Z(j)mot|EssSmFp

is zero. We reduce to checking

this on all characteristic p > 0 fields after verifying that Z(j)mot|EssSmFp
satisfies

a form of Gersten injectivity:

Theorem 3. Let A be a regular local Fp-algebra with fraction field F , then for all
i, j ≥ 0 the map

Hi(Z(j)mot(A))→ Hi(Z(j)mot(F )),

is injective.

This last result follows the observation of [4] that a P1-bundle formula can be
used in lieu of A1-invariance to verify Gersten-type statements.
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On the p-adic weight-monodromy conjecture for complete

intersections in toric varieties

Federico Binda

(joint work with Hiroki Kato, Alberto Vezzani)

Let K be a non-archimedean local field of mixed characteristic (0, p) with ring of
integers OK and residue field k, and letK0 = W (k)[1/p] be the maximal unramified
sub-extension of K over Qp. We let ϕ denote the lift of the arithmetic Frobenius
in Gal(K0/Qp). Let Y be a smooth and proper scheme over K with a proper flat
model Y over OK . We let Ys denote its special fibre.

When Y is smooth over OK , the crystalline cohomology groups

Hi
crys(Ys/W (k))[1/p]

come equipped naturally with a ϕ-semilinear endomorphism Φ, called the Frobe-
nius endormorphism. According to the Weil conjectures for the crystalline coho-
mology, the action of Φ on Hi

crys(Ys/W (k))[1/p] is pure of weight i that is, the

generalised eigenvalues of (the linearised version of) Φ have norm |k|i/2 via any
embedding K ⊂ C.

When Y is semistable over OK , a replacement for crystalline cohomology is given
by the Hyodo-Kato [HK94] log crystalline cohomology

Hi
HK(Y ) = Hi

HK(Ys/W (k)0)[1/p],

where Ys here refers to the special fibre of Y equipped with its natural log structure,
and W (k)0 is the log structure on W (k) associated to the morphism of monoids
N → W (k), 1 7→ 0. Again, Hi

HK(Y ) naturally comes with a semilinear endomor-
phism Φ, but this time it is also equipped with a nilpotent endomorphismN , called
the monodromy operator, which satisfy the equality NΦ = pΦN . Together, they
give rise to two different filtrations on the groups V = Hi

HK(Y ). The first one,
called the weight filtration, is characterised by the property that the graded pieces
grWn V are Frobenius-pure of weight n. The second one, called the monodromy

filtration, is characterised by the fact that N i : grMi V
≃
−→ grM−iV is an isomorphism

on the graded quotients for all i.
This is similar to the ℓ-adic situation: in that case, a Frobenius and a mon-

odromy operator arise naturally on Hi
ℓ(YK) = Hi

ét(YK ,Qℓ) thanks to Grothen-
dieck’s quasi-unipotency theorem. As above, they give rise to two different fil-
trations on the cohomology groups, and the weight-monodromy conjecture, due to
Deligne [Del71], predicts that they agree, up to a shift, i.e. that the j-th graded
quotient grMj H

i
ℓ(YK̄) of the monodromy filtration is Frobenius-pure of weight i+j.

The p-adic analogue, as formulated by Jannsen, can be stated as follows

Conjecture 1 ([Jan89, Page 347]). The i-th Hyodo-Kato cohomology group
Hi

HK(YK̄) is quasi-pure of weight i, i.e. the j-th graded quotient grMj H
i
HK(YK̄)

of the monodromy filtration is Frobenius-pure of weight i+ j.

As Beilinson observed [Bei13], a Hyodo-Kato cohomology Hi
HK(YK) can be ac-

tually defined for an arbitrary proper and smooth variety Y , regardless of the
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singularities on the special fiber. In fact, the complex RΓHK(YK) ∈ D(ϕ,N)(Q
nr
p )

of (ϕ,N)-modules computing the Hyodo-Kato cohomology can be seen as a refine-
ment of the de Rham cohomology RΓdR(YK), equipping the latter with an extra
Qnr

p -structure, as well as a Frobenius and monodromy operator. In particular, the
p-adic weight-monodromy conjecture 1 makes sense for any smooth and proper
K-variety Y .

To our knowledge, the known cases of the p-adic weight-monodromy conjecture
are essentially of the following kind: when the dimension of Y is ≤ 2 as shown
by Mokrane [Mok93, Théorème 5.3, Corollaire 6.2.3] and when Y is a p-adically
uniformized variety, as shown independently by de Shalit [dS05] and Ito [Ito05a].
The ℓ-adic weight-monodromy conjecture is also known in the above cases (see
[RZ82, Ito05a]), and it also known in the case where Y is a smooth complete
intersection in a smooth and projective toric variety. This was shown by Scholze
in his seminal paper [Sch12] by using his theory of perfectoid spaces to reduce the
problem to the case of an equi-characteristic local field K, which had already been
proved by Deligne in [Del80].

Considering that an equi-characteristic version of the p-adic weight monodromy
conjecture is also known (it has been proved by Lazda and Pal [LP16] by reducing
it to some essential computations made by Crew, following Deligne), it is natural
to ask if Scholze’s strategy can be adapted to reduce the statement (for nice com-
plete intersections) to the equi-characteristic case. We answer positively to this
expectation, by proving the following Theorem.

Theorem 2. Let K be a finite extension of Qp and Y be a smooth scheme-theoretic
complete intersection inside a projective smooth toric variety over K. Then the
p-adic weight-monodromy conjecture holds for Y .

In order to explain the outline of the proof, let us briefly recall Scholze’s strategy
in the special case where Y = V (f) is a smooth hypersurface in a projective space
PN
K , given by the zero locus of a homogeneous polynomial f ∈ H0(PN

K ,O(d)). First,
without altering the statement, we can replace K with a perfectoid field K∞ =
̂K(p1/p∞). In a nutshell, Scholze’s proof is based on the following ingredients:

(A) There exists, thanks to a result of Huber [Hub98a], a small (analytic) open
neighbourhood Y (ǫ) = {x ∈ (PN

K)an | |f(x)| ≤ ǫ} of (the analytification of)
Y inside (PN

K)an such that Hn
ℓ (Y an) = Hn

ℓ (Y (ǫ)),
(B) We may find [Sch12, Proposition 8.7] a hypersurface Z ′ inside π−1(Y (ǫ))

defined over some finite extension of k((T )). Here, π denotes the (contin-
uous) map of topological spaces (or even of étale topoi)

|PN
K♭

∞
| ∼= |(PN

K♭
∞

)perf | ∼= |(PN
K∞

)perf | = lim
←−
ϕ

|PN
K∞
| → |PN

K∞
|

where the second isomorphism is given by the tilting equivalence.
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(C) Using the almost purity theorem [Sch12, Theorem 7.12] and the invariance
of ℓ-adic cohomology under analytification [Hub96, Theorem 3.8.1] we can
define a canonical Galois-equivariant morphism

(1) Hn
ℓ (Y ) = Hn

ℓ (Y (ǫ))→ Hn(π−1(Y (ǫ)))→ Hn
ℓ (Z),

where Z is a smooth alteration of Z ′.

Having the map (1) at disposal, it is easy to show that the cohomology Hn
ℓ (Y )

can be realised as a direct summand of the cohomology of Z by a Poincaré duality
trick.

While ingredient (B) is purely geometric (and as such it is not specific to the
ℓ-adic setting), Steps (A) and (C) use quite essentially the fact that one is working
with ℓ-adic cohomology, and it is unclear a priori how to adapt them to the p-
adic situation. For example, in Step (C) the morphism between the étale sites
doesn’t directly induce a map on the Hyodo-Kato cohomology groups. Similarly,
the existence of a tubular neighbourhood that does not alter the Hyodo-Kato
cohomology was not known.

Our approach is to re-interpret the whole problem using a suitable motivic
framework, that allow us to overcome these difficulties.

The first key ingredient is the so-called motivic tilting equivalence
RigDA(Cp) ∼= RigDA(C♭

p) established in [Vez19a]. It is stated in terms of the
theory of motives of rigid analytic varieties RigDA(K) introduced by Ayoub
[Ayo15]. This actually helps in our situation, since the Hyodo-Kato cohomology
can be extended to rigid analytic varieties thanks to the work of Colmez-Nizio l
[CN19], and it can be shown to be motivic (in the sense that satisfies rigid-étale
descent and B1-invariance). The motivic tilting equivalence implies that any Weil
cohomology theory defined for rigid analytic varieties over K can be tilted to a
Weil cohomology theory defined for rigid analytic varieties over K♭ (and vicev-
ersa). In particular, it allows us to ”tilt” the Hyodo-Kato cohomology RΓHK on
the category of smooth rigid analytic varieties over Cp to obtain a cohomology

theory RΓ♭
HK on the category of smooth rigid analytic varieties over C♭

p, which is
equipped with a functorial (ϕ,N)-structure. We then show that the new cohomol-
ogy theory RΓ♭

HK compares to the classical Hyodo-Kato cohomology and hence,
by Lazda-Pal, it satisfies the weight monodromy conjecture:

Theorem 3. Let Z be a smooth proper variety over a finite extension of Fp((p♭))
with residue field k, having a semistable formal model Z with log special fiber Z0.
Then we have a canonical quasi-isomorphism

RΓ♭
HK(Zan

C♭
p
) ∼= RΓHK(Z0/W (k)0)⊗W (k)[1/p] Qp

of complexes of (ϕ,N)-modules.

In order to prove this theorem we show a comparison result between log motives
over the special fibre and formal log motives.
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Theorem 4. Let S be a quasi-coherent integral log formal scheme of finite Krull
topological dimension. The special fibre functor induces an equivalence

logFDA(S) ∼= logDA(Ss)

This is compatible, in a suitable sense, with the motivic tilting equivalence.
Note that the non-log case has been known for a long time, where it is a conse-
quence (or rather a special case) of the Morel-Voevodsky localisation property.

The last crucial ingredient is a motivic version of Huber’s result on the existence
of an analytic tubular neighbourhood that doesn’t alter the ℓ-adic cohomology.
Our version can be stated as follows.

Theorem 5. Let X → S be a qcqs smooth morphism of smooth rigid analytic
varieties over K. Let s be a K-rational point of S and let Xs be the fiber of X
over it. Then, for any sufficiently small open neighborhood U of s isomorphic
to BN

K , the natural morphism from the motive of Xs to the one of X ×S U in
RigDA(K) is invertible.

This result is actually a quite immediate consequence of the “spreading out”
property of rigid analytic motives shown in [AGV20, Theorem 2.8.14]. Note that,
in particular, we can take a tubular neighborhood that does not change the ℓ-adic
cohomology independently on ℓ.

Having all these results at disposal, we can finally complete the proof following
Scholze’s blueprint.
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Topological Hochschild Homology and Zeta-values

Baptiste Morin

(joint work with Matthias Flach)

Let X/Z be a proper regular arithmetic scheme and let n ∈ Z. Under some
assumptions, we have a perfect complex of abelian groups RΓW,c(X;Z(n)). Using
deep work of Antieau and Bhatt–Morrow–Scholze, we define a perfect complex
RΓ(X;LΩ<n

X/S) which we think of as derived de Rham relatively to the sphere

spectrum modulo the n-step of the Hodge filtration. When Beilinson’s regulator
behaves as expected, there is a canonical isomorphism

λX;n : R
∼
−−→

(
detZRΓW,c(X;Z(n))⊗

Z
detZRΓ(X;LΩ<n

X/S)

)
⊗
Z
R

and we conjecture that

C(X;n) : det(λX;n)) = ± ζ∗(X;n)

where ζ∗(X;n) denotes the leading coefficient in the Taylor development of ζ(X; s)
near s = n. We also denote by ζ(X∞; s) the archimedean Euler factor and by
A(X) ∈ Q>0 the Bloch conductor. The conjecture C(X;n) and C(X; d−n) together
with the expected functional equation implies that the number

ζ∗(X∞; d− n) · ζ∗(X∞;n)−1 ·A(X)
d
2−n

has the following description. Consider the cohomology of the archimedean fiber
RΓW (X∞;Z(n)), which is a perfect complex of abelian groups. Duality for Deligne
cohomology gives a canonical isomorphism

εX;n : R
∼
−−→

(
det−1

Z RΓW (X∞;Z(n))⊗
Z

detZRΓ(X;LΩ<n
X/S)

⊗
Z

detZRΓW (X∞;Z(d− n))⊗
Z

detZRΓ(X;LΩ<d−n
X/S )

)
⊗
Z
R

Theorem. det(εX;n) = ± zη∗(X∞; d− n) · ζ∗(X∞;n)−1 · A(X)
d
2−n.
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Birational geometry and Milnor K-theory

Alena Pirutka

(joint work with Anna Cadoret)

The main question of this talk is to understand how much information about the
field is encoded in its Milnor K-theory: does the Milnor K-ring KM

∗ (F ) determine
the isomorphism class of the field F?

In general the answer is negative (one could take two solvably closed subfields
of Q), the more suitable class of fields to study is given by function fields over alge-
braically closed (or finite) fields. In this case, the above question could be thought
of as a discrete analogue of the birational anabelian program [3, 4, 5], where one
is interested in reconstructing a field k from its absolute Galois group Gk, its pro-
ℓ-completion Gk, the abelianization Ga

k = Gk/[Gk,Gk], and Gc
k = Gk/[Gk, [Gk,Gk]]

the canonical central extension. For example, KM
1 (k) = k∗ and lim

←−
H1(Gk, µℓn) =

lim
←−

k∗/k∗,ℓ
n

= k̂∗ by Kummer theory, so that the Milnor K-theory already sees

k∗ ⊂ k̂∗.
The main theorem of this talk states that if k is a finite or algebraically closed

field, if F1, F2 are finitely generated fields over k of transcendence degree ≥ 2,
such that one has an isomorphism φ : KM

∗ (F1)
∼
→ KM

∗ (F2), then F1 ≃ F2. A more
functorial version indentifies isomorphisms of such fields with isomorphisms of the
Milnor K-theory, upto inversion φ 7→ φ−1. When the characteristic of k is zero, it
is a theorem of Bogomolov-Tschinkel [2].

Since KM
∗ (F ) determines the multiplicative structure (as KM

1 (F ) = F ∗), it
remains to reconstruct the additive structure. This is done in three steps:

• A result from classical projective geometry says that the multiplicative
structure and lines determine the field.
• Using powerful and difficult results on Milnor K-theory (Bloch-Kato con-

jecture, or Bass-Tate conjecture if the base field is finite) one can prove
that KM

∗ (F ) gives algebraic dependence over k.
• The technical and conceptual heart of the proof is to reconstruct lines in
F ∗/k∗ from algebraic dependence.

In order to achieve the third step we notice that an element x1 − cx2 of a line

through x1 and x2 belongs to the intersection k(x1

x2
)
F
· x2 ∩ k(y1

y2
)
F
· y2, where we

write k(x)
F

for the algebraic closure of k(x)∗ in F ∗, c = c1
c2

, and yi = xi− ci. Note

that the intersection k(x1

x2
)
F
· x2 ∩ k(y1

y2
)
F
· y2 is defined using the multiplicative

structure and algebraic dependence. The main lemma gives a converse statement
modulo p-powers (where p is the characteristic of k): for an appropriate choice of
x1 and x2, the latter intersection could only contain elements of the form x1−cx2,
for yi = xi − ci. Although the quotient F ∗/F ∗p is small, an additional analysis
allows to fully reconstruct lines, as desired.
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A universality of K-theory: Algebraic Snaith’s theorem

Ryomei Iwasa

(joint work with Toni Annala)

Our main result in [AI22b] is an algebraic analogue of Snaith’s theorem in [Sna79]
and a non-A1-localized refinement of [GS09, SØ09]. To fix the notation, let S
be a qcqs scheme and let StS denote the ∞-topos of Zariski sheaves on smooth
S-schemes. We consider BGm as an E∞-monoid in StS . Then its stabilization
S[BGm] is an E∞-algebra in Sp(StS). We say that an S[BGm]-module E in Sp(StS)
satisfies projective bundle formula if, for every n ≥ 1 and every smooth S-scheme
X , the map

n∑

i=0

βi :

n⊕

i=0

E(X)→ E(Pn
X)

is an equivalence, where β is the Bott element 1 − [O(−1)]. By abstract reason,
there exists a localization

Lpbf : ModS[BGm](Sp(StS))→ ModS[BGm](Sp(StS))

whose essential image is spanned by S[BGm]-modules which satisfy projective
bundle formula. Let K denote the non-connective K-theory, which we regard as
a sheaf of spectra on SmS . Then the main theorem is stated as follows.

Theorem. There is a canonical equivalence of sheaves of spectra on SmS

LpbfS[BGm] ≃ K.

In other words, the non-connective K-theory is a universal S[BGm]-module
which satisfies projective bundle formula (and Zariski descent). Similarly, we show
that the Selmer K-theory, in the sense of [Cla17], is a universal S[BGm]-module
which satisfies projective bundle formula and étale descent.

The basic idea of the proof is to regard the projective bundle formula as P1-
periodicity and work in a category where P1 is formally inverted. This leads to
our formulation of (non-A1-local) motivic spectra.
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Definition. We define the ∞-category SpP1(S) of motivic spectra over S to be
the formal inversion of the pointed projective space P1 in StS∗.

We develop a theory of Chern classes in this generality and calculate the coho-
mology of BGLn by adopting the argument in [AI22a]. Then, as an application,
we prove the universality of the (Selmer) K-theory.
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On the Freudenthal suspension theorem in unstable motivic

homotopy theory

Aravind Asok

(joint work with Tom Bachmann, Michael J. Hopkins)

Theorem 1. Suppose k is an algebraically closed field having characteristic 0 and
d ≥ 1 is an integer. If X is a smooth affine k-variety of dimension d + 1, and E
is a rank d vector bundle on X, then E splits off a trivial rank 1 summand if and
only if 0 = cd(E) ∈ CHd(X).

Remark 2. Tbe result above answers in the affirmative “Murthy’s conjecture” in
characteristic 0. The statement is immediate if d = 1 in which case it holds without
restriction on the characteristic of k. The statement also holds when d = 2, 3 if k
has characteristic not equal to 2 by previous work of J. Fasel and the first author
[AF14, AF15].

Suppose k is a field having characteristic 0. Write Smk for the category of
smooth k-schemes. We write Spck for a suitable category of spaces (e.g., simplicial
presheaves on Smk) and H(k) for the Morel–Voevodsky unstable motivic homotopy
category of k [MoVo99]. Traditionally, H(k) is obtained by a two-step Bousfield
localization of Spck: one first inverts Nisnevich local weak equivalences and then
A1-weak equivalences.

Theorem 1 is established using techniques of motivic homotopy theory. Combin-
ing the A1-homotopy classification of vector bundles and the existence of A1-fiber
sequences of the form

An \ 0 −→ BGLn−1 −→ BGLn,
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techniques of obstruction theory reduce the verification of Theorem 1 to under-
standing the A1-homotopy theory of An \ 0.

Write S1 for the space A1/{0, 1} and Gm for A1 \ 0 pointed by 1. We set Sp :=
(S1)∧p and Sp,q = Sp ∧G∧q

m . For any pointed space (X, x), one defines homotopy

(Nisnevich) sheaves πA1

p (X, x). These sheaves detect A1-weak equivalences and

we may define A1-n-connectedness by imposing vanishing conditions on homotopy

sheaves. One can define, more generally, πA1

p,q(X, x), and these sheaves may be

identified with πA1

p (Ωq
Gm
X), where Ωq

Gm
X is the q-fold Gm-loop space of X .

One knows that An \ 0 ∼ Sn−1,n and P1 ∼= S1,1. F. Morel’s foundational
unstable connectivity theorem asserts that A1-localization preserves connectivity.
One deduces immediately that An\0 is A1-(n−2)-connected. Morel also computed
the first non-vanishing homotopy sheaf of Sp,q in various situations. For example,

if p ≥ 2 and q ≥ 1, then πA
1

p,i(S
p,q) ∼= KMW

q−i . where KMW
r is the so-called Milnor–

Witt K-theory sheaf (see [Mor12] for all these results).
Granted Morel’s computations, the required information to establish Theorem 1

is contained in the next non-vanishing A1-homotopy sheaf πn(An \ 0). Previous
work of the first author and J. Fasel (exposed at a previous Oberwolfach meeting)
gave a regular form for this result, which could be deduced from a suitable version
of the Freudenthal suspension theorem for P1-suspension.

While Morel established a Freudenthal suspension theorem for S1-suspension
that looks formally identical to the classical case, simple computations show that
Freudenthal suspension for P1-suspension requires further hypotheses. For exam-

ple, it is easy to see that πA1

p (Sp) ∼= Z for all p ≥ 1, and therefore, for p ≥ 2, the

map Sp → ΩP1Sp+1,1 is not an isomorphism on homotopy sheaves in degree p.
Intuitively speaking, Sp is not sufficiently “Gm-connected”. To make this pre-

cise, one proceeds as follows, roughly mimicking one construction of the classical
Postnikov tower using Bousfield localization. Consider the left Bousfield localiza-
tion of H(k) generated by the maps G∧n+1

m ×X → X,X ∈ Smk; write Ln for the
resulting localization functor.

Definition 3. We will say that a space X is Gm-n-connected if X ∼ LnX and
Gm-n-truncated if LnX ∼= ∗.

By construction, any pointed space that is of the form G∧n+1
m ∧ X is Gm-n-

connected. One says that a space X is (p, q)-connected if it is p-connected and
Gm-q-connected. In particular, An \ 0 is (n − 2, n − 1)-connected. From the
definitions, it is not hard to show that a pointed, connected space X is Gm-n-
truncated if and only if the Gm-loop space Ωn+1

Gm
X is contractible. In particular,

by a result of Morel it follows that such an X is Gm-n-truncated if and only if

πA1

i (X, x)−n−1 = 0 for all i. It follows that the motivic Eilenberg–Mac Lane space
K(Z(n), 2n) is Gm-n-truncated for any n ≥ 0.

This notion of Gm-connectivity is well-behaved in that Gm-connectedness and
truncatedness is preserved by taking suitable fibers and cofibers. To see this, one
appeals to a comparison between unstable and S1-stable homotopy theory. In the
S1-stable context one uses results about existence of Gm-deloopings based on the
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work of the second author and M. Yakerson [BY20, Bac21]. One nice consequence
of these results is that one can establish a Whitehead theorem using motives, at
least over fields k having finite étale 2-cohomological dimension: a map f of (1, 1)-
connected spaces such that HZ∧f is an isomorphism is an A1-weak equivalence.

Theorem 4 (P1-Freudenthal suspension theorem). Assume 1 ≤ p ≤ q are inte-
gers. If (X, x) is a pointed (p, q)-connected space, then the unit map

X −→ ΩP1ΣP1X

has A1-homotopy fiber that is at least (2p, 2q + 1)-connected.

Theorem 4 can be reduced to the case of motivic Eilenberg–Mac Lane spaces.
The assembly maps

an : P1
∧K(Z(n), 2n) −→ K(Z(n+ 1), 2n+ 2)

defining the motivic Eilenberg-Mac Lane spectrum can be used to factor the iden-
tity map on K(Z(n), 2n) through the unit of the loop suspension adjunction:

K(Z(n), 2n)
u
−→ ΩP1ΣP1K(Z(n), 2n)

Ω
P1an

−→ ΩP1K(Z(n+1), 2n+2) ∼= K(Z(n), 2n).

In that case, there is a fiber sequence fib(u) −→ ∗ −→ fib(ΩP1an), i.e., fib(u) ∼=
Ω fib(ΩP1an). To establish the result, it then suffices to establish a suitable con-
nectivity bound on fib(an). By Blakers–Massey style results, one then reduces to
establishing the following bound on the connectivity of cof(an).

Lemma 5. The space cof(an) is (2n+ 1, 2n)-connected;

Sketch of proof. The proof of Lemma 5 proceeds by analyzing the geometry of
symmetric powers. Following Voevodsky, write QuotΣr

for the unique colimit
preserving extension of the functor on quasi-projective Σr-schemes to motivic

spaces with Σr-action given by taking the quotient. One defines Symr(P1∧n
) ∼=

QuotΣr
(P1∧n×r

). To analyze the connectivity of an, one uses Voevodsky’s mo-

tivic Dold-Thom theorem: K(Z(n), 2n) ∼= Sym∞(P1∧n
) and the fact that the

latter space is a colimit of spaces of the form Symr(P1∧n
).

Let us write ρ for the standard r-dimensional representation of Σr, which decom-
poses as ρ̄⊕1, where 1 is the trivial representation. To make explicit the Σr-action
we identify Symr(P1∧n

) with QuotΣr
(Th(A(ρ⊕n))), viewing A(ρ⊕n) as a trivial

vector bundle over a point. The identification ρ⊕n ∼= 1⊕n⊕ρ̄⊕n and the usual prop-
erties of Thom spaces imply QuotΣr

(Th(A(ρ⊕n))) ∼= Σn
P1QuotΣr

(Th(A(ρ̄⊕n))).
The assembly map an arises from the sequence of inclusions 1⊕nρ ⊂ ρ⊕ nρ ∼=

(n+ 1)ρ by applying QuotΣr
(Th(A(−))), i.e., it is a map

Σr+1
P1 QuotΣr

Th(A(ρ̄⊕n)) −→ Σr+1
P1 QuotΣr

Th(A(ρ̄)⊕n+1).

We may then identify cof(an) with a colimit of spaces of the form

ΣQuotΣr
Th(AA(ρ̄)\0(ρ̄⊕n ⊕ 1)),

viewing A(ρ̄⊕n ⊕ 1) as a trivial vector bundle over A(ρ̄) \ 0.
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Following Nakaoka and Voevodsky (see [AD01] and [Voe04, §4]), we analyze the
Thom space above by stratifying A(ρ̄) \ 0 by stabilizer type. The connectivity of
the Thom space in question can be bounded below by the Thom spaces of normal
bundles to each of the stabilizers. One analyzes these normal bundles using a bit
of representation theory of the symmetric group.

Since ρ̄ is an irreducible representation of Σr, the only fixed point in A(ρ̄) is the
origin, i.e., every point of A(ρ̄) \ 0 has a non-trivial stabilizer. Each stabilizer in
Σr is a partition subgroup and the the stabilizers appearing in A(ρ̄) \ 0 are proper
partition subgroups. A proper partition subgroup of Σr is of the form Σr1×· · ·×Σrs

where
∑

i ri = r; in particular, a non-trivial such subgroup necessarily has more

than 1 factor. If H is a partition subgroup of Σr, then ResΣr

H (ρ) decomposes as
a direct sum of the standard ri-dimensional representation of Σri , each of which
splits off a trivial summand. By induction, this observation yields the required
connectvity estimate. �

Remark 6. The restriction on the characteristic of the base field arises because
of our need to analyze symmetric powers, which may be singular. More gener-
ally, a version of the suspension theorem also holds after inverting the exponential
characteristic of the base field.
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Algebraic K-Theory and Zakharevich K-Theory

Oliver Braunling

(joint work with Michael Groechenig)

In the talk I have presented the proof of the following result.

Theorem 1 (B.–Groechenig [BG21]). For each odd n ≥ 3, we have

dimQ(Kn(VarC)⊗Q) =∞.

Here K(VarC) refers to the K-theory spectrum of varieties. Let us recall what
that is. The theory begins with the following definition.

(1) K0(Vark) =
Z {[X ] for X a k-variety}

[X ] = [Z] + [U ] for every Z →֒ X
◦
←֓ U

,

where Z →֒ X
◦
←֓ U refers to the decomposition of the variety X into a closed

subvariety Z and its open complement U . Defining

[X ] · [Y ] := [X ×k Y ],

the abelian groupK0(Vark) becomes a commutative ring. This definition originates
from a letter from Grothendieck to Serre in 1964 (which is reprinted in [CS04]),
at the time when Grothendieck was experimenting with the first ideas to set up
a theory of motives. Despite being interesting in its own right, the ring K(VarC)
received a lot more attention after the work of Kontsevich on motivic integration.

Theorem 2 (Kontsevich, 1995). Let X1, X2 be K-equivalent1 varieties over the
complex numbers, this means that there exists a diagram

Y
h1

{{✇✇
✇ h2

$$❍
❍❍

❍

X1 X2,

where X1, X2 and Y are proper smooth over C, the maps hi are proper bira-
tional, and the pullbacks of the respective canonical bundles to Y are isomorphic,
i.e. h∗1KX1

∼= h∗2KX2 . Then the varieties have the same Hodge numbers, i.e.
hp,q(X1) = hp,q(X2).

Kontsevich proved this as an application of his theory of motivic integration,
extending an earlier result of Batyrev which concerned the Betti numbers and was
proved using p-adic integration. Really, Kontsevich’s theory shows much more:

There is a suitable completion of K0(Vark), let us call it ̂K0(Vark), and any in-
variant which factors over this completion satisfies the conclusion of the above
theorem. For example, over finite fields, point counting is such an invariant,

K0(VarFq)→ Z, [X ] 7→ #X(Fq),

as any decomposition Z →֒ X
◦
←֓ U is a disjoint decomposition of the set of

Fq-points.

1The letter K is unrelated to K-theory in this context.
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Similarly, the above theorem on Hodge numbers (Theorem 2) comes from such
a map to mixed Hodge structures,

K0(Var) −→ K0(MHS) (MHS:=mixed Hodge structures)

using the mixed Hodge structure on the cohomology H∗
c (X) with compact sup-

ports. In Motivic Integration such maps are known as motivic measures, whereas
people with a background in motives would perhaps rather call it a realization.
Since the definition of K0 in Equation 1 strongly resembles the definition of K0

for an abelian category, one could hope that many developments in Algebraic K-
Theory have counterparts for K0(Vark), and at the very least one could hope that
there are higher K-groups or a full K-theory spectrum having K0(Vark) as its
π0. Inna Zakharevich was the first to construct such a theory [Zak17b]. Later,
Jonathan Campbell found a different definition resembling the Waldhausen S•-
construction [Cam19]. At first, both definitions look completely different, but by
a very fundamental recent advance in the foundations of the whole theory due
to Campbell and Zakharevich, we know now that both definitions give the same
invariant [CZ21]. As a result, we now have an E∞-ring spectrum K(Vark) whose
π0 recovers Equation 1.

This raises the question whether this theory has anything interesting to say.
Does it? This has already been answered positively by Zakharevich, who used it
to give a new perspective on the multiplication by the affine line2 A1 on K(Vark),
see [Zak17a]. However, this work only really uses K1(Vark). Hence, the role of K-
theory classes in higher degrees remains somewhat unclear. What are they good
for? And, do they exist at all?

Problem 3. Are there any classes in Kn(Vark) for n ≥ 1?

The first construction of non-trivial classes in higher degrees is due to Campbell,
Wolfson and Zakharevich [CWZ19]. It is based on maps

S −→ K(Vark)

from the sphere spectrum. A tricky part is to ensure that the classes in the image
of this map (i.e. on the level of homotopy groups) are actually non-zero. This is
also solved in [CWZ19] by developing an ℓ-adic realization for K(Vark).

However, this construction by design can only ever produce torsion classes. Za-
kharevich has later found a different construction, but also only exhibiting torsion
classes. Hence, it had remained open whether non-torsion classes exist at all. Our
Theorem 1 gives an affirmative answer.

The proof has three steps: First, if A is an abelian variety over a perfect field
k with O := End(A), there is an incoming map

K(O) −→ K(Vark)[A−1]×,

where A−1 refers to inverting the class in π0 corresponding to [A]. We only con-
struct this map after taking a connective cover and on the level of spaces.

2in Motivic Integration this is called L instead, L = A1, inspired by L in Hodge theory, or
more broadly referring to Lefschetz hyperplane arguments
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Second, there are outgoing maps

K(Vark) −→ K(A)

to all sorts of abelian categories A, which come from the following general machine:

Theorem 4 (B.–Groechenig–Nanavaty, [BGN21]). Let k be a perfect field. Sup-
pose M is a cohomology theory of k-varieties satisfying A1-invariance and h-
descent and having values in an abelian category A (in positive characteristic,
demand that A is Z[ 1p ]-linear). Then there is a map of spectra

K(Vark) −→ K(A),

which, roughly speaking, on K0 sends X to
∑

n(−1)nHn
M

(X).

A similar result was proven independently and around the same time by Joshua
Lieber [Lie21], as part of his PhD thesis supervised by Matilde Marcolli. The
results are different. Lieber only deals with Q-coefficients, but he treats far more
general bases S than just the perfect fields of the above theorem.

The proof of the above work is based on the viewpoint of Vologodsky [Vol12],
mixed with ideas of Kelly in positive characteristic [Kel17].

Theorem 4 should be general enough to generalize all classical motivic measures
from K0 to all of K(Vark), if they resemble a cohomology theory. However, the
theorem is clearly not general enough to encompass invariants as in Röndig’s vision
[Roe16].

The last step in the proof of Theorem 1 studies the composition of both maps.
The key idea is that the cohomology of abelian varieties looks like an exterior
algebra on H1. Therefore, restricting to weight −1, one can (when done properly)
construct something like a section (rationally, and after connective cover) to the
incoming map K(O)→ K(Vark)[A−1]×. Choosing abelian varieties with complex
multiplication for bigger and bigger CM fields then leads to the result.

A version of the result where mixed Hodge structures are replaced by 1-motives,
yields a similar result in positive characteristic. This uses the derived Albanese of
Barbieri-Viale and Kahn [BVK16] (also with Ayoub [ABV09]).
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Generalized cohomology of algebraic stacks

Charanya Ravi

(joint work with Adeel Khan)

The goal of this talk was to present the main constructions from [KhRa]. Motivic
homotopy theory provides a framework for the study of generalized or extraor-
dinary cohomology theories in algebraic geometry, such as motivic cohomology,
algebraic K-theory, and algebraic cobordism. To develop cohomology theory of
stacks, we introduce an extension of the motivic stable homotopy category to a
large class of algebraic stacks. This gives a systematic approach to studying the
existing cohomology theories for algebraic stacks, along with introducing some new
cohomology theories.

Cohomology theories of quotient stacks correspond to equivariant cohomology
of schemes. Traditionally, equivariant cohomology theories in algebraic geometry
are defined via algebraic versions of the Borel construction. For example, equi-
variant Chow groups [EG] and equivariant algebraic cobordism [Kri1, HML] are
all defined this way. The primary example of a non-Borel-type cohomology theory
in algebraic geometry is algebraic K-theory, which is “genuine” by nature. Our
goal is to construct a “genuine” and a “lisse-extended” motivic homotopy category
for algebraic stacks along with the formalism of six operations. Such that in the
case of quotient stacks, objects in the respective categories represent genuine and
Borel-type equivariant cohomology theories.

The construction of genuine SH is given for a class of algebraic stacks, called
scalloped stacks, which includes for instance tame Deligne–Mumford or Artin
stacks with separated diagonal as well as quotients of qcqs algebraic spaces by
nice linear algebraic groups.

Theorem 1. The assignment X 7→ SH(X), together with the formalism of six
operations, extends from quasi-compact and quasi-separated algebraic spaces to
scalloped algebraic stacks. More precisely, we have the following operations:

(1) For every scalloped stack X, a pair of adjoint bifunctors (⊗,Hom).
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(2) For every morphism of scalloped stacks f : X→ Y, an adjoint pair

f∗ : SH(Y)→ SH(X), f∗ : SH(X)→ SH(Y).

(3) For every representable morphism of finite type f : X → Y between scal-
loped stacks X and Y, an adjoint pair

f! : SH(X)→ SH(Y), f ! : SH(Y)→ SH(X).

Moreover, these satisfy various identities including the base change and projection
formulas, homotopy invariance, purity isomorphism, and localization triangle.

Our constuction of the genuine SH is mainly inspired by Hoyois’s construc-
tion of the genuine equivariant motivic homotopy theory for quasi-projective G-
schemes [Ho]. For the quotient of a G-quasi-projective scheme X by a nice group
G, SH([X/G]) recovers Hoyois’s equivariant stable motivic homotopy category

SHG(X). Thus in this case, our work in particular removes the quasi-projectivity
hypotheses in [Ho].

The construction of the lisse-extended SH is done via the following formal
procedure. Given any qcqs algebraic stack X (not necessarily scalloped), denote
by LisX the ∞-category of pairs (U, u : U → X), where U is a qcqs algebraic
space and u : U → X is a smooth morphism. The lisse extension SH⊳(X) is the
homotopy limit of ∞-categories

SH⊳(X) = lim
(U,u)∈LisX

SH(U),

over the ∗-inverse image functors. The six functor formalism also extends to this
setting.

Let C•, CBM
• (resp. C•

⊳, CBM
⊳,• ) denote the cohomology and Borel–Moore ho-

mology spectrum defined by taking coefficients in SH (resp. SH⊳). Using the
formalism of six operations, we get various functorialities, products, euler classes
and properties like localization, Mayer–Vietoris, homotopy invariance and derived
invariance for these cohomology and Borel-Moore homology theories. In particu-
lar, our proof of the representability of homotopy K-theory in the genuine SH, as
a result establishes derived invariance and cdh descent for homotopy K-theory.

The motivic cohomology, algebraic K-theory, and algebraic cobordism spectra
give rise to lisse-extended motivic spectra Z⊳

X
, KGL⊳

X, MGL⊳
X ∈ SH⊳(X) over X,

simply by virtue of stability under ∗-inverse image. If X is scalloped, then these are
moreover the images of their genuine counterparts by a canonical functor (which
commutes with colimits and ∗-inverse image)

SH(X)→ SH⊳(X).

However, this functor is far from being an equivalence, so that the corresponding
cohomology theories are very different.

Example 2. In the case of KGL⊳
[X/G], the canonical map

π0K([X/G])→ π0C•
⊳([X/G],KGL),
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induced by the functor SH([X/G])→ SH⊳([X/G]) (for G nice), is not bijective if
G is nontrivial. In fact, it exhibits the target as a completion of the source (see
[Kri2]).

We show that for quotient stacks, cohomology with coefficients in any of the
lisse-extended cohomology theories above can be computed via Totaro and Morel–
Voevodsky’s algebraic approximation of the Borel construction. For example, in
the case of motivic cohomology we have:

Theorem 3. Let G be a linear algebraic group over a field k of characteristic zero.
Let X be a smooth G-quasi-projective k-scheme. Then for every n, s ∈ Z there are
canonical isomorphisms

πsC
•
⊳([X/G],Z)〈n〉 ≃ CHn

G(X, s)

where on the right-hand side are the Edidin–Graham equivariant higher Chow
groups [EG]. The result also holds for characteristic p > 0, up to inverting p.

Remark 4. For general coefficients F, we have isomorphisms

(1) C•
⊳([X/G],F)〈n〉 ≃ lim

i
C•([X/G]×BG Ui,F)〈n〉

where (Ui)i is a sequence of algebraic approximations to the Borel construction.
This is deduced from a stronger comparison of motivic stable homotopy types. On
π0 we have isomorphisms Hn

⊳ ([X/G],F) ≃ limiH
n([X/G]×BG Ui,F) by [Kh].

In particular, although the right-hand side has been considered in the case of
1 algebraic cobordism in [HML, Kri1], it was not known to satisfy the right-exact
localization sequence. The localization sequences for lisse-extended cobordism,
which in fact even extend to long-exact sequences using the higher group, in par-
ticular establishes the above mentioned right exact localization sequence in view of
[Kh]. In general, we regard the lisse extension as a good way to define “Borel-type”
extensions of arbitrary generalized cohomology theories.

We expect the homotopical properties of cohomology theories for stacks de-
veloped above to have several useful applications. As an example, we have the
following Atiyah-Bott localization theorem for oriented cohomology theories of al-
gebraic stacks which we prove in an ongoing joint work with Dhyan Aranha, Adeel
Khan, Alexei Latyntsev and Hyeonjun Park. The above results make it possible
to obtain such a result for oriented theories in SH⊳, for e.g. motivic cohomology
and algebraic cobordism.

Theorem 5. Let G be an fppf affine group scheme over a connected noetherian
ring k. Let i : Z → X a G-equivariant closed immersion of qcqs algebraic stacks
over k with affine stabilizers. Let Σ ⊂ π0C•(BG)〈∗〉 be a subset such that for every
geometric point x of X \Z there exists a rank one G-representation L ∈ Pic(BG)

with c1(L) ∈ Σ and c1(L|BStGx
) = 0, where StGx denotes the G-stabilizer at x. Then

the direct image map

i∗ : CBM
G,•(Z)〈∗〉[Σ−1]→ CBM

G,•(X)〈∗〉[Σ−1]

is invertible.
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The motivic Satake equivalence and a question about the

Drinfeld lemma

Jakob Scholbach

(joint work with Timo Richarz)

1. The motivic Satake equivalence

The motivic Satake equivalence is a unification of several geometric Satake equiv-
alences in the literature. To state it, recall that for a reductive group G over a
field k, such as G = GLn, the loop group LG and the positive loop group L+G
are given by

LG := G(k((t))) ⊃ L+G := G(k[[t]]).

The quotient GrG := LG/L+G is called the affine Grassmannian. The classical
Satake isomorphism relates the spherical Hecke algebra, i.e., the space of compactly
supported functions on the double cosets L+G \ LG/L+G to the Grothendieck

group of representations of the Langlands dual group Ĝ. Examples of dual groups

include ĜLn = GLn, P̂GLn = SLn. The geometric Satake equivalences due, in
several similar versions, to many authors including Ginzburg, Mirkovic–Vilonen,
Richarz, Zhu, Fargues–Scholze, enhance this isomorphism in a geometric way. For
example, there is an equivalence

Rep(Ĝ/Qℓ
) = PervL+G(GrG,Qℓ)

between algebraic representations of the dual group defined over Qℓ, and the
category of L+G-equivariant perverse ℓ-adic sheaves on the affine Grassmannian
over an algebraically closed field k. Under this equivalence the highest weight
representations V µ correspond to intersection sheaves IC

Gr≤µ
G

. For k = C, there

is similar statement for perverse sheaves on the complex (infinite-dimensional)
analytic space associated to GrG. Theorem 1 below confirms the idea that Satake’s
idea can be stated without reference to any Weil cohomology theory.

We introduce a category DTM(GrG) of stratified Tate motives on GrG, i.e.,

those motives whose restriction to the Gr≤µ
G are Tate motives. The notion of
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stratified Tate motives is due to Soergel–Wendt in the case of flag varieties. All
our motives are with rational coefficients. For G being defined over a scheme
satisfying the Beilinson–Soulé conjecture, the cellular nature of the stratification
of GrG by L+G-orbits leads to the existence of a t-structure on DTM(GrG). The
heart of this t-structure, denoted MTM(GrG), consists of precisely those motives
whose ℓ-adic realization are perverse sheaves, as encountered in the ℓ-adic version
of Satake above. In fact, objects in this category are naturally equivariant with
respect to the L+G-action on GrG, so we denote this category more symmetrically
by MTM(L+G \ LG/L+G). This abelian category is generated under extensions
by the intersection motives IC

Gr≤µ
G

. The subcategory consisting only of direct

sums of such motives (but no extensions) is denoted by MTM(L+G\LG/L+G)ss.

Theorem 1 ([RS21]). Let k be a finite field, a number field, a function field
Fq(t) and G/k a split reductive group. Then there is an equivalence of Tannakian
categories

Rep(Ĝ⋊Gm) ∼= MTM(L+G \ LG/L+G)ss.

In comparison to the proofs of the existing Satake equivalences, the work going
into the proof of Theorem 1 is chiefly to ensure that all relevant functors, notably
the convolution product, preserve (stratified) Tate motives. This is achieved by
inspecting the cellular structure of GrG and related objects such as the affine flag
variety and convolution affine Grassmannians.

2. A question related to the Drinfeld lemma

The motivic Satake equivalence in Theorem 1 is a step of a program aiming to
apply motivic methods to the Langlands parametrization due to V. Lafforgue
[Laf18]. To put it into perspective recall that V. Lafforgue, following Drinfeld and
L. Lafforgue, uses the Satake equivalence in order to construct the intersection
complexes on the moduli stack of shtukas. Up to issues related to constructibility
and lisseness of sheaves, which are resolved by Lafforgue and Xue’s later work, and
which we ignore here, a main point in Lafforgue’s work is a functor (and similarly
with more factors)

Rep(Ĝ2
/Qℓ

)→ LocSys((XWeil)×Fp
(XWeil)).

Here X is a smooth proper curve over Fp and the right hand category consists

of tuples (F, α1, α2) consisting of an ℓ-adic local system F on X
2

:= X2 ×Fp Fp,

and two (appropriately commuting) isomorphisms αk : Frob∗
kF

∼=
→ F , with Frobk :

X
n
→ X

n
being the Frobenius on the k-th copy of X , and the identity on all other

factors, including Fp. A lemma of Drinfeld is then used in order to decompose
such local systems with partial Frobenius “descent” data into two local systems
on the individual factors X.

A first obstacle in doing this motivically is the fact that the above functor uses
a t-structure truncation, whose existence in the context of motives is among the
deepest motivic conjectures. This leads to the question how to phrase the Drinfeld
lemma for the derived category of constructible sheaves.
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Theorem 2 ([HRS20]). For algebraic varieties X1, X2/Fp the exterior product
yields an equivalence

Db
c (XWeil

1 )⊗Db
c (Fp)

Db
c (XWeil

2 )
∼=
→ Db

c (XWeil
1 ×Fp

XWeil
2 ).

The categories Db
c (XWeil

k ) consist of pairs (F, αk) with F ∈ Db
c (Xk) (bounded

complex of constructible ℓ-adic sheaves), and αk : Frob∗
Xk
F

∼=
→ F similarly as

above. This theorem might be called a derived Drinfeld lemma or, from a different
perspective, a categorical Künneth formula. It tells us precisely which sheaves on
X1 ×Fp

X2 can be decomposed into ones on the factors. Incidentally, it also

exhibits an interesting kinship of such Weil sheaves and (derived categories) of
quasi-coherent sheaves or D-modules, where similar tensor product formulae hold.

Given such a satisfactory situation in the ℓ-adic context, it is a natural, if
lofty question to ask for a Drinfeld lemma for motives: can break up motives on
XWeil

1 ×
Fp
XWeil

2 into Weil motives on the individual factors? This also seems to

be the major road-block towards a motivic refinement of V. Lafforgue’s work on
the Langlands parametrization.

As a plausibility check for such a far-fetched goal, we are investigating, again in
joint ongoing work with Timo Richarz, the following seemingly sensible question:

Question 3. Let X1, X2 be smooth projective curves over Fp. Is there an equiv-
alence

DTM(XWeil
1 )⊗DTM(Fp)

DTM(XWeil
2 )

∼=
→ DTM(XWeil

1 ×Fp
XWeil

2 )?

Here, DTM(XWeil
k ) consists of Tate motives (as opposed to arbitrary motives)

on Xk, again with a Weil datum as in the case of ℓ-adic sheaves as above etc. In
the context of Theorem 2, the usual Künneth formula implies that the exterior
product is already fully faithful for sheaves on Xk etc., as opposed to XWeil

k . The
Künneth formula for motivic cohomology fails: for weight one motivic cohomology
(and geometrically connected Xk) the situation is such that the quotient of the
subgroup

H1(X1,Q(1))⊕H1(X2,Q(1)) ⊂ H1(X1 ×Fp
X2,Q(1))

is isomorphic to HomAb/Isogeny(JacX1
, JacX2

). However, the map id−Frob∗
Xk

acts
as an isogeny on the Jacobians JacXk

, causing the cokernel to vanish after passing

to homotopy fixed points with respect to the two Frob∗
k. This shows that the

presence of “Weil” in Question 3 is crucial, already for the full faithfulness of the
functor.
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A Residual Intersection Formula in Hermitian K-theory

Kirsten Wickelgren

(joint work with Tom Bachmann)

If X is a scheme and Z ⊃ Z ′ are closed subschemes, we denote by Z : Z ′ =
Z(Ann(I(Z ′)/I(Z))) the scheme associated to the ideal quotient. In some cases

Z : Z ′ has underlying set Z \ Z ′, and in general we think of Z : Z ′ as an algebro-
geometric enhancement of the closure of the complement of Z ′ in Z. Suppose that
Z is locally cut out by s equations but has codimension < s. If Z : Z ′ does have
codimension s, then we say Z : Z ′ is a residual intersection. This is a classical
notion.

For local complete intersection morphisms, duality for coherent sheaves is re-
lated to the determinant of the cotangent complex. Eisenbud and Ulrich have
recently given coherent duality results in the setting of certain residual intersec-
tions [4]. In [1], we twist their description of the dualizing object, globalizing
their result. (See loc. cit. Theorem 1.2.) We use this to describe an exceptional
pushforward in Hermitian K-theory as follows.

For f : Y → X a proper map of schemes, there is an adjunction between
derived categoriesD+

c of bounded below complexes of Zariski sheaves with coherent
cohomology

f∗ : D+
c (Y )→ D+

c (X) D+
c (Y )← D+

c (X) : f !,

and Grothendieck–Serre duality produces a canonical isomorphism in D+
c (X)

f∗ HomY (F, f !G)
∼
→ HomX(f∗F,G)

For πX : X → Spec k a Cohen-Macaulay k-scheme, ωX := π!
XOk is a dualizing

object concentrated in a single degree. The resulting duality gives D+
c (X) the

structure of a Poincaré ∞-category in the sense of [2]. The work of [2] builds
an associated symmetric Hermitian K-theory spectrum, GW(X,ωX). Hermitian
K-theory spectra are also constructed with other inputs and methods in [5] [6] and
build on ideas of Karoubi, Quillen, and others. A symmetric bilinear form G×G→
ωX such that the associated map G→ Hom(G,ωX) is an equivalence determines
a point in GW(X,ωX). For f : Y → X with both X and Y Cohen-Macaulay
k-schemes, f∗ determines a Poincaré functor (D+

c (Y ), ωY ) → (D+
c (X), ωX) by

Grothendieck–Serre duality. The machinery of [2] then produces a pushforward

GW(Y, ωY )→ GW(X,ωX)

Combining with the results of [4] and [1, Theorem 1.2], we obtain the following
pushforward.

Theorem 1. Let X be a Gorenstein scheme and let Z ⊃ Z ′ be closed subschemes
such that Z is locally cut out by s equations, Z ′ is codimension g < s, and Y := Z :
Z ′ is a residual intersection satisfying the strong hypothesis of Eisenbud–Ulrich.
Let J denote the ideal associated to Z, I denote the ideal associated to Z ′, K
denote the ideal associated to the residual intersection Y , and t = s− g.
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Then the closed immersion i : Y →֒ X has an associated pushforward in Her-
mitian K-theory

i∗ : GW(Y, It+1/JIt)→ GWY (X, detJ/JK[s])

The analogous pushforward exists in Witt groups, also called L-groups in [2].
Excess and residual intersections arise frequently in enumerative geometry. For

example, Chasles’ Theorem that there are 3264 (and not 65 = 7776 :) smooth
conics tangent to 5 general conics in P2

C is a residual intersection computation
in Chow groups [3]. Duality for coherent sheaves gives a quadratic enrichment
to certain results in enumerative geometry over C, providing information about
the field of definition of solutions over a potentially non-algebraically closed field.
This enrichment can also be naturally understood in the context of A1-homotopy
theory and oriented Chow groups.

In this setting, it is not immediate that a residual intersection computation has
an enrichment. An orientation condition may fail. Even if the orientation data
is present, “invariance of number” may fail in the enriched sense, even when it is
present over C. We show that there is an enrichment of Chasles’ theorem in this
context: Over an arbitrary field of characteristic not 2, there are

3264

2
(〈1〉+ 〈−1〉)

smooth conics tangent to 5 general conics when counted with a certain weight.
We use the exceptional pushforward of Theorem 1 to give a residual intersection

formula enriched in quadratic forms: In the setting of Theorem 1, suppose that X
is regular of dimension s, Z arises as the vanishing locus of a section σ of a vector
bundle V of rank s, g = 1,and Z ′ is the largest closed subscheme of Z such that
none of its associated points is closed. In other words, the vanishing locus of σ is
dimension 1 instead of dimension 0 and we are removing Z ′, where Z ′ is the locus
of pure dimension 1. We can compute the Euler class [e(V, σ)] in the twisted Witt
group (or L-group of [2]) WV

Z (X) from the residual intersection Y = Z : Z ′.

Theorem 2. In Witt cohomology WV
Z (X), the Euler class is computed

[e(V, σ)] = i∗[I/J ]

where I/J denotes the class of the multiplication map I/J × I/J → I2/IJ in
W (Y, I2/IJ).

The equality in Theorem 2 not hold in GWV
Z (X). One might expect this failure,

because the Euler class “should” have a contribution from Z ′. From this point of
view, the Theorem 2 is saying the something of the form “the contribution from
Z ′ is hyperbolic and the contribution from Y is [I/J ].”
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Thoughts on Weibel’s conjecture

Matthew Morrow

(joint work with Elden Elmanto)

Weibel’s highly influential conjecture on negative K-groups (proved in 2016 by
Kerz–Strunk–Tamme [7]) states the following: for X a Noetherian scheme of finite
Krull dimension d,

(1) K−n(X) = 0 for n > d,
(2) K−d(X) ∼= Hd

cdh(X,Z), and

(3) K−n(X)
≃
→ K−n(Ar

X) for n ≥ d and all r ≥ 0.

The most important of these is (3), from which one obtains K−n(X)
≃
→ KH−n(X)

for all n ≥ d; parts (1) and (2) then follow formally from the equivalence KH ≃
LcdhK≥0 (i.e., homotopy invariant K-theory is the cdh sheafification of connective
K-theory [7]) and resulting cdh descent spectral sequence.

We believe that negative K-groups should continue to be studied to stimulate
the development of algebraic K-theory and (topological) cyclic homology. In the
talk we considered the following questions:

(1) What happens in Weibel’s conjecture if X is not assumed to be Noether-
ian?

(2) Do there exist geometric/cohomological descriptions of negative K-groups
other than the formula for K−d in (2) above?

Example 1. This example is essentially due to Weibel [8]. Let X be a 2 dimen-
sional Noetherian scheme and consider the Nisnevich descent spectral sequence
Eij

2 = Hi
Nis(X,K−j) ⇒ Ki−j(X). Using Drinfeld’s lemma that K−1 vanishes

Nisnevich locally [4], one easily obtains a short exact sequence

0 −→ H2
Nis(X,Gm) −→ K−1(X) −→ H1

Nis(X,Z) −→ 0

describing K−1(X) in terms of reasonable geometric invariants.

Before the following non-Noetherian example, recall Jaffard’s notion of the val-
uative dimension dimv A of a ring A [6]: it is defined to be the maximum of rankV ,
as V varies over all valuation rings occurring as subextensions A/p ⊆ V ⊆ k(p) for
some prime ideal p ⊆ A. Jaffard proved that dimv A is always ≥ the Krull dimen-
sion of A, which we will denote by dimK A; equality holds if A is Noetherian. The
importance of valuative dimension to algebraic K-theory and motivic cohomology
is the following theorem:
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Theorem 2 ([5]). Let A be a ring of finite valuative dimension d. Then the

homotopy dimension of the topos of cdh sheaves on Schfp
S is bounded above by

d. In particular, for any cdh sheaf of abelian groups F on Schfp
S , the cohomology

groups Hi
cdh(A,F) vanish for i > d.

Example 3. Let A be a perfect Fp-algebra of finite valuative dimension d (which
would coincide with the Krull dimension if A were the perfection of a Noetherian
Fp-algebra). Then K(A)

∼
→ KH(A) by Weibel [9, 10] and Antieau–Mathew–

Morrow [1]. Examining the cdh descent spectral sequence for KH ≃ LcdhK≥0 we
see that

(1) K−n(A) = 0 for n > d,
(2) K−d(A) ∼= Hd

cdh(X,Z), and there is an exact sequence

K−d−2(A)→ Hd−2
cdh (A,Z)

δ
→ Hd

cdh(X,Gm)→ K−d+1(X)→ Hd−1
cdh (X,Z)→ 0.

The action of the Frobenius shows that the image of δ is killed by p− 1.

The examples suggest that Weibel’s conjecture might remain true for non-
Noetherian schemes, as long as we work with valuative dimension, and that geo-
metric descriptions of other negative K-groups may indeed exist. The goal of the
talk was to present further results in the case of schemes of characteristic zero:

Theorem 4 (Elmanto–M.). Let X be a quasi-compact, quasi-separated Q-
scheme of finite valuative dimension d. Then

(1) K−n(X) = 0 for n > d,
(2) K−d(X) ∼= Hd

cdh(X,Z), and

(3) K−n(X)
≃
→ KH−n(X) for n ≥ dimK X.

A tool is the non-A1-invariant motivic cohomology theory for equicharacteristic
schemes which we are developing; we restrict the statement here to characteristic
zero, as the case of characteristic p was the focus of Elmanto’s talk at the workshop:

Theorem 5 (Elmanto-M.). Voevodsky’s motivic cohomology Z(j)mot(−) for
smooth schemes over characteristic zero fields admits an extension to all quasi-
compact, quasi-separated Q-schemes X, such that the following properties hold:

(1) there is an Atiyah–Hirzebruch spectral sequence Eij
2 = Hi−j

mot(X,Z(−j))⇒
K−i−j(X), and

(2) there is a homotopy cartesian square

Z(j)mot(X) //

��

RΓNis(X, L̂Ω
≥j

X/Q)

��

Z(j)cdh(X) // RΓcdh(X, L̂Ω
≥j

X/Q)

where Z(j)cdh(X) is the Friedlander–Suslin–Voevodsky-style, A1-invariant,
cdh-local motivic cohomology of X, which is being developed for arbitrary
qcqs schemes in a separate project with Bachmann and Elmanto.
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Now assume that X is a qcqs Q-scheme of finite valuative dimension d. It
follows from the construction of Z(j)cdh that it is cdh locally supported in de-
grees ≤ j, whence Theorem 2 implies that Z(j)cdh(X) is supported in degrees
≤ j+d. To show that the same vanishing bound holds for Z(j)mot(X), it is equiv-
alent (thanks to the homotopy cartesian square in Theorem 5 and cdh descent for
Hodge-completed derived de Rham cohomology) to show that the natural map
Hn

Nis(X,Ω
j) → Hn

cdh(X,Ωj) is surjective for all n ≥ dimK X . This surjectivity
is due to Cortiñas–Haesemeyer–Schlichting–Weibel for smooth varieties over char-
acteristic zero fields [2, 3]; to extend their result to our general qcqs X we pass
through localising invariants and results of Kerz–Strunk–Tamme [7].

From the vanishing bound for Z(j)mot(X) and the Atiyah–Hirzebruch spectral
sequence, Theorem 4 follows. But one also obtains a partial cohomological de-
scription of K−d+1(X) similar to the examples presented above; more precisely,
from the Atiyah–Hirzebruch spectral sequence one reads off an exact sequence

K−d+2(X)→ Hd−2
cdh (X,Z)

δ
−→ H1+d

mot (X,Z(1))→ K−d+1(X)→ Hd−1
cdh (X,Z)→ 0.

Bruno Kahn pointed out to us after the talk that if Adams operators work as usual
in our context then the differential δ should be zero.
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K-theory of pushouts of associative rings

Georg Tamme

(joint work with Markus Land)

In previous joint work [4] we associated to any pullback square of ring spectra

(1)
A B

A′ B′

a commutative diagram of ring spectra

(2)

A B

A′ A′ ⊙B′

A B

B′

such that any localizing invariant sends the inner square in (2) to a pullback square.

While we know A′⊙B′

A B as a spectrum – it is simply the (derived) tensor product
A′ ⊗A B, we do not understand its ring structure in general. For the applications
in [4] and some further structural properties of localizing invariants the concrete
ring structure is not important. However, for computational advances a better
understanding of the ring structure is desirable.

In the talk, I first described the following generalization of the ⊙-construction:
Assume given ring spectra A′ and B, and a pointed (B,A′)-bimodule M . The
basepoint of M induces maps A′ →M and B →M , and we can form the pullback
A = A′ ×M B. It turns out that A is a ring spectrum in a natural way, and the
maps to A′ and B are maps of ring spectra. The bimodule M determines a functor
(−) ⊗B M : Perf(B) → Mod(A′). Using this, one can mimic the construction of
[4] to obtain a ring spectrum A′ ⊙M

A B, and a square of ring spectra

A B

A′ A′ ⊙M
A B

which becomes cartesian upon applying any localizing invariant.
In particular, assume given maps of ring spectra C → A′ and C → B. Then

we form the pointed bimodule M = B ⊗C A′ and define A accordingly. In this
situation, we can describe A′ ⊙M

A B as a ring spectrum.

Theorem. In the above situation, the canonical map

A′ ∐C B → A′ ⊙M
A B

is an equivalence. Here the pushout is formed in the category of ring spectra.
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I discussed two examples:

(1) Let k be any commutative ring, and consider the rings C = k[x, y], A′ =
k[x] and B = k[y] with the canonical maps C → A′ and C → B. In
this situation, the bimodule M is simply k, and the pullback A′ ×M B
is the ring of the coordinate axes in the plane, A = k[x, y]/(xy). In this
situation, I explained how to compute the pushout A′ ∐C B to be k[t],
the free k-algebra on a generator in degree 2. Thus we obtain a pullback
square of K-theory spectra

K(k[x, y]/(xy)) K(k[y])

K(k[x]) K(k[t]).

For instance, if k is a perfect field of positive characteristic, the relative
K-groups K∗(k[t], k) have been computed by Bayindir and Moulinos [1].
By our result, this computation is equivalent to the computation of the K-
theory of the coordinate axes relative to k. Note that the latter has previ-
ously been computed by Geller–Reid–Weibel [2] for k a regular noetherian
Q-algebra, and by Hesselholt [3] for k a regular noetherian Fp-algebra.

(2) Let C = Z[x], A′ = Z, B = Z[ζp] for a prime p. Consider the maps
Z[x] → Z sending x to 1 and Z[x] → Z[ζp] sending x to ζp, respectively.
The bimodule M in this case identifies with Fp, and the resulting pullback
square is the Rim square for Z[Cp]. In the talk, I indicated how one
could prove that A′ ∐C B ≃ τ≥0ZtCp , the connective cover of the Cp-
Tate construction on Z. It is known that the ring spectrum τ≥0ZtCp is
equivalent to Fp[t], the free Fp-algebra on a generator of degree 2. So we
have a pullback of K-theory spectra

K(Z[Cp]) K(Z[ζp])

K(Z) K(Fp[t]).

In particular, we see that the total fibre of the K-theory of the Rim square
is the same as that of the K-theory of the standard Milnor square of
Fp[x, y]/(xy) which is known by (1) above.

I point out that the same pullback square has also been established by
different means by Krause and Nikolaus (unpublished).
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4-valued ternary laws and 2-valued formal group laws

Jens Hornbostel

(joint work with David Coulette, Frédéric Déglise, Jean Fasel)

The classical work of Quillen and others on one-dimensional commutative formal
group laws (FGL for short) shows how complex universal cohomology theories
A∗(−) on topological spaces lead to chern classes cA1 , c

A
2 , ..., c

n
n ∈ A

∗(BGln), which
by evaluating c1 on products of line bundles then yield FGLs FA(x, y). The uni-
versal oriented cohomology theory is complex cobordism MU∗ whose coefficient
ring MU∗(pt) is a free polynomial ring, namely the Lazard ring, which also is the
coefficient ring of the universal FGL. This picture has been translated to alge-
braic geometry by Levine and Morel [LM], who in particular construct algebraic
cobordism Ω∗(−) as the universal oriented cohomology on smooth varieties over a
given base field k of characteristic zero. Similar to toplogy, the associated FGLs
to algebraic K-theory and to Chow groups are the multiplicative (i.e. x+y−βxy)
and the additive one.

In a series of articles including [PW], Panin and Walter have introduced and
studied symplectic oriented cohomology theories in algebraic geometry, which come
with a good theory of Borel classes b1, b2, ... (sometimes also called Pontryagin
classes) for symplectic vector bundles. They construct MSL∗∗ as the univer-
sal example, and also discuss the example of hermitian K-theory (aka higher
Grothendieck Witt groups) in detail. Chow-Witt groups are yet another example
[HW], and all oriented cohomology theories are also symplectically oriented. Un-
like for MU∗ or Ω∗, the coefficient ring MSp∗ is only known rationally even in
topology, but it’s 2-primary torsion is known only in low degrees, see [Ko, section
8] for computations of MSp≤100. (I thank Achim Krause for pointing out this
reference after my talk.)

Refining FGLs, one would like to assign an algebraic structure to symplectic
oriented cohomology theories, but there are two obstructions: The product (E, φ)⊗
(F, ψ) of two symplectic plane bundles has rank 4 rather than 2, and its fibers no
longer carry a symplectic=anti-symmetric form but a symmetric one. The idea,
which first appears in unpublished notes of Walter and then was studied more
seriously in [DF], is to take as input the triple product of such rank 2 bundles,
as output the four non-zero classes b1, ..., b4, and then to study the corresponding
algebraic structure. Working over the base ring GW (Z) = Zǫ = Z[ǫ]/(ǫ2− 1), this
leads to the following definition:

Definition 1. Let R be a commutative Zǫ-algebra. A 4-valued formal ternary
law, FTL for short, with coefficients in R is a (4, 3) power series with coefficients
in R

Ft(x, y, z) = 1 + F1(x, y, z)t+ F2(x, y, z)t2 + F3(x, y, z)t3 + F4(x, y, z)t4
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satisfying the following properties:

(1) Neutral element. The (4, 1)-series Ft(x, 0, 0) is split with roots x and −ǫ.x
each with multiplicity 2, i.e. Ft(x, 0, 0) = (1 + xt)2(1− ǫxt)2.

(2) Symmetry/Commutativity. The element Ft(x, y, z) of R[[x, y, z]][t] is a
fixed point under permutation of the variables x, y, z.

(3) Associativity. Given formal variables (x, y, z, u, v), one has the following
equality

Ft

(
Ft(x, y, z), u, v

)
= Ft

(
x, Ft(y, z, u), v

)

where we have used a suitable substitution operation.
(4) ǫ-Linearity. We have

Ft(−ǫx, y, z) = F−ǫt(x, y, z).

(5) Geometricity. We have

F4(x, x, 0) = 0.

Explicitly, we may write

Ft(x, y, z) = 1 +
∑

i,j,k≥0,1≤l≤4

alijkx
iyjzktl

where we put the element ali,j,k in degree i + j + k − l.
Arguing similarly as in the case of FGLs, one can show that the free Zǫ-algebra

generated by all ali,j,k and relations according to the above constraints yield the
universal FTL over a certain universal ring W.

Spelling out the above associativity condition leads to 16 equations. In practice,
one often thinks of FTLs in terms of its four t-linear roots, applying the usual
algeraic splitting principle. Also note that setting ǫ = −1 means to look at the
“oriented” or “complex” part.

Defining morphisms by power series, we obtain the categories of 4-valued FTLs.
With the help of a computer, we made several computations on the coefficient

ring in the universal case in degrees ≤ 2. In the much easier case where we invert
2, this reduces to the following in non-positive degrees:

Theorem 2. Let W≤0[ 12 ] be the sub-ring of W[ 12 ] generated by variables of non-
positive degree. Then, one has

W≤0[
1

2
] ≃ Zǫ[

1

2
][a3111]/〈(a3111 − 40)(1− ǫ), (a3111 − 8)(a3111 + 8)(1 + ǫ)〉

with coefficients

a1100 = 2(1− ǫ)
a2200 = 2(1− 2ǫ) a2110 = 2(1− ǫ)
a3300 = 2(1− ǫ) a3210 = −2(1− ǫ) a3111
a4400 = 1 a4310 = −2(1− ǫ) a4220 = 2(1− 2ǫ) a4211 = 2(1− ǫ).

Some time ago, Buchstaber (see e.g. [Bu]) studied another refinement of FGLs,
namely 2-valued FGLs. These may be essentially classified in those of type I
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– having applications in topology – and type II. We establish explicit functors
between these three categories as follows

FGL
W

//

B
))❙❙

❙❙
❙❙

❙❙
❙❙

❙❙
❙❙

❙ FTL

(2 − FGL)I

C

55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦

and study their properties. For example, the functor N is neither full nor
faithful. We also show that the FTL of Chow-Witt groups is not in the image
of the functor C, even when refining everything over Zǫ. Further details may be
found in the recent preprint [CDFH].
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Motivic stable homotopy theory is Z-linear at the characteristic

Tom Bachmann

1. Statement of result

Recall that if C is a symmetric monoidal, semiadditive ∞-category, then the en-
domorphism space of the unit MapC(1,1) upgrades to an E∞-ring space.

Theorem. There is a (canonical) morphism of E∞-ring spaces

Z→ MapSH(Fp)(p)
(1,1).

Here by Z I denote the usual (discrete, commutative) ring and SH(Fp)(p) de-
notes the p-local motivic stable homotopy category of the field with p elements
(see e.g. [BH21, §4.1] for a quick definition).

An immediate amplification is the following: if X is an Fp-scheme and E,F ∈
SH(X)(p), then Map(E,F ) is a Z-module.
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Example. We have K∗(Fp)(p) ≃ Z(p), by famous work of Quillen. In particular
K(Fp) ≃MapSH(Fp)(p)

(1,KGL(p)) is a Z-module, as needed.

The theorem says that, in some sense, motivic homotopy theory at the charac-
teristic “has no homotopy theory left”, that is, essentially belongs to the realm of
homological algebra. Unfortunately I know of no concretely useful application of
this fact.

Remark. The following stronger result is true (and may be proved by similar
methods): if E ∈ SH(X)(p) (where X is an Fp-scheme) is a normed spectrum in
the sense of [BH21], then Map(1, E) is an animated commutative ring.

2. Backstory

The so-called Hopkins–Morel conjecture states that over any scheme S, the canon-
ical map

MGL/(x1, x2, . . . )→ HZ ∈ SH(S)

is an equivalence. Here MGL denotes Voevodsky’s algebraic cobordism spectrum,
HZ denotes Spitzweck’s motivic cohomology spectrum, and x1, x2, . . . are poly-
nomial generators of the Lazard ring. Work of Spitzweck [Spi18] shows that it
suffices to prove this over prime fields, and Hoyois has shown [Hoy15] that over
fields, the result holds after inverting the exponential characteristic. Thus the only
remaining case is to show that

MGL/(p, x1, x2, . . . )
≃
−→ HZ/p ∈ SH(Fp).

Let us explore for a moment some consequences of this (particular case of the)
conjecture. Further work of Spitzweck [Spi10] determines all the slices of MGL/p.
Using the theorem of Geisser–Levine [GL00], one deduces that the slice and post-
nikov filtrations coincide on MGL/p, and consequently

π∗∗(MGL/p) ≃ L∗ ⊗ Ω∗
log

(placed in some appropriate degrees that I shall not elaborate on here). Using the
motivic Adams–Novikov spectral sequence one deduces further that

π∗∗(1(p))(Fp) ≃ ExtMU∗MU(MU∗)(p).

Making the degrees on the right hand side explicit, one finds in particular that
π∗,0(1(p))(Fp) ≃ Z(p), and so MapSH(Fp)(p)

(1,1) ≃ Z(p). Thus the main theorem

follow from the Hopkins–Morel conjecture.
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3. Proof ideas

(More details can be found in [Bac22].)

3.1. Given an∞-category C with pullbacks, write Span(C) for the span category.
That is, objects in Span(C) are the same as objects in C, but morphisms are given
by spans

MapSpan(C)(X,Y ) = {X ← T → Y };

composition is by pullback. The category Span(Fin) encodes the theory of com-
mutative monoids, in the sense that (1) its nonabelian derived category PΣ(Fin) is
equivalent to the category of E∞-monoids, and (2) given any presentably symmet-
ric monoidal, semiadditive ∞-category C, there is a unique left adjoint symmetric
monoidal functor

c : PΣ(Fin)→ C.

The right adjoint c∗ of c is lax symmetric monoidal (c being symmetric monoidal)
and hence we obtain

c∗(1) ∈ CAlg(PΣ(Fin)).

This is nothing but MapC(1,1), viewed as an E∞-ring.

3.2. Note that even though Fin is a 1-category, Span(Fin) is a (2, 1)-category
(the mapping spaces are groupoids). For example MapSpan(Fin)(∗, ∗) is just the
groupoid of finite sets and isomorphisms. On the other hand, there is a natu-
ral equivalence between the homotopy category of Span(Fin) and the category of
finitely generated, free (discrete) abelian monoids. From this one deduces easily
that the main theorem is equivalent to factoring the functor

c : PΣ(Fin)→ SH(Fp)(p)

through the homotopy category of the source.

3.3. In order to do this, we use ∞-categories enriched in P(SmFp). We can view
SH(Fp)(p) as enriched by declaring that

Map(E,F )(X) = MapSH(X)(p)
(EX , FX).

Denote the resulting enriched ∞-category by SH(Fp)(p). Write FEtS for the cat-

egory of finite étale schemes over S. By a similar construction as for SH(Fp), we
obtain an enriched ∞-category Span(FEtFp). Note that for example

(1) Map
Span(FEtFp )

(∗, ∗) ≃ LΣ

∐

n≥0

BetΣn.

The category Span(FEtFp) is an enriched avatar of Span(Fin). It will thus suffice

to construct a (sufficiently canonical) functor

c : Span(FEtFp)→ SH(Fp)(p)

and the factor it through the homotopy category of the source. The construction
of the functor uses the so-called ambidexterity property of SH(−), and I shall
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not elaborate on it here further. The produce the factorization, observe that all
mapping presheaves in SH(Fp)(p) are p-local motivic infinite loop spaces. Thus if

L : P(SmFp)→ P(SmFp)

denotes the Bousfield localization at maps inverted by the p-local infinite suspen-
sion spectrum functor, then all mapping spaces in SH(Fp)(p) are automatically

L-local. Since the functor L preserves finite products, it is possible to apply it to
all the mapping spaces in an ∞-category enriched in P(SmS) and obtain a new
enriched category. By what we just said, doing this to SH(Fp)(p) has no effect.

Thus it will be enough to prove that when applying this to Span(FEtFp), we obtain

a discrete category. By a slight generalization of Equation (1), for this it suffices
to show the following. If G is a finite constant group, then

LBetG = ∗ ∈ P(SmFp).

The case where G is a p-groups is a folklore result of Morel–Voevodsky (in this
case BetG is even A1-contractible); the passage to all finite groups is via a transfer
argument (and this is why in L we built in p-local stabilization).

References

[Bac22] Tom Bachmann. Motivic stable homotopy theory is strictly commutative at the charac-
teristic. arXiv:2111.02320.

[BH21] Tom Bachmann and Marc Hoyois. Norms in motivic homotopy theory. Astérisque, 425,
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Milnor excision for motivic spectra

Marc Hoyois

(joint work with Elden Elmanto, Ryomei Iwasa, Shane Kelly)

The title of the talk refers to the following theorem, where SH(A) denotes the
Morel–Voevodsky stable ∞-category of motivic spectra over A:

Main Theorem ([4]). Let A→ B be a morphism of commutative rings mapping
an ideal I ⊂ A isomorphically onto an ideal J ⊂ B. Then the following square of
∞-categories is cartesian:

SH(A) SH(B)

SH(A/I) SH(B/J).

https://arxiv.org/abs/2111.02320
https://arxiv.org/abs/1711.03061
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In particular, every motivic spectrum E ∈ SH(A) gives rise to a cartesian square
of spectra

RΓ(SpecA,E) RΓ(SpecB,E)

RΓ(SpecA/I,E) RΓ(SpecB/J,E).

Examples of such morphisms (A, I)→ (B, J) include the coordinate axes

(k[x, y]/(xy), (x))→ (k[x], (x)),

the “Rim square”

(Z[x]/(xp − 1), (x− 1))→ (Z[ζp], (ζp − 1)),

and the desingularization of an affine curve. Another key example, first considered
by Huber and Kelly [5], is the localization map (V, p) → (Vp, pVp) for p a prime
ideal in a valuation ring V .

Examples of cohomology theories RΓ( · , E) defined on all schemes include:

• A1-invariant algebraic K-theory KH = LA1K, where K denotes localizing
(i.e., nonconnective) K-theory (Weibel).
• A1-invariant motivic cohomology (Spitzweck), which is known to agree

with the cdh motivic cohomology of Elmanto-Morrow in equicharacteristic
(and is expected to in general).
• A1-invariant symmetric Grothendick-Witt theory LA1GWs, where GWs

denotes the localizing Grotendieck-Witt theory of homotopy-symmetric
forms (Calmès-Harpaz-Nardin).

• Étale cohomology with coefficients in F, where F is a torsion étale sheaf of
abelian groups over a scheme S, whose torsion is coprime to the residual
characteristics of S.

The main theorem follows from Theorems A and B below using ideas of Bhatt
and Mathew [1].

Theorem A ([4]). Let V be a valuation ring and p ⊂ V a prime ideal. Then the
following square of ∞-categories is cartesian:

SH(V ) SH(Vp)

SH(V/p) SH(κ(p)).

Using the localization property and the finitary nature of SH, Theorem A is
reduced to the following statement: if V has finite rank and

SpecVp − {p}
h
−→ Spec Vp

j
−→ SpecV

are the canonical open immersions, then the natural transformation

j!h! → j∗h! : SH(SpecVp − {p})→ SH(Spec V )

is an isomorphism. Using the cdh descent of motivic spectra proved by Cisinski,
this is in turn implied by the same statement for SHcdh, which is the analogue of
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SH defined using the cdh site instead of the smooth Nisnevich site. The point is
that pushforwards along quasi-compact open immersions are compatible with the
cdh topology, allowing us to further reduce the statement to the level of presheaves.
There it becomes an easy direct computation in light of the following fact, which
uses that V is a valuation ring in an essential way: if X is a connected scheme,
the image of any map X → Spec V is an interval in the specialization poset.

Theorem B ([3]). Let X be a qcqs scheme. Then the homotopy dimension of the
cdh ∞-topos of X is at most the valuative dimension of X.

Recall that an ∞-topos has homotopy dimension ≤ d if every d-connective
sheaf admits a global section. This implies in particular that abelian cohomology
vanishes in degrees > d (since cohomology classes of degree n+1 classify n-gerbes,
which are n-connective). The valuative dimension of a scheme is a variation of
the Krull dimension introduced by Jaffard, which is surprisingly well-behaved for
non-noetherian schemes. For an integral scheme X with fraction field K, vdim(X)
is the supremum of the lengths of chains of valuation subrings of K centered on
X , and one can extend this notion to arbitrary schemes by taking the supremum
over all irreducible components. The valuative dimension agrees with the Krull
dimension for locally noetherian schemes as well as for valuation rings, but it has
the advantage of being a birational invariant in general.

The proof of Theorem B uses the Riemann-Zariski space RZ(X) of an integral
scheme X , which is limit of all blow-ups of X (one can first reduce to the integral
case using the fact that the space of generic points of a qcqs scheme is totally
separated). The canonical map p : RZ(X)→ X induces a geometric morphism of
∞-topoi

p∗ : Shvcdh(Schfp
X)→ ShvNis(RZ(X)).

The valuative dimension of X turns out to be the Krull dimension of RZ(X),
which by a theorem of Clausen and Mathew is an upper bound for the homotopy
dimension of ShvNis(RZ(X)) [2]. Hence any vdim(X)-connective cdh sheaf on X
has a section over some blow-up of X , which can be descended to a section over
X using cdh descent and the induction hypothesis.
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The even filtration after J. Hahn, A. Raksit, and D. Wilson

Benjamin Antieau

In forthcoming work [5], Jeremy Hahn, Arpon Raksit, and Dylan Wilson intro-
duce a filtration on any E∞-ring R. Their filtration recovers many filtrations
in the literature, including the double-speed décalage of the Adams–Novikov fil-
tration [4], the Hochschild–Kostant–Rosenberg filtration on Hochschild homology
for quasi-lci rings [1], the Bhatt–Morrow–Scholze filtration on p-adic THH for p-
quasisyntomic rings [3], and the filtration of Morin on integral THH of quasi-lci
rings with bounded torsion [6].

1. The even filtration, variants

An E∞-ringR is even if its odd-degree homotopy groups vanish. Examples of even
E∞-rings include the complex cobordism spectrum MU, the connective complex
K-theory spectrum ku, or the Eilenberg–Mac Lane spectrum associated to any
discrete commutative ring. Non-examples include the sphere spectrum S and the
connective real K-theory spectrum ko.

The even filtration F⋆
evR on an E∞-ring R is defined to be the limit over all

maps R→ A, where A is an even E∞-ring, of τ≥2⋆A, the double-speed Postnikov,
or Whitehead, filtration of A. The result is a multiplicative decreasing filtered
E∞-ring spectrum, i.e., an E∞-algebra object in filtered spectra.

Alternatively, the even filtration F⋆
evR is obtained by right Kan extension of

the natural inclusion functor from even E∞-rings into all E∞-rings along the map
τ≥2⋆ from even E∞-rings to filtered E∞-rings. This definition possibly produces
an object in a larger set-theoretic universe, although in all cases considered in this
abstract, the limit is small if R is.

The even filtration is always complete: F∞
evR = limn7→∞ Fn

evR ≃ 0. It is not
currently known if it is always exhaustive; instead, there is a canonical map R→
F−∞
ev R. In the main cases of interest in this abstract, this map is an equivalence.
If R is connective, then the even filtration on R is concentrated in non-negative

weights in the sense that grievR ≃ 0 for i < 0.
There are variants where one works in p-complete E∞-rings, or in E∞-rings

with S1-action, or in cyclotomic E∞-rings, or with various combinations of these.
An important example is the even filtration on the homotopy fixed points of an

E∞-ring R with S1-action. This filtration F⋆
ev,S1R on RhS1

is defined as the limit

over R → A of τ≥2⋆(AhS1

), where A is an even E∞-ring with S1-action and the
map R → A is S1-equivariant. Note that this construction is not typically the
same as applying homotopy fixed points to the S1-equivariant even filtration on R

itself. Similarly, one has F⋆
ev,tS1R, a filtration on RtS1

. If R is an E∞-algebra in p-

complete cyclotomic spectra, there is a filtration F⋆
ev,p,cycR on TC(R) obtained by

taking a limit over maps to even E∞-algebras A in p-complete cyclotomic spectra

of fib
(
τ≥2⋆(AhS1

)
can−ϕ
−−−−→ τ≥2⋆(AtS1

)
)

. Note that while AhS1

and AtS1

are even

if A is, this is not necessarily the case for TC(A). For example, THH(Fp) is even,
but π−1TC(Fp) is non-zero.
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Hahn, Raksit, and Wilson introduce motivic filtrations on various homological
invariants as follows:

• F⋆
motHH(R/k) = F⋆

evHH(R/k),
• F⋆

motHC−(R/k) = F⋆
ev,hS1HH(R/k),

• F⋆
motHP(R/k) = F⋆

ev,tS1HH(R/k),

• F⋆
motTHH(R) = F⋆

evTHH(R),
• F⋆

motTC−(R) = F⋆
ev,hS1THH(R), and

• F⋆
motTP(R) = F⋆

ev,tS1THH(R)

with p-complete versions

• F⋆
motHH(R/k;Zp) = F⋆

ev,pHH(R/k;Zp),

• F⋆
motHC−(R/k;Zp) = F⋆

ev,p,hS1HH(R/k;Zp),

• F⋆
motHP(R/k;Zp) = F⋆

ev,p,tS1HH(R/k;Zp),

• F⋆
motTHH(R;Zp) = F⋆

ev,pTHH(R;Zp),

• F⋆
motTC−(R;Zp) = F⋆

ev,p,hS1THH(R;Zp),

• F⋆
motTP(R;Zp) = F⋆

ev,p,tS1THH(R;Zp), and

• F⋆
motTC(R;Zp) = F⋆

ev,p,cycTHH(R;Zp).

2. Even faithfully flat maps

A map R → S of E∞-rings is evenly faithfully flat, or eff, if for every map
R→ A of E∞-rings, where A is even, the pushout A⊗R S is even and π∗(A⊗R S)
is faithfully flat as an ungraded π∗A-module.

A warning: the notion of faithful flatness used here is not the usual notion of
faithful flatness in derived algebraic geometry. The latter asks for π0R → π0S to
be faithfully flat as a map of ordinary commutative rings and for the natural maps
πiR⊗π0R π0S → πiS to be isomorphisms for all i ∈ Z.

There are obvious p-complete variants, which are left to the reader to consider.
The main technical theorem on even faithful flatness, which applies as well to

the variants, is that the even filtration descends along eff maps

Theorem 2.1 (HRW). If R→ S is eff and S• denotes the Čech/descent/Amitsur
complex of the map, then F⋆

evR ≃ Tot(F⋆
evS

•).

Proof. Let Affev
eff be the site consisting of the opposite of the category CAlgev of

even E∞-rings, equipped with the even faithfully flat topology: covers consist of
finite collections {A→ Bi} of maps of even E∞-rings such that A→

∏
iBi is even

faithfully flat. One proves, using ordinary faithfully flat descent, that the even
filtration defines a sheaf F⋆

evO of filtered E∞-rings on Affev. For any E∞-ring R,
there is a sheaf of spaces Spev(R) on Affev given by (Spev(R))(A) ≃ MapE∞

(R,A).
The even filtration on R is obtained by evaluating F⋆

evO(Spev(R)). The theorem
follows from the fact that if R→ S is even faithfully flat, then Spev(S)→ Spev(R)
is an epimorphism (in the sense of ∞-topoi), so F⋆

ev(Spev(R)) can be computed
using the Čech cover of the map of sheaves, which is checked to be Spev of S•. �
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3. Comparison theorems

Hahn, Raksit, and Wilson prove several comparison theorems which relate their
even filtration to filtrations in the literature.

3.1. ANSS. Let S → MU• be the augmented cosimplicial E∞-ring obtained by
taking the descent complex of S→ MU.

Theorem 3.1 (“Novikov descent”, HRW). For any E∞-ring R, the natural map

F⋆
evR ≃ Tot(F⋆

ev(R⊗S MU•)).

Proof. It is enough to check for R = S, in which case the question comes down to
showing that S→ MU is even faithfully flat. But, if A is an even E∞-ring, then,
π∗(A⊗S MU) ∼= π∗A[b1, b2, . . .] where the bi have even degree. �

There are variants for rings with S1 action obtained by giving MU the trivial
S1 action.

Corollary 3.2 (HRW). There is an equivalence F⋆
evS ≃ Tot(τ≥2⋆MU•).

Proof. In this case, each term of MU• is itself even, so the even filtration is the
double-speed Postnikov filtration. �

Corollary 3.3 (HRW). If R ⊗S MU is even, then F⋆
evR is the (double-speed)

décalage of the Adams–Novikov filtration.

For any R, F⋆
evR is an F⋆

evS-algebra. The stable∞-category of p-complete F⋆
evS-

module has been studied before in [4, 7] under the name synthetic spectra. It is
shown in these sources that p-complete F⋆

evS-modules are equivalent to p-complete
cellular motivic spectra over C. It follows that F⋆

evR gives a natural synthetic
(motivic) analogue of R for any E∞-ring R.

3.2. HKR. The even filtration also recovers various “HKR” filtrations. A map
k → R of commutative rings is quasi-lci if the algebraic cotangent complex LR/k

has Tor-amplitude contained in [0, 1]. Examples include smooth maps or local
complete intersection morphisms. Besides the HKR filtration F⋆

HKRHH(R/k) on
HH(R/k), there are so-called Beilinson filtrations F⋆

BHC−(R/k) and F⋆
BHP(R/k).

These filtrations have been studied for many years in the rational setting. They
were defined by [3] in the p-complete case and by [1] in the integral case.

Theorem 3.4 (HRW). If k → R is a quasi-lci, then

(1) F⋆
motHH(R/k) ≃ F⋆

HKRHH(R/k),
(2) F⋆

motHC−(R/k) ≃ F⋆
BHC−(R/k), and

(3) F⋆
motHP(R/k) ≃ F⋆

BHP(R/k).
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In particular,

(1) grimotHH(R/k) ≃ LΩi
R/k[i],

(2) grimotHC−(R/k) ≃ L̂Ω
≥i

R/k[2i], and

(3) grimotHP(R/k) ≃ L̂ΩR/k[2i],

where L̂ΩR/k denotes Hodge-complete derived de Rham cohomology.

Proof. The idea is to reduce to showing that the natural map HH(Z[x]/Z)→ Z[x]
is even faithfully flat when x is a degree 0 generator. Then, one checks in this case
directly that one obtains the HKR filtration. The reduction goes by (1) showing
that if S → R is a quotient of S where LR/S has Tor-amplitude in [1, 1], then
HH(R/S) is even and (2) showing that if k → S → R is a factorization of k → R
into a smooth map followed by a quotient as above, then HH(R/k) → HH(R/S)
is eff. �

An analogous result holds in the p-complete case for p-quasisyntomic k-algebras
R.

By shearing down and remembering the sheared down of the circle action, one
obtains crystalline cohomology from the HKR filtration. In particular, there is a
close connection between the site of even animated k-algebras A with S1-action
and non-S1-equivariant maps R→ A and divided power thickenings of A.

3.3. BMS2. The even filtration recovers various motivic filtrations on THH and
p-complete THH of reasonable commutative rings studied in [3] by Bhatt, Morrow,
and Scholze. Write BMS to denote these filtrations.

Theorem 3.5 (HRW). If R is p-quasisyntomic, then

(1) F⋆
motTHH(R;Zp) ≃ F⋆

BMSTHH(R;Zp),

(2) F⋆
motTC−(R;Zp) ≃ F⋆

BMSTC−(R;Zp),
(3) F⋆

motTP(R;Zp) ≃ F⋆
BMSTP(R;Zp), and

(4) F⋆
motTC(R;Zp) ≃ F⋆

BMSTC(R;Zp),

In particular,

(1) grimotTHH(R;Zp) ≃ griN∆R[2i],

(2) grimotTC−(R;Zp) ≃ N≥i∆̂R{i}[2i],

(3) grimotTP(R;Zp) ≃ ∆̂R{i}[2i], and
(4) grimotTC(R;Zp) ≃ Zp(i)(R),

where ∆̂R is absolute prismatic cohomology completed with respect to the Nygaard
filtration N≥⋆∆R and Zp(i)(R) is the ith syntomic complex of R.

The even filtration also recovers the motivic filtration on integral variants stud-
ied by Morin in [6] and discovered independently by Bhatt–Lurie [2]. Write MBL
for these filtrations.

Theorem 3.6 (HRW). If R is quasi-lci over Z with bounded p-torsion for all
prime numbers p, then
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(1) F⋆
motTHH(R) ≃ F⋆

MBLTHH(R),

(2) F⋆
motTC−(R) ≃ F⋆

MBLTC−(R), and
(3) F⋆

motTP(R) ≃ F⋆
MBLTP(R).

4. Chromatically quasisyntomic E∞-rings

Hahn, Raksit, and Wilson also introduce a new class of E∞-rings for which the even
filtration on TC is particularly well-behaved. Time did not permit an extended
discussion of this point, but I did state their main theorem.

Definition 4.1 (HRW). A map k → R of E∞-rings is quasi-lci if the algebraic
cotangent complex Lπ∗R/π∗k has Tor-amplitude in [0, 1]. A map k → R of E∞-
rings is chromatically quasi-lci if k ⊗S MU → R ⊗S MU is a quasi-lci map of
even E∞-rings. An E∞-ring R is chromatically quasisyntomic if R⊗S MU is even,
Z→ π∗(R⊗S MU) is quasi-lci, and π∗(R⊗S MU) has bounded p-power torsion for
all prime numbers p. The ∞-category of chromatically quasisyntomic E∞-rings is
written as XQSyn ⊆ CAlg.

For example, ku is chromatically quasisyntomic.

Theorem 4.2 (HRW). If R ∈ XQsyn, then the natural fiber sequence

TC(R;Zp)→ TC−(R;Zp)→ TP(R;Zp)

upgrades canonically to a filtered fiber sequence

F⋆
motTC(R;Zp)→ F⋆

motTC−(R;Zp)→ F⋆
motTP(R;Zp).

The non-trivial point of theorem is that the motivic filtrations on TC−(R;Zp)
and TP(R;Zp) are defined only using the circle action on THH(R;Zp). It is
something of a miracle, already exploited by [3], that the corresponding motivic
filtrations are preserved by the can − ϕ map used to define TC(R;Zp). It also
follows that the graded pieces of the motivic filtrations on TC(R;Zp) form some
kind of analogue of syntomic cohomology for ring spectra.
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