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Supernilpotent semigroups

Jelena Radović and Nebojša Mudrinski

Abstract. Regular abelian semigroups are isomorphic to a direct product of an abelian group
and a rectangular band (Warne, 1994). Seeking for a similar result for nilpotency, solvability,
and supernilpotency of regular semigroups, we obtain that an analogous statement is true only
in orthodox semigroups. We provide an example that shows that the same does not have to be
true in regular semigroups that are not orthodox.

1. Motivation

In this note, we study properties of semigroups that are defined by the commutator,
see (Definition 2.5). Namely, we are interested in when the commutator or its iteration
of the full congruence 1 is equal to the equality relation 0. The first such property
is the term condition or abelian, that is, when Œ1; 1� D 0. Abelian semigroups have
been completely characterized by Warne in [12]. In particular, as in Proposition 3.1,
a regular semigroup S is abelian if and only if it is isomorphic to a direct product
G � A � B, where G is an abelian group, A is a left-zero semigroup (multiplication
is the first projection) and B is a right-zero semigroup (multiplication is the second
projection). Further properties well-developed in group theory and studied in algebras
in general, that are defined using iterated commutator of the full congruence 1, are
nilpotency and solvability (Definition 2.8). These properties can be further generalized
to the notion of supernilpotency (Definition 2.9).

It is important to note that in the general case, a supernilpotent algebra does not
have to be nilpotent ([11]). Nilpotency, solvability and supernilpotency are weaker
conditions then abelian, see Remark 2.10 and Proposition 2.7. One can ask whether
a characterization of Warne type can hold for such properties. Namely, we wonder
whether the word abelian in Warne’s characterization for regular semigroups can be
replaced by the word nilpotent or solvable or supernilpotent. If this is true, more pre-
cisely if the regular semigroup is isomorphic to the direct product of a group, left-zero
semigroup and right-zero semigroup, then it should be an orthodox semigroup, see
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Proposition 4.2. Orthodox semigroups are introduced as in Definition 2.3. Unfortu-
nately, there exist nilpotent and supernilpotent semigroups that are not orthodox, see
Example 3.6. Consequently, using Remark 2.10, solvability also does not force a reg-
ular semigroup to be orthodox. Hence if we seek for Warne’s type result in regular
semigroups for the mentioned weaker conditions, we should assume just orthodox
semigroups.

The main results of this note are that an orthodox semigroup is n-nilpotent (n-
solvable, n-supernilpotent) if and only if it is isomorphic to a direct product G�A�B
where G is an n-nilpotent (n-solvable, n-nilpotent) group, A is a left-zero semigroup
and B is a right-zero semigroup (Proposition 4.7 and Theorem 4.6). Therefore, we
obtain that in orthodox semigroups, conditions of nilpotency and supernilpotency are
equivalent. As a corollary we have that the same is true in inverse semigroups, see
Proposition 4.9.

2. Preliminaries

In this section, we will review some definitions and properties of regular semigroups
and commutator theory that are needed for our results. For more details one can refer
to the monographs [7] and [10].

A semigroup S D .S; �/ is regular if for every element x there exists an element
y 2 S such that xyx D x. For an element x 2 S we call y 2 S such that xyx D x
and yxy D y an inverse of x. In this note we deal with the following subclasses of
regular semigroups: rectangular bands, completely simple semigroups and orthodox
semigroups. A semigroup S is a rectangular band if and only if it is isomorphic to
a direct product of a left-zero semigroup and a right-zero semigroup, that is, to a
semigroup of the formL�R whereL,R are nonempty sets, and where multiplication
is given by .l1; r1/ � .l2; r2/ D .l1; r2/ ([7, Theorem 1.1.3]).

Let us note that in semigroups there is no one-to-one correspondence between
congruences and ideals, more precisely not every congruence is determined by an
ideal. Semigroups without proper ideals are called simple. An idempotent in S is every
a 2 S such that a2D a. The set of all idempotents of the semigroup S will be, as usual,
denoted by E D E.S/. Let us recall that there is a natural partial order on the set of
idempotents E.S/ of semigroup S, defined by e � f if and only if ef D fe D e. In
a semigroup without zero, an idempotent e is primitive if it is minimal in the natural
ordering of idempotents. If a simple semigroup S contains a primitive idempotent, we
say that S is a completely simple semigroup. Completely simple semigroups are well
studied, and characterized by the following statement.
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Proposition 2.1 ([7, Theorem 3.3.1, Theorem 3.4.2]). Let G be a group with the
identity element e, let I and ƒ be nonempty sets such that there exists an element
1 2 I \ƒ, and let P D Œp�i � be a ƒ � I matrix with entries in G, that satisfies the
property p1;i D e D p�;1 for every i 2 I , � 2 ƒ. Let S D I � G � ƒ, and define
multiplication on S by

.i; g; �/ � .j; h; �/ D .i; gp�jh; �/:

Then MŒGI I;ƒIP � D .S; �/ is a completely simple semigroup. Conversely, every
completely simple semigroup is isomorphic to a semigroup constructed in this way.

The semigroup MŒGI I; ƒI P � described in the previous proposition is usually
called I � ƒ Rees matrix semigroup over the group G, with normal structure mat-
rix P , see [7, Chapters 3.3, 3.4].

Further, we recall that every congruence � on a completely simple semigroup
S D MŒGI I; ƒI P � determines equivalence relations �I and �ƒ on sets I and ƒ,
respectively, in the following way:

�I D ¹.i; j / 2 I � I j .i; e; 1/�.j; e; 1/º;

�ƒ D ¹.�; �/ 2 ƒ �ƒ j .1; e; �/�.1; e; �/º:

A congruence � of S determines the linked triple .�I ; N�; �ƒ/ where N� D ¹g 2 G j
.1;g;1/�.1;e;1/º is the normal subgroup of G. The correspondence � 7! .�I ;N�; �ƒ/

is an order preserving bijection [7, Theorem 3.5.9]. We recall that the normal subgroup
N� determines the congruence �G on the group G in the usual way. Hence, for every
g; h 2 G we have g�Gh if and only if .1; g; 1/�.1; h; 1/.

Let us recall that if we have n 2 N, algebras A1; : : : ;An of the same type and
�1; : : : ; �n their congruences, respectively, then the direct product of the congruences
�1; : : : ; �n, in abbreviation �1 � � � � � �n, is a congruence on A1 � � � � � An given by

.a1; : : : ; an/�1 � � � � � �n.b1; : : : ; bn/, a1�1b1 ^ � � � ^ an�nbn;

for all .a1; : : : ; an/, .b1; : : : ; bn/ 2 A1 � � � � � An. As usual we will call an algebra
A1 � � � � � An skew-free if all its congruences are a direct product of congruences of
algebras A1; : : : ;An, respectively.

Proposition 2.2. Every congruence � on a completely simple semigroup S D
MŒGI I;ƒIP � satisfies � D �I � �G � �ƒ.

Proof. Let � be a congruence on the semigroup S, and let .i; g; �/; .j; h; �/ 2 S .
Assume that .i;g;�/�.j;h;�/. Then [7, Lemma 3.5.3, 3.5.4] implies i�Ij and ��ƒ�.
If we multiply the relation .i; g; �/�.j; h;�/ with .1; e; 1/ on the left and on the right,
we obtain .1; p1igp�1; 1/�.1; p1jhp�1; 1/. By definition of the congruence �G , it
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follows that p1igp�1�Gp1jhp�1. However, since p1x D e D p�1 for every x 2 I , � 2
ƒ, it follows that g�Gh. Therefore, .i; g; �/�I � �G � �ƒ.j; h; �/. Now assume that
i�Ij , ��ƒ� and g�Gh. From definition of �I and �ƒ, it follows that .i; e; 1/�.j; e; 1/
and .1; e; �/�.1; e; �/. Since g�Gh implies .1; g; 1/�.1; h; 1/, using p11 D e and the
compatibility of the congruence �, we obtain

.i; g; �/ D .i; e; 1/.1; g; 1/.1; e; �/�.j; e; 1/.1; h; 1/.1; e; �/ D .j; h; �/:

Definition 2.3 ([7, Chapter 2.5]). A regular semigroup S is orthodox if its set of
idempotents E.S/ forms a subsemigroup.

For k 2 N, we will denote by x a k-tuple .x1; : : : ; xk/ from Sk . Also, if ˛ is a
congruence on S, and x; y 2 Sk , we will use notation x˛y to denote that for every
i 2 ¹1; : : : ; kº we have xi˛yi . Sometimes we put the domain of the semigroup S as
the index of the relation to avoid confusion (for example 1S or 0S ).

By Con.A/ we denote the lattice of all congruences on an algebra A. The follow-
ing definition is due to A. Bulatov [4], and it presents a generalization of the binary
term condition commutator.

Definition 2.4 (Cf. [4]). Let A be an algebra. Let k � 1 and let ˛1; : : : ; ˛k; ˇ and ı
be congruences in Con.A/. Then we say that ˛1; : : : ; ˛k centralize ˇ modulo ı, and
we write C.˛1; : : : ; ˛k; ˇI ı/, if for every polynomial p 2 Pol.A/ of arity n1 C � � � C
nk C m, where n1; : : : ; nk; m 2 N, and every a1; b1 2 An1 ; : : : ; ak; bk 2 Ank and
c;d 2 Am such that

(1) aj j̨bj , for j D 1; : : : ; k;

(2) cˇd;

(3) p.a1; a2; : : : ; ak; c/ıp.a1; a2; : : : ; ak;d/,
p.a1;b2; : : : ; ak; c/ıp.a1;b2; : : : ; ak;d/,
: : :,
p.b1; : : : ;bk�1; ak; c/ıp.b1; : : : ;bk�1; ak;d/,

we have p.b1; : : : ;bk; c/ıp.b1; : : : ;bk;d/.

Definition 2.5 ([4]). Let A be an algebra. Let k � 2 and let ˛1; : : : ; ˛k 2 Con.A/.
The k-ary commutator of ˛1; : : : ; ˛k is the smallest congruence ı on A such that
C.˛1; : : : ; ˛kI ı/.

The k-ary commutator of ˛1; : : : ; ˛k will be denoted by Œ˛1; : : : ; ˛k�. For k D
2 and congruences ˛1; ˛2 2 Con.A/, the commutator Œ˛1; ˛2� defined by Defini-
tion 2.5 is the binary term condition commutator (see [10, Definition 4.150 and Exer-
cises 4.156.2]). This has been proved in [1].
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Proposition 2.6 ([6, Proposition 3.4]). Let A be an algebra, and let ˛; ˇ; 
; ı be
congruences on A. Then we have

(i) Œ˛; ˇ� � ˛ ^ ˇ;

(ii) if 
 � ˛ and ı � ˇ, then Œ
; ı� � Œ˛; ˇ�.

Proposition 2.7. Let A be an algebra, let n 2 N and let ˛1; : : : ; ˛n be congruences
on A. Then we have Œ˛1; : : : ; ˛n� � Œ˛n�1; ˛n�.

Proof. This follows from property (HC3) in [3] and [4].

Definition 2.8 ([6, Definition 6.1]). Let A be an algebra and let �; � be congru-
ences on A. We define the series .�; ��.k/, k 2 N, as follows: .�; ��.1/ D Œ�; ��, and
.�; ��.kC1/ D Œ�; .�; ��.k/� for k 2 N. Similarly, we define the series Œ��.k/; k 2 N by
Œ��.1/ D Œ�; �� and Œ��.kC1/ D ŒŒ��.k/; Œ��.k/� for k 2 N.

An algebra A is n-nilpotent, n 2 N, if .1A; 1A�.n/ D 0A. Similarly, an algebra A is
n-solvable, n 2 N, if Œ1A�.n/ D 0A.

Definition 2.9. Let k 2 N. An algebra A is k-supernilpotent if

Œ1A; : : : ; 1A„ ƒ‚ …
k

� D 0A:

Remark 2.10. An n-nilpotent algebra is often called left n-nilpotent. Right nilpo-
tent algebras are defined using a dually defined series of congruences. In groups, the
notions of left and right nilpotency do coincide. However, for an arbitrary algebra the
degrees of left and right nilpotency do not have to be equal (see [8]). In this paper we
will study only the notion of left nilpotency. However, it should be noted that all res-
ults obtained for (left) nilpotent semigroups can be dually proved for right nilpotent
semigroups.

Also note that the properties of the commutator stated in Proposition 2.6 imply
the inequality Œ��.kC1/ � .�; ��.k/ for every k 2 N and for an arbitrary congruence
� 2 Con.A/. Hence for n 2 N, if an algebra A is n-nilpotent (left or right), then it is
n-solvable.

Proposition 2.11. If A, B and C are three algebras of the same type such that A�B�
C is skew-free, n2N and ˛1; : : : ;˛n 2Con.A/, ˇ1; : : : ;ˇn 2Con.B/ and 
1; : : : ; 
n 2
Con.C/ then,

Œ˛1 � ˇ1 � 
1; : : : ; ˛n � ˇn � 
n� D Œ˛1; : : : ; ˛n� � Œˇ1; : : : ; ˇn� � Œ
1; : : : ; 
n�:

Proof. This follows from Definition 2.5 and the definition of skew-free algebras and
direct product of congruences.

Proposition 2.12 ([2, Theorem 6.8], [3, Corollary 6.15]). Let G be a group, and let
n 2 N. Then G is n-supernilpotent if and only if G is n-nilpotent.
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3. Regular semigroups

Proposition 3.1 ([12, Corollary 2.6]). A regular semigroup S is abelian if and only if
S is isomorphic to the direct product G � L � R, where G is an abelian group, L is a
left-zero semigroup and R is a right-zero semigroup.

Proposition 3.2. Let n � 2, let S be a semigroup with congruences ˛1; : : : ; ˛n and
let e and f be idempotents in S such that e˛if for all i 2 ¹1; : : : ; nº. If e � f , then
we have eŒ˛1; : : : ; ˛n�f .

Proof. We take the polynomial p.x1; : : : ; xn/ D x1 � � � xn. The inequality e � f
gives us ef D e D fe. Hence, p.x1; : : : ; xn�1; e/ D e D p.x1; : : : ; xn�1; f / for
all .x1; : : : ; xn�1/ 2 ¹e; f ºn�1n¹.f; : : : ; f /º. Therefore,

p.x1; : : : ; xn�1; e/Œ˛1; : : : ; ˛n�p.x1; : : : ; xn�1; f /

for all .x1; : : : ; xn�1/ 2 ¹e; f ºn�1n¹.f; : : : ; f /º. Since we have C.˛1; : : : ; ˛nI Œ˛1;
: : : ; ˛n�/, we obtain e D p.f; : : : ; f; e/Œ˛1; : : : ; ˛n�p.f; : : : ; f; f / D f .

Corollary 3.3. Let S be a semigroup. If the semigroup S satisfies either of the follow-
ing conditions:

(i) S is n-nilpotent,

(ii) S is n-solvable,

(iii) S is n-supernilpotent,

for some n 2 N, then for every e; f 2 E.S/ the inequality e � f implies e D f , that
is, .E.S/;�/ is an antichain.

Proof. Since e; f 2 S are idempotents such that e � f , each of the assumptions
(i)–(iii) implies the statement by Proposition 3.2 and by the definition of nilpotency,
solvability and supernilpotency, because e1f .

Corollary 3.4 ([7, Theorem 3.3.3 .4/) .1/]). Let S be a regular semigroup such that
.E.S/;�/ is an antichain, where � is the natural partial ordering of idempotents.
Then S is a completely simple semigroup.

Proposition 3.5. Let S be a regular semigroup, and let n 2 N.

(i) The semigroup S is n-nilpotent if and only if S is an n-nilpotent completely
simple semigroup.

(ii) The semigroup S is n-solvable if and only if S is an n-solvable completely
simple semigroup.

(iii) The semigroup S is n-supernilpotent if and only if S is an n-supernilpotent
completely simple semigroup.
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Proof. (i), (ii) and (iii) ( ) Every completely simple semigroup is regular, hence this
implication is trivially true in statements (i), (ii) and (iii).

(i), (ii) and (iii) (!) Assume that S has one of the properties mentioned in (i),
(ii) or (iii). From Corollary 3.3, it follows that .E.S/;�/ is an antichain. Therefore,
by Corollary 3.4 we obtain that S is a completely simple semigroup with the same
property.

Let us notice that neither nilpotency nor supernilpotency in regular semigroups
force the semigroup to be orthodox. We provide the following example.

Example 3.6. We take the cyclic group C2 D ¹e; gº of order 2 and the Rees matrix
semigroup S2 DMŒC2I ¹1; 2º; ¹1; 2ºIP � where P D

�
e e
e g

�
. S2 is regular because it

is a completely simple semigroup. One can easily check that .1; e; 1/ and .2; g; 2/ are
idempotents, but

.1; e; 1/.2; g; 2/ D .1; g; 2/ ¤ .1; e; 2/ D ..1; e; 1/.2; g; 2//2:

Hence, S2 is not an orthodox semigroup. Therefore, S2 is not abelian by Proposi-
tion 3.1. In Propositions 3.10 and 3.11 we prove that it is 2-nilpotent and 2-supernil-
potent.

Note that due to the commutativity of the group C2, for any polynomial t 2
Pol.S2/, ar.t/ D n1 C � � � C nk , where n1; : : : ; nk 2 N, and any xs 2 Sns

2 , for s D
1; : : : ; k, there exist ` 2 I , ˛ 2 N0 and � 2 ƒ such that

t .x1; : : : ; xk/ D .`; g˛ � tC2.x1; : : : ; xk/; �/

where ˛ is the number of all p22 D g which appear in the group coordinate of the
product t .x1; : : : ;xk/. In the following proofs we will use this property without expli-
cit referencing.

Lemma 3.7. Let S DMŒGI I; ƒIP � be a completely simple semigroup, and let ı 2
Con.S/ be such that ıI D 0I and ıƒD 0ƒ. Let t be a polynomial over S, ar.t/D n1C
� � � C nk�1Cm, where n1; : : : ;nk�1;m2N, and let as;bs 2Sns , for sD 1; : : : ;k � 1,
c;d 2 Sm be such that

t .a1; a2; : : : ; ak�1; c/ıt.a1; a2; : : : ; ak�1;d/;
t.a1;b2; : : : ; ak�1; c/ıt.a1;b2; : : : ; ak�1;d/;

: : : ;

t .b1; : : : ;bk�2; ak�1; c/ıt.b1; : : : ;bk�2; ak�1;d/:

(3.1)

If .`; h; �/D t .b1; : : : ;bk�1; c/ and .`0; h0; � 0/D t .b1; : : : ;bk�1;d/, then `D `0 and
� D � 0.
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Proof. We will prove that ` D `0, while � D � 0 is proved dually. We will assume that
the set of all 2k�1 .k � 1/-tuples .x1; : : : ;xk�1/, where xs 2 ¹as;bsº, s D 1; : : : ; k � 1
is ordered using the lexicographic order. Here we use the notation aus D .i

u
s ; f

u
s ; �

u
s /,

bus D .i
0u
s ; f

0u
s ; �

0u
s /, for u D 1; : : : ; ns , while cv D .jv; gv; �v/, d v D .kv; hv; �v/,

v D 1; : : : ; m and introduce the following:

.`i ; hi ; �i / D t .x1; : : : ; xk�1; c/;

.`0i ; h
0
i ; �
0
i / D t .x1; : : : ; xk�1;d/

where .x1; : : : ; xk�1/ is the i -th .k � 1/-tuple in the ordering. Let us notice that ` D
`2k�1 and `0 D `0

2k�1 . We differentiate between the following three possibilities:
Case 1: t .x1; : : : ; xk�1; y/ D c � t1.x1; : : : ; xk�1; y/ where c D .j; g; �/ is a con-

stant from S. Then we have `i D j D `0i for every s, and consequently ` D j D `0.
Case 2: t .x1; : : : ;xk�1;y/D xrp � t1.x1; : : : ;xk�1;y/ for some p 2 ¹1; : : : ; k � 1º

and r 2 ¹1; : : : ; npº, and some t1 2 Pol.S/. Then in both, t .b1; : : : ; bk�1; c/ and
t .b1; : : : ;bk�1;d/, we have bp on the p-th place with coordinate brp D .i

0r
p ; f

0r
p ; �

0r
p /

and therefore ` D i 0rp D `
0.

Case 3: t .x; y/ D yo � t1.x1; : : : ; xk�1; y/ for some o 2 ¹1; : : : ; mº and some
t1 2 Pol.S/. In this case we have `i D �o and `0i D �o for every i . Since ıI D 0I ,
relations (3.1) imply that �o D �o, therefore ` D �o D �o D `0, as claimed.

In the next two lemmas we use the congruence � of S2 that corresponds to the
linked triple .0¹1;2º; 1C2

; 0¹1;2º/ which is known to be HS2
in semigroup theory,

see [7].

Lemma 3.8. In the semigroup S2 we have C.1S2
; 1S2
I �/.

Proof. Let t 2 PolnCm.S2/, n; m 2 N and let a; b 2 Sn2 , c; d 2 Sm2 be such that
t .a; c/�t.a;d/. Also, we will introduce the following notation: t .a; c/ D .`1; h1; �1/,
t .a;d/D .`01; h

0
1; �
0
1/, t .b; c/D .`2; h2; �2/ and t .b;d/D .`02; h

0
2; �
0
2/. Since �I D 0I

and �ƒ D 0ƒ, by Lemma 3.7, from relation t .a; c/�t.a;d/ it follows that `2 D `02 and
�2 D �

0
2. On the other hand, since N� D C2 D G, it follows that h2�Gh02 is trivially

true. Therefore, we have t .b; c/�t.b;d/ by Proposition 2.2. This proves the centraliz-
ing condition C.1S2

; 1S2
I �/.

Lemma 3.9. In the semigroup S2 we have C.1S2
; �I 0S2

/.

Proof. Let t 2 PolnCm.S2/, n;m 2 N and let a;b 2 Sn2 , c;d 2 Sm2 be such that c�d.
Here we use the notation au D .iu; fu; �u/, bu D .i 0u; f

0
u; �
0
u/, for uD 1; : : : ; n, while

cv D .jv; gv;�v/, d v D .kv; hv; �v/, v D 1; : : : ;m. Also denote fD .f1; : : : ; fn/ and
f0 D .f 01 ; : : : ; f

0
n/, as well as g D .g1; : : : ; gm/ and h D .h1; : : : ; hm/. From cv�d v it

follows that jv D kv ,�v D �v and gvh�1v 2C2. The last condition is trivially satisfied,



Supernilpotent semigroups 9

and it can be written as hv D g"vgv where "v 2 ¹0; 1º for v D 1; : : : ;m. We will also
use the notation

t .a; c/ D .`1; g˛1 � tC2.f; g/; �1/ and t .a;d/ D .`2; g˛2 � tC2.f;h/; �2/I

t .b; c/ D .`01; g
˛0

1 � tC2.f0; g/; � 01/ and t .b;d/ D .`02; g
˛0

2 � tC2.f0;h/; � 02/;

for some `s; `0s 2 I , �s; � 0s 2 ƒ, s D 1; 2, where ˛s; ˛0s , s D 1; 2 denote the number
of p�i -s equal to g in the group part of the corresponding product. Since jv D kv and
�v D �v , for every v D 1; : : : ; m, it follows that ˛1 D ˛2 and ˛01 D ˛

0
2.

Assume that t .a;c/D t .a;d/, then we have `1 D `2, �1 D �2 and g˛1 � tC2.f;g/D
g˛2 � tC2.f; h/. Since ˛1 D ˛2, it follows that t .f; g/ D t .f; h/. Using the equalities
hv D g

"vgv , v D 1; : : : ; m and the commutativity of C2, we obtain

t .f;h/ D t .e; : : : ; e; g"1 ; : : : ; g"n/ � t .f; g/;
t.f0;h/ D t .e; : : : ; e; g"1 ; : : : ; g"n/ � t .f0; g/:

Now the equality t .f; g/ D t .f;h/ implies e D t .e; : : : ; e; g"1 ; : : : ; g"n/. Hence, we
have t .f0; h/ D t .f0; g/. Since we also have ˛01 D ˛02, the previous equality gives us
g˛
0
1 � t .f0; g/ D g˛02 � t .f0;h/. By Lemma 3.7 we also obtain `01 D `02 and � 01 D � 02,

becauseDID 0I andDƒD 0ƒ. Hence, we have t .b; c/ D t .b;d/, as claimed.

Proposition 3.10. S2 is 2-nilpotent.

Proof. We obtain Œ1S2
; Œ1S2

; 1S2
��� Œ1S2

; ��D 0S2
, using Proposition 2.6, Lemma 3.8

and Lemma 3.9, and therefore S2 is 2-nilpotent.

Proposition 3.11. S2 is 2-supernilpotent.

Proof. According to Definition 2.5, it is enough to prove the centralizing condition
C.1S2

; 1S2
; 1S2
I 0S2

/. Let t 2 Pol.S2/, ar.t/ D n1 C n2 C m, and let a1; b1 2 Sn1

2 ,
a2;b2 2 Sn2

2 , c;d 2 Sm2 . Assume that

t .a1; a2; c/ D t .a1; a2;d/;
t.a1;b2; c/ D t .a1;b2;d/;
t.b1; a2; c/ D t .b1; a2;d/:

(3.2)

Here we are using the following notation: au1 D .iu; fu; �u/, b
u
1 D .i

0
u; f

0
u; �
0
u/ for

u D 1; : : : ; n1, au2 D .iu; fu; �u/, bu2 D .i 0u; f
0
u; �
0
u/ for u D n1 C 1; : : : ; n1 C n2,

and cv D .jv; gv; �v/, d v D .kv; hv; �v/ for v D 1; : : : ;m. We will also denote f1 D

.f1; : : : ; fn1
/, f1
0
D .f 01 ; : : : ; f

0
n1
/, and f2 D .fn1C1; : : : ; fn1Cn2

/, f2
0
D .f 0n1C1

; : : : ;

f 0n1Cn2
/, as well as g D .g1; : : : ; gm/ and h D .h1; : : : ; hm/. Since the group C2 is

commutative, there exist polynomials p; q; r 2 Pol.C2/ such that

tC2.x; y; z/ D p.x/ � q.y/ � r.z/:
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Therefore, we can write

t .a1; a2; c/ D .`1; g˛1 � tC2.f1; f2; g/; �1/ D .`1; g˛1 � p.f1/ � q.f2/ � r.g/; �1/;
t.a1; a2;d/ D .`2; g˛2 � tC2.f1; f2;h/; �2/ D .`2; g˛2 � p.f1/ � q.f2/ � r.h/; �2/;
t.a1;b2; c/ D .`3; g˛3 � tC2.f1; f02; g/; �3/ D .`3; g

˛3 � p.f1/ � q.f02/ � r.g/; �3/;
t.a1;b2;d/ D .`4; g˛4 � tC2.f1; f02;h/; �4/ D .`4; g

˛4 � p.f1/ � q.f02/ � r.h/; �4/;
t.b1; a2; c/ D .`5; g˛5 � tC2.f01; f2; g/; �5/ D .`5; g

˛5 � p.f01/ � q.f2/ � r.g/; �5/;
t.b1; a2;d/ D .`6; g˛6 � tC2.f01; f2;h/; �6/ D .`6; g

˛6 � p.f01/ � q.f2/ � r.h/; �6/;
t.b1;b2; c/ D .`7; g˛7 � tC2.f01; f

0
2; g/; �7/ D .`7; g

˛7 � p.f01/ � q.f
0
2/ � r.g/; �7/;

t.b1;b2;d/ D .`8; g˛8 � tC2.f01; f
0
2;h/; �8/ D .`8; g

˛8 � p.f01/ � q.f
0
2/ � r.h/; �8/:

Now from equalities (3.2) we have

g˛1 � p.f1/ � q.f2/ � r.g/ D g˛2 � p.f1/ � q.f2/ � r.h/;
g˛3 � p.f1/ � q.f02/ � r.g/ D g

˛4 � p.f1/ � q.f02/ � r.h/;
g˛5 � p.f01/ � q.f2/ � r.g/ D g

˛6 � p.f01/ � q.f2/ � r.h/:

Multiplying these three equalities we obtain

g˛1C˛3C˛5 � .p.f1//2.q.f2//2p.f01/q.f
0
2/.r.g//

3

D g˛2C˛4C˛6 � .p.f1//2.q.f2//2p.f01/q.f
0
2/.r.h//

3:

Hence g˛1C˛3C˛5 � p.f01/q.f
0
2/r.g/ D g

˛2C˛4C˛6 � p.f01/q.f
0
2/r.h/, because C2 is a

group of order 2. This further implies

g˛1C˛3C˛5�˛2�˛4�˛6 � tC2.f01; f
0
2; g/ D t

C2.f01; f
0
2;h/: (3.3)

We will denote by ".x; y/ the number of p22 D g-s that appear in the product of a
coordinate from x with a coordinate from y, in any order. In particular, ".x; const./ is
the number of p22D g-s that appear in the product of a coordinate of x and a constant,
also in any order. Using this notation, we obtain

˛1 C ˛3 C ˛5 � ˛2 � ˛4 � ˛6 D .˛1 � ˛2/C .˛3 � ˛4/C .˛5 � ˛6/

� .".a1; c/C ".a2; c/C ".c; const./C ".c; c//
� .".a1;d/C ".a2;d/C ".d; const./C ".d;d//
C .".a1; c/C ".b2; c/C ".c; const./C ".c; c//
� .".a1;d/C ".b2;d/C ".d; const./C ".d;d//
C .".b1; c/C ".a2; c/C ".c; const./C ".c; c//
� .".b1;d/C ".a2;d/C ".d; const./C ".d;d//



Supernilpotent semigroups 11

� 2.".a1; c/ � ".a1;d//C 2.".a2; c/ � ".a2;d//
C .".b1; c/ � ".b1;d//C .".b2; c/ � ".b2;d//
C 3.".c; const./ � ".d; const.//C 3.".c; c/ � ".d;d//
� .".b1; c/C ".b2; c/C ".c; const./C ".c; c//
� .".b1;d/C ".b2; c/C ".d; const./C ".d;d//
� ˛7 � ˛8 .mod 2/:

Since g is an element of order 2, it follows that g˛1C˛3C˛5�˛2�˛4�˛6 D g˛7�˛8 .
Therefore, from equality (3.3) we obtain

g˛7 � tC2.f01; f
0
2; g/ D g

˛8 � tC2.f01; f
0
2;h/:

Further on, by Lemma 3.7, equalities (3.2) imply `7 D `8 and �7 D �8, because
DID 0I andDƒD 0ƒ. Hence, we have proved that

t .b1;b2;c/D .`7;g˛7 � tC2.f01; f
0
2;g/;�7/D .`8;g

˛8 � tC2.f01; f
0
2;h/;�8/D t .b1;b2;d/;

which completes the proof of C.1S2
; 1S2

; 1S2
I 0S2

/.

4. Orthodox semigroups

One characterization of completely simple orthodox semigroups is given as an exer-
cise in [7, Exercise 4.10], and its full proof can be found in [5, Exercise 5.6]. It does
not give us the descriptions of the isomorphic structures in detail. Hence we will be
using modified versions of that result, which can again be found as exercises in [7]
and [5].

Proposition 4.1 ([7, Exercise 3.8]). Let S DMŒGI I; ƒIP � be a completely simple
orthodox semigroup. Then S is isomorphic to the direct product G � B, where B D
I �ƒ is a rectangular band.

Proposition 4.2 (Cf. [7, Exercise 4.10], [5, Exercise 5.6]). Let G be a group, let
B D I � ƒ be a rectangular band, and let the semigroup S be the direct product
G � B. Then S is an orthodox completely simple semigroup, isomorphic to the Rees
matrix semigroup MŒGI I; ƒIP �, where P D Œe�ƒ�I is the ƒ � I matrix where all
the entries are the identity e of the group G.

The characterization of abelian regular semigroups obtained by Warne can be used
to deduce the following result easily. One can obtain it also from the definition of
abelian directly.
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Corollary 4.3. All left(right)-zero semigroups are abelian.

Proof. Let S be a left(right)-zero semigroup. Then we know that it is isomorphic to
the direct product S � ¹eº � ¹eº, where ¹eº is trivially an abelian group and also a
right-zero semigroup. Therefore, S is abelian by Proposition 3.1.

Proposition 4.4. Let S D G � I �ƒ, where G is a group, I is a left-zero semigroup
and ƒ is a right-zero semigroup. Then for every k 2 N, S is

(1) k-nilpotent;

(2) k-solvable;

(3) k-supernilpotent

if and only if the same property is true for G.

Proof. Let k 2 N. We prove item (3) and the other two items are analogous. Since S
is a completely simple semigroup by Proposition 4.2, it is also skew-free by Proposi-
tion 2.2. Hence, S is k-supernilpotent if and only if I, ƒ and G are k-supernilpotent,
by Proposition 2.11. By Corollary 4.3 we know that left- and right-zero semigroups
are always abelian and hence k-supernilpotent using Proposition 2.7. Therefore, we
obtain that S is k-supernilpotent if and only if G is k-supernilpotent.

Corollary 4.5. Let SDG� I�ƒ, where G is a group, I is a left-zero semigroup and
ƒ is a right-zero semigroup. Then for every k 2 N, S is k-supernilpotent if and only
if G is k-nilpotent.

Proof. Using Propositions 4.4 and 2.12 we obtain the statement.

Theorem 4.6. Let S be an orthodox semigroup, and let n 2 N. Then S is n-supernil-
potent if and only if S is isomorphic to a direct product of an n-nilpotent group and a
rectangular band.

Proof. (!) Let S be an n-supernilpotent orthodox semigroup. Since an orthodox
semigroup is regular, from Proposition 3.5 it follows that S is an n-supernilpotent
completely simple semigroup. Since S is orthodox and completely simple, Proposi-
tion 4.1 implies that it is isomorphic to a direct product G � .I � ƒ/ where G is a
group and .I � ƒ/ is a rectangular band. Now from Corollary 4.5 it follows that G
is an n-nilpotent group. Hence, S is isomorphic to a direct product of an n-nilpotent
group and a rectangular band.

( ) Let S D G � .I �ƒ/, where G is an n-nilpotent group and I �ƒ is a rect-
angular band. From Proposition 4.2 it follows that S is a completely simple orthodox
semigroup. Since the group G is n-nilpotent, from Corollary 4.5 it follows that the
semigroup S is an n-supernilpotent semigroup. Hence, S is an n-supernilpotent ortho-
dox semigroup.
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Proposition 4.7. Let n 2 N.

(i) An orthodox semigroup is n-nilpotent if and only if it is isomorphic to a direct
product of an n-nilpotent group and a rectangular band.

(ii) An orthodox semigroup is n-solvable if and only if it is isomorphic to a direct
product of an n-solvable group and a rectangular band.

Proof. The proof is analogous to the proof of Theorem 4.6.

Corollary 4.8. Let n 2 N. Then an orthodox semigroup is n-supernilpotent if and
only if it is n-nilpotent.

Proof. Let n 2 N. From Proposition 4.7 (i), an orthodox semigroup is n-nilpotent if
and only if it is isomorphic to a direct product of an n-nilpotent group and a rectangu-
lar band. Further, by Proposition 2.12 we know that it is equivalent to be isomorphic
with an n-supernilpotent group and a rectangular band and by Proposition 4.4 (3) we
know that it is equivalent for our orthodox semigroup to be n-supernilpotent.

Inverse semigroups are regular semigroups such that each element has the unique
inverse. They are obviously orthodox semigroups. The next statement has been proved
independently by Kinyon and Stanovský in [9].

Proposition 4.9. Let n 2 N. An inverse semigroup is n-supernilpotent if and only if
it is isomorphic to an n-nilpotent group.

Proof. Since an inverse semigroup is regular, the n-supernilpotent inverse semigroup
is an n-supernilpotent completely simple semigroup by Proposition 3.5 (iii). Using
that inverse semigroups are also orthodox, we obtain that they are isomorphic to G �
.I �ƒ/ by Proposition 4.1, where G is a group, I is a left-zero semigroup and ƒ is a
right-zero semigroup. We know that all idempotents in inverse semigroups commute
and idempotents in G� .I�ƒ/ are of the form .e; i;�/, where e is the neutral element
of the group G, i 2 I and � 2 ƒ. Therefore, for all j 2 I and all � 2 ƒ it should hold
that .e; i; �/ � .e; j; �/ D .e; j; �/ � .e; i; �/ and hence .e; i; �/ D .e; j; �/ whence
i D j and � D �. Therefore, I and ƒ are trivial semigroups and G � .I �ƒ/ Š G.
The opposite direction of the statement is obvious.
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