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Eigenvalue estimates for the magnetic Hodge Laplacian
on differential forms

Michela Egidi, Katie Gittins, Georges Habib, and Norbert Peyerimhoff

Abstract. In this paper we introduce the magnetic Hodge Laplacian, which is a generaliza-
tion of the magnetic Laplacian on functions to differential forms. We consider various spectral
results, which are known for the magnetic Laplacian on functions or for the Hodge Laplacian on
differential forms, and discuss similarities and differences of this new “magnetic-type” operator.

1. Introduction and statement of results

The classical magnetic Laplacian on a Riemannian manifold (M", g) associated to a
smooth real 1-form a € Q1 (M) acts on the space of smooth complex-valued functions
C*°(M,C) and is given by

A% =§%d%, (1.1

where d® := d™ + ia and §% := §M —i(a*,.) (note that 6™ is the L2-adjoint of
d™). Here a* € X (M) is the vector field corresponding to the 1-form « via the musi-
cal isomorphism (a*, X) = «(X). The 1-form « is called the magnetic potential and
dM o is the magnetic field. The magnetic Laplacian A® can be viewed as a first order
perturbation of the usual Laplacian AM = §M @M namely for any f € C®(M,C),

A% f =AM £ —2i(grad f,a") + (jo*)? —i dival) £, (1.2)

In the case of a closed manifold or a compact manifold with boundary, both oper-
ators AM and A (with suitable boundary conditions when M # @) have a discrete
spectrum with non-decreasing eigenvalues with multiplicity denoted by (Ax (M ))xen
and (A (M))ken, respectively. There are very few Riemannian manifolds where the
complete set of eigenvalues can be given explicitly. Amongst them is the unit round
sphere S” with the standard metric g, whose eigenfunctions can be described as spher-
ical harmonics. In Appendix A, we give an explicit derivation of the spectrum of a
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magnetic Laplacian on (S3, g) with a special magnetic potential . This derivation is
based on the Hopf fibration S! < S3 — S2, and « is a constant magnetic field along
the S!-fibers.

In analogy with the generalization of the usual Laplacian A on functions to the
Hodge Laplacian M dM + dM§M on differential forms, it is natural to generalize
the magnetic Laplacian on functions to complex differential forms as follows. On the
set of complex-valued differential p-forms Q27 (M, C), we define

A% = 58%% +d*8&”

where d% := d™ +ian and §% := §M —ia? s its formal adjoint. Both d% and §%
can also be expressed via the magnetic covariant derivative V§Y 1= V}}’I Y +ia(X)Y
forany X,Y € C®°(TM ® C) (see formula (3.1)). We refer to this operator A acting
on QP (M, C) as the magnetic Hodge Laplacian on complex p-forms.

We establish the following results for the magnetic Hodge Laplacian on an ori-
ented Riemannian manifold (M", g).

(a) We show that the magnetic Hodge Laplacian commutes with the Hodge star
operator (see Corollary 3.2).

(b) We derive a magnetic analogue of the classical Bochner—Weitzenbock for-
mula (see Theorem 3.4).

(c) We prove gauge invariance of the magnetic Laplacian on forms A% (see
Corollary 3.11).

(d) We obtain a Shigekawa-type result (see Theorem 3.12) for the magnetic
Hodge Laplacian A on a closed Riemannian manifold M in the case where
M has a parallel p-form and « is a Killing 1-form (for the original statement,
see [29]).

(e) Following a result by Gallot and Meyer [13] for the Hodge Laplacian, we
derive a lower bound for the first eigenvalue of the magnetic Hodge Laplacian
for closed manifolds (see Theorem 4.2).

(f) Following a result by Colbois, El Soufi, Ilias, and Savo [6] for the magnetic
Laplacian on functions, we derive an upper bound for the first eigenvalue of
the magnetic Hodge Laplacian for closed manifolds (see Theorem 4.5).

(g) We show that in general the diamagnetic inequality does not hold for mag-
netic Hodge Laplacians (Corollary 4.10). In fact, we give a counterexample
which is based on the calculations in Appendix A. In addition, we give an
explicit characterization which determines when the diamagnetic inequality
holds for A%€ with £ a Killing vector field (see Corollary 4.9).
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(h) Following the work of Raulot and Savo in [26], we derive a Reilly formula for
the magnetic Hodge Laplacian on Riemannian manifolds with boundary (see
Theorem 5.1) and use it to derive a lower bound for the first eigenvalue of the
magnetic Hodge Laplacian on an embedded hypersurface of a Riemannian
manifold (see Theorem 6.2).

(i) Following the work of Guerini and Savo in [14], we derive a “gap” estimate
between the first eigenvalues of consecutive p-values of the magnetic Hodge
Laplacians on Q7 (M, C) for isometrically immersed manifolds (M", g) in
Euclidean space R"*" (see Theorem 6.3).

2. Review of the magnetic Laplacian for functions

Before we introduce the magnetic Hodge Laplacian in the next section, we first recall
some results for the classical magnetic Laplacian on functions. Let (M", g) be a Rie-
mannian manifold and o € Q!(M). The magnetic Laplacian A% acting on complex-
valued smooth functions defined by formula (1.1) has the property of gauge invari-
ance, that is A%(e'/) = ¢/ A2 T4 MI for any smooth real-valued function f. When
M is compact (with or without boundary), the spectrum of A% (or with suitable
boundary conditions when dM # @) is discrete. Therefore, by the gauge invariance,
the spectrum of A% is equal to the spectrum of A% 4™ f Thus, when « is exact,
the spectrum of A% reduces to that of the usual Laplace-Beltrami operator. In [8,
Proposition 3], it is proven that one can always assume that « is a co-closed 1-form
(and tangential, i.e., voa = 0, when M has a boundary) without changing the spec-
trum of A%*. Moreover, by using the Hodge decomposition on compact manifolds, the
authors show in [6, Proposition 1] that one can further consider « to be of the form

a ="y +h,

where ¢ is a 2-form on M (with vayy = 0 when dM # @), and & is a harmonic
1-form on M, thatis, dMh = §Mh = 0 (with v_h = 0 when M # @), and again the
spectrum does not change. Here, we point out that the first eigenvalue A{ (M) of A*
is not necessarily zero like for the usual Laplacian AM as shown in [29, Example 1].
This interesting property of the magnetic Laplacian was characterized by Shigekawa
(see [29, Proposition 3.1 and Theorem 4.2]) as follows.

Theorem 2.1 (Shigekawa). Let (M", g) be a closed Riemannian manifold and

By = {af = di—ni’ T C°°(M,Sl)}.



M. Egidi, K. Gittins, G. Habib, and N. Peyerimhoff 1300

Then the following statements are equivalent:
(1) a € By,
(2) dMo =0 and fc o € 217 for all closed curves ¢ in M ;
3) AY(M) =0.

Hence, when « cannot be gauged away, meaning that « does not belong to the
set By, the first eigenvalue is necessarily positive. This gauge invariance can be
described as follows: if a; € By for some € C®(M,S'), the Laplacians A% and
A®T% are unitarily equivalent, that is

IAYT = A9,

Thus, A% and A* % have the same spectrum as stated before. Now, the diamagnetic
inequality compares the first eigenvalue of A% to the one for the Laplacian AM and

says that
AT(M) = 21(M),

with equality if and only if the magnetic potential o can be gauged away. When M has
no boundary, the diamagnetic inequality provides no information since A;(M) = 0.
However, when we consider manifolds with boundary and the magnetic Laplacian is
associated to the Dirichlet or Robin boundary conditions, the diamagnetic inequality
still holds and tells us that the first eigenvalue A{ (M) is always positive.

A simple estimate for the first eigenvalue of the magnetic Laplacian can be
deduced straightforwardly from the min-max principle. Indeed, when applying the
Rayleigh quotient to a constant function, we get, after choosing ¥« = 0, that

[ >dp
fM g - I

AF(M) < Vo) =

o3

Several papers have been devoted to estimating the first eigenvalue of the magnetic
Laplacian, see, for example, [2,5-12, 16, 19,20]. Among these results, we quote two
of them [6, 11] on closed Riemannian manifolds.

The first result gives magnetic Lichnerowicz-type estimates for the first two eigen-
values.

Theorem 2.2 (see [11, Theorem 1.1]). Let (M™, g) be a closed Riemannian manifold
of dimensionn > 2 and a € QY (M). If

1,1
RicM>C>0 and ||dMa||oo§(1+2,/”T) c, @)



Eigenvalue estimates for the magnetic Hodge Laplacian on differential forms 1301

then we have
0<A{(M) <a—(C,[|dMalco,n) and A5(M) = a4+ (C,[|dM |00, n), (22)

where

(C = A) % /(€ — a2 —4(=1) 42
2(n —1) '

The technique used to obtain this result is an integral Bochner-type formula which

ar(C,A,n)=n-

involves the magnetic Hessian that is associated to the magnetic covariant derivative
V&, A related result to Theorem 2.2 for the magnetic Laplacian with Robin bound-
ary conditions on compact Riemannian manifolds (M, g) with smooth boundary was
proved in [15]. In the setup of the above theorem, it is natural to ask whether the esti-
mates are sharp for some « that is not gauged away. For this, we employ the example
of the round sphere S3 where the magnetic field « is collinear to the Killing vector
field that defines the Hopf fibration. We refer to Appendix A for more details on the
computation.

Example 2.3 (Unit sphere S with a = tY5). Let (S3, g) be the unit sphere in R*
with standard metric g of curvature 1. We use the notation introduced in Appendix A.
Let o = tY;, where Y5 is the unit Killing vector field on S3. Using (A.4), we obtain
dMa =2t Y3 A Y4 where {15, Y3, Y4} is an orthonormal frame of 7S and, therefore,
ldM | o = 2t. Since Ric¥ = C = 2, condition (2.1) is satisfied for |¢| < ﬁfﬁ =
Imax =~ 0.38, and for ¢ € [0, 7,,,] we have, by (2.2),

22(8%) < ;[(1—0_ m]
3 8
=sla-n+ m]

< A5(S?).

On the other hand, we conclude from (A.5) that AY(S?) = 12 and A%(S3) =3 — 27 +
t2 for small ¢ € [0, tyma]. The relations between these two smallest eigenvalues and
their estimates for small ¢ > 0 are illustrated in Figure 1.

As we can see from Figure 1, sharpness of the upper estimate of A%(S?) is lost
(see the discussion after Lemma 4.1).

The second result was given in [6] in the general setting of magnetic Schrédinger
operators A* 4 g with Neumann boundary conditions. For simplicity, we formulate it
in the special case of a closed Riemannian manifold (M", g) with vanishing potential
q = 0. We will return to this estimate later in Section 4.2.
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Figure 1. Eigenvalues A{ (S3) and S (S3) in red and upper and lower bounds in blue, as
functions over ¢ € [0, tyax]-

Theorem 2.4 ([6, Theorem 2]). Let (M", g) be a closed Riemannian manifold and
let o € QY(M) be of the form o = §My 4+ h with v € Q*(M) and h a harmonic
1-form. Then,

IIdMalli)

Af (M) < ,,
! M (M)

2
Vol(M) (d(h X2)” +

where )L’l”l(M ) is the first eigenvalue of the Hodge Laplacian AM on co-exact

1-forms, L7, is the lattice of integer harmonic 1-forms in QY (M), and

d(h,2z)* = inf |[h—nl3.
neLy

In order to check the sharpness of this inequality, we consider again the case of
the round sphere with the magnetic field given by the Killing vector field.

Example 2.5 (Unit sphere S with a = tY,). Let (S3, g) be the unit round sphere
in R* with standard metric g of curvature 1 and let o = tY,. Since H'(S3) =0
and §Ma = 0, « is co-exact and therefore of the form §M v for some ¥ € Q2(M).
Moreover, we have from [13, p. 37] and [23] that )L’I’,I(S3) = 4. Thus, Theorem 2.4
yields

1
A$(S?) < W(S:;)/ [dMaPdp, =12,
S3

that is, the upper estimate of the first magnetic eigenvalue is sharp for this case.
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Finally, as we mention in the introduction, examples of closed Riemannian man-
ifolds (M", g) with non-trivial magnetic potential @ € Q1(M) (that is, magnetic
potential which cannot be gauged away) for which the full spectrum of the magnetic
Laplacian A“ can be explicitly given, are very scarce (see, for example, [7,8] for such
computations).

3. The magnetic Hodge Laplacian for differential forms

In this section, we introduce the magnetic Hodge Laplacian for differential forms,
prove a magnetic Bochner formula, and discuss its gauge invariance. Henceforth,
(M", g) will denote an oriented n-dimensional Riemannian manifold and Q7 (M)
and Q7 (M, C) will denote the spaces of real and complex differential p-forms for
0 < p < n. The spaces of real and complex vector fields on M are denoted by X (M)
and X ¢ (M). To simplify notation, we will often identify real and complex vector
fields with real and complex 1-forms via the (complex-linear) musical isomorphisms.
Thatis, Q1 (M,C) = Xc(M); o — wh given by w(X) = (X,J), where (-, -) stands
for the Hermitian scalar product extended from the Riemannian metric g to Xc (M).

3.1. The magnetic Hodge Laplacian

Fix a smooth 1-form o € Q'(M) (a magnetic potential) and consider the magnetic
differential on QP (M, C), given by

d* :=dM +jan.

It is not difficult to check that the L2-adjoint of d* acting on complex differential
forms (when M is without boundary) with respect to the Hermitian inner product

[ dus = [+ nvi di

M M

is given by
5% = 6M —iat

where M = (—1)"(P+D+1 4 gMy i5 the formal adjoint of d™ on p-forms (both
extended complex linearly to complex differential forms) and the Hodge star operator
is extended to a complex linear operator x: Q7 (M, C) — Q"~P(M, C). Recall here

that the interior product “.” is the pointwise adjoint of the wedge product “A”. Both
d® and 8% are the differential and co-differential associated to the magnetic connec-
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tion on differential forms V§ := V}(” 4+ ia(X) on QP (M, C). That means we have

n n
d* = Ze}‘/\vg_‘/_ and 8% =—Z€ijg/, 3.1
j=1 j=1
where {e1,...,e,} is alocal orthonormal frame of 7M. Now, we define the magnetic

Hodge Laplacian acting on Q7 (M, C) as follows:
A¥ 1= d%% + §%d”*.
We first have the following observation.
Lemma 3.1. On differential p-forms, we have
xd® = (—=1)PT18% % and *8% = (—1)Pd* x.

Proof. The proof is straightforward from the fact that xd™ = (—1)?T16M x and
*(an) = (—1)Paf % on p-forms. Also, we have that *6M = (—1)?dM «x as well
as x(af ) = (=1)PTla A *. n

The following is an immediate consequence of Lemma 3.1 above.

Corollary 3.2. The magnetic Hodge Laplacian A* commutes with the Hodge star
operator.

Proof. Indeed, on p-forms, we have
A% = (d*8% + 6%d*)*
= (—D)PT 4% % d* 4+ (—1)P§* % §*
= *%(8%* + d%5%) = xA”*. ]

The magnetic Laplacian A% has the same principal symbol as the Hodge Lapla-
cian AM (see equation (3.10) in the next section), since it differs by lower order
terms. Therefore, it is an elliptic, essentially self-adjoint operator acting on smooth
complex forms on a closed oriented Riemannian manifold or acting on smooth com-
plex forms with Dirichlet boundary condition on an oriented Riemannian manifold
with boundary (see Section 5.1 below). Therefore, A% has a discrete spectrum con-
sisting of nonnegative eigenvalues (/\;’.‘, »(M))jen, denoted in ascending order with
multiplicities. Moreover, as for the usual Hodge Laplacian, its spectrum on p-forms
is the same as the one on (n — p)-forms and the first eigenvalue is characterized by

S (1% + |5“w|2)dug}
T [0PPdeg ’

where w runs over all smooth p-forms with w|yy = 0, if IM # @.

Ay ,(M) = mf{ (3.2)
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We also note that the differential d* does not satisfy the crucial property d* o
d® = 0 to introduce cohomology groups. In fact, we have

d*)? =idMan (3.3)

where dMq € Q2(M) is the magnetic field. We could, however, still define magnetic
Betti numbers via
b})t (M) = dim Ker(Aa |Qj (M,(C))'

Corollary 3.2 implies that b7 (M) = by_ ;(M). Moreover, by (M) = by (M) = 0 for
any magnetic potential & that cannot be gauged away, that is « ¢ By, by the diamag-
netic inequality. In Theorem 3.12, we investigate the existence of closed Riemannian
manifolds (M", g) with a magnetic potential « that cannot be gauged away, for which
some of the corresponding magnetic Betti numbers b,‘: (M),1 <k <n—1, are non-
Zero.

3.2. A magnetic Bochner formula

Recall that the Hodge Laplacian AM := dM§M + §M gM s related to the Bochner
Laplacian on M via a curvature term by the Bochner—Weitzenbock formula. Namely,
we have (see, e.g., [24, Theorem 7.4.5] or [31, p. 14])

AM — v*v 4 glrl, (3.4)

where BL71, called the Bochner operator, is a symmetric endomorphism on Q7 (M)
given by

n
i))[p] = Ze; A\ ej_nRM(ej,ek).
Jk=1
Here RM is the curvature operator associated to the Levi-Civita connection VM
which is given by
RYM(X.¥) = [V¥'. V¥'1 = V¥ 1y

for all X,Y € X(M) and {eq,...,en} is a local orthonormal frame of 7M. The
Bochner Laplacian V*V is given by

n n
xo _ MoM M
j=1 j=1

In the following, we derive a similar magnetic Bochner—Weitzenbock formula
for A%, which will provide a relation between the Hodge Laplacians A% and AM.
For this, we recall the following definition. Given a Euclidean vector space V of
dimension n and an endomorphism A: V' — V, there exists a canonical extension Alel
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of A on the set of differential p-forms (p > 1) given by AlPl: AP (V*) — AP(V*)
via

J4
(A[”]w)(vl, ceUp) = Za)(vl, co L Avj ), 3.5)

j=1
for vy,...,v, € V. By convention, we take Al = 0. One can easily show from the

definition that the endomorphism A!?! can be written in terms of 4 as

n
AT =% "% A (A(ej)), (3.6)
j=1
where {ey, ..., e,} is an orthonormal frame of V. If A is a symmetric (resp. skew-

symmetric) endomorphism on V, then so is A?] on A? (V*). In this case, if we denote
the eigenvalues of A by n; <--- < n,, then we have the following estimates. For any
w € ANP(VY)

(APlw, w) > o,|w? and (Ao, w) < (04 — ou=p)lo|* < pllA] - |o|?, (3.7)

where 0, := 11 + -+ + 1, are called the p-eigenvalues of AlPl and || A|| is the oper-
ator norm of A. In order to state the magnetic Bochner—Weitzenbock formula, we
introduce the following magnetic Bochner operator on QP (M, C):

n
B =3 "er A (ejuR%(e). ek)).
J.k=1

where as before {e;};—i,. , is a local orthonormal frame of 7M. Here R® is the
curvature operator associated to the magnetic covariant derivative V#, that is

R*(X.Y)Z = V§V§Z —V§VRZ - Viy 1 /Z

for X,Y,Z € Xc(M). Now, we express the magnetic Bochner operator in terms of
the usual one by the following lemma.

Lemma 3.3. On the set of complex differential p-forms, the magnetic Bochner oper-

ator BPM s equal to
glrle — glprl _ iA[P]’“,

where ALPY is the canonical extension to complex p-forms of the skew-symmetric
endomorphism A% on TM given by A%(X) = (X .d™a)* for any vector field X
on M.

Proof. An easy computation shows that, for any X,Y € X (M) and w € Q7 (M, C),

R*X.Y)w = RM(X,YV)w +i(dMa)(X,Y)w.
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The proof can then be deduced from the definition of BIP1:* and the fact that A% is
skew-symmetric. [

We make the following observation. Using the p-form identity
#(X°A) = (=1)? X 1%

valid for any vector field X, one can easily show that B[P = (—1)?("=P) s Bln—rly
which gives that (BP1.,.) = (8[~P] x . x.) where * is the Hodge star operator on
M and (-, -) is the pointwise Hermitian product on Q7 (M, C). In the same way, and
since the endomorphism A% is skew-symmetric, one can also show that

APl — (_)pO=p)  gln=ple

Therefore, we deduce that BP1¢ = (—1)1’(”_1’) * BIn—rley and, thus,
(BlPle. ) = (Bl=rle . i) (3.8)

on complex p-forms. Notice here the fact that i AlrPle jg symmetric endomorphism
on Q7(M, C). Now, we formulate the magnetic Bochner—Weitzenbock formula.

Theorem 3.4 (Magnetic Bochner—Weitzenbock formula). Let (M", g) be a Rieman-
nian manifold and o € Q' (M). Then we have

A% = (V*)*Ve 4 glPle 3.9)

where (VO)*V* = -3 _, Ve Ve, + PRy ngej. Moreover, we have
J

A% = AM _jglrle i sMa) —2iVM )2, (3.10)

Proof. The proof follows the same computations as for the Hodge Laplacian AM . For
this, we use the expressions of d* and §% in (3.1) on an orthonormal frame {e;}7_,
on TM chosen in a way that VM e; = 0 at some point x € M. By the fact that, for all
X, Y € Xc(M), we have Vg (Y A-) = (V)]}’IY) A+ Y A V- which can be proven
by a straightforward computation (the same relation holds for the interior product),
we can write at x € M:

A% = d%s% 4+ 6%d”

n n
==Y e AVE(ejaVE) =D ej Ve (ef AVE)
Jk=1 Jk=1

n n
==Y ep A(ejaVEVE) =D ejalef AVEVE)
Jk=1 Jk=1
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n n n
==Y e A (Ve VE) =D VL + Y ef AlejaVe V)
J.k=1 j=1 Jk=1

n n
==Y VEVE + ) ef AlejuRY(ej,er)),
=1 J.k=1

where in the fourth equality we used the relation
Xa(B A= (XoB) A+ (~D)* P B A (X ),

for any differential form S. This shows that (3.9) holds. To obtain (3.10), we combine
Lemma 3.3 with the Bochner—Weitzenbock formula (3.4) and the fact that at x € M

n
(V) Ve = =) Ve Ve,
j=1

= —vaf(vff +iale)) —i Za(ej)(Vj‘f +iale)))
j=1 j=1

= V*V +i8Ma —2iVY 4 |a|?. S

Remark 3.5. Formula (3.10) is a generalization of the formula for the magnetic
Laplacian for functions, given by

AYF =89 f = AM £ +i(8Ma) f —2ia(f) + |o>f,
since A0l =

Now, we will consider a particular case for the magnetic field «. We will assume
that it is a Killing 1-form, that is its corresponding vector field of by the musical iso-
morphism is a Killing vector field. In this case, the standard Hodge Laplacian AM
commutes with the Lie derivative &£, since it commutes with all isometries. Indeed,
we will show that, when « is of constant norm, the exterior differential ¢ and codif-
ferential §™ both commute with the magnetic Laplacian. Notice here that, in general,
d® and 8% do not commute with A% as a consequence of (3.3) and even when o is
Killing. We now show that equation (3.10) has the simpler expression (3.11) in this
case. We also recall that for simplicity o and o¥ are identified throughout the paper.

Proposition 3.6. Let (M", g) be a Riemannian manifold and let o be a Killing
1-form, then
A =AM _2i%, + ||, (3.11)

where £, is the Lie derivative in the direction of . In particular, Lo A* = A* L.
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Moreover, if the norm of « is constant, we have that A*dM = dM A® and A*M =
M A and, therefore, the magnetic Laplacian preserves the set of exact and co-exact
forms.

Proof. The fact that « is Killing gives A%(X) = X .dMa = 2V§’1 a for any vector
field X € TM. Therefore, we get by (3.6) that

n n
AP =N "t A A%(ej)a =2 e} AVYas =211,
ji=1 7=1

where T!P1-X is the canonical extension of the endomorphism 7X = VM X, for
any X, given by the expression in (3.6). Now, the identity £x = V}}’I + TPLX yalid
on p-forms for any vector field X on TM [27, Lemma 2.1] allows us to deduce that

284 =2VM 4 glrle (3.12)

Hence, equation (3.10) and the fact that ™ « = 0 since « is Killing gives the desired
identity (3.11). In order to prove that £, commutes with A%, we first use a(|a|?) =
2g(V£’1 «,a) = 0 which is a consequence of the fact that « is Killing. Now, we com-
pute, for any p-form w,

La(lo)? - 0) = a(la?) - o + |af? - Lo = |a|* - Loo.

Thus, by the fact that £, commutes with the Laplacian AM | we get that £, A% =
A*E£,. Now, we assume |«| is constant. It follows from Cartan’s formula £xw =
X1dMw 4+ dM (X Jw) that £x commutes with d™ for any vector field X. Since
dM commutes with AM and with £, as well as with multiplication by the constant
|a|?, we deduce that ™ commutes with A®. That the codifferential §# commutes
with A% comes from the fact that 8 commutes with AM and with £,. which is
a consequence of M = £+ 5« dMx and Lox = %Ly by (3.12). (Recall here that

APy — x Aln=Pley This finishes the proof. ]

Remark 3.7. Relation (3.12) shows that for any complex differential forms @ and o’
on M, the following relation

(Lqw, ') + (@, £40") = a((w, o)), (3.13)

holds pointwise when « is a Killing vector field (not necessarily of constant norm),
since AP is skew-symmetric.

When the magnetic potential « is Killing of constant norm on (M”", g), we have
seen that the magnetic Laplacian A* preserves the set of exact and co-exact forms
on M. In the following, we will assume M to be compact and will let AT ,(M)
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be the first non-negative eigenvalue of A* on differential p-forms and A{ ,(M )
(resp. A} ,(M )”) be the first non-negative eigenvalue restricted to exact (resp. co-
exact) p-forms. As in the standard case [26], we can prove by Hodge duality that
AL ,(M)"=2%,_,(M)" and that AY ,(M) <min(A{ ,(M)", AT ,(M)"). Recall here
that the magnetic Laplacian commutes with the Hodge star operator. However, we will
see in the next proposition, that the relation A{ ,(M) = min(A{ ,(M)", A} ,(M)")
that usually holds for the Laplacian AM is not always true for A®.

For the next proposition, we need the following well-known result, which we

present for completeness.

Lemma 3.8. Let (M", g) be a compact manifold and let X be a Killing vector field
on M. For any harmonic form w € Q(M) we have

Lxw = 0.

Proof. Let w € (M) be harmonic. Using Cartan’s formula, we see that £y is
exact. Moreover, since the Lie derivative of a Killing vector field commutes both with
dM and §M | the Lie derivative £x w is both exact and harmonic. Therefore, by Hodge
decomposition, £xw = 0. [ ]

Proposition 3.9. Let (M", g) be a compact Riemannian manifold and let a be a
Killing 1-form. The first non-negative eigenvalue AY ,(M) satisfies AY ,(M) = o]
or A ,(M) = min(A{ ,(M)'", A{ ,(M)") if & has constant norm. If H? (M) # 0,
then we get the estimate

AT (M) < lallZ

Proof. Let w be a complex p-eigenform of the magnetic Hodge Laplacian associated
to the first eigenvalue AY ,(M). By the Hodge decomposition, we write

w=dMwy +§Mw, + w,,

where wg € QP71 (M, C),w; € QPT(M,C) and w, € QP (M, C) is harmonic. From
the equation A%w = A{ ,(M)w, by uniqueness of the decomposition and the fact that
both dM and §M commute with A%, we obtain the relation A%w, = AL p(M)ws.
Now, if w, does not vanish, then by the fact that « is Killing and w, is harmonic, we
have by Lemma 3.8 that £,w, = 0. Thus, by equation (3.11), we get that A%w, =
|o|*w; and, therefore, A ,(M) = |a|?. If w, vanishes, then we have & = d™ wo +
M o, and, hence, min(A{ ,(M)', A} ,(M)") < AT ,(M). When H?(M) # O then
there is a non-vanishing p-harmonic form w on M and thus, as before, A%w = |a|?w.
Thus, by the min-max principle we deduce the required estimate. This finishes the
proof. ]
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Example 3.10. As in the previous examples, consider the manifold M = S> equipped
with the standard metric of curvature 1. Let Y, be the unit Killing vector field as in
Appendix B. It follows that the 1-forms d™u, d™ v and a = Y, are all simultaneous
eigenforms of the operators A such that

A%dMy = (342t +t?)dMu,

AdMy = 3 =2t +1?)dMv,

A% = (4 +t?)a.

Moreover, d M u,d™ v are both exact eigenforms associated to the smallest eigenvalue

A}.1(M) = 3 and the one-form « is a co-exact eigenform associated to the smallest
eigenvalue A 1 (M) = 4 (see [23]). Therefore, we have for small ¢ > 0,

AY 1 (M) = min(AS [ (M), A (M)") =3 =2t + 1%,

since H'(M) = 0. On the other hand, we get by equation (A.5) that for small ¢ > 0,
A o(M) = t? = |a|?. However, we have that

min(A{ o (M), AY o(M)") = A o(M)" =3 — 2t +1°.

3.3. Gauge invariance of the magnetic Hodge Laplacian

Another consequence of the magnetic Bochner—Weitzenbock formula (3.10) is the
following result.

Corollary 3.11. Let (M", g) be a Riemannian manifold and let o be a differential

dM+ o0 1 :
— € By for some T € C*°(M,S"), the magnetic

Laplacians A* and AT on p-forms are unitarily equivalent, meaning that

1-form on M. For any oy =

IAYT = A9,

In particular, A% and A**T%* have the same spectrum on a closed oriented Rieman-
nian manifold.

Proof. The proof relies mainly on the following identity. For any f € C*°(M,C) and
w € QP(M,C), we have

AM(fo)= fAM o + (AM flo — 2V§4Mfw.
Hence, for f =t € C®(M,S!), we use (3.10) to compute

IAY(tw) = T(AM (tw) — i AP (rw) + i (M o) (tw) — 2i VM (10) + |a|?tw)
=AMp + 7 (AM )0 — vayMra) —iAlPbeg 4+ iMa)w

—2ita(t)w —2iVM o + |ow. (3.14)
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Taking the divergence of d ™t = ita,, we get that
AMr = §M (o) = it8Ma, + t]oe)?.
Hence, equation (3.14) reduces to

A% (tw) = AMw + i (Mar)w + o |Pw — 2iV£fa) —iAlPle g 4 i (M a)w
+ 2{a, o) — ZiVéua) + |a]?w
=AMy —jalPbater 4 isM (0, 4+ a)w — 2iV£’iaTw + o + o @
= A%,
In the second equality, we used the fact that A% = A**% since ; is a closed form.
This allows us to deduce the result. |

The gauge invariance of the magnetic Laplacian allows us to state a Shikegawa-
type result for differential forms.

Theorem 3.12. Let (M", g) be a compact Riemannian manifold and let o be a one-
form on M. Assume that M carries a non-zero parallel p-form wo on M. Then we
have the following:

(@) ifoa € By, then AT ,(M) = 0 and there exists an eigenform w of A* asso-
ciated with the eigenvalue AY ,(M) such that f := (w, wo) is nowhere van-
ishing;

(b) conversely, assume that o is Killing. If AY ,(M) = 0 and there exists an eigen-
form o of A® associated with the eigenvalue AT ,(M ) suchthat f := (®, o)
is not vanishing, then a € By and, in this case, it is a parallel form.

Proof. We first prove (a). Since o = d?ﬁ’ € By forsome T € CP°(M,S'), we deduce

from Corollary 3.11 that the magnetic Laplacian has the same spectrum as the Hodge

Laplacian AM . Hence, the first eigenvalue A{ (M) is equal to O due to the existence
of a parallel form wo which gives that d ™ wy = §M
check that the form w := Twy satisfies

wo = 0. Moreover, one can easily

d%» = dM(Twe) +ia ATwy = dMT Awe +iTa Awy

=—IiTa Awp +ita Awy = 0.

In the same way, we prove that 8w = 0. Therefore, we have A%w = 0. Hence, the
function f = (w, wy) = T|wp|? is nowhere zero since T € S! and the parallel form
wyg 1s of constant norm.

Now, we prove (b). For this, we assume that « is Killing and we compute the
Laplacian of the function f. We choose a local orthonormal frame {e;} of TM such
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that VM e; | = 0 at some point x. Since the form wy is parallel, we write
n n
AMf(x) = =) (eilei (/M) == (VIVN 0, w)x = (V*Vo.w).
i=1 i=1
E (AM o — B8Pl w)

A + 2i Lo — 0o, @) — (0, BPlg).

C2 i, Lawo)x + 2ia((w. wo)x) — | () £ (x)

= 2ia(f)(x) = ()] f(x).

In this computation, we used the fact that 3 [p]wo = 0 since wy is parallel, and also
that £,w9 = 0 by Lemma 3.8. Therefore, equation (1.2) and div af = 0 (since «
is Killing) allows us to deduce that A% f = 0 and, therefore 1§ (M) = 0. Now, the
classical Shikegawa’s result (Theorem 2.1) allows us to get that « € B, which is also
equivalent to the fact that d™« = 0 and [« € 2xZ for all closed curves ¢ in M.
Now, the condition d™ a = 0 means that VM is a symmetric two-tensor which is
also skew-symmetric by the fact that « is Killing. Hence, the form « is parallel. |

Remark 3.13. We know from Lemma 3.8 that, on a compact manifold (M”", g), for
any harmonic form w and a Killing one-form o, we have that £o,» = 0. However,

there are A%-harmonic forms for which this fact no longer holds. Indeed, assume that

M carries a Killing one-form o which is also in By, that is o = d - T’ (for instance,

such forms exist on the flat torus) and hence parallel by the same arguments as in the

above proof. Assume also that a non-zero parallel p-form wq exists on M. We have
seen from the proof of Theorem 3.12 that w = Twy is a A%-harmonic form. Now, we
compute

Low = a(T)wo + TLqwo = —i T|a|*wy # 0,

since « is parallel and, hence, is of constant norm.
We illustrate Theorem 3.12 with two examples.

Examples 3.14. (a) The flat torus T” is trivialized by parallel p-forms for any p.
Hence, one can always find, for any non-trivial differential form w, a parallel form wy
such that f = (w, wg) is not vanishing. Let o be any Killing one-form, we get

¢ (I") =0 < ac Byn. (3.15)

(b) Let us consider the product manifold M = S! x S with the product metric.
For A € R, we let @ = Awy be the one-form on M, where wg := d6 is the parallel
unit one-form on S'. It is not difficult to check that & € Bg1gs3 if and only if 4 € Z.
We show

A 1(S'xS%) =0 < A€
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When A € Z, the spectrum of A% is the same as the spectrum of AM | and hence
A{1(M) = 0 due to the existence of a parallel one-form. For the converse, assume
that A§ | (S x S?) = 0 and that A ¢ Z. Hence, & ¢ Bg1s3 and by Theorem 3.12, we
obtain that /* = (w, wp) = 0 for any eigenform w associated to AT | (M). Therefore,
if we consider an orthonormal frame {£, e1, e} on T'S® such that £ is the unit Killing
vector field that defines the Hopf fibration with fog = ep and fog = —e; (since

the complex structure on S? is given by J(X) = V§3 £), we write

o = fo§ + fie1 + faez

where fy, f1, f» are smooth functions on S' x S3. Now, the condition d%w = 0
allows us to get that % = —iAfy fork =0,1,2, which gives that f; = gre 4? with
functions g which are constant on S'. However, the functions f; are only periodic
functions on S! when A € Z, which is a contradiction.

4. Eigenvalue estimates for the magnetic Hodge Laplacian on closed
manifolds

In this section, we establish several eigenvalue estimates for the magnetic Hodge
Laplacian on a closed oriented Riemannian manifold (M", g). In particular, we show
that the diamagnetic inequality cannot hold in general.

4.1. A magnetic Gallot-Meyer estimate

The aim of this section is to derive a lower bound for the first eigenvalue of the mag-
netic Hodge Laplacian on p-forms that is analogous to that of Gallot-Meyer. We
begin with the following lemma similar to [13, Lemma 6.8], relating the magnetic
connection to the magnetic differential and co-differential.

Lemma 4.1. Let (M", g) be a Riemannian manifold and let & be a magnetic poten-
tial. For any complex differential p-form o with p > 1, we have

|V"‘a)|2 >

1 1
|d%o* + ———|8%w|*. 4.1
p+1 n—p+1

Proof. The proof relies on defining the magnetic twistor form as in the usual case: for
any complex p-form @ and vector field X € X ¢ (M), we define

1 1
P{w:=Vgo — ——X.d% + ——X AN §%w.
X X p+1 - +n—p—|—1
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Using equation (3.1), the norm of P% is equal to

n
1 1
|Peo? =Y P20l = [Veo|* - AP — —— |50’ 2 0.
o= P+ n—p+

Here we use the fact that any complex p-form 8 on M can be written as § =
% > ej’.‘z/\ (ejB), and therefore, Y 7_, e 1> = p|B[*> and Y7_, lef A B> =
(n—pIBI=. L

Applying inequality (4.1) to the 1-form w := d® f, where f is a smooth complex-
valued function, we get that

1 1 1
|Hess® f|? = [V¥d“ f? = El(d"‘)zfl2 + ;IA"‘fI2 > ;IA"‘flz-

If the equality is attained, then (d%)? f = 0 which, by (3.3), is equivalent to d M o = 0.
Therefore, if equality occurs in (2.2) (thatis, if AY(M) = a_(C, A,n)), then from [11,
p. 1147], we should have equality in the above inequality which means that necessar-
ily dMa = 0. This explains why sharpness of the upper bound for A% (M) in (2.2) is
lost. The next result now reads as a “magnetic version” of the Gallot—-Meyer estimate
[13, Theorem 6.13].

Theorem 4.2. Let (M", g) be a closed oriented Riemannian manifold, and let o be
a smooth 1-form on M. Assume that BPY* > K for some K > 0 and p > 1. Then,
we have

C
AT (M) > ——K,
l,p( ) - C -1

where C = max(p + 1,n — p + 1).
Proof. Let w be a p-eigenform of A* associated to the first eigenvalue A7 ,(M). We

apply the magnetic Bochner formula to w, integrate it over M and use inequality (4.1)
to obtain

15,00 [loPdg = [ 950 Pdug + [(B7%0. 0)di,
M M M
1
> & [1a ol + 5P )dn, + K [ oPdn,
M M

= (w +K) / o2,
M

from which we deduce the desired inequality. ]
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Remark 4.3. In view of equality (3.8) and since the Hodge star operator commutes
with the magnetic Laplacian A* by Corollary 3.2, it is enough to consider p < 7 in

the above estimate.

Example 4.4. In order to check whether the condition Blrle > g required in the
previous theorem can be satisfied for some K > 0, we will employ the example of the
round sphere S” for some odd n = 2m + 1 where the magnetic field « is given by
a = t&, fort > 0, and £ is the unit Killing vector field on S” that defines the Hopf
fibration. Indeed, since on the round sphere BI?1 = p(n — p), we get that BIPle =
p(n — p) —tiAlPLE Now, as AX = X dM¢g = 2V}1}’1§ for any vector field X, we
can always find an orthonormal basis of 7S” such that the matrix of A¢ consists of
the eigenvalue 0 and block matrices of type ( 392 %2 ) The eigenvalue O corresponds to
the eigenvector £ and the block matrices come from the fact that VM £ is the complex
structure on £+. Hence, in this basis, the eigenvalues of the symmetric matrix i AE are

nllnl

—2,0, 2 with multiplicities respectively. An easy computation shows that

the p-eigenvalues of the matrix i A are equal to

Recall here that n is odd. Hence, the second inequality in (3.7) allows us to deduce

that
-1

iqlrhe <) 2P ifp=55,
“l2t-p) itp= gt

Thus, for ¢t > 0, we deduce that

glrla 5 g _ | Pli—p=20) ifp<"3,
- (p—26)(n = p) lfpz”;”.
Clearly, for any parameter ¢ < “5£ or £, the number K is positive. Hence, Theo-

rem 4.2 yields the following estimates for the first eigenvalue of the magnetic Lapla-
cian A* on S” with o = ¢§,

(Sn)>{np+1p(” p—21) ifp <L,
2 (p—20)(n—p) ifp= "L

4.2. A differential form analogue of a Colbois—El Soufi-Ilias—Savo estimate

In [6, Theorem 2], the authors give an upper bound for the first Neumann eigenvalue
of A% defined on complex functions in terms of some distance function of harmonic
1-forms to a specific lattice and the norm of the magnetic field d ¥ « for Riemannian
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manifolds with boundary. In the following, we prove a similar result in the setting
of differential forms for closed oriented Riemannian manifolds (M", g). Before we
state the result, let us first introduce some relevant notation: we denote by m = by (M)
the first Betti number and let ¢y, ..., ¢, be a basis of H{(M,Z) and Ay,..., Ay €
H(M) be its dual basis, that is

1
E/Aj = Sij.
ci

Let £7 be the lattice
Ly =ZA ®LZA, D --- D ZA,,.

If H'(M) = 0 we set £z = 0. Note that, by Hodge Theory, we can think of £z as a
discrete subset of all real harmonic 1-forms. We now introduce the following distance
functions for any real 1-form 8 € Q1(M):

d>(B,8z) = /nierslsfz 18— nll3.
do(B,8z) = [ inf [|B —nlZ.
nely

When £7 = 0, the above distances reduce to || 8|2 or ||8]lco. Now, we state the
main result of this section.

Theorem 4.5. Let (M", g) be a closed Riemannian manifold and o € Q' (M) be
a magnetic potential of the form a = §M + h with h a harmonic 1-form and
a 2-form. Then we have the following eigenvalue estimate for the magnetic Hodge
Laplacian on complex p-forms:

2
Af (M) < Ay (M) + min{doo(a,ﬁz)z, |:|C;0|:|°2° dz(oc,ﬁz)z}, 4.2)
012
with
d(a2)2<d(h£)2+”dM—a”% (4.3)
2 9 Z p— 2 9 Z A/],’I(M)? .

where wy is a real eigenform of the Hodge Laplacian AM associated to the first eigen-
value A1,,(M), and A | (M) denotes the first eigenvalue of the Hodge Laplacian on
co-exact 1-forms.

Proof. The proof mainly follows the same lines as in [6]. Firstly, we choose wy to be
areal p-form. Let n € £z, that is

r;:nlAl +I’l2A2+"'+l’lmAm ng,
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for some integers ny,...,n, € Z. We fix xo € M and define

u(x) = e fxom,

The right-hand side is well defined and independent of the path from x¢ to x chosen,
since |’ ;0 n coincides for any pair of homotopic curves from xo and x and agrees up
to a multiple of 27 for any arbitrary pair of paths from xg to x as n € £z. Then we
have dMu = iun. Therefore, for the p-form w := uwgy, we compute

Ao =dMo +iarw
= (dMu)/\a)o—i-udMa)o—i-iu(x/\wo

=udMwy +iu(n + o) A wp.
Similarly,

§%w =My —iak 0

= usMwy — (dMu)ﬁJa)o - iuaﬁJa)o

=usMwy —iu(n + a)¥ Jwy.

Now, we take the norms and use orthogonality of its real and imaginary parts to obtain
|d%wl* = |[dM wol* + |(n + @) A wol?,

and similarly
8% * = [8¥wol* + (1 + ) swo|*.

Using the fact that | X A w|? + | X*.w|? = | X|? - |w|? for any vector field X, we add
the above two equations and choose wy to be an eigenform of the Hodge Laplacian to

estimate
o oy < D (40P + 15 0P )dp,
o’ B S lw)?dpg
_ Ju(dMawol* + 18Mwo|>)dpg  [oy In + a|wol?dpg
fM |w0|2dﬂg fM |w0|2dug
+ a|?|wo|?d
=/\1,p(M)+ fMM | |2 0l Hg
fM |wo| d:“*g

with ) 5 5

+ al|*|wo|*d

Jor lwol?dpg llwoll

Since n € £z was arbitrary, this proves inequality (4.2).
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For the proof of inequality (4.3), recall that we have o = §™+ + h. Since har-
monic 1-forms are L2-orthogonal to the forms in §™ (Q2(M)), we have

b 22 = inf [+ aldig = [ 1549 Pdug + dalh. 222
Z
M M

Since §M vy is co-exact, we have

S 14 My Pdpg

Z )’// M),
T 1Ty Ry =1
and therefore,
Sor 1AM My 2dpg 2
dy (o, £2)* < +dy(h,22)
A1 (M)
ldMa|3 2
=—=4+dy(h,L7)".
3] (M) +da(h,8z)
This finishes the proof of the theorem. |

Remark 4.6. The factor [|wg||%,/|lwo |3 requires knowledge of the p-eigenform of
the smallest eigenvalue. Under certain curvature conditions, it can be estimated from
above as explained in [22].

4.3. The diamagnetic inequality does not hold for the magnetic Hodge
Laplacian

A natural question is whether the diamagnetic inequality also holds for the magnetic
Hodge Laplacian. That is, whether the inequality

AT p(M) = A1p(M)

holds or not for some p > 1. An example where the diamagnetic inequality holds is
the flat n-dimensional torus M = T". Clearly, the first eigenvalue A, ,(M) = 0 for
any p due to the existence of a parallel p-form. Hence, the inequality A{ ,(M) >
0 = A1,p(M) is satisfied. However, according to (3.15), the first eigenvalue A{ ,(M)
can be positive. In this section, we provide an example to show that the diamagnetic
inequality does not hold in general. While this inequality is true for p = 0, we provide
a counterexample for p = 1. We also give an explicit characterization which deter-
mines whether this inequality holds for A’6 where £ is a Killing vector field. We start
with the following estimate.
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Theorem 4.7. Let (M", g) be a closed oriented Riemannian manifold and let
£ € QYU(M). Then, for anyt € R, we have, for o = tE,

2t
AT p(M) = A1,p(M) + —Im(/(iﬁsw’w)du«g) + 121813

leoll3

where w € QP (M, C) is an eigenform of the Hodge Laplacian AM (linearly extended
to complex p-forms) associated with the eigenvalue A1 ,(M), and £x is the Lie
derivative in the direction of the vector field X € X (M). In particular, if
Im( [y, (Lew, w)dug) is negative for some complex eigenform w, then we get for
small positive t that

@ (M) < Ay p(M),

which means that the diamagnetic inequality does not hold.

Proof. Let o be any p-form in Q7 (M, C). By the characterization of the first eigen-
value, we have for o = &

Ju(ld*0)? + 8% *)dpe
Jur loPd g
[y(ldMo +itE Aol + [8Mw —itf o|*)dug
= Ty 0Pty |

AT, (M) <

Now, we compute

/ ldMw + itk Aw|*dug
M
=1%ol + 2rRe ( [(aM 0.t Aw)disg ) + 120 Aol

and

/|5Ma) —itEaw*dug
M

= |6Mw|2 — 2t Re (/(SMa),iSJw)d/Lg) + 12| ELw]|3.
M

Adding both equations and using the Cartan formula

Lxow =X dMw + dM (X )
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for any vector field X yields
/(|de +itEnol*+ Mo - itEw|*)dug
M

= [dM ol + 18¥ w3

-2t Re(/((iéJdMa),w) + (idM(EJw),a)))dug) +z2/ €% - |o|?d g
M M
= ||dMa)||% + ||8Ma)||§ + 2t Im (/(iga),w)dug) + [2/ |§|2 . |a)|2dpcg.
M M

Choosing w € Q7 (M, C) to be an eigenform of AM with respect to the eigenvalue
A1,p(M), we conclude that

2t
A p(M) = A1,,(M) + _Im(/(ii;w,w)dug) + 12§13

loll3

This finishes the proof of the stated inequality. The last part is a direct consequence
of the fact that when Im(, (£¢w, w)dug) < 0 one can then always find positive
small enough ¢ so that the right-hand side of the above inequality is strictly less than
A 1,p (M) . ]

Remark 4.8. Note that the real and imaginary parts of a complex eigenform of AM
are both also eigenforms of AM associated with the same eigenvalue. Therefore, in

order to have
Im(/(éﬁga),w)dug) # 0,
M

the eigenspace Epi, of AM associated with the smallest eigenvalue A1,p(M) needs to
be at least 2-dimensional. Of course, this higher dimensionality does not necessarily
imply that this term is non-zero.

In order to interpret the condition Im( [}, (£¢w, w)dig) < 0 in Theorem 4.7, we
will consider the case when the vector field £ is Killing.

Corollary 4.9. Let (M", g) be a closed oriented Riemannian manifold, & be a Killing
vector field on M and V := Ker(L¢|qrm,c)) for some fixed p. If the eigenspace
Ker(AM — )1 ,(M)1d) associated with the first eigenvalue Ay ,(M) is not included
in V, then the diamagnetic inequality does not hold. If Ker(AM — 1, ,(M)1d) is
included in V, then the diamagnetic inequality holds (at least for magnetic potentials
t& with small |t| > 0).
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Proof. The Laplacian AM commutes with &L¢ and, thus, the Lie derivative £¢ pre-
serves the eigenspace Ker(AM — A ,(M)Id) which is of finite dimension. Rela-
tion (3.13) says that the formal L?-adjoint of L is equal to —&L¢. Hence, the matrix
of cfg is skew-symmetric and, thus, the eigenvalues are of the form 0 and +i8. Since
by assumption the eigenspace Ker(AM — 4, ,(M)1d) is not in the kernel of Lg, we
can always find an eigenform @ of AM such that £ = iBw for some B with 8 < 0
(if B8 > 0, we choose its conjugate @). Hence, for such an eigenform, we deduce that
Im( [y, (Lew, w)dpg) = B [y lw[*dpg < 0. Therefore, by Theorem 4.7 the diamag-
netic inequality does not hold for small positive ?.

To prove the second statement, we have from relation (3.11) that A* = AM —
2itLs + t2|€]? holds for @ = t£. Also, we know from Proposition 3.6 that £ A* =
A% ZL¢. Therefore, the operator A% preserves the space V' as well as its orthogonal
complement, by the fact that it is a self-adjoint operator. As AM is perturbed analyt-
ically, the family (A€), is an analytic family of self-adjoint operators with compact
resolvent and therefore the Hilbert basis of p-eigenforms of AM and their corre-
sponding eigenvalues can be extended analytically in the perturbation parameter ¢
to a Hilbert basis of p-eigenforms of A’é and their corresponding eigenvalues (see
[18, Theorem VII.3.9]). Since by assumption Ker(AM — X, ,(M)1d) C V and the
fact that the spectrum is discrete (with finite dimensional eigenspaces), we deduce
that A9 ,(V) = A1,,(M), where A (V) denotes the lowest eigenvalue of AM on
p-forms, restricted to the invariant subspace V. Therefore, by choosing the analytic
perturbation ; of any basis element  in the AM -eigenspace corresponding to the
eigenvalue A1, ,(M) and using the fact that w; is of unit L?-norm, we obtain the
estimate

/ (Ao ) djug = / (AM o, o) djug + 12 / £l g = A1 p(M).
M M M

In the last inequality, we use the min-max principle for AM . This implies that

AE,(V) > A1 p(M) forall s,

The continuity of the maps ¢ +— )pr(V) and t /\fp (M) along with the fact that
the eigenvalues are discrete and A(l’,p(V) = A1,p(M) imply that /\tfp(V) = /\’fp (M)
for small ¢. Hence, we deduce that Atf’p (M) > Ay, (M) for small |z]. ]

Below we consider the 3-dimensional round sphere and show that the diamagnetic

inequality is not satisfied for a suitable choice of magnetic potential. For more details
on the computation, we refer to Appendix A.
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Corollary 4.10. Let (M = S3, g) be the 3-dimensional unit sphere (centered at the
origin) equipped with the canonical Riemannian metric g of curvature 1. Let § = Y,
be the unit Killing vector field on S* as in Appendix A. Then, for small t > 0, we have,
fora =tY,,

A% L(M) < A1 (M),

which means that the diamagnetic inequality does not hold in general for differential
1-forms.

Proof. By Corollary 4.9, we just need to find a 1-eigenform of the Laplacian
AM which is not in the kernel of L. For this, we use the computations done in
Appendix B. Let (a, b), (z1,22) € C?\ (0,0) and set

U(Zl,Zz) = bEl —aéz.

Recall that AM vy = 3v and that 3 is the smallest eigenvalue of AM associated to the
1-form w := d™v. Hence, we compute

LedMy = dM(Lev) = —idMw,
In the last equality, we use the following consequence of the identity (A.2):
Lev = Yo (v) = —iv.

Hence, the result follows from Corollary 4.9. n

5. The magnetic Hodge Laplacian on manifolds with boundary

5.1. A magnetic Green’s formula for differential forms

Let (M", g) be a compact oriented Riemannian manifold with smooth boundary oM
and let @ € Q'(M). We denote by v the unit inward normal vector field to M and
by t: M — M the canonical injection. For any pair of complex differential forms w,
and w,, the magnetic Stokes formula

[taorodug = [(or.50dus — [ @ orv02)dug
M M oM

holds. Here * is the pull-back of differential forms on M to the boundary. Indeed, it
can be deduced from the usual Stokes formula and the expression of d* and §%. As a
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consequence, we get

/(A“wl,wz)d,u,g = /(d“S“a)l + 8% % w1, w2)d g
M

M
— [ or s 0dus — [ (@ ). vzl
M oM

—i—/(d“a)l,d“a)z)d,ug + /(md“wl,t*a)z)d,u,g

M oM
= /(a)l,A"‘a)z)dug + /(UJa)l,L*(Sawz))d/,Lg
M oM
- /(L*(S“a)l),ma)z)dug - /(L*a)l,md“a)z)dug
oM oM
+ /(v_.d“wl,t*a)z)dug. (5.1
oM

Hence, we deduce that the magnetic Laplacian on smooth differential forms with
Dirichlet boundary condition is self-adjoint and, being elliptic, it has a discrete spec-
trum that consists of real nonnegative eigenvalues.

5.2. A magnetic Reilly formula

In the following, we establish a Reilly formula for the magnetic Hodge Laplacian on
a compact oriented Riemannian manifold (M", g) with smooth boundary dM as in
[26, Theorem 3]. (Note that the dimension of the manifold in [26] is # + 1 in contrast
to our setting).

Theorem 5.1. Let (M", g) be a compact oriented Riemannian manifold with smooth
boundary OM and let o € Q' (M). Then we have for any w € QP(M,C), p > 1, the
magnetic Reilly formula

[ (@ + 5P )an, = [ 190Pdus + [ 1870, 0)dyg
M M M

+2Re(/(d°‘r(v_|a)),t*w)dug) + /(Il[p]t*w,t*w)dug
oM oM

+ / =Pl * (xw), K (kw))d g
oM
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T = *a € QY(OM) is the tangential component of a, Il = =V My is the Wein-
garten tensor of the boundary and d of .= gOM 4 joT A, Here TIIP) js the extension

of Il as defined in (3.5).

where o

Proof. The proof follows the same lines as in [26, Theorem 3]. Indeed, we just need
to integrate the magnetic Bochner—Weitzenbock formula (3.9) over the manifold M.
From equation (5.1), we have that

[t ohdig = [1o0Pdus - [ @@ @) v0ldis + [ 1a*oPdu
M M oM M

+ / (vad®w,*w)dpg.
oM

Notice here that [;, (A%, w)dig is not necessarily real. Now, from [26, Lemma 18]
and the expression of §%, one can easily deduce the following:

5 (Fw) = *(6%w) + vaV%0 + TP N (w.w) — (n — 1) Hv o,

where the mean curvature H := ﬁ tr(Il) of M C M. Also, using the expression
of d%, we have that

d*" (Vi) = —vad®w + * (Vo) — TP (*w).

Therefore, we arrive at

/(A“w,a))dug = /(Ia'o‘a)l2 + [8%0*)d g
M M
— /(8°‘T ((Fw)—viViw — 1P~ w) + (n — 1)Hv_w, vaw)diLg
oM
+ /(—d“r(v_nw) + * (Vo) — 1P (*w), Cw)dpg
M

= /(|d°‘a)|2 +18%»|*)d g —2Re ( / (d“T(v_na)),L*a))dug)
M

oM

+ /(V“fw,a))dug + /(II[”_I] Voo, Viw)diLe
oM oM

- /(n — D H|vow|*dug — /(H["] Co,fo)dug.
oM oM
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In the above equality, we use the fact that Viw = *(Viw) + v A (vaVJw) at any
point on the boundary. Now, since the identity

*oM | (g xap = (n — 1) H *ypy

holds on (p — 1)-forms on dM (see [26]), we apply it to the form v_w and take the
Hermitian product with %337 (V). This leads to the following

(2w, va0) + (25 (o), (+w)) = (0 = DH v,

where we also use that t* (*w) = =+ %y (vuw). Hence, after taking the real part, the
above equation reduces to

o oot -

/(|d°‘w|2 + 18%0|*)djg —2Re ( / (daT(UJa)),L*a))d/Lg)
M

oM

+Re( / (Vga),a))dug) - / (M2l * (xw), * (x0))d g

oM oM

—/(H[l’] Fo,fo)ding. (5.2)
oM

Now, taking the Hermitian product of (3.9) with w, integrating over M and taking the
real part yields

Re( (A“a),a))d,u,g)
/

= Re( ((V“)*V“w,w)d,ug) + (i)’[”]’“a),w)dpcg
/ /

=5 [ APy + [ 1veoPdus + [(870.0)dn,
M M
_ 1 0 2 o, 12 p]tx
3 [ getoPrdug + [ 1v50Pdu, + [ 1870, o)y,
M M

=Re(/(V§w,w)dpLg) +/|V°‘a)|2d,ug +/ (B8Pl o Ydpg.  (5.3)
M M

oM
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The second equality is obtained by taking the real part of the pointwise identity

(VH)*V, ) = — Zei((vg_w,w)) + |[V%0l|?,

i=1

valid at any point such that VM ¢; = 0 and then using that Re((V§w,w)) = %X(|w|2)
for any real vector field X. Comparing (5.2) with (5.3) yields the desired magnetic
Reilly formula. ]

Note that when p = 1, by taking w = d* f for any smooth complex-valued func-
tion f and using the fact that B¢ = RicM +iA% (here AW = —A% since A%
is skew-symmetric), the Reilly formula in Theorem 5.1 reduces to the one stated in
[11, Corollary 4.2] for manifolds without boundary and to [15, Theorem 1.2] for man-
ifolds with boundary.

6. Eigenvalue estimates for the magnetic Hodge Laplacian on
manifolds with boundary

6.1. A magnetic Raulot-Savo estimate

In the following, we will estimate the first eigenvalue of the magnetic Laplacian on the
boundary of an oriented Riemannian manifold in terms of the so-called p-curvatures
as in [26, Theorem 1]. We mainly follow and refer to [26] for further details. We
consider a Riemannian manifold (M", g) with smooth boundary dM, and denote
by n1(x) < --- < n,_1(x) the eigenvalues of the Weingarten tensor Il = =V at
any point x € dM. Here, as before, v is the inward unit normal vector field to the
boundary. For any p € {1,...,n — 1}, the p-curvatures o, (x) are defined as 0, (x) :=
n1(x) +...np(x) and we set

0p(0M) = inf (0p(x)).
»(M) = inf (0,(x))
From inequality (3.7), we have the following estimates

1P o, @) > 0,(0M)|w|* and (P o, @) < (-1 (M) — On—1-p(IM))|w|?,
6.1)
for any w € Q2 (dM). Recall here that 117! is the canonical extension of II to differ-
ential p-forms as in (3.5). Also, it is not difficult to check the following inequality
U”fo) < ”"T(x), for p < ¢, at any point x on the boundary with equality if and only if
n(x) = na(x) = -+ = ng(x).
On manifolds with boundary, there are two notions of cohomology groups. We
briefly recall them. The absolute cohomology group H f (M) which is defined as the
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set of harmonic forms on M satisfying the absolute boundary conditions, that is for
any p € {1,...,n},

HY (M) :={w € QP(M,C)| dMw =8Mw =0o0n M and vow = 0 on IM}.

By Poincaré duality, the absolute cohomology group H /f (M) is isomorphic to the
relative cohomology group Hp ” (M) which is defined as

HE(M) :={w € Q?(M,C)| d™» = Mw =0 0on M and *o = 0 on IM}.

In [26, Theorem 4], the authors provide geometric obstructions to the vanishing of
these cohomologies using the Reilly formula. Namely, these conditions are related
to the Bochner operator on M and to the p-curvatures of the boundary. Following
the same idea, we will use the magnetic Reilly formula to deduce a similar vanishing
result on the absolute cohomology groups by requiring a condition on the magnetic
Bochner operator BLP1:*. We have the following result.

Proposition 6.1. Let (M™, g) be a compact Riemannian manifold with smooth bound-
ary and let « be a differential 1-form on M. Assume that 8P > |«|? and that
0p(IM) > 0. Then, HY (M) = 0.

Proof. Let w € QP (M, C) be an element in H} (M). Applying the magnetic Reilly
formula to  and using the fact that |d%®|? + |§%w|? = |a|*|w|? yields the following:

/|a|2|a)|2dug =f|V“w|2dMg +/(£[1’]’“a},a))dug + /(II[”]L*a),L*a))dug.
M M M M

Now, the fact that [V*w|? > 0, the condition on Blrle apg inequality (6.1) allow us
to deduce that

[ aloPdis = [ laPloPdus + ap@m) [ 1coPdu
M M oM

— [ laPloPdug + 0,0 [ loPdus
M oM
> [ laPlofdus.
M
In the last inequality, we used that 0,,(dM) > 0. Hence, we have equality in the above

inequalities and, thus, @ = 0 on dM . Now, since w is harmonic, this leads to w = 0
on M by [1]. n
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In the following, we will consider a magnetic 1-form o on M such that its tan-
gential part a’ = (*« is Killing of constant norm on dM. In this case, the exte-
rior differential d®™ and codifferential % commute with A%’ as we have seen in
Proposition 3.6. Hence, as in [26, Theorem 5], we will estimate the first eigenvalue
)t‘f; (0M)’ of the magnetic Laplacian A®" restricted to exact forms in terms of the
p-curvatures.

Theorem 6.2. Let (M", g) be a compact Riemannian manifold with smooth bound-
ary OM and let a be a differential 1-form on M such that T is a Killing form on dM
of constant norm. Assume that 8P > |a|? and that the p-curvatures o,(0M) > 0
for some 1 < p < %. Then the first eigenvalue )L‘i‘; (0M)' satisfies the inequality

‘i‘L(BM )Y > 0,(0M)op—p(0M).

Proof. Let w = d®™ B be a complex exact p-eigenform of A% associated to the
eigenvalue /\‘f;(aM)’. From [3, Lemma 3.1] (see also [28, Lemma 3.4.7]), there
exists a complex (p —1)- formﬂA such that SMdM,é =0, SMB =0on M and L*B =p
on dM . The form ,B 18 umque up to a Dirichlet harmonic form, that is an element in
Hyp '(M). Notice here that ,3 cannot be a Dirichlet harmonic form since this would
lead to w = 0. Let the p-form & := dM /3 on M. Clearly, the form & satisfies the
following system:

dMo =M =0 onM,

o =w on M.
Applying the magnetic Reilly formula in Theorem 5.1 to the form & gives (after using
that |d%®|? + |8%®|?> = |«|?|®|?, the condition on the magnetic Bochner operator
BIP1e and the fact that |V¥@|? > 0) the following inequality:

0>2Re ( / (vJaA),S“Ta))d,ug) + 0p(0M) / lw|*dpg
oM oM
+ op—p(0M) / lvadPdg. (6.2)
oM
We also use the first estimate given in (6.1) applied to both the p-form t*® = w and

op(M) _ on—p(dM)
p - n—p

the (n — p)-form (¥ (x®) = *5p7 (Vad). As p < %, we have that
and thus 0, ,(dM) > 0. Then, using the pointwise inequality

5 1 SaT 2 >0
V_w s e——— @ s
T oup (M) -

we get the following estimate

Re((v1d, 8% @) + [vad)? > — 15" w

On—p(IM) T op—p(IM)?
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Therefore, by integrating this last inequality and multiplying it by 0, , (0M ), inequal-
ity (6.2) reduces to

1 T
_— §* w|*dpg > BM/ 2dug.
an_,,(aM>M[' oty 0p ) [ o

Finally, by using the fact that w is a closed eigenform for the magnetic Laplacian
A"‘T, we have

28" (oMY / 0Pdpg = / 14" w2 + 15" oP)dyg

oM oM
= [ (0T nol? + 18" ol
oM
> [ 15 oPdn,
oM
= 0,001, OM) [ 0Py,
oM
which is the desired estimate. This finishes the proof of the theorem. |

6.2. A gap estimate between first eigenvalues

In the next result, we adapt the computations in [14, Theorem 2.3] to find a gap esti-
mate between the eigenvalues of different degrees A} ,(M) and A ,_; (M). For this,
we will assume the manifold (M", g) is isometrically immersed into Euclidean space
R”*™ and consider the magnetic Laplacian with Dirichlet boundary conditions, in
contrast to [14] where absolute boundary conditions are taken. Recall that for a given
normal vector field Z to M, the Weingarten tensor IIz is the endomorphism of TM
given by
(iz(X),Y) = (Z,I(X.Y))

where X, Y are tangent to M and II is the second fundamental form of the immersion.
As in (3.5), we will use the extension II[ZP] of the Weingarten tensor to p-differential
forms.

Theorem 6.3. Let (M™, g) be a compact manifold with smooth boundary that is
isometrically immersed into the Euclidean space R"*™. Let o be a smooth 1-form
on M. Then, for all 1 < p < n, the eigenvalues of the magnetic Dirichlet Laplacian
on M satisfy
1 m
(M) 2 28,y (M) + - sup A (817206) = a2 ().

t=1
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where Ayin(A) is the smallest eigenvalue of a symmetric operator A and { f1, ..., fm}
is a local orthonormal basis of TM*.

Proof. The proof follows along the lines of [14]. Foreach j = 1,...,n + m, the unit
parallel vector field d,, on R"*™ splits as 9, = (8xj)T + (8xj)L with (ij)T =
d™ (x; o) where ¢ is the isometric immersion. For any p-eigenform w of A% asso-
ciated to A ,(M) with Dirichlet boundary condition, the (p — 1)-form (dx j)TJC()
clearly satisfies the Dirichlet boundary condition. Hence, by the characterization (3.2)
of the first eigenvalue applied to (dx; )T _w, we have for each j,

A?,p—l(M)/ |(axj)T—'w|2dMg = /(|da((3x,»)T-la))|2 + |5°‘((8xj)T_|w)|2)d,ug.
M M

(6.3)
In the following, we will take the sum over j and compute each term separately. For
this, we let {ej, ..., e,} denote a local orthonormal frame of 7M. Recall that any
complex p-form § on M can be written as f = % Yt eX A(esap), and therefore,
> _i{esaB,esay) = p(B.y) for any complex p-forms B, y. Now, the sum over j of

the term under the integral in the left-hand side of (6.3) is equal to

n+m n+m n
Y @) a0 =D Y g((0x)T . e)g((0x)) T er) (es . €4 0)
j=1 j=1st=1
n n+m
= Z Zg(ij,es)g(axj,e,)(esm),elJa))
sie=1 j=1
n 85t
= lesao|* = plof. (64)
s=1

Now, using that (8xj)T = dM(x; o), we have that VM(8xj)T = HessM(xj ot),
which is then a symmetric endomorphism on 7M. Hence, it follows that

SM((0x,)T a) = = e a(V2 (0x,)T 200) — (0x,)T 28M 0 = —(0;) T 26M .

i=1
In the last equality, we use the fact that Y ;_; e; i(A(e;)1) = O for any symmetric
endomorphism A of TM . Therefore, we compute
8((3x,) " ) = 8M ((3x,)" sw) — it s((3x,)" )
= —(0x,)" 2™ +i(9x;)" s ow)

= —(0x,)" 18%0.
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Hence, we deduce that

n+m n+m

D (@) ") = D [(0x)T %0 > = (p - DIS*w. (6.5

j=1 j=1
In the last equality, we apply (6.4) for §*w instead of w. Now, using Cartan’s formula
and the identity £yrw = V¥, @+ it l o for any parallel vector field X € R"*™

proven in [14, formula (4.3)], where II[p ] is defined in (3.5), we write

d%((0x,))7 20)) = dM ((0x,)7 J0) + i A ((3x,)T )
= Ly, yro — (0x)" sdMo +ia A ((0x)" 20)

=V yro+ H[P] o= @x)T2dMo +ia A ((3x,)7 Jo)

= V(A(.;’ yr @ + II(a Ot w— (axj)TJd“a) + i(axj)TJ(a A W)

+ia A ((ax) 1)
= Vi, yr +HE§] 1@ = (0) d. (6.6)

In the last equality, we use the relation X J(¢ A w) = a(X)w — o A (X uw) for a vector
field X and the definition of the magnetic covariant derivative V% = V}("I +ia(X).
Now, we want to take the norm in (6.6) and sum over j. We have

n+m n+m n
DIV el =30 > (@) e)g((0x)" e (Ve 0. Vi, 0)
j=1 / j=1 s;=1
n nt+m
= Z Z g(axjves)g(axjvet)(vgsw’V?,‘“)

s,t=1 j=1

8Ost
n
= Vel = Vo0l

We can do the same procedure for the cross terms in (6.6), for example, if we denote
by { fi...., fm} alocal orthonormal frame of TM*, we compute

n+m n+m n

D VG, yro- R1v )= ZZZ@,)T J(0x,)* f)(VE 0. 1P o)

j=1 j=1 s=1t=1

n m n+m

=222 800y e)(dx;. fi) (Ve . I w) =0,

s=11=1 j=1

(es, fr)=0
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Therefore, all the terms involving (dx /.)T and (Jx /.)L at the same time will vanish,
and we get

n+m m

Y 1) s = Vel + Y 1P 0 + (p + D]d*w]?

j=1 =1

n
-2 Z Re((V; @, es0d* w))

s=1
m
= Vo> + Y W0l + (p - Dld%oP. 6.7
t=1
Replacing (6.4), (6.5), and (6.7) into inequality (6.3), we obtain
ey
M
m
< / (1Iv20l? + 3 1P 02 + (p = 1)(d“ 0 + 80l )djg.
M t=1

Now, using equality (5.3) for the eigenform w with Dirichlet boundary conditions
yields that

[ Vel =5, 00 [ loPdug - [(870. 0)du,.
M M M

Hence, we deduce that

2%, (M)p / 0Pdpg < pA% (M) / o]Pdig — / (BP0, w)dju
M M M

+ Z/((Hj[,f])zw,w)dug,

t=lM

which ends the proof. u

Corollary 6.4. Let (M", g) be a domain in Euclidean space R" and let o be a 1-form
on M. Then, for all p > 1, the eigenvalues of the magnetic Dirichlet Laplacian satisfy

A (M) 2 Af (M) = [[dM ]| oo
In particular, the following estimate
2§ (M) = do(M) — plldM ]l

holds, where Lo(M) is the first eigenvalue of the scalar Laplacian with Dirichlet
boundary condition.
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Proof. Since M is a domain in Euclidean space, the second fundamental form and
the curvature operator of M vanish. Therefore, Theorem 6.3 allows us to deduce that

1
¢ >AY 4+ = sup Amin(—iAP®),

be b P xeM mm

Recall here that —i AP} is a symmetric tensor field where A%(X) = X .dM« for
all X € TM. Now, by the second inequality in (3.7), we have i AP} < p||4¢| <
plld™ | oo. This finishes the first part. The second part is easily proved by taking
successive p’s. |

Corollary 6.5. Let (M", g) be a domain in the round unit sphere S™ and let o be a
1-form on M. Then, for all p > 1, the eigenvalues of the magnetic Dirichlet Laplacian

satisfy
?,p(M) = A‘(it,p—l(M) +n— 2p - “dMa”OO

In particular, the following estimate
A p(M) = Ao(M) + p(n —p — 1~ [|d¥tl|oo)

holds, where Lo(M) is the first eigenvalue of the scalar Laplacian with Dirichlet
boundary condition.

Proof. We use the isometric immersion of S” <> R”*! for which the second fun-
damental form is the identity. The proof is then a direct consequence of Theorem 6.3
using the fact that, on the round sphere, 81?1 = p(n — p) and 3-7"_, (II}i’ N2 =p2 u

A. Spectral computations for magnetic Laplacians for functions on
Berger spheres

A.1. Eigenvalue decomposition of the ordinary Laplacian on the standard
3-sphere

The following considerations are based on the arguments given in [17, p. 27]. For
further details see also [25, II1.3-I11.7].

Let S3 = {(z1.22) € C?||z1|? + |z2]*> = 1} be the 3-dimensional unit sphere and
let g be the standard metric on S* of curvature one. We can also think of S3 as the
Lie group of all unit quaternions via the identification (zy, z5) +> z; + jz, € H?. Let
Y5, Y3, Y4 be the left-invariant extensions of the tangent vectors i, —k, —j € T;S>. In
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this case, the vectors

Y2 = _yla)C] + xlayl - yzaxz + xzayzv
Y3 = _YZaxl _x28y1 + Y1ax2 + X18y2,
Ys = Xx20x, — y20y, — x10x, + y10y,

form an orthonormal basis of T(Zl,22)83 at every point (z1, z2) = (x1 + yii,
X2 + yzl) € 83.

Then, we can write the Laplacian on (S3, g) as AS? f=- Z?:z sz( f) for all
functions f € C*(S3), whose eigenvalues are A;(S3) = k(k + 2), k € N U {0}
with multiplicity (k + 1)2. In particular, every eigenspace Ej associated with the
eigenvalue A; decomposes as

Ex = Vi, (ao,60) D Vi,(a1.61) D - @ Vi, (ap.bp)» (A1)

with any arbitrary choice of pairwise non-collinear vectors (a;, b;) € C \ {(0,0)},
where

k k—1 k—1 _k
Vie(ap) = span(c{ua’b,ua,b Va,bs -+ Ua,bVq p ’Ua,b}’
Uap(21,22) i=azy + bza, Vap(21,22) :=bZy —azs,

for (a,b) € C2\ {(0,0)}, see [25, Zerlegungssatz 111.6.2]. For short, we write u :=
U(a,b), V := V(q,p) for some (a,b) # (0,0) and, for p € {0,...,k}, we consider

bp = uPvi?

with p + ¢ = k + 1. (We also set ¢, = 0 for all other choices of p.) These functions
¢p are spherical harmonics, that is, they are restrictions of harmonic homogeneous
polynomials on C? to the unit sphere S*. Then we have Vi (4,) = spanc{do, . . ., Pk }-
A straightforward computation yields (see [17, p. 30] or [25, Lemma II1.7.1])

Ya(¢p) =i(p—q + Dép, (A2)
Y3(¢p) = ipdpp—1 +i(qg — Depps1.
Ya(dp) = —pdp—1 + (¢ — Dp+1,

(Y7 +Y)(¢p) = 2(p —2pq — g + D).

This implies

4
AS gy ==Y Y2(dp) = [(p + ) — U = k(k + 2)pp.

J=2

. . . . 3. .
confirming that the functions ¢, are eigenfunctions of AS” in the eigenspace Ey.
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Let us briefly describe the underlying representation theory. The Lie group SU(2)
acts irreducibly on each of the vector spaces Vi (q,5) C C|z1,Z1, 22, Z2] via

pSU(z) X Vk,(a,b) - Vk,(a,b)v IO(Aa P(ua v)) = P((uv U) : A)7

where P € C[w;, w;] is any homogeneous polynomial of degree k. Using the decom-
position (A.1), these irreducible representations p; on each of the factors Vk,(aj b))
give rise to the SU(2)-representation

Mk == poDp1 D pk

on the eigenspace Ey.
On the other hand, the identification of S with the Lie group SU(2) via

zZ1 —Iy
(z1,22) = _
Z 1

provides a canonical isometric SU(2)-right action on (S3, g), which leads to the cor-
responding unitary SU(2)-action

(AN + 7 = fiCar+ sz gy fora = (5 ) esue

on the function space C®°(S3) C L2(S3, g). Since AS® commutes with isometries,
the eigenspace E; C C*(S?) is an invariant subspace of this latter action, and
its restriction to Ej agrees with the above SU(2)-representation uy (see [25,
Lemma II1.6.5]).

Now, let S! < S3 — S? be the Hopf fibration of (S3, g), where the fiber through
a point (21, z2) € S3 is given by F(, »,) := {(e’z1,e"z5)|t € R} C S3. The map
S3 — S2 is a Riemannian submersion, the fibers are totally geodesic, and we have

3
T(Zl,Zz)S = Viz1,2) ® Hizy,20)

for any (z1, z2) € S3, where the vertical component V;, .,) is spanned by Y> and the
horizontal component H(, ,,) is spanned by Y3 and Y4. This decomposition induces
a corresponding splitting
AST = AV 4 AN
of As3 into a vertical and a horizontal Laplacian A? and Al (see [4, Definitions 1.2
and 1.3]) with
AV =—-Y? and A" =_—(Y2+7Y2).

Since the fibers are totally geodesic, the three operators AS?, AV, A" commute with
each other, and L?(S3) admits a Hilbert basis consisting of simultaneous eigenfunc-
tions of AS” and A" (see [4]). In our case, this Hilbert basis is obtained through the
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eigenspaces Ey and their decompositions into the subspaces Vi (4,5), Whose corre-
sponding basis vectors ¢,, p € {0,...,k}, are then the members of this Hilbert basis.

A.2. Geometry of Berger spheres

Given the standard metric g on S of curvature 1 and & > 0, the Berger sphere is the
Riemannian manifold (S3, g,) with

ge = &2glvxy @ gluxn,

and the vector fields Y5 := e 1Y,, Y] :=Y3,Y; ;= Y4 form a global orthonormal
frame. The Lie brackets are given by

2 2
V5.Y5] = —2¥§. [Y5.Y{)= Vi [VEY{] = -26YS,
€ €
and the Christoffel symbols of the Levi-Civita connection of g, are expressed as
3
V% YE = o Yf (A.3)

with {j,k,l} ={2,3,4} fork # j,0;;, =0and 023 = —024 =€ —2/e,03, = 043 =
—034 = —04p = &. In particular, we deduce that

dS’YE=26YE AYE dS'YE = —%Yf AYE dSYE = %Y; AYS and §5YP =0,

(A.4)
for j € {2, 3, 4}. Here §5% is the L2-adjoint of dS’ with respect to the metric g..
The curvature tensor associated to the Levi-Civita connection of g, can be computed
explicitly and is equal to

RS3 (Yja’ Ylf)Ylg — Tjkl Yjs

with 7jx; = 0 for {j, k, I} = {2,3,4}, 1233 = Toas = T322 = Tazz = & and Tasy =
7433 = 4 — 3¢. The sectional curvatures of the planes spanned by pairs of Y;*’s are

K5 (span{YZ, YE}) = K5’ (span{YZ, Y£}) = &2,
3 4
K5’ (span{Y£, YE}) = 4 — 362,

The Ricci tensor of any vector v = Z?:z a;j Y} is given by

4
Ric™ (v.v) = ) go(RS (0. Y)Y v) = 2673 + (4 = 267)(a3 + a).
j=2
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which yields the following lower Ricci curvature bounds

| inf (RicS’ (v, v)) >

|v]|=1

262 ife <1,

4—26% ife>1.
Observe, moreover, that limg_¢ RicS’ (v) = 4(a3 + aj). Since the “scaled” Hopf
fibration S! <> S*® — S? is a Riemannian submersion with totally geodesic fiber S}
(see [4, Proposition 5.2]), any horizontal vector vt e H;, 2, for (z1,22) € S3 is
uniquely mapped to a vector € TS? and so we can say that, as ¢ — 0, the Ricci

curvature of (S3, g;) collapses to the Ricci curvature of C! with the Fubini—Study
metric.

A.3. Eigenvalue decomposition of the ordinary Laplacian on Berger spheres

In this section, we will compute the eigenvalues of the Laplacian on the Berger sphere
S3. We refer to [30, Lemma 4.1] and [21, Proposition 3.9] for similar results.

Since Y5, Y3, Y, form a global divergence-free orthonormal frame by (A.4), the
Laplacian on (S3, g,) is given by

4
AS'f == (¥p)%f forall f € CO(SP).
j=2

Using the fact that S ; < S3 — S? is a Riemannian submersion with totally geodesic
fibers, we can write

AS = AV AP = g 2AY 4 AP = AST 4 (2 - 1)AY,

where AY, A" are the vertical and horizontal Laplacian w.r.t. g and AS? is the Lapla-
cian on S3 with respect to g.
Since {¢,}, is a Hilbert basis for L>(S3, g), the set {¢g, = 81/2¢p }p is a Hilbert

basis for L?(S3, g¢). Moreover, the functions ¢;,’s are eigenfunctions for A§3:
AS3a_kk 2N -2 _1 _ D2bE
e Op =k(k+2)¢, + (¢ p—q+1)7¢,
1
= [kt +2+ (5 -1)ep—02]e5.
€
The eigenvalues of A§3 are therefore all of the form
1
k(k +2) + (—2 — 1)(2p—k)2, keNU{0Y, pelo,... k)
e

One could also read off the spectrum of the vertical Laplacian AV from [30,
Lemma 3.1]. Table 1 lists the eigenvalues for k € {0, 1, 2, 3}.
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k|p AL,
0|0 0
1101|2462
2102 | 4+4s2
201 8
3103|6492
31,2 | 14462
Table 1

Therefore, the first non-zero eigenvalue of A§3 is8ife <1/ «/6 and 2 + 72 if
e > 1/+/6. Moreover, all the eigenvalues of A§3 tend to oo, if kK # 2p, when ¢ tends
to 0 and are equal to k(k + 2) if kK = 2p. Hence, as ¢ — 0, the only eigenvalues not
escaping to infinity are the ones coming from the Laplacian on C! with the Fubini—
Study metric (recall that its spectrum is 4p(p + 1) = k(k + 2) with p € N U {0} and
k =2p).

A.4. The magnetic Laplacian with constant magnetic potential along the fibers
on Berger spheres

As before let (S3, g;) be the Berger sphere and set « := e1Yf = tY», by the iden-
tification through musical isomorphisms. Then |a|? = £2¢2 and §5° & = 0 by (A.4).
Therefore, for the magnetic Laplacian A% on (S3, g¢) we have,

A% f = AS’ £ _2iab(f) + 22 f

Applying this identity to the functions f := ¢¢ = &!/2¢, yields

2295 = (kk +2)+ (5 =1) P~ 07 +20p — b1 + 12)g5.

since
af(gy) = 1Y2(¢p) = it(p —q + Doy, = it(2p —k)g;
by (A.2) and p + g = k + 1. Therefore, the spectrum of AY is given by

k(k +2)+ (i2 - 1)(2p—k)2 +2Q2p—k)t +&%t%, keNU{0}, pe{0,... k).

‘ (A5)
If ¢ — O (that is, if we are shrinking the fibers), the only eigenvalues not escaping to
infinity, are k(k + 2) for even integers k > 0, that is, the eigenvalues of the Laplacian
on C! with Fubini-Study metric. In other words, the magnetic potential disappears
under this process.
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B. Special eigen-1-forms of the (magnetic) Hodge Laplacian on S3

Let a = etY; be a Killing vector field of constant norm, then by Proposition 3.6 we
have that A%(dS°u) = dS° (A%u) and A%(dS v) = d5° (A%v). Now, by (A.5), for
the function u (which corresponds to p = ¢ = k = 1) and the function v (which
correspondsto p = 0, g = 2,k = 1), we compute

1 1
Afw= (24 5 +20+ 2% )u and Ao = (24 — — 2 +%2)v.
& &

Hence, d S%y and d57v are eigenforms of AY corresponding to the eigenvalues (2 +
giz + 2t +¢&%t?) and (2 + 8% — 2t + £2t2) respectively.

To compute AYY7, (A.4) implies that Y7 is coclosed and ds’ Y7 =2eY; NY,.
Thus, by (A.3), we get that A§3 Y; = 482Y28. Also, we have

Alleye — _4%(vE) = —YF.QetYEAYE) =0, and VMYf=o.

Therefore, by (3.10), we get that A%YSf = &2(4 + t?)Y£. In the same way one can
check that

4 . 2
AYYS = (8—2 + tzsz)Y3’3 + 218l(1 —e+ E)Yf,

and that 4 5
AYE = (8—2 +1%62) Y] - 2i8t<1 —e E)Yf.

Hence, for ¢ = 2, we get that Y5 and Y] are eigenvectors associated to the eigenvalue
1+ 412,
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