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Spectral theory of Jacobi operators with increasing coefficients.
The critical case

Dimitri Yafaev

Abstract. Spectral properties of Jacobi operators J are intimately related to an asymptotic
behavior of the corresponding orthogonal polynomials Py (z) as n — oco. We study the case
where the off-diagonal coefficients a, and, eventually, diagonal coefficients b, of J tend to
infinity in such a way that the ratio y;, := 27 b,,(anan—1)~'/? has a finite limit y. In the case
ly| < 1 asymptotic formulas for P, (z) generalize those for the Hermite polynomials and the
corresponding Jacobi operators J have absolutely continuous spectra covering the whole real
line. If |y| > 1, then spectra of the operators J are discrete. Our goal is to investigate the critical
case |y| = 1 that occurs, for example, for the Laguerre polynomials. The formulas obtained
depend crucially on the rate of growth of the coefficients a,, (or b,,) and are qualitatively differ-
ent in the cases where a,, — oo faster or slower than n. For the fast growth of a,,, we also have
to distinguish the cases |y;,| — 1 — 0 and |y, | — 1 4 0. Spectral properties of the correspond-
ing Jacobi operators are quite different in all these cases. Our approach works for an arbitrary
power growth of the Jacobi coefficients.

1. Introduction. Basic definitions

1.1. Jacobi operators

We consider Jacobi operators defined by three-diagonal matrices

b() ao 0 0 0
ao bl aq 0 0
g = 0 aq b2 an 0
0 0 ajn b3 as
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in the canonical basis of the space ¢2(Z, ). Thus, if u = (ug,u1,...)" =: (u,) is a
column, then

(Ju)o = boug + aou; and (Ju)y = an—1up—1 + byun + apuy+1 forn > 1.

It is always supposed that a, > 0, b, = b, so that the matrix ¢ is symmetric and
commutes with the complex conjugation. The minimal Jacobi operator J;, is defined
by the equality Jiyinu = Ju on the set D C €3(Z ) of vectors u = (u,) with only a
finite number of non-zero components u,,. The operator Jy,;, is symmetric in the space
0%2(Z4) and Jyin - D — D. Its adjoint J *

., coincides with the maximal operator Jpax
given by the same formula Jy,,u = u on the set D (Jax) of all vectors u € £2(Z4.)
such that Ju € €2(Z).

The operator Jy;, is bounded if and only if both sequences a, and b, are in
£°(Z+). In general, J,;, may have deficiency indices (0, 0) (that is, it is essentially
self-adjoint) or (1, 1). Its essential self-adjointness depends on a behavior of solutions

to the difference equation
an-1Fn-1(2) + by Fy(z) + anFpi1(2) = zFp(z), n>1. (L.1)

Recall that the Weyl theory developed by him for differential equations can be nat-
urally adapted to equations (1.1) (see, e.g., [1, Section 3 of Chapter 1] and refer-
ences therein). For Im z # 0, equation (1.1) always has a non-trivial solution F;(z) €
0%(Z ). This solution is either unique (up to a constant factor) or all solutions of equa-
tion (1.1) belong to £2(Z ). The first instance is known as the limit point case and the
second one — as the limit circle case. It turns out that the operator Jp;, is essentially
self-adjoint if and only if the limit point case occurs; then the closure clos Jyin of Jiin
equals Jmax. In the limit circle case, the operator Jy,;, has deficiency indices (1, 1).

It is well known that the limit point case occurs if a, — 0o as n — oo but not too
rapidly. For example, the condition

Za;l =00 (L.2)

(introduced by T. Carleman in his book [5]) is sufficient for the essential self-adjoint-
ness of the operator Jp,;,. Under this condition, no assumptions on the diagonal ele-
ments b, are required. In general, the essential self-adjointness of Jy;, is determined
by a competition between sequences a, and b,. For example, if b, are much larger
than a,, then Jy, is close to a diagonal operator so that it is essentially self-adjoint
independently of the growth of a,,.
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1.2. Orthogonal polynomials

Orthogonal polynomials P, (z) can be formally defined as “eigenvectors” of the Jacobi
operators. This means that a column

P(z) = (Po(z), P1(z),...)"

satisfies the equation § P(z) = z P(z) with z € C being an “eigenvalue.” This equation
is equivalent to the recurrence relation

an-1Pp—1(2) + by Py(z) + an Ppy1(z) = zPy(z), neZ4 =1{0,1,2,...}, (1.3)

complemented by boundary conditions P_;(z) = 0, Py(z) = 1. Determining P, (z),
n=1,2,..., successively from (1.3), we see that P,(z) is a polynomial with real
coefficients of degree n: P,(z) = pnz™ + --- where p, = (apay---an—1)~'.

The spectra of all self-adjoint extensions J of the minimal operator Jy,;, are simple
with eg = (1,0,0,...) T being a generating vector. Therefore, it is natural to define the
spectral measure of J by the relation d E y (1) = d (E j(X)eq, eo) where E s (1) is the
spectral family of the operator J and (-, -) is the scalar product in the space £2(Z ).
For all extensions J of the operator Jp,, the polynomials P,(A) are orthogonal and
normalized in the spaces LZ(R;d E y):

oo

[ Pa(A) P E 7 (A) = Suom:

—00

as usual, 8, , = 1 and 8, ,, = 0 for n # m. We always consider normalized poly-
nomials P, (). They are often called orthonormal. If the operator Jy, is essentially
self-adjoint and J = clos Jp,, we write d E (A) instead of d E 5 (4).

It is useful to keep in mind the following elementary observation.

Proposition 1.1. If a sequence F,(z) satisfies equation (1.1), then
Fi@) = (1) Fa(-2)

satisfies the same equation with the Jacobi coefficients (aﬁ, bf,) = (an, —by). In par-

ticular, P,? (z) = (=1)* P, (—2z) are the orthonormal polynomials for the coefficients
(aﬁ, bﬁ) In the limit point case, if J* is the Jacobi operator in the space {*(Z 1)
with matrix elements (a?,, bﬁ) then J% = —U*J U where the unitary operator U. is
defined by (UF), = (—1)" F, for n € Z . The corresponding spectral measures are
linked by the relation d E¥(X) = d E(—A). In particular, if b, = 0 for all n, then the
operators J and —J are unitarily equivalent.

The comprehensive presentation of the results described shortly above can be
found in the books [1,6,22] and the surveys [14,21,23,24].
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1.3. Asymptotic results

We study the case a,, — oo as n — oo and are interested in the asymptotic behavior of
the polynomials P,(z) as n — oo. The condition a,, — oo is fulfilled for the Hermite
polynomials where the Jacobi coefficients are

an =+ +1)/2 and b, =0 (1.4)

and the Laguerre polynomials L,(f’ ) (z) where

an=+(n+1)(n+1+p) and b, =2n+p+1, p>-—1. (1.5)

In the general case there are two essentially different approaches to this problem. The
first one derives asymptotic formulas for P,(z) from the spectral measure d E (1),
and the second proceeds directly from the coefficients a,, b,. The first method goes
back to S. Bernstein (see his pioneering papers [3,4] or G. Szegd’s book [22, Theo-
rem 12.1.4]), who obtained formulas generalizing those for the Jacobi polynomials. In
terms of the coefficients a,, b,, the assumptions of [3,4] correspond to the conditions

ap —> doo >0, b, — 0 asn — oo. (1.6)

Generalizations of the asymptotic formulas for the Hermite polynomials are known
as the Plancherel-Rotach formulas.

A study of an asymptotic behavior of the orthonormal polynomials for given coef-
ficients a,, b, was initiated by P. Nevai in his book [18]. He (see also the papers [15,
25]) investigated the case of stabilizing coefficients satisfying condition (1.6), but, in
contrast to [3, 4], the results of [15, 18,25] were stated directly in terms of the Jacobi
coefficients. The case of the coefficients a, — oo was later studied in [11] by J. Janas
and S. Naboko and in [2] by A. Aptekarev and J. Geronimo. It was assumed in these
papers that there exists a finite limit

bn

— =1y, —> Y, N — 00, (1.7)
2 /an—1a,

where |y| < 1 so that b, are relatively small compared to a,. The Carleman condi-
tion (1.2) was also required. The famous example of this type is given by the Hermite
coefficients (1.4). In the general case the results are qualitatively similar to this par-
ticular case. Asymptotics of P, (1) are oscillating for A € R and P,(z) exponentially
grow as n — oo if Im z # 0. Spectra of the operators J are absolutely continuous and
fill the whole real axis. If (1.7) is satisfied with |y| > 1, then diagonal elements by,
dominate off-diagonal elements a,,. This ensures that the spectra of such operators J
are discrete. Note (see, e.g., [31]) that algebraic structures of asymptotic formulas for
the orthonormal polynomials are quite similar in the cases |y| < 1 and |y| > 1, but in
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the second case P,(z) exponentially grow as n — oo even for z € R (unless z is an

eigenvalue of J).
The case of rapidly increasing coefficients a, when the Carleman condition (1.2)

o0
—1

E a, < oo,

n=0

was investigated in a recent paper [27] where it was also assumed that |y| # 1. Aston-

is violated, so that

ishingly, the asymptotics of the orthogonal polynomials in this a priori highly singular
case is particularly simple and general.

1.4. Critical case

In the critical case |y| = 1, the coefficients a, and b, are of the same order and
asymptotic formulas for P, (z) are determined by details of their behavior as n — oo.
Thus, one has to require assumptions on the coefficients a, and b, more specific
compared to (1.7). To make our presentation as simple as possible, we assume that,
asymptotically,
ap=n’(14+an '+ 0n?%), n— oo, (1.8)

and
by =2yn°(1 4+ Bn~ ' + 0(n~?)), n— oo, (1.9)

for some a, B,y € R and' o > 0. Thus, the operators with periodically modulated
coefficients (see, e.g., [7] and references therein) are out of the scope of this paper.
The critical case is distinguished by the condition |y| = 1. In view of Proposition 1.1,
the results for y = 1 and y = —1 are equivalent. It turns out that the asymptotic
formulas for P, (z) depend crucially on the parameter

T=28—-2a+o0. (1.10)

Roughly speaking, the cases T < 0 (or t > 0) correspond to dominating off-diagonal
an (resp., diagonal b,,) Jacobi coefficients.

All the results of this paper can be extended to a more general situation where
the terms an~! and Bn~! in (1.8), (1.9) are replaced by an™? and Bn~? for some
p € (0,2) and the error term O(n~2) is replaced by O(n™") for r > max{1, p}.

The classical example where the critical case occurs is given by the Laguerre coef-
ficients (1.5). In this case, we have y = 1,0 = landae =1+ p/2, 8 = (1 + p)/2
so that T = 0. The corresponding Jacobi operators J = J P) have absolutely continu-
ous spectra coinciding with [0, c0). Another example is given by the Jacobi operators

The case o > 3/2 was considered earlier in [29]
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describing birth and death processes investigated in [12] and [16]. The recurrence
coefficients of such operators are rather close to (1.5) so that spectral and asymptotic
results for these two classes of operators are similar.

Probably, a study of Jacobi operators in the critical case was initiatiated by J. Dom-
browsi and S. Pedersen in the papers [8,9] where spectral properties of such operators
were investigated under sufficiently general assumptions on the coefficients a,, and b,,.
Asymptotics of the orthogonal polynomials in this situation was studied by J. Janas,
S. Naboko, and E. Sheronova in the pioneering paper [13]. They accepted conditions
(1.8), (1.9) witho € (1/2,2/3), « = B = 0 and studied equation (1.1) for real z = A.
Both oscillating for A > 0 (if y = 1) and exponentially growing (or decaying) for
A < 0 (if y = 1) asymptotics of solutions of equation (1.1) were investigated in [13].
The results of this paper imply that positive spectra of the operators J are absolutely
continuous and negative spectra are discrete. Recently, the results of [13] were gener-
alized and supplemented in [17] by some ideas of [2] — see Remark 7.9 below.

We note also the paper [20] by J. Sahbani where interesting spectral results were
obtained avoiding a study of asymptotics of the orthogonal polynomials. The paper
[20] relies on the Mourre method.

In the non-critical case |y| # 1, asymptotic formulas are qualitatively different for
o < 1 when the Carleman condition is satisfied and for ¢ > 1 when the Carleman
condition fails. In the critical case, the borderline is 0 = 3/2. The case of rapidly
increasing coefficients where o > 3/2 was studied in [29]. For such o, the limit circle
case is realized (if T < 0) and the corresponding Jacobi operators have discrete spectra.

Our goal is to consistently study the regular critical case where |y| = 1 and 0 <
3/2. Then the Jacobi operator Jp, is essentially self-adjoint, even if the Carleman
condition (1.2) fails. Its spectral properties turn out to be qualitatively different in the
cases 0 € (0,1), 0 =1 and o € (1, 3/2]. Moreover, for o € (1, 3/2] the answers
depend crucially on the sign of the parameter t defined by (1.10). In all cases, our
asymptotic formulas are constructed in terms of the sequence

th(z) =—tn" 4+ 2zn7°. (1.11)

Note that the critical situation studied here is morally similar to a threshold behav-
ior of orthogonal polynomials for case (1.6). For such coefficients, the role of (1.7) is
played (see [15, 18,28]) by the relation

. by =2 A
lim =

n—oo  2ay 2000

Since the essential spectrum of the operator J is now [—2dqc, 2d00], the values A =
+2a4 are the threshold values of the spectral parameter A. The parameter —1 /(2do)
plays the role of y so that the cases |y| < 1 (resp., |y| > 1) correspond to A lying inside
the essential spectrum of J (resp., outside of it).
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1.5. Scheme of the approach

We use the traditional approach developed for differential equations
—(a(x) f'(x,2)) +b(x) f(x,2) = zf(x,z), x>0, a(x)>0. (1.12)

To a large extent, x, a(x), and b(x) in (1.12) play the roles of the parameters n, a,,
and b, in the Jacobi equation (1.1). The regular solution ¥ (x, z) of the differential
equation (1.12) is distinguished by the conditions

¥(0,2) =0, v¥'(0,z) = 1.

It plays the role of the polynomial solution P, (z) of equation (1.1) fixed by the con-
ditions P_1(z) =0, Py(z) = 1.

A study of an asymptotics of the regular solution ¥ (x, z) relies on a construction
of special solutions of the differential equation (1.12) distinguished by their asymp-
totics as x — oo. For example, in the case a(x) = 1, b € L' (R ), equation (1.12) has
a solution f(x, z), known as the Jost solution, behaving like ¢!vZ* Im \/z > 0, as
x — o0. Under fairly general assumptions, equation (1.12) has a solution f(x,z) (we
also call it the Jost solution) whose asymptotics is given by the classical Liouville—
Green formula (see Chapter 6 of the book [19])

X

F(x,z) ~8(x,2)71/? exp(i /g(y,z)dy) =: A(x,2) (1.13)

X0

as x — 00. Here x¢ is some fixed number and

g(x,z) = ,/Z;(—I;()x), Im&(x,z) > 0.

Note that the function #A(x, z) (the Ansatz for the Jost solution f(x,z)) satisfies
equation (1.12) with a sufficiently good accuracy.
For real A in the absolutely continuous spectrum of the operator

—j—x(a(x)j—x) + b(x),

the regular solution v (x, A) of (1.12) is a linear combination of the Jost solutions
f(x,A+1i0) and f(x,A —i0) which yields asymptotics of ¥ (x, A1) as x — oco. For
example, in the case a(x) = 1, b € L'(R4) and A > 0, one has

¥ (x,A) = k(A) sin(vVAx + n(A) +o(1), x — oo,

where k(1) and n(A) are known as the scattering (or limit) amplitude and phase,
respectively. If Im z # 0, then one additionally constructs, by an explicit formula, a
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solution g(x, z) of (1.12) exponentially growing as x — oo. This yields asymptotics
of ¥(x,z) forImz # 0.

An analogy between the equations (1.1) and (1.12) is of course very well known.
However it seems to be never consistently exploited before. In particular, the papers
cited above use also specific methods of difference equations. For example, the abso-
lute continuity of the spectrum is often deduced from the subordinacy theory, the
asymptotics of the orthonormal polynomials are calculated by studying infinite prod-
ucts of transfer matrices, etc. Some of these tools are quite ingenious, but, in the
author’s opinion, the standard approach of differential equations works perfectly well
and allows one to study an asymptotic behavior of orthonormal polynomials in a very
direct way. It permits an arbitrary growth of the coefficients a, and b, (all values of
o in formulas (1.8), (1.9)) and naturally leads to a variety of new results, for example,
to a construction of the resolvents of Jacobi operators and to the limiting absorption
principle. For Jacobi operators with increasing coefficients, this approach was already
used in the non-critical case |y| # 1in [31].

We are applying the same scheme to the regular critical case when conditions (1.8)
and (1.9) are satisfied with 0 < 3/2 and |y| = 1 in (1.9). Under these assumptions the
limit point case occurs although for o > 1 the Carleman condition (1.2) is violated.

Let us briefly describe the main steps of our approach. In the non-critical case
ly| # 1, it was presented in [31].

(A) First, we distinguish solutions (the Jost solutions) f,(z) of the difference
equation (1.1) by their asymptotics as n — oo. This requires a construction of an
Ansatz A, (z) for the Jost solutions such that the relative remainder

rn(2) = (v an—lanAn(Z))_l(an—lfAn—l(Z) + (bn — 2)An(2) + aneAn-H(Z))

(1.14)
belongs at least to the space £!(Z ).
(B) We seek #A,(z) in the form
An(z) = (=y)'n P!y = 41, (1.15)

where the power p in the amplitude and the phases ¢, are determined by the coeffi-

cients ay,, by,. Post factum, 4, (z) turns out to be the leading term of the asymptotics
of f,(z)asn — oo:

In(2) = An(2)(1 +0(1)). (1.16)

Actually, the Ansitzen we use are only distantly similar to the Liouville-Green

Ansatz (1.13). On the other hand, for 0 = 1, relation (1.15) is close to formulas of the

Birkhoff-Adams method significantly polished in [26] (see also [10, Theorem 8.36]).

(C) Then we make a multiplicative change of variables

fn(2) = Ay (2)uy(2) (1.17)
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which permits us to reduce the Jacobi equation (1.1) for f,(z) to a Volterra “integral”
equation for the sequence u,(z). This equation depends of course on the parameters
dn, by. In particular, for o > 1, it is qualitatively different in the cases T <0 and t > 0.
However in all cases the Volterra equation for u, (z) is standardly solved by iterations
which allows us to prove that it has a solution such that u,(z) — 1 as n — oco. Then
the Jost solutions f; (z) are defined by formula (1.17).

(D) To find an asymptotics of all solutions of the Jacobi equation (1.1) and, in
particular, of the orthonormal polynomials P,(z), we have to construct a solution
linearly independent with f,(z). If areal z = A belongs to the absolutely continuous
spectrum of the operator J, then the solutions f,(A + i0) and its complex conjugate
fn(A —i0) are linearly independent. For regular points z, a solution g,(z) of (1.1)
linearly independent with f,(z) is constructed (see, e.g., Theorem 2.2 in [31]) by an
explicit formula

gn(2) = fu(2) Y (@met fin-1(2) fu (@)™ 1= no, (1.18)

m=ng

where ng = no(z) is a sufficiently large number. It follows from (1.15), (1.16) that
this solution grows exponentially (for o < 3/2) asn — oo:

gn(2) = ix(2)(=y)" T nPe om0 (1 4 o(1)); (1.19)

the factor x(z) here is given by equality (2.13), but it is inessential in (1.19). Since
gn(2) is linearly independent with f,(z), the polynomials P,(z) are linear combina-
tions of f,(z) and g, (z) which yields asymptotics of P, (z).

(E) Our results on the Jost solutions f,(z) allow us to determine the spectral
structure of the operator J and to construct its resolvent R(z). At the same time, we
obtain the limiting absorption principle for the operator J stating that matrix elements
of its resolvent R(z), that is the scalar products (R(z)u, v), Imz # 0, are continuous
functions of z up to the absolutely continuous spectrum of the operator J if elements
u and v belong to a suitable dense subset of £2(Z ).

All these steps, except possibly the construction of the exponentially growing
solution g, (z), are rather standard. No more specific tools are required in the problem
considered.

Actually, the scheme described above works virtually in all asymptotic problems
in the limit point case, both for difference and differential operators. In the limit circle
case, some modifications are required; see [27,29]. The important differences are

+i¢n where

that, in the limit circle case, one has two natural Ansitzen Ag,i) =n"Pe
¥n = @y, does not depend on the spectral parameter z € C and p > 1/2 so that Af,i) €

2(Z4).
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To emphasize the analogy between differential and difference equations, we often
use the “continuous” terminology (Volterra integral equations, integration by parts,
etc.) for sequences labeled by the discrete variable 7.

Our plan is the following. The main results of the paper are stated in Section 2. In
Section 3, we define the number p and the phases ¢, in formula (1.15) for the Ansatz
A, (z) and check an estimate

ra(z) = 0%, n— oo, (1.20)

with an appropriate § = §(p) > 1 for remainder (1.14). A Volterra integral equation
for u,(z) is introduced and investigated in Section 4. This leads to a construction
of the Jost solutions f;(z) in Section 5. In this section, the proofs of Theorems 2.1,
2.3, and 2.4 are concluded. Asymptotics of the orthonormal polynomials P,(z) are
found in Section 6. The results for regular points z and for z in the absolutely con-
tinuous spectrum of the Jacobi operator J are stated in Theorems 6.6 and 6.11,
respectively. The results on spectral properties of the Jacobi operators are collected
in Theorem 2.11. Its proof is given in Section 7.

2. Main results

Our goal is to study the critical case when assumptions (1.8) and (1.9) are satisfied
with |y| = 1. In proofs, we may suppose that y = 1. The results for y = —1 then
follow from Proposition 1.1.

The results stated below crucially depend on the values of o and 7. In the cases
o € (1,3/2] (o € (0, 1)) the first (resp., the second) term in (1.11) is dominating so
that the asymptotic formulas are qualitatively different in these cases.

2.1. Jost solutions

Our approach relies on a study of solutions f,(z) of the Jacobi equation (1.1) distin-
guished by their behavior for n — oco. Actually, we determine the sequences f,(z) by
their asymptotics

Fn(2) = (=)' P (1 + 0(1)), n — . 2.1

Here

(2.2)

_Jo/2—-1/4 foro =1,
o/4 foro <1
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(observe that p takes the critical value p = 1/2 for the critical value ¢ = 3/2) and
n
on(2) =) Om(2). (2.3)
m=0

The terms 6, (z) will be defined by explicit formulas below in this section. Note that
Im6,(z) > 0. 2.4

By an analogy with differential equations, it is natural to use the term “Jost solutions”
for f,(z). In the situation we consider, formula (2.1) plays the role of the Liouville—
Green formula (1.13). Observe that, for an arbitrary constant C(z), the sequence
C(z) fu(z) can be also taken for the Jost solution. In particular, a finite number of
terms in equality (2.3) is inessential.

We denote IT = C \ R and ITy = C \ R. The sequence #,(z) is given by formula
(1.11) where 7 is number (1.10). The analytic function /7 is defined on ITy and
Im +/t > 0 for ¢ € T1,. Below C, sometimes with indices, and ¢ are different positive
constants whose precise values are of no importance.

We state the results about the Jost solutions f;,(z) separately for the cases o €
(1,3/2],0 € (0,1) and 0 = 1. Let us start with the case o > 1.

Theorem 2.1. Let assumptions (1.8), (1.9) with |y| = 1 and o € (1,3/2] be satisfied.

Setp=0/2—1/4,
On(2) = Vin(2) (2.5)
and let ¢, (z) be sum (2.3).

If © <0, then for every z € clos Il equation (1.1) has a solution f,(z) with asymp-
totics (2.1). For all n € Z 4, the functions f,(z) are analytic in T1 and are continuous
up to the cut along the real axis.

If © > 0, then asymptotic formula (2.1) is true for all z € C. In this case the
Sfunctions f,(z) are analytic in the whole complex plane C.

For all t # 0, formula (2.1) is uniform in z from compact subsets of C.

We emphasize that the asymptotic behavior of the solutions f,(z) as n — oo
is drastically different for small diagonal elements b, when v < 0 and for large b,
when 7 > 0 — cf. formulas (2.17) and (2.18), below. This manifests itself in spectral
properties of the corresponding Jacobi operators J — see Theorem 2.11 (1).

Remark 2.2. Formula (2.1) is true for all ¢ > 3/2, but in this case it can be sim-
plified by setting z = 0 in the right-hand side of (2.1). Thus, the leading term of
the asymptotics of f,(z) does not depend on z € C and the power p > 1/2 so that
fu(2) € £2(Z ). This leads to important spectral consequences: for o > 3/2 the defi-
ciency indices of the minimal Jacobi operator J;, are (1, 1), and the spectra of all its
self-adjoint extensions are discrete. The case 0 > 3/2 was investigated in [29].
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Let us pass to the case 0 < 1. The phases 8,(z) are again defined by formula (2.5)
for o > 2/3, but their construction is more complicated for o < 2/3. Let us set

L
Tu(2) = ta(2) + Y, pity(2) (2.6)
=2
where a sufficiently large L depends on ¢ and the real numbers p; are defined in
Lemma 3.5. In particular, 7,(z) = t,(z) for o > 2/3. Given T, (z), the phases 6,(z)

are defined by the formula
On(z) = VTu(2) 2.7

playing the role of (2.5). It is easy to show (see Remark 3.7, for details) that 7;,(z) €
I1y; thus, 6,(z) are correctly defined.

Theorem 2.3. Let assumptions (1.8), (1.9) with |y| = 1 and o € (0, 1) be satisfied.
Set p = 0/4 and define the functions 0y,(z) by formulas (2.6), (2.7). Let ¢, (z) be sum
(2.3). Then for every z # 0 such that z € y clos [y, equation (1.1) has a solution f,(z)
with asymptotics (2.1). For all n € 74, the functions f,(z) are analytic in z € yIly
and are continuous up to the cut along the half-axis yR ., with a possible exception
of the boundary point z = 0.

In the intermediary case 0 = 1, the definition of the phases 6,(z) is particularly
explicit and the construction of the Jost solutions is simpler than for o # 1.

Theorem 2.4. Let assumptions (1.8), (1.9) with |y| = 1 and 0 = 1 be satisfied. Set
o = 1/4, define the functions 6, (z) by the formula

0,(z) = /=T + yzn~V2,

and let ¢, (z) be sum (2.3). Then for every z such that z € y(t + clos Ily), z #
yt, equation (1.1) has a solution f,(z) with asymptotics (2.1). For all n € Z, the
functions f,(z) are analytic in z € y(t + Ily) and are continuous up to the cut along
the half-axis y(t + Ry), with a possible exception of the boundary point yt.

We emphasize that in the case 0 < 1 the condition 7 5 0 is not required.
It is convenient to introduce a notation

R ifoe(1,3/2], r <0,
] ifo e (1,3/2], T > 0,
S = ifoe(.3/2). 2.8)
y(0.00) ifo € (0.1),
y(r,00) ifo =1.
We will see in Section 2.4 that the spectrum of the operator J is absolutely continuous
on the closed interval clos §, and it may be only discrete on R \ clos §. Note that
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Theorems 2.1, 2.3 and 2.4 give asymptotic formulas for the Jost solutions f;(z) for
all z in the complex plane with the cut along §, except the thresholds in the absolutely
continuous spectrum (z = 0if o € (0,1) and z = yr if 0 = 1). For A € §, equation
(1.1) has two linearly independent solutions f, (A + i0) and its complex conjugate

Jn(A —i0) = fu(A +i0).

Under the assumptions of any of these theorems the solution f,(z) of equation
(1.1) is determined essentially uniquely by its asymptotics (2.1). This is discussed in
Section 5.5 (see Propositions 5.9, 5.11, and Remark 5.10).

Note that the values of u,,—; and u,, for some m € Z determine the whole
sequence u, satisfying the difference equation (1.1). Therefore, it suffices to con-
struct sequences fy(z) for sufficiently large n only. Then they are extended to all n as
solutions of equation (1.1).

We also mention that fnﬂ(z) = (—=1)" fu(—z) is the Jost solution for the Jacobi
equation (1.1) with the coefficients (aﬁ, bg) = (an, —by).

2.2. Asymptotics at infinity

Here we find explicit asymptotic formulas for the phases 6, (z) and then for their sums
¢n(z) as n — oo. These formulas depend crucially on the values of the parameters o
and 7.

Suppose first that 0 € (1,3/2] and that z € clos I for t < 0 and z € C for 7 > 0.
Then the term —7n~! is dominating in (1.11) so that according to definition (2.5)

On(2) =02 /[t 5 210 = + /[efn V2 + —Z_pV2=0 L 0(n3/2729) (2.9
2/t

for+Imz > 0if r < 0and

0,(z) = in" V2Nt —znl=0 =i JTn V% = i#nl/z_" + 03?729 (2.10)
forallz e Ciftr > 0.

In the case 0 < 1, the term zn ™ is dominating in (1.11). Moreover, for o < 2/3,
the phases 6, (z) are given by formula (2.7) more general than (2.5). The last circum-
stance is however inessential because the terms t,ll with [ > 1 in (2.6) are negligible
compared to ?,. This yields an asymptotics

0,(z) = Vzn"?(1 + O(n™°)), €>0. 2.11)

In particular, these results imply the following assertion.



D. Yafaev 1406

Proposition 2.5. Set

1/2 ifo > 1,
V= (2.12)
o/2 ifo <1,
and
+/7] ifo>1,7<0, £Imz >0,
I/T ifo>1,7>0,zeC,
%(z) = . (2.13)
Jz ifo <1,z eclosIy, z#0,
Jz—1 ifo=1,z€t+closIly, z # 1.
Then

0,(z) = x(2)n™ " (1 + 0(1)). (2.14)

To pass to asymptotics of sums (2.3), we use the Euler—Maclaurin formula

d T F)+ F() [ 1
Y;F(m) —I/F(x)dx+f+/F(x)(x—[x]—§)dx, (2.15)

1

where [x] is the integer part of x. This formula is true for arbitrary functions F € C!.
Formula (2.15) allows one to deduce an asymptotics as n — oo of sum (2.3) from
that of the phases 6,,. For example, for o = 1, we apply (2.15) to F(x) = x~'/2 which

yields
on(2) =2v=1+ 212+ C +0(1) (2.16)

with some constant C. The remainder C + o(1) here can be neglected in asymptotics
(2.1) because the Jost solutions are defined up to a constant factor.

Next, we consider the case o € (1,3/2). If T < 0, it follows from (2.9) and the
Euler-Maclaurin formula (2.15) that

on(z) = 224/|t|n = n327% 4 0(n*?7%%) for £Imz >0. (2.17)

z
VTl —20)

So, up to error terms, the functions ¢’??(?) where z = A + i ¢ contain oscillating
id _
exp<:|:2i |tln £ ———n3/2 ")

VI3 —20)

and exponentially decaying’

eXP( el 3/2_0)

TG —20)"

2We say that a sequence Xx;, tends to zero exponentially if x, = O(e™"") for some a > 0.
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factors. Note that the strongly oscillating factor exp(42i 4/|7|n) in the asymptotics of
fn(z) as n — oo does not depend on z. In the case 7 > 0, we have

| Z

_ mn3/2—0 + O(n5/2—20') ifo e (1,3/2) (218)

on(z) =2ivTn

Thus, the Jost solutions f,(z) contain an exponentially decaying factor e™2VT for
allz € C.

Formulas (2.17) and (2.18) remain true also for o = 3/2 if (3 — 20)™'n3/?7 is
replaced by In n. For example, for t < 0, we have

Viel

In the case o < 1, asymptotics of the phases is given by relation (2.11). Therefore,
using formula (2.15), we find that

on(z) = £2¢/|t|n £

Inn 4+ C +o0(1) for £Imz > 0. (2.19)

on(2) =222 = 0) 172 4 0(n°’?). (2.20)

So, e!%7(?) exponentially decays if z ¢ [0, 0o) and oscillates if z = A & i0 for A > 0.
In the case 0 = 1, relation (2.20) is true if /Z is replaced by /—1 + z.

Note that explicit formulas for 8, (z) allow one to find all power terms of asymp-
totic expansion of 6,(z) as n — oo. In view of formula (2.15) this yields all growing
terms of the phases ¢, (z) as n — oo.

It follows from asymptotic formula (2.1) for the Jost solutions f,(z) and the
results about the phases ¢, (z) stated above that for all o € (0,3/2) (for 0 > 1 it
is also required that T # 0) and Im z # 0, f,(z) tend to zero exponentially as n — oo.
In the critical case 0 = 3/2, the same is true if T > 0. If 0 = 3/2 and t < 0, then
relations (2.1), (2.19) show that

Fa(h +ie) = (—y)leT2iVItlnyFivhi,=1/2=e1(1 4 5(1)) for +ye >0, (2.21)
where A1 = A/ /|t|, 1 = |e|/V]|T]-
In particular, we have the following.

Proposition 2.6. Under the assumptions of any of Theorems 2.1, 2.3, or 2.4 the inclu-
sion

fu(2) € ?(Z4), z dclosS, (2.22)
holds. In particular, (2.22) is true for Imz # 0.

Let us compare relation (2.21) with asymptotic formula (2.6) in [29] for the singu-
lar case 0 > 3/2, v < 0. The formula in [29] is true for all z € C, the oscillating factor
et2iVIn s the same as in (2.21), but the power of n is 1/4 — ¢/2. This coincides
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with expression (2.2), but 1/4 —0/2 < —1/2 for ¢ > 3/2. In this case all solutions
of equation (1.1) are in £2(Z) so that the deficiency indices of the operator Jpi,
are (1, 1).

Finally, we note that, on the absolutely continuous spectrum, formula (2.1) is
consistent with a universal relation found in [30]. Indeed, let the assumptions of The-
orems 2.1, 2.3, or 2.4 be satisfied. Using asymptotic formulas (2.16), (2.17) or (2.20)
and calculating derivatives of the phases ¢, (A £ i0) in A we see that, with some
constant factor ¢4 (1),

don(r £i0)/dA = cx(MnS(1 + o(1)) (2.23)

where¢c =3/2—o foro €[1,3/2)and¢ =1 —0¢/2foro < 1;if 0 = 3/2, then ns
in (2.23) should be replaced by In#n. In view of definition (2.2), in all cases the powers
of n in the amplitude and phase in formula (2.1) are linked by the equality

2p4c=1. (2.24)

This is one of the relations found in [30]; in the case 0 = 3/2, this relation reduces to
the equality p = 1/2.

For a comparison, we mention that, in the non-critical case |y| < 1, we have p =
o/2and ¢ = 1 — o (see [31]) which is again consistent with equality (2.24).

2.3. Exponentially growing solutions

For regular points z € C, the solution g,(z) of equation (1.1) linearly independent
with f,(z) is constructed by formula (1.18). Using the asymptotic formulas of Sec-
tion 2.1 for the Jost solutions, we find a behavior of g,(z) as n — oo.

Theorem 2.7. Let one of the following three assumptions be satisfied.

(1) The conditions of Theorem 2.1 where either 1 < 0, 0 < 3/2 andImz # 0 or
© > 0and z € C is arbitrary.

(2) The conditions of Theorem 2.3 where either y = 1 and z & [0,00) or y = —1
and z & (—o00,0].
(3) the conditions of Theorem 2.4 where either y = 1 and z & [t,00) or y = —1
and z & (—o0, —1]
Then the asymptotics of the solution g, (z) of equation (1.1) is given by formula (1.19).
In particular,

gn(z) ¢ 02(Zy) if zdclosS. (2.25)

We emphasize that the definitions of the numbers p and of the sequences ¢, (2)
are different under assumptions (1), (2), and (3), but asymptotic formula (1.19) is true
in all these cases.
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In the critical case 0 = 3/2 (and 7 < 0) the solution g,(z) of equation (1.1)
behaves as a power of n as n — oo.

Proposition 2.8. Ifo = 3/2, t < 0and £ye > 0, then
gn(A +ie) = (—y)leT2VItnpEivhi,—1/2%e1 (1 4 (1)) (2.26)
where A1 = A/+/|t|, &1 = |e|/+/|t|- In particular, relation (2.25) is preserved.

Theorem 2.7 and Proposition 2.8 will be proven in Section 6.1.

All solutions of equation (1.1) and, in particular, the orthonormal polynomials
P, (2), are linear combinations of the solutions f,(z) and g,(z) for z & clos § or of
the solutions f,(A +i0) and f,(A —i0) for z = A € §. Therefore, the results stated
above yield an asymptotics of P, (z) as n — oo. This is discussed in Section 6 — see
Theorem 6.6 and 6.11.

2.4. Spectral results

First, we discuss the essential self-adjointness of the minimal operator Jy,;,. Accord-
ing to the limit point/circle theory this is equivalent to the existence of solutions of
equation (1.1) where Im z # 0 not belonging to ¢?(Z.). Therefore, the following
result is a direct consequence of Theorem 2.7 and Proposition 2.8.

Proposition 2.9. Let assumptions (1.8), (1.9) with |y| = 1 and some o € (0,3/2] be
satisfied; for o > 1 we additionally suppose that © # 0. Then the minimal operator
Jmin IS5 essentially self-adjoint.

Of course, for 0 < 1 one can refer to the Carleman condition (1.2), but for o > 1
the series in (1.2) is convergent.

The case o > 3/2 was investigated in [29, Theorem 2.3]. According to [29, The-
orem 2.32°], for 7 > 0, the operator J,;, remains essentially self-adjoint. The results
for the case t < 0 are more interesting. Combining Proposition 2.9 with [29, Theo-
rem 2.3 1°], we can state the following result.

Proposition 2.10. Suppose that assumptions (1.8), (1.9) with |y| =1, T < 0 and some
o > 0 are satisfied. Then the minimal operator Jn, is essentially self-adjoint if and
onlyifo <3/2.

Note that Proposition 2.10 does not contradict Theorem 2.1 of [9] because the
assumptions of [9] correspond to the case T = 0.

Below we always suppose that 0 < 3/2 and denote by J = clos Jy,;, the closure
of the essentially self-adjoint operator Jy;y.

Spectral properties of Jacobi operators are determined by a behavior of solutions
of equation (1.1) for real z = A. In particular, oscillating solutions correspond to the
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absolutely continuous spectrum. On the contrary, for regular A or eigenvalues of J,
one solution of (1.1) exponentially decays and another one exponentially grows. On
the heuristic level, the results of Section 2.1 imply that the absolutely continuous spec-
trum of a Jacobi operator J consists of A where —tn~! 4+ yAn~? > 0 (for large n). On
the contrary, the points A where —tn~! + yAn~% < 0 (again, for large n) are regular
or, eventually, are eigenvalues of J. This intuitive picture turns out to be correct.

Theorem 2.11. Suppose that assumptions (1.8), (1.9) with |y| = 1 are satisfied.

(1) Let o € (1,3/2]. If t < 0, then the spectrum of the operator J is absolutely
continuous and covers the whole real line. If T > 0, then the spectrum of the
operator J is discrete.

(2) Leto € (0,1). If y = 1, then the absolutely continuous spectrum of the oper-
ator J coincides with the half-axis [0, 00) and its negative spectrum of J is
discrete. If y = —1, then the absolutely continuous spectrum of the operator
J coincides with the half-axis (—oo, 0] and its positive spectrum is discrete.

(3) Let o = 1. If y = 1, then the absolutely continuous spectrum of the operator
J coincides with the half-axis [t, 00) and its spectrum below the point T is
discrete. If y = —1, then the absolutely continuous spectrum of the operator
J coincides with the half-axis (—oo, —t] and its spectrum above the point —t
is discrete.

Parts (2) and (3) of Theorem 2.11 can be considered as generalizations of the
classical results about the Jacobi operators with the Laguerre coefficients (1.5). We
emphasize that, in the case (1), the are no conditions on the parameter 7. The results
of part (1) seem to be of a new nature.

The results stated above apply to Jacobi operators with the coefficients a,, b,
growing as n° where o is an arbitrary number in the interval (0, 3/2]. Together with
the results of [29] where the case o0 > 3/2 was considered, they cover an arbitrary
power growth of the Jacobi coefficients.

Thus, our results show that, in the critical case |y| = 1, there are two “phase
transitions”: for ¢ = 1 and for 0 = 3/2. Indeed, the absolutely continuous spectrum
of the Jacobi operator J coincides with a half-axis for 0 < 1. In the case o € (1,3/2],
the spectrum of J is either absolutely continuous and covers the whole real-axis for
7 < O oritis discrete for T > 0. If ¢ > 3/2, then the minimal Jacobi operator Jp,;, has
deficiency indices (1, 1) and the spectra of all its self-adjoint extensions are discrete.

Our spectral results can be summarized in the following table where X ,. and X ¢
are the absolutely continuous and essential spectra of the operator J . For definiteness,
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we choose y = 1:

o€ (0,1 = Yo = Xes = [0’ 00),
o=1 = X = Xegs = [1,00),
o0€[l,3/2], t < 0= X, =R,
0€[l,3/2], 1 >0= X =0,
o>3/2 = Xes = 0.

3. Ansatz

As usual, we suppose that the recurrence coefficients a,, b, obey conditions (1.8),
(1.9) with |y| = 1. We define the Ansatz #, = 4,(z) by formula (1.15) where the
power p and the phases ¢, = ¢, (yz) will be found in this section.

3.1. Construction

Our goal here is to determine p and ¢, in such a way that remainder (1.14) satisfies
condition (1.20) for

§=1/24+0 ifo>1 andsome’ §>1+4+0/2 ifo <. (3.1

If 0 = 1, then § = 2, so that the estimate of the remainder is more precise in this
particular case. We emphasize that estimate (1.20) with § > 1 used in the non-critical
case |y| # 1in [31] is not sufficient now.
Put A
By = 2L 3.2
n A, (3.2)

Then expression (1.14) for the remainder can be rewritten as

An—1 a z
r,(z) = \ Z 1°(8n_11+,/a nléBn +2Vn—ﬁ- (3.3)
n n— n— n

Assumption (1.8) on a, implies that

I )PP (1 O = 1+ # LomY (G4

dp—1

and
(anan—l)_l/2 = n_a(l + O(n_l))-

3The precise value of § = §(o') for o € (2/3,1) is indicated in Propositions 3.4. For o <2/3,
it can be deduced from the proof of Proposition 3.6, but we do not need it.
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Using also assumption (1.9) on b,,, we see that sequence (1.7) satisfies a relation
Yo=14/2n7 ' +0n3), (3.5)

where 7 is defined by equality (1.10).
We seek #,, in form (1.15) where the phases ¢, are defined as sums (2.3). The
power p and the differences
On = Q1 — ¢n
will be determined by condition (1.20). The sequences 6,, constructed below tend to
zero as n — oo and satisfy condition (2.4). It follows from (1.15) and (3.2) that

Bn=—(n+ 1)PnPe% = —(1— pn~™' + 0(n™2))e'%. (3.6)
According to relations (3.4), (3.5), and (3.6) the following intermediary assertion
is a direct consequence of expression (3.3).
Lemma 3.1. Relative remainder (1.14) admits a representation
th=—(1—/2n He 114+ w/2n e’ +24+n ' —zn "+ 0(n™?)
3.7

where
v=0-—2p (3.8)

and § = min{2,1 + o}.

Note that in view of (2.2) expressions (2.12) and (3.8) for v are equivalent.
For all 0 € (2/3, 3/2], the phases 6, are defined by the same formulas (1.11)
and (2.5), that is,

0p =6,(z) =+v—-tn14+zn=°, Iméb,(z) >0, (3.9)

although the estimates of the remainder r, are rather different in the cases o > 1,
o0 =land o < 1. For o < 2/3, expression (3.9) requires some corrections.

3.2. Thecaseo > 1

For such o, we suppose that T # 0. We treat the cases < 0 and t > 0 parallelly
putting ./—7 > 0if t < Oand /—7 =i+/|t|if T > 0.
It follows from definition (3.9) that 6, = O(n~'/2), whence

l'k

3
el = 3" F@,’; +0n™3). (3.10)
k=0 '
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Substituting (3.10) into representation (3.7), we see that

3
r, =Y r?+0m? (3.11)
k=0
where
O =+ @2n ) -0-@/2n Y424+ —zn°
=tnt—zn% =—4,, (3.12)

by definition (1.11), and

rD = i(1 = /2)n ™Y1 —i(1 + (v/2)n"")6,. (3.13)
2r® = (1= (/2™ 02, + (1 + (v/2n™ )62, (3.14)
6r® = —i(1—(v/2n~H0>_, +i(1 + (v/2)n~")62. (3.15)

Since 0,% = t,, it follows from (3.14) that

25 = (1= (/20 Dtgoy + (14 (0/2n" ity
=2t + (1 — (v/2)n Yty —tn). (3.16)

Comparing this equality with (3.12), we find that
rO 4@ =271 — (/2 Y (tyt —ta) = O(n72). (3.17)
The power p in (1.15) is determined by linear term (3.13) which we write as
A = i(6p—1 = 6p) =i (v/2n " (B + On). (3.18)
Let us distinguish the leading term in (3.9) setting

0, = —tn-1+6, (3.19)

where
zn 1/2—oc

0y = vV—tn V4200 —V—tn-1 = = 0(n'/?7).
" V=t +znl=0 + /-1 ( )

Let us substitute (3.19) into (3.18) and observe that

(V=D = V=) = (/2n7 (Y (n = 1)~ + Vi)

=2 =32 4+ 0m™?).

(3.20)
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According to (3.20) we have
6, — 6,y = O(n~"V/2), (3.21)
Thus, it follows from (3.18) that
D =iv=r@ " = 4 o),

The coefficient of n=3/2 here is zero if v = 1/2 which, by (3.8), yields p = /2 — 1/4;
in this case ri” = 0(n=o-1/2).

It remains to consider the term r,$3). In view of (3.15), it equals
6r' =i(03—603 ) +i(/9n71 63 + 63 ). (3.22)
Observe that
02 — 03 | = Oy — On—1) (02 + 0p0n—1 + 62_)). (3.23)

It follows from relations (3.19) and (3.21) that the first factor here is O(n_3/ 2). The
second factor is O(n~') because 6, = O(n~'/2). Therefore, expression (3.23) is
O(n>/?). Obviously, the second term in the right-hand side of (3.22) satisfies the
same estimate.

Let us state the result obtained.

Proposition 3.2. Let the assumptions of Theorem 2.1 be satisfied, and let the phases
0, (z) be given by formula (3.9). Define the Ansatz 4, (z) by formula (1.15) where
o = 0/2 — 1/4. Then remainder (1.14) satisfies estimate (1.20) where § = o + 1/2.

3.3. The intermediary case 0 = 1

The results of this section are a particular case of Proposition 3.2, but the construction
of the phases is now simpler:

th=©C—0n"' and 6,=z— V2, (3.24)

The estimate of the remainder ry, is also simpler and more precise than in the general
case. Indeed, according to (3.24), we now have

Op1 — 0, =27z —n 32 + O(n~57?).

Therefore, it follows from (3.13) where v = 1/2 that r,,(l) = O(n>/?). The same
estimate for r,(l3) is a direct consequence of (3.23). Estimate (3.17) remains of course

true. Thus, using equality (3.11) we can state the limit case of Proposition 3.2.

Proposition 3.3. Let the assumptions of Theorem 2.4 be satisfied, and let the phases
0, (2) be given by formula (3.24). Define the Ansatz A, (z) by formula (1.15) where
o = 1/4. Then remainder (1.14) satisfies estimate (1.20) where § = 2.
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3.4. The caseo € (2/3,1)

We again define the phases 6, by formula (3.9), but now the term zn~? is dominating
so that, instead of (3.19), (3.20), we have a relation

0, = tn =z 2(1 + 0(n°Y)). (3.25)

Therefore, the scheme exposed in Section 3.2 for the case o > 1 requires some mod-
ifications.

It again suffices to keep 4 terms in expansion of ¢’%, but the remainders in for-
mulas (3.10) and (3.11) are now O(n~2%). Estimates of r,Ek) where k = 0,1,2,3
are the same as in Section 3.2 if the roles of the terms —tn~! and zn™? are inter-
changed. Relations (3.12) and (3.16) are preserved, but the remainder O(n~2) in

(3.17) is replaced by O(n~'7). It directly follows from definition (1.11) that
thoi —ty = zon 770(1 4+ O(n~119)). (3.26)
Similarly to (3.21), it follows from (3.25), (3.26) that
Op_1 — 0 =27 zon 72 (1 + O(n~1+9)). (3.27)
Therefore, expression (3.18) equals

rY =i yz(0/2 —v)n™172 4 0(n=2/?), (3.28)

—1—0/2

The coefficient at n is zero if v = o//2 which yields 2p = 0 — v = ¢/2; in this

case r\" = O(n=2%9/2). Putting together equality (3.17) and estimate (3.26) , we see
that ¥ + r{? = O(m=179) which is O(n72°) because o < 1. According to (3.25)
and (3.27), expression (3.23) is estimated by Cn~1739/2 In view of (3.22), the same
bound is true for r,$3).

Thus, we arrive at the following result.

Proposition 3.4. Let the assumptions of Theorem 2.3 be satisfied with o € (2/3, 1),
and let the phases 0,(z) be given by formula (3.9). Define the Ansatz Ay, (z) by for-
mula (1.15) where p = o/4. Then remainder (1.14) satisfies estimate (1.20) with
8 = min{20,2 —0/2} > 1+ 0/2.

We emphasize that for all ¢ € (2/3, 3/2] the phases 8, are given by the same
formula (3.9). However asymptotics of 6, are different for o > 1 and for o < 1 —cf.
(3.19), (3.20) with (3.25).

3.5. The case 0 < 2 /3. Eikonal equation

The leading term of the asymptotics of the phases 6, is again given by formula (3.25),
but, additionally, lower order terms appear. Now, we need to keep more terms in
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expansion (3.10) setting
K ik
D Fe,f + O(n~(K+Da/2y (3.29)
=0
Substituting (3.29) into representation (3.7), we see that

K
=Y rP 4 om KDl (3.30)
k=0

(0)

where rp, ~ are again given by equality (3.12) and

—ikKr® =1 — (v/2)n ek + (=¥ + (v/2)n" )6k
=0F_| + (=DFOF — v/2n7 1O — (~D*65). k=1. (33D

Of course, for k = 1,2, 3, this expression coincides with (3.13), (3.14), (3.15), respec-
tively. It is convenient to choose an even K = 2L with a sufficiently large L. We
suppose that

(L+1/2)0 > 1. (3.32)

Let us distinguish the terms corresponding to Xk = 0 and k¥ = 1 in sum (3.30) and
then split it into the sums over even and odd k:

tp = r©@ 4 r D 4 pler) 4 0dd) 4 o= Lt1/Da)

where 12, " are given by formulas (3.12), (3.18) and

L—-1

(ev) Z r(21) rSLOdd) — Z r,£2l+1)- (333)

=1

To satisfy estimate (1.20) with a suitable §, we now have to take the even terms
21) for all / < L into account. The odd terms r,(,21+1) turn out to be negligible. To
be precise, we define the phases 6, by formula (2.7) where T}, is sum (2.6). The

coefficients p; will be found from the relation
O+ = 0m™'70) (3.34)

generalizing (3.17). To satisfy this relation, we use that the differences between 8,
and 6,_1 in the expression

(D@D =62k, + 67 — (v/2n7 62, - 62D
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(it is a particular case of (3.31)) can be neglected. Thus, we set

Since r,E") = —t,, we find that

L
PO 1 = (=1, + O,) + (1= (/20 ) Y (=D @D 6 - 62)). (3.35)
=1

As we will see the sum here is negligible, and hence we can replace (3.34) by the
(approximate) eikonal equation

Op =ty + O(n~ 7). (3.36)

Our goal is to solve this equation with respect to 9,%. Note that ®, = 93 ifL=1
so that (3.36) again yields expression 93 = t,. The following elementary assertion
shows that equation (3.36) can be efficiently solved for all L > 1. It is convenient to
consider this problem in a somewhat more general setting. Denote by & the set of
all polynomials (of the variable ), and let £, = tET1P thatis, £ C P consists of

polynomials with zero coefficients at powers t* forallk = 0,1,..., L.
Lemma 3.5. Let L > 2 and as,...,ayr be arbitrary given numbers. Then there exists
a polynomial

L
Prt) =) pit!

=2
such that the polynomial

L
QL) = PL(t)+ > ar(PL(t) + ) € Pp. (3.37)
k=2
Proof. For arbitrary p,, ..., pr, the polynomial Qp (¢) defined by (3.37) has degree
L? and it does not contain terms with zero and first powers of £. We have to choose
the numbers p,, ..., pr in such a way that the coefficients of Qy (¢) at ¢! are zeros
forall/ = 2,..., L. This assertion is obvious for L = 2 because

02(t) = Pa(t) + az(P2(t) + 1)* = (p2 + ax)t* + 2a2 pat® + az p3t*,

and, so, 0, (t) € P, if pr = —as.
Let us pass to the general case. Suppose that (3.37) is satisfied. Then there exists
a number ¢y 4+ such that

OL(t) —qr1tt™ € Pry. (3.38)
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We will find a number py 47 such that the polynomial
Prii(t) = PL(t) + preat™! (3.39)

satisfies (3.37) for L + 1, that is,

L+1

Qri1(t) := PLya() + Y ax(Ppya(t) + 0)* € Py (3.40)
k=2

Let us calculate the polynomial Qf 41(¢) neglecting terms in J°f 4 ;. First, we observe
that, forallk = 2,..., L, L + 1, the difference

k
(PLar () +D)F = (PLO) + 1) =) (’;)phlt(L*l’"(PL(t) +05 " € Prr.

n=1

Using also (3.39), we see that, up to terms in &7, 41, polynomial (3.40) equals

L
Qr+1(t) = PL(t) + prat™ + )" ar(PL(t) + 0 + ap41 (PL() + )"
k=2

whence, by assumption (3.37),

Or+1(t) = QL(t) + (pr+1 +ar+)tE™ € Pryy.
It follows from (3.38) that this relation is equivalent to

Or+1(t) — (pr+1 +qr41 +aps )t € P,

Thus, inclusion Qy +1(¢) € P41 istrueif pr 11 = —ap+1 —qr+1. This proves (3.37)
for L + 1. ]

Note particular cases
— — 2
P2 =—az, p3=2a;—as.

Let us come back to relation (3.36). Let us use Lemma 3.5 with the coefficients
a; = 2(=1)*1/@20)), t = t, defined by equality (1.11), and let p; be the coefficients
constructed in this lemma. It follows from equality (3.37) that the phases

L
07 =ta+ Y pith=:T, (3.41)
=2

satisfy, for some coefficients g;, the equation

L (_1)l+1 L?
2y an; 07 —ta= D> qity =00 ). (3.42)
=1 ’ I=L+1
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Since t, = O(n~°), the right-hand side here is O(n~&+1D%) which is O(n~?%) with
8 > 1 + o/2 if condition (3.32) is satisfied.

The definition of the phases by formula (3.41) coincides of course with their defi-
nition by relations (2.6), (2.7). The asymptotics of 6, as n — oo is given by formula

(2.11) generalizing (3.25). Next, we estimate the differences
Tn—l - Tn
Op—1—0p = ——.
n—1 n Qn—l + Qn

According to (2.6) we have

L
Toot = Tn = taey —tn + Y pr(th_y —1})
=2

so that it satisfies the same relation (3.26) as t,:
Tpo1 —Tp =zon '770(1 + O(n~119)).
Combining this relation with (2.11), we see that
Op_1 — Oy =27 Vzon"72(1 + O(n™9)) (3.43)

for some € > 0 (compared with (3.27) only the estimate of the remainder is changed).
It easily follows from (2.11) and (3.43) that

ek_ _ek SCkn—l—ktf/Z (3.44)
n—1 n

forallk =1,2,....

Let us come back to Ansatz (1.15). Similarly to Section 3.4, the power p in (1.15)
is determined by the linear term r( ) given by equality (3.18). It again satisfies relation
(3.28) (with the remainder O(n~219/2) replaced by O(n~?%) for some § > 1 + 0/2).
The coefficient at n~179/2

(1) O(n—S ).

Given inequalities (2.11) and (3.44), we can estimate the remainder r, essentially

similarly to Proposition 3.4. The only differences are that estimates of the remainders

are slightly weaker and that we have to take into account higher powers of 8,. First,

is zero if v = ¢/2 which yields p = o/4; in this case

we consider term (3.35) with even powers of ,. Both the first term —t, + ®, and the

sum on the right are O(n~177) by virtue of relations (3.42) and (3.44), respectively.

The term r,(,"“d) is also negligible. Indeed, according to (3.31) and (3.33) it equals

(odd) _ 1 021 _ g2I+1y _ () yoyn—1 (21 4 p2l+1
rn Z (2l+ 1)| (n—l 9n ) (U/ )n (Qn—l +0n ))

Relations (2.11) and (3.44) allow us to estimate all terms here by n~173%/2,
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Thus, we arrive at the following assertion generalizing Proposition 3.4.

Proposition 3.6. Let the assumptions of Theorem 2.3 be satisfied, and let the phases
0n(z) be given by formulas (2.6), (2.7) with (L + 1/2)o > 1 and the coefficients
P2, ..., pL constructed in Lemma 3.5. Let the Ansatz A, (z) be defined by formula
(1.15) where p = o/4. Then remainder (1.14) satisfies estimate (1.20) with some § >
1+0/2

Remark 3.7. In all estimates, we suppose that z € closI1p, 0 <7 < |z]| < R < 00
for some r and R and n > N = N(r, R). Then it follows from equality (2.6) that
+Im7,(z) > 0 as long as = Im#,(z) > O, that is, &= Im z > 0. Therefore, T,(z) €
clos Iy, and hence condition (2.4) is satisfied.

Note two particular cases. If 0 > 2/3, then we can take L = 1; this is the case
considered in Proposition 3.4. If 0 > 2/5, then L = 2 so that the formula for 6,
contains only one additional (compared with (2.5)) term:

Op = \Jtn +12/6.

We, finally, note that constructions of Ansitzen were important steps also in the
papers [13, 17]. However, the form of the Ansatz +4,,(z) suggested in this section is
different from [13, 17]; in particular, the phases ¢,(z) in (1.15) are simplest in the
case 0 > 2/3 while this case was excluded in [13]. They are also different from [17]
—see Remark 7.9.

4. Difference and Volterra equations

Here we reduce a construction of the Jost solutions f;(z) of the Jacobi equation (1.1)
to a Volterra “integral” equation which is then solved by iterations. In this section, we
do not make any specific assumptions about the recurrence coefficients a,, b, and the
Ansatz A, (z) except of course that 4, (z) # 0; for definiteness, we set A_; = 1.
We present a general scheme of investigation and then, in Section 5, apply it to
Jacobi operators with coefficients a, and b, satisfying conditions (1.8) and (1.9)
with |y| = 1.

4.1. Multiplicative change of variables

For a construction of f,(z), we will reformulate the problem introducing a sequence

Un(2) = Au(2)™! ful2), n €Ly 4.1
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In proofs, we usually omit the dependence on z in notation; for example, we write f;,
Uy, Ty
First, we derive a difference equation for u, (z).

Lemma 4.1. Let the remainder r,(z) be defined by formula (1.14). Set

an Any1(2)
ap—1 An—1(2)

_ anp  HAu(z)
Rn(2) = =,/ - mrn(z)- (4.3)

Then equation (1.1) for a sequence f,(z) is equivalent to the equation

An(2)(n41(2) = un(2)) = Wn(2) —un-1(2)) = Ru(Dun(2). n€Zy, (44

An(z) =

4.2)

and

for sequence (4.1).

Proof. Substituting expression f,, = 4A,u, into (1.1) and using definition (1.14), we
see that

(\/an—laan)n)_l (an—lfn—l + (bn - Z)fn + anfn-‘rl)

apn—1 Hn_1 y n b, — u, + an  Anii y
= - Un—1 — ——Up n+1
an Sy v/ An—1ap an—1 Ay
ap—1 An—1 an An+1
= (Un—1 —un) + (Un+1 —Up) + Truy
an  An an—1 oy
ap—1 Hn—1

((un—l —uUn) + Ap(Unt1 —un) — ERnun)

an  An

where the coefficients A, and R, are defined by equalities (4.2) and (4.3), respec-
tively. Therefore, equations (1.1) and (4.4) are equivalent. ]

Our next goal is to construct a solution of difference equation (4.4) such that
lim u,(z) = 1. 4.5)
n—>o0

To that end, we will reduce equation (4.4) to a Volterra “integral” equation which can
be standardly solved by successive approximations.

4.2. Volterra equation

It is convenient to consider this problem in a more general setting. We now do not
make any specific assumptions about the sequences A, and R, in (4.4) except that
A, # 0. Denote

Xn=AN1Ay--- Ay (4.6)
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and
m—1

Gum=Xm1 Y X', m=n+1. 4.7)
p=n
The sequence u, will be constructed as a solution of a discrete Volterra integral equa-
tion
o
un =14+ Y GpmRmlim. (4.8)
m=n+1

Under natural assumptions, this equation can be standardly solved by successive
approximations. First, we estimate its iterations.

Lemma 4.2. Let us set

hm = sup |Gy mRom| 4.9)
n<m-—1
and suppose that
(hm) € £1(Z ). (4.10)
Put uf,o) = 1and
[e.e]
uFtD =3 "Gy mRnul . k=0, (4.11)
m=n+1
foralln € Z . Then estimates
Hk
u®| < k—"’ forallk € Z4., (4.12)
where
o0
H, = th, (4.13)
p=n+1
are true.

Proof. Suppose that (4.12) is satisfied for some k € Z .. We have to check the same

estimate (with k replaced by k£ + 1 in the right-hand side) for uf,kﬂ). According to

definitions (4.9) and (4.11), it follows from estimate (4.12) that
o0 1 o0
k k k
DL < hul| < o > hmHy. (4.14)
m=n-+1 m=n+1

Since H,,—1 = Hy, + hm, we have an inequality

HEPY 4 (k + Dhyy HE < (Hp + b))+ = HET]

m—1-°
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and hence, forall N € Z 4,
N N
(k+1)> hmHE <> (HEY - HEY) = B — gD < HEF
m=n+1 m=n+1

Substituting this bound into (4.14), we obtain estimate (4.12) for u(k+1) ]

Now, we are in a position to solve equation (4.8) by iterations.

Theorem 4.3. Let assumption (4.10) be satisfied. Then equation (4.8) has a bounded
solution u,. This solution satisfies an estimate

lup — 1| < ef" —1 < CH, (4.15)

where H,, is sum (4.13). In particular, condition (4.5) holds.

Proof. Set
[e.e]
=> uP (4.16)
where u(k) are defined by recurrence relations (4.11). Estimate (4.12) shows that this

series is absolutely convergent. Using the Fubini theorem to interchange the order of
summations in m and k, we see that

3G = 3 3Gy = Sl

m=n+1 k=0 m=n+1
=—1+Zu,(,k) = —1+up.
k=0

This is equation (4.8) for sequence (4.16). Estimate (4.15) also follows from (4.12)
and (4.16). [ ]

Remark 4.4. A bounded solution u, of (4.8) is of course unique. Indeed, suppose
that (v,) € £>°(Z+) satisfies homogeneous equation (4.8), that is,

o0
v, = E GnmRmVm.

m=n+1

Then, by assumption (4.10), we have

o0
ln| < th|vm|-

m=n+1
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Iterating this estimate, we find that

1
|v,| < —H,]f max {|v,|}, forallk € Z,.
k' nEZ+

Taking the limit &k — oo, we see that v, = 0. Note however that we do not use the
unicity in our construction.

4.3. Back to the difference equation
It turns out that the construction above yields a solution of difference equation (4.4).

Lemma 4.5. Under assumption (4.10) a solution u, of integral equation (4.8) satis-
fies an identity

o)
Up+1 —Up = _Xn_l Z Xm—1Rmum 4.17)
m=n+1

and difference equation (4.4).

Proof. 1t follows from (4.8) that

0o
Up+1 — Up = Z(Gn—l—l,m - Gn,m){Rm“m - Gn,n—i—le{Rn-l-lun—i—l- (4.18)
m=n+2

According to (4.7), we have
Gutim — Gnm = _Xn_IXm—l and Gy 41 =L

Therefore, relation (4.18) can be rewritten as (4.17).
Putting together equality (4.17) with the same equality where n + 1 is replaced
by n, we see that

Ap(Uns1 —up) — (Up — Up—1)
o0 o0
= A X' X1 Rntm + X, D Xon 1 Rnlim.
m=n+1 m=n

Since X,, = A, X,—1, the right-hand side here equals R, u;,, and hence the equation
obtained coincides with (4.4). ]

Corollary 4.6. It follows from (4.17) that

o0

[tn 1 = tun] < max {funl} [ X7 D | Xm Rom 1. (4.19)
n€Z+

m=n
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Lemma 4.5 allows us to reformulate Theorem 4.3 in terms of solutions of equa-
tion (4.4).

Theorem 4.7. Let assumption (4.10) be satisfied. Then difference equation (4.4) has
a solution u, (z) satisfying estimates (4.15) and (4.19). In particular, condition (4.5)
holds.

Let us now discuss the dependence on the spectral parameter z. Suppose that the
coefficients A, (z) and R, (z) in equation (4.8) are functions of z € £ on some open
set 2 C C.

Lemma 4.8. Let the coefficients Ay, (z) and R, (z) be analytic functions of z € Q.
Suppose that assumption (4.10) is satisfied uniformly in z on compact subsets of <.
Then the solutions u, (z) of integral equation (4.8) are also analytic in z € Q. More-
over, if A, (z) and R, (z) are continuous up to the boundary of Q2 and assumption
(4.10) is satisfied uniformly on 2, then the same is true for the functions u,(z).

Proof. Consider series (4.16) for a solution u, (z) of integral equation (4.8). Observe

that if the functions u,, )(z) in (4.11) depend analytically (continuously) on z, then

the function uf, + )(z) is also analytic (continuous). Since series (4.16) converges

uniformly, its sums u,(z) are also analytic (continuous) functions. |

In view of Lemma 4.5 this result applies also to solutions of difference equa-
tion (4.4).

5. Jost solutions

Here we use the results of the previous section to construct the Jost solutions f;,(z)
of the Jacobi equation (1.1) with the coefficients a, and b,, satisfying conditions (1.8)
and (1.9) where |y| = 1. This leads to Theorems 2.1, 2.3 and 2.4.

First, in Sections 5.1 and 5.2, we state some necessary technical results.

5.1. Discrete derivatives
Let us collect standard formulas for “derivatives”
A
Xy = Xn4+1 — Xn
of various sequences xy:

oY == x XX, (5.1a)
(e¥n) =(e*n —1)e™, (5.1b)
(VxXn) =x0(VXn + Xnr1) (5.1¢)
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and
(Xnyn) = Xnt1Yp + XpVn- (5.2)
Note the Abel summation formula (“integration by parts”):
m m
D XY = XmYma1 = Xno1¥n — D Xp_1Vp: (5.3)
p=n p=n

here m > n > 0 are arbitrary (we set x_; = 0 so that x”_ | = Xo).
We mention also an obvious estimate

| fGent1) = f(xn)| = (\I)?Ii)i |/ D1l 54

valid for an arbitrary function f € C!, an arbitrary sequence x, — 0 as n — oo and
sufficiently large n.

Let us now consider equation (1.1). A direct calculation shows that, for two f =
(fn)y=_, and g = (gn)y=_, solutions of this equation, their Wronskian

Wi/ gl = an(fngn+1 — fu+18&n) (5.5)

does not depend on n = —1,0, 1, .... In particular, forn = —1 and n = 0, we have

WI(f gl =a-1(f-180 — fog-1) and W[f g] = ao(fog1 — f180)

(the number a_; # 0 is arbitrary, but the products a_; f—; do not depend on its
choice). Clearly, the Wronskian W|f, g] = 0 if and only if the solutions f and g
are proportional.

5.2. Oscillating sums

Below we need to estimate sums of oscillating or exponentially growing terms. First,
we note an integration-by-parts formula. The following elementary assertion does not
require specific assumptions about amplitudes k, and phases ¢,,.

Lemma 5.1. Set 0, = ¢, — ¢, and
&y =kn(e 0 — 1)L, (5.6)

Then
m m
Z er_i‘ﬂp — ;me_i¢m+1 — ;n—le_i¢" _ Z ;;}_le_i‘Pp (57)
p=n p=n

for all n and m.
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Proof. According to (5.1) the left-hand side of (5.7) can be rewritten as

m .
DAl
p=n
It follows from formula (5.3) that this sum equals the right-hand side of (5.7). [ ]

Corollary 5.2. Suppose that
§, et (Zy) (5.8)
andIm @, > 0. Then

< Ce™M#m+1 (5.9)

m
‘ E kpe '?r

p=n

where the constant C does not depend on n and m.

Remark 5.3. If

0! €t (Z), (5.10)
then condition (5.8) can be replaced by more convenient ones:
!/
“n o cy@,) and ("—”) e (NZ,). (5.11)
0, 0
Proof. 1t follows from (5.2) that
p_(fn) _ Ont1 K_n( 0r )’
En = (0;1) e~inr1 — ] * 0, \e 10 —1/" (5.12)

Note that the function f(8) = 6(e~*® — 1)~! is C! in a neighborhood of the point
6 = 0. Therefore, the sequence f(8,) is bounded as n — oo and f'(0,) € £} (Z)
according to estimate (5.4) and condition (5.10). Thus, conditions (5.11) imply that
both terms in the right-hand side of (5.12) are in £!(Z ). ]

5.3. Estimate of the “integral” kernel

Recall that the sequences 4, = A, (z) and A, = A, (z) are given by relations (1.15)
and (4.2), respectively. Our goal is to estimate the matrix elements Gy ,, defined by
equalities (4.6) and (4.7) and to prove inclusion (4.10). Our estimates apply to all
values of 0.

Putting together formulas (4.2) and (4.6), we see that

Xy = caphpyiy
where the constant ¢ = (g1 +g) . According to definition (1.15) this yields equal-

ity
X' = —ckpyei¥n (5.13)

n
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where
P AU (5.14)

and
@y = On + On+ti1. (5.15)

It follows from condition (1.8) that
kn=n"(1+(p—a)n™"' + 0(n?), (5.16)

where v = 0 — 2p satisfies (2.12).
First, we reformulate Lemma 5.1 and its consequences in a particular form adapted
to our problem.

Lemma 5.4. Let the assumptions of one of Theorems 2.1, 2.3, or 2.4 be satisfied.
Define the sequences k, and @,, by equalities (5.14) and (5.15). Then estimate (5.9)
holds.

Proof. Set
0n = @ui1—Pp = On + Ony1. (5.17)

It follows from relations (3.21) or (3.43) that inclusion (5.10) holds. Therefore, in
view of Remark 5.3, it suffices to check inclusions (5.11). By definition (2.7), we
have

Kno;l = "kn)"Sn)" . Su = VTn+ VTut1, (5.18)

where T}, is defined by equality (2.6) (in particular, T, = ¢, if ¢ > 2/3). Inclusions
(n"ky,) € £°(Z ) and (nVk,) € £'(Z ) are direct consequences of formula (5.16).
It follows from relations (2.9), (2.10), or (2.11) that the product n” S, has a finite non-
zero limit (it is used here that z # 0 under the assumptions of Theorem 2.3 and that
z # yt under the assumptions of Theorem 2.4). The inclusion (n"S,)" € £'(Z4) is
again a consequence of (3.21) or (3.43). Therefore, (5.18) implies inclusions (5.11)
which yields (5.9). [

Now, we are in a position to estimate the matrix elements Gy ;. First, we note that
Cim’e™M9m < |X, | < Com’e™Mm¥m (5.19)
according to definition (5.13) and relation (5.16). Next, we apply inequality (5.9) to
elements (5.13) which yields
m—1
> x| = cetmen, (5.20)
p=n

Combining (5.19) and (5.20), we obtain a convenient estimate on product (4.7).
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Lemma 5.5. Under the assumptions of any of Theorems 2.1, 2.3, or 2.4, we have an
estimate
|Gnm| < Cm” (5.21)

where v is given by (2.12) and the constant C does not depend on n and m.

5.4. Solutions of the integral equation

Next, we consider integral equation (4.8). Observe that remainder (4.3) obeys the
same estimate (1.20) as r,. Thus, according to the results of Section 3 (see Proposi-
tions 3.2, 3.3, 3.4, and 3.6)

|Rm| < Cm™8 (5.22)

where § satisfies conditions (3.1).
Putting together (5.21) and (5.22), we obtain an estimate on sequence (4.9):

hy < Cm¥ 78,

Comparing (2.12) and (3.1), we see that v — § < —1. It follows that sum (4.13) satisfies
an estimate
Hn < Cnv—8+ 1 .

Therefore, condition (4.10) holds, and Theorem 4.7 applies in our case. This yields
estimates (4.15) and (4.19). Moreover, the right-hand side of (4.19) can be estimated
explicitly. Indeed, note that Im ¢, < Im ¢,, for m > n according to (2.4). Thus, it
follows from (5.13) and (5.16) that

X7 X < knk te™@n=0m) < Cn™"m¥, m >n,

so that inequality (4.19) yields an estimate
o0
[Up+1 —un| <Cn™" Z m"~% < cin~8t1,
m=n

We see that, under the assumptions of any of Theorems 2.1, 2.3 or 2.4, condition
(4.10) is satisfied. Hence, the following three results are direct consequences of Theo-
rem 4.7 (see also Lemma 4.8). Recall that the number v is defined by relations (2.12)
and § satisfies conditions (3.1).

Theorem 5.6. Let the assumptions of Theorem 2.1 be satisfied.
If t < 0, then for every z € clos I1 equation (4.8) has a solution u,(z) satisfying
asymptotic relations
Up(z) = 14+ O+ (5.23)
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and
ul (z) = O(n=5+h (5.24)

wherev = 1/2and § > 1/2 + o. Foralln € Z, the functions u,(z) are analytic in
IT and are continuous up to the cut along the real axis.

If T > 0, then relations (5.23) and (5.24) are true for all z € C. In this case the
Sfunctions u, (z) are analytic in the whole complex plane C.

For all t # 0, asymptotic formula (4.5) is uniform in z from compact subsets of C.

Theorem 5.7. Let the assumptions of Theorem 2.3 be satisfied. Then for every z # 0
such that z € y clos Iy, equation (4.8) has a solution u, (z) with asymptotics (5.23),
(5.24) where v =c/2 and § > 1 4+ 0/2. For all n € Z, the functions u,(z) are
analytic in z € yIly and are continuous up to the cut along the half-axis yR 4, with a
possible exception of the point z = 0.

Theorem 5.8. Let the assumptions of Theorem 2.4 be satisfied. Then for every z such
that z € y(t + clos Iy), z # yt, equation (4.8) has a solution u,(z) with asymp-
totics (5.23), (5.24) where v = 1/2 and § = 2. For all n € Z+, the functions u,(z)
are analytic in z € y(t + Ilp) and are continuous up to the cut along the half-axis
y(t + Ry), with a possible exception of the point yt.

5.5. The Jost solutions

Now, it is easy to construct solutions of the Jacobi equation (1.1) with asymptotics
(2.1) as n — 00. We call them the Jost solutions.
According to Lemma 4.1 equation (4.4) for the sequence u, (z) and equation (1.1)
for the sequence
fa(2) = (=p)'n P!y, (2) (5.25)

are equivalent. Therefore, Theorems 2.1, 2.3, and 2.4 are direct consequences of The-
orems 5.6, 5.7, and 5.8, respectively.

Finally, we show that the Jost solutions are determined uniquely by their asymp-
totics (2.1). This is quite simple for regular z. Recall that the set § was defined by
relations (2.8).

Proposition 5.9. Let the assumptions of one of Theorems 2.1, 2.3, or 2.4 be satisfied.
If 0 = 3/2, we also assume that t > 0. Suppose that z & clos 8. Then the solution of
fn(2) of equation (1.1) satisfying condition (2.1) is unique.

Proof. Suppose that solutions f,, and f:, of equation (1.1) are given by equality (5.25)
where u, and i, obey condition (4.5). Then their Wronskian (5.5) equals

WIif. J;] = _Vann_p(n + 1)_pei(pnei(pn+l(unﬁn+l — Upt1lp). (5.26)
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As explained in Section 2.2, under the assumptions of Proposition 5.9 the sequence
¢'%n tends to zero exponentially as 1 — oo whence W [f, /] = 0 and consequently
f; = Cf, for some constant C. It now follows from (5.25) that %, = Cu, where
C = 1by (4.9). [

Remark 5.10. If 0 = 3/2 and 7 < 0, then instead of (4.5) we have to require a
stronger condition
up = 1+ 0~ V?). (5.27)

Note that in view of (2.21) this condition is satisfied for the Jost solution f, (A + i) of
equation (1.1) constructed in Theorem 2.1. Suppose that two solutions f, and f;, are
given by formula (5.25) where u,, and i, satisfy (5.27) whence U, +1 — Up41 Uy =
O(n~"/?). Since p = 1/2 now, it follows from asymptotic formula (2.21) and relation
(5.26) that

WIS, £l = Oann™ "2V ity 1 — Up g 1in)) = O™Vl = o

because ¢ # 0. This implies that f:, = fu.
The results for z in the spectrum of the operator J are slightly weaker.

Proposition 5.11. Let the assumptions of one of Theorems 2.1, 2.3, or 2.4 be satisfied.
Suppose that z = A £ i0 where A € §. Then the solution f,(z) of equation (1.1)
satisfying relation (5.25) with u, obeying conditions (4.5) and (5.24) is unique.

Proof. Suppose that two solutions f, and f:, of equation (1.1) satisfy these condi-
tions. Their Wronskian is given by equality (5.26) where

Unlins1 — Ungriln = Un (g1 — Bin) + (Un — Uns1)iln = O ).
It follows that
WIf fl=0m" ™), v=0-2p. n— oo

Putting together relations (2.12) and (3.1), we see that v — 6 + 1 < 0 for all 0 €
(0, 3/2]. Therefore, W|f, f] = 0 and, consequently, f = f. [

6. Orthogonal polynomials

Here we describe an asymptotic behavior as n — oo of all solutions F, (z) of equation
(1.1). In particular, these results apply to the orthonormal polynomials P,(z). We
have to distinguish values of z = A € § (this set was defined by relations (2.8)) in the
absolutely continuous spectrum of a Jacobi operator and regular points z € C \ clos S.
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6.1. Regular points

Our goal in this section is to prove Theorem 2.7 and Proposition 2.8. Let us proceed
from the following assertion.

Proposition 6.1 ([31, Theorem 2.2]). Let f(z) = (fu(2)) be an arbitrary solution
of the Jacobi equation (1.1) such that f,(z) # 0 for sufficiently large n, say n > ny.
Then sequence g(z) = (gn(z2)) defined by (1.18) also satisfies equation (1.1), and the
Wronskian

Wif(2).g(@)] =1,

so that the solutions f(z) and g(z) are linearly independent.

In this section, we suppose that z € C \ clos § and f,, = f,(z) is the Jost solution
of equation (1.1). Its asymptotics is given by formulas (1.15), (1.16). Our aim is to
find an asymptotic behavior of the solution g, = g,(z) as n — oco. The dependence
on z will be omitted in notation. Let us set

n

S =Y (amrfmrSw) ' = no; (6.1)

m=n

then (1.18) reads as
gn = JnZn. (6.2)

Using equalities (1.15), (1.17) and notation (5.14), (5.15), we can rewrite sum
(6.1) as

n—1
Xy =y Zlcmume_i"’m where W, = (Umlme1) L. (6.3)

m=np—1

In view of identity (5.1), we have
e7iPm = (¢710m _ 1)1 (e7OmY,

with 0, given by (5.17). This allows us to integrate by parts in (6.3). Indeed, using
formula (5.3), we find that

—ySpeifn = [ ;no_zun()_ze_i"’”()—lei"’" + 5,en (6.4)
where ¢, is defined by equality (5.6) and

n—1
Sn=— (Cpym) e om. (6.5)

m=ngp—1

We will see that asymptotics of X, as n — oo is determined by the first term in the
right-hand side of expression (6.4). Let us calculate it. Recall thatu,, — 1 asn — oo
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according to Theorem 4.3. Therefore, putting together asymptotic formulas (2.14) for
0, and (5.16) for k,, we find that

lim {,u, = lim {, =ix (6.6)
n—oo n—oo

with the coefficient » = x(z) given by (2.13).

The second term in the right-hand side of (6.4) tends to zero as n — oo due to the
factor €7, The same is true for the third term. To show this, we need to estimate the
derivatives in (6.5).

Lemma 6.2. Let the sequence §, be defined by equality (5.6). Then
=0~ (6.7)
for some ¢ > 0.
Proof. Let us write §,, as a product
&p = (kcnn”)(n"0,) " (Ou(e™ " —1)7), v =0-2p (6.8)

and estimate all factors separately. It follows from relation (5.16) that the product
Kk ,n" tends to 1 and its derivative is O(n~2) as n — oo. Next, we consider (n”0,)~!.
According to definitions (2.6) and (2.7) we have

n’t, = (ﬂ”«/ﬁ) (6.9)

By definition (1.11), the factor n” /7, has a finite non-zero limit as n — co. More-
over, its derivative is O(n™?) for o > 1 and O(n°~2) foro < 1 (itis zeroif o = 1).
Similarly, the derivative of the second factor in (6.9) is O(n~?) for 0 > 1 and
O(n~'79) for o < 1. These arguments also show that 6] = O(n=3/?) for o > 1
and 0) = O(n —0/2=1) for ¢ < 1. Therefore, the derivative of the third factor in (6.8)
is also O(n~17%), & > 0. This proves estimate (6.7) on product (6.8). ]

To estimate sum (6.5), we use the following elementary assertion of a general
nature.

Lemma 6.3. Suppose that a sequence x,, € L'(Z ) and a sequence ¥, > 0. Set
n
$n =) Om (6.10)
m=0

and assume that
lim ¢, = oo. (6.11)

n—oo
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Then

n
1 _¢n ¢m —
nll)rgoe 2;))6,”6 =0.
m=

Proof. By definition (6.10), we have
n o0
e Y xme? =" Xn(n) (6.12)
m=0 m=0

where

n
Xm(n) = xm exp(— Z 191,) ifm<n
p=m

and X,,(n) = 0 if m > n. Clearly, X,,(n) < x,, because ¥, > 0 and X,,,(n) — 0
as n — oo for fixed m by virtue of condition (6.11). Therefore, by the dominated
convergence theorem, sum (6.12) tends to zero as n — oo. ]

Now, we are in a position to estimate the third term in (6.4).

Lemma 6.4. Sum (6.5) satisfies the condition

lim £,e?" = 0. (6.13)

n—0o0
Proof. Tt follows from estimates (5.24) and (6.7) that
|§ata)'| < 185 10n] + 1§yl | < Cn70H! (6.14)

where the value of § is indicated in Theorems 5.6, 5.7 and 5.8. Therefore, by definition
(6.5) and the differentiation formula (5.1), we have

n—1 n—1
|Zal = €Y m et = C Y ym(®™) . =1mo,,. (6.15)
m=ngp—1 m=ngp—1
where
Ym =m0t — DT 9 = Gt — P (6.16)

Using relation (5.3) and integrating in the right-hand side of (6.15) by parts, we find
that

n—1
[Zal = C (yn-le"’" — Yng—ae®m0=t =" y;n_1e¢'"). (6.17)
m=ng—1
Let us estimate expression (6.16). It follows from relations (2.9), (2.10), and (2.11)

that
¢n = cn (1 +o(1))
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for some ¢ = ¢5,; > 0. Here p = 0/2ifo <1, u =1/2ifo €[1,3/2], t > 0 and
uw=o0-—1/2if o €[1,3/2], T < 0. Therefore, product (6.16) is estimated as

yn| < Cn 0 1FK, (6.18)

Note that —§ + 1 4+ pu < 0 for all values of ¢ and 7. Moreover, estimate (6.18) can be
differentiated which yields

€ 1—¢

lyal < Cn™%, |yl < Cn~
for some & > 0.
Thus, it follows from inequality (6.17) that

n—1
e |5, < C(n—s + Zm—l—se—¢n+¢m)

m=ngo—1
which in view of Lemma 6.3 implies relation (6.13). ]

Let us now recall equality (6.4) and put relations (6.6) and (6.13) together. This
leads to the following result.

Lemma 6.5. Sum (6.1) satisfies the condition

lim Z,e'?" = —iyx. (6.19)

n—>oo
Proof of Theorem 2.7 and Proposition 2.8. Using equality (6.2) we can now conclude
the proofs of Theorem 2.7 and Proposition 2.8. Indeed, combining asymptotics (2.1)
and (6.19), we obtain relation (1.19). This implies both formulas (2.21) and (2.26). =

Recall (see Section 1.1, for more details) that equation (1.1) is in the limit point
case if, for Im z # 0, it has a unique, up to a constant factor, non-trivial solution
fn(2) such that inclusion (2.22) is satisfied. This is equivalent to the essential self-
adjointness of the minimal Jacobi operator Jy;, in the space £%(Z ). In this case we
set clos Jmin = Jmax =: J.

According to Theorem 2.7 for Im z # 0, the sequences g,(z) tend to infinity
exponentially as n — oo and according to Proposition 2.8 they tend to infinity as a
power of n (or to zero but slower than n~1/2).In all cases, relation (2.25) is satisfied.
Therefore, it follows from the limit point/circle theory that under our assumptions the
operators Jp, are essentially self-adjoint. This proves Proposition 2.9.

Now, it is easy find an asymptotics of all solutions F = (F},) of equation (1.1).
Indeed, using Proposition 6.1, we see that

Fnz_W[F’f]gn"’_cfn
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for some constant c. The asymptotics of the solutions g, and f, are given by formulas
(1.19) and (2.1). Obviously, f,, makes no contribution to the asymptotics of F,,. This
leads to the following result.

Theorem 6.6. Let one of the following three assumptions be satisfied:

(1) the conditions of Theorem 2.1 where either T < 0 andImz # 0 or t > 0 and
z € C is arbitrary;

(2) the conditions of Theorem 2.3 where either y > 0 and z & [0,00) or y <0
and z & (—o0, 0],

(3) the conditions of Theorem 2.4 where either y > 0 and z & [t,00) or y <0
and z & (—o0, —1].

Then an arbitrary solution F(z) = (F,(z)) has an asymptotics, as n — oo,
Fu(z) = —iW[F(2), f@)]x(2)(—=y)" T n=Pe 0D (1 4 0(1)), z &clos$,
where the coefficient x(z) is given by formula (2.13).

In particular, Theorem 6.6 applies to the orthonormal polynomials P, (z). Appar-
ently, in the critical case |y| = 1, an asymptotic behavior of the orthonormal poly-
nomials P, (z) for regular points z € C was never investigated before (except of the
Laguerre polynomials). This is technically the most difficult part of this paper.

6.2. Continuous spectrum

First, we check that, on the continuous spectrum of the operator J, the Jost solutions
fo(A +i0)and f,(A —i0) = f,(X + i0) of equation (1.1) are linearly independent.
Recall that the Wronskian of two solutions of this equation is given by formula (5.5),
the number p is defined by equalities (2.2) and the sequences 6, (1), ¢, (1) are con-
structed in Theorems 2.1, 2.3 and 2.4. Observe that boundary values of the coefficient
x(z) defined by formula (2.13) are given by the equalities

VTl ifo>1,t<0, A eR,
x(A+i0) =19 VA ifo <1,1>0, (6.20)
VA—1 ifo=1A>r1,
and x(A —i0) = —x (A +i0).
Lemma 6.7. Let one of the following three assumptions be satisfied:
(1) the conditions of Theorem 2.1 with T < 0 and A € R;

(2) the conditions of Theorem 2.3 with yA > 0;
(3) the conditions of Theorem 2.4 with yA > .
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Then the Wronskian
w(d) = %W[f()t +1i0), f(A—i0)] = yx(y(A +i0)) > 0. (6.21)

Proof. Setgn = @ (y(A +10)), uy = u, (y(A + i0)). It follows from formulas (1.15)
and (1.17) that

2iw(d) = —yayn P (n + 1) 7P e Tt u i, — e e Ot iU, 1 ).
Using condition (1.8), we see that
w(A) = —yn® Im(e O+ 1u,ii, 1) (1 + 0(1)) (6.22)
where 6, = ¢y+1 — @y and v = 0 — 2p. Observe that

Im(e ™ 11yl 11) = Im((Un — Ung1)iint1) — Ong1 ReQuniing1) + OO, ).
(6.23)
According to Theorems 5.6, 5.7, or 5.8 the first term in the right-hand side of (6.23)
is O(n_8+1) where § — 1 > v. It follows from (2.14) that the second term is

—x(y(A +i0))n""(1 + o(1)).

Finally, the contribution of O(62 1) t0 (6.22) is zero. Therefore, equality (6.21) is a
direct consequence of (6.22) and (6.23). ]

Let us introduce the Wronskian of the solutions P(z) = (P,(z)) and f(z) =
(fn(2)) of equation (1.1):

Q(z) := WIP(2), f(2)] = a-1(P-1(2) fo(z) — Po(2) f~1(2))
=—a_f1(z), z¢S8. (6.24)

Lemma 6.8. The function Q2(z) is analytic in C \ clos § and Q(z) = 0 if and only if
z is an eigenvalue of the operator J. In particular, Q(z) # 0 for Imz # 0.

Proof. The analyticity of €(z) is a direct consequence of definition (6.24) because
f—1(2), as well as all functions f,(z), is analytic. If 2(z) = 0, then P(z) and f(z) are
proportional whence P (z) € £2(Z ) by virtue of Proposition 2.6. Since P_;(z) = 0, it
follows that JP(z) = zP(z) so that z is an eigenvalue of the operator J. For Imz # 0,
this is impossible because J is a self-adjoint operator. Conversely, if z is an eigenvalue
of J, then P(z) € £*(Z), and hence f(z) and P(z) are proportional. [
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Now, we are in a position to find an asymptotic behavior of the polynomials P, (1)
for A in the absolutely continuous spectrum (except thresholds) of the Jacobi opera-
tor J. Since the Jost solutions f, (A + i0) are linearly independent and P,(A) =
P, (1), we see that

Py(X) = c(X) fu(A +i0) + c(A) fu(X —i0) (6.25)

for some complex constant c(A). Taking the Wronskian of this equation with f(A +
i0), we can express c¢(A) via Wronskian (6.24):

—c(MW[fA+i0), f(A—i0)] = W[PQA), f(L+i0)] = QA +i0)

whence Q0 + i0)
1
‘M=-Z0mm

In view of formula (6.25), this yields the following result.

Lemma 6.9. Forall A € S, we have the representation
QA —-i0) f(A +i0) — Q2(A +i0) f,(A—i0)
2iw(A) '

P,(A) = neZy. (6.26)
Properties of the Wronskians (A &+ i0) are summarized in the following state-
ment.

Theorem 6.10. Let the assumptions of Lemma 6.7 be satisfied. Then the Wronskians
QA +10) and QA —i0) = Q(A + i0) are continuous functions of A € § and

QA £i0)#£0, AeS. (6.27)

Proof. The functions (A %+ i0) are continuous in the same region as the Jost solu-
tions. If Q(A £i0) = 0, then, according to (6.26), P,(A) =0 foralln € Z . However,
Py(A) = 1forall A. ]

Let us set
k(A) = QM +i0)], QA £i0) = k(1)eT TP, (6.28)

In the theory of short-range perturbations of the Schrodinger operator, the functions
k(A) and (1) are known as the limit amplitude and the limit phase, respectively; the
function 7n(A) is also called the scattering phase or the phase shift. Definition (6.28)
fixes the phase 1(A) only up to a term 2rm where m € Z. We emphasize that the
amplitude k() and the phase 1(A) depend on the values of the coefficients a, and b,
for all n, and hence they are not determined by an asymptotic behavior of a,, b, as
n — oo.

Combined together, relations (2.1) and (6.26) yield asymptotics of the orthonor-
mal polynomials Py, ().



Spectral theory of Jacobi operators with increasing coefficients. The critical case 1439

Theorem 6.11. Let one of the following three assumptions be satisfied:
(1) the conditions of Theorem 2.1 witht < Qand A € R;
(2) the conditions of Theorem 2.3 with yA > 0;
(3) the conditions of Theorem 2.4 with yA > .

Let the number p be defined by equalities (2.2), and let ®, (1) = ¢, (y(A + i0)) where
the sequences @, (A) are constructed in Theorems 2.1, 2.3, and 2.4. Then, for A € §,

Pu(A) = k(w@) ™ (=p)"n P sin(@n(2) —n(A)(1 +o(1)), n — oo, (6.29)

where the Wronskian w(A) is given by equalities (6.20), (6.21) and the amplitude k (1)
and the phase n(1) are defined by relations (6.28).

We emphasize that the definitions of the numbers p and &, (1) are different under
assumptions (1), (2), and (3), but relation (6.29) is true in all these cases. Under the
assumptions of Theorem 6.11 the functions ®, (A1) are real and &, (1) — oo so that
P, (1) are oscillating as n — oo.

A formula completely similar to (6.29) is true for all real solutions of equation
(1.1). Only the coefficients x (A) and n(A) are changed.

7. Spectral results

7.1. Resolvent. Discrete spectrum

If the minimal Jacobi operator Jy;, is essentially self-adjoint in the space £%(Z ),
then, for Im z # 0, equation (1.1) has a unique (up to a constant factor) solution
fu(2) € £2(Z4). Let I be the identity operator in the space £?(Z ), and let R(z) =
(J — zI)~! be the resolvent of the operator J = clos Jp,. Recall that the Wron-
skian Q(z) of the solutions P, (z) and f,(z) of equation (1.1) was defined by formula
(6.24). The following statement is very close to the corresponding result for differen-
tial operators.

Proposition 7.1 ([31, Proposition 2.1]). In the limit point case, for all h = (h,) €
(2(Z4), we have

(RGN = 27 (i) Y P+ Pa(@) Y. fu(hm), Tz £0.
m=0 m=n+1

7.1
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Remark 7.2. Leteg, ey, ...,ey,...be the canonical basis in the space £2(Z ). Then
representation (7.1) can be equivalently rewritten as

(R(z)en.em) = Q(Z)_lpn(z)fm(z) ifn <mand (R(z)en, em) = (R(2)em, en).
(7.2)

According to Theorem 2.7 and Proposition 2.8, under our assumptions the oper-
ator Jpi, is essentially self-adjoint in the space £2(Z). In view of Proposition 2.6,
in this case f,(z) is the Jost solution. Thus, the resolvent of the Jacobi operator J
admits representation (7.1) where f,(z) is the Jost solution.

Spectral results about the Jacobi operators J are direct consequences of represen-
tation (7.1). As far as the discrete spectrum is concerned, we use that according to
Theorems 2.1, 2.3, and 2.4, the functions f,(z),n = —1,0,1,..., and, in particular,
Q(z) are analytic functions of z € C \ clos §. In view of Lemma 6.8 this yields the
part of Theorem 2.11 concerning the discrete spectrum. Let us state it explicitly.

Theorem 7.3. Let assumptions (1.8), (1.9) with |y| = 1 be satisfied.
(1) Ifo € (1,3/2] and t > 0, then the spectrum of the operator J is discrete.

2) If o € (0, 1), then the spectrum of the operator J is discrete on the half-axis
(—00,0) for y = 1, and it is discrete on (0, 00) for y = —1.

) If 0 = 1, then the spectrum of the operator J is discrete on the half-axis
(—o0, ) for y = 1, and it is discrete on (—7,00) for y = —1.

7.2. Limiting absorption principle. Continuous spectrum

Next, we consider the absolutely continuous spectrum. According to Theorems 2.1,
2.3, and 2.4, the functions f,(z), n = —1,0,1, ..., and, in particular, 2(z) are
continuous up to the cut along the interval §. Therefore, the following result is a
direct consequence of relation (6.27) and representation (7.1). Recall that the set
D C £%(Z) consists of finite linear combinations of the basis vectors eg, e1, .. ..

Theorem 7.4. Let the assumptions of Theorems 2.1 for t <0, 2.3, or 2.4 be satisfied.
Then for all u,v € D, the functions (R(z)u, v) are continuous in z up to the cut along
the interval § as z approaches S from upper or lower half-planes.

This result is known as the limiting absorption principle. It implies

Corollary 7.5. The spectrum of the operator J is absolutely continuous on the closed
interval clos S, except, possibly, eigenvalues at its endpoints. In particular, it is abso-
lutely continuous and coincides with the whole real axis R if o € (1,3/2] and T < 0.
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Let us now consider the spectral projector £(A) of the operator J. By the Cauchy-
Stieltjes—Privalov formula for u, v € D, its matrix elements satisfy the identity

Cd(E(A)u,v)
T

Therefore, the following assertion is a direct consequence of Theorem 7.4.

= (R(A +i0u,v) —(R(A —i0u,v), AeSs. (7.3)

Corollary 7.6. Forallu,v € D, the functions (E(A)u, v) are continuously differen-
tiablein A € §.

Formulas (7.2) and (7.3) allow us to calculate the spectral family d £ (1) in terms
of the orthonormal polynomials and the Jost function. Indeed, substituting the expres-
sion

(RO £i0)en, em) = QA £i0) " Py(X) fu(A £i0), n<m,A€S,

into (7.3) and using the identity Q(A —i0) = Q(A + i0), we find that

id(E(A)en,em) QA —i0) frn(A +i0) — QA +i0) frm(A —i0)

2
d d QL £ i0)2

= P,(})

Combining this representation with formula (6.26) for P,, (1), we obtain the following
result.

Theorem 7.7. Let the assumptions of Theorems 2.1 for t < 0, 2.3 or 2.4 be satisfied.
Then for all n,m € Z 4, we have the representation

d(E(A)en, em)
di

where w(A) and Q2(z) are the Wronskians (6.21) and (6.24), respectively. In particu-
lar, the spectral measure of the operator J equals

= Q27) 'w)|QA £i0)[2P,(M)Pr(A), AeS, (14)

dEA) :=d(E(A)eg,eq) = EA)dA, AL eSS,
where the weight £(L) is given by the formula
EA) = o) 'w)|QA £i0)| 2. (7.5)

Remark 7.8. Formulas (7.4), (7.5) are also true (see [31]) in the non-critical case
ly| < 1withw = /1 —y2and § =R as well as (see [28]) for stabilizing coefficients
satisfying (1.6) with w(1) = 27'v1—A2and § = (—1,1) (if aeo = 1/2).

Remark 7.9. For the case o € (0, 1), another representation for the weight & (1) was
obtained in [17] — see formula [17, (4.12)]. It is difficult to compare these two repre-
sentations because the Jost solutions were defined in [17] in terms of infinite products
and formula [17, (4.12)] contains an implicit factor [17, (4.8)].
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Putting together Theorem 6.10 and formula (7.5), we obtain the following.

Theorem 7.10. Under the assumptions of Theorem 7.7 the weight £ (1) is a continu-
ous strictly positive function of A € S.

Note that this result was deduced in [ 1 3] from the subordinacy theory. The assump-
tions of [13] are more restrictive compared to Theorem 7.7; in particular, it was
required in [13] that o € (1/2,2/3).

In view of (7.5) the scattering amplitude k(A) defined by (6.28) can be expressed
via the weight £(4):

k@) = Qo) Pw@) e,
Hence, asymptotic formula (6.29) can be rewritten as
Py(2) = Qrw(MEMR) 2 (=y)" n ™" (sin(@a (1) — (X)) + o(1))

as n — oo. This form seems to be more common for the orthogonal polynomials
literature.

Funding. Supported by project Russian Science Foundation 22-11-00070.
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