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Hochschild homology of reductive p-adic groups
Maarten Solleveld

Abstract. Consider a reductive p-adic group G, its (complex-valued) Hecke algebra # (G ), and the
Harish-Chandra—Schwartz algebra S (G). We compute the Hochschild homology groups of #(G)
and of $(G), and we describe the outcomes in several ways.

Our main tools are algebraic families of smooth G-representations. With those we construct
maps from HH,(#(G)) and HH,(S(G)) to modules of differential n-forms on affine varieties.
For n = 0, this provides a description of the cocentres of these algebras in terms of nice linear
functions on the Grothendieck group of finite length (tempered) G-representations.

It is known from [J. Algebra 606 (2022), 371-470] that every Bernstein ideal #(G)® of #(G)
is closely related to a crossed product algebra of the form O (7T") x W. Here O (T) denotes the regular
functions on the variety 7 of unramified characters of a Levi subgroup L of G, and W is a finite
group acting on 7. We make this relation even stronger by establishing an isomorphism between
HHy(#(G)?) and HH4«(O(T) x W), although we have to say that in some cases it is necessary
to twist C[W] by a 2-cocycle.

Similarly, we prove that the Hochschild homology of the two-sided ideal $(G)® of $(G) is iso-
morphic to HHy(C°(Ty) x W), where Ty, denotes the Lie group of unitary unramified characters
of L. In these pictures of HHy(#(G)) and HH«(S(G)), we also show how the Bernstein centre
of #(G) acts.

Finally, we derive similar expressions for the (periodic) cyclic homology groups of #(G) and
of §(G) and we relate that to topological K-theory.
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1. Introduction

The Hochschild homology of an algebra 4 (by default over C) is a fairly subtle invariant.
For finitely generated commutative algebras, it gives more or less the differential forms
on the underlying affine variety — exactly that when the algebra is smooth, and other-
wise H H,(A) detects some singularities of the variety. For general algebras, Hochschild
homology is related to noncommutative versions of differential forms [18, Chapter 1].

The vector space HHy(A) is particularly interesting, because it equals the cocentre
A/[A, A] and via the trace pairing contains information about the set of irreducible repre-
sentations of A. The higher Hochschild homology groups H H,,(A) also have their uses:
they say something about higher extensions of A-modules (via Hochschild cohomology)
and they interact with further invariants of algebras like (periodic) cyclic homology. When
A is the group algebra of a discrete group I', HH.(A) computes the group cohomology
of the groups Zr(y) with y € T [12].

Categories of representations of reductive p-adic groups. Let G be a reductive group
over a non-Archimedean local field, connected as algebraic group. We aim to determine
the Hochschild homology of G, by which we mean the Hochschild homology of a suitable
group algebra of G. The most natural choice is the Hecke algebra # (G), because the
category Mod(# (G)) of nondegenerate left # (G)-modules is naturally equivalent to the
category Rep(G) of complex smooth G-representations. By definition,

HHy (#(G)) = Tor, (DX (O™ (3(G). #(G)),

so HH,(J#(G)) depends only on the category of J# (G )-bimodules, which is equivalent
to the category of smooth G x G°P-representations.

Alternatively, we have the Harish-Chandra—Schwartz algebra S (G ), whose category of
nondegenerate left modules equals the category Rep’ (G) of tempered G-representations,
according to the conventions from the appendix of [26]. We consider § (G) as a bornolog-
ical algebra and use the complete bornological tensor product ® [19]. In that setting,

HHy ($(6)) = Tory @E5@” (5(G), $(G)),

which depends only on the category of bornological § (G)-bimodules.
On the other hand, the full group C*-algebra C*(G) or its reduced version C*(G)
would not be suitable here, because

HH,(C*(G)) = HH,(C}(G)) =0 forn > 0.

‘We approach our main goal with representation theory. We start with the Bernstein decom-
position
Rep(G) = [] Rep(G)*.
s€B(G)
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which induces decompositions in two-sided ideals

HG) = @ H(G)* and SG)= P S(G). (1.1)

s€B(G) $€B(G)

Hochschild homology decomposes accordingly, so we may focus on the algebras J (G)®
and $(G)®. We will make ample use of the Morita equivalence between #(G)® and
the opposite algebra of Endg (I1s), where I1g is a progenerator of Rep(G)® [25, The-
orem 1.8.2.1]. In [34], we made a detailed analysis of Endg (I1s)°P, which links it to
algebras whose Hochschild homology groups have already been determined.
Let o be a supercuspidal representation of a Levi subgroup L of G, representing
s = [L,o]. Let L' C L the group generated by all compact subgroups of L. Then the
compactly induced representation ind]L“1 (0) is a progenerator of Rep(L)!Z-?1. Let P be
a parabolic subgroup of G with Levi factor L. As shown first in [6, Section II1.4.1], it
follows from Bernstein’s second adjointness theorem that the parabolically induced rep-
resentation
I = I ind}, (0) (1.2)

is a progenerator of Rep(G)®. This progenerator was especially convenient for the com-
putations in [34], and therefore we use it throughout this paper.

To s one can associate a finite group W(L, s) of transformations of the complex torus
of unramified characters X,,;(L), satisfying

Z(Rep(G)®) = Z(Endg(Ms)™) = O (Xn (L))",

There exists a 2-cocycle fjg of W(L, s) such that the twisted group algebra C[W (L, s), 5]
acts “almost” on the objects of Rep(G)® by intertwining operators. Here “almost” means
that these intertwining operators depend rationally on y € X,;(L), and they can have poles.
In this setting, [34, Theorem A] provides an isomorphism of O (X, (L))" L) algebras

W(L,s)

C(Xu(L)) ®0x.(Lyves Endg ()™ = C(Xu(L)) x C[W(L,s),8:]. (1.3)

This isomorphism is canonical on C(X,;(L)) and on a Weyl group contained in W(L,s).
However, for the remaining elements of W(L, ) the images on the left-hand side of (1.3)
are in general only canonical up to scalars.

Although #(G)® and O (X (L)) x C[W(L, ), 5] are usually not Morita equivalent,
it has turned out that these algebras nevertheless share many properties. By (1.1) and
the definition of temperedness for G-representations, the category Rep’ (G)® of tempered
representations in Rep(G)® = Mod(H# (G)?) is Mod(S (G)¥). This subcategory is stable
under tensoring with elements of Xy, (G), the group of unitary unramified characters of G.
Like above, from [33] one can expect strong similarities between § (G)® and C*° (X, (L))
x C[W(L,s),hs].

Let R(A) denote the Grothendieck group of the category of finite length A-represen-
tations. We abbreviate R(G)® = R(#(G)?) and R*(G)® = R(S(G)*).
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Theorem A (See Theorem 3.5). There exists a group isomorphism
¢V R(G)® > R(O(Xyn(L)) x C[W(L,g), ng])
which restricts to a bijection
¢ RY(G)® — R(C°°(Xum(L)) X (C[W(L,g), ug]).

These bijections are compatible with parabolic induction and with twists by unramified
characters. When an isomorphism (1.3) has been fixed, ¥ and ¢} are canonical.

Hochschild homology and twisted extended quotients. In a sense that we will make
precise later, Theorem A induces isomorphisms on Hochschild homology.

Theorem B (See Theorems 3.14 and 4.13). There exist C-linear bijections (canonical
when (1.3) has been fixed)

HH,(¢Y) : HHy(O(Xne(L)) x C[W(L.3),s]) = HHn(H(G)?),

HH,(¢)) : HHy(C®(Xunr(L)) x C[W(L,9).15]) > HH,(S(G)%).
The Hochschild homology of twisted crossed product algebras like

0(an(L)) X (C[W(L, 3), ng] and C°°(Xum(L)) X (C[W(L, s), ng]

was determined in [35, Section 1]. It can be interpreted in terms of the twisted extended
quotient

(Xm(L)//W(L,g))ng = {(x.7y) : x € Xue(L), 7wy € It (C[W(L,3).15])}/ W(L.3).

Loosely speaking, HH, (O (Xy (L)) x C[W(L,s),s]) is the O(Xn (L))" L) -module
of differential n-forms on (Xy:(L)// W(L, %))y, and similarly for

HH, (C®(Xun(L)) x C[W(L,%).15]) and (Xum(L)//W(L,s))ns.

Let Irre,sp(L) be the set of supercuspidal irreducible L-representations (up to isomor-
phism), so that Irr(L)? is one X, (L)-orbit in Irreyep(L). The group W(G, L) = Ng(L)/L
acts naturally on Irr(L). Let W(G, L)s be the stabilizer of Irr(L)® in W(G, L). The cov-
ering map

Xow(L) > Ir(L)® : y >0 ® y

induces a bijection
(an(L)// W(ng))us - (II‘I‘(L)S// W(GvL)g)us~

Combining such maps, we obtain a bijection

|| (Xar(L)// W(L.9)),. = (Iteusp(L)// W(G. L), .

seIrrcusp(L)/Xvnr (L)yxW(G,L)
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where [y, is a shorthand for the data from the various 2-cocycles fs. This twisted extended
quotient (in the more general sense from [2, Section 2.1]) is related to the ideal

&b H(G)® of H(G).

€Irreusp (L) / Xnr (L)@ W(G,L)

Let £ev(G) be a set of representatives for the conjugacy classes of Levi subgroups of G.
Theorem B and the above entail that H H, (¥ (G)) can be regarded as the Z(Rep(G))-
module of algebraic differential n-forms on

L] (Trasp(L)// W(G, L)), .

LeRev(G)

Similarly, we may interpret H H, (S (G)) as the Z(Rep’(G))-module of smooth differen-
tial n-forms on
L] (il (L) /WG, L)), .
LeLev(G)

Notice that these descriptions mainly involve data that are much easier than Rep(G)?;
only the 2-cocycles [l contain information about non-supercuspidal representations. For-
tunately, [l is known to be trivial in many cases, and we expect that it is trivial whenever
G is quasi-split. We find it remarkable that such a simple description of a strong invariant
of very complicated algebras is possible.

Hochschild homology via families of representations. For more precise statements, we
employ algebraic families of G-representations. The families relevant for us come from a
parabolic subgroup P = MU of G and a tempered representation 71 of a Levi factor M
of P. All the representations / g (n ® x) with y € X,:(M) can be realized on the same
vector space Vp 5, and their matrix coefficients depend algebraically on y. The family of
representations

M) ={IF® 1) : x € Xue(M)}
induces an O (X, (L))" &%) _algebra homomorphism
Fuy s H(G)® — O(Xy(M)) ® Endc 1(Vp,y)
felx= I8 nN))]

where the subscript “fr” stands for finite rank. Via Morita equivalences and the Hochschild—
Kostant—Rosenberg theorem, that yields a map

HH,(Fr,p) : HH, (H(G)®) = Q" (Xn(M)).

For y € Xyn: (M), the members of (M, n) are tempered. Then Harish-Chandra’s Plancherel
isomorphism (as in Theorem 2.2) shows that for f € §(G)® the matrix coefficients of
Ig (n ® x)(f) are smooth functions on X,:(M ). We obtain a map

HH,(Fiy,) : HHy(S(G)F) — Q" (Xune(M)),
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where the subscript “sm” means smooth differential forms on a real manifold. With [35,
Section 1.2], this setup can be generalized to algebraic families of virtual representations,
then we may speak of algebraic families in C ®z R(G)® orin C ®z R'(G)*.

For each w € W(L, s) and each connected component X, (L)¥ of X, (L)¥, we will
construct a particular algebraic family

F(w,c) = {vi’x 1 X € Xu(L)?} inC ®z R(G)®.
From fis : W(L,s) x W(L,s) — C*, we get a character I of Zy(z &) (w).
Theorem C (See Theorems 3.13 (b) and 4.10).

(i)  The algebraic families §(w, c) induce a C-linear bijection

HH,(6) ~ (@ @ (X @) 7,

weW(L,s)

(ii)  Their tempered versions &' (w, c) = {v;)’x 2 X € Xune(L)Y?} induce an isomor-
phism of Fréchet spaces
W(L,s)

HH,(SG)) > ( @D (X)) @ 12)
weW(L,s)
The canonicity of Theorem B can be formulated in similar terms. Namely, for each
algebraic family §(M, n) in Rep(G)? there are equalities

HHy(Fy.9) 0 HHy(§Y) = HHy (Fp1.0v (n))-

Hochschild homology groups in degree 0. Theorem C admits a nice alternative descrip-
tion in degree n = 0. Let us say that a linear function on C ®z R(G)® is regular if it
transforms every algebraic family & (M, ) into a regular function on X,,.(M). Similarly,
we call a linear function on C ®z R’ (G)® smooth if it transforms F’ (M, ) into a smooth
function on Xy, (M).

Theorem D (See Propositions 3.9 and 4.11).

(1)  The trace pairing #(G)® x R(G)® — C induces a natural isomorphism of
Z(Rep(G)®)-modules
*

HH,(#(G)*) — (C ®z R(G)®)

reg”

(ii)  The trace pairing $ (G)® x R'(G)® — C induces a natural isomorphism of
Z (Rep' (G)®)-modules
HH,(5(G)*) — (C ®z R/(G)®)..
We note that Theorem D (i) was already shown in [5], with much more elementary
methods. Theorem D (ii) implies that the traces of irreducible tempered representations in
Rep(G)? span a dense subspace of the space of trace functions on § (G)®.
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The action of the Bernstein centre. Theorems B and C do not yet reveal how the Bern-
stein centre
Z(Rep(G)®) = O (Xou(L))V "™

acts on HH,(#(G)?). That action is more tricky than it could seem, because the bijec-
tions in Theorem A do not always match the canonical actions of @ (Xp:(L))"©-*) on
the two sides. We are aided by the finer decomposition of R'(G) and $(G) in “Harish-
Chandra blocks”. Namely, to each square-integrable (modulo centre) representation § of
a Levi subgroup M of G, one canonically associates a direct factor R (G)® of R*(G),
and a two-sided ideal $(G)® of §(G). If the supercuspidal support of § is (L, ), then
R'(G)® C R!(G)® where b = [M, §] and s = [L, o]. The Plancherel isomorphism (see
[37] or Theorem 2.2) entails that

$(G)* = P $©G)° (1.4)
beAG
for a suitable finite set A, of square-integrable (modulo centre) representations of Levi
subgroups of G. This gives rise to a decomposition

HH,(S(G)*) = €D HH.(S(G)®).
DeEAG

For #(G)® no decomposition like (1.4) exists. Nevertheless, something similar can be
achieved with Hochschild homology groups; see below.
Again by Harish-Chandra’s Plancherel isomorphism (Theorem 2.2),
Z(Rep' (G)?) 2= € (Xynr(M)) VM0

for a certain finite group W(M, ) of transformations of X,.(M). Let us represent the
O (Xnr (L)Y L% character of § by )(,gt;', where xs € Xun(L) and t;’ € Hom(L, R~y).
The natural map Z(Rep(G)®) — Z(Rep’ (G)®) makes C (X ynr(M))W M0 into a set of
functions on )(gt;rXum(M) C Xne(L).

Theorem E (See Theorem 4.14 (b), Lemmas 3.10 and 4.8).
(i)  There exists a canonical decomposition

HH,(#(G)*) = @ HHA(#(G)%)",
DEAF

where HH, (#(G)%)? is the inverse image of HH,(S(G)®) under the natural
map HH,(#(G)?) - HH,(S(G)?).

(i)  Suppose that Z(Rep’ (G)®) does not annihilate the contribution (via Theorem C)
of QL (Xune(L)Y) to HH, (S(G)%). Then we can arrange that X (L)Y is
contained in xsXune(M). For y € Xynr(L)?, Z(Rep' (G)®) acts on the fiber
of HH,(S(G)?) over W(L, s)(w, y) via the character W(M, b))(gl)(.

(iii) In the setting of part (ii), for x € Xn(L)Y, Z(Rep(G)®) acts on the fiber of
HH, (#(G)®) over W(L, s)(w, y) via the character W(L, g)t;')(.
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Other homology theories. There are standard techniques to derive the cyclic homology
HC.(A) and the periodic cyclic homology H P (A) from the Hochschild homology of
a C-algebra A [18]. In our cases A = #(G)® and A = §(G)®, we can get them as the
homology of H H.(A) with respect to the usual exterior differential on forms.

Theorem F (See (5.7), (5.8) and Corollary 5.3). Theorem C induces isomorphisms
5 W(L,s)
HP,(J#(G)?) = HP,(S(G)*) = P ( P HP (X)) ® q:) .

meZ weW(L,s)

The periodic cyclic homology of a Fréchet algebra relates to its topological K-theory
via a Chern character. We can pass from § (G)? to its C *-completion via suitable Morita
equivalent Fréchet subalgebras. In this way, we compute the topological K-theory of any
Bernstein block in the reduced C *-algebra of G.

Theorem G (See Theorem 5.2). There is an isomorphism of vector spaces
K*(Cr*(G) ) ®z C = KW(L 3), ug( unr(L)) ®z C.

Here Ky, denotes W -equivariant K-theory, twisted by a 2-cocycle . Theorem G
confirms [2, ConJecture 5], modulo torsion elements in the K-groups.

Relation with previous work and outlook. The Hochschild homology of #(G) has
been determined earlier in [21]. The methods of Nistor are completely different from
ours, he obtains a description of HH,(#(G)) in terms of several algebraic subgroups of
G and of the continuous group cohomology of certain modules. This arises from a gener-
alization of the standard techniques for discrete groups, a filtration of # (G) as bimodule,
and spectral sequences. In [21, Section 6], a “parabolic induction map” HH, (#(G)) —
HH, (#(M)) is constructed for a Levi subgroup M of G. It would be interesting to relate
this to our methods and results; probably that could provide some information about super-
cuspidal representations.

A technique prominent in Nistor’s work is localization of H H«(J(G)) at conjugacy
classes in G. That can be regarded as a higher order version of taking the trace of a repre-
sentation at a conjugacy class. Of particular interest is the localization of HH.(#(G)) at
the set of compact elements of G, for that yields the periodic cyclic homology H P (H#(G))
[16]. While localization at one conjugacy class in G appears to be intractable in our setup,
localization at all compact elements is within reach. Since every compact element lies in
the kernel of every unramified character, such localization removes all differential forms
that are not locally constant on (subvarieties of) X,,;(L). Moreover, in the description from
Theorem C the locally constant differential forms constitute a set of representatives for
HP,(#(G)), that follows from Lemma 5.4 (and with Theorem F it also works for §(G)).
Hence the localization of HH,(H#(G)) at the compact elements of G is given precisely
by the subspace of locally constant differential forms.

At the same time, H P4 (J(G)) is naturally isomorphic to the equivariant homology
of the Bruhat-Tits building of G, which yields yet another, more geometric, picture of
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HH,(#(G)) and HH.(5(G)). It would be nice if the Bernstein decomposition of # (G)
and of §(G) could be expressed in such geometric terms, as suggested in [4].

Structure of the paper. This paper is part of a larger project that includes [17,35]. Ini-
tially, those two and the current text were conceived as one paper. When that grew too
big, two parts were split off and transformed into independent papers. Although neither
[35] nor [17] deals with p-adic groups, both prepare for this paper. Many results in Sec-
tion 3 rely on the study of the Hochschild homology of slightly simpler algebras in [35].
In Section 4, we need several nontrivial results about topological algebras and modules
involving smooth functions. These are formulated and proven in larger generality in [17].

Section 2 is preparatory, its main purpose is to describe precisely what kind of families
of representations we will use. Already there we see that it is convenient to replace # (G)®
by its subalgebra of functions that are bi-invariant under a well-chosen compact open
subgroup K.

We start our investigations of the Hecke algebra in earnest by transforming it into
simpler algebras via Morita equivalences, in Section 3.1. This relies largely on [34], but
we go a little further and establish Theorem A. In Section 3.2, we set up a good array of
algebraic families of G-representations, and we approach H H, (# (G)®) via formal com-
pletions at central characters. That yields a rough description in terms of differential forms
on varieties like X,,:(M), not yet indexed by W(L, ) as desired, but already sufficient for
Theorem D (i). The local results thus obtained are glued together in Section 3.3. When
that is done, Theorems B, C, and E for # (G)® follow quickly.

For the Schwartz algebra § (G), no such simplifying Morita equivalences are available,
but Harish-Chandra’s Plancherel isomorphism from Theorem 2.2 works better than for
H(G). Our main technique to determine H H, (S (G)?) is to derive it from H H,(J# (G)?)
via a comparison of formal completions with respect to central characters. To carry out that
strategy completely, we need to check that the relevant modules are Fréchet spaces, which
is done in Section 4.1. In Section 4.2, we first show Theorem E (ii), so that we can work
with C % (X (M)W M-2)_modules. That plays a role in the proof of Theorem C (ii), from
which Theorem D (ii) follows readily. Then we establish Theorem B (ii) and we compare
HH,(S(G)?) with HH,(#(G)%)?.

Section 5 contains the derivation of the (periodic) cyclic homology of #(G)® and of
S(G)®. We also draw conclusions for the topological K-theory of G. In the final section,
we work out the examples G = SL,(F) and G = GL, (F).

2. Algebraic families of G -representations

Let § be a connected reductive group defined over a non-Archimedean local field F, and
consider the group of rational points G = §(F). Let Rep(G) be the category of smooth
G -representations and let Rep (G) be the subcategory of finite length representations. Let
R(G) be the Grothendieck group of Rep,(G). By imposing temperedness, we obtain the
category Rep;, (G) and the Grothendieck group R’ (G).
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We fix a Haar measure on G and we let # (G ) be the algebra of locally constant com-
pactly supported complex-valued functions on G, endowed with the convolution product.
Recall that the Schwartz algebra $(G) [37, Section II1.6] satisfies Irr(S (G)) = Irr’ (G),
where the latter denotes the space of irreducible tempered G-representations. We fix a
compact open subgroup K of G and we consider the algebras # (G, K) and $(G, K) of
K -bi-invariant functions in, respectively, #(G) and S (G). By definition,

Jf(G):h?n;Je(G, K) and S(G):h_;)nS(G,K),

where the inductive limit runs over the set of all compact subgroups K of G, partially
ordered by reverse inclusion.

Let X,,:(G) be the group of unramified characters of G and let X,,;(G) be the subgroup
of unitary unramified characters. The first is a complex algebraic torus and the second is a
compact real torus of the same dimension.

Let P be a parabolic subgroup of G with a Levi factor M, and let / g :Rep(M) —
Rep(G) be the normalized parabolic induction functor. Let o € Rep} (M) and suppose

that the space / 19 (V5)X, which has finite dimension by the admissibility of 7 g (0), is
nonzero. Since g (V&) can be realized as a space of functions on a good maximal compact
subgroup of G, we may identify the vector spaces

IS(Vo)X and IS(Vy ® p)X for y € Xp(M).

Every f € §(G, K) gives a family of operators / g (c®y)(f)onl g (V,)X, parametrized
by x € Xune(M). It turns out [37, Proposition VII.1.3] that / (0 ® x)( ) depends smoothly
on y. When f € #(G, K), this even works for all y € X;;(M ), and the outcome depends
algebraically on y. More precisely, this enables us to define algebra homomorphisms

Fue s H(G, K) — O(Xu(M)) ® Endc (1§ (Vo)¥),
Fire 1 S(G.K) = C®°(Xun(M)) ® Endc (1§ (Vo)¥) @2.1)
S [xe 18 @ nn)].
Recall the natural pairing
HHo(#(G. K)) x Reps(G) — C
(h,70) = tr (n(h), Vz) = tr (m(h), V.K).
This and its analogue for § (G, K) induce bilinear maps

HHy (¥ (G, K)) x C ®z R(G) — C,

22
HHo(S(G, K)) x C ®z R'(G) — C. @2

We say that a linear function f on C ®z R(G) is regular if

Xoe(M) — C : x> f(If (0 ® x)) is a regular function,
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for all (M, o) as above. Similarly, we call f/ € (C ®z R'(G))* smooth if
Xue(M) > C: x> f(Ig (o ® )()) is a smooth function,
for all (M, o) as above. We write

{f €(C®z R(G))": fis regular},
{f € (C®z R'(G))": f is smooth}.

(C®z R(G))jeg
(C®z R'(G)).,

With these notations, (2.1) and (2.2) induce maps

*

HHo(#(G. K)) — (C ®z R(G)),. 23
HHo(5(G, K)) — (C ®z R'(G))~. '
It is easy to see that the former is a homomorphism of Z(H# (G, K))-modules and that the

latter is a homomorphism of Z (S (G, K))-modules.
The normalized parabolic induction functor / 19 induces a Z-linear map

IS : R(M) = R(G).

It may be denoted this way, because given a Levi subgroup M of G it does not depend on
the choice of the parabolic subgroup P with Levi factor M. We define

R(G)=R(G)NQ®z Y I(RM)),
MSG

where the sum runs over all proper Levi subgroups M of G. We say that a finite dimen-
sional G-representation is elliptic if it admits a central character and does not belong to
R;(G). By [5, Proposition 3.1], every Bernstein component of Irr(G) contains only a finite
number of X, (G)-orbits of irreducible elliptic representations. It follows from the Lang-
lands classification that every such X,,;(G)-orbit contains a tempered G -representation.

Definition 2.1. Let € Irr(M) be elliptic and tempered. Then

FM.)={IF® 1) : x € Xnue(M)}

is an algebraic family of G-representations. Its dimension is dimc (Xy:(M)), that is, the
dimension of the maximal split torus in Z(M). The subset

FMn)={IF® 1) : x € Xenr(M)}

is a tempered algebraic family of G-representations, also of dimension dimg (X (M)) =
dimc (Xn(M)).

We fix a minimal parabolic subgroup Py of G and a maximal split torus Sy of Py. A
parabolic (resp., Levi) subgroup of G is standard if it contains Py (resp., So). In the above
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definition, it suffices to consider standard parabolic and standard Levi subgroups of G,
because every pair (P, M) is G-conjugate to such a standard pair.

Consider a Bernstein block Rep(G)® of Rep(G), determined by a tempered super-
cuspidal representation of a standard Levi subgroup L of G. Let R(G)?® be the Grothen-
dieck group of Rep,(G)®. Similarly, we define R'(G)* as the Grothendieck group of
the category Rep} (G)* of tempered modules in Reps(G)®. If we restrict to standard
parabolic/Levi subgroups of G (as we will often do tacitly), Rep(G)® contains only finitely
algebraic families of G-representations as in Definition 2.1. Moreover, by [5, Corol-
lary 3.1] these families span Q ®z R(G)%.

We want to minimize the redundancy, by choosing a smaller collection of algebraic
families of G-representations. One step in that direction is to determine which members of
an algebraic family are equivalent in R(G). To that end, we briefly recall Harish-Chandra’s
Plancherel isomorphism for G [37].

Consider a Levi subgroup M of G and an irreducible square-integrable modulo cen-
tre representation (8, V) of M. Harish-Chandra’s disjointness theorem [37, Proposition
II1.4.1] asserts that every irreducible tempered G-representation is a direct summand of
I g (8) for such a pair (M, §), which moreover is unique up to G-conjugation. Irreducible
square-integrable modulo centre representations of M become discrete series upon restric-
tion to the derived subgroup of M, so the only way to deform them continuously is
twisting with unitary unramified characters of M. Therefore, the connected components
of the space Irr’ (G) are parametrized by pairs (M, §) modulo the equivalence relation

(M. 8) ~ (gMg™ " g-8®x) g€G, x€Xum(M). (2.4)

We denote such an equivalence class by b = [M, §]. (When § is supercuspidal, we also
have the equivalence class s = [M, §], which includes the tensoring by non-unitary unram-
ified characters and determines an entire Bernstein component of Irr(G).)

Let P be a parabolic subgroup of G with Levi factor M and let y € Xy, (M). To
(M, 8, y) we associate the tempered G-representation / f (6 ® x), whose isomorphism
class does not depend on the choice of P. Then the connected component of Irr’ (G)
associated to (M, §) consists of the irreducible summands (or equivalently subquotients)
of the representations / 1(5 (6 ® x) with y € Xy (M).

The Plancherel isomorphism describes the image of 3’7]{4 s> as the invariants for an
action of a certain finite group. The group

Xor(M,8) = {y € Xpe(M) : 8§ ® x = 5}

is finite and contained in X, (M), because it consists of characters that are trivial on
Z(M). Consider the subset

Ir(M)® = {§ ® x: 1 € Xur(M)} of Trr(M).
The map y — § ® y provides a diffeomorphism
Xpe(M)/ Xune(M, 8) — Trr(M)?. (2.5)
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It is not canonical, because it depends on the choice of § in Irr(M )? . For each y’ €
Xu(M, §), we fix a unitary M -isomorphism § =~ § ® y’, and we induce it to a family
of G-isomorphisms

I, P80 I @) > I ® 1 0. 2.6)
‘We write
Wy = {w € Ng(M)/M : w stabilizes Irr(M)b}.

By [33, Lemma 3.3], the action of an element w € W; on Irr(M )b can be lifted (non-
canonically) along (2.5), to an automorphism of the complex algebraic variety X,.(M)
such that

w-0®y) =sQ@w(y) forall y € Xyu(M).

By [37, Lemme V.3.1], there exists a unitary G-isomorphism
Iw, P8, 1) IS ® x) — IS (8 @ w(y)), (2.7)

depending smoothly and rationally on y € X, (M). Let W(M, ) be the group of trans-
formations of X,,;(M) generated by X,,(M, §) and the actions of elements of W;. Now
we apply [33, Lemma 3.3] to the covering of tori

Xoe(M) — Xoe(M)/ Xne(M, 5),
and we obtain a short exact sequence
1 - Xu(M,8) > W(M,d) - Wy — 1. (2.8)

The intertwining operators (2.6) and (2.7) give rise to analogous families of G-isomor-
phisms for any element of W(M, d). These are far from unique, but for any fixed y €
Xunr(M) they are unique up to scalars. The group W(M, d) acts on C®° (X (M)) ®
Endc (7§ (Vs)X) by

(w-(f @) = fw™ & I(w, P8 w  NAI(w, P,s,w™ )7

Let Ag,k be a set of representatives for the (M, §) with / 19 (Vs)X # 0, modulo the equiv-
alence relation (2.4). We assume that every M occurring here is a Levi factor of a standard
parabolic subgroup P.

Theorem 2.2 ([37, Section VIIL.1]). There is an isomorphism of Fréchet algebras:

SG.K) ~> @ (C%(Xun(M) @ Ende (1 (v3)F))" Y

(M.8)eAg.x

fe @ FusH.

(M, 8)eAg.k
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An important ingredient of the proof of this theorem is Harish-Chandra’s commut-
ing algebra theorem [27, Theorem 5.5.3.2], a description of the involved spaces of G-
homomorphisms. Namely, for 1, y2 € Xyn(M),

Homg (I @ ). IF 6 ® 1))
= span {I(w, P.8, ) : w € W(M,b), w(x) = x'}. (2.9)

Consider an algebraic family §(M’, ) contained in Rep(G)®. We may assume that
M’ > M and ' C IAA,;’,%POM(S ® xo) for some (M, ) € Ag.x. Let W(M', M, ') be
the subgroup of W(M, s) that stabilizes

SM0) = T (1 ® 1) 2 X' € Xur( M)}
with respect to the action via the intertwining operators /(w, P, 8, x).

Lemma 2.3. Two members of §(M', ') in the same W(M', M, n/)-orbit have the same
trace. Two generic members of F(M',n') have the same trace if and only if they belong
to the same W(M', M, n')-orbit. Here a generic point of §(M',n') means: if an element
w € W(M, ) fixes the point or the intertwining operator associated to w has a singularity
at the cuspidal support of the point, then w has that property for all members of F(M', 7).

Proof. The action of w € W(M, d) on the collection of direct summands of the 7 1? b®
comes from an algebraic action on X,,(M) and conjugation by some operator. Hence, for
a generic T = II?OM,(n/ ® x') € F(M’,n'), the representation wr lies in F(M', ') if and
only if w € W(M’, M, n’). In combination with (2.9), that implies the second claim for
generic tempered members of F(M’, n').

In fact, Harish-Chandra’s commuting algebra theorem (2.9) also holds for generic
X1, X2 € Xor(M); one only needs to avoid the poles of the intertwining operators I (w, P, 8, y).
This follows for instance from [1, Theorem 1.6]. Then the above argument can be applied
to all generic members and yields the first claim.

For any f € #(G)and w € W(M', M, 1),

tr(f,Ig)M,(n/(X))(/)) and tr(_ﬁlgM,(n/(X)wx’))

are algebraic functions of y’ € X,(M’). These two functions agree for generic tempered
x' € Xune(M"), so they agree on the whole of X,,(M"). [

Now we can finally describe how to choose a minimal set of algebraic families of
G-representations in Rep(G)®.

We start with the family §(L, o) and proceed recursively. Suppose that for every
dimension D > d we have chosen a set of D-dimensional algebraic families §(M;, w;),
where i runs through some index set /p, with the following property: for generic y; €
X (M;) the set

{Ig(a)j ® )(j) :jelp, D>d, Sc(Ig(a)j ® )(j)) = Sc(Ig_(a)i X )(,‘))}
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is linearly independent in Q ®z R(G)®. Here we regard all y; in one W(M;, M, w;)-orbit
as the same, because by Lemma 2.3 they yield the same element / 19,- (wj ® xj) in R(G)®.

Next we consider the set of d -dimensional algebraic families &(M;, w]) with (P/, M/)
standard. Suppose that for generic y; € X,(M/), the representation / gi/ (0! ® x;)is Q-
linearly independent from

U (@ ® 1)) j €lp. D >d. Se(If(w; ® 1)) = Se(Ip (] @ 1))},

where we still regard y; as an element of X,,.(M;)/W(M;, M,w;). Then we add F(M/, )
to our collection of algebraic families.

Consider the remaining d-dimensional algebraic families. For (M, w}), we look at
the same condition as for F(M/, w;), but now with respect to the index set ( Jp. s Ip U {i'}
instead of | ., Ip. If that condition is fulfilled, we add (M, w}) to our set of algebraic
families. We continue this process until none of the remaining d-dimensional algebraic
families is (over generic points of that family) Q-linearly independent from the algebraic
families that we chose already. At that point, our set of d-dimensional algebraic families
is complete, and we move on to families of dimension d — 1.

In the end, this algorithm yields a collection

{F(M;,w;):i €14, 0=<d <dimX,(L)}

such that the following hold:

» the representations

{18 (i ® yi). i €| J1a. i € Xue(My)} (2.10)
d

span Q ®z R(G)*®,
* if we remove any index from | J; I, the previous bullet does not hold any more,
» for generic y € X, (M,), Ig (w; ® x;) does not belong to the span in Q ®z R(G)®
of the other families §(M;, w;).
We note that these conditions do not imply that (2.10) is a basis of Q ®z R(G)®. Some
linear dependence is still possible for representations with a specific cuspidal support
(L,0 ® x), namely when the algebraic R-group of ¢ ® y acts on IEOL(U ® ) via a
projective, non-linear representation. That does not happen often though.

The formula (2.1) for the partial Fourier transform Fj7 s also applies with any elliptic

M -representation instead of § (which is square-integrable modulo centre). For each i €
dim X, (L) I . . .
d=0 4, this provides algebra homomorphisms

?Mi,ﬂi : %(G? K) - O(an(Mz)) & End(c (Ig(Vm)K)
?’Xli,m : S(G, K) - Coo(Xunr(Mi)) ® Endc (II?,(VM)K)
felx-I8m @ 0N
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These induce maps on Hochschild homology:

HHy(Fr,.n;) - HHy (H (G, K)) — Q" (Xnr(M;)),

2.11
HHy (Fig, ) - HHR(S(G, K)) = QU (Xunr(M)). @1y

We added a subscript “sm” to emphasize that we consider smooth differential forms on
a real manifold. We will describe HH,,(# (G, K)) and HH,(S(G, K)) in terms of the
maps (2.11).

3. The Hecke algebra of G

Let °B(G) be the set of inertial equivalence classes s = [L, o]g. Let #(G)® be the two-
sided ideal of #(G) corresponding to Rep(G)¥®, so that

HG)= P #(G). (3.1)

s€B(G)

At this point, we need the following continuity property of the functors H H,, from [18,
Exercise E.1.1.3]. Namely, let 4 = h_n)l A; be an inductive limit of algebras. Then
l

HHy(A) = lim HHy(4i), 1 € Lo, (3.2)

4

In particular,
HH,(#(G)) = @ HH.(¥#(G)*).
seB(G)
We fix a Bernstein block Rep(G)® in Rep(G), where s = [L, 0]. According to [7], there
exist arbitrarily small compact open subgroups K of G such that

H(G,K)* = H(G)* N H(G,K)

is Morita equivalent with #(G)®. Notice that # (G, K)?® is unital but #(G)? is not. In
fact, #(G)? is the direct limit of the algebras # (G, K;)®, where each K; has the same
property as K and (72, K; = {1}. All the inclusions #(G, K;)* — #(G, K;)® induce
isomorphisms on Hochschild homology, by Morita invariance. Applying (3.2) another
time, we find

HH,(#(G)?) = lim HH,(#(G.K;)*) = HH,(#(G,K)%).

The centre of #H (G, K)*® is isomorphic to the centre of the category Rep(G)®. The latter
can be made more explicit with the notations from Section 2. Namely, (2.5) induces an
algebra isomorphism

O(Irt(L)®) = O (X (L)/ Xue(L,0)) = O(Xou(L)) 7.
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An instance of the short exact sequence (2.8) gives
1— Xyn(L,o) > W(L,s) > Wg — 1.

By [7, Proposition 3.14] and (2.8), there are isomorphisms

W(L,s)

Z(#(G, K)®) = Z(Rep(G)®) = O(Tre(L)*)"* = O(Xu(L)) (3.3)
It is also known from [7, Section 3.13] that
K (G, K)® has finite rank as Z (# (G, K)®)-module. 3.4)

3.1. Structure of the module category

We aim to describe # (G, K)® and its modules locally on X,(L). We write
X+ (L) = Hom(L,Rxg)

and we fix u € Xy (L). Let W(L, s), be the stabilizer of u in W(L,s). We let U, C
Xar(L) be a connected neighborhood of v in X,,:(L) (for the analytic topology) satisfying
[34, Condition 6.3]:

¢ Uy, is stable under W(L, ), and under Xt (L),

* WL.9)u N Uy = {uj,

* atechnical condition to ensure that u is the “most singular” point of Uy,.

The tangent space at 1 of the complex torus X, (L) is
t:=C®z X*(L),

and the exponential map exp : t — Xy, (L) is equivariant for W(L, );. We modify it to a
W(L, s),-equivariant map
exp, 1t = Xur(L)
A > uexp(d).

This means that we regard t also as the tangent space of Xy,(L) atu. Let log,, be the branch
of exp;,! with log,, (1) = 0. By [34, Condition 6.3], exp,, restricts to a diffeomorphism,

log, (U,) — U,.

From [34, Section 7], we get a root system ®,, in t, whose Weyl group is a subgroup of
W(L, %)y, a basis A, of ®,, a parameter function k* : A, — R, and a 2-cocyle f,, of
W(L,s)/ W(®,). In [34], some of these objects have a subscript o ® u instead of u, but
since W(L, s),, is naturally isomorphic with (W;)sgy, we may omit 0 ®. To these data
one can associate a twisted graded Hecke algebra H(t, W(L, s),, k*, lj,). For any Levi
subgroup M of G containing L, there is a parabolic subalgebra H(t, W(M, L,s),,k*,1,),
constructed in the same way.
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Theorem 3.1 ([34, Corollary 8.1 and its proof, Proposition 9.5 (a)]). There is an equiva-
lence between the following categories:

* finite length G -representations, all whose irreducible subquotients have cuspidal sup-
portin (L,o @ W(L,s)U,) ={(L,o ® y): x € W(L,s)U,},

o finite length right H(t, W(L, $)y, k*, tl,)-modules, all whose O ()W &) yeights
belong to log,, (Uy).

This equivalence commutes with parabolic induction and preserves temperedness.
The opposite algebra of Hi(t, W(L, s),,, k¥, 1l,) is naturally isomorphic to

HS = H(t, W(L,%)u, k", 1)

u

via the simple map
Tof =Ty fi weW(L,s)y, f€0O({). (3.5)

Hence we may replace right H(t, W(L, s),,, k*, fl,,)-modules by left HuG -modules in The-

orem 3.1. We note that
Z(¥#(G. K)®) = O(Xn(L))" "

corresponds to Z (Hg ) = @)V LSu yia the maps exp, and log,. For later use, we
sketch the steps taken in [34] to obtain the algebra Hg in Theorem 3.1.

Construction 3.2.

(i)  Let I1g be the progenerator of Rep(G)® from (1.2). Then there are equivalences
of categories

Mod (#(G, K)¥) 2 Rep(G)* 2 Mod ( Endg (TT5)). (3.6)

In particular, the centres of the algebras #¢ (G, K)® and Endg (IT5)°P are canon-
ically isomorphic.

(i) Localize Endg (I15)°P at W(L, s)U,, by extending its centre O(Xp (L)W L)
to the algebra of W(L, s)-invariant analytic functions C*(W(L, s)Uy, )" L)
on W(L,s)U,. We call the resulting algebra Endg(Hg)(f;( LUy

(iii) The maximal commutative subalgebra of Endg ( Hs)?};( L5\ is

Ca“(W(L,E')Uu) = @ C*™(wUy).
weW(L,s)/ W(L,s)y

The algebra 1y, End(;(l'[g)%s( LU, 1y, is a Morita equivalent subalgebra of

op
EndG(Hg)W(L,S)Uu .

(iv) Localize HZ at log, (U,) by extending its centre O(t)" &) (o the algebra
C*(log, (U)W L) and call the result ng .
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(v)  Check that the above localizations do not change the categories of finite dimen-
sional modules with O(X,(L))-weights (resp., O (t)-weights) in the set on which
one localizes.

(vi) Show that the isomorphism

) W(L,s), )W(L,s)u ) W(L,s)

C*(log, (Uy) = C*™(W(L,%), Uy =~ C™(W(L,3)Uy

induced by exp,, induces an isomorphism
1y, Bndg (Ms) ;. oy, 10, = HE, . 3.7)

To make full use of Theorem 3.1, we also need a variation on step (iii) above. We
will construct an algebra Hg,( L5 which is Morita equivalent with Hg and closer to

Endg (I1g)° than HE. We start with ,,,,, eW(L.s)u HE,. In this algebra, the unit element
of ng is denoted by ey,,. For every element wu € W(L, s)u, we fix a w which has
minimal length in wW(L, s),, (see [34, end of Section 3] for the definition of the length
function). From [34, Lemma 8.3], we get an isomorphism

Ad(Ty) : H(t, W(L,s)y, k", hu) — H(t, W(L,$)wu. k", Uwu),
and hence also an isomorphism between their opposite algebras:
Ad(Ty) : HS — HE .
The advantage of this particular isomorphism comes from [34, Lemma 8.3 (b)]:
Ad(T,)* : Rep(H{,) — Rep(H)

intertwines Theorem 3.1 for wu with Theorem 3.1 for u. Ad(7,) really is conjugation by
an element 7, in a larger algebra and satisfies

Ad(Tw) f = fow™ for f € O(t) = O(Tu(Xu(L))),
Ad(Tw)cw(L,),.11] = conjugation by Ty, in (C[W(L, 3), t]g]

Here we use the 2-cocycle fls = 7! of W(L, s) from [34, Lemma 5.7] which by [34,
Lemma 7.1] extends 1, !. As vector spaces, we define

Hg/(L,s)u = @ (ng ® @ CequwTw_lewu),
wueW(L,s)u wueW(L,s)u

The multiplication of Hg,( LS is given by

7 -1 - -1
(hl & ewudw; sz ewzu)(hz ® ewquwsz3 ew3u)

= h1 Ad(Ty,) Ad(T0,) ™" (h2) ® ew,u T, T, s
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where h; € Hg , and all the w; are as chosen above. The elements ey, Ty Tw_le,;,u of

]HIW( LS multiply like matrices with just one nonzero entry. It follows readily that

HE L sy = Miw(w syl (HS). (3.3)

We note that this algebra is of the form H(V, G, k, ), as in [35, Section 2.3]. The centre
of this algebra is

|I2

W(L,s)
Z W(L s)u )
wueW(L,s)u

( D OTuul(xun)
(¢]

I

W(L,3)u
(T (Xu(L)) "5 = Z (). (3.9)
Let Hg,( Ls)U, be the algebra obtained from HVGV( Ly by extending its centre to

( @ Ca“(logwu(wUu)))W(L’S).

wueW(L,s)u
This algebra contains H , as a Morita equivalent subalgebra, analogous to (3.8).

Proposition 3.3.
(a) The diffeomorphism

|_| €XPyu - |_| log,,,, (wUy) — W(L,3)Uy,
wueW(L,s)u wueW(L,s)u

induces an algebra isomorphism Endg(Hs)?};(L U, = HVGV(L U That fits in
a commutative diagram

op - G G
Endg (Is) s, 40, = Wy eu, @ s
ly, Bnde (M), v lU. = Hf «—H{.

(b) In this diagram, the vertical arrows are inclusions of Morita equivalent subalge-
bras and each of the two horizontal arrows induces an equivalence between the
categories of finite length modules all whose weights for (3.9) belong to

I_l log,,, (WUy).

wueW(L,s)u

Proof. (a) The elements Ty, involved in Hg,( L sy Stem from [34, Section 5]. It was shown
in the proof of [34, Lemma 8.3] that

Twly, € Endg(Hg)%li(L’s)Uu
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and that

Ad(T,) : 1y, Ende (Ts)h; oy 1o, = Lwu, Enda (TI) b, o0 Lwu,

is an algebra isomorphism. It follows that the isomorphism (3.7) extends canonically to
the required isomorphism.

(b) The vertical arrows were already discussed before. The claim about the lower
horizontal arrow was shown in [34, Lemma 7.2 (a)], based on [24, Proposition 4.3]. The
same argument applies to the upper horizontal arrow. ]

We define the parabolic subalgebras of Hf to be the analogous algebras

HY = H(t, WM, L, )y, k", 1,"),

u

constructed from Levi subgroups M of G containing L, as in [34, Lemma 7.2 (b)]. The
translation from right toleft modules via (3.5) commutes with parabolic induction. Namely,
for a right H(t, W(M, L, s),, k", f;,)-module V there is a natural isomorphism of Hg—
modules
V @M, W(M,L,5)u k" 1) H(t, W(L,s),, k", Iju) — Hg ®H54 V
VR Ty = Ty—1 @,

(3.10)

veV,we W(L,s),. The subalgebras ny, with
tM = C Rz X*(M) and ty = C ®z X*(L N Myey),

fulfill the conditions from [35, pp. 13—14]. Indeed, that follows from (3.10), Theorem 3.1,
and the properties of elliptic G-representations discussed at the start of Section 2.

Let §(M, n) be an algebraic family in Rep(G)®, with 5 irreducible and elliptic. We
may and will assume that M is standard and we let P be the unique standard parabolic
subgroup of G with Levi factor M. All the representations / g (n® y) with y € X, (M)
admit a central character, so Z(# (G, K)¥) acts by a character on / 19 (n ® x)X. With
[35, Lemma 2.3] we see that

Fus : H(G, K)* — O(Xu(M)) ® Endc (15 (Vs)¥)

is a homomorphism of Z(H# (G, K)*®)-algebras and that H H, (F37,s) is a homomorphism
of Z(H# (G, K)®)-modules.

Assume that some members of (M, n) have cuspidal supportin (L,o0 ® W(L,s)U,).
Then the image of F(M, n) under Theorem 3.1 is an algebraic family F(M, 1) of Hg -
modules, where 7 € Irr(ny ) is elliptic and tempered. More precisely, Theorem 3.1 only
applies to an open part of F(M, ), and the image of that is the part of F(M, 1) with
O ()" L-)u_weights in log, (Uy,). By the Langlands classification (for graded Hecke alge-
bras in [14], generalized to our setting with the method from [29, Section 2.2]), every such
family of Hg -modules arises from an elliptic representation of

Hy,m = H(tar, WM, L, ) k" 1,"). (3.11)
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Hence there exists a A € iR ®z X*(M) such that O(t¥) ¢ HM acts on C; ® 7 by
evaluation at 0. We may replace 77 by C; ® 7 without changing & (M, 77). Then 7 has
O (tpr)-weights in

RAMy CR®z X*(L N Myer). (3.12)

In general, the full structure of the algebra Endg (I1s) (or its opposite) seems to be rather
complicated. Fortunately, it can be approximated with simpler algebras. The normalized
parabolic induction functor / g) ;, gives an embedding

O(Xw(L)) — Endg (Is).

From (3.6) and (3.3), we know that
W(L,
Z(Endg(Tls)) = O(Xu(L))" .

Let C(Xy (L)) be the quotient field of O (X (L)), i.e. the field of rational functions on
the complex affine variety X, (L). It is easy to see that the multiplication map

)W(L,S)

C(Xn(L) ®0x,(Ly" Lo O(Xnr(L)) = C(Xur(L)) (3.13)

is a field isomorphism. According to [34, Corollary 5.8], (3.13) extends to an algebra
isomorphism

)W(L,g)

C(Xu(L) ®o(x, Ly = Endg (s) — C(Xu(L)) x C[W(L,s).b]. (3.14)

With (3.5), we also obtain the opposite version

W(L,s)

C(Xu(L)) ®o(x, (L= Endg (TIs)P = C(Xu(L)) x C[W(L,s), bs].

(3.15)
Unfortunately, the isomorphisms (3.14) and (3.15) are not canonical; they depend on the
choice of a suitable o € Irr(L)® and on the normalization of certain intertwining operators.
In the remainder of this paragraph, we fix those choices.
We emphasize that (except in very special cases)

Endg (TT5)* is not isomorphic with O (X, (L)) x C[W(L.s),bs].
Remarkably, it turns out that nevertheless there is a canonical bijection
¢V 1 R(G)® = R(H(G, K)®) = R(O(Xn(L)) x C[W(L,2).1s]). (3.16)
We describe step-by-step how it is obtained.

Construction 3.4.
(i)  With the equivalences of categories (3.6), we go from R(G)® to R(Endg (I15)°P).

(ii) Bydecomposing finite length Endg(ITs)°P-modules along their O(X,, (L))" L-=)-
weights, it suffices to consider G-representations 7 as in Theorem 3.1.
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(iii) Via Theorem 3.1 and (3.5), we obtain the Hg -module 1y, Homg (I14, 7).

(iv) There is a canonical Z-linear bijection
&Y o RCHE) — R(O(t) x C[W(L,3)u,t,']).
The construction is given in [31, Theorem 2.4], while the bijectivity follows

from [32, Theorem 1.9].
(v)  The map exp,, provides a diffeomorphism R ®z X*(L) — uX (L). Trans-

T

late the action of O(t) on ¢,/ (1y, Homg (I1s, 7)) to an action of O (X (L)),
by first replacing @ (t) and @ (X (L)) by analytic functions and then pullback
along exp,,. This is similar to steps (ii)—(vi) from Construction 3.2, and results
in an O(Xy (L)) x C[W(L, $)y, 1;,']-module with all O (X, (L))-weights in
uXF(L).

(vi) From [34, Lemma 7.1], we get a canonical algebra isomorphism
(C [W(Lv 9)us u;l] - C[W(Ls 5)14, ng]
With that we define

o OXa(L)XCIW (L), 5]
§¥ () = ind 3" (DymewiL ey o (10 Homa (Ts. 7).

Theorem 3.5. The map ¢V from (3.16) has the following properties.
(a) ¢V is Z-linear and bijective.

(b) 7 € R(G)* is tempered if and only if {V (1) is tempered (i.e., all its O (X, (L))-
weights lie in Xyn(L)).

(¢) If all the irreducible subquotients of w € R(G)® have cuspidal support in 0 ®
W(L,s)uX; (L), then all O(Xn(L))-weights of £V () lie in W(L, s)uX, (L).

(d) In the setting of (c), suppose that 1 is tempered. Then

Vi O (L)XCIW (L 2).fs]
§ () = indg () (1)) mC W (L 2).] (Cu ® Tu)s

where 1y denotes the restriction of 1y, Homg (Ils, ) to C[W(L, $)y. ]

(e) &Y commutes with parabolic induction and unramified twists, in the sense that
G — 0 0 X (L)Y XC[W(L,9).05]
EN(IF (x @ 1)) = indo(x™ ([yciwnt Loy (X ® Ear (D))
for tempered t € R(M)® and y € Xy(M).

Proof. (a) Since each step in Construction 3.4 is Z-linear and bijective, so is Y. The
bijectivity of (vi) comes from the Morita equivalence between

C*™(Uy) x C[W(L,%)y.ls] and C*™(W(L,s)Uy,) x C[W(L,5),ls].
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(b) By Theorem 3.1, steps (i)—(iii) respect temperedness. It is known from [31, The-
orem 2.4] that £/ in (iv) respects temperedness, and for (v) that is obvious because the
O (X, (L))-weights are not changed in that step. Modules of O (X(L)) x CI[T, fi5], for
any subgroup I' of W(L, ), are tempered if and only if all their O (X,(L))-weights lie
in Xyn:(L). The functor 1ndgg::$;;:ggj$Z;fil] respects this, so step (vi) does that as
well.

(c) Step (i) translates “cuspidal support (L,o ® W(L, s)y)” into “all O(Xy(L))-
weights in W(L, ) y”. After that the only step that changes the @ (X,:(L))-weights is (iv),
and by [31, Theorem 2.4.(3)] it only adjusts O (X, (L))-weights by elements of X, F(L).

(d) The only tricky point is to see that step (iv) of Construction 3.4 sends

ly, Homg (Ilg,7) to Co ® (lUu Homg (I, ”))|<C[W(L,g)u,t|;‘]’

where C( means that @(t) acts via evaluation at 0 € t. That is the content of [31, Theo-
rem 2.4 (4)].

(e) First we check that ¢V respects parabolic induction, at least when the input is a
tempered (virtual) representation tensored with an unramified character. Steps (i) and (ii)
commute with parabolic induction by [33, Condition 4.1 and Lemma 6.1]. For step (iii)
that follows from [34, Lemma 6.6 and Proposition 7.3]. In step (iv), property (e) is an
important part of the construction of & in [31, Theorem 2.4], that is where we need
the shape of the input. That step (v) respects parabolic induction that follows from the
properties of the isomorphism between the analytically localized versions of the involved
algebras, as in [34, Proposition 7.3]. For step (vi), we obtain the desired behavior from [34,
Lemma 6.6].

The compatibility with unramified twists requires an explicit computation. By the
above it suffices to check that

Ny en)=x®&V(n), meRY(G)E, xe Xu(G), (3.17)

where

(x® ") (fTw) = fOOG (W) (fTw). [ €0(Xu(G)), we W(L,s).

In steps (i) and (ii), (3.17) holds by construction; see [34, Section 6]. In step (iii), the
appropriate version of (3.17) is known from [31, Theorem 2.4 (2)]. Consider the tem-
pered Endg (T15)°P-module t := Homg (I1s, ). By step (ii), we may assume that all
O (Xn(L))-weights of 7 lie in W(L, s)uX .t (L). Step (iii), with x| y|~'u in the role of u,
sends y ® T to

Iy, o, (®1) = lUxm_lu(|X| ® xlxI7' ® 1)
=logl(l®ly, ., (xlxI" ®7) (3.18)

with log | x| € tg (L:%) a5 character of O(t). Step (iv) transforms (3.18) to

log |71 ® (v, (XX ® )| epwir ) = log x| ® (v, Dlew @ s)..6:'1

xlx=lusls]
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where the equality holds because y is W(L, s)-invariant. Now step (v), again with respect
to y | x|~ u, yields

1@ xlxl ™ u ® v, Dl o). = Cou ® (o, Dlemwr s, 10

Finally, using the W(L, s)-invariance of y again, step (vi) returns

O(Xnr(L)XCIW(L,9),15]
O (L) NCIV(L '] (Cru ® Mu, Dlepw o).

_ 10 (Xnr(L))XC[W(L,s),b5]
=19 md@(xm(L))xc[W(L,g)u,gq,;‘] (C“ ® (g, T)|<C[W(L,s)u,t|;1])'

ind

Similar computations show that the last expression equals y ® & (7). [

The properties listed in Theorem 3.5 imply for instance that {¥ maps algebraic fami-
lies in R(G)? (or equivalently in R(H# (G, K)7) to algebraic families in R(OQ(X(L)) x
(C [W(Ls g)v ns])

3.2. Local descriptions of Hochschild homology

In this section, we will determine the Hochschild homology of #(G) with a method
based on the families of G-representations from Section 2. With the same procedure as
around (2.10), we pick a finite number (say ng) of algebraic families of G-representations
&(M;, n;), such that the 5; are irreducible and the members of these families span
Q ®z R(G)® in a minimal way. We may assume that each M; is the standard Levi factor
of a standard parabolic subgroup P; of G. Writing

ng
Fs = @ F i mi
i=1

we obtain a homomorphism of Z(# (G, K)%)-modules
ng

HH,(F5) : HH, (H(G. K)*) — €D Q" (Xur(M)).
i=1

where Z(J# (G, K)f) acts on the right-hand side via the central characters of the involved
representations 7w (M;, n;, xi)-

We aim to establish an analogue of [35, Theorems 1.13 and 2.8] for HH,(¥5). The
families that have no cuspidal supports in 0 ® W(L, s)U,, can be ignored for the cur-
rent purposes (we may call them U, -irrelevant). For the remaining families, as explained
above, we may assume without loss of generality that (3.12) holds. Select y;, € uXun(M;)
such that

Sc(ni) €0 @ W(M, L,s)yn X,F(L). (3.19)

By Theorem 3.1, the algebraic families of Hf -representations &(M;, 7;) span the part
of Q ®z R(Hg) with O (t)WE-®)u_weights in log, (Uy,). As log, (U,) contains tgr =
R ®z X*(L) and is open in t, the geometric structure of Irr(Hf ) [30, Section 11] entails
that the &(M;, 7;) span the whole of Q ®z R(HE). Thus we are in the setting of [35,
Lemma 4.2-Theorem 4.8].
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For g € W(L,s), and v € t8, in [35, (1.19)] an element
Vg € C®z R(G(an(L)) A C[W(L, s), ns])

was defined, as evaluation at (g, v) in one picture of HH(O (X (L)) x C[W(L,s), lis])-
Asin [35, (2.8)], applying (¢Y)~! produces a virtual HZ -representation
ns
v;,v z(é‘;/)_lvg,v = Z )Lg,i trn(Mi»ﬁia¢g,i(v))a ge W(Lag)uv vetg» (320)
i=1,Uy-rel

which also occurs in [35, (2.10)]. Here the U, -irrelevant indices i are left out of the sum,
but we may still include by setting Ag ; = 0 for those i. From [35, Lemma 1.10], we know
that each ¢g ; : t8 — tMi is given by an element of W(L,s),,. Hence ¢4 i induces regular
maps

bgi i uXn(L)5° = exp, (t8) — exp, (tM)) = uX, (M),

X bg.i - uXor(L)8° — Xoe(M;).
The ¢ ; are not defined when i is Uy, -relevant. Using (3.21), we put

(3.21)

ng

vgl,,u, = Z Ag,itrm (M, i, )(;ilqbg,,- W), geW(L.,5)y, u €Uy,
i=1,U,-rel
Since the right-hand side is well defined for any u” € uX,,,(L)8°°, we may extend the defi-
nition of v} , to such u’. The map (3.21) induces a homomorphism of @ (X(L))"L-2)-
algebras

Kol b5i 0 O(Xa(Mi)) ® Ende (15 (V4)¥)
— O(uXu(L)®°) ® Endc (1§ (Vy)5). (3.22)

Here O(Xp (L))" L) acts on the domain via the central characters of the members of
F(M;, n;), whereas the O (X, (L))" £*)-module structure on the range is given at y €
uXn(L)%° by W(L,s) )(lf, where the central character of n; is represented by yy, t,;lf
with t,‘,t € X,;F(L). In other words, the natural module structure on the right-hand side of
(3.22) is adjusted by the positive part of the central character of ;. When we consider
the map on Hochschild homology induced by (3.22), the range does not depend on i, but
the O(an(L))W(L’g)—module structure still does. Like in [35, (1.33) and (2.14)], we can
combine the maps on Hochschild homology induced by the homomorphisms (3.22) to a
C-linear map

HH,(¢3) = P > A iHH (' 5.

ge(W(L,s)y) i=1,Uy-rel

Yo (XuM)) > P QM (uXa(L)E®).

i=1,Uy-rel ge(W(L,%)u)
The maps HH,(¢,;), for u € Xyn(L), are our main tools to describe HH, (¥ (G, K)?).
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Recall that the formal completion of a commutative algebra A with respect to a finite
set of characters X is denoted by Ay. With that notation, for u’ € U, there are algebra
isomorphisms

O (Xae L) pir 2 22 O (X (L)) E
W(L,s),

log, (')

~ 0(1)

~ W(L,s)y
= OO Lo e ) (3.23)

Proposition 3.6. For u’ € Uy, the following modules over the formal completion (3.23)
are isomorphic:

(a) @(an(L))W(L ol ®z (G, K)5) HH, (H (G, K)?),

W(L g)u’
(6) O i) D2, o0 HH G o)
W(L.9),
© O @ 7ag) HHA(HE),
W(L.%)y _
(d O(t)log( (,j; Rowwwsn HHu($*) " (Bgewr 5, (" (%) ® 1§)“L.ou(®),

— = W(L / _
© OXu@)N " @0 x i HHy($7)™"

X(Bge(w(L.s),) (" UXnr(L)E°) @ 15)ZWLon (&),
The isomorphism between (a) and (d) is induced by HH, (¥5).

The character £ : Z W(L,), () = C* figuring in parts (d) and (e) is defined as
E(h) = TeThTy ' Ty ', h € Zw(rs),(8).

It extends naturally to a map W(L,s) — C[W(L,s)), fls] with good properties; see [35,
Lemma 1.3].

Proof. Recall the explanation of Theorem 3.1 between (3.5) and (3.22). By the Morita
invariance of Hochschild homology [18, Section 1.2]:

HH, (¥#(G,K)®) =~ HH,(Endg(I15)®) as Z(H#(G, K)*)-modules. (3.24)
Let I, C O(Xy (L)) be the maximal ideal of functions vanishing at u’. As
( nr(L))/Iu, ~ C™(W(L,s)Uy)/ 1)} arl(W(L, s)Uu)

for any m € N, the algebras @ (X (L))" %) and C*™(W (L, s)U, )" L) have the same
formal completion at u’. It follows that in the process described between (3.5) and (3.7) the
analytic localization steps do not change the formal completions of the involved algebras
(at v’ and log,, (u”), resp.). Then Proposition 3.3 yields the isomorphism between (a), (b),
and (c).

The isomorphism between (c) and (d) is a consequence of [35, Theorem 2.8]. As
&(M;, 7;) is constructed from F(M;, n;) via Theorem 3.1, (3.23) induces isomorphisms
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T W(L,s)y

Of(g(t)logu(u/) -modules

(L) =
TR W(L,%), l_
G(t)logu (us/) Qo)W esu @ Q" (tMi)

i=1,Uy-rel
I e
W(L.%),
~0 (an(L))u/( s) ®0(Xm(L))W(L»S) @ Qnr (anr(Mi))-

i=1,Uy-rel

By Theorem 3.1, this restricts to an isomorphism between (d) and (e).

The isomorphism between (c) and (d) is obtained by evaluating elements of Hg at the
families & (M;, 77;). Hence the isomorphism between H H, (Endg (I15)°P) and (d) comes
from evaluating elements of Endg ()P at the same algebraic families. When we pass
from (d) to (e), the families & (M;, 7;) are translated to the families §(M;, n;). The iso-
morphism between (a) and (e) can be constructed from that between H H, (Endg (I1s)°P)
and (e) by composing with (3.24), which is induced by a Morita equivalence. Thus the iso-
morphism between (a) and (e) is given by evaluating # (G, K)® at the families F(M;, 1;).
In other words, it is given by H H, (¥), while ignoring the U,,-irrelevant families. |

We will lift Proposition 3.6 to a statement about H H, (¥ (G, K)®) on the whole of
an (L)

Lemma 3.7. The map HH, (F5) is an injection from HH, (¥ (G, K)%) to the set of v €
@:lil Qn()(nr(Mi)) such that

o Zwiwon
HH, o e @ (" Xul(L)®®) @ 5) e vu € Xy (L).
ge(W(L,s)u)

The injection is O(Xu (L)W L) -linear if we endow each Q"(uXn(M;)) with the
O (Xoe(L)YY LS module structure coming from the central characters of (G, K)%-
representations in &(M;, n;).

Proof. First we consider an arbitrary complex affine variety V' and a finitely generated
O (V)-module M. It is known from [35, Lemma 2.9] that

if the formal completion MU isOforallveV, thenM =0. (3.25)

Since # (G, K)? has finite rank as a module over the Noetherian algebra Z(# (G, K)%),
so does HH,(# (G, K)%). Consider a nonzero x € HH,(# (G, K)%). In view of (3.25),
the Z(H# (G, K)#)-submodule generated by x has at least one nonzero formal completion,
say at W(L, s)u’. Then x is nonzero in that completion, and by Proposition 3.6 the image
of HH, (¥5)x (in a formal completion) is nonzero. Hence H H, (¥5) is injective.
Proposition 3.6 shows that the specialization of HH,(¥s)x at any central charac-
ter W(L,s)u’ C W(L, s)U, has the property involving HH,(¢,;). Hence HH,(¥5)x
satisfies the stated condition, at least on U,,. For each g, the required property extends
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from U, N Q" (u Xy (L)%°) to Q" (uXy(L)E°), because U, is Zariski-dense and the g-
component of HH,(¥5)x is an algebraic differential form. Thus the image of HH, ()
is contained in the set specified in the statement. ]

To attain surjectivity in Lemma 3.7, we have to take the relations between specializa-
tion at ¥ and at wu into account. This is where the algebras from Proposition 3.3 show
their usefulness. Let HH,(¢,;) be the map HH,(¢*) from [35, (2.17)], for H%(L,g)u.
According to [35, Proposition 2.16], there is a C-linear bijection

HH,($}) o HH, (%)) : HH, (H%(L’g)u)

_\W(L.s)
- ( Q%) P Q" (g(uXar(L)°)) @ LS 1) . (3.26)
ge[W(L,s)/W(L,s)u] weW(L,s)y
Here HH, (1) is a version of HH,(Fs) for H ; see [35, around (2.23)].

W(L,s)u’
Theorem 3.8.

(@) The OXnp(L)WLS) linear map HH,(Fs) is a bijection from HH, (¥ (G, K)%)
10 the set of w € @2, Q" (Xn(M;)) such that

Tk o -1
HH,($;)w e ( b P " (g(uxu(D)”°) @1EE )
ge[W(L,s)/W(L,s)u] weW(L,s)u
forallu € Xy (L).
(b) The restriction of HH,(¥5)HH, (# (G, K)®) to W(L, s)U,, is isomorphic to
o _\W(L,s)
D D 2 (e(uXu(L)) @)
ge[W(L,s)/W(L,s)u] WeW(L,s)u

via HH,, (5:)

W(L,s)

Proof. (a) From Proposition 3.6 (b), (3.26), and (3.23), we obtain an alternative descrip-
tion of the formal completion of HH, (¥ (G, K)*) at W(L, s)u’, namely the formal com-
pletion at W(L, s)u’ of

HH@) (P B 2 (guXu(L)™)) @157 )

ge[W(L,s)/W(L,s)u] weW(L,3)y

W(L,s)

(3.27)
Like in Lemma 3.7, it follows that the image of HH, (%) is contained in (3.27) for all
U € Xunr(L). The advantage is that now the behavior at the entire W(L, s)-orbit of v’ is
captured by (3.27). Consider the intersection of the spaces (3.27), over all u € X, (L).
Divide that by the image of H H,, (). Proposition 3.6 and (3.26) tell us that the quotient is
an O (X, (L))" &%) -module all whose formal completions are zero. As each @ (X (M;))
is a finitely generated O (Xn(L))"&*)-module, so are @2, " (X (M;)) and its sub-
modules. Hence we may apply (3.25), which says that the quotient under consideration is
the zero module. In other words, the image of HH, (¥) is precisely the intersection of
the spaces (3.27).
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(b) Here restriction means that we only consider the
Q" (an(Mi)) with X, (M;) N W(L,s)U, # 0.

Suppose that x € HH, (F5)HH, (¥ (G, K)*#) is nonzero on W(L,s)U,. Pickau’ € U,
at which x is nonzero. Then Proposition 3.6 shows that H H,, (5,’: )x cannot be zero. This
proves the injectivity.

The map HH, (¢;) is @(Xnr(L))" &-®)linear if we let that algebra act on

ns
@Qn(xnr(Mi))
i=1
via the maps
an(Mi) g an(L) X Xni X (328)

Fix a character A € W(L, )U, of O(X,, (L))" &), There are only finitely many #(G, K)*-
representations 7 (Q;, n;, A;) with y,A; € W(L, s)A, so together these support only
finitely many central characters. By (3.19) all those central characters lie in W (L, s)U,,.
Then Proposition 3.6 and (3.26) imply that HH,(¥3)H H,(# (G, K)®) and (3.27) have
isomorphic formal completions at W(L, s)A, with the respect to the O (X, (L))" &%)
module structure coming from (3.28).

Hence the cokernel of HH), (5; ) is a finitely generated O (X,(L))"L-*)-module all
whose formal completions at points of W(L, s)U,, are zero. Thus

13" coker HH,,(&;;) = coker HH,,(%;‘) VYA e W(L,s)Uy,, m € Z~y. (3.29)

Furthermore, coker H H, (5: ) is of the form O (X, (L)/ W(L,s))" /N for some submod-
ule N of O(X,(L)/W(L,s))". Then (3.29) entails

O(Xu(L)/W(L,s)) = I"O(Xu(L)/W(L,s))" + N

forall A € W(L,s)U, and all m € Z~.o. With the Zariski-density of W(L,s)U,, it follows
that
N = O(Xu(L)/W(L,s))".

Hence coker HH,, (5; )=0and HH, (55;; ) is surjective. L]
Recall that HHy(F#(G)) and HHy(F# (G, K)®) were already computed in [5]. We

will now recover those results via families of representations. For a variation using only

tempered representations we refer to [20].

Proposition 3.9.

(a) HHy(F5) provides an isomorphism between HHy(H# (G, K)?®) and the set of ele-
ments of @:’i 19X (M;)) that descend to linear functions on CQz R(H(G,K)?).

(b) Part (a) yields an isomorphism of Z(H (G, K)?)-modules

HHo(¥#(G, K)?) = (C ®z R(G)*);,

reg*
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Proof. (a) With Theorem 3.1 and Proposition 3.3, we reduce this to an issue for H%( Ly
In that setting, [35, Proposition 2.16 (a)] is equivalent to Theorem 3.8 (a), and the desired
description is (3.26).

(b) The definition of H Hy(¥) involves the generalized trace map and the Hochschild—
Kostant—Rosenberg theorem, like in [35, Section 1.2]. Unwinding this, we find that the
map

HHo(¥#(G,K)®) — (C ®z R(H(G,K)®))"

from part (a) is just (2.3). In particular, every element of HHy(H# (G, K)%) determines a
regular linear function on C ®z R(H (G, K)%). The map is injective because H H,, (¥) is
injective and because for f € @:’il O (X (M;)) the values f(P;,6;,v;) can be recovered
from the image of f in (C ®z R(H (G, K)®))*. By Morita equivalence, we may replace
R(#(G, K)%) with R(G)®.

Conversely, for every A € (C ®z R(H(G, K)®));,, the canonical pairing with Fas; 1,
produces a regular function on X,,,(M;), so A comes from an element of

P O (Xu(My)). .

i=1

Let A be a set of representatives for the inertial equivalence classes of square-
integrable modulo centre representations § of standard Levi subgroups M of G, such
that 7 19 (6) € Rep(G)®. From Theorem 2.2, we see that the category of tempered repre-
sentations in Rep(G)® decomposes as

Rep'(G)* = €D  Rep'(G)°, (3.30)
b=[M,8]eA

where Rep’ (G)? is the full subcategory generated by the subquotients of / g (6 ® x) with
X € Xunr(M). With Theorem 3.1 and the same arguments as in the proof of [35, Theo-
rem 2.2], (3.30) induces a decomposition

rR'HS) = P r'(HE). (3.31)
DeAG

By Proposition 3.3, R,(Hg,( L. S)u) decomposes in the same way.

It is known from [34, Proposition 9.5] that the equivalence of categories in Theo-
rem 3.1 sends square-integrable modulo centre representations to tempered essentially
discrete series representations. With that and the same process that made 7 out of 7,
described around (3.11), we can associate to b = [M, §] € AF, a discrete series representa-
tion 8 of Hjps. Thus (3.31) is a decomposition of the kind considered in [35, Theorem 2.2
and (2.25)]. We define

ns

Fo= B Fuim-

i=1,i<d
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Lemma 3.10.

(a) There is a canonical decomposition

HH,(#(G.K)*) = @D HH,(#(G.K)*)".
beAg

where the part indexed by d = [M, §] is obtained by applying HH,(¥5)~" to
HH,(Fy) HH, (% (G. K)*) = @ Q" (t™) N HH, (F<) HH, (¥ (G. K)*).

i<b
(b) Select x5 € Xune(L), [8+ € XY (L) such that )(318+ represents the Z(H# (G, K)%)-
character of §. The map

HH,($F) o HHy(Fy) : HH,(H(G, K)?)°

-( @ P 2 (sxu(r))) @150 )

ge[W(L,s)/W(L,s),lweW(L,s),

W(L,s)

is O(Xne (L)Y LS [inear if we let O(Xn(L))W L) act on the target such that

the following conditions hold:

o if guXu(L)Y°) C xsXu(M), then it acts at guy with y € Xn(L)W° via
the character W(L, g)u)(t;',

o in the same situation O(Xn (L)Y L) acts at huy, where h € W(L,s) and
x € Xur(L)"°, also via the character W(L, s)u)(t;',

o ifhuXn(L)Y°) & x5 Xar(M) for any h € W(L,s), then O(Xu (L))" &%)
annihilates Q" (g (u Xy (L)Y°)).

Proof. (a) This follows from [35, Lemma 2.12, (2.25), Corollary 2.13] and Theorem 3.8.
(b) The condition in the third bullet means that for i < b no map

¢w,i : Uan(L)w’o g XSan(M)

can exist. In that case, A, ; =0 and the image of HH,,(# (G, K)%)® in Q" (g(uXy(L)**°))
is 0. From that and (3.22), we see that, for each i separately, there exists such an
O (Xn (L))" L% _module structure as indicated, only with t,;t € X (L) instead of t8+ .

By [35, Corollary 2.13], HH, () o HH,(F3) is O(Xur(L)W &) linear if we let it
act according to the central characters of the virtual representations vgb’w’v from [35, (2.26)].
That means that the natural module structure is adjusted by a representative cc(§) € tr
of the central character of § (as representation of Hg ). So in that setting log(t;lf ) and
log(cc(8)) represent the same central character, for all i < . We have translated these to
H(G, K)®-representations with Theorem 3.1 and Proposition 3.3. Then cc(§) becomes t8+ .
Hence W(L. )1t = W(L.s)t; foralli < b.

Thus the O (X, (L))" ©-%)-module structures for the i < b agree, and combine to make
HH, (5;‘) o HH,(¥%) a module homomorphism with the indicated character shift. ]
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3.3. Hochschild homology for one entire Bernstein component

We would like to combine the local conditions involving HH,(¢;) to a smaller set of
conditions that describe HH,(# (G, K)®) globally on X,,(L). This is difficult because
the algebras Hg and Hg’;,( L5 do not vary continuously with u € X,,(L). To compensate
for that, we relate the local conditions coming from u, u’ € Xy, (L) that are close. When
W(L,s), C W(L,s),, we define

ng
HH, (0w = P > AwiHH iy ¢ 1)
weW(L,s), i=1,U,-rel
Lemma 3.11.
(@) Letu’ € U, N Xy (L). Then

HHn(gb;,);,l( @ (Q" (u’Xm(L)w@) ® ulgv)zw(L,s)u,(UU)>

weW(L,s),,

= HH@D (@D (@ wXu(L)?) @ g2) Do),

weW(L,s),,
(b) Part (a) also holds for u € u' Xy (L)W &S0,

Proof. (a) Notice that W(L, s),, C W(L, s), by the conditions on U,,. We may choose
U, so small that it is contained in U,,. From the proof of [35, Proposition 2.16 (a)] we
know that

B (W Xn(L)) @ ) e )
WEW(L,S)MI

I

& D (e xuy ) o)

ge[W(L,s)/W(L,s),/ ]weW(L,s),s

By construction, HH, (qb:,);/l of the left-hand side equals H H,, (5:,)_1 of the right-hand
side of the isomorphism. In view of Theorem 3.8 (b), this describes precisely the restriction
of HH,(¥s)HH,(# (G, K)®) to W(L, s)U,,. Similarly,

HH" (¢:);] ( @ (Qn (anr(L)w’o) & EZ)ZW(L’E‘)M (w))
weW(L,s)u

describes precisely the restriction of HH,(¥5)HH,(# (G, K)®) to W(L,s)U,. Restrict-
ing that further, W(L, s)U,, means that we remove the summands for w € W(L, s),
that do not fix u’, because for those U,y N X (L)Y = @ and w(Uy) N Uy = @, by the
properties of U,,/. That leaves us with

HH, (‘f’;),}l ( @ (Qn (anr(L)w’o) ® u;U)ZW(L,s)u (w)>.

weW(L,s),
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(b) Pick a path p from u’ to u in u’ X (L)W L-%)w'°, We even assume that W(L, $)y =
W(L,s), forall y on p, because that condition holds on an open dense subset of Xy, (L).
By the compactness of Xy (L), we can choose a finite subset Y of p, such that the U,
with y € Y cover p. Choose a finite sequence yi, y2, ..., ¥m in ¥, such that u’ € Uy,,
u € Uy,,, and

Uy, NUy,, , Np#@ foralll <i <m.

i+1

For 1 <i <m, we pick z; € Uy, N Uy, , N p. We follow the new sequence

i+1
/
U,¥Y1,21,Y2,22, -« Zm—1, Ym-> U.

At each step part (a) guarantees that the relevant preimages under HHy(¢; ), do not
change. ]

For ¢ € mo(Xp(L)Y), we denote the corresponding connected component of w-fixed
points by X,,(L)¥. Then W(L,s) acts naturally on the set of such components, and on the
set of pairs (w, c). We denote the stabilizer of (w, c) by W(L, $)y c; this is a subgroup of
Zw (s (w). We register these connected components with the list of pairs (w, ¢), where
w e W(L,s) and ¢ € mo(Xy(L)Y). We write (w’, ¢’) > (w, ¢) if Xm(L)i,”,/ D Xue(L)P,
W', ¢’y ~ (W, ¢) if Xor(L)Y D Xue(L)Y, and (', ¢") > (w, ¢) if Xor(L)Y 2 Xue(L)Y.

We are ready to reorganize the conditions that describe H,(¥s)HHy,(# (G, K)%) in
Theorem 3.8. This is done by decreasing induction on the dimension of the connected

components Xy(L)¥, or equivalently on the pairs (w, ¢).

Construction 3.12.

(i) Westart with w = 1 and X, (L)Y = Xy (L). Pick w1 € Xyne (L) with W(L, s),,
= {1}. Then HHy,(¢7 ) := HHy(¢y,) is just a map

P Q" (Xur(Mi)) = Q" (w1 Xur(L)) = Q" (Xur(L)),
i=1

and it sends HH,, (¥=)HH, (#(G,K)®) to Q" (Xy (L))" L-*) By Lemma3.11,
this completely describes the restriction of HH,(Fs)HH, (# (G, K)%) to the
subset of Xy,;(L) not fixed by any nontrivial element of W(L, s). Remove (1,¢)
from the list of pairs.

(ii)  Assume that for some connected components X,.(L)y we have already chosen
a map

HH,(85,0) @ Q" (Xue (M) — 9" (s Xor (L)) = Q" (Xor( L)),
= (3.32)

of the form Y /2, 1, o Aw,i HHy (x5 ¢y ;) coming from HHy(¢y;) for some

U = Uy, With Uy o € X (L)Y but not in any connected component of smaller



(iii)

(iv)
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dimension. Assume that the set of pairs (w, ¢) for which this has been done
is closed under passing to larger pairs. Assume that all those pairs have been
removed from the list. Finally and most importantly, we assume that for all those
pairs (w, ¢) the restriction of HH,(¥5)HH, (¥ (G, K)%) to X, (L)¥ without
the connected components of smaller dimension equals

( HHu($h ) Q" (Xu(D)E) ® 1Y)

(w’,¢)=(w,c)

W(L,Q)w/’c/ (3 33)

From the list of remaining pairs, pick a (g, ¢) with X,(L)$ of maximal dimen-
sion. Selectu =ug ¢ in X, unr(L)ésr but not in any connected component of smaller
dimension. Define

ns
HH,(p;.) = Y, AgiHH.(xy ¢35 (3.34)
i=1,Uy-rel

a part of HH,(¢,;). If there are other 7 € W(L, ) with Xm(L)i’ = X, (L)E,
then we take up,. = ug  and we define HH, (¢, ) in the same way. We need
to check that

) HH @ ) (@ (Xu (DY) ® 1)V EPwre
(w’,c")>(g,c)
* —1 n h h W(Lsg)hc
N () HH(@; ) (Q"(Xu(L)?) ® 1) < (339)
(h,c)~(g,c)
equals

HH,0)7' @ (2" (uXu(L)"?) @ 12) e (336
we(W(L,s)yu)

This follows from Lemma 3.11, which says that all the parts HH, (¢} ), with
u' € Uy andu’ ¢ X, (L)% are accounted for by the (w’,¢’) > (g,c). Lemma 3.11
also tells us that expressions (3.35) and (3.36) describe exactly the restriction of
HH,(F<)HH,(H#(G, K)®) to X,;(L)¢ without the components of smaller di-
mension.
For components (g, ¢’) in the W(L, s)-orbit of (g, ¢) or any of the (&, ¢), we
define the maps HH, (¢;,’ ) by imposing W(L, s)-equivariance (where the
group acting involves the characters £ ). This construction ensures that

HH (7 )7 (Q" (Xae(L)E) @ 1) 75

(Y Hm@.)

(g',c")eW(L,s)(g,c)

(P e e

(g',c")eW(L,s)(g,c)

W(L,s)
) (3.37)
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(v) Remove (g, c) and the pairs (%, ¢) ~ (g, ¢) from the list of pairs. Stop if there
are no pairs left, otherwise return to step (iii).

With (3.34) we associate to (w, y) the virtual # (G, K)®-representation

ng

Vo= Y Awitr (M. gy wi (X)) (3.38)
i=1,U,-rel

In other words, the specialization of HHy, (¢, .) at x € Xy (L) corresponds to the map
on Hochschild homology induced by v&), y- This means that

HHy(¢y ) o HH,(F5) : HH, (H#(G. K)s) - Q"(Xn(L)Y) (3.39)

is induced by the algebraic family of virtual representations {v,i)’ 4 0 X € Xur(L)Z'}. From
[35, Lemma 2.5 (a)] (translated to the current setting with Theorem 3.1) and step (iv)

above we see that

v;wg‘l,gx = H;v(g)vé)’x, (3.40)

Considering v;,, , as virtual G-representation via the equivalence of categories (3.6), we
deduce from (3.34) and (3.20) that

g—v(vllu,x) = Vw,x- (3.41)

The above procedure gives rise to a description of HH, (# (G, K)¥) that is more concrete
than Theorem 3.8.

Theorem 3.13. For each w € W(L,s) and each ¢ € 7o(Xn(L)Y), let HHy (¢, ) be as
above. We define

HH,($2) = . HH, (¢35 .)-
weW(L,s),c€my(Xn (L)W)
(@) The map
HH,($) : D Q" (Xur(My)) — . Q" (Xu(L)Y)

i=1 weW(L,s),c€mo(Xnr(L)V)
is injective.
(b) HH, ({5: ) gives a C-linear bijection

W(L,s)
HH,,(?;)HH,,(%(G,K)S)—>< ) Q”(Xm(L)w)@)n;") .

weW(L,s)

(c) For b € A, the restriction of HH, (5;) o HH, (%) to the direct summand
HH, (¥ (G, K)*)® of HH,, (¥ (G, K)®) becomes O (Xn: (L)Y &5 linear if we
endow the target with the same module structure as in Lemma 3.10.
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Proof. (a) Recall that the specialization of HHy (¢, .) at x € Xy (L)’ came from a vir-
tual representation of H o1 translated to a virtual representation vy y,,, of #(G, K)®
via Theorem 3.1 and Proposmon 3.3.

Consider one u € Xynr(L). From (3.33) and Theorem 3.8, we see that the vy 4, , with
central characters in W(L, s)U,, span the same set of virtual representations with cen-
tral characters in W(L, s)U, as all the virtual representations v, defined via HS. The
latter collection spans the entire part of C ®z R(H (G, K)®) with central characters in
W(L,s)Uy, so the vy, , span that as well. It follows that the specialization of HH, (¢3)x
at y € W(L, s)U,, is zero if and only if the specialization of HH,, (5; )x at y is zero.

From [35, Lemmas 1.12 and 2.7] we know that H H, (¢,;) and HH, (5; ) are injective,
for twisted graded Hecke algebras and for H(V, G, k, ) as in [35, Section 2.3], and hence
also for the algebras ]HI and HW( L) By the above considerations with virtual represen-
tations, H H,, (qﬁg) contains at least as much information as H H, (¢u) Hence HH, (gi)g )x
is nonzero as soon as x € @l 21 " (Xur(M;)) does not vanish on U,,. That holds for every
U € Xunr(L),so HH, (d)s)x is injective.

(b) We already know from Lemma 3.7 and part (a) that HH, (¢~>;) o HH, (%) is
injective. From Theorem 3.8, (3.33), and (3.37), we know that the assertion holds locally.
Hence

HH,($X) o HHy(F5) HHy (K (G, K)¥)

< ( D Q" (Xor(L)?) ® ng’)W(L’S). (3.42)

w EW(L,S), CGT[O(an(L)w)

Both sides are finitely generated @ (X,(L))"£-*)-modules (for natural module structure,
not the module structure determined by the characters of the underlying virtual represen-
tations). We consider the quotient module M . Since the two sides of (3.42) are isomorphic
locally, all formal completions of M with respect to characters of @ (X, (L))" &%) are
zero. By (3.25) M = 0, so the inclusion (3.42) is an equality. Finally, we note that

@ Q" (an(L)ch) = Qn(an(L)w)-

cemo(Xn(L)W)

(c) This follows from Lemma 3.10, since every component of HH,, (5;‘) occurs as
component of an HH,(¢;;). [

Recall that #(G, K)® is Morita equivalent with Endg (I15)°P and that in (3.15) we
fixed an isomorphism of @ (X,(L))"©-*)-algebras:

C (Xur(L)) "

Recall the bijection ¢V from (3.16) and Theorem 3.5.

®o(x, (L) t= Endg ()P = C(Xu(L)) x C[W(L,s). bs].

Theorem 3.14. There exists a unique C-linear bijection

HH, (") : HHy(O(Xur(L)) @ C[W(L,),1s]) = HH,(¥(G, K)*)
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such that
HH,(Fpm ) o HH, (V) = HHy (Faev )

for all algebraic families (M, n) in Rep(G)=.

Proof. By [35, Theorem 1.2], there is an O (X, (L))" &9 linear bijection

HH,(O(Xn(L)) x C[W(L,2).b5]) —>( @ Q" (Xur(L)™) ®u‘;)W(L’g). (3.43)
weW(L,s)

It is not canonical, but from [35, (1.15) and (1.17)] we know that the non-canonicity is
limited to one scalar factor for each direct summand indexed by a conjugacy class in
W(L,s). We can fix these scalar factors by requiring that (3.43) on the summand indexed
by w is induced by the algebraic family of virtual representations

(Vwy : X € Xue( L)) (3.44)

Indeed, the bijection (3.43) is recovered in that way in [35, Theorem 1.13 (a)]. The only
issue is that [35, Section 1.2] applies not to tori like X,,(L), but to complex vector spaces.
Fortunately, [35, Theorem 1.13] can easily be extended to our setting by localization of
O (Xn (L)Y &%) 1o sets of the form W (L, s)U, /W (L, s). Thus we make (3.43) canoni-
cal.
By Lemma 3.7 and Theorem 3.13 (b),
~ W(L,s)
HHy(§2) 0 HHy(F2) : HH, (%G, K)*) > ( @D 2" (Xu(L)") ®12)

weW(L,s)

is a C-linear bijection. We define H H,, (¢") as the composition of (3.43) with (H H, ([5;) o
HH,(%5))~L. From (3.39), (3.41), and (3.44), we see that

HHn(F) o HH, (V) = HH,(£Y o F) (3.45)

whenever & is one of the families {”;),x DX € Xar(L)?} with ¢ € mo(Xnr(L)Y). Since
every such ¥ is a linear combination of algebraic families of # (G, K)®-representations,
(3.45) is implied by the condition in the theorem. Hence H H, (V) is unique.

It remains to check that

HHn(.(FM,,,) (¢] HHn(é'V) = HHn(ff’wM’gv(n)) (346)

for an arbitrary algebraic family in Rep(G)®. By [35, Lemma 1.9], the virtual representa-
tions vy, with w € [W(L,s)] and v € X (L))" / Zw(L,s)(w) such that

n;} (W(lw $)y N ZW(L,s)(w)) =1,

form a basis of
C ®z R(O(Xw(L)) x C[W(L,s).ls]). (3.47)
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Hence there exist coefficients c(w, v, y) € C such that

FM. LY, 1) =D cw, v, PDvw.

w,v

Then (3.41) and the bijectivity of Theorem 3.5 imply that
FM. 0.0 =Y cwv. vy,

w,v

Recall from (3.38) that vl  is a linear combination of the F(M;, ;, v;). With Theo-

w,v

rem 3.5 that can be transferred to (3.47). Hence there exist ¢’ (i, y, v;) € C such that

FM, 0, 0) = v)FMi, i, vi),
FM. . x) =D v)F(Mi. & (mi), vi).

From (3.45), we deduce that

The same argument for all y € X,,;(M) simultaneously yields (3.46). |

Theorem 3.14 is a homological counterpart to [34, Theorem 9.9], which matches the
irreducible representations of J# (G, K)® with those of O (X, (L)) x C[W(L,s), is].

4. The Schwartz algebra of G

The Harish-Chandra—Schwartz algebra of a reductive p-adic group is an inductive limit

of Fréchet spaces, but itself not a Fréchet algebra. To do homological algebra with such

topological algebras, we have to agree on a suitable topological tensor product. The best

choice is to work in the category of complete bornological vector spaces, with the com-

plete bornological tensor product [19, Chapter I]. We denote it by ®, which is reasonable

since for Fréchet algebras it agrees with the projective tensor product [19, Theorem 1.87].
The Hochschild homology of a complete bornological algebra A is defined as

HH,(A) = Tor*®4" (4, 4), 4.1

working in the category of complete bornological A-modules. When A is unital, H H.(A)
can be computed with the completed bar-complex C, (A4) = A®n+1 and the usual differ-
ential
n—1
ba(ap® @ an) =Y ag @+ ®Aili11 ® @ dy + (—1)"andp ® a1 ® -+ ® ap_1.
i=0

Under additional conditions, these functors H H,, are continuous.
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Lemma 4.1. Suppose that A = lim_ A; is a strict inductive limit of nuclear Fréchet alge-
1

bras (where strict means that the transition maps A; — A;j are injective and have closed

range). Then there is a natural isomorphism

HH,(A) =~ ﬁl}lHHn(Ai).
1
Proof. In [8, Theorem 2], this was shown with respect to the inductive tensor product.
Under the assumptions of the lemma, inductive tensor products agree with completed
bornological tensor products, for the A; and for A [19, Theorem 1.93]. [

Recall that § (G) is the inductive limit of the algebras S (G, K), where K runs over the
compact open subgroups of G. As § (G, K) is a closed subspace of $(G, K’) when K'C K,
S(G) is even a strict inductive limit. The Plancherel isomorphism from Theorem 2.2
shows that each §(G, K) is nuclear Fréchet algebra. Thus Lemma 4.1 applies and says
that

HH,($(G)) = 11_[1:)1 HH,(5(G, K)). 4.2)
The decomposition (3.1) induces a decomposition of the Schwartz algebra of G as a direct
sum of two-sided ideals:
$(G)= P S$G)”.
s€B(G)
indexed by the inertial equivalence classes s = [L, o]g of cuspidal pairs for G. This
persists to the subalgebras of K-bi-invariant functions:

$(G.K)= P S$(G.K).

s€B(G)

but for each K only finitely many of the § (G, K)® are nonzero. The analogue of (4.2) for
S(G)?® reads

HH,($(G)®) = HH,(lim §(G. K)*)
K
~ |1 S
:h_r)nHHn(S(G, K)®). 4.3)
K

Whenever #(G)® and # (G, K)® are Morita equivalent (which by [7] happens for arbi-
trarily small K), also $(G)® and S(G, K)® are Morita equivalent. Let us denote that
situation by s € B(G, K). Then (4.2) and (4.3) imply that

HH,(5(G)) = lim P HH.(S(G.K))
K se%B(G,K)

~ @ HH.(5(G))

s€B(G)

and that each HH,, (S (G)?) is isomorphic with HH, (S(G, K)?) when s € B(G, K).
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4.1. Topological algebraic aspects

We want to determine the Hochschild homology of the nuclear Fréchet algebra § (G, K)?,
which is also the closure of # (G, K)® in § (G). We have to take the topology of § (G, K)*®
into account, which creates challenges that were absent in the purely algebraic setting of
Section 3. Before we start the actual computation, we first settle most issues of topological-
algebraic nature.

Recall from Theorem 2.2 that there is an isomorphism of Fréchet algebras:

SG. K= @ (C®(Xun(M)) ®Endg (1§ (V5)K))" M2, @.4)
d=(M.§)eA,
By [15, Théoréme 0.1], (4.4) restricts to an algebra isomorphism
H(G,K)® = (O(Xn(L)) ® Endc (1§, (Ve)X))
N P (C®(Xu®)) ®Ende (IS (VX)) MV @3

b=(M.8)eAs,

Let ey € $(G, K) be the central idempotent corresponding to the direct summand of (4.4)
indexed by d. We define $ (G, K)? = ¢38(G, K), so that by (4.4)

S(G. K)® = (C*°(Xun(M)) ® Endc (I8 (V)K))V M. (4.6)
Then §(G. K)® = @peas, $(G. K)® and
Z($G.K*) = @ Z(56. K% = @ (X)) MV @)

beAg beAg

For b € A, we have Wy C W. The relation between W(M, b) and W(L, s) is less clear,
because the groups X,,;(M, 8) and X,,;(L, o) from (2.8) may differ.

To analyze (Fréchet) modules over (4.7), we will make ample use of the following
result. It is the specialization of [17, Lemma 3.4] to the affine variety X,.(M) with the
submanifold X (M) and the action of W (M, b).

Proposition 4.2. Let Y bean affine variety with an embedding 1 in X..(M ). Suppose that
. 1(17) is closed in X (M) and isomorphic to Y,

o Y =17 (Xuu(M)) is a real analytic Zariski-dense submanifold ofl7 and diffeomor-
phic to 1(Y).

Let p be an idempotent in the ring of continuous C (M)W M) _linear endomorphisms
of QL (Y), such that p stabilizes Q" (Y'). Then the natural map

W(M,d)

C*(Xunr(M)) Bou s PR (V) = pQL,(Y)

is an isomorphism of Fréchet C® (X (M)W M2 modules.
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The dense subspace e, (G, K)® of $(G, K)® is a subalgebra because ey is central,
but it is not contained in # (G, K). Its irreducible representations are the constituents of
the Ig (6 ® x) with y € X (M). Its centre is the restriction of Z(# (G, K)®) to ¥ (M, §),
SO

Z(eb]g(G,K)g) = ebZ(Jf(G’ K)g) ~ O(Xm.(M))W(M’b)

4.8)
Lemma 4.3.

(a) The multiplication map
Ko 2 Z(85(G, K)®) ®ey 2. 5)%) €09 (G. K)* — $(G. K)°

is an isomorphism of Fréchet Z(S(G, K)®)-modules.
(b) The Z(S(G, K)?)-module §(G, K)? is generated by a finite subset of e; H(G, K)*.

Proof. (a) From (4.6) and (4.7), we see that Z(S(G, K)®)-module §(G, K) is a direct
summand of

dim(I§ (V5)%)?
€% (X (M) ® Ende (18 (V5)¥) 2 € (Xune () ™77

namely, it is the image of the idempotent of the averages over W(M, d). It follows from

(4.5) that

es H (G, K)® = (O(Xu(M)) ® Endc (1§ (V5)X))

N (C*°(Xunr(M)) ® Endc (]I?(VS)K))W(M,D).

From this and (4.6), (4.7), and (4.8), we see that we are in the right position to apply
Proposition 4.2, which yields exactly the statement.
(b) This follows from part (a) and (3.4). ]

We note that there are natural homomorphisms of Z(# (G, K)%)-modules
HH,(J(G,K)*)" — HH,(J(G,K)*) — HH,(es#(G, K)®),

and the outer sides should be closely related. However, the composed map is in general
not bijective; HH,(ep # (G, K)%) can be more intricate.

As discussed around (4.1), we compute the Hochschild homology of Fréchet algebras
with respect to the complete projective tensor product. We establish some topological
properties of the Hochschild homology groups of § (G, K)#, making use of [17].

Proposition 4.4. HH,(S(G, K)f) is a quotient of two closed submodules of a finitely
generated Fréchet Z(S(G, K)®)-module. In particular, HH,(S(G, K)?) is a Fréchet
Z(8(G, K)?)-module.

Proof. To compute HH,(S(G, K)#) according to the definition (4.1), we can use any
(bornological or Fréchet) projective bimodule resolution of § (G, K)#. One such resolution
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was constructed in [23, Theorem 4.2], for § (G, K) but that is enough because S (G, K)* is
a direct summand of § (G, K). The set of n-chains of that resolution is a finitely generated
projective §(G, K)* ® $(G, K)*°-module. By construction, this projective resolution
contains a projective bimodule resolution of # (G, K)®, namely the set of elements that
live in powers of # (G, K)* ® # (G, K)*°P.

By tensoring with § (G, K)% over $(G, K)* & $(G, K)*°P, we obtain a differential
complex (Cx, dx) that computes HH,, (S (G, K)#). Each term C,, is a direct summand of

(8(G. K)* ® $(G, K)*)" ®(g xyas(a,k)= S (G K)T = ($(G, K)°),

for some r € N. By Theorem 2.2 and [17, Theorem 3.1 (b)], (S(G, K)®)" and its direct
summand C,, are finitely generated Fréchet Z (S (G, K)®)-modules. The set of n-cycles Z,
is closed in C,, (by the continuity of the boundary map) and hence closed in (S (G, K)®)".

The intersection C,, of C, with (# (G, K)®)" is a finitely generated Z(H# (G, K)%)-
module, by property (3.4). That yields a differential complex (C,,. d,) which computes
HH,(#(G, K)%).

Choose a finite set ¥, C (# (G, K)®)" that generates C,, as Z(H# (G, K)®)-module.
With Lemma 4.3 we see that Y}, also generates C,, as Z(S (G, K)®)-module. As the bound-
ary map d,, is Z(8(G, K)?®)-linear, the set of n-boundaries B, = d,(C,—1) is generated
as Z(S(G, K)?)-module by d,, (Y,—1). There are inclusions

W(M,d

By C Zy C Cy C ((C®(Xune(M)) ® Endc (18 (Vy)X))V M2,
We want to show that B, = Z(S(G, K)®)d(Y,—1) is a closed subspace of the right-hand
side, just like Z,, and C,,. The right-hand side of (4.9) embeds as C % (Xynr (M)W M:0)_
module in

(4.9)

C®(Xue(M))" . where r' = r dim (I8 (Vs)X)”.

Via this embedding the elements of d(Y;,—1) become analytic (in fact algebraic) functions
on Xyne(M) x {1,...,r'}. By [36, Corollaire V.1.6], generalized to an W (M, b)-invariant
setting in [17, Theorem 1.2], the finite set d(Y,,—) generates a closed C*°(Xy,, (M )W (M)
submodule C%(Xun(M))"'. Hence B, is closed in any of the modules from (4.9). Now
(4.9)and HH, (5(G, K)®) = Z, /B, provide the required properties. |

We use the same algebraic families §(M;, n;) in Rep(G)® as in Section 3.2. Recall
from Definition 2.1 that §(M;, n;) naturally contains a tempered algebraic family

F (Mi.n) = {150 ® 1) : i € Xune(M;)}.
By Theorem 2.2, it gives rise to a homomorphism of Fréchet Z($ (G, K)%)-algebras
Fig, i $(G,K)® > C(Xunr(M;)) ® Endc (15 (Vy)5). (4.10)

Here Z(S(G, K)?) acts on the right-hand side via evaluations at the central characters of
the underlying G-representations 7 (M;, n;, x;). In terms of (4.7), the direct summands

Z(S(G, K)?) = C®(Xyne(M)) VD
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of Z(8(G, K)®) annihilate the range of (4.10) when i £ d. When i < b, pick x,, s so
that n; is a subquotient of Ig (6 ® xn;.5)- Then C®° (Xunr (M)W M:2) acts on the range of
(4.10) via the map

Xunr(Mi) - Xunr(M) X Xni8X-

‘We note that
ng
lrod 2 t
Fy = @ Fin
i=1,i<d

annihilates all the $ (G, K)® with &’ € A \ {d}. We write

n
51— @ 5 =D Ty

beAg i=1

These Fréchet algebra homomorphisms induce homomorphisms of Fréchet Z (S (G, K)#)-
modules

HH, (%) : HH,(S(G, K)?) — EB Q4 (Xune (M),

i=1,i<bd

HH,(F!) = @ HHA(FY) : HH,(S(G. K)) > @) Q0 (Xune (M),
DeAF i=1

The algebra inclusion Z(H# (G, K)®) — Z(S(G, K)?®) induces a surjection

pr: || Xuw(M)/W(M. D) > Xu(L)/ W(L.5).
b=[M.5]eAg,

Proposition 4.5. For £ € Xy (M)/W(M, d), the following spaces are naturally iso-
morphic:

()  the formal completion of HH,(S(G, K)®) at £,

(ii)  the formal completion of HHy(es #H (G, K)%) at pr(§), and

(iii)  the formal completion of HH, (¥ (G, K)®)® (as in Lemma 3.10) at pr(£).

We remark that (ii) and (iii) need not be isomorphic for more general central characters
(e.g., the central character of 7w (M, 6, y) with y € X,,;(M) not unitary).

Proof. Let F PSW(M’D) = F PAW(M’D)A be the algebra of W(M, d)-invariant formal power

series on (M, 8, Xy (M)) centred at £. It is naturally isomorphic to the formal completion

of
O(Xur M)V ™D = 7 (e4 (G, K)) @.11)

at W(M, D)A. By [22, Theorem 2.5], the functor

W(M,b W(M,b)
FPS ¢ )®Z(S(G,K)f’) = FP; ( A®C00(M)W(M,b)
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is exact on a large class of Z(S (G, K)®)-modules. This class contains all modules which
as topological vector spaces are quotients of §(Z), and all modules that we need here are
of that form. This exactness implies that

W(M,d
FPY ™D & 6 xyvy HH, (S(G. K)?)
= Hy(FP ™ @56, xy0) Cx(S(G. K)®). bu). 4.12)

Let ] ‘j'[?( M.oyn C C (X unr(M))WM:2) be the ideal of W(M, b)-invariant smooth functions
that are flat at W(M, D)A. By a theorem of Borel, see [36, Théoreme I1V.3.1 and Remarque
1V.3.5], the Taylor series map C*°(M) — FP, is surjective. Taking W(M, b)-invariants
leads to an isomorphism

W(M,p) W(M.b)
FPE = Coo(Xunr(M)) /IW(M DA

In particular, the ideal 1 ‘j’[?( M.b)A annihilates (4.12). With Lemma 4.3 (a) we find that (4.12)
is isomorphic with
W(M,d
Hy(Co(FPY ™M @ 556,500 S(G. K)?). b
,b

= Hy(Co(FP ™Y ®556,100) Z(5(G. K)°) ®ey 2 (G.10%) €6 (G. K)%). bs)

= Hy (Co(FPY ™M @, 206,507 esH (G. K)*).b,)

~ HH, (FP;V(M’D) ®ey2((G.K)*) €0 H (G, K)¥). (4.13)
By (4.11) at the exactness of F PEW(M’D) ® @ (x,.(M))W.»), the last expression can be iden-
tified with the formal completion of HH, (ep# (G, K)?) at pr(§). Hence (i) and (ii) are

naturally isomorphic.
Next we apply HH,,(¥}) to the last line of (4.13), with image in

ns
W(M,d
FPYMOh @ apworn @D Q8 (Xun(M)).
i=1,i<d

As Fl(ep) = 1, we may just as well set Fy(ep) = 1 and apply H H, (F3). Then the image
becomes

HH, (f’ )HH ( (an(M))%E% D)4 ®ebZ(J€(G K)%) eb%(G K) )
=~ O( nr(M))%ﬁ 2 ®enz((G,K)%) HHy(Fy) HHy (K (G, K)®)
= ( nr(L))pr(g) ®Z(J€(G,K)5) HHn(:Fb)HHn (%(Ga K)s)

To the last expression, we apply id ® HH,(¥5)~! (which exists by Lemma 3.7), and we
obtain the desired description of (4.13) and of (4.12). [

The injectivity of HH, (%) is more subtle for these topological algebras than it was
in the earlier purely algebraic settings (e.g., Lemma 3.7).
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Lemma 4.6.
(a) The continuous Z(S (G, K)?®)-linear map
ns
HH,(F}) : HH,(S(G. K)*) —> @) @, (Xune(My))
i=1
is injective.
(b) The natural map HH, (#(G, K)®?) - HH, (S (G, K)®) is injective.

Proof. (a) The kernel of H H,(¥) is aclosed Z(S(G, K)®)-submodule of HH,($(G, K)%),
so by Proposition 4.4 it is a quotient of two closed submodules of a finitely generated
Fréchet Z(S (G, K)%)-module. Using the central idempotents es, we can decompose

ker HH, (1) = @ ker HH, ().
beAg

Here each HH,(¥}!) is a quotient of two closed submodules of a finitely generated
Fréchet C (X (M)W M-2)_module. Suppose that ker HH, (#{) is nonzero for one
specific 6. By [17, Lemma 1.1], at least one of its formal completions is nonzero, say at
£ = W(M,d)(M,$, x). By Proposition 4.5, that formal completion of ker H H, (¥{}) can
be considered as a submodule of the formal completion of HH,,(# (G, K)%)? at pr(£).
From Theorem 3.8 and Lemma 3.10, we can infer that HH,(¥}) is injective on

HH, (¥ (G, K)g)i’pr(g). That holds for HH,(¥{) as well, because F} = F3 on these
formal completions. Hence

HH, (be)(ker HH,(%])))

has a nonzero formal completion at &, which is clearly a contradiction.
(b) The algebra homomorphism ¥ extends

Rg
Fs - H(G, K)* - @ Q" (Xu(M:)) ®c Ende (15 (1))
i=1
By Lemma 3.7, the map H H,(¥s), is injective, just as H H, (/). Hence the natural map
HH,(#(G,K)*) — HH,(S(G, K)*)

equals the injection HH,(F!)™! o HH, (Fs). n

4.2. Computation of Hochschild homology

For u € Xun(L) and g € W(L, 3)y, the maps ¢, ; from [35, (2.12)] and )(;l_lqﬁ;’i from
(3.22) are well defined in this setting, only now as

X b i € (Xune(M;)) ® Endc (15, (V) ¥) = C®(Xune(L)*°) @ Endc (15 (Vy)X).
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This enables to define the smooth version of (3.32):

ng ns
HHy (¢ ) =Y HH,(xy' 050 B Qb (Xun(Mi)) — Q0 (Xunr(L)Y).
i=1 i=1,U,-rel

Like in Theorem 3.13, we define

HH,($?) = . HH, (43 ).

weW(L,s), cwo(Xur (L))

Lemma 4.7. The continuous map

ns
HH,($2) : €D Q% (Xune (M) — T Q" (Xune(L)Y)
i=1 weW(L,s), c€mo(Xnr (L))
is injective.

Proof. This can be shown in the same way as Theorem 3.13 (a). Ultimately, the argument
relies on [35, Lemma 1.12] which holds just as well in a smooth setting, as explained in
[35, p. 21]. (]

We fix D = [M, §] and we represent the central character of § by )(gt; with x5 €
Xune(L) and 15" € X;F(L). We let

Z(5(G. K)?) = C® (X)) MV acton @ Q% (Xuwl(L)®)
weW(L,s)

in the following way:

o if g(Xn(L)Y) C xsXun(M) for some g, w € W(L,s), then it acts at (w, y)
with y € Xy (L)Y via the character W(M, b))(g_lg)(,

o ifW(L,s)Xu(L)Y ¢ W(L,3)ysXar(M), then Z(S(G, K)P) acts as zero
on Q¢ (Xunr(L)).

Lemma 4.8. The following map is Z(S (G, K)®)-linear:

HH,(¢2) o HH,(F) : HH,(S(G.K)®) > P Q8 (Xunr(L)?).
weW(L,s)

Proof. From Lemma 3.10 (b) and Theorem 3.13 (c¢), we know how Z(# (G, K)?) acts on

HH, () HH,(F5)HH, (#(G. K)*) ¢ € Q" (Xur(L)).
weW(L,s)

That action is pointwise, in the sense that upon specialization at any point of X,,;(L)" the
Z(H (G, K)®)-action goes via evaluation at a character (or is just zero). Via the natural
map

Z(H(G,K)®) — Z(S(G,K)®) : f > es f, (4.14)
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such an action naturally gives rise to an action of C % (X (M ))VM:2) o

P (X))

weW(L,s)
which is pointwise in the same sense. The map
Xune(M)/W(M, D) — Xue(L)/ W(L. )

induced by (4.14) sends W(M,d) yto W(L,s) x xs t; . When we compare this with Lemma
3.10 (b), we see that Z(S(G, K)?) acts in the way described just before the lemma. |

Next we prove the most technical step towards our description of HH,, (S (G, K)%).

Lemma 4.9. The Z(S(G, K)®)-module HH,(F{)HH,(S(G, K)®) contains

D on e . o L\ W)
P KM N HHED (D @ (Kun(1)*) 1)
i=1,i<d weW(L,s)

Proof. From Lemma 4.8, we know that HH, (¢Z) becomes Z(S (G, K)®)-linear if we
restrict its domain to the summands Q" (X, (M;)) with i < b. We consider

n@( @D LEmom)n( @ 2w er) . ws

i=1,i<d weW(L,s)

If we take the direct sum over b € A7, then by Theorem 3.13 we obtain precisely the term
on the right-hand side. By continuous extension, we find that the direct sum over b € Ag
of the spaces

G D ) ( B ) o) @

i=1,i<b weW(L,s)

equals (4.20). Lemma 4.8 tells us that (4.20) is a Z(S (G, K)®)-submodule of

P (X)) 4.17)

weW(L,s)

In fact, it is direct summand, namely the image of the idempotent

WL > w

weW(L,s)

Hence there exists a continuous idempotent C % (X (M )" M-2)_linear endomorphism
p of (4.17) with image (4.16). Although the Z(S (G, K)®)-action on (4.17) annihilates
some of the direct summands, that is not a problem because the action of Z(S(G, K)®) on
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the subspace (4.16) is induced by embeddings Xy (L)"” — Xun (M) as usual. We note

that
p( B 2" (XuL)?)) = @15,

weW(L,s)

Now we are in the right position to apply Proposition 4.2, which yields an isomorphism
of Fréchet C % (X yn (M )" M-2)_modules

W(M,d

C*(Xunr(M)) ! ® o anywonn (4.15) = (4.16).

With the injectivity and the C % (X (M )" M-2) _linearity of HH,, ((}5;k ) we find that the
C®(Xunr (M)W M-2)_module in the statement is generated by

D X)) HHLGEN B 2w o) T @y

i=1,i<Dd weW(L,s)

It was shown in Theorem 3.13 (b) that HH, (¥y)HH, (# (G, K)%) contains (4.18), so
HH,(¥!)HH,($(G, K)?) contains (4.18) as well. Hence the C% (Xyn(M))"M:2).
module HH, (F})HH,(S(G, K)®) contains the module in the statement. |

Everything is in place to establish a smooth version of Theorem 3.13.

Theorem 4.10. HH, (5;‘ ) o HH, (¥s) gives an isomorphism of Fréchet spaces

W(L,s)
HH,(SG. %) > ( @ h(Xu))@12)
weW(L,s)
Proof. Evaluation of
HHo($2)HHo(F)HHo(H#(G, K)?) (4.19)

at (w, ) corresponds to the map on H Hy induced by the virtual representation vllv, 5 of
H (G, K)® from (3.38). If we evaluate at a family of y’s simultaneously, that interpretation
becomes valid and nontrivial in degrees n > 0 as well. The W(L, s)-invariance of (4.19)

(and its versions in degrees n > 0) in Theorem 3.13 (b) is a consequence of the following:
» the relations (3.40) between these virtual representations,

» the fact that the Hochschild homology does not distinguish equivalent virtual repre-
sentations [35, Lemma 1.7].

Our maps in the smooth setting are basically the same as the earlier maps in an algebraic

setting, only restricted to tempered representations and allowing for smooth functions.

Therefore,
HH,(pZ)HH,(F{)HH,(S(G. K)%)

also consists of W(L, s)-invariant elements. More explicitly, it is contained in

B X)) 82)

weW(L,s)

i) (4.20)



M. Solleveld 50

Comparing this with Lemma 4.9, we deduce that the inclusion in Lemma 4.9 is in fact an
equality. Now (4.16) entails that

HH, () HH,(FHHH, (S(G.K)*) = @ HH,($3)HH,(F)HH,(S(G. K)*)
beAg

equals the right-hand side of (4.20). Thus HH, (5;")H H, (%) is a continuous bijection
between the Fréchet spaces HH, (S(G, K)?) and (4.20). By the open mapping theorem,
it is an isomorphism of Fréchet spaces. ]

Like in Proposition 3.9, there is an alternative description of HHy(S(G)). We note
that HHy(# (G)) can also be described with tempered representations only [20], like in
the following proposition.

Proposition 4.11.
(a) Ford = [M,8] € A, the map HHo(F}) is an lsomorphzsm of
C%®(Xyne(M )W M, b) -modules from HHy(S(G, K)®) to the set of elements of
@l Z1i<b C % (Xunr(M;)) that descend to linear functions on CQz R(S (G, K)?).

(b) Part (a) yields an isomorphism of Z (S (G, K)%)-modules
HH,(S(G,K)®) = (C ®z R'(G)®),

Proof. (a) From Proposition 3.9 (a) and Theorem 3.13 (b), we see that the stated condition
on f € @l_l i <5 C%°(Xunr(M;)), only with R(# (G, K)%), is equivalent to the condition

HHn(¢>;‘)fe( B oXu(L)” )®n"’) e (4.21)

weW(L,s)

The condition in the statement is local, so can be checked locally in terms of (4.21). If
one restricts to R(S (G, K)?), only the parts of the condition of the subvarieties Xy (L)Y
remain. Then we get exactly the description of HHy(S (G, K)%) already established in
part (a).

(b) This is analogous to Proposition 3.9 (b). ]

To establish an analogue of Theorem 3.14 for § (G, K)?, we first study a smooth ver-
sion of [35, Theorem 1.2].

Proposition 4.12. Let W be a finite group acting by diffeomorphisms on a smooth real
manifold X . Letfj : W? — C* be a 2- cocycle and let {Ty, : w € W} be the standard basis
of C[W. ti]. Define 1™ (w') = Ty Tuw Ty ' Tt € C*Tyyprp—1/—1-

There is an isomorphism of Fréchet C °°(X W -modules:

Hy(c*@) e = (@ ) o)

wew
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Proof. Our argument is a modification of [35, proof of Theorem 1.2]. Let
1> Z—>W-—>W-1

be a finite central extension of W, such that the inflation of f to W becomes trivial in
H2*(W,C *). Then there exist a central idempotent py € C[Z] and an algebra 1s0m0rph1sm
pnC[W] — C[W, §j]. It sends pyW to cyw, where w € W denotes the image of W € w
and ¢ € C* is a suitable scalar. Then

HH,(C®(X) x C[W,]) = HH,(py(C®(X) x C[W])) = pyHH,(C®(X) x W).

By [10, 11], there is an isomorphism

~ N 7
HAC“@)XW);(EBS&AX%)
wew
With this at hand, the same analysis as in the analogous algebraic setting [35, (1.5)—(1.14)]
proves the required isomorphism of C°°(X)" -modules.
An easier version of Proposition 4.4 shows that H H,, (C°°(X) x C[W, lj]) is a Fréchet
space. Clearly,

@ Qﬁln Xw) ® uw

wew
is a Fréchet space, so its closed subspace

(B anaxmer)”
wew

is Fréchet as well. As described in [35, (1.15)], the isomorphism with HH,,(C*°(X) x
C[W, f]) has two ingredients:

* the Connes—Hochschild—Kostant—Rosenberg theorem, which is a topological
isomorphism HH,(C*°(X")) = QI (X"Y) and

* some simple constructions in C [W].

This entails that our isomorphism of C (X)W -modules is a continuous bijection between
Fréchet spaces. Then the open mapping theorem guarantees that it is a homeomorph-
ism. ]

For an algebraic family of O (X, (L)) x C[W(L, s), is]-representations &(M, n),
parametrized by X,,(M) and on a vector space Vjy, ,, we define

Faty + €% (Xune(L)) x C[W(L,$),s] = C*°(Xune(M)) ® Endc (Vir,y)
[l &M 0]
Recall from Theorem 3.5 that ¢V restricts to a bijection

¢y - R'(G)® = R(S(G, K)*) = R(C®(Xun(L)) x C[W(L,%),ts]).
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Theorem 4.13. There exists a unique isomorphism of Fréchet spaces
HH,(8)) : HHy(C®(Xunr(L)) x C[W(L,5).5s]) > HH,($(G. K)®)

such that
HHy(Fyy) 0 HHu(8)) = HHy(Fyy v )

for all algebraic families F(M, n) in Mod(# (G, K)?).

Proof. This is analogous to the proof of Theorem 3.14. For the construction of HH,(¢,’),
we use Proposition 4.12 (with X (L), W(L, s), fis) and Theorem 4.10 instead of [35,
Theorem 1.2], Theorem 3.13 (b), and Lemma 3.7. In all the involved algebraic families of
representations ¥ (M, 1), temperedness of F(M, n, x) is equivalent to y € Xy (L). The
uniqueness and further properties of the map H Hy,(¢,’) can be shown in exactly the same
way as for HH, (¢Y). (]

Theorems 3.14 and 4.13 relate the Hochschild homology of # (G)® and § (G)® to that
of the twisted crossed products

O(Xnr(L)) xC[W(L,2).0s] and C°(Xun(L)) x C[W(L,5).bs].

These theorems can be considered as confirmations of the ABPS conjectures [2] on the
level of Hochschild homology.
Finally, we take a closer look at HH,,(S(G, K)). From the Plancherel isomorphism
(4.4), we get
HH,(S$(G.K)*) = @D HH,(S(G.K)?).
DeAF
By Lemma 4.6 (b), we can regard HH,, (# (G, K)?) as a subspace of HH,,($(G, K)?).

Theorem 4.14.
(a) The maps HH,(F{) and HH,(¢Z) provide isomorphisms between the Fréchet
Z(8(G, K)?)-modules HH, (S (G, K)?),

ng

B (X)) 0 HHED (D Qz’m(xum(L)w)@u;“)W(

i=1,i<d weW(L,s)

L,s)

and

ns

HH,@D( P 2nXmM) N (D 2h(Xun(1)”) @ 1Y)

i=1,i<bd weW(L,s)

W(L,s)

(b) HH,(S(G, K)®) is the closure of HH,, (¥ (G, K)¥)® in HH,, (S (G, K)®).
(c) There is a natural isomorphism of Fréchet Z(S(G, K)®)-modules

Z(8(G, K)®) @z (6.x)+) HHn(#(G, K)?)" — HH,(S(G, K)?).
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Proof. (a) The Z(S (G, K)P)-linearity comes from Lemma 4.8 and the isomorphisms fol-

Tt

low immediately from Theorem 4.10. The range of H H, () is a Fréchet space because
by the continuity of HH,(¢2) it is closed in P> Q2 (Xunr(M;)). The range of

i=1,i<d

HH, (5;" )HH, (F}) is Fréchet because as checked directly after (4.17) it is a direct sum-

mand of @wEW(L,g) QG (Xune(L)").
(b) Recall from Lemma 3.10 that

HH,(J(G, K)*)" = HH,(F2)" HH,(F3) HH, (¥ (G, K)®). (4.22)

From part (a) and Theorem 3.13 (b), we see that the closure of

HH, (P HH, ((G.K)F) in @D Q0 (Xue(My))

i=1,i<bd
equals HH,(¥{)HH,(S(G, K)®). To this we apply HH,(¥})™!, which exists and is
continuous by part (a). We find that the closure of (4.22) equals
HH,(F) " HH,(F{)HH,(S(G, K)®) = HH,(F2) ' HH,(F1)HH, (S(G, K)?)
= HH,(S(G,K)?).

(c) The map is induced by the algebra homomorphism
H(G,K)® — S(G,K)* : h > eph

and the Z(S(G, K)?)-module structure of HH, (S(G, K)?), so it is natural. Part (b)
implies that the Z(# (G, K)®)-action on HH,, (¥ (G, K)*)® factors through

Z(H(G,K)*) — Z(S(G,K)®) : z > epz.

Hence we may just as well consider it as an action of

en Z(H(G, K)®) = O (Xor(M)) VMV

After (4.17), we constructed a continuous C *°(Xyn (M ))W(M *®)_Jinear idempotent endo-
morphism p of

@ ng(Xunr(L)w)v

weW(L,s)

with image (3.35). By part (a), HH, (S (G, K)?) is isomorphic as C (X (M )"V M:0)_
module to the image of p, via the map HH, (¢2) H H,(¥}). Similarly, Theorem 3.13 tells
us that HH, (¥ (G, K)#)? is isomorphic as @ (X (M ))" M-2)_module to

(B 2 (xu@w)?)),

weW(L,s)
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via HH,(¢%)HH,(¥). Thus we have translated the statement to: the natural map
W(M,bd)
C= (Xan(M))" ™ @, apyponn o D Q" (XarlD)"))
weW(L,s)

—p( B X))

weW(L,s)

is an isomorphism of Fréchet C % (X (M)W M-2)_modules. As the action comes from
an embedding Xy, (L)Y — Xyn (M) for each relevant w, that claim is an instance of
Proposition 4.2. |

Let us record a consequence of Theorem 4.14:
@ Z(8(G, K)b) Qz#(G,K)=) HHn (H (G, K)g)b ~ HH,($(G.K)*)  (4.23)
beAs
as Fréchet Z (S (G, K)%)-modules. However, usually
Z($(G.K)®) ® zx(G,k)5) HHn(H (G, K)®)

is not isomorphic to HH,(S(G, K)®) as Z($(G, K)?)-module. The reason is that the
terms \
Z($(G, K)") ®zr(c.k)5) HHa(H (G, K)*)

with b’ # b can be nonzero, but do not occur in (4.23).

5. Cyclic homology

Recall from [18, Section 2.1.7] that the cyclic homology of a unital algebra A can be
computed as the total homology of a bicomplex (8(A4), b, B). Here

B(A)pg = A®PHI™1 ifp>4g >0,

and B(A)p,4 is zero otherwise. The vertical differential b is the same as in the bar-
resolution, so each column of B(A) computes the Hochschild homology of A. The hor-
izontal differential B induces a map B : HH,(A) - HH,+1(A). When A = O (V) for
a nonsingular complex affine variety or A = C°°(V) for a smooth manifold V, B is the
usual exterior differential d : Q" (V) — Q"+1(V) [18, Section 2.3.6].

For A = #(G, K)%, we know from Theorem 3.13 that there is an isomorphism

W(L,s)
HH,(#G. K~ (D 2" () o) G.1)
weW(L,s)

induced by the algebraic families of virtual representations

(v, i X € Xue(L)Y}, we W(L.3), ¢ € mo(Xn(L)”).
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By (3.38), each of these families is a linear combination of algebraic families §'(M;, ;)
obtained from & (M;, n;) by composition with an algebraic map from X, (L)Y to X, (M;).
In particular, (5.1) is a linear combination of maps

HH,(Fyy, ) : HHy(%#(G. K)®) = HH,(O(Xu(L)?) ® Endc (1§ (n:)X)). (5.2)

By Morita invariance and the Hochschild—Kostant—Rosenberg theorem, the right-hand
side of (5.2) can be identified with

HHy(O(Xn(L)Y)) = Q" (Xne(L)Y). (5.3)

Via these maps, the natural differential B on H H.(# (G, K)?) is transformed into the
exterior differential d on Q*(X,(L)¥). All the maps in (5.2) and (5.3) (and between
them) can be realized on the level of chain complexes. For H H,, (¥, A/Ji ,m) that is clear, the
Morita equivalence between

O(an(L)éU) ® Endc (Ig (ni)K) and (D(an(L)ch)

is implemented by the generalized trace map [18, Section 1.2] and (5.3) comes from the
map 7, in [18, Lemma 1.3.14]. Altogether these furnish a morphism of bicomplexes

(B(#(G.K)®).b., B) — & (BQ*(Xur(L)?),0,d),
weW(L,s), cemy(Xn(L)W)
where 8Q* (V) is the bicomplex with Q774 (V) in degree (p, q), provided that p > g > 0.
From Theorem 3.13, we know that its image is actually smaller and we can restrict it to a
morphism of bicomplexes

(B(#G.K7).b.8)~ (( D 39*(an(L)"’)®ng)W(L’s),o,d). (5.4)
weW(L,s)

Analogous considerations for § (G, K)#, now using Theorem 4.10, lead to a morphism of
bicomplexes

(8(S(G.K)®).b. B) - (( P B Kul(l)”)® ug)W‘L’s’,o,d). (5.5)
weW(L,s)

By Theorems 3.13 and 4.10, the maps (5.4) and (5.5) induce isomorphisms on the

Hochschild homology of the involved bicomplexes. It follows from Connes’ periodic-

ity exact sequence that (5.4) and (5.5) also induce isomorphisms on cyclic homology; see
[18, Section 2.5].

Theorem 5.1. There are isomorphisms of vector spaces,

(L,9)
HC,(#(G.K)) = (P Q”(Xm(L)“’)/dQ"‘l(Xm(L)“’)®n;”)WL
weW(L,s)

/2]
o@( B HRF" (X))@

m=1 weW(L,s)

s

)W(L,s)
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W(L,s)
GG KT = ( B Qb (Xuwl(L))/d2 ™ (Xun(L)") @ 2

weW(L,s)
[n/2]

o@D ( B HiR"EmL)") @0

m=1 weW(L,s)

) W(L,s)

Proof. As explained above, it remains to identify the cyclic homology of the right-hand
sides of (5.4) and (5.5). By design

[n/2]
HC,(BQ*(V),0.d) = Q*(V)/dQ" " (V) & QB HIR2™(V); (5.6)

m=1
see [18, Section 2.3]. In our case, V = L]weW(L’g) X (L)Y and the group W(L, s) acts
on 2*(V'), namely by the natural action on the underlying space tensored with the char-
acters [¥. Taking invariants for an action of a finite group commutes with homology, so
we may just take the W(L, s)-invariants in (5.6). That yields HC,(H# (G, K)%), and the
argument for HC, (S (G, K)%) is completely analogous. L]

From Theorem 5.1, we see that HC, (# (G, K)®) and HC,(S (G, K)?) stabilize: for
n > dimc (Xy (L)) they depend only on the parity of n. By [18, Proposition 5.1.9], the
periodic cyclic homology is the limit term:

PG )= ( @ mEFrEwer) . 6
meZ weW(L,s)
PsGR ) =@ ( B HEKmw) o) T 68

meZ weW(L,s)

We point out that the right-hand sides of, respectively, (5.7) and (5.8) are naturally iso-
morphic with the periodic cyclic homology groups of, respectively,

O(Xn(L)) x C[W(L,2).0s] and C*®(Xun(L)) x C[W(L,5),ls]. (5.9)

That can be derived with similar arguments. Hence (5.7) and (5.8) are the versions of
Theorems 3.14 and 4.13 for periodic cyclic homology.

We note also that (5.8) relates to the conjectural description of the topological K-
theory of §(G, K)® in [2, Conjecture 5]. In [2, Section 4] things are formulated for the
C*-completion of §(G)?®, which has the same topological K-theory as § (G, K)® by [28,
(3.2)]. Since the Chern character

K«($(G,K)*) ®z C — HP.(S(G, K)?)

is an isomorphism [28, Theorem 3.2], (5.8) provides a description of K« (S (G, K)®) mod-
ulo torsion. With the comments around (5.9), we can formulate that as an isomorphism

K.«($(G.K)®) ®z C = HPy(C*®(Xun(L)) x C[W(L,5).b5]). (5.10)



Hochschild homology of reductive p-adic groups 57
Via the equivariant Chern character [3] for an action of a central extension of W(L, ) on
Xunr (L), the right-hand side of (5.10) is isomorphic with
Ky (Coo(Xunr(L)) A (C[W(L, 5)» ns]) ®z C = K;V(L,s),ng (Xunr(L)) ®z C,

where the latter is the notation from [2, Section 4.1]. We have proved [2, Conjecture 5]
modulo torsion.

Theorem 5.2. There is an isomorphism of vector spaces
K«($(G,K)®) ®2 C = K1 oy 4. (Xunr(L)) ®2 C.
Since Xyn (L) is a W(L, s)-equivariant deformation retract of X,(L),
Hig(Xu(L)") = Hig(Xun(L)").
Combining that with (5.7) and (5.8), we recover [28, Theorem 3.3].

Corollary 5.3. The inclusion ¥ (G, K)* — $(G, K)? induces an isomorphism on peri-
odic cyclic homology.

With elementary Lie theory, one sees that X, (L)" is a finite union of cosets Xy(L)¥
of the complex torus X,,.(L)"-°. Since X, (L)Y is a commutative Lie group. its tangent
spaces at any two points are canonically isomorphic.

Lemma 5.4. HP,(H# (G, K)%) can be represented by the elements of
P HHy2m(H(G. K)?)

meZ

that are locally constant (as differential forms). The same holds for § (G, K)®.

Proof. First we consider a simpler setting, namely the graded algebra of differential forms
Q*(T) on a complex algebraic torus 7. Write 7' as a direct product of one-dimensional
algebraic subtori T;, then

Q*(T) =®Q*(T,-). (5.11)
i
For T; everything is explicit:
Hap(Ty) = C,  Hyp(Ti) = Cdz,
and this equals the subspace of constant elements in
Q*(T;) = Clz,z7 '] ® C[z,z7!]dz.
By the Kiinneth formula

Hjp(T) = ) Hyp(Ty).

and in combination with (5.11) we find that this is precisely the space of constant differ-
ential forms in Q* (7).
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The above argument uses the structure of 7" as an algebraic variety, not as a group, so it
applies to all the varieties Xy, (L)Y . Further, the action of Zy (1, &)(w, c) on Q* (X (L)Y)
preserves the subspace of constant differential forms. Hence

n w w W(L.s)
(B HRpX@") o)
weW(L,s)
can be represented by the elements of

B () eny)

weW(L,s)

W(L,s)

that are locally constant (keeping the canonical identifications of different tangent spaces
in mind). Combining that with Theorem 3.13 and (5.7), we get the lemma for # (G, K)®.
The above arguments involving T also work for smooth differential forms on compact
real tori. With that, Theorem 4.10, and (5.8), we establish the lemma for § (G, K)?. [

Assume now that the 2-cocycle {5 is trivial, like in most examples. Then (5.7), (5.8),
and Corollary 5.3 simplify to

Pu(H(G.K)*) = HP,(5(G,K)®)
~ @ ( @ Hn+2m m(L)w))W(L,s). 5.12)
meZ weW(L,s)

For any nonsingular complex affine variety V, there is a natural isomorphism

H;’LR(V) smg(V)

Here HSlng denotes singular cohomology with complex coefficients, and it is applied to

V with the analytic topology. If a finite group I' acts algebraically on V and V' is a I'-
equivariant deformation retract of V', then naturally

(V)F = Hslng(V/ F) smg(V /F)

smg
Hence (5.12) can be expressed as
HP,(# (G, K)®) = HP,($(G., K)?)
=~ P H;}jgz'"( L] X/ W(L. g)). (5.13)

mezZ weW(L,s)

6. Examples

The smallest nontrivial example is G = SL,(F'), where F is any non-Archimedean local
field. The Hochschild homology for this group is known entirely from [31], here we work
it out in our notations.
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For every supercuspidal G-representation V' with VK #£ 0, the corresponding di-

rect summand of # (G, K) is Morita equivalent with C. This contributes a factor C to
HH,(H#(G, K)), in degree 0. The same applies to HH.(S(G, K)).

Let T =~ F* be the diagonal subgroup of G and write W = W(G,T) = {w, e}. Con-

sider a K N T-invariant character yo of the maximal compact subgroup o} of 7. Let

x1: T — C* be an extension of yo and let Rep(G)® be the Bernstein block associated to
(T, x1)- There are three different cases:

ord(yo)>2.Here W(T,s) is trivial and #(G, K)? is Morita equivalent with O(X;,:(T)).
Hence

HH,(#(G. K)®) = Q"(Xp(T)) = O(Xne(T)) = Clz,z7'] n=0.1,

and HH, (# (G, K)?) = 0 for other n. Similarly, § (G, K)? is Morita equivalent with
C®(Xunr(T)). Hence

HH,(5(G, K)®) = Q" (Xune(T)) = C®(Xynr(T)) = C®(S") n=0,1,

and 0 in other degrees n.

ord(yo) = 2. Now W(T, s) equals W. If we pick a y; of order 2 and regard it as
basepoint of
Ire(7)® = Y1 Xue(T) = C*,

then W acts on C* by inversion. The algebra J (G, K)® is Morita equivalent with
O (X (T)) x W. The representation / g (x1y) is irreducible unless y; y has order 2,
then it is a direct sum of two inequivalent irreducible representations. In this case, we
need three algebraic families of G-representations in Rep(G)®; namely

(T x0) = {15 (ix) : x € Xe(T)),

one irreducible summand m; of / BG (1) and one irreducible summand 7, of 1 BG (x2),
where y, is the other order 2 extension of y¢. The families of virtual representations
differ slightly; namely

ve, =I5 0. x € Xu(D),

vy =m0 =15 (0)/2,

Ve = T2 = 15 (x2)/2.

(This works, but for the best normalization we should make sure that 77y and 7, are

chosen so that W acts trivially on their K-invariant vectors.) We find that
HHo(#(G, K)®) = 0(Xu(T))” @ C & C,

HH, (¥(G. K)®) = Q' (Xur(T))" 2= 0(Xu(T))" .

HH,(#(G,K)*) =0 forn> 1.
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The centre @ (X, nr(T))W acts on one factor C via y; and on the other via y,. Further,
$(G, K)? is Morita equivalent with C*° (X (T")) < W, and one obtains

HHy(5(G, K)*) = C®(Xu(T))" ® C & C,
HH;(5(G, K)®) = QL (Xune(T))" = C®(Xou(T))"
HH,($(G.K)*) =0 forn> 1.

ord(yo) = 1. Now y; = 1 and # (G, K)® is Morita equivalent to an affine Hecke alge-
bra of type A, with equal parameters g r. The representation / g () with y € X, (T) is
reducible if and only if the value of y at a uniformizer wF of G liesin {—1, ¢gF, q;l }.
Like in the previous case, we need three algebraic families of representations:

(T x1) = {15 (0 2 x € Xue(T)},

the Steinberg representation St and one irreducible summand w_ of / g (x-), where
X— is the unique unramified character of order 2. The algebraic families of virtual
representations are

Ve =15 (0. 1 € XurlT),

Ullu,l 1§ (trivy)/2 — St,

Ve =7 =15 (1-)/2.

(For the correct normalization, we should pick 7_ such that via Theorem 3.5 W
acts trivially on ¢ (;r—).) The maps (2.11) provide isomorphisms of Z(J# (G, K)*%)-
modules

HHy(#(G,K)*) = 0(Xu(T))" @ C & C,
HH; (#(G, K)®) = Q' (Xu(T))" = 0(Xu(T))"
HH,(#(G,K)*) =0 forn> 1.

Here O(X,(T))" acts on one factor C via y_, and on the other via unramified char-
acters with values {gr.qz'} at wF.
As before, these findings extend naturally to $ (G, K)®:

HHo(S(G, K)®) = C®(Xu(T))” @ CaC,
HH;(5(G, K)®) = QL (Xune(T))" = C®(Xuue(T))"
HH,(S$(G.K)?) =0 forn > 1.

Another well-studied example is the general linear group G = GL, (F). For this G,

most aspects are simpler than for other reductive p-adic groups. Consider an arbitrary
inertial equivalence class s = [L, o] for G. By picking suitable representatives, we can
achieve that

14
L= l_[GLni(F)ei, o = Ri_ 0,

i=1
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where o; and o;» with i # i’ are not equivalent up to unramified twists. There are natural
isomorphisms

L 14

Xu(L) = [J(C*%, W(L.s) =[] S
i=1 i=1

Let M be a Levi subgroup of G containing L and let § € Irr(M) be square-integrable

modulo centre, such that § € Rep(M)®. Then b = [M, §] can be represented by data

A
M= 1—[ l_[ GLya,(F)7, 8= @f=1 gfi=1 St(dj,Oi)xei,j,
i=1j=1

where
i
> djeij = e
Jj=1

. . . . . Xd;
and St(d;, 0;) is the generalized Steinberg representation associated to o; . Moreover,
we may assume that St(d;, 0;) and St(d;:, 0;) do not differ by an unramified twist if
J # j'. In this case, there are natural isomorphisms

L 4 L4
XuM) = [T]]@). WMD) = ][] Ses-

i=1j=1 i=1j=1

It is known from [13, Théoreme B.2.d] that / }? preserves irreducibility for tempered repre-
sentations. Hence the intertwining operators by which W(M, d) acts on C*®° (X, (M)) ®
Endc (1 }? (6)) must be scalar at every point of Xy, (M). In particular, W(L, ) acts on
C®(Xunr(L)) ® Endc (L 1% L(O’)K ) as a group, not via a projective representation, so the
2-cocycle fg is trivial.

Choose K so that §(G)® is Morita equivalent to S(G, K)®. The Plancherel isomor-
phism (Theorem 2.2) provides an isomorphism of Fréchet algebras

)W(M,b)

$(G,K)® = C®(Xynr(M) ® Endc (1§ (§)%). (6.1)

In particular, §(G, K)? is Morita equivalent to C % (Xyn:(M))Y M- an algebra whose
irreducible representations are naturally parametrized by X, (M)/ W(M, d). (An isomor-
phism like (6.1) is rather specific for GL, (F), most other reductive p-adic groups have
Bernstein components in which that fails.) From the above Morita equivalences and the
decomposition (1.4) of §(G)?, we deduce that

Irr' (G)® = Irr ($(G. K)®) = | | Xune(M)/W(M. D). (6.2)
DeAF

This space is naturally homeomorphic with

Ll X))/ W(L.2), 63)

weW(L,s)
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via [9, Theorem 1] or Theorem 3.5. That makes it clear how to choose our smooth families
of representations F(M;, n;): we just take the F(M, §) with [M, 5] € AF. Theorem 4.10
provides a natural isomorphism of Fréchet spaces

H,(S(G, K)®) ( P unr(L)“’))W(L’g). (6.4)

weW(L,s)

By the homeomorphism between (6.2) and (6.3), this implies that the map

D HH.(Fyy5) - HH(S(G. K)®) > P QU (Xune(M)
beAg DeA

)R (65)

is bijective. In fact, (6.5) is an isomorphism of Fréchet Z($(G, K)?)-modules, with respect
to the module structure from Lemma 4.8. Then Theorem 4.14 shows that (6.5) restricts to
an isomorphism of Z(§ (G, K)?)-modules

W(M,bd)

HH, (54 ) : HH($(G. K)®) — Q" (Xun(M)) (6.6)

which was established before in [8, p. 676].

The space Irr(G)® cannot decompose like in (6.2) because it is connected, but still it
comes close. Namely, by [9, Theorem 1] the homeomorphism (6.2) extends naturally to a
continuous bijection

|| Xu)/ WM. b) - 1r(G)®. (6.7)
DeAZ

Comparing Theorem 3.5 and [9, Theorem 1], we see that (6.7) can be obtained as (¢V) ™!
followed by taking Langlands quotients of standard G-representations. From Theorem 3.13
and (6.4), we deduce that the algebraic families & (M, §) induce C-linear bijections

H,(7(G.K)®) — @ Q" (Xu(M)

beAg

)W(M,b)

W(L,s)

~( P @wm) . 6.8)

weW(L,s)
By (6.6), (6.8) restricts to an isomorphism of Z(J# (G, K)®)-modules

HH,(Fp,6) - HHy (H (G, K)g)b N Qn(Xm(M))W(M,b).

Like in (5.12) and (5.13), the corresponding direct summand of HP,(# (G, K)®) is
canonically isomorphic with

P, (S(G,K)b) ~ @ H:;I—ei-Zm (Xunr(M))W(M,b)

mezZ

= @ HEE™ (Xun (M) W(M, D).

meZ
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