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Rigidity and flexibility of isometric extensions

Wentao Cao and Dominik Inauen

Abstract. In this paper we consider the rigidity and flexibility of C-? isometric extensions.
We show that the Holder exponent 6p = % is critical in the following sense: if u € C1-? is an
isometric extension of a smooth isometric embedding of a codimension one submanifold ¥ and
0 > % then the tangential connection agrees with the Levi-Civita connection along . On the
other hand, for any 6 < % we can construct C1-? isometric extensions via convex integration
which violate such property. As a byproduct we get moreover an existence theorem for C1-¢
isometric embeddings, 6 < % of compact Riemannian manifolds with C ! metrics and sharper
amount of codimension.

1. Introduction

Let (M, g) be an n-dimensional compact smooth Riemannian manifold and m > n.

Recall that an isometric embedding of (M, g) into (R™, ¢) is an injective C! map

u: M < R™ such that ufe = g. Here, e is the Euclidean metric and ute denotes

the pullback metric on M. In local coordinates this amounts to the system of partial
differential equations

= duk duk

axi oxJ

= 8ij (1.1)
k=1
for 1 <i,j <n, where g = g;;dxdx’ using summation over repeated indices.
Classical results in differential geometry indicate that sufficiently regular global
isometric embeddings into Euclidean space with low co-dimension (i.e., m — n is
small) are often rigid (i.e., unique up to rigid motions). Most prominent is the rigidity
of the Weyl problem: given a metric g on the sphere S? with positive Gaussian cur-
vature, isometric embeddings u: (S?, g) — R3 are rigid in the class C? (cf. [12,22]).
On the other hand, the celebrated Nash—Kuiper theorem (cf. [29, 31]) implies that
such spheres can be isometrically embedded into arbitrarily small balls of R if one
only requires the embedding to be C!. A natural question is whether there exists a
threshold regularity which distinguishes these two drastically different behaviors.
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As shownin [1-5,7,32] (see also [14] for a short, modern proof), isometric embed-
dings u € C19 of positively curved closed surfaces into R3 are rigid for § > % On
the other hand, the flexibility of isometric embeddings granted by the Nash—Kuiper
theorem also holds for isometric embeddings u: (M, g) < R"*! of compact n-
dimensional manifolds whenever u € C 1 with 6 < m forn > 3 (cf. [6,11,14]),
and with 6 < % for n = 2 (cf. [11, 16]). The threshold exponent has been conjectured
tobe 6 = % (see [18]).

The situation looks different when the co-dimension of the ambient space is suf-
ficiently large. A result by A. Killén (cf. [27]) shows that, in this case, flexibility of
isometric embeddings extends to the regularity C ¢ for any 6 < 1, and thus there is
no rigidity below C2.

On the other hand, in [15] the authors find that a weaker form of rigidity is
present above the conjectured threshold regularity C 12 no matter the codimension:
they show that when u € C 1’9(M ,R™) is an isometric embedding with 6 > %
weak notion of tangential connection can be defined on the (irregular) embedded

a

submanifold (see also [1—4] for a similar weak notion of tangential connection) and
that it agrees with the Levi-Civita connection. In the case of isometric embeddings
u € CH0((Dy, g),R™) of the closed unit disc taking fixed (smooth) boundary val-
ues it is then shown that this compatibility of the weak tangential connection with
the intrinsic metric leads to an angle constraint of the tangent space at points of the
embedded boundary curve. In contrast, for every 6 < % the authors construct isomet-
ric embeddings u € C 1.6 violating this constraint by extending the (smooth) boundary
datum to a C ¢ isometric embedding of the disc by means of a convex integration
process. Thus, for this particular example, the result in [15] gives a geometric illus-
tration of the criticality of the Holder exponent 6 = %, at least in the presence of a
“boundary condition”.

In this paper we study the rigidity and flexibility properties of general isomet-
ric extensions. A first observation shows that the angle constraint of [15] is simply a
consequence of the compatibility of the weak tangential connection with the intrinsic
metric and of the embedding agreeing with a smooth one along a lower-dimensional
submanifold. It is therefore also present for general isometric extensions of C2 isome-
tries which are C ¢ for § > 1

2
extensions u € C19, 0 < %, violating this constraint.

. On the flexibility side, we want to construct isometric

The problem of extending an isometric map f:> — R, where ¥ C M is a
co-dimension one submanifold, was first considered by Jacobowitz in [26] in the
high-regularity and high co-dimension setting. He gave a necessary condition on the
second fundamental forms of : ¥ < M and f: X — R™ for the existence of a C?
extension u: M < R, He also found a sufficient condition (which turns out to be
almost necessary) for such an extension, which can be stated as that the image f(X)
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shall be “more curved” than X. Besides, as discussed in [10, 26], isometric exten-
sion can also be viewed as a Cauchy problem for isometric embeddings and certain
non-degeneracy conditions on the curvature are important to prove the existence of
a sufficiently smooth solution (for local extensions from a point resp. a curve on 2-
dimensional manifolds, see [19,30] resp. [9,17,20,28]). The existence of isometric Cc!
extensions in low co-dimension was then investigated in [24]. The authors showed that
Jacobowitz’ obstruction for C? extensions is also an obstruction for C! extensions
and found a sufficient condition (similar to the one in [26]) for one-sided extensions
(see [24] or below for a similar definition). Under such a condition they proved an
existence theorem for isometric C! extensions analogous to the Nash—Kuiper theo-
rem. This was then improved to the C !¢ category for 6 < m in [10], although
the one-sided extensions are only defined locally around a point.

In this paper we show that, under the same sufficient condition, we can find
one-sided isometric extensions (defined on a full one-sided neighborhood of the sub-
manifold ¥) with regularity C L8 for § < %, for which the tangential connection does
not agree with the Levi-Civita connection along the submanifold X.

To precisely state our results we introduce our setting. We consider a smooth, com-
pact, orientable n-dimensional manifold M equipped with a C! Riemannian metric g
and an orientable submanifold ¥ C M of co-dimension one. Suppose that f/: X — R™
is a smooth isometric embedding for some m > n and denote by

L:TEXTYE - C®(%)
the (scalar) second fundamental form of the embedding ¢: ¥ < M, and by
L:TEXTE — f*Nf(X)

the second fundamental form of the embedding f. In [24] Hungerbithler—Wasem
showed that a sufficient condition for the existence of a C ! one-sided isometric exten-
sion (cf. [24] for the definition) of f: ¥ — R™ is that there exists a smooth vector
field u: ¥ — R™ satisfying for every p € %,

@ w(p) € Nrpy f(2),

Q) |u(p)l =1, (1.2)

(i) {(u(p), L(-,-)) — L(-,-) is positive definite on T, X.
Here, (-, -) denotes the Euclidean scalar product. Under this assumption we will be
able to extend the isometric embedding f to some neighborhood of ¥ which is best
described by the exponential map. Let v € I'(N X) be the unique unit normal vector

field respecting the orientation of ¥ in M. Since X is compact, there exists €g > 0
such that F: ¥ x| — €, €g[ = M given by

F(p.t) = exp,(tv(p)) (1.3)
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is a diffeomorphism. For € < €, we then call T} := F(Z x [0, €[) a one-sided neigh-
borhood of ¥ in M. Lastly, we let

IZ(Z:) ={vecCh|u: (=, g) = R™ is an isometric embedding with v|x = f}.

Now we are in a position to state our results. One of our main results concerns the
rigidity and flexibility of C 1.8 jsometric extensions.

Theorem 1.1. Let ¥ be a codimension one oriented submanifold of the compact Rie-
mannian manifold (M, g), where g € C, and let v be the unique unit normal vector
field respecting the orientation. Suppose moreover that f:% — R™ is an isometric
embedding satisfying (1.2) and let X € T'(T X) be any vector field tangent to X. Then
the following hold:

(D) if0 >3 m>n+1 andu € I6(S}), then
(du(v),L(X, X)) = L(X, X);

(2) forany 6 < % m > n+ 2ny, thereise€ > 0and u € I&(E;") such that
(du(v), L(X, X)) > L(X, X)

at all points where X does not vanish.

Here, ny = ”(”TH)

proof of part (1) is a simple observation given the result in [15, Proposition 2.2] (see

is the number of equations in (1.1). As mentioned above, the

Section 2). The isometries in (2) are constructed via a convex integration process simi-
lar to [15]. Roughly speaking, the technical difference of (2) to the corresponding part
in [15] is that it is of global instead of local nature. Therefore we adapt the “gluing”
method introduced in [11] for the construction of global C L0 jsometric embeddings
to our needs. In particular, to get the regularity C1-?, § < % we need a more sub-
tle decomposition lemma (see Lemma 3.4) than in [11], it is similar to the one used
in [15,27]. This however leads to technical difficulties due to the different type of cut-
off functions used in [11] as compared to [15]; they are resolved in Proposition 4.1.

The iteration technique used in the proof of part (2) has its origin in Nash’s original
construction [31]. The latter inspired the more general framework of convex integra-
tion, which remarkably also found application in the question of non-uniqueness of
fluid mechanic equations and led for example to the resolution of Onsager’s conjec-
ture (see [8,13,25]), a striking analogue to the dichotomy of rigidity vs flexibility of
isometric embeddings.

One of the main building blocks of the proof of Theorem 1.1 (2) is the iteration
Proposition 4.2. With it we can prove our second result, the existence of global iso-
metric embeddings of compact manifolds with C! metric.
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Theorem 1.2. Let (M, g) be an n-dimensional compact manifold, n > 2, with C!
metric g. For any 6 < % there exist infinitely many C ' isometric embeddings

u: (M, g) — R,

Such an existence result is not new: it is already contained in [27]. The novelty of
Theorem 1.2 is that the target dimension n + 2n,. = n(n 4 2), is much smaller than
the dimension 2n + 3(n 4+ 1)(n? + n + 2) in [27] for the case where the metric is of
class Cl,ie., B = 1in[27].

The remaining part of the paper is organized as follows. We prove Theorem 1.1 (1)
in Section 2. The main part of the paper is then devoted to proving Theorem 1.1 (2).
We first introduce some notations and useful lemmas in Section 3. We then prove the
most important building block, an iteration proposition, in Section 4. With it we are
able to show Theorem 1.1 (2) and Theorem 1.2 in Section 5 and Section 6, respec-
tively.

2. The proof of Theorem 1.1 (1): Rigidity part

Recall that for a smooth isometric embedding u: M — R™, a curve y: [0, 1] - M
and a vector field X € I'(T M) it holds by Gauss’ formula

d

dt

for ty € [0, 1]. Here, T denotes the orthogonal projection onto Tu (M) C R™.
Thus, in particular, if v € I'(T' M), then

:
du(X)(y)) = du(V, ) X)

t=to

d
(G000, duw))) = (6, X)) 0) )

holds on [0, 1]. In [15, Proposition 2.2], the authors show that the left-hand side of the
latter equation is well defined as a distribution whenever u € C'-¢ for > 1/2, and
that (2.1) still holds.

From this, part (1) of Theorem 1.1 follows easily. Let X € I'(T'Y), p € ¥ and
y:[0,1] — X with y(0) = p, y(0) = X,. Let, moreover, v € I'(T M) be the unique
unit normal to ¥ respecting the orientation. Since ¥ = f on X and f is smooth, the
function du(X)(y): [0, 1] = R™ is smooth, so that (2.1) holds as a pointwise equality
of continuous functions even if u is only C L8 with 6 > %
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With the help of the Gauss formula for the smooth embeddings f: ¥ — R and
1.2 < M, we then find

— d
ity 00, T 6, 30) = (a0, 5 | un))
t=0

= (dup(v), du(V3{ X)) = g(vp, VXL X) = Ly (X, X)

since u is an isometry.

3. Preliminaries

In this section we introduce some notations, function spaces and basic lemmas which
are needed for the proof of the flexibility part of Theorem 1.1.

3.1. Holder Norms and interpolation

Let 2 C R” be an open set. In the following, the maps f can be real valued, vector
valued, or tensor valued. In every case, the target is equipped with the Euclidean norm,
denoted by | f(x)|. The Holder norms are then defined as follows:

m
1fllo = suplfl. 1l =Y max 3% f1lo.
Q = 1B1=)

where 8 denotes a multi-index, and

o = sup V=10
x#y |X _yl

182 (x) =38 1 ()]

L hnvo = Blam v |x —y|? o 0=0=t
Then the Holder norms are given as
1S llmto =11/ lm + [f]m+e-
We recall the standard interpolation inequality
/1 < CIA L1
for s > r > 0 and the Leibniz rule
1/gll- = €)1 flIrlgllo + 1 £ ollgllr)- 3.1

We also collect two classical estimates on Holder norms of compositions in [27].
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Lemma 3.1. Let ¥: X1 — R be a function and u, v:R" — X4. Then for any r,s > 0,
it holds

1@ oull, < CEOUAYOIrlult + 1eOluly + 1€Olo). r =1,
1% oull, <min([LON Al ILOTllulr) + 1¥Olo,  0=<r=<L

Other properties of the Holder norm can be found in references such as [14, 16].

3.2. Mollification estimates

We will frequently regularize maps by convolution with a standard mollifier, i.e., a
radially symmetric ¢y € C2°(B¢(0)) with [ ¢ = 1, where £ > 0 denotes the length-
scale. Such a regularization of Holder functions enjoys the following estimates (for a
proof, see [14, 16]).

Lemma 3.2. Foranyr,s > 0and0 < 0 < 1, we have
[f * (/)Ii]r-f-s = Cf_s[f]r,
If = fxellr <COT[fli. if0O<r =<1,
I1(f2) * ¢e — (f * @o)(g * 0o)llr < CL* | fllollg e
with constant C depending only on s,r, 0, ¢.

In the course of the proof of Theorem 1.1, we will regularize maps f € C*(Q,R™)
defined on Q. The resulting regularized maps will then have a smaller domain of
definition. To counteract this, we first extend f to amap f € C¥(R", R™) such that

I/ lcx®my = Cllfllcr @)

where the constant C > 0 depends only on k, n and €2. Such a procedure is given by
Whitney’s extension theorem; see [34] We then mollify the resulting extensions at
some length-scale £ > 0 to obtain f f %@ € C®(Q,R™). We will not further
specify this.

3.3. Holder norms and mollification on manifolds

Using a partition of unity, Holder spaces and mollification can be defined on the com-
pact manifold M as follows. We fix a finite atlas of M with charts (2;, ¢;), we let { x; }
be a partition of unity subordinate to {€2;} and set

If llx = Z 1 ) 0 b7 e
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and

Froe=Y ((Xxif)od" * ) o

1

One can check that the estimates (3.1) as well as Lemma 3.1 and 3.2 still hold (with
constants which may depend on the fixed charts).

3.4. Matrix decomposition

A key step in the construction of isometric embedding, as pioneered by Nash [31] and
used in all the subsequent variants of the iteration process, is a suitable decomposition
of the metric error. We recall the version used in [14, 16].

Lemma 3.3. Letn > 2 and let P € R™" be a positive definite matrix. There exists a
constant rog > 0, vectors vy, ...,v,, € S™ 1 and smooth functions ay such that

Nnx
P = Zai(P)vk ® Vi,
k=1

for any positive definite matrix P € R™" with
|P — ]3| <Try.

For our purposes we need to perturb Lemma 3.3 in two ways: First of all we want
to vary the “reference” matrix P slightly and allow a matrix field Py with suitably
small oscillation; this simply follows from a compactness argument. Secondly, we can
perturb the coefficients ay to obtain a slightly subtler decomposition. This is similar
to the decomposition used in [27] and can proved with the standard implicit function
theorem (compare [15, Proposition 5.4]).

Lemma 3.4. Let n > 2 and y > 1. There exists a constant oo(y) > 0 and vectors
Vi, ..., Vns € S*V with the following property. If Py: Q — R™" is a matrix field
with

y_IId < Py <yIld and oscqPy < oy,

and if P:Q — RY and {A; )%, {0} 52, C CY(Q,R™") are such that

sym ’ sym

nx nx
1P = Pollo + 3 lIAillo + 3 10310 < 06,
i=1 i,j=1
then there exist C'! functions ay, ..., ap,: Q — R with

. N L
P = Zaizv,- ®v; + ZaiAi + Z a,-aj@ij. (3.2)

i=1 i=1 i,j=1
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Moreover, a; are given as
a;i(x) = @; (P(x), {Ar(x)}, {Or (x)}) (3.3)

for C! functions ®;, and consequently, we have the estimates

Ny Ny
laslle < ck(nPnk +3 A e+ Y ||®,~1||k)
j=1

Jl=1

fork =0,1and 1 <i < ny. Here, the constants Cy > 1 depend only on k, 0y.

3.5. Existence of normal vector fields

Another key ingredient in the iteration process is the use of suitable normal vector
fields to the embedding. The following lemma concerns their existence. It is similar
to [15, Proposition 5.3], except that no C!-closeness to a reference embedding is
required. A proof is contained in the appendix.

Lemma 3.5. Let N € N and Q@ C R" be open and simply connected. Assume v €
CN+TY(Q,R™) is such that

yd < VoI vy < y1d (3.4)

for some y > 1. There exists a family of vector fields {C1, ..., {m—n} C CN(Q,R™)

such that
(¢i.¢) =6ij, Vv-§ =0,

(¢l < CUy)(1+ [V]i41),

forall0 <1 < N. Here §;j = 1 wheni = j, and vanishes else.

3.5)

4. Iteration proposition

The isometric embedding u € I% (=) in Theorem 1.1(2) will be constructed by
an iteration procedure producing a sequence of embeddings u, converging to u. The
practice, as pioneered by Nash in [31], of decomposing the metric error g — uge and
adding a Nash-twist for each term in the decomposition was improved by A. Killen
in [27]. In the latter paper, the author gains extra regularity (at the expense of increased
codimension compared to Nash’s result) by absorbing the leading error terms into
the decomposition. We use a similar decomposition (see (3.2)). However, since we
employ the framework of [11] we need to be able to “add’ metric pieces which have
the form p?(g + h) for compactly supported functions p and suitably small (0, 2)-
tensors /. The missing lower bound on p seems however not to be compatible with
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the decomposition lemma; a technical difficulty which is overcome by introducing an
extra cut-off scale (see (4.14) and (4.15)).

In this proposition G is assumed to be the coordinate expression of a given C'!
metric in some chart which is identified with an open bounded subset 2 C R”. More-
over, the constant oy is given by Lemma 3.4.

Proposition 4.1. Fix y > 1 and parameters 0 < 8 < 1 and A > 1. Assume G is a C!
metric on Q@ C R™ with

ylld<G<yld, |G|i<y. and osceG < 0y,
andu € C*(Q,R"+2"+) p e CY(Q), H € CY(Q;R"*") are such that

sym

y d<VulVu<yld inQ,

ulla < 822, @D
and
0=<p=8"2 ol =821, 4.2)
IHlo <2 IH] <A (43)
Then for every T > 1, there exists a constant Ay(t, y, 09) > 1 such that if
A > Ao, 4.4)

then there exists an embedding v € C*(Q;R"2"+) and & € C1(Q;R™ ") such that

sym

Vol Vo =Vul Vu + p>(G+ H)+ & in %,

4.5)
v=u onQ)\ (suppp + Bji—2:(0))
with estimates
lv—ullo < €824, (4.6)
v —ul, < C8Y2, (4.7)
lv]l> < C8Y227, (4.8)
and
I€llo < CSA*72%, ||€]ly < C8A. 4.9)

Here, C > 1 is a constant depending only on y, 0y.

Remark 4.1 (Constants). As usual, the value of the constants C appearing in the
following proof can change from line to line. In addition, all the constants are allowed
to depend on y and oy. For the sake of readability, we will suppress this dependence
in the notation.



Rigidity and flexibility of isometric extensions 49

Proof. Fix t > 1. Regularize u at length scale A77 to get #f € C*°(L). Then the
smooth embedding u satisfies

lu—iill; < C8Y2ANT, i, < C8Y2A,  |il||s < C8Y2ATH,
Note that
Vil Vit = Vul Vu — (Vu — Vi)' Vit — VuT (Vu — Vi),
which then implies
y)~'1d < ViT Vi < 2y)ld

provided A= < C(y)™! for some constant C(y), which follows from (4.4) for A
large enough. Then 7: © <> R”*2"" is an embedding of Q. Thus by Lemma 3.5, there
exist 2714 unit normal vectors {{x, k. k = 1,...,n4} to the surface () satisfying the
estimates (3.5). Fix moreover the vectors vy, . .., v« € S”*~! provided by Lemma 3.4
for our fixed y > 1. Similarly to [15], we then define
Ar = cos(ATvg - X) 8 @ vi — sin(ATvg - X) g ® Vg,
By = sin(A%vg - x)VE + cos(ATvg - x) Vi,
Dy = sin(A%vg - X)¢r + cos(ATvg - X) k.
By (3.1), it is not hard to derive
Ak llo + I Dxllo < C (1 + [ Viillo) < C,
[kl + 1Dk lls < C(AF[[Vitllo + [IV?ill0) < CAT +8"22) < CAT,
| Bello < C|[V?iillo < €822,
IBelly < C (VoA + ||iH]|s) < C8/2A1+7.

(4.10)

Note that ViiT Ay = 0. Thus, we have
IVu” Agllo = I1(Vu = V)" Aglo < €822,
IVu” Al < C(IVEl [ Axllo + |V = Vidlol| Axll1) 4.11)

< C(Y2 4 82217727y < €8V,
Clearly, we have the same estimates for Vu” Dy:
IVuT Dillo < C8V2217,  |VuT Di|y < C8V21. (4.12)
We now set

Ax = 2sym(VuT Ag) + 22" "sym(VuT By),
©;j = 24" sym(A] B;) + 22" sym(B] B)).
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With the help of (4.10)—(4.12), we then deduce

IAkllo < C (V" Axllo + A7F [ Vuello]| Bello) < €221,

1Akl < C(IVu" Aglls + 27 (IVull 1 Bello + [ Vuelloll Bill1)) < €8Y/2A,
19illo < CA (I 4illol Bjllo + A~ 71| Billoll Bj o) < C(»)8" >4,

181t = CAT* (I 4ill111Bjllo + N Ailloll Bj Il +A7" (I Bill1 Il Bj llo + 1 Billol| By II1))

< C(@Y?A + 82277 < Ccs5'/2. (4.13)
Fix now a parameter € > 0 defined by
€'/2 = Co(y,00)8'/221 7, (4.14)

where Cy(y, 09) > 1 is a constant to be chosen later. Observe that upon choosing
Xo(y, 00, 7) large enough we can achieve €!/2 < §1/2. Next, fix a monotone decreasing
function ¢ € C°°([0, co[) such that

if p > 2€'/2,

ity el (4.15)

Clearly,
¥ ()l < Ce72, NIy (pO)lh < Ce'824,

due to the assumption (4.2). It therefore follows that

¥ (p)Axllo < Ce~ /28120177,
¥ (p)Arlly < C(e7V/28V20 4+ €7164277) < Ce1/281/2),

since Cy > 1. Thus, if Cy in (4.14) is chosen large enough (and afterward, A¢ in (4.4)
is large enough to guarantee € < §), we have the following bound

N x nx
0o — _
IHllo + Y 1) Akllo + D7 195ll0 = 5 + Ce™V/26122177 < o,
k=1 i,j=1

A direct application of Lemma 3.4 (with Py = G, P = G + H) then enables us to
get 71, functions {ax} € C () such that

N N Nx
G+H=Y) aui®@vi+ Y ary(p)Ax+ ) aia;0y,
k=1 k=1 ij=1
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i.e.,

N N
p*(G + H) =Y (par)*vi ® vk + »_ p*¥(p)axAx
k=1 k=1

+ ) (pai)(paj)©i;. (4.16)

i,j=1

Notice that p?y(p) = pif p > 2€1/2 50 that, at least in this region, we get a decom-
position of the form (3.2) for the degenerate metric piece p>(G + H) with coeffi-
cients pag. By Lemma 3.4, fork = 1,...,n,, we have

nx nx
0<ar < C(||G||0 FIHT + S I Ale + Y 164 ||0) -c

k=1 i,j=1
nx nx

laglls < c(nGnl HIHI A+ Y v @A+ Y 16y ||1)
k=1 i,j=1

< CeV251/2)

However, it follows from the description (3.3) and the estimates (4.13) that the fol-
lowing improved estimate holds

loVarllo < CloV¥ (0)A) o < C(llpy' (0)AxVelo + 0w (0)VAklo)
< C(e7V250777 4+ §1/2) < €821,

since |y’ (p)| < Ce~'/2 and |py(p)| < C. We can then infer that by (3.1),
lpaklls < € (llaxVello + pVaglo) < C8'/2A. 4.17)

Now we set by := pag and mollify by at length scale 1172 to get by. By (4.2), (4.17)
and Lemma 3.2, for any j € N, we have
Iicllo < €82,
1Belly+1 < C;81/22 @ DI+L (4.18)

g — billo < C;8"/222727,

Finally, we define our desired embedding as

1 &7
U=u+FZkak'
k=1
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From the definition it is clear that v = u on Q \ (supp p + Bj1-2:), i.e., (4.5) holds.
Besides, a straightforward calculation shows

VU—Vu—l-ZbkAk—l-—Zkak—i-—ZDkak
k=1

Since A,{Dk =0fork =1,2,...,ns, the induced metric will be

N x N x
~ ~ 1
T T T T
Vv! Vv = Vu! Vu + kg lbivk ® v + 2]; 1bksym(Vu A + FVu Bk)

nx

Zsym(VuTDkak) + — Z b; b sym(AT Bj)

k=1 i,j=1

Z bibjsym(BT B)+W Z bisym(BI D;Vb,)
i,j=1 i,j=1
~2

N
+ f? RCALS
k=1
Hence by (4.16), we calculate the metric error
VoI Vo — (Vul Vu + p*(G + H)) = &, + &>,
with

Z(bk bk>vk®vk+Z(bk—pw(p)bkmw Z(bb ~ bib;)®j,

L,j=1

2 ~
& = ’E Z sym(Vul Dy Vby)
k=1

Z bisym(BI D;Vh;) + —— xz Zka Vhy.

i,j=1

+ AZI

In the following, we shall bound the above two errors in order to get (4.9). We start
with
167 = bEllo < l1bx + brllollbx — brllo < CEA>72,

where we used (4.18). Similarly, with (3.1) one can then estimate
b7 — bl < C8A.
Completely analogously one can estimate the term

”(5151 - bibj)®ij||0 < C83/2A3—3T < C(SAZ_ZI
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and s
[|(bibj — bib;)O;j|l1 < CSA.

For the second term in &1, we write
b — pY (p)bi = bi — by + by(1 = pyr(p))

and observe that by definition 1 — py(p) = 0 for p > 2¢'/2. Thus, remembering that
bx = pag, we have that |br| < Ce'/2 on spt(1 — py(p)). Hence,

1(bx — p¥ (0)br) A llo < C8Y2A1 "% (1bx — billo + b (1 — pyr (p)lo)
< CSI/ZAI—‘C(SI/Z/\Z—Z‘C + 61/2) < CS/\Z_ZT

by the definition of € in (4.14). Similarly,

1B — o (P)bi) Aklly
< C83/ZA3_2‘E + C81/2A1—r(81/ZA +€1/2”V(1 —,01//(/0))”0)
< C8A* " < CéA,

since |V(pyr(p))| < CeV2812) + Cly(p)Vp| < Ce™1/281/2),
Combining the previous estimates, we get

810 < CSA*™2%,  ||&1]l1 < CS8A.

The estimation of & is lengthy but straightforwardly obtained by (3.1), (4.10), (4.12),
(4.18) and yields
€200 < C8A*72F,  [|€2]11 < C8A.

This in turn implies (4.9), since

IVo Vo — (VuT Vi + p*(G + H))llo < [IE1]l0 + [1€2]l0 < €8>,
IVoT Vo — (VuT Vi + p*(G + H)) |1 < €1l + €2l < C8A.

It remains to show the estimates (4.6)—(4.8). Clearly, by the formulae for v and its
derivative and the estimates (4.10), (4.18), we have

Nnx
lv—ullo < A7" Y [IBlloll Dicllo < €822,
k=1

and

N N
v —ulls < D 1bllollAkllo + A7 Y (Ilbkllol Bkllo + Il Dillol| Vhxlo)
k=1 k=1

< C(81/2 _’_81/211—‘5) < C81/2.
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Thus, we achieve (4.6)—(4.7). For the second derivatives, we also apply (4.10), (4.18)
and (3.1) to obtain

v —ull2
nx

< C > (Ibilloll Ak + 27" Biclls + Ibelli | Ak + A" Bello + A" Dk Vi)
k=1
< CEV2AT 4820+ 81207) < €878

With (4.1) and the fact 7 > 1, we arrive at (4.8) and finish the proof. ]

With Proposition 4.1, we can modify the inductive result [11, Proposition 4.1] to
fit our setting, which will help us to construct adapted short embeddings iteratively.
We recall the definition of adapted short embeddings from [10, 11].

Definition 4.1. Given aclosed subset ¥ C .M and 6 €]0, 1[, an embedding u: M —R™
is called adapted short embedding with respect to ¥ with exponent 0 if

(1) u e CHPM);
(2) there exists a non-negative function p € C(M) with ¥ = {p = 0} and a sym-
metric (0, 2)-tensor i € C(M) with —%g <h< %g such that
g —ufe = p?(g + h);

B) ueC*>(M\X),p,heCH{M\ X) and there exists a constant A > 1 such
that in any chart €2

IV2u(x)] < Ap(x)' 7%
IVp(x)| < Ap(x)'~7,
IVh(x)| < Ap(x)™7,

for any x € Qg \ .

Let u be an adapted short embedding with respect to some compact set ¥ C M
with exponent 6 (cf. Definition 4.1). In particular,

g —ufe = p*(g +h),

with ¥ = {p = 0}. Furthermore, let S D X be another compact subset. Our next goal
is to show that, under certain conditions, we can perturb u using Proposition 4.1 to
construct another adapted short embedding with respect to the larger compact set S
with some exponent 8’ < 6. In particular, we will be able to successively perturb u
to make it isometric along the skeleta of a suitable triangulation, eventually ending
up with an isometry of a neighborhood of ¥ for the flexibility part of Theorem 1.1,
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respectively, an isometry of M in Theorem 1.2. We recall from [11] the geometric
condition which the two compact sets ¥ C S have to satisfy.

Condition 4.1. There exists a geometric constant ¥ > 0 such that for any § > 0 the
set
{x € M : dist(x, X) > § and dist(x, ) < 7§}

is contained in a pairwise disjoint union of open sets, each contained in a single
chart Q.

Recall that in Proposition 4.1 we impose a smallness-condition on the oscillation
of our metric g. We now fix an atlas for M respecting this condition as follows. Fix
an arbitrary atlas of finitely many charts €. By compactness there exists o > 1 such
that

o '1d <G <yold, |Gllcig, < vo

on any g, where, as above, G is the coordinate expression of g. If necessary, we
then subdivide Q2 to achieve oscq, G < 0¢(yo). The charts in Definition 4.1 and
Condition 4.1 are assumed to satisfy these assumptions.

With Proposition 4.1 we are now ready to state and prove our inductive propo-
sition, analogous to the iteration in [11, Proposition 4.1]. The main difference in the
proof when compared to the one of [11] is the choice of 7 (when applying our Propo-
sition 4.1) and corresponding estimates on 4.

Proposition 4.2. Let 0 < 0 < % b>10< %. There exists a constant

Ay = A()(@,O’, b) >1,

such that the following holds.

Let ¥ C S be compact subsets of M satisfying Condition 4.1. Let u € C 9 (M)
be an adapted short embedding with respect to S such that g — ute = p2(g + h) with
p<1/4in M, ¥ = {p =0}, and in any chart Qy,

IV2u| < Ap'~%, |Vp| < Ap'~7,

1 (4.19)
|| < o, |Vh| < Ap~7,

for some A > Ag. Then there exists an adapted short embedding i € C ¥ (M) with
respect to S such that

g—tfe=p*g+h), p<p |lu—ulo<AY?

andi = u, dit = duon 2.

!The equality du = d on X is intended as an equality of sections of the bundle 7* M — X.
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Moreover, in any chart Qy,

V2| < AB, VBl < AR

_ (4.20)
| <o, \Vh| < Ap 7,
with 9
A= AP ¢ = i o' = 4o.

Proof. As in [11], the proof is also divided into three steps.

Step 1. Parameters, cut-off functions and error size sequence. This step is the same
as in [11]. First, recall that on any chart it holds that

yo 'ld <G <yold, [Glcig) <, 0sca,G < 0o(yo),

and let y := 4yy. By p < % and the assumption that u is an adapted embedding, it is
easy to get
y_IId < Vul Vu < yld.

Next, set
81 := max o2,
! xEMp
and forg > 1,
_1
Ag =487, Agr1=Al.

When A is sufficiently large (depending on 6, o), we have
1
8q+1 =< Z(gq, )&q—i—l > Z/Xq 4.21)

We also decompose M with respect to X and S. Let

1
_ 4-l¢28 _ 1-1
rg =4 5q+1 —Aq+1’

and define forg = 0,1,2,...,

Sy ={x :dist(x, S) < rurg},  Sqg = {x :dist(x, ) < Tury},
Yy = {x 1 dist(x, ) < rextg},

where ry, < 7y and ry4 are geometric constants to be chosen in the following order:

(1) Choose 74+ > 0 so that?

3
p(x) > Eé‘;fz implies  x ¢ Sq11. (4.22)

2Such a choice is possible, since (4.19) implies that p is Hélder continuous with exponent 6.
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(2) Set T« = Fryx, where ¥ > 0 is the geometric constant in Condition 4.1, which
for any ¢ € N implies that

§q \ X is contained in a pairwise disjoint union of open sets, (4.23)
each contained in a single chart Q.

(3) Choose rs < 74 so that %7* < ry < T«. Then by (4.21), we have
S;41C S, S, forallg.

Next, we fix cut-off functions ¢, ¢, ¥, € C (0, 00) with ¢, ¢ monotonic increas-
ing, ¥, ¥ monotonic decreasing such that

A%
)

N S < I,

~ 1 s<
V(). ¥ (s) = {0 o>

= I,

s

~ 1
P(s). ¢(s) = {0

s <32,
and in addition,
#(s) = 1on supp ¢, U (s) = 1on supp ¥r.

Asin[11], set
o =o(GE () men =3 (%557)

g+2 g+1 a+2 Tg+1

Using (4.19) and the choice of r, r«, 7« and the cut-off functions, we easily deduce
IV 1q] V74| < CAS, 75 = Cagin, 4.24)
dist(supp x4, 0 supp yq) > C_IA_18ﬁ2 = C_I/\;_ilrz. (4.25)
for some constant C depending on r, 7', and moreover
{x € Sgr1lp(x) > 28)/2} C {x € M : gq(x) = 1},
supp g C {x € M : yq(x) = 1}, (4.26)
supp xq C {x € §q+1 s p(x) > %8;4@}.

From (4.22) and (4.23), we then deduce that supp }, is contained in a pairwise disjoint
union of open sets, each contained in a single chart 2.

Finally, we define the sequence of error size {p,}. Set pg = p and define p, for
q = 1,2,...inductively as

a1 = Pa(l— x2) + 8q+215- (4.27)

One can prove by induction (cf. [11, Lemma 4.1]) that the thus defined maps p; have
the following properties.
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Lemma 4.1. Let {p,} be defined in (4.27). Then forany q = 0,1, ...,
(i) onsupp xq it holds that

3.1/2 12 .
§8q+2 < pg = 28,5

(ii) for every x, we have pyy1(x) < pg(x);
(iil) if pg(x) < S;fl, then x & U‘;’;(l) supp ¥; and consequently pg(x) = p(x);
(iv) if pg(x) > S;fl, then either y4(x) =1 orx ¢ Syy1.

Now we are ready to inductively construct a sequence of adapted short embed-
dings.

Step 2. Inductive construction. This step is similar to that of [11, Proposition 4.1],
but we need to pay more attention to the choice of t and the estimate of 4. We will
construct a sequence of smooth adapted short embeddings (14, pq, fi4) such that the
following hold:

(1)4 for all M, we have

g —ube = p2(g + hg):
(2)g ifx¢ U;I;(l) supp x;, then (uq, pg.hq)= (1o, po.ho) and duy =duy along Z;
(3)4 the following estimates hold in M:

2 182 > 182
IV2ugl < AP pg~ 7. |Vpg| < A% pg 7. (4.28)
2
lhg| < 4o, |Vhy| < A% p, 7 ; (4.29)
(4)g on {x : po(x) > S;fl} N Sy, we have the sharper estimates
1—b 1—b
IV2uq| < APp4 %, |Vpgl < APpq 7, (4.30)
_b
lhgl <o, |Vhg| < APpg % @.31)

(5)q4 we have the global estimate for g > 1:
lug —ug—1llo < C83/2A,", (4.32)
lug —ug—1l1 < C8}/2, (4.33)
where C is the constant in the conclusions of Proposition 4.1 in (4.6)—(4.7).

Initial step ¢ = 0. Set (4o, po, ho) = (u, p, h). Since b > 1, it is easy to check
(1)9—(2)g and (4) from (4.19).
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Inductive step ¢ — g + 1. Suppose (g4, pq.hq) is an adapted short embedding on M
satisfying (1),—(5),. We then construct (ug+1, Pg+1,1g+1)- In fact, pg+1 has already
been defined in (4.27). We shall estimate (uq, pg, h4) on supp ¥g4. As derived in [11],
on supp x4, we have

3.1/2 1/2
E‘Sqiz =pg = 28q{i-1’
Vp
Vgl < 832 Agra. Vgl < 8} Aq+2. )p—q\ < Agt2, (4.34)
q

lhgl =0, [Vhg| < Ag4a.
We then want to apply Proposition 4.1 to construct (#g+41, fg+1). To this end define

~ 2

~ 7 quq
= 2_§ , hg = ——""—h,.
Pq = Xqy/Pg — %q+2 q 02 — 8442 q

q

From (4.34), on supp x4, one has
15q+2 < Pé —8g42 < 48441,
hence p; and I;q are well defined. Note that with these definitions, we then have

B2(g + hg) = x2((02 — 8442)8 + p2hg) = x2(g —ule — 84428)

using that ¥, = 1 on the support of y, and the inductive assumption (1),. Thus, by
adding the tensor ﬁg(g + Eq), we will be able to get a map u,1, which, up to an
error of size 844, is isometric on the support of y,.

We therefore want to estimate p, and Zq and choose 8, A in Proposition 4.1 accord-
ingly. We thus set £ = supp },, and observe

|V p?, —8g+2| = C|Vpql,

)
zp—q =1+ 2‘1—+2 <2,
pg — 8q+2 pg — 8442
2
) \
‘Vzpq :'V2q+2 EC’ﬁ,
Pg — 8q+2 Pg — 8q+2 Pq

where C are geometric constants. Therefore, using (4.24) and (4.34), we can infer

- ~ O
0=y < pg <2871 Ihyl <20 < 2.

VB4l < C(IVaglpg + [Vogl) < C‘S;fﬂxqﬂ’

~ - Vp
V) = € (197l +| 222
q

] + 19h1) = Cgia
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Therefore, (uq. pg. Eq) satisfies all the assumptions in Proposition 4.1 on supp xq
with 6, A given by 46,41, CA442, respectively. Setting

1-6
T:1+T(b_l)>l’

we only need to make sure that CAg4» > Ao(y, 09, 7) in (4.4). This however follows
by choosing A > Ay(6, g, b) large enough.

Thus, recalling (4.23) that supp x, is contained in a pairwise disjoint union of open
sets, each contained in a single chart, we may apply Proposition 4.1 in each open set
separately in local coordinates to add the term ﬁg(g + Eq). Overall we obtain ;41
and & such that

g—ub e =(g—ule)1 - x2) + 8442822 + €.

with ug 41 satisfying

Vgl £ CBEAL, = CREAIDOD, s
and & satistying
€] < C8g1A275 = Cogaad 202007, (4.36)
|V8| = C5q+lkq+2 = C8q+2)tzj__%9(b_l)’ 4.37)
26(b—1)

which are implied by §;4+1 = A 8442 and (4.8)—(4.9). From (4.5), one gets

q+1
supp(ug+1 —ugq), supp& C supp x4 + By, (0),

with
- —2(1-6)(b—1) 4y — —19—
kg = (Chgy)' ™27 =2 070071, < c7'agl,,

where C is the constant in (4.25) and the last inequality holds provided A is suffi-
ciently large. Consequently, uy 41 = ugy, dug+1 = duy and & = 0 outside supp xg.
Moreover, (4.32) and (4.33) for the case g + 1 follow immediately from (4.6)—
(4.7), hence (5)4 4 is verified. We also define
i

hq+1 =(1- Xz) hq +
! P§+1 P§+1

El

so that
8- ”2-}.16 = p§+1(g + hg+1),
verifying (1),41. Note that on supp ), using (4.34) one has
a1 < 48g01(1 = x2) + 8g1200 < 48441,

, 9 R 5 (4.38)
Pg+1 = 15q+2(1 — Xg) T 8g+2x5 = Sg+2.
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Thus, hg441 is well defined. Besides we can also derive that (o441, /14+1) agrees with
(g hgq) outside supp ¥, . It remains to verify (2),4,—(4),41 on supp xg.

Verification of (2)441. If x & U?:o supp ¥, then y,(x) = 0 and therefore
(Ug+1, Pg+1,hg+1) = (ug, pg, hg) = (1o, po, ho)-

Verification of (3)441. On supp Y, we first calculate

|VP2+1| C
IVpg1| = —F— < (10 Vgl + 1V gl (0] + 84+2))
2pq+1 Pg+1
Sq+14q+2 b+ (b-1)0g1-30+%)
<R —ca Syri
q+2
2 _b2

< AP @5M2) T < AP p (4.39)

where we have used (4.24), (4.34) and (4.38). For the inequality in the last line we
have used that

b 1 1 b?

1-3(1+5)25(1-7) 26-10+b=p?

2(145)23(1=%) 20-no+b<

(from b > 1 and 26 < 1) and A sufficiently large to absorb geometric constants.
Similarly, using (4.34), (4.35)—(4.36) and (4.38), we obtain

I3 120N
lhgi1] < |hgl + '2 | <20 4+ CA 202000 _ 5,

q+1
q+1

1/2 1b+(1-0)(b—1 1/2 4 b2—0(b—1
V2ugar] = €A ™00 < 08200 5707

p2—0(b—1) 315 p2 1-57
<CA 8441 < A% pyiq1

where we have used
A-=0)b-1)+6b-1)<b>—b

(by b > 1) and again assumed A sufficiently large to absorb the constants C.
For |Vhg41|, we calculate as follows:

! 2|V pg+1]
[Vhgt1] < [Vhgl + —5—(IVE| + 8442V (g xD)]) + =—5— (8g+2lhq| + |€])
a+1 Pg+1
_ 8gr1A 1y
< Chgaa + CALTHOTD | 0 2aHIZaH2 (4 5 20-0)b-D)
q+2
_ 8
<Clg42 + Ckzﬁe(b Dy C—8q+1 Ag+2
q+2
b+26(b—1)
=Clgi (4.40)
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where we have used (4.24), (4.34), (4.36), (4.37) and (4.39). Using again the inequal-
ity b +20(b — 1) < b?> — (1 —20)(b — 1), we further estimate

b2—(1-20)(b—1
\Vhyi1] < CAq—i—l( )(b-1)

_p2 —&2
< CAP 200D AT < g0 )T (4.41)

where we have again used that A is sufficiently large. Thus we have shown (4.28) for
q+1,ie., (3)q+1 is verified.

Verification of (4)441. Observe that by (4.26),

{x € Sgr1:po(x) > 8)%} = {xg(x) = 1}
1/2

U{x € Sg41: 8;122 < po(x) < 28,5}

If x € {4 = 1}, then

&

1/2

Pg+1 = 8q{i-2’ hg+1 = 5
q+2

Using (4.35),
1/2 4 b+(1-0)(b—1
V2ugr1l < ngilxq-i-(l o=
la-b
= CEIZ AT < opri b gh52 0 (44

where we have used 2 — ,% < b. By taking A sufficiently large we absorb the geometric
constant C and deduce (4.30).
In order to verify (4.31), we calculate using (4.36)—(4.37):

—2(1-26)(b—1
|hg+1| < Clﬁ(z =D < g,

b+20(b—1 -%
[Vhgi1| < CALTTOCTD < 2b ) = 4bs, 25,

using b + 20(b — 1) < b2. By choosing A sufficiently large, we can then absorb again
the geometric constants and conclude (4.31). Hence, (4),4; is obtained for this case.
On the other hand, if

xe{x€Tgq: 5;f2 < po(x) < 28;432 ,

then
(utb pq’ hq) = (an va hO)
by (2), and po < 26}/%. Thus,

a1 = 8gr2(1 = x2) + 8q+2X5 = 842,

(4.43)
Poy1 < 48q42(1 = x2) + 8q42x7 < 48442
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Therefore, choosing again A sufficiently large to absorb geometric constants,

hg+1] = [hol + | —
q+1
<o+ CAST00 <96,

Moreover, calculating as in (4.39), but this time using (4.43),

LA
IVpg41] = —— <
! 20g+1 ~ Pg+1

(IgVoql + 1V xql (0] + 84+2))

1 1 1 b b
1/2 z(1-3) >(1-%) 1-3
Co) o hgen = CASZ, 7 < APS2 7 < Aabp, 1.

IA

Similarly, proceeding as in (4.40)—(4.41), we have
1

1+20(1—1) 1y k(=1 _b
[Vhgiil <CAyy, o 77 = cAl+200 b)8qu ») < Abpq—fl'

Finally, the estimate for Vzuq+1 has already been obtained in (4.42). Therefore,
(4)4+1 1s verified also in this case.
Overall, we have shown that (ug+1, pg+1, hg+1) satisfies (1)g41—(5)g+1-

Step 3. Conclusion. We are now in a position to take the limit as ¢ — oco. Recall-
ing (4.21), we see that

§y/2<27971 and §Y2A;t < AT2Ta

In particular, from (5), we see that {u} is a Cauchy sequence in C*(M).
From the formula (4.27) and Lemma 4.1, we deduce

1/2
0<pg—pg+1 = 2541{,_1,

so that {p,} is a Cauchy sequence in C°(M). From (1)4—(3)4, we can also deduce
that {h,} is a Cauchy sequence in C°(M); indeed, this follows from the formula (Dyg>
the fact that uge and pg are Cauchy sequences, and (4.29).

Furthermore, since supp ¥, C Sq and (1), S = S, using (2), we see that for any
x € M\ S there exists go = ¢o(x) such that

(Mq, Pq > hq) = (”q07 Pgo > hqo)

for all ¢ > go(x). Similarly, since

~ 1/2
supp 7g C {p > 8,1},
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(g, pg, hq) agrees with (u, p, h) on X. Thus, there exist

e C'Y(M)yNCHM\S),
peC’ MNCHMN\S),
heCOUM RPN CHM\ S, R>*?),

such that

ug — u, uge — i*e, p; — p. hy — h uniformly on M.

The limit (7, p, ) satisfies

g—ﬁ”ezﬁ%g—l—f?) on M

using (1),. By (2)4, u = u and du = du on X. Moreover, we have

o0 o0
_ 1 -
i—ulo < Uy —ug_illo<CA LY 27471 = _Cal < g 1/2
I llo q§=1 lug —ug—1llo q§=1 3

64

using (5), and ensuring A is large enough to absorb the constant C, and, using (3)g>

2 2
V2| < AP, |Vl = AP

Finally, from Lemma 4.1 and (4.26), we see that

pg < 28;f1 onsS.

Combined with the observation above that for any x ¢ S D X, we have

A(x) = pg(x) > 0

for some ¢; we deduce {p = 0} = X. This proves that (i, p, &) is an adapted short

0

embedding with respect to S D X with exponent 8" = 72> and satisfying (4.20) as

required. The proof of Proposition 4.2 is completed.

5. Proof of Theorem 1.1 (2): Flexibility part

The goal of this section is to show the flexibility part of Theorem 1.1. The proof is

divided into three steps.
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Step 1. Short extension. In the first step we want to construct an embedding which is
isometric on ¥ and strictly short on X1 \ ¥ for a one-sided neighborhood T+ C M.
The construction is analogous to the one in [10] (see also [24]) except that we want to
define u not only locally around a point p € X.

Recall that the one-sided neighborhood is defined as £} = F(Z x [0, €[) for
F: X x| —¢€o,€0[ — M given by F(p,t) = exp,(tv(p)). We then define our short
extension u: 7 — R™ by

u(F(p.1)) = f(p) + tu(p) — > u(p).

We claim that u is isometric on ¥ and strictly short on £ \ ¥ if € is small enough.
Indeed, fix a finite atlas {(V;, wi)}lN: , for the manifold X and extend it to X using F.
More precisely, set U; = F(V;,] — €0, €o[ ) and define ¢;: U; — R” by

@i(F(p,1)) = (Yi(p),1).

Clearly in these coordinates it holds that ¥ = {t = 0}, and one can check that the
metric in each U; is of the form

n—1

g= Z gijdx'dx’ + (dt)*.

i,j=1
Moreover, the scalar second fundamental form of the inclusion ¢: ¥ < M is given by
Lij(x) = —5 34835 (3. 0).
By expanding g;; around ¢ = 0, we then get
gij (x,1) = gij(x,0) = 2tL;; (x) + O(?).
On the other hand, we compute
(ju, ju) = (9; £.0; f) + 1({0; .9 ) + (9; f. 0ipn)) + o(t?),

and
(0;u,d,u) =0, (d,u,d,u) = (1—21)2

thanks to the properties of . Since f is an isometry and

(0; f,0;) = (95 f, 0ipu) = —(Lij, ),

we therefore get

g—Vulvu =2t (<L"f’“0) —Li g) + 0(?). (5.1)
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Clearly, ufe = g on . Moreover, if € > 0 is small enough, assumption (1.2) implies
that there exists C > 1 such that

(g — Vul Vu)| () > C111d

on X7, showing the strict shortness of u on I} \ X.
Lastly, we observe that for p € X it holds that

dup(v) = 0;u(F(p.0)) = p(p),
and consequently, for any X € 7,,X \ {0},
(du(v), L(X, X)) = (i, L(X, X)) > L(X, X). (5.2)

Step 2. Adapted short extension. Given the short extension u from Step 1, we want to
construct an adapted short embedding v with ¥ = v and du = dv on X. The step is
similar to corresponding construction in [10], the main differences being the choice of
frequency parameter below to make our extension of class C L6 for any 6y < % and
the global nature of the present construction. We use one stage of adding primitive
metric errors to construct an adapted short embedding. Choose y, M > 1 such that the
short extension u: £ — R™ constructed in Step 1 satisfies u € C2(Z}) with

y A < Vu'Vu <yld. Nulerqy <M
in every chart U;. We then define

1
p2(x,1) = —tr(g — Vul Vu).
n

Observe that this is a well-defined function on £ since the trace is invariant under
coordinate transformations. By (5.1), we can seek a constant C > 1 so that, for all
(x.1) € F,

C'Y2 <p(x.t) <CtY2, |Vp(x,0)] <Ct7V2, |V2p(x.1)| < Ct73/2. (5.3)
Furthermore, there exists o > 0 such that
g— Vul Vu > C1p%Id > 2ap3g

1
16
In particular, using [31, Lemma 1] (see also [33, Lemma 1.9]), we obtain the decom-

in every chart. We assume without loss of generality that ap? < - on TFranda < 1.
position

R > >
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in U;, where @y ; € SEa Ek,i e C*(U;) and N € N, with estimates of the form
Ibxillcswy < C
for j = 0, 1,2. Setting by = by p we derive

b
g—Vul'Vu—ap’g =) b}, w1; ® W,
k=1

in U;, with estimates, for j = 0,1,2and k = 11'\7
|V by i(x,0)| < CtY27 for (x,1) € Uj. (5.4)

Now we define a Whitney-decomposition of 7 \ ¥ as follows: Set d;, = 27%¢ for
g = 1,2,... and define

S = F(Vildgy1.dg—1[) = Ui N (z;l*q_l \2}q+l).

We then let { X;}q,,- be a partition of unity on £} \ ¥ subordinate to the decomposition

oo N
sz =U U,

g=1li=1
with the following standard properties:
(a) supp )(f] C Zfl, in particular supp XZI N supp )(fl =9
(0) Y/, YpZo()? = 1in B\ 2
(¢) forany ¢,i and j = 0, 1,2 we have ||)(f1||cj(zlt-1) < qu_j

Consequently, we can write

N N
g —ufe —ap’g = Z Z Z (Xflbk,i)zwk,i ® Wi,

i=1k=14 odd
N F
2
YYD bk’ @i © Wi
i=1k=14 even

We now add similar perturbations to the map u as in Proposition 4.1 in order to remove
most of the metric error. This can be done as in [10, Proposition 3.1], which we can
directly apply since from property (c) and (5.4), we deduce

. .
xgbrillcs sy < Cdg?~7.
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Thus the assumptions of [10, Proposition 3.1] hold in each EfI with parameters
-1 3 -1
§=dq, e=dg, 0=d;, 0=d, .
Observe that, using property (a), we may “add” each primitive metric
(Xbri) @i ® W

with ¢ odd in parallel, and serially’ in i and k. We then repeat the same process
for ¢ even. Then [10, Proposition 3.1] yields, for any K > C(M, y), an embedding
v e C?(ZF,R™) such that, forallg € Nandi = 1,..., N,

o = ullcosiy < C(M, y)dy? K", (5.5)
o = ullcrsiy < C(M,y)dy"?, (5.6)
||U||C2(z§1) <C(M, )’)dq_l/zKZNN- 5.7

Since the perturbations in each step are compactly supported away from X, we have
u = v and du = dv along X. Moreover,

N N o
vie = ufe + Z Z Z()(lqbk,i)zwk,i ® Wk, + &
i=1k=1qg=1
with
”8||CO(E£]) = C(M, )/)qu_l,
”8”Cl(g£’) = C(Ma V)KZNN_l,
foreveryi = 1,..., N. Now we are in a position to show that v is our desired adapted
short embedding. First of all, observe that for any 6y < % andanyi =1,...,N, by
(5.6)-(5.7),
_ ) _ 160 _ 11 (1—260)/2
o = ulleringsy < o=l lo =l < COM.y)d{=2

is bounded independently of ¢ and i. Consequently, v € C 1’90(flj). Besides, for
(x,t) € S wehavet ~ dg ~ pz(x, t). Therefore, from (5.3) and (5.7), we get

IVo(x,1)] < C(M,y)p(x,1)~" < C(M, )/)p(x,t)l_%’
V2(x.0)] = COLp)p(x. )™ = C(M.y)plr. ),

3In fact, one could also exploit the fact that the codimension 7 — n > 254 to perform the
steps in k simultaneously as well. This would lead to an improved bound in (5.7), but this is not
needed for our purpose.
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Similarly,
€(x.1)] < C(M.y)K™" p*(x.1).
IVE(x.1)] < C(M,y)K*NN=1,
Let &
h = -
ap
so that
o — op2 = ap?
g—ve=qap°g—8& =ap“(g+h),
and then
_ o
hx. )] = CM. ) @K) ™ < 22

Vh(x.0)] < C(M. K. y)(@?p(x. 1)) + C(M. y)(@K) ™ plx.1)
< C(M. K. y)(@"p(x.0)) %,
provided K is taken large enough depending on M, y, «, 0.
Step 3. Isometric extension. By the construction of v, we therefore have
g —vfe =ap*(g +h)
on Ej, v is isometric on X, and additionally v = u, dv = du on X. Thus in particular,
dv(v) =du(v) =pu

along ¥, and therefore (5.2) holds with v replacing u. Besides, we have «'/2

and

=

p <

1 _ 1
IV(@'2p)| < A@'2p)' "0, V2| < A(@'/?p)' 70,

hl < oo V] < Ae!/2p) 6.
Now fix a triangulation of X by (n — 1)-simplices, such that every simplex is con-
tained in a single chart V;. Given any (n — 1)-simplex A"~!, we can subdivide the
product A"~! x [0, €] in a standard way (see, for example, [21]) into a number of
n-simplices. We then use the map F from (1.3) to obtain a triangulation 7 of flj.
Now set S = X UV, where 'V is the vertex set of the triangulation. Then X and S
satisfy Condition 4.1, and therefore we can apply Proposition 4.2 to obtain a new
adapted short embedding with respect to S. Iterating the construction, i.e., setting

So=3S8, Sp=XUTy,
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where T is the union of the k-faces of the triangulation, and
Yk = Sk-1

fork = 1,...,n, we finally end up with a adapted short embedding with respect to
S, =27, ie.,u: 7 — R™ is an isometric embedding. It holds # € C ¢ (£F, R™)
for

o' = eob—Zn’

where b > 1 is arbitrary. Since 6y < % is arbitrary as well, it follows that we can
achieve any regularity C ¢ for § < %

Finally, u = v = f on X, so # extends f. Moreover, di = dv on X, so that also
(diu(v), L(X, X)) = (dv(v), L(X, X)) > L(X, X)

for any tangent vector X to X, finishing the proof.

6. Proof of Theorem 1.2

We will concentrate on the case of immersions. The extension to embeddings is
straightforward and follows well-established strategies (see [16,31,33]).

With Proposition 4.2 at our disposal, the strategy for proving Theorem 1.2 for
immersions is clear: we perform an induction on dimension on the skeleta of a given
regular triangulation of M.

As in Section 4, we fix a finite atlas of charts {2z} on M such that on every chart

y Md <G <yld and oscq,G < oo(y)/2

for some y > 1, where o¢(y) is the constant given in Proposition 4.1. In addition, fix
a triangulation 7~ on M whose skeleta consist of a finite union of C! submanifolds,
such that each triangle 7 € 7 is contained in a single chart.

We first take any C* embedding of M in R”*2%+  Then we change a scale of
such embedding such that the resulting immersion, which we denote by u, is short.
By compactness of M we may also make u strictly short, i.e.,

g—uﬂe>0

on M in the sense of quadratic forms. Next, we will start our inductive construction
as in [11]. In the first step, we recall the construction of an adapted short immersion
of M with respect to ¥ = 0.
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Proposition 6.1. Let u € C2(M;R" 2" be a strictly short immersion. There exists
0 <6* <1/8 and A* > 1, depending on u and g, such that for any A > A*, there
exists a strictly short immersion U and associated h with

g —iite = 8*(g + h)

with
L
Eg =u'e=g,
and such that the following estimates hold:
|7 —ullo <8 A7, ]2 < 4, 6.1)
Iillo <A™ ikl < 4. 62)

The exponent o™ only depends on M.

Next, fix g < 1/2and € > 0. Setug =, hg = I as obtained from Proposition 6.1
with A = Ay sufficiently large (to be determined below), and also p? = §*. From (6.1),
we deduce .

llu —uollo < 2 (6.3)

by assuming Ay is sufficiently large. From (6.1)-(6.2), we further have

11
V2uollo < Ao < Ao(6*)2 2%,

—a* 0o
Ihollo = 40" = 7

* X _ 1
||V]’l()||0 < A(l)_a < A0(5*) 2 26p

where 0y is in Proposition 4.1. Therefore we deduce that ¢ is an adapted short immer-
sion with respect to the empty set Xo = @ with exponent 6y, and furthermore the
estimates (4.19) are satisfied by (u¢, po, ho) with (A4, 0) replaced by (Ay, 6p).

For any 4 > 1, we can apply Proposition 4.2 to obtain a C L6 adapted short
immersion (u1, p1, k1) with respect to X1 = V, where V is the vertex set of the
triangulation 7 and such that (4.19) and (4.20) hold with

b2 9()
Al == AO N 01 = b_2
We then continue this process along the skeleta ¥y C ¥ C --- C ¥y4+1 = M and
obtain adapted short immersions (u;, p;j, h;) withrespectto 2;, j = 1,2,...,n + 1,
with

2 0;
Ajp1 =AY, 01 = b—Jz
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After n + 1 steps, we finally obtain a global C%+! isometric immersion v := 1,
of M with
Opr1 = b72"726,.

Note that for any fixed 6y, taking b — 1, we will have 6,11 — 6. Thus, for any
0’ < 8o, there exists a choice of b > 1 so that 6’ < 6,41 < 6y. In this way we can
achieve any exponent 6 < % Finally, observe that (recalling (6.3))

n

i —vllo <l —wollo + 3 Ity +1 — w510
j=0

n
<eg/d+ ZA;I/Z <e/d+(m+ 1)A0_1/2 <e¢
j=0

by choosing Ay sufficiently large. This completes the proof of Theorem 1.2. ]

A. Proof of Lemma 3.5

Step 1. Without loss of generality we assume 2 = B;(0). In a first step we construct

a family of vector fields {1, ..., {;—n Which satisfies (3.5) on a small neighborhood
of the origin. To do this, pick orthonormal vectors &1, ..., En_p € R™ \ dvo(ToB1).
We then set

n
vi =& — Y rijdv,
Jj=1
where r;; are chosen to guarantee (v;, dxv) = O for every i and k. This is possible
since VoI Vv > y~11d. Indeed, denote b;; = (£;, dxv) and observe that (v;, 0xv) =0
for all i, k is equivalent to
R -VvTVv = B,

where R and B are the (m — n) x n matrices with entries R;; = r;; and B;; = b;;.
We can then simply set
R =B -(VvTVy) L

We claim that in a neighborhood of the origin the family {v;}”.}" is linearly inde-
pendent and therefore constitutes a frame for the normal bundle. A Gram—Schmidt
process will then produce the desired vector fields.

To show the claim, we write

(VuTVu);;! = (det VoTVo) ™' Py (Vv),
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where P;; (Vv) is a polynomial in the arguments g v!. Observe that assumption (3.4)
implies [v]; < C(y). Hence, with Lemma 3.1 and assumption (3.4) we find

I7ijllo = C(¥)[vl2e,
where we used that
|bir| = [(§i, v ()| = [(&i. 0k v(x) — 9 (0))] < [v]2¢
for x € B,. With this estimate we find
[(vi,vi) = éijllcos,) = vi,vi) = (& &) lcocs,) = Cn,y)[v]ze.

Therefore, if ¢ = e(n, y, [v]2) > 0 is small enough, the vector fields vy, ..., vy, are
linearly independent. Before continuing with the Gram—Schmidt process, observe the
following estimates for 0 </ < N:

[rijli < CL(CW)[Wli41 + CWIbij11) < Cr(Y)[V]i41.

thanks to the Leibniz rule. Therefore, we have the same estimates for the vector fields

vili = (V) [vli+1- (A.1)
Now we set
V1
é‘l = T
[v1]

and observe that for small enough ¢ > 0, we have |vy|> % so that, thanks to Lemma 3.1
and (A.1), ¢, € CN(B,) with

[E1lcimy = Cilvilcis,y = CLV]ci (B,

forall 0 <[ < N.Moreover, on Es we have

2lvy — &1
181 — &1| < =———— < C(y)[v]ze.
V1]
Now we assume {1y, ..., {;,—; are already constructed with
(G, &) = éij,
Vo - é‘i = 0,

[Gilip < Ci(y)[v]i41 forall0 <[ <N,

on B,, and in addition
15 —&il < C(y)[v]ae. (A2)
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We then set
k—1 O
O = vk — Y (v 808, G = AL
j=1

It remains to show that ¢ satisfies (3.5) and (A.2). Observe that
(ie. &) = (vic = €. &) + (6k. 5 — §5).
so that |(vg, £;)| < C(y)[v]2¢€ on B and by the Leibniz rule also
[(ve: &)l cis.) < CLW]ci+1(5,)-
In particular, || > % for £ small enough, and hence, with Lemma 3.1,
[gk]cl(Es) = CI(V)[U]CIH(ES)-

Therefore, i satisfies (3.5). Since moreover

2|0k — &k
|0k |

the first step is completed.

1Sk — Ek| < < C(16k — vi| + |vk — &) < C(¥)[v]2e,

Step 2. In this step we show that one can continue the vector fields to maps on B
satisfying the same constraints. Consider the set

R = {p € [0,1] : there exist &1, ..., Lpen € CN (B,) satisfying (3.5) on Ep}.

As we saw in Step 1, R is non-empty. Set p = sup R. We claim that p € R. To see
this, let p; 1 p and fix the corresponding families of vector fields ¢ f. Now assume that
there exists 6 = §(y, v) > 0 such that each Cf can be extended to a map Zf echN (qu)
with

[é‘lq]cl(ﬁgq) < CY)(1 + li41), (A.3)

where 0, = min{l, p; + 6}. We will prove this fact at the end of this proof in Step 3.
With it, we can repeat the procedure of Step 1: We set

n
q _ 59 _ qq.
v; = E rij81v,
Jj=1

where, again, riqj are chosen such that every v? is orthogonal to v. We need to show

that, for § small enough, v;] are linearly independent to perform the Gram—Schmidt
process. Set bf = (¢, dxv) and observe that, for p; < |x| < oy,

X X

b ) = (700 = ¢ (par= ) 00 ) + (58 (g ) 0 () = 00 (0 ) ).

|x| |x| x|
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Thus,
b2 ] < CITE le1(8,,)8 + V28 = C(y. [v]2)8

thanks to (A.3). Thus, as before it follows
| < C (. [v]2)8.

Now we write

(v?,v;-]) = ?,Cq) + E,
where E is an error term with |E| < C(y, [v]2)d thanks to the estimate on r . We
expand

@8 = (E -t (ns ) )

+ (& (Pq%)’ & - Z}I(pqli—|)> + (¢ (pqﬁ), C}’(pqﬁ»

=éij + E,

where again | E| < C(y, [v])$. Hence, for §(y, v) small enough, v{ are linearly inde-
pendent. The estimates (A.1) can be derived in the same way. As in Step 1, we can
then apply the Gram—Schmidt process to generate the vector fields Eg satisfying (3.5)
on qu. Consequently, 0, € R. By definition, p > o, for all g. Letting g — 0o, we
find p > min{1, p 4 8}, which shows o, = 1 for g large enough. Hence, 1 € R, which
completes Step 2.

Step 3. In this step we show that there exists a § = §(y, v) > 0 such that any map
¢ € CN(B,) with
[g]cl(Ep) =G (V)(l + [U]cl+1(§l)) (A4)

can be extended to a map E e CN(R") such that

Clerz,) < GO+ e z,)- (A.5)

where 0 = min{l, p 4+ §} and C;(y) might differ from the constant in (A.4).

The existence of such an extension is a classical fact, originally due to Whit-
ney [34]. However, we could not find a reference stating the estimates (A.5), which is
why we redo the argument in the following.

For k € N, y € B, and x € R", we denote by Tyké‘ (x) the k-th order Taylor
polynomial of ¢ around y at x, i.e.,

1Bl=<k
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with the usual conventions concerning the multi-indices 8. Let x; be a partition of
unity subordinate to decomposition of R” \ B, such that no point is in the support of
more than M (n) functions y;, the diameter of the support of y; is at most twice its
distance to Ep, and

108 (x)| < Cpd(x)7#

forx e R" \ Ep, where d(x) = dist(x, Ep). For a proof we refer to [23, Lemma 2.3.7].
We then set {(x) = ¢(x) for x € B,, and

LX) =Y 1T )
J

otherwise, where y; € BEP minimizes the distance to the support of y;. In [23, Theo-
rem 2.3.6] it is shown that E e CVN with aﬂE = 08¢ on B, for every |B| < k. We want
to show that 2 also satisfies (A.5).

Observe first that if x € supp y; then

|x — y;| < diam(supp x;) + dist(supp x;, B,) < 3d(x).
Hence, for such x, we have

3 P HIE(y))

P TN ()| = G

lul<=N—[B]
N—|B]

<[lipr + Y A [+

i=1

< [Elp + Cn () (T + [lvllv+1),
for any multi-index 8 with 0 < |B| < N. Consequently, if p < |x| < p + § we find
P TV C ()] < [¢lipr + 1, (A.6)

if § is chosen small enough depending on y and v. In particular, this shows the esti-
mate (A.5) for [ = 0 in view of (A.4). Now fix 1 </ < N and multi-indices «, 8 with
|| + |8| = . We want to show the estimate

D 0T ¢

J

< Ci(y)(1 + []i41)-

If o = 0 this follows from the estimate (A.6) together with the assumption (A.4).
Therefore, we can assume || > 1. We write

OBTiE(y,
ST = Yo Y Oy
J J

|
lul<N—I|B]
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Y y “y’ .

Il <lel

+) e Y PE0D (¢,
7 al<i=n-g M
s I(x) 4+ H(x)

Recall that [0%y; (x)| < Cd(x)71!. Since |o| = [ — |B|, we can estimate the second
sum by

N—|B|
(x)| < Cd(X)_'“([C]zd(X)'“' + Yy d(x)|“+i[§]z+i)

i=1
< Clel + Cnd) (1 + [vlin+1) < CO)(1+ [v]i4)

if p < |x| < p+ & and § small enough, i.e., d(x) < §, thanks to (A.4). To estimate I(x)
we set x* = pli and observe that, by Taylor’s theorem,

- i
gy - Ty =y LG e,
Al=la—tul
for some & € [x*, yj]. Now |[x* — y;| < d(x) + |x — y;| < 4d(x), so that
|97 () = TETHT P ()] = Cleljagiprd (071 = CLElid (07,

since by assumption || 4 |B| = [. Therefore, it holds that

Zaax,(x) Z (x My]) (8ﬂ+“§(y) Tlal el = 18ﬂ+“§(y ))‘ < C[2.
el <lerl A7)

To conclude it suffices to observe

3 O = YR plal-li=t gty )

|
w1

- > (=
lwl<lol=1 || <or|—]pe] -1
OB E (x* ! ~
= > o )(Z ﬁ!(uﬂ_ ﬁ)!(x —y)H ;) —X*)“_”“)

|
w<al-1 P A=

3ﬁ+ﬂ+ué(x*)

=y =5

_ — ) =TI (). (A.8)

9By (x*
Z Z!(x )(x

[u]=lal-1
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Since }; 9% x;(x) = 0, we can simply subtract Ti‘i‘_laﬁ {(x) to find

()| = = C[¢h

Bt (v _
Za“x;(m( > Syl ‘aﬁz(x))
j |

[ul<lal—1

in view of (A.8) and (A.7), which, thanks to (A.4), finishes the proof.
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