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Abstract. We prove new upper bounds for the sup-norm of Hecke Maaf} newforms on GL(2) over
a number field. Our newforms are more general than those considered in a recent paper by Blomer,
Harcos, Maga, and Miliéevi¢: we do not require square-free level. Furthermore, we allow for non-
trivial central character. Over the rationals we recover the best bounds obtained by Saha.
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1. Introduction

In this paper we prove bounds for the L°°-norm of automorphic forms on GL, which
improve upon the local bounds. The problem of establishing such bounds is commonly
referred to as the sup-norm problem for GL;. Just recently in [4] this problem was solved
over number fields for square-free level and trivial central character. Previously, in [20],
this problem was solved over Q with arbitrary level and central character. In the present
paper we go beyond these ideas. Containing each of them as special cases, our results
recover the strongest bounds from both.

The true size of the sup-norm of automorphic forms is still quite mysterious. For con-
jectures and results concerning the sup-norm problem we refer to [4,20] and the references
therein. Let us just say that there are many results towards improved upper bounds for the
sup-norm in various settings. However, there are also some results giving lower bounds.
On non-compact surfaces these lower bounds can have two sources. First, they can come
from the transition region of Whittaker functions. In this case the peak appears far from
the so-called bulk of the manifold. Such lower bounds were considered for example in
[2,8,19]. Second, they can appear in the bulk of the manifold, which also appears in the
compact setting. In this case we refer to [7] for more details. The reason for mentioning
these two sources for lower bounds is that we will encounter them in some sense in our
arguments.

Roughly speaking, our proof will consist of two main parts which are delicate general-
izations of their counterparts from [4,20]. First, we will estimate the Whittaker expansion
to obtain suitable bounds outside the bulk. Instead of reducing this estimate to second
moments of Whittaker functions as in [20], we will use fourth moments. Second, we use
the amplification method to obtain good bounds in the bulk. To control the amplifier we
have to use a generalization of the Siegel-Walfisz theorem to number fields, obtained
in [14].

Next we are going to state and briefly discuss our main theorems. The notation used
is mostly standard and will be explained in detail in Section 1.2.

1.1. Statement of results

The theorems we will now state deal with cuspidal Hecke—Maal3 newforms ¢, on GL,
over a number field F. As explained below, for us these will be functions on GL,(A)
which naturally come from cuspidal automorphic representations. However, to understand
the statement of our theorems it suffices to think of them as eigenfunctions on a congru-
ence quotient of the symmetric space GL;(Foo)/ Ko Either way we have to introduce
some parameters in order to measure the complexity of these functions.
First of all, each archimedean place v of F' will contribute a spectral parameter
_ % + lf if v is real,

" | 1442 ifvis complex.
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These are the Laplace eigenvalues of ¢, and we define the parameters T = (7},), by
T, = max(1/2, |t,]).

A more geometric invariant is given by the level n of ¢,. Classically the absolute norm,
N (1), of this level can roughly be thought of as the volume of the congruence quo-
tient on which ¢, lives. We take nj to be the largest square ideal dividing n and set
1, = n/nZ. Obviously n, is squarefree and we have the decomposition n = n,n3. Finally,
we allow ¢, to transform with respect to some possibly non-trivial nebentypus w of con-
ductor m and we set mi; = m/ged(m, nng). We can now state the main theorems of this
article.

Theorem 1.1. Let ¢ be a cuspidal Hecke—Maaf3 newform of level n and spectral param-
eter (ty)y. Then

[ #olloo
l[#oll2

<Fe (TlooN @) (ITE2N (1) PN @) V4N () /2
+ITIHTIPN @AW (y)'72).

Note that if we assume that n is square-free, then this bound reads

1#o lloo
l[#oll2
Thus, if we further assume the nebentypus to be trivial (i.e. mt = 1), then we recover

[4, Theorem 1]. On the other hand, if we take F = Q, n = (N) and mi; = (M), then
our bound reads

<re (ITlooN ) (IT 2N @) + | TIHTIPN () V4).

o
1Peloe b e (Tl NI TSN N2 M2,

o112
which agrees with [20, Theorem 3.2].
However, this theorem fails to meet our expectations for non-totally-real fields F'.
Therefore, we will prove the following alternative result.

Theorem 1.2. Let F be a number field with maximal totally real subfield F® such that
[F : FR] = m > 2. Further let ¢o be a cuspidal Hecke—Maaf3 newform of level n and
spectral parameter (t,),. Then

b5 lloo
l[#oll2

For 1 square-free and with trivial nebentypus this reduces precisely to [4, Theorem 2].
It has no analogue in [20], since it does not apply to F = Q.

In order to put these results into perspective let us recall that the local bound in our
setting reads

1__ 1
& Fe (ITlooN (@)F|T)2 ¥73 A (1) 2~ 5572 N (1) V4N (1) /2.

l[#olloo

ol e (IT |ooN (nguguuy)) /2 +e, (1.1)
o|[2
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Thus both our theorems are sublocal (or subconvex) in the parameters |T | and N (112).
In particular, Theorem 1.1 achieves very strong exponents in these two aspects when | T'|¢
is not to large. Even though we do not break the convexity barrier in the other aspects,
this paper is still the first to consider the sup-norm problem for automorphic forms over
number fields in this generality. This also means that to the best of our knowledge this is
the first place where the local bound as stated in (1.1) is rigorously established in such
generality (see Corollary 3.18 below).

While it seems undisputed that (1.1) is the local bound in the spectral and the square-
free level aspect, the story is not as simple for general level and arbitrary nebentypus.
An indication that also in general (1.1) is the correct notion of local bound is given
over Q by [17]. Furthermore, one recovers (1.1) by only using the Fourier/Whittaker
expansion together with a suitable generating domain (i.e. Corollary 2.7 together with
Proposition 3.17). This was already noted in [20] over Q.

In general only the contribution of nt; to our results as well as to (1.1) remains dis-
putable. Note that in the highly ramified situation when m = nﬁ = n we only get'

l[#olloo
I doll2

However, in this situation we also have the very strong lower bound

l|polloo
[l |2
derived in [21]. The recent work [10] over Q shows that this lower bound is essentially

sharp. This suggests that one should be able to remove the contribution of nt; from our
theorems as well as in (1.1). However, doing so in practice over arbitrary number fields

LFe Tl N ()2,

3 FeTle N ()4

without assuming the full Ramanujan—Petersson conjecture and without compromising
the quality of the exponents in the other aspects seems to require some new ideas and
more hard analysis.

Remark 1.3. In[1], which is the second part of this manuscript, the author applies similar
ideas to solve the sup-norm problem for very general newform Eisenstein series over
number fields. Furthermore, a slight generalization of Theorem 1.1 can be found in the
Bristol PhD thesis of the author, where ¢, is allowed to be a cuspidal Hecke—Hilbert—
Maal} newform. This allows for the possibility that ¢, looks like a holomorphic modular
form of weight k, at several real places v.

1.2. Set-up and basic definitions

Let F be a number field of degree n = ry + 2r;,, where r; is the number of real embed-
dings and 2r; is the number of complex embeddings. We denote the norm on F/Q by N

!By direct extrapolation from the undisputed local bound for square-free levels one may think
of this as the trivial bound in general.
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and let OF be the ring of integers in F. We denote a typical ideal in O by n and save
the letter p for prime ideals. Each prime ideal gives rise to a non-archimedean place of F
which we also denote by p. The corresponding (canonically normalized) valuation (used
for field elements and ideals interchangeably) will be called vy (-) and gives rise to the
absolute value | - |, = ¢p v"(’), where ¢, = N (p). In a similar spirit we use v for an
archimedean place and at the same time for the corresponding embedding v: F — F,.
We put
|- Jy = |- VR,

Here and in the following | - | always denotes the standard absolute value on R C C. If v
is a real place, then F), = R and we equip it with the standard Lebesgue measure giving
mass 1 to the interval [0, 1]. On the other hand, if v is complex, then F,, = C and we use
the two-dimensional Lebesgue measure coming from R? normalized by Vol([0, 1]?) = 1.

If F,, is the local non-archimedean field associated to p then we write o, for its ring of
integers and w, for its uniformizer. These fields are equipped with two measures. First,
the Haar measure u, on (F, +), which we normalize so that py,(0p) = 1. Further, we
have the Haar measure w; on (£, ). This will be normalized to satisfy u; (o) = 1.

We define Foo =[], F, and equip it with the modulus | - | =[], | - |v. Sometimes we
use | - |r (respectively | - |¢) to denote the part of | - |, coming from the real (respectively
complex) embeddings only. Let Ag, denote the finite adeles equipped with the absolute
value | - |, being the product of all the local absolute values. Note that if ¢ € F is diago-
nally embedded in Agy, then |¢|a, = N ((g)). We will also write N (¢) = N ((¢)) in this
case. The usual adele ring is then given by

Afr = Foo X Afin

and equipped with | - | 4 and p in the usual manner. We also define the set of totally positive
field elements F 7T to contain all x € F such that x,, > 0 for all real v. Furthermore, put
FO%AF) ={a € Af: |ala, = 1} and F}, = RT C F diagonally. Finally, let Foo +
denote the set of elements x € Fy such that x,, > O for all real v.

Further, let us choose ideal representatives 61, ..., 0, € 1G] F, where h g denotes the
class number of F. We write dg for the discriminant of F and d for the different ideal
of F. Then by [18, Theorem 2.9] we have N (b) = |dF|. For any ideal m we use [m], =
m/(m, u®) for the coprime-to-n part of .

Given a character y: F* \ A} — C we associate the corresponding analytically nor-
malized L-function

A, ) =TT Lo ) [T Lot x0) -
v Y

=Yoo (s,X) =L(s,x)

A complete description of the local factors can be found in [16] and reads

1

(1 = xp(@p)g,°)~" if xp is unramified,

1 if yp is ramified

Lp(S, XD) = {
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in the non-archimedean case and

i+ T
n_%f‘(%) ifvisrealand y = |- |%,

Ly(s, xv) = o= F(%) if v is real and y = sgn(-)| - |%,
202m)~6H /D (s 41 +|1]/2) if v is complex and y = arg()!|- |

in the archimedean case. If y is the trivial character, this leads to the Dedekind zeta func-
tion and we introduce the shorthand notation £, (s) = Ly(1,s) and {x(s) = len Lo (s).
At the archimedean places we write L, (1,s) = Tr(s) = 775/2T'(s/2) if v is real and
L,(1,5) =Tc(s) = 2Q2nm)~*T(s) otherwise.

Let R be a commutative ring with 1. Typically this will be one of the objects intro-
duced above. Then we set G(R) = GL,(R). We will also need the subgroups

Z(R) = {z(r): (g (r)):reRx}, A(R):{a(r): ((r) (l)):reRx},

N(R) = {n(x) - ((1) )1‘

) iXx € R}, B(R) = Z(R)A(R)N(R).
We use the following compact subgroups of G(R) which depend on the underlying ring R:

SU,(C) if v is complex,
SO, (R) if visreal,
G(Fp) D Ky = GLa(0p).

Koo = HK,,.
v

At the non-archimedean places we additionally need the smaller groups

G(FU)DKv:{

o, wWlo 0 0
K'nm)y=K,n| ®» “P»P| K =K,N v g
p(n) P [Op 0 O,p(n) P w_gop 0 ,
1+ w@wlo, o 0 0
K =K, N poR TR K =Ky,N P s )
1p (1) v [ wlo, op:| > Kop(n) P [w{}op 1+ @]lop

Globally, we put

Ky = [ [ Kip@p).  Ki() = Ko - K1, K = Koo [ [ Ko
P »

w — ( 0 l)
-1 0
be the long Weyl element.
Let us briefly describe the measures on the groups we use. Locally we will stick to the
measure convention from [19,20]: we use the identifications N(R) == (R, +), A(R) = R*,
and Z(R) = R* to transport the measures defined on the local fields to the corresponding

Further, let
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groups. Further, we take pg, to be the probability Haar measure on K. Globally, we
choose the product measure on K. The measures on the adeles and the ideles are given by

272
HAF = \/WUI’LVI;[/LD and I’LK?‘:U/L:HM;

This choice implies the volume normalization Vol(F\Af) = 1, as can be seen from
strong approximation together with [18, Chapter I, Proposition 5.2]. Here it is impor-
tant to be aware of the convention in [18, p. 211] when identifying the Minkowski space
with Foo. As in the local situation, we use the identifications N(Ar) =~ Ar and A(Af) =~
A% to lift the measures defined above to the groups N(Ar) and A(AF). Finally, we
define

/ f(g)du(g)
Z(AF)\G(AF)
dp ()
B /K/; /N(AF) Sna)k) dinap) () W dug(k) (1.2)

as in [13].

As mentioned above, we are interested in bounding the sup-norm of Hecke—Maal}
newforms over F. In particular, the automorphic forms in question will be spherical at
infinity. More precisely, we will study functions

¢ € Li(G(F)\G(AF),w) C L*(G(F)\G(AF), ®)

which are right K (u)-invariant, and eigenfunctions of the Casimir element (C,), €
U(q00) With eigenvalues (A,),. These are automorphic forms in the sense of [6, Sec-
tion 4.2]. Thus, it is standard procedure to associate a cuspidal automorphic represen-
tation” 7y to ¢. As explained in [6, Section 4.6], each cuspidal automorphic represen-
tation with central character @ can be (uniquely) realized as a closed invariant sub-
space of LZ(G(F)\G(AF), ). In this way the problem of estimating the sup-norm
of the Maal} newform ¢ is closely linked to the underlying cuspidal automorphic rep-
resentation ms. However, the sup-norm itself is only defined for smooth elements in
L3(G(F)\G(AF), ) and it does not make sense in different realizations of 7. There-
fore we will make the following convention.

Convention 1.4. Let (1, V) be a cuspidal automorphic representation with central char-
acter wy. Then there is an intertwiner o Vy < L%(G(F)\G(AF),w). Then the sup-norm
of a K-finite vector v € Vy is defined to be

[0lloo = 17l

llo@)ll2

2We use the definition of an automorphic representation given in [6, Section 4.6]. In particular,
irreducibility is included in the definition.



E. Assing 8

Let us make some remarks concerning this convention.

e Note that this is indeed well defined. First, we observe that by multiplicity 1 for GL,
the intertwiner o is unique up to scaling. However, the scaling does not matter since
we L2-normalize the image. Secondly, K -finiteness ensures that the L°°-norm of o (v)
is defined.

e This convention may seem unnecessary at first. But it gives us the flexibility to realize
7 in arbitrary models without changing the fixed cusp form whose sup-norm we want
to bound.

e The restriction to K -finite vectors shows that we should actually work with the G(A f)-
module underlying 7.

Let us now describe the structure of the cuspidal automorphic representation 7,
keeping in mind that we are mainly interested in spherical Hecke—-Maal} newforms. We
write V; for the representation space of m. First note that since (m, V) is a cuspidal
automorphic representation it is in particular unitary and admissible. For convenience we
assume throughout the text that the central character w, of 7 satisfies wr| + = 1. This
can be achieved without loss of generality by twisting by an unramified character.

By the tensor product theorem [12, Theorem 4] we may assume that

bg =®nv®®ﬂp,
v P

where (7p, Vr,p) (resp. (my, Vy,») ) is an irreducible representation of G(Fy) (resp.
G(F,)) with central character wy , (resp. wy,y). Note that this decomposition also pre-
serves the subspaces of K-finite vectors.

Since we are only interested in automorphic forms which are spherical eigenfunctions
of the Casimir operator, we can restrict ourselves to a very particular situation at the
archimedean places. Indeed, we will always assume that 7, = y; B y, with

"/ sgn(y)™ if v is real,

4

it
L) = Iyl
i, (ret) = pi2tv.igimv else.

These are principal series representations and the representation space is denoted by
Ve = B(x1. x2)-
We define the invariants

ty = (tv,1 —t2)/2 and s, =1, 1 + b2. (1.3)

In particular, o,y |+ =[], | - [3". Thus, the assumption wy | .+ = 1 yields }_ [F, : R]s,

= 0. Furthermore, v € Vy , is an eigenvector of the Casimir operator with eigenvalue

r = 1412 ifvisreal,
1 +412 else.
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This justifies calling #, the spectral parameter of m. Note that in absence of a proof of
the Ramanujan—Petersson Conjecture we cannot exclude the case of 7, being imaginary.
However, based on ideas by Kim and Sarnak it has been shown in [3, Theorem 1] that

neRU[-&.&] i

Note that a representation s featuring these types of representations at the
archimedean places is spherical. In other words, each representation (77, V) contains a
K, -invariant vector vy which is unique up to scaling. At the non-archimedean places we
define n,, to be the log-conductor of . More precisely, 1, is the smallest non-negative
integer such that there exists a vector vy € Vr,, whichis Ky,;(np)-invariant. This vector is
unique up to scaling. Globally, we define the conductor of 7 to be the ideal n = ]_[p pr.
This is the smallest ideal nt such that 7 admits a non-zero K (u)-invariant vector. Thus,
Vx contains a unique (up to scaling) vector which is K (n)-invariant. The vector

o __ o o
= @ e ®;
v 1Y

does the job and we will call it the (global) new vector.

With this restrictions on 7 in place we observe that

o(v°)
= ool (14

is a cuspidal Hecke—-Maall newform over F of level n and nebentypus w,. In particular
it is Kj (n)-invariant and has Casimir eigenvalue (A,),. Furthermore, by our convention
[1v°loo = ||@o]lco- This is exactly the setting in which we will study the sup-norm problem.
It is the natural generalization of classical Maall wave forms on the upper half-plane H.

Note that every ¢ to which the statements of Theorems 1.1 and 1.2 apply is given
by ¢o = 0(v°) where v° is the global new vector in some cuspidal automorphic repre-
sentation (7, V). This makes the formulation of the theorems precise and concludes this
section.

1.3. Guide to the rest of the paper

Let us now briefly overview the rest of the paper. In Section 2 we find a nice generating
domain for G(A ) which is tailor-made for the transformation behaviour of ¢.. Our
argument combines the fundamental domain derived in [4] with the action of the Atkin—
Lehner operators from [20].

We then move on towards the study of Whittaker functions associated to newforms.
This will take up most of Section 3 and culminate in the first upper bounds which are
good near the cusps. The main difficulty is to separate the contribution of ramified p-adic
Whittaker functions from the one of the archimedean Whittaker functions. We achieve
this by applying a generalized Holder inequality to the Whittaker expansion. This will
lead to fourth moments of Hecke eigenvalues. Finally, we can adapt the estimate from [4]
to our setting.
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The next step is to define an integral operator which will serve as an approximate
spectral projector. Locally, we will combine the test functions from [5] with those from
[20] to deal with highly ramified places. This operator will then lead to what is usually
called an amplified pre-trace formula. The geometric side of this pre-trace inequality can
then be estimated as in [4].

Finally, in Section 5, we will give complete proofs for the theorems stated above.

Convention. As is common in analytic number theory and related areas, we will use the
Vinogradov symbols < and >>. Since we consider the number field F as fixed we will
allow all the implicit constant to depend on F without further notice. Similarly ¢ will
be reserved for some small positive quantity that may change from line to line. All the
constants may also depend on &.

2. The reduction step

In this section we follow [20, Section 3B] to derive a generating domain for
Z(AF)G(F)\G(AF)/Ki(n).

We then continue to show that in order to solve the sup-norm problem for the automorphic
forms under consideration we only have to bound our functions (and possibly their twists)
on very special elements in G(A ). The central result of this section is Corollary 2.7
below.

2.1. Local preliminaries

Several steps that are necessary to deal with powerful level rely on local methods. In this
section we briefly recall the ingredients needed from [20].

Let p be a finite place and let (y, V) denote an admissible, irreducible represen-
tation of Fy. Define n, = a(smp) to be the log-conductor of 7. Let w, , be the central
character of 7, and let m,, = a(wx ) be its log-conductor. Of course, we have n, = vy (1)
and m, = v, (m,) where 1 is the (global) conductor of & and m is the (global) conductor
of the central character wy.

Most local computations rely on the decomposition

G(Fy) = |_| I_l |_| Z(Fp)N(Fp)a(wé)wn(wp_lu) Kip(n).
N _ —_—  ——
teZ 0§l§np ueog/(l_,’_w_;mn(l,np I)Di;()

=8t.l.u (21)

This is [20, (3)] or originally [19, Lemma 2.13]. The decomposition suggests defining the
invariants #,,(g), Ir(g) and n¢_,(g) in the obvious way by writing

g € Z(FD)N(Fv)gt(g),l(g),uKl,p(np)
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withu € 0™ /(1 + wgo’”(g)ox). We further define

nop = [np/2],
Nip = Np —No,p,

myp = max(0,my —nyp),
nop ifl(g) <npyp,
nl,p(g) = P . P
nip ifl(g) >nyy,

m1,p(g) = max(0,n9,p(g) —ny + my).

Obviously we have the following relations to the ideals defined earlier:

no,p = Vp(ng), ni1p = vp(iang), myp = vp(my).

In Section 3 below we will also encounter the ideal n;(g) = ]_[p‘n p™1.»(8») guch that

my p(gp) = vp(m1(g)).
Let us collect some simple results capturing the behaviour of these invariants in crucial
situations.

Lemma 2.1. Let g € Kpa(w,"*). If ny is odd, then
nip(g) =nop < g€ ng(l)a(wgl‘p).

If ny is even, then
n1,p(g) = nop.

Proof. The first part is a consequence of [20, Lemma 2.2 (2)]. The second part holds since
for even ny one has ng p = ny p. m

Lemma 2.2 ([20, Lemma 2.3]). Let ny, be odd. Further take k € Ko (1) and

wefi(a o

kepwa(wy'*) = wk'a(wy ' *)e)z

fork’ Kg(l), z € Z(Fy) and

Then

1 ifep =1,
€ = 0 1
P ( - ) else.
w,” 0

2.2. The global generating domain

Our goal is to recreate the argument from [20, Section 3B] coupled with the results from
[4, Section 5] to deal with arbitrary number fields. As expect this general setting brings
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the class group and the unit group into the picture. We start with several definitions. For
any ideal £ in O we define

ng = l_[(wgzp (1)) 1_[ 1,

ple P pte

hg = Ha(wgl'p) 1_[ 1,
pIg pie

Ke =[] Ko [ J{1} € GLa(Ag),
PR pie

Je = Kghg,

Fe =1{g € Je: n1p(gp) = nop Yp[L}.
Let us make the following minor observation.
Lemma 2.3. For g € Jg one has
g€ de < gp € wKI(Da(wy"*) for all p | L with n, odd.
Proof. Apply Lemma 2.1 for each p | £. |
Corollary 2.4. For gy € ¢ and v € o, we have a(v)g € $p.

Proof. Obviously a(v)gy € Jp. One then concludes using Lemma 2.3 and the fact that

a(v)w = w((l) S) |

In terms of the local invariants we write
n n n —n
ng =[[por. w=]]p"r. m=]]pmrmor.
p p p

Note that n, is square-free and n = n%nz.
Now we want to use the generating domain from [4] for the square-free ideal 1.
Recall the group

K* = Z(Foo)Koo | | Z(F)Ky [ ] <Ko,p(1), (u_(:p (1))>
pino plnz

defined in [4, Section 2]. Let ¥ (u2) be the generating domain for G(F)\G(Af)/K*
defined in [4, p. 14]. An element in ¥ (113) is of the form

y x\ (6 O
0 1/J\0 1)
——— ——
€B(Foo)  =al(b;)
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where |y |0 is maximal and 6; € @; is an ideal representative. We will call such matrices
special. Define

Ay x\. 4. y X _
Fu, = {(O 1). i € {1,...,h} such that (O 1)a(@,) € ?(nz)}.

We can write down a generating domain in the spirit of [20, Proposition 3.6].
Proposition 2.5. For g € G(Af) we find & |1y and 1 <i < hp such that
8§ € Z(A)G(F)(a(6;) Fu X Fny ) ne K1 (n).

Proof. The proof follows exactly the steps in [20] exploiting the fact that the fundamental
domain ¥ (u;) from [4] is already given adelically. Let wy be the diagonal embedding
of w in K. Then the determinant map

Wyha K1 (0)ghy ' wy !t — l_[ 0;
P
is surjective. Thus we can apply strong approximation to the element ghy 'w;! and find
goo € G(Fso)andi € {1,...,hF} such that
g € G(F)gooa(ei)wnhnKl(n)-

Using the properties of & (112) we write gooa(0;) = yfzk™* with y € G(F), zk* € K*
and f € ¥ (n,). By construction of K* we can assume

B — ky € Ky if pfny,
P kyep € Kopep if pluz,
ky € K,

for e, € {l,(,z(,),p (1,)}.Deﬁne
L= 1_[ P
prep#l

and note that £ must divide 1, by construction. With this at hand we can write

geZWGHE f[Tky ] kpwa@py'™) [[ kowa(@y')

pin plu,pinz pluz, ptL
N——
€K ()

-Hkl’aepwa(wgl’p)l(l (n).
»le

Let us treat each product appearing above separately. First, we include the product over
p t ninto K (). Next, we notice that if p | n but p 4 n then n, must be even. Since
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k;;w € K, we apply Lemma 2.1 to absorb the second product into ;. In the remaining
two cases, namely p | 112, 7, must be odd. First, for p } £ we apply Lemma 2.2 to obtain

k;awa(wgl‘p)zw Igp a(wy'®).
——
€K3(1)

It follows from Lemma 2.3 that also the third product is in . Finally, we use Lem-
mata 2.2 and 2.3 again to get
Kp(1)
f—i\ o
kyepwa(my'?) =w ky a(wy'?)e,(2).
———

€dn

Thus,
g€ ZWG(F) fdu [ [ &5 Ki(w).

pIL

——

=ng
One concludes the proof by writing f = pa(6;) for a special matrix p € ¥y, and some
ie{l,....hr}. L]

2.3. The action of ng

The next step is to understand how the matrix ng, for £ | n,, acts on the automorphic
functions under consideration.

We start by constructing a certain unitary character 0¥ = wf’oo [, a)ip of F*\A%
with the properties
e . 1 ifp| &,
a)n,p|l:);,< - .
Orploy ifptE,

and wf’oo |Foo+ = 1. We claim that such a character exists. To see this we apply strong

approximation for the open compact subgroup @5 = oy, which reads

P

hr
F\A = | | Foot6:0F.

i=1

But using our requirements together with say o= (6;) = 1 for all i allows us to define
such a character on the right hand side of the above equality. It is clear that the resulting
character is unitary.

Let us make some observations. Locally, one has

-1, 8 _ a)zr,plo>< 1fp|£,
wn,pwn,plo;—{l ? ifpte. 2.2)
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Let (7, V) be a cuspidal automorphic representation. We define the twisted represen-
tation (%, Vy;) by
7 (8) = 0 'wg (det(@)7(2).

This representation is sometimes denoted by 7% = (w;'w®)x. The central character of

7% is w71 (@f)? and looks locally like

Wl ifplg,
o (@5 )P lox = oo _ Pl (2.3)
’ ’ ? a)ﬂ,D|D:)< ifpt&.

In particular, the log-conductor of the new central character coincides with the log-con-
ductor of w,, namely
w=[Tr
P

Further, we note that this twist does not change the spectral data at co. Concerning the
conductor of 7° we have the following statement, which corresponds to [20, Lemma 3.4].

Lemma 2.6. For £ | n, the log-conductor of w* is v and

vg = m(ng)v° (2.4)

is a new vector in .

Proof. If p 4 &, then n§' and 7y, differ only by some unramified twist. This does not
change conductor. However, at the places p | £ the representation ﬂ,f’
up to some unramified twist. Here 77, denotes the contragredient representation of my.
Since a(mp) = a(my) it suffices to show that the vector given in (2.4) has the correct
transformation behaviour under K (1).

We proceed place by place. For p £ and v there is nothing to do. For p | £ we

calculate
a b 0 1\ _(0 1 d cw,'”
c d wg" 0] w;’” 0 wgpb a )
N— —’

=kpeK1!p(np) =k£,eK0,p(np)

is equivalent to 7Ty

It is easy to verify that k,;z(det(kp))_1 € Kj,p(np). Therefore, using (2.2) and (2.3) we
have

7y (kp)vg , = @y (det(kp))mp (kplnelp) vy

= 0y (det(ky)) 7y (z (det(ky)) mp([eo) [ (2 (det(hy) k) vg]
=z, p(detkp)) €Ky p(np)

=vp

= mp([nelp)vy = vg ,- u
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Observe that (7%, V) is also a cuspidal automorphic representation. Furthermore, an
intertwiner, 0%, to L3(G(F)\G(AF), w;! (a)f;’)z) is given by

[0 ()](g) = 05w} (det(g))[o(v)](g).

This leads us to the definition of the twisted newform ¢ = o® (vg). We immediately
observe that

$o(gng) = wr(wF) " (det(g))ps (g).

giving us exactly the ingredient we needed to understand the action of ne on ¢,. We
derive the following corollary.

Corollary 2.7. If ¢ is the newform associated to a cuspidal automorphic representation
(7, V) then

sup [¢o(g)l < sup sup  sup |95 (a(6)g)l. (25)
g€GLla(A) Rlny 1<i<hp g€FuxFu,
Thus, we have reduced the sup-norm problem for the newform ¢, to bounding the
newforms ¢ on very special matrices. In the following we will fix an arbitrary £ | 15,
write ¢ = ¢£ and bound ¢ on a(6;) (g X Fu,).

3. Bounds via Whittaker expansions

In this section we consider the Whittaker expansion of cusp forms. This will lead to a
first upper bound for the newform ¢, which is sufficient when the variable is sufficiently
close to the cusps. The main result is Proposition 3.17 below.

Throughout this section let (7, V) be a cuspidal automorphic representation with new
vector v° € V; and associated newform ¢ = 0 (v°). Recall that the (arithmetic) conductor
of w was denoted by n = nzng. Furthermore, the conductor of the central character was
given by m and had m; = m/ged(m, n,110). In this section we will further encounter the
ideal

my(g) = Hmep(gp),
pn
where m ,(gp) Was defined in Section 2.1. Note that m;(g) | m; for all g. Without
loss of generality we assume that ¢, is L2-normalized. Further, we fix g € J, and
n(x)a(y) € Fu,.

3.1. The Whittaker expansion of cusp forms
Lety = ]_[v Yy ]_[p Yy be the standard additive character of A ¢ as defined in [19]. Recall

e(x) if v is real,

e(x +x) ifviscomplex,

Yo(x) = {

with e(x) = e2™* Further, note that the conductor of v is d~!.
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Having fixed the additive character we define the corresponding global Whittaker
function

or
Wou(8) = = /F o BNV s ()

We want to factor this global function into a product of local functions each of which
matches the ones studied in [20]. Therefore, we define the shifted local character w; =

Yoy v”(b)-). This local additive character has conductor o,. Further, if ws p(wp) =
|wp|:f” , we define n; =|- |;m” / znp. The purpose of this twist is that the central char-
acter @y of my is trivial on the uniformizer. Now let W, be the Whittaker new vec-
tor associated to the representation n{j with respect to the character W{,’ normalized by
Wy (1) = 1. These are exactly the Whittaker functions studied in [19, 20]. At infinity we
take the local Whittaker function W, to be the Whittaker vector associated to v} nor-
malized by (W,,, W,)) = 1. This matches the situation in [4]. Having defined these local

functions we achieve the factorization

i D
Wao(8) = o [ [ Wolgw) [T ldet(en) i > Wy a(wy* ) gs).
v P

———
=Woo(go0)

The translation in the finite part comes from the shift in the local additive characters as
explained in [19, Remark 2.11]. The constant ¢4, comes from our renormalization of the
local functions.

For 1 <i < hp and g € §, we have the well known Whittaker expansion

Po(a(6i)gn(x)a(y))

=cgo > [Tl det(gp) s > Woa(@p* @ 6:0) ) Woola(@n(v)a(»)).  (B.1)
qgeF> p

For convenience we split the local terms into the archimedean part Wy, the unramified
part

ru(q) = [ Wola(my"®6:9)).
pin

and the ramified part

An(q) = [ Wala(@*® 0:9)80).
pln

We also collect all the unramified twists together and write

iap/2

n(q) = [ [ la6: det(gp)ly
P

Since |n(g)| = 1 this factor does not influence any of the upcoming estimates.
Let us continue by gathering some properties of Ay, and A,,. First, we recall the fol-
lowing standard result.
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Lemma 3.1. If p { n, then there are unramified characters x1,p and x2 p such that 7'[{3 =
X1,p B x2,p. In this case

Wy (a(@y*®6,q))

0 if vp(6iq) + vp(d) <O,
)UD(9i4)+Up(b)+1 - X2 p(w—p)vv(eiq)+vv(b)+1

3 Op D+ ON/2 M1 (wy
P X1p(@p) — x2,p(@Tp)
if vp(0;q) + vp(D) > 0.

Proof. This follows from [9, Theorems 4.6.4, 4.6.5]. [
We can extract the following fact about the support of unramified coefficients.
Corollary 3.2. If Ay (q) # O, then vy(q) = —vp(D) — vp(6;) for all p 4 1.

In order to describe the unramified coefficients in terms of more or less well known
quantities we quickly introduce the Hecke operators. For p 4 n and k € N define

Xpx = {m € Maty(0p): vp(det(m)) = k}.

o
P

eigenvalue by A(p¥). For any ideal a coprime to n we define the global Hecke operator
by

The local new vector vy is an eigenvector of the operator mp(1x, ,) and we denote its

T(a) = l_[ Tp(1xy 4 0))-

pla

It is clear that the global new vector v°, and therefore also the newform ¢, is an eigen-
vector of this operator with eigenvalue

M) =[Tr@™®).
vla

We can now make a connection between A, and the Hecke eigenvalues A(-). At this point
let us remark that we follow the normalization of [9, Section 4.6] which differs from the
one used in [4,20].

Lemma 3.3. We have

s
/\ur(‘]) = #
N (et

Proof. The proof proceeds locally by showing

A(0%) = gfWola(w*®)) forpfn.
This can be done by induction using [9, Propositions 4.6.4, 4.6.6] and Lemma 3.1. [

Next let us inspect the support of A,;.
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Lemma 3.4 ([20, Lemma 3.11]). If Aq(q) # O and g € Ju, then

Up(q) = —vp(6;) — vp(D) —no,p —m1p(gp) forallp|n.
Proof. Since g € ¢y it follows that g, € Kpa(wgl'p) and ny,(gp) = nop. But
Wo(a(wy*®6;4)g,) # 0 so that [20, Proposition 2.11 (1)] implies®
p(0iq) + vp(d) = —n1,p(8p) — M1,p(8p)-

Note that we have used Corollary 2.4 to include a(v’) into g, for v’ € oij where 0;q

0
— U/w;)p( llI). u

Later on it will make sense to view Ay as a locally constant function on the adeles in
an obvious way. It will then be crucial to determine sets on which this function is constant.

Lemma 3.5 ([20, Lemma 3.12]). Letp |1, g € Fn and uy,u, € o;‘ such that uy —u, €

w0 o Then

|W7rp (a(w{;”l)gp)l = |Wnp (a(w;];cuZ)gp)|-

Proof. The proof of this minor lemma goes back to the decomposition (2.1) and the fact
that the absolute value of Wy, on ZNg; ;. K1 p(ny) is determined by g; ;4.
First, by (2.1) we can write

8p = ZngriuY fory € Kl,p(np)‘
Then one observes that
a(w{;ul)gp = zn’gt+k’l’uul_1 v
By doing the same for u, we observe that the claimed equality follows when

uu™1] = [uugl] € o;f/(l + w;,l(’(g”)op).

The last condition leads to u; — u, € w; O(g“)op. [
Combining the support properties from Lemma 3.4 and Corollary 3.2 we derive
|po(@(@)gn(x)a)] < legol D 1Au(@)ra(@) Woolalgy))] (3.2
ger—!
from (3.1), where
t=uomy(@)d [ [ @, wi(e) = []pm > (3.3)
P P

It is easy to deal with the constant cg, .

3Note that in the notation of [20] we have q(gp) = no,p + m1,p(gyp).
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Lemma 3.6. We have
Cpo K (N()|T|o00)®.

Proof. As in [19] we observe

g K L' (Lo A)T [T W) = L1 Ad) T

Y

It is a well known fact (see [15] for the corresponding result over Q) that L(1, 7, Ad) >
(N (M)|T|o0)?. Thus,
Cpo < (N ()] T o). .

Before continuing we fix a parameter R = (R,), and define the box

B(R) =[]{& € Fo: 16| < Ry,

This box will be used to truncate the Whittaker expansion. We will mostly use R, <
T,/ yy except in Section 3.4 below, where we allow arbitrary R.

Applying the Holder inequality to (3.2) together with 1 = |g]|a, = |9]fn|q|ec =
N (@) |gloo yields

/
Bea@)gn(a <legel (3 lal2Weolatyl*)

gei—'NB(R)
=S81(R)
2/3 43\/*
Y N@P @k @) Hep lER), (B4
gei—1NB(R)
=82(R)

with

/
s@=( Y laWela@®)".

gei—1NB(R)
3/4
SB=( Y N h@h@*?) "
gei~1NB(R)
ER) = Y hul@An(@)Weolgy)l.
ger~1,q¢B(R)

We will estimate each of these three quantities in the upcoming subsections.

3.2. Counting field elements in boxes

This subsection is concerned with estimating the number of field elements in differ-
ent adelic boxes. These estimates will be needed in order to estimate S;(R), S2(R),
and &(R).
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We start by considering some archimedean boxes. The following argument is almost
completely taken from [4]. Take
T+ Tv1/3+s T
27|y Yv

and recall the ideal 1 from (3.3). Further, fix a € 1 such that

N(@) = N((@) = @2/m)" VIdr| N ). (3.5)
This is possible by [18, Lemma 6.2]. In particular, a1 ™! C OF.
Define
I(ky) = 6 € F kylalRy < |&v]| < (kv + D)]a|Ry} ifky > 1,
T e e B8] < JalRy, —ky < [16] - 39P] < —ky + 1) else.

(3.6)
Fork € Z¥" let I(k) = [T, I, (ky).
Let us start by establishing a simple but crucial property of these sets.

Lemma 3.7. If k, < —||a|R, | then I, (k,) = 0.

Proof. Suppose k, < —||a| R, |. We consider two cases. First, let |£,| > % Then the
two inequalities in the definition of 7, (-) yield

la|T,
27|y |

+ LRy | <[] = [a|Ry.

But the set of such &, is empty. Secondly, we assume |§,| < %. This gives

|a|T,

Ev] <
' 27|y

— Lla|Ry] <0,

which is also impossible. ]

We also need good estimates for #{(/(k) N air™'). These are obtained by a standard
volume argument. Let us start with some p_rerequisites.

Choose a fundamental set & for the lattice a1 ~! C F,. Without loss of generality we
can assume 0 € . Let D be the diameter of #. It is an elementary fact (see [18]) that

Vol(P) ~ N (@) N@™Y) ~ 1.
Further, we define

{&y € Fy: kyla|R, — D < |&)| < (ky + D)]a|Ry, + D} ifk, > 1,

{6 € Fui —ky — D < ||| — 32404 | < —ky + 1 4+ D} else,

Jky) = {

and J (k) = [T, Ju (k).



E. Assing 22

Lemma 3.8. The volume of J,, (k,) is given by

2la|R, + 4D if visreal and k, > 1,
41+ 2D if vi land k, <0,
Vol(J, (ky)) = ( ) lf l.S real and k,, <
w2k, + 1)|a|Ry(|a|Ry + 2D) if v is complex and k,, > 1,
2%(1 +2D) if v is complex and k,, < 0.
Proof. The proof is an elementary volume calculation. ]

As a consequence of Minkowski theory we can choose & such that D < N (a1~")1/"
<« F 1. Therefore, it is clear that

‘“y‘%—i—l ifvisrealand k, > 1,
ifvisrealand k, <O,
kv(@% + 1)2 if v is complex and k, > 1,

Vol(J (k) <« [ frlkn),  folky) =

‘“y‘% +1 if v is complex and k,, < 0.
3.7)
We are now ready to count points in our boxes.

Lemma 3.9. One has

fa™' N Ik) <[] flk).

Proof. By the construction of & we have
VOl(quaz_lﬂI(Lc)(q + ‘{P)) VOI(J(lf))
£ < =
Vol(P) ~ Vol(P)

One concludes using the calculations above. ]

B~ N 1K) =

For the estimation of S>(R) we need to count field elements with strong non-
archimedean restrictions. We will be able to reduce this problem to [4, Lemma 6].
We will now define certain subsets of the adeles depending on tuples

]§ e zHPInt a4 [124] c HO;/(l + wgo,p(g)op)'
plu

In our applications the tuples /:c will usually lie in

Z" =[] lkp € Z: ky = —vp(1)}.

plu

For such k and [u] we define the sets

Al = {a € Aqn: vp(ap) = —vp(1)},
C'(6) = ta < Ay va(an) = ky Yol ),

C'(k.[u]) ={a e C'(k): ap = w{fpa; with [a},] = [up] € 0} /(1 + @y " " 0p) Vp|n}.

It will be useful to know the volumes of these sets.
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Lemma 3.10. Fork € Z*" and [u], [u'] € [], 05 /(1 + @y »(E) p) we have
Vol(ALy. djtin) = N (1),

N
Vol(C* (). diin) = S0t )H 4",

3.8
Vol(C’(lngE‘]),dMﬁn)=V01(Cl(]§’[£/])’d“)’ N
, N (z) —kp—no.5(8)
VoI(C e D diim) = 375 [

Proof. This is a standard adelic volume computation done place by place. The key facts
we use are [iy(0y) = L) up(@yop) = q,", and that both pp and u; are Haar

measures for o;‘. ]

Finally, we are ready to prove the following counting result.
Lemma 3.11. For k € Z" we have

|R|ooN (1) —kp

—1 1 —
B ™\ (0) 1 BRIC! k. ) < Frlh) = 1+ 5o =i [Ta

uniformly in [u] € [ ], 05 /(1 + @y p(g)op). Moreover, for [, q];p >|R|ooN (17 i]n)
there is no g € (F* N B(R)C'(k))\{0}.

Proof. Let us call the set we want to count S. If S is empty we have nothing to show.
Thus, take ¢o € S. Now define the shifted set S’ = %S — 1. Any x € S’ satisfies

[x]y <2|— for all v,
qo |y
—vp(t)
w
[x]p < L4 for all p 4 u,
do |p
Ix|p < |w"°"(g"’)|]D for all p | m.

Define the idele s by s, = 2'/[Fv :Rlﬁ and

{wp_”“(’)/qo if ptm,
Sp =

n
wpo‘p(gp) else.

After noting that 0 € S’ we conclude that
818 <14+ 1t{x € F*: |x|y <|s|v and |x|p < [s|p}.
To estimate the last set we use [4, Lemma 7]. This yields

g1S <14 |s|lap.
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We are left with calculating the adelic norm of s. This is done using

[Tiaols" [T lg0ly" = [Tlgols = [Ta» "
v

pin pln pln

To prove the second part we suppose len q],;p > |R|ooN (17! [t]n)- Let us define the
ideal m = Hp\n p¥e. Then in order to have g € C'(k) one needs N ((q)) = N (m): [t
But for ¢ € B(R) we require |¢|oo < |R|co- Now we conclude by obtaining

9loo  _ |Rleo N ([t]n)
N((q@) =  N(w)

Roughly the same reasoning applies to elements of 1 ~! N B(R).

< 1. [

1 =|qla = 19loolqlfin =

Corollary 3.12. If |R|so < N (1)}, then 17! N B(R) = {0}.

3.3. The sum S1(R)

In this section we will treat the sum S;. Due to the transition region of the archimedean
Whittaker function this argument requires

B T, + TU1/3+8 g T,

= . (3.9)
27|y Yy

Note that in view of Corollary 3.12 the sum S is empty if |R|oo < N (1)~'. Therefore,
we assume -
Rloo = || > W (om (e

oo

throughout this section. Let us fix a € 1 such that (3.5) holds.

Lemma 3.13. For R = (R,), as in (3.9) we have

mm«m%mwﬁﬂmW+mW§
v

v

T1/4 1+
)

The proof will be in the spirit of [4, Section 8]. We start by expressing the archimedean
Whittaker functions explicitly in terms of the K-Bessel function. We have

€121 Kir, |, )]
IT(1/2+it,)T(1/2—it,)|V/2

601y | Kie, (47[80])]
IT(1 +i2t,)T(1 —i2t,)[1/2

if v is real,

Wy (a(€n))l =

else.

This holds as in [4, p. 26]. One notes that the Gamma factors are due to the L2-normal-
ization in the archimedean Whittaker model.
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By Stirling’s approximation one finds |T'(1/2 4+ it,)| > e™™/?" and |T'(1 4 2it)| >
Tvl/ze_’”". Thus using [22, (3.1)] one derives

T1/2 B —1/4
W(a(qy)) < gyl T"|1/2 min(7, 13, (40 ) V4 lgl = o2yl T4,
viv
We define U4
T,
Iy (k) =min(T,}/6, Ly )
YVkv

and observe that for k,, < 0 and ¢ € I,,(k,) we have
Wola(ga™y) < lga™ "yl I Tl 2y (k). (3.10)

But for ¢ € B(R) we also have |[ga™'|, < |R,|, < |% » and hence |ga='y,|, < |T,|,.
And thus
Wv(a(qa_lyv)) K hy(ky).

Finally, we are ready to estimate S; (R).

Proof of Lemma 3.13. First, we shift the sum by a. This gives

St=lal, Y. gl Welalga )"
g€ai—'NB(|lal|R)
Then we partition B(|a|R) using the boxes defined in (3.6). In each box we exploit (3.10)
to get

St<lalZ, > tdE nar Y[ la  yol2ITol 2 (k).
kezfv) v
—laRy )<k, <0

Inserting the result from Lemma 3.9 yields

LlalRy |
St<ILITIZT] Do hv(=kn)* ful=ky).
v k,=0

To estimate the remaining sums we use ideas from [4, Section 8] and treating each
archimedean place v separately.
We start with v real and obtain

LlalRy ] LlalRy ] \a|T,
> hy(=k)* fu(—ky) = T2 + Z
= [yvlky

al|T,
< (|Tv|,2/3+—| | ”)
[yvl
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Similarly one treats the complex places:

LlalRy | Lla|Ry ]

T T, al|T,
> ikt k) < T2 (lal 1)+ 3 (Jalt 1) o
ky=0 lyvl ko1 [yvl lyvlky

T T 1+¢
< (""|yv| * 1)(T”2/3 * ""|yv|)
v v

T. 2+¢ T2 1+¢

< 123 4 o) = < T3 4 jaP2) .
v v 2
[yvl Yo

Putting everything together gives the desired estimate. |

Corollary 3.14. If

[yly = a3 T, [Je Vleo/loelaTloo (3.11)
for all v, then
B T 1/4\ 1+¢
S1(R) K |y|c1>éz|T|ool/2(|T|éé6 + N (o (g)) /4 v ) .
o0

Proof. We consider two cases. First, assume |y|oo < |a3T|<1x/>3. Then the balancing

assumption implies |y, |, < |a|v|Tv|\1,/3 for all v. Therefore, we have

1/4

aT,
o> T, |e,

v ly

1/3
o0

Secondly, if |y]oo > |a3T |o5", one argues analogously to obtain

1/4

aT,
T,

yvv

Recalling that |a|s < N (119111 (g)) completes the proof. |

3.4. The sum S>(R)

In this section we will estimate the sum S5 (R) by reducing it to well known averages of
Hecke eigenvalues and local Whittaker functions. In view of estimating the error & (R) in
the next section it will be useful to allow general parameters R.

Lemma 3.15. For arbitrary R = (Ry), € (R=0)""} we have

N (1) /4

S2(R) < (ITIoodV(“))E'R|<1></>4+E(Wg))l/4

+IRIL N o (017
Proof. We start by defining

I(a) ={q € 1l lgly < |Rvlv, (@) = a}.
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Using [4, Corollary 1] we observe that
Bl(a) Kz [R|S N (a)7°. (3.12)

In particular, if N (a) > |R|co, then I(a) must be empty.
By Lemma 3.3 we have

A (g-) [

N (ar)?/3 Z a2

SR = 3 N@PN (@]
- qel(a)

aci—!
N (@) <K|R|co

/
=N Y M@ Y [Aaa) 72 Do @

N (ay)2/3
ag|n® (az,m)=1 (a2) qgel—lajas)
N(a)) KN (@) R0 N(az)< Nj\l/)(g?l\)oo

At this stage we apply Holder to the ay-sum. This yields

N(z)|R|oo)”3

SR =N N

ap|n®>
N(a)) KN @)|R|oo

(= (x |xn(q)|4/3)3/2)2/3.

(az,m)=1 qgel—lajas)

N (@)« X Rico
Here .
A ()]
Sur(X) = Z 2"
(a,n)=1 Jv(a)
N(@)<X

Before we continue, it is important to recall that our Hecke operators are differently nor-
malized than the ones in [4, 15,20]. It is well known that

Sur(X) < (IT |oo N (w)°X 1.

This was proved in [15] over Q.
We now use Jensen’s inequality exploiting the fact that the g-sum is short by (3.12).
This yields

S2(R)*3 < (IT|oo| Rloo N (0)* N (1) V3| R| 13

2/3
> N(al)‘/“s( > > Mn(q)lz) RENERE)

ap[n™® (az,m)=1 g€l lajaz)
N (@) KN )| Rloo N (@)« X Riee

We will continue to analyze the a,-sum. For the sake of notation we define

Stam = > > @ (3.14)

(az,m)=1 qel—lajas)
N (@)« X Rlee
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In order to use the notation from Section 3.2 we set

Izc(all_l) = (Up(all_l))pln eZ".

By the local definition of A,; we can view it as a function on A} . Lemma 3.5 implies that

this function is constant on C'(k, [u]) for k € Z™ and [u] € len p/(l—}—wno p(g)op).
Therefore, we have

Stam = Z Mn(q)'Z

ger"INB(R)C! (k(aj1~1))

= > > An(q)]?

W1l Tpp 05 /(4w 0 P o,) 46 NBRIC! (k(@ni—).[u])

B 46 0 BRRIC! (k(ay ™), [u])
B Z Vol(C (k(ari™h), [u]), dp)
wlellpn 0p /(1+@ - B

"0 p(&)

op)

: / (@)1 dpin(@)-
C(k(ayr=").[u))

Using (3.8) and Lemma 3.11 reveals

S < ODN @) po 1)) Pa@P dum(@). (.15
N (1) = C (k(ay—1))

The integral appearing here can be estimated using the local result [20, Proposi-
tion 2.11 (2)], which in our set-up reads

(®)+vp(6))+k —(p(d)+vp(6;)+kp+ + (gp))/2
[ Watamy O g2 s (q) < gy O 0o
o5

for gp € Kpa(w:,’ "*)and n1,,(gp) = no,p- Note that in the situation at hand the condition
on gy is satisfied since we are assuming g € J,. With this at hand the estimate proceeds
as follows:

/ (@) dtn(@)
Clk

_1‘[ o Wp]‘[ Waa(@y”6:9)g0)|? ditn()
v() kp

Op @y oy

N - v v x
iU [1s: [ a0 g i)

= Nl o
< N(n)s%(]))gn( )1 —(vp(b)+vp(9,)+no,p+m1 o(20)+3kp)/2
pln
N(
= N(n)® it ]( ))3/2 Ea(1)~! 1—[ a —3kp/2.

plu
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Inserting this estimate in our expression for Sy, we get
Stam < &a(1)™' N (w0 (@) N (a1) ™2 Fr(k(ari™")).

The result from Lemma 3.11 yields

S« é. (1)_1(N(n0(g)) |R|oo=/v(l)).

N@)V2 N (ap)3/?
From (3.13) we deduce

1/4
&WT<ONMRMN@W%%%ﬂ¢de@%+ﬂmmNM)
. ( 3 N(a1)5)4/3.

ap|n>
N(a) KN ()R]0

In the end we note that by the Rankin trick we have

Yo N@) < NWIRI. .

aj n>
N(a)) KN (@) R|oo
3.5. The error &

For R as in (3.9) we will roughly prove that the error is always absorbed in the main-
contribution. More precisely, we have the following lemma.

Lemma 3.16. Under the balancing assumption
[yvly < |a3Tv|]\?g|y‘°°/]°g‘a3T|°° forall v
and with R as in (3.9) we have
€ K (IT ool Rloo N (1))°
(ITIEEN (o) + T I IRIN (noms ()4 + [RIGLZN (mom ())'/2).
Proof. For § C {v}andk € N#S we define

(ky + DR, ifves,

R, else,

R@={
Is(k) = [ ] 1v(ko),

vesS

Bs(R) = [ [{&, € F*: |&,] < Ry}

vegS

For k, > 1 we define
hy(ky) = e FlwIRvky
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By the exponential decay of the K-Bessel function we have the bound
la™ g2 W (@@ gyt < k2R hy (ko) (3.16)

forgq € I, (ky) and k), > 1. We now decompose & as follows:

e= Y X > a2 Waola™ ) ) Sa(R k).

P#SC{v} keN#S gear—!nIs(k)xBs(lalR)

Again we included the shift by a only in the archimedean part. Note that by Corollary 3.12
below the sum S, (R'(k)) = 0 if

[Tk + 1] Rl < ¥ ()7

vesS

We can add the condition

[Tk + 1l = IRIZNO

veS

to the sum over k.

First, note that Lemma 3.15 is general enough to deal with the non-archimedean part
of the sum. To deal with the archimedean part we use the same approach as in Section 3.3.
In particular, with (3.10) and (3.16) we have

3 lga™" | 2| Woo(a(ga™" y))|*
gear~NnIs(k)xBs(a|R)
_ » Y lgaT 2 Weola(gaT y))l*
k¢ gear—1NI(kxk®)

—LlalRy <k, <0¥vgS

CIRZ ]l h) AE) [T 20 k) folle)
vesS U¢S ISC
—LlalRy <k, <0Vv>S

K |RIZ [T koly?hukn)* fulke) T AT + laRy ).

veS vegS

We obtain

T &
€ < (H J\/(n))

Yoo

[Rlco"* N (10)! /4
Z Z (jo—(i/z‘ + | RILAN (nomy (9)) /4
E#SC{U} ]:CENnS (ml(g))

[Tves ‘kv+1|1)Z|R|;o1=’v(1)_l

T TAT Y + laRu ) [ Bu ko) £ ().

veS veS
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Inserting the definition of f,, from (3.7) and using the balancing assumption as in the
proof of Corollary 3.14 yields

RIsa* W (ng) /4
N (1 (g)) 14
0#SC{v} keN#S
[Tves ‘k\J+1|vZ|R|;o] t/v(l)_l

1+¢
-Hmwwmwmmwﬂ (w&ﬁwmwmeM@WﬂﬂkPm*mmﬂ

vesS

L (T ool RlooN (1))*

T 1/6J\/ 1/4
> > me“%?—ﬁ%r+wmwz
0£SC{v) keN#S (m1(g))

[lves ‘ku'f‘l‘lengoldv(l)_l
+mwwwwmm@wMﬂmwwmmwwﬂrhwmﬂmm}
veS
Finally, we use the condition in the k-sum to remove the factor |R|~'/4. We drop any
unnecessary condition on k and end up with
€ < (IT|oo|RlooN (1))*
(ITILEN (o) + T IRILN (nomy (9))* + [RIZPN (nomi(9))'2)

) Z Z |kv|[FU:R]/2_1/4hv(kv)-

B#£SC{v} keN#S

Due to the exponential decay of &, (k,) for positive k, it is no problem to estimate the
remaining sums by

DY (kR () < 1

B#SC{v} keN#S

This completes the proof. ]

3.6. The final Whittaker bound

Now we have all the pieces together to prove an upper bound for ¢, via its Whittaker
expansion.

Proposition 3.17. Let ¢po = o (v°) for some cuspidal automorphic representation (7, Vy)
with new vector v°. For g € $ and R as in (3.9) we have

|po(a(f)gn(x)a(y))|

L (T oo lylod N (m))°
(1T N (o) /2 + | T|LEIRILA N (nomy (€)' + |RILZN (nomy (g))'/3).
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Proof. Asin [4, (8.7)] we can assume that y is balanced in the sense of (3.11).
Next we note that if | R|oo < N (1)}, it follows from Corollary 3.12 and (3.4) that

[¥(@(@)gn(x)a(y)| < lcg, |€.

In this case we get the desired bound from Lemmas 3.6 and 3.16.

Finally, for | R|so > V(1) the main contribution will obviously come from S S»(R),
since the error is controlled by Lemma 3.16. As in [4, (8.7)], we can assume that y is
balanced in the sense of (3.11) so that we can use Corollary 3.14 and Lemma 3.15 to

show
T M4 1e
)

T &
5185(R) < (H N(n)) |R|;”“(|T|éé‘5+N(nom1(g))1/4
o0

‘ ( N (1g) /4
N(ml(g))IM

T (1117 | TIE° N (o) /4 12
< (‘y‘ww(n)) (|R|(>o o () e + N (119)

- ITIMS|RI N (o () + |R|éé%v<nom1(g)>”2).

+ |R|<1></>2=N(U0m1(g))1/4)

Using [R| ! < N(1)™! <« N(nomy(g))~! to get rid of the factor |R|;.}/4 concludes the
proof. ]

Corollary 3.18. Let ¢po = 0(v°) for some cuspidal automorphic representation (1, V)
with new vector v°. Then

$o(8)
lldol2
Proof. First we note that by Corollary 2.7 it is enough to consider ¢, on elements of

the form a(6;)gn(x)a(y) for g € gy and n(x)a(y) € Fu,. The result now follows from
Proposition 3.17 upon noting that |R|eo =< |T |oo/|V]oo and |y]eo > N (112) L. |

&L (T |somanomy) /2 forall g € GL,(A).

4. Bounds in the bulk

After having obtained estimates for automorphic forms near the cusps we have to deter-
mine their size in the bulk. Note that the term bulk is used somewhat informally and stands
for a part of the generating domain qu L a(0;i)dn x Fu, containing the region where the
Whittaker expansion fails to deliver the desired bounds. To make this somewhat more
precise, let us remark that later in the proof of Theorem 1.1 the bulk is understood to be

{a(0)g' han(x)a(y) € a(0i)gn X Fay: i = 1,....hr and |yloo < T[S N (n2) 73,

Since gy is compact and we can assume y is balanced, this can really be thought of as
some bounded piece of the generating domain justifying the term bulk.
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The strategy we will pursue in this section is based on the so called amplification
method. More precisely, we will define an integral operator which approximates a spectral
projector on a certain subspace of L2(G(F)\G(AF)) related to the automorphic form
under consideration. A geometric estimation of the kernel will yield the desired estimate.

Let (7, V) be a cuspidal automorphic representation with new vector v° and asso-
ciated newform ¢o = o (v°). The (arithmetic) conductor of 7 is given by n = mn3. As
earlier, we write m for the conductor of the central character w, of = and set m; =
m/ged(m, npng).

Throughout this section we fix a square-free ideal g such that all the units that are
quadratic residues modulo g are indeed contained in ((9;‘,-)2. We will further assume that
(g, n) = 1. Later on we will see how to construct such an ideal with the additional impor-
tant property M (¢) < (log L)4 for some positive constant 4. This constant will only
depend on the field F' and therefore we may allow all implicit constant in this section to
depend on A.

4.1. Amplification and the spectral expansion

Letp = ¢f = o* (vg). By Corollary 2.7 it is enough to consider ¢(g) for
g =a(0)g'n(x)a(y) forn(x)a(y) € Fu,. g = khu € gu.

Therefore, we further define ¢’ = ¢ (- hy,). This function is K (n) = hy K1 (n)hy ! -invari-
ant and can be considered as an element of the Hilbert space

L*(X) = L*(G(F)\G(AF)/K (). 0x) C L2 (G(F)\G(AF)).

Furthermore, we put w° = ns(hn)vg. Then ¢’ = o (w®). We will bound ¢’ on elements
g = a(¥)g'n(x)a(y) with g’ € Kpyh! and n(x)a(y) € Fu,.

Next we define the kernel function which will be used to construct the approximate
spectral projector mentioned earlier. We do this place by place and immediately give some
basic properties.

Let v be an archimedean place. Here, since the vector w;, is spherical, it is enough
to consider functions f,, that factor through the point pair invariant u,. If v is real, let
J¢2 C C be the usual upper half-plane and put i, = i. In this case u,: #2 x #? — Rxg
is given by | |

Z1— 2Zp 2
uy(z1,22) = m for zy,z, € H~.
For v complex we consider the upper half-space

H3={z4+yjeH:zeC, y >0}

This space is viewed as a subspace of the Hamiltonian quaternions H equipped with the
standard norm || - ||. We fix i, = j serving as central point. Now the point pair invariant
uy: H3 x H3 — Rsg is given by

lz1 — z2|

————  f , c Jo3.
()3

uy(z1,22) =
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Finally, the archimedean test function at v is defined as

So(gv) = ky(uy(gy.iv.iv)),

for k,, as in [4, Lemma 10]. By uniqueness of the spherical vector we have
R(fo)wy = cv(m)wy.

The number ¢, () is positive and depends only on the equivalence class of m, and is
given by the spherical transform of f, at 7. By a suitable parametrization of spherical
representations of G(F)) one relates this to the classical Selberg/Harish-Chandra trans-
form of k. Therefore, we have

cy(my) > 1 4.1)

by [4, Lemma 10].
For p | n we would like to choose the new vector matrix coefficient
(v;, ”p(gp)vg)
Py (gp) = —F oo
(v, v3)

of 7, as test function. However, since this function fails to have nice support properties
in general, we must modify it by forcing its support to lie in a convenient compact set. To
be precise, we define

@ (8125 (£)0r, @, gy (7))

as in [20, Section 2F]. Note that besides chopping off parts of the matrix coefficient we
conjugated the variable to facilitate the change from the new vector v, to its translate w
The test function is finally defined by

So(gp) = |det(gp)|iap/2q>;,g (gv)-

By construction (see [20, Proposition 2.13]) there is (Snp > 0 such that

o
p

Ry(fy)wl = / Fo@) (WS diy(¢) = Spyws and Sy > gy,
Z(Fp)\G(Fp)

where n1,, = [vp(11)/2] and m, , = max(0, v,(m) —n1,p) as in Section 2.1. The action

of Ry(fp) on elements of generic representations is described in [20, Corollary 2.16].

Furthermore, in Appendix A we compute this action on one non-generic one-dimensional

representation which may appear in the discrete spectrum. Let us remark that

[fo(@) =1 forallg € G(Fy),
Z(Fp)Ky if ny is even,

supp(fp) = {Z(FD)KS(I) else.
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For p | g define

~ a b
Kop(1) = {(c d) € Kop(l):a—d e wpop}.
Then we put

Vol(Z (0p)\Kop (1) 1wz} (2) if gp = 2k € Z(Fp) Kop(1),

0 else.

JSo(gp) = {

Note that because (11, ) = 1, the central @y, is unramified for p | q. This makes f, well
is Kp-fixed, we see that

o

defined. Since wy

Ry(fowg = f Fol@) (@)W, 1t (8)

Z(Fp)\G(Fp)
= Vol(Z(op)\Ieo,p(l))_I/ B W, (z)_lnp(zk)w; duy(zk) = w;.
Z(0p)\Ko,p(1)

‘We also have the estimate
| fol < [Kp : Kop(D] < g3,

We will treat the remaining places all at once. Set Sy, = {p: (p, qu) = 1} and define
the unramified Hecke algebra

Hor = <{Kur = ® Kp: Kp € CO(G(Fp), wny), kp(KpgKyp) = Kn(g)}>(c'
PESur

This is a commutative algebra by [9, Theorem 4.6.1]. To an integral ideal ¢ we associate
the special element
Ke = ® Kp,vp(c) € c}eur

PESur
where
Wny(2)7! forg =z € Z(Fp)Xpk,

0 else.

Kp,k(g) = {

This is well defined since the central character is unramified at the places under consid-
eration. The function «y  is constructed such that 7(1x, ,) = R(kp k). Therefore, for
o

_ )
wo, = ®peSur wy we have

Rk )wg. = A(c)wy,.
Fix a large parameter L such that N (¢) < (log L)4 for some constant 4. We define
the sets
Pq ={aia=(a)fora e FFN(1+q)}

F(q) ={a: (a,q) = 1},
P(L) ={a € OF: (@) € P4 is a prime ideal, N (o) € [L,2L], ((ar), ) = 1}/~.
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In the last definition we write o ~ B for the equivalence relation («) = (). We identify
P (L) with a suitable fundamental domain for ~. We can arrange that o, < LIFQ for all
vandalla € P(L).

We need a lower bound for §47(L). Since we cannot assume that q is fixed (it might
depend on 1), we need a stronger argument than in [4]. The following variation of the
generalized Siegel-Walfisz theorem does the job.

Lemma 4.1. If N (q) < (log L) for some positive constant A, then

L L
_— P(L — 4.2
N(q)log L CrABPL) r.a log L “2)

This is a very lazy estimate but it uses some heavy machinery, so we will sketch the
proof.

Proof. Let CI}. = $(q)/%P, be the ray class group. The explicit formula [16, VI, Theo-
rem 1] for the cardinality of ClCI‘, implies

]:ICI(;; <L N(q).

For our purposes this is enough.
The statement follows immediately from [14, Korollar 1.3]. [

Remark 4.2. We could also work with the weaker assumption N (q) < N (1)°. In this
case we can still obtain a good lower bound for §2 (L) using a version of Linnik’s theorem
over number fields.

To o € O F we associate the numbers

_ {/\((a))/lk((ot))l if A((@)) # 0,

T 0 else.

Finally, we define the unramified test function to be

= (T (T )

aeP (L) acP (L)
*
Xy2Ky2 Xy2Ky2
+ ( Z a- Mo )( Z a-Ma ) )
aeP(L) V N (@?) aeP(L) N (@?)

Here * indicates the adjoint operator. Note that it is essential to include the adjoint opera-
tor in order to guarantee that the operator associated to fy, is positive. Indeed, the operator
R( fur) is positive and satisfies

. X)) @) . .
Rt = [( 2 N(a)) +( 2 W) }w“fzc‘“w“f'

aceP (L) acP (L)

=Cur>0
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Using [9, Propositions 4.6.4,4.6.6] together with (4.2) and arguing as in [4, (9.17)] one
gets

L2
w> ——. 4.3
> N @og L2 @3

On the other hand, we can linearize f,; to obtain
4.4)

fur = Z Ya ,—
aeOr
The coefficients y, are very similar in spirit to the coefficients wy, in [4, (9.16)]. Indeed,

Swerlony, (Tw) + laalPor, () ifa=1,

Xoy Xay + Sy =ar @, ﬂ(a )(w(al))x 2X2 2 if @« = ajoy for oy, oy € P(L),
Ve = xa%Q if« = a?a? foray,ay € P(L)
0 else.

Thus, most importantly we have

L ifa=1,
Yol € 31 ifa= (x{a;for some j = 1,2 and oy, a5 € P(L),

0 else.

One compares this to [19, p. 29] and [4, p. 27] and notes similarity.
Combining everything we define

f= (X)fvé@(g)fp@ﬁlr

plan

Associated to this function is the integral operator

R(f): LAG(F)\G(AF),wz) = L*(G(F)\G(AF), wz),

b [x o / F(@)é(g%) dg].
ZAF)\G(AF)

In particular, we have
vy =o*( [ Foa @ dg ) = euTeum [Tougs
Z(AP\G(Ar) 1_[ ' ,1,;! ™

The corresponding automorphic kernel is given by

Ke(gr.e2)= Y. flgi'vga).

YEZ(F)\G(F)

The spectral expansion of Ky will enable us to bound the sup-norm of ¢’ in terms of
the geometric definition of K. Let us work out the spectral expansion in detail.
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We decompose
Kf = Kcusp + Ksp + Keont- 4.5)

First, we deal with the cuspidal part.
Lemma 4.3. Forany g € G(AF) we have

LZ—E

< / 2
0 = N(q)2N(n1)N(m1) |¢ (g)l < KCusp(g,g),

where my = [, p™!>.

Proof. We begin by fixing a basis Bysp for L3(X) containing ¢’ and consisting of R( f)-
eigenfunctions. This is possible by a standard multiplicity argument. For ¥ € B, let
¢(W) be the associated R( f)-eigenvalue. Then we obtain

Kap(h, @) = Y (Keup(8), W) 20 W(h) = Y c(W)W(g) ¥(h).
\P€£Cu5p \peﬂcusp

We can choose B.usp in such a way that for each W there is a cuspidal automorphic repre-
sentation (g, Viy) and ¥ = oy(v) for some pure tensor v € Viy. Then we have

c(W) = dwew,r 1_[ cy(mw,y).

By [20, Corollary 2.16] we have 8y € {0, &, }. In particular, 6y > 0. At the archimedean
places positivity of ¢, (7w, ) is ensured by the definition of k,,. Finally, also ¢, must obvi-
ously be positive since R( f,) is a positive operator. Therefore, ¢ (W) > 0 for all ¥ € Bysp.
An explicit lower bound for ¢(¢’) follows from (4.3), (4.1), and [20, Proposition 2.13].
We then conclude by dropping all unnecessary terms. ]

The argument for the continuous part is quite similar. We obtain the following result.
Lemma 4.4. For g € G(AF) one has
Keont(g.8) = 0.

Proof. Using the theory of Eisenstein series we have the expansion

[e.e]

1 . . N
Keonho @) =~ 7 / (R()Wa(iy). O1(Y))fiiy) Ew, iy h) Ew, iy, 8) dy
T —00
‘yl,‘pze.ﬂﬁ
(4.6)
(see [13, (5.21)]). Let us briefly recall the notation. We define the space

B aau X s+1/2
H(s) = {\IJ: G(Af) —» C: \IJ|:( 0 ﬂav)gj| = wy(a)|— N Y(g)

fora,fe F*,ac A, u,ve Fng» and

L] @I dy duti < oo
K JFX\FO(A )
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This defines a representation (7, H(s)) of G(A r) where G(A ) acts by right translation.
For s € iR an inner product is given by

W ¥l = [ [ 1@ iy 0) dia )

We can also view H(s) as a trivial holomorphic fiber bundle over H = H(0). For ¢ € H
we define W(s) = W - H(-)* € H(s), where

i 1) G 2=

is naturally defined via the Iwasawa decomposition of G(A ). Further, to ¥ € H we
associate the Eisenstein series by

Ev(s.9)= Y. [¥©®Ike)

YE€B(F)\G(F)

forallk € K

a
bla,

for M(s) > 1/2 and extended to s € C by analytic continuation. The sum in (4.6) is taken
over an orthonormal basis B for H.

As earlier, it is no problem to choose this basis to consist of R(F)-eigenfunctions.
For W € 85 we denote the corresponding R( f')-eigenvalue by cy(0). Note that then also
W(s) is an R(f)-eigenfunction but the eigenvalue may depend on s. Thus by putting
h = g we obtain

o

cw(iy)|Ew(iy, g)|* dy.
o0

Keon(g,8) = ﬁ Z /

VeBy -

We can now argue as before using the construction of f to show that cy(s) > 0 for all W.
This concludes the proof. ]

Finally, we treat the residual part of the spectrum.

Lemma 4.5. As long as ng # Of we have
Kyp(h,g) =0

forany g, h € G(AF). Otherwise, we still have K,(g, g) > 0 and the only contribution
comes from characters x* = wy witha(yp) < latp|quy [nl];(} and a(yp) = 0 otherwise.

Proof. We start from the spectral expansion of K. This reads
1
Vol(Z(AF)G(F)\G(AF))

x> x(det(h)) x(det(g))

1’=wr

Ky(h, g) =

/ S (x)x(det(x))) dx.
Z(AF)\G(AF)
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Since the character y factors and also f is almost a pure tensor, the last integral factors
into the product of the local integrals

() = [ Fo(@)o(det(g)) dg it p|ng
Z(Fp)\G(Fp)
and the unramified part 7,(y,). By Lemma A.1 it is clear that /,.(yy) > 0. The lemma
follows from the evaluation of the integral /,(),) given in Lemmata A.2 and A.3. ]

By combining the last three lemmata with the definition of K¢ one concludes

61> e L2TEN (@2 N (mmy) > [ (g7 vo)l- 4.7
yeZ(F\G(F)

This gives an upper bound for ¢’ in terms of the geometry of G(F) and the test function f.
We will estimate this further in the next section.

4.2. Estimating the geometric expansion

In this subsection we prove an upper bound for ¢’ which is good in the bulk. This will be
done by estimating the right hand side of (4.7).

Proposition 4.6. Assume that (¢, 1) = 1 and N (q) < (log N (n))? for a constant A. If
g =a(0)g'n(x)a(y) withg € Kyhy' and n(x)a(y) € Fu,.
then
19" (@) < (T oo N ()N (@)*F(ITIZLN @)> >N (10) /N (w1)
TP TIe N (1) V2N (10) V2N (1)
+ TN )N (m1)]y|oo)- (4.8)

The only thing we will have to do is exploiting the support properties of f and
reducing the estimate to the counting problem solved in [4]. Comparing this result to
[4, Theorem 1] and [20, Theorem 3.2] shows that the exponents here are indeed as one
would expect.

Proof of Proposition 4.6. To save ink we put

k(u(yP, P)) = Hkv(uv(Vqu, P,)) with P, = n(xy)a(yy).iv.

Inserting the linearization of f,; given in (4.4) into (4.7) yields

69> < L72HN (mymy) Y el

0#aeOf VY N(a)
> ke [T fote ™ a6 ya@)e)| kP, Py

YEZ(F)\G(F)  plgn
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Let us analyze the support of f;, and k() place by place. At this point we will also exploit
the special structure of g.
First, note that if p } 1 we have g; = 1. This case consists of two subcases. Namely,

Z(Fp)ko,p(l) ifpla,

a0 Yya(6;) e
6 ral®) {Z(Fp)Kpa(w;’p(“))Kp else.

If p | n, then we use Lemma 2.3 to see that g, € a)Kg(l) if p |12 and g, Ky, otherwise.
Using the support property of f, we conclude that

Z(Fp) Ky if p 1z,

a7 Mya(9;) € { Z(Fy) oK2(Do™" if p|us.
~—_———
=Ko.p(1)

It is straightforward to choose a suitable representative for y € Z(F)\GL,(F) such
that we arrive at the analogue of [4, (9.20)]. In our case this reads

' (@))> e M@ LN (umy) Y Ve > lk@u(yP, P))l

ozacor VN (@) 16w

with
i, o)

= {(i Z) €GLy(F):a,d €Ofp,a—d €q,b€6;0F, c € 6; 'ng, ad — bc :a}'

Since our coefficients y, have the same properties as the corresponding w,, in [4], we
can replicate the argument from [4, pp. 35-36]. One quickly sees that this argument does
not produce any new g-dependence. We arrive at

19 (&)1* e N(@)*TELEN (ymy)

T|80 ( M(L,0,8)  M(L,1,8) M(L,2,8)
4.
Z |5|(1x/)4 L + L3 + L4 ( 9)

]Sezﬁ\'v}
T;2<8,=2kv <4

for
M(L.j.§)= Yty eT(.efel): uy(yyPy. Py) <8, forall v}.
a1,a2€P (L)

This is analogous to [4, (9.24)].
The last sum contains <, |T|, terms, so we can estimate it trivially. Further, we note
that |7,|,2 < |8,|» < 1. This allows us to use the bounds for M(L, j, §) as summarized
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in [4, p. 50] to estimate®
16" (2)]> < (LT oo N ()°N (@)2F°N (1)

1/2
I7| L?|T| ITlg "IT|c
A== T o + =y E )
L Nu,y (an)

Choosing L = |T|¥6(Nn2)1/3=/\/(n)8 and noting that n,1y = n; leads to (4.8). Note
that we include the factor N (11)? in the definition of L to ensure that N (q) <, (log L)4
follows from the assumption N (q) <, (log N (n))4. |

As in [4], we can give another estimate for non-totally-real number fields.

Proposition 4.7. Let C < N(q) < (log N (n))4, where C is an explicitly computable
constant depending only on the field F. Further, let FR be the maximal totally real sub-
field of F and letm = [F : FR] > 2. Then

16" (©)1> < (ITloo N (W) N (@)* TN (1 111)| T |oo

=1 _
(IS + (T lonn s + L),
IT oo

Proof. One uses the second list in [4, p. 37] together with (4.9). This yields
16"()” < (ITloo LN ()N (@)*T°N (wymuy)

X |T|OO +|T|1/2 |y| +L2m—3+ Lzm_2
L Oo > N ()12 ) )

N ]
Using L = N (1) min(2"Co|T |20, (N (12)| T |oo) /4" ~2) completes the proof.” m

5. The endgame

In this section we put all the pieces together to prove the theorems stated at the beginning.

5.1. Constructing the ideal g

The section on amplification depends on the existence of a square-free ideal g which
eliminates certain technicalities coming from the unit group of F. Here we will show that
one can indeed construct g with the desired properties.

Lemma 5.1. There is an absolute constant A > 0 depending only on F such that for any
n there is an ideal q satisfying the following two properties.

4As mentioned in [4], the results counting the elements in M(L, j, §) totally ignore the condi-
tions depending on g. Therefore, using these bounds does not generate any new g-dependence.
5The constant 2" Cg ensures that L is not too small.
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e C < N(q) < (log N (n))4, where C is the absolute constant from Proposition 4.7.

e [f x is a quadratic residue modulo g then x € ((9;)2.

Proof. For u € O} /(OF)?* non-trivial, we look at the quadratic extension F(y/u) : F.
Its Galois group is abelian and consists of two elements, say Gal(F (/u)|F) = {1, 0y}

Since we are dealing with a quadratic extension, we know that a prime p of F is inert in
F (/) if and only if the Artin symbol satisfies

(F (Wu): F )

—— ) =0y.
p

Thus the Chebotarev set

Pr sy F(Ou) = {p unramified in F(/u): (W) - Gu}

contains exactly all the primes of F that are inert in F(/u). It is standard that u is not a
square modulo p for any p € Pp(_ s r (0u). Therefore, we want to define

a= []

UeO%/(0%)?
[u]#[1]

for suitably chosen pu € Pp( ) F (0u). The rest of the proof concerns the choice of py.
To do so we make several definitions. First, we set

]y = 1_[ p-

pln
PEP (/) F ()

Further, we enumerate Pr( /)7 (0u) = {Pu,1,Pu,2,- - -} sothat N (py,1) <N (pu,2) <+ -
Consider two cases. First, if p,,1 4 [n], then we take p, = pu,1. By a version of
Linnik’s theorem for Chebotarev sets [23] we have

N(pu) <F 1.
Second, we consider the worst case
]y = Puy1 - Puk—1-

Here we define p,, = p,, ¢ Itis clear that we only need to show N (p,) < (log N ([1],))4.
But this follows from elementary calculations using Chebotarev’s density theorem [18,
Theorem (13.4), Chapter VII].

It is obvious that we can assume C < N (q). |

5.2. Proof of the main theorems

In this subsection let ¢, be an L2-normalized MaaB newform. In other words, it corre-
sponds to a new vector in some cuspidal automorphic representation (7, V).
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Proof of Theorem 1.1. By Corollary 2.7 it is enough to consider ¢(g) = ¢<(g) for some
£ | n. Further, we fix | <i < hp and restrict ourselves to g = a(6;)g’hnn(x)a(y) with
n(x)a(y) € ¥y, and g'hy € gu.

If [yoo| > |T |3 N (12)~1/3, then Proposition 3.17 yields

162 <Fe (TlooN @)E(ITILLEN (o) + T 23N (12) /2N (nomy)).

Finally, we deal with |y]eo < |T|843 N (112)~1/3. Recall that by Lemma 5.1 there is
an ideal g which satisfies the conditions needed in order to apply Proposition 4.6. We
conclude that

16(2)? < |T 5N (@)°N (nou ) (|TI3ON (2)?3 + |T 1| T|c N (n2)/?).  w

Next we consider fields that are not totally real. Therefore, we can find a maximal,
totally real subfield FR. Putm = [F : FR] > 2.

Proof of Theorem 1.2. We start by choosing g suitably and using Corollary 2.7 to reduce
the problem as far as possible. Observe that for |y|eo > |T|<1X/,4 the estimate in Proposi-
tion 3.17 gives the upper bound N (1) N (noruy )/ 2|T|gé8+8. Therefore, by using Propo-
sition 4.7, we obtain the uniform bound

o(v°)(g)

TWIE) e (N (1) N (10111 [T o) /274 (T 1o + (| oo N (12)) 573
fo (v%)]l2

1
If |T oS8 > N (n2)"'/4, we can use Theorem 1.1 to get a better bound. This leads to

o(v°)(g)

80 e (N ()N (o) | T |oo) /2
lo ()]l

- (min( 71, A (12)™4) + (T oo N (12)) " 573).

One concludes by interpolation as in [4]. ]

Appendix A. Evaluation of some integrals

In this appendix we will evaluate local integrals that appear in the residual part ot the
spectral expansion. More precisely, we will calculate the integral

Iy(re) = / Fol&) 1o(det(g)) dg (AD)
Z(Fp)\G(Fp)

for all f, defined in Section 4.1.
First, we consider

wr(z)7! forg =z € Z(F)Xpx,

0 else,

fp(g) = Kp,k(g) = {

for some k.
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Lemma A.1. For k > 0 we have

)(p(w{f) Vol(Xp k) if xp is unramified,

Kp.k (&) xp(det(g)) dg = {0 else

/Z(Fp)\G(Fp)

Proof. The calculation for unramified y, is straightforward, so assume that y, is ramified.
Write X, x = |_|; @ Kp. Then we clearly have

Kp.k(8) xp(det(g)) dg

= > xp(det(e;)) xp(det(9)) 1k, (2) dg.
; Z(Fp)\G(Fp)

/Z(Fp)\G(Fp)

We now use our choice of Haar measure and the fact that 1g,(n(x)a(y)k) =
1,, (x)]log (y) to obtain

/ ko () o (det(g)) dg
Z(Fp)\G(Fp)

= 3 roldetten) | /K osl®) [ 1) di (3) i, (0 de) = 0.

This concludes the proof. ]

Second, we look at

Vol(Z(0p)\Ko,p(1)wr ()" if g = zk € Z(Fp)Kop(1),
fo(g) =
0 else.
Lemma A.2. For a quadratic character xy and w; unramified we have
1 ifa(yp) <1,
Ip()(p) = { P
0 else.

Proof. We first observe that for each g € Ii’o,p(l) we have det(g) € (0;)2 + wypoy. Thus,
ifa(yp) < 1then yy(g) =1forallg € Igo’p(l).
Let us now assume a(y,) = b > 1. Since y, o det is trivial on

1+ wbo 0
K! (b) = L P N Ky,
1p(P) ( w{jop 1+w{,’opp P

we will start by writing down explicit representatives for Igo,p(l) /K ll,p (h). We obtain

Rop(l) = |_| (a +wa 0 )Kll,p(b)

wh a+ wd'
a€o)y /(1+wpop)

b,a/,d’EDp/wS_lop
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Therefore,

IP(XP) = Z Xp(a + wpa/))(p(a + wpd/) =0. u
aco)y/(1+wpop)
b,a’,d/eop/wg_lop

After this warm-up we come to the most interesting case. We consider the truncated
matrix coefficient which served as a test function for p | n. Recall that the new vector

matrix coefficient of a unitary, generic representation n{, can be written as

(D;rt{J (&) = (Wn{, ’ ﬂ;/)(g)W;rt{J)v
where Wy, is the Whittaker new vector. The function we need to look at is then given by

®py (a(wy " ") ga(@y ™)) if g € ZKD,

Sfo(g) = q),,;(g) = {O else.

with

o _ K, if n is even,
b K3(1) if nis odd.
We can compute the following.

Lemma A.3. If )(% = Wx,, then
ID(X]J) = 07

unless a(my) = 1, in which case the integral may be non-zero but still I,(xp) > 0.

Using the finite Fourier coefficients ¢, ; (1) for the Whittaker new vector Way,, defined
in [2, (1.6)], we can prove the following nice formula.

Lemma A.4. We have

D (1(X)g101) = Y War (@(@) Y Crpmi(W)G (=T X, gy 1)

meZ nex;

Proof. First we use the definition of ®,. We arrive at
ey (1(X)g1,1,1) = (Wigg 7 (1(X)1,1,1) Wiy

- /I;x We (a(y) Wy (a(y)n(x)ge,1) d(y)

= 3 W o) [ o, 0 GG tog ) di o)

meZ

It is straightforward to check that

1 0
(@O (g011 = 1@ VX)E g (O v) :

EK]yp(np)
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Inserting this together with [19, (11)] and the definition of the GauB3 sum completes the
proof. ]

Proof of Lemma A.3. Put b = max(a(yp).nyp). Then y,, o det and &, are bi-Ky ,(b)-
invariant. Further, we recall

Py (8) = Lzig () Py (almy " ")ga(@y ).

Thus a simple change of variables yields
) = | o (det(9)) @y (&)1 25 (a(w ) ga(my ")) dig.
Z(Fp)\G(Fp)

It is easy to check that 1zx¢(a (w;“"’) ° a(wp_nl"’)) is bi-Ko p (b)-invariant. Therefore
the whole integrand is bi- K¢ (b)-invariant, so that we can use [11, Lemma 3.2.4]. This
yields

b
L = 0 Yy [ e g

=0 teZ Fp

A zxg(@(@y () g a(@y ") dip(x)

for some positive constants ¢;. We remark that since w, is trivial on the uniformizer,
so is yp. Next we will investigate which restrictions on x, /, and ¢ are imposed by the
characteristic function (up to the centre). One checks that

ok wnl‘p—l+kx wt+n1’p+k

ni, —ny, - ®p

a(wp p)n(x)gt,l,la(w'p p) =7Zz:- ( 7"113 ptk P k—1I )
Wy Dy

Here we use the centre to force all coefficients to be in o,,. This holds for
k > max(nqp, [, —vp(x), —vp(x) —n1p + 1)

and suitable 7. But we also need to make sure that the determinant is in o, . This implies
t+2k = 0.
We now consider 1, to be even. In this case K = K, and we get the conditions

k=n1p, t==2n1p I[<np —vpx)<ny,. (A2)
After inserting the formula from Lemma A.4 for the matrix coefficient we obtain
ni.p

L) =Y agy " " Wa@@™) Y. com()
=0

meZ HEX;]

/ o G(—wy' x, o p) dp(x).  (A3)
w, lop
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Inserting the evaluation of the Gaufl sum given in [19] together with character orthogo-
nality shows that most of the integrals vanish. We are left with

nl,p
— - 7 1~ —t+
L) = Y, aq ™" Y Wy @@y)em—an gDy gy
I=a(wn£) mezZ t>0

/ G(—m) ™" x, 1) dp(x).
DX

)

We have to consider different cases. First, we deal with representations that satisfy
L(s, mp) = 1. In this case using [19, (6)—(7)] yields

nip
I=2nyp" ;. _1v —t t—
B = > ady " Canao D Yo [ G " e dut)
I=a(w,s) >0 op
P
nlgp
I-2my p ;1% _
= Z c1qp nl.Pc_an’l(wnl,al)I: Z qgl té-Fp(l)_ ]] =0.
l=a(w”{)) t=ny,p

Second, we consider the case 7, = y1 8 y2 wWith a(y1) > a(y2) = 0. In this case we have
a(wgy) =a(y1) =nyp > 0. Recall that we are considering ny, even. Thus, a(w,;) > n1p >
1. We conclude that /,,(yp) = O since the /-sum is empty. Let us remark that 71{3 = xSt
for y unramified has conductor 1 and therefore does not need to be considered yet.

We have checked that /,(yp) = 0 for n, even by considering all necessary types
of 71{3. Now let us turn to ny, is odd. In this case Ky = Kg(l) and additionally to (A.2) the

.. . 2 -l .. .
characteristic function forces vy (wpnl’p x — 1) > 1. This implies
l=n1p and x €, (14 wpop).

Analogously to (A.3) we get

Lo(xp) = nyy@p " Y Wap@(@)) D Coanyytmomyp (1)

mezZ HEX o

¥ G-, gy 1) AR ()
wp P (1+wpop)

=Cury 3 We@@P)) Y Coany pmms ()

meZ Mexnl
<1
a(u«w,,;))_

Gy ™" %, 0y 1) dpa(x)
(14+wpop)
In the last step we have again used the Gaull sum evaluation [19, (6)] and orthogonality
of characters to remove all u with a(uw,;) > 1.
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We have to consider different cases again. First, let us look at 7, with L(s, 7p) = 1.
In this case n,, > 2, since we assume 7y, is odd. By [19, (7)] we get

B =ene Y Cama 0 [ Gmy" w0 d) = 0.
Mex"l (1+wpop)
a(po,)<1 =0

Second, let mp = 1 8 y2 witha(y1) > a(y2) =0.If ny, =a(x1) > 1, we immediately
have a(wqyp) > n1,p forall 4 € Xy, . Thus, in these cases I (xp) = 0. So we can assume
1 =ny =n1,p =a(y1). Using [19, (6)—(7)] we have the identity

Iy(xp) = c1 Vol(1 + wpoy, 1)

(X o WEr, (D 2e(1/2, 07 1 oy (<1 pu(-1)

HEX
M?éa)_/l
p
+ Z Xl(w{)n)q;m/z C—2+m,1(w;;31) - ZFP(I)Q;IC—Z,I(Q);{)I))
m>1

Here ¢(1/2, w; pl, w~1) denotes the standard GL, e-factor; see for example [19, p. 5] for
more details. Inserting the expressions for ¢; 1 (-) given in [2, Lemma 2.3] yields

Ip(xp) = c1 Vol(1 + wyop. dp)wyy (—1)
(X g+ Y g + tr(1)%;2)
u#w;{; m=1
= ¢ Vol(1 + wyo,, du)w”{) (-1)
(CR(1D%qy " (4p = 2) + Er,(Dgy " + LR, (1D%0,2).

Observe w,; (—1) = xp(—=1)?> = 1 and deduce that I,,(yp) > 0.

This leaves us with the last case ”{3 = xSt for unramified y. Note that in this case
Wy = )(% = 1 since we have assumed w,/ (@) = 1. Thus we are dealing with 7, = St
and we have a(r,) = ny = nyp = 1. We obtain

Lp) =c1 Y ;" D tma1(R) G(—w ' x, 1) du(x).
m=0 weX, 1+wpop
Evaluating the Gauf} sum reveals

Io(t) = 1 Vol(1 + o) ( D ¢r, (Vg 2612, 07 (=D 2,1 (W)
a(u)=1

+ Z q;mcm—z,l(l) — é'Fp(l)q;IC_z,l(l)).

m>1
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Using the evaluation of ¢, ;(-) given in [2, Lemma 2.1] one obtains

I(tp) = e Vol(L+ o) (D Lr (10245 + D 432" + ¢r, (17457

a(u)=1 m>1
= 1 Vol(1 + @p0p) (Er, (1)°qy ' (g — 2) + 45 ¢F, (2) + R, (1)%g,7) > 0.

This was the last case to consider and the proof is complete. ]
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