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Cyclic forms on DG-Lie algebroids and semiregularity

EmMA LEPRI (%)

ABsTRACT — Given a transitive DG-Lie algebroid (s, p) over a smooth separated scheme X of
finite type over a field K of characteristic zero, we define a notion of connection
V:RT'(X, Ker p) — RI'(X, Q)l( [—1] ® Ker p) and construct an L ~o-morphism between
DG-Lie algebras f:RI'(X, Ker p) » RT'(X, Q;l [2]) associated to a connection and to a
cyclic form on the DG-Lie algebroid. In this way, we obtain a lifting of the first component of
the modified Buchweitz—Flenner semiregularity map in the algebraic context, which has an
application to the deformation theory of coherent sheaves on X admitting a finite locally free
resolution. Another application is to the deformations of (Zariski) principal bundles on X .
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1. Introduction

Let ¥ be a coherent sheaf admitting a finite locally free resolution on a smooth
variety X over a field K of characteristic zero. The Buchweitz—Flenner semiregularity
map, introduced in [7], and generalising the semiregularity map of Bloch [5], is defined
by the formula

(L.1) o:Exz(F.%) — [[ HIP*(X.Q%). () = Tr(exp(— AU(F)) o ¢),
q=0

where Tr denotes the trace maps Tr: Eth( (F.¥F¥® Qf() — Hi(X, Q/{() fori,j >0,
and the exponential of the opposite of the Atiyah class At(F) € Exty (F,F ® Q }() is
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defined via the Yoneda pairing

Extég(.?:, F® QS() X Exti,(ff"',?' ® Qg() s Ext§(+j(?,}‘ ® Q?Lj)

(a,b)—aob,

exp(— AY(F)) € [ [ Ext}(F. 7 ® QF).
q=0

We refer to [20] for a discussion of the role of the Buchweitz—Flenner semiregularity
map in deformation theory and of the reason why it is more convenient in this setting
to consider the modified Buchweitz—Flenner semiregularity map, obtained as follows.
Denote by oy: Ext)Z( (F.F) - HIT2(X, Q;I() the components of the semiregularity
map o = ) _ 0y, for every g > 0 denote by Q?q = (P_, 2% [—i]. dar) the truncated
de Rham complex, and consider the composition

r EXG(F, F) =5 HIY2(X, Q%) = HA(X. Q4lq) —> H>(X, 57 [24)).

where the map i, is induced by the inclusion of complexes ng [q] C Q;q [2¢]- The
map 7, is the g-component of the modified Buchweitz—Flenner semiregularity map.
A lifting to an L ,-morphism of the first component 7; of the modified Buchweitz—
Flenner semiregularity map was constructed in [20] in the context of complex manifolds:
for every connection of type (1, 0) (also called connections compatible with the holo-
morphic structure, see e.g. [16]) on a finite complex of locally free sheaves & on a
complex manifold X, the existence of an L -morphism between DG-Lie algebras

g AY" (Homy (€,€)) AX 2]

>2,%

X
was proved, whose linear component induces t; in cohomology. As a consequence,
recalling that Exty (¥, F) is the obstruction space for the functor of deformations of a
coherent sheaf %', the map t; annihilates all obstructions to deformations of a coherent
sheaf admitting a finite locally free resolution. We refer again to [20] for a survey on the
existing literature in this regard; we only note here that this fact was proved by Mukai
and Artamkin [1] for the Oth component of the Buchweitz—Flenner semiregularity
map, in [17] with some mild assumptions for the Bloch semiregularity map, in [7] for
curvilinear obstructions for the map o when the Hodge to de Rham spectral sequence
of X degenerates at E1, and finally in the general case for all obstructions and for the
maps 74 in [28].

The fact that the construction of the Lo,-morphism can also be realised in the

algebraic case was outlined in [20, Section 5] and is expanded on here: given a simplicial
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connection on the finite complex of locally free sheaves &, the map 7; can be lifted to
an Loo-morphism

g: Tot(U, Homg, (€. €)) » Tot(U, Q5" [2]).

where Tot denotes the Thom—Whitney totalisation and U is an affine open cover of X .

Since J(’omzx (&, &) is the kernel of the anchor map of the transitive DG-Lie
algebroid of derivations of pairs D*(X, &) of [18], it is natural to generalise this
construction to the framework of DG-Lie algebroids. In fact, the main result of this
paper, Theorem 3.12, is the construction of an L s,-morphism between DG-Lie algebras

f:Tot(U, £) ~ Tot(U, 5'[2]),

where £ denotes the kernel of the anchor map of a transitive DG-Lie algebroid, which
is equipped with a connection V: Tot(U, £) — Tot(U, Q)l( [-1] ® £) and a dpy-closed
cyclic form.

For this reason, in Section 2 we introduce connections on transitive DG-Lie alge-
broids, which are K-linear operators that play the role of connections of type (1, 0) in
the construction of the L,-morphism. Connections on transitive DG-Lie algebroids
are associated to simplicial liftings of the identity; also associated to a simplicial lifting
of the identity is the extension cocycle, which generalises the notion of Atiyah cocycle.
Section 3 describes cyclic forms on DG-Lie algebroids, cyclic forms induced by DG-Lie
algebroid representations and the construction of the Lo,-morphism. Also contained
in Section 3 is the following application to the deformation theory of coherent sheaves,
analogous to the one obtained for complex manifolds in [20].

THeoreM 1.1 (Corollary 3.16). Let ¥ be a coherent sheaf admitting a finite
locally free resolution on a smooth separated scheme X of finite type over a field K of
characteristic zero. Then every obstruction to the deformations of ¥ belongs to the
kernel of the map

1 Ext3 (¥, F) — H(X, Q5'[2]).

If the Hodge to de Rham spectral sequence of X degenerates at E1, then every obstruc-
tion to the deformations of ¥ belongs to the kernel of the map

o1 Ext3(F,F) — H*(X,Q)), o1(a) = —Tr(A(F) o a).

Lastly, since to every principal bundle one can naturally associate the Atiyah Lie
algebroid of [2], Section 4 contains the following application to the deformation theory
of (Zariski) principal bundles.
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THeorewm 1.2 (Corollary 4.12). Let P be a principal bundle on a smooth separated
scheme X of finite type over an algebraically closed field K of characteristic zero and
let

(=, —): Tot(U, Qi [—i] ® ad(P)) x Tot(U, 2} [—j] ® ad(P))
— Tot(U, Q4T [—i — j]),

fori, j =0, be a dyo-closed cyclic form. Then every obstruction to the deformations
of P belongs to the kernel of the map

fii H* (X, ad(P)) — H*(X,Q5'[2]),  fi(x) = (At(P), x),

where At(P) denotes the Atiyah class of the principal bundle P.

Notation

By K we always denote a characteristic zero field. Given two complexes ¥ and §
of Ox-modules, ¥ ® § denotes ¥ ®q, §.If V = V' is either a graded vector
space or a graded sheaf, v denotes the degree of a homogeneous element v € V. For
every integer p, the symbol [p] denotes the shift functor, defined by V[p]' = V P+,
For complexes &, ¥ of Ox-modules we denote by Jfomgx (&, ) the graded sheaf of
Ox -linear morphisms

Homy, (€. F) = @) Homp, (€. F).
i
where

Homlg,, (€. F) = [ | Homoy (67, F'F7).
J

If L is a DG-Lie algebra, H*(L) always denotes the cohomology of the underlying
cochain complex, which inherits a graded bracket from the one on L.

2. DG-Lie algebroids, connections and extension cocycles
The goal of this section is to define K-linear operators
V: Tot(U, £) —> Tot(U, Qx[-1] @ L)

called connections on the kernel &£ of the anchor map of a transitive DG-Lie algebroid.
A short review of the Thom—Whitney totalisation functor Tot is given. In order to
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construct a connection, we introduce the notion of simplicial lifting of the identity. The
section ends with the definition of the extension cocycle associated to a simplicial lifting
of the identity, which generalises the notion of Atiyah cocycle. Different notions of
Atiyah classes for DG-Lie algebroids have been considered elsewhere in the literature,
see e.g. [3,6,26].

Let X be a smooth separated scheme of finite type over a field K of characteristic zero,
and let Oy, Q )1( =Q )1( /K denote its tangent and cotangent sheaves respectively. Often, it
will be useful to consider the cotangent sheaf as a trivial complex of sheaves concentrated
in degree one, so as to have an inclusion Q4 [—1] — Q%, where Q3 = &b, Qe [-p]
denotes the de Rham complex.

DeriNiTION 2.1. A DG-Lie algebroid over X is a complex of sheaves of Ox-
modules 4 equipped with a K-bilinear bracket [—, —]: A X 4 — 4 which defines a
DG-Lie algebra structure on the spaces of sections, and with a morphism of complexes
of Ox-modules p: A — Oy, called the anchor map, such that the induced map on the
spaces of sections is a homomorphism of DG-Lie algebras. Moreover, for any sections
ay,ap of A and f of Oy, the following Leibniz identity holds:

[a1, faz] = flayr,az2] + pla1)(f)az.

ExampLE 2.2. The sheaf Oy is a trivial example of a DG-Lie algebroid concentrated
in degree zero, with anchor map given by the identity. A DG-Lie algebroid over Spec K
is exactly a DG-Lie algebra over the field K. Every sheaf of DG-Lie algebras over Ox
can be considered as a DG-Lie algebroid over X with trivial anchor map.

DEerintTION 2.3. Let (4, p) and (B, o) be DG-Lie algebroids over X . A morphism
of DG-Lie algebroids ¢: A — B is amorphism of complexes of sheaves which preserves
brackets and commutes with the anchor maps:

Let (4, p) be a DG-Lie algebroid over X and assume that £ = Ker p is a finite
complex of locally free sheaves. Notice that on &£ there is a naturally induced graded
Lie bracket: for sections x, y of £,

[x, y] = [i(x). i()],



E. LEPRI 90

where i: £ — # denotes the inclusion. This bracket is Oy -linear, in fact for any sections
x,y of £ and f of Oy one has

[x. fy] =110 i(f] = [i(x)., fiy)] = fli(x). i)+ pG(x)(f)y
= fli). i) = flx. yl.
so that £ is a sheaf of DG-Lie algebras over Oy.

DEerINITION 2.4 ([22, Chapter 3]). A DG-Lie algebroid (s, p) over X is transitive
if the anchor map p: A — Oy is surjective.

Let now (s, p) be a transitive DG-Lie algebroid over X, consider the short exact
sequence of complexes of sheaves

0— & -5 k25 0y —> 0

and tensor it with the shifted cotangent sheaf €2 )1( [—1] to obtain the short exact sequence

el 00—l allos X all-1]e0x — 0.

Because of the isomorphisms
Qx[~1]1 ® Ox = Homp, (Qx. Qx[—1]) = Homy, (. Qx)[—1].
one can consider Idg1 € I'(X, Q}[—1] ® Ox) as an element of degree one.

DEerFINITION 2.5. A lifting of the identity is a global section D in I' (X, Q)l( [—1] ® )
such that (Id ® p)(D) = Idg1 € I'(X, Q}([—l] ® Ox).

Since in general the map Id ® p is not surjective on global sections, a lifting of
the identity does not always exist. However, a germ of a lifting of the identity, i.e., a
preimage of Idg1 in Q4 [—1] ® 4, always exists.

ExampLE 2.6. For particular DG-Lie algebroids, the notion of lifting of the identity
can be related to the more familiar notion of algebraic connection. Let (&, dg) be a
finite complex of locally free sheaves. Following [18, Section 5], define the complex
of derivations of pairs

D*(X.6) = {(h,u) c O x Homi (€. 8) | "0 = @+ h(f)e}‘

forall f € Ox ande € &
The complex D*(X, &) is a finite complex of coherent sheaves and the natural map

a:D*(X,8) — Ox, (h,u) —> h,
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which is called the anchor map, is surjective, see [18]. The graded Lie bracket is defined
as

(), (W u)] = ([ ), [, '),

where the (graded) Lie brackets on Oy and Homy (&, &) are the (graded) commutators
of the composition products. For f € Ox we then have that

[((hu), f(u")] = [(hou), (fR', ful)] = ([h. fI] [u. fu'])
= (h(/)N + fhl' — fh'h, fuu' +h(fHu' — (—1)’7“_/fu’u)
= (h(OR + fI B h(f)u' + fluu'])
= f([h, W] [u,w']) + h(f) (R ')
= fl(h.u), (B u))] + a((hw)(f)(R' ),
hence (D*(X, €), ) is a transitive DG-Lie algebroid over X . By an algebraic connec-

tion on the complex &, we mean the data { D} of algebraic connections on each &,
i.e., for every i, a K-linear map D': &' — Q} ® & such that fore € &, f € Oy,

D'(fe) =darf ®e+ fD'(e).
Here, d g denotes the universal derivation dgg: Ox — Q )1(
D(fe) =darf ® e+ fD(e),

where dyg denotes the universal derivation dyg: Ox — Q2 )1( A global algebraic con-
nection on &needs not to exist. The kernel of the anchor map « is the sheaf of DG-Lie
algebras J&fsz (€, &), the graded sheaf of Ox-linear endomorphisms of &, with
bracket equal to the graded commutator

[f.gl = fe— (=17 %¢f,
and differential given by
g+ [8¢. 8] = Seg — (—1)¥ gde.
The short exact sequence in (2.1) in this case is isomorphic to

g—>(0,8) (B.g)—pB

0—> Homy, (6.Qx[-1]® &) Fi Dery (Ox, Q% [-1]) — 0,

where the complex ¢ ;zl is defined as the subcomplex of
Der (Ox, Qx[—1]) x Homi (6,25 [-1] ® 6)

of elements (B, v), with B € Derg (Ox. Q}[—1]) and v € Homy (6,25 [-1] ® &),
such that

v(fx) = fo(x) + B(f) ® x,



E. LePrI 92

forall x € & and f € Ox; see also [20, Section 5]. In this case, a lifting of the identity is
exactly a global algebraic connection on the complex of sheaves & via the isomorphism
Q }( [-1] ® D*(X, &) = 45, alifting of the identity D corresponds to K-linear maps
D": 6" — Q}[-1] ® &' for all i such that D’(fe) = fD'(e) + dar(f) ® e for all
feOxande € &,

Before defining connections on the kernel of the anchor map of a transitive DG-Lie
algebroid, it is useful to give a brief review of the definition and some of the main
properties of the Thom—Whitney totalisation functor Tot; for more details see e.g.
[11,12,17,24,27]. The Thom—Whitney totalisation is a functor from the category of
semicosimplicial DG-vector spaces to the category of DG-vector spaces. For every

n > 0 consider
_ K, ....ty,dto, ..., d1t,]

Ap = .
(I=2 i3 dt)

the commutative differential graded algebra of polynomial differential forms on the

affine standard n-simplex, and the maps

t; i<k,
81 Ap — Ay, 0=k <n, Spti) =140 i =k,
tic1 I >k.

DEerintTION 2.7. The Thom—Whitney totalisation of a semicosimplicial DG-vector

space V,
do 8 y  —
V:W (Vi =it Vo —¢ -,
) —_—
1 82

is the DG-vector space

Tot(V) = {(x,,) e[[4n®Vn

n>0

(8 ® Id)x, = (Id ® §;)xy_; forall 0 < k < n}

with differential induced by the one on [[,., An ® V. To simplify the notation, we
will denote this differential by dto, = dg +d v, where d4 denotes the differential of
polynomial differential forms, and dy the differential on V.

If f:V — W is a morphism of semicosimplicial DG-vector spaces, then the
morphism Tot( f): Tot(V) — Tot(W) is defined as the restriction of the map

l_[Id®f:l_[A,,®Vn—>l_[An®W,,.

n>0 n>0
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The Tot functor is exact (see e.g. [10,27]): given semicosimplicial DG-vector spaces
V, W, Z and morphisms f:V — W, g:W — Z such that for every n > 0 the sequence

0— ¥, Low, %5 7, — 0
is exact, one obtains an exact sequence
0 —> Tot(V) -1> Tot(W) %> Tot(Z) — 0.

Given two semicosimplicial DG-vector spaces V and W, Tot(V x W) is naturally
isomorphic to Tot(V) x Tot(W). An important consequence is the preservation of
multiplicative structures; in particular, we will use the fact that the functor Tot sends
semicosimplicial DG-Lie algebras to DG-Lie algebras.

ExampLE 2.8. Let & be a finite complex of quasi-coherent sheaves on X, and
U = {U;} an open cover of X. Denote by U;,..;, = U;; N---NU;
semicosimplicial DG-vector space of Cech cochains:

and consider the

n°

8o 8o SN
e :[Jewn 8:; [Tew ¢ []eWin) —-
i L

8 i)k ’

The Whitney integration theorem states that there exists a quasi-isomorphism between
the Tot complex Tot(U, &) and the complex of Cech cochains C*(U, &) of & (see [32]
for the C *° version, [9,13,21,27] for the algebraic version used here). Hence, if the open
cover U is affine, the cohomology of Tot(U, &) is isomorphic to the hypercohomology
of the complex of sheaves &. In this case, the complex Tot(U, &) is a model for the
module RI'(X, &) of derived global sections of &, see e.g. [12,25].

Moreover, there is a canonical inclusion of the global sections of & in the totalisation
Tot(U, &): in fact, the injection

cT(X.6) — [ew

4

is such that §ot = 61¢ and therefore for every a € I'(X, &),
(1 ®u(a),1 ®Soi(a), 1 ® 83u(a),...)

belongs to Tot(U, &). It is easy to see that if the complex & has trivial differential,
every global section gives a cocycle in Tot(U, &).

We are now ready to define connections on £ = Ker p, the kernel of the anchor
map of a transitive DG-Lie algebroid (4, p) over X. Assume that £ is a finite complex
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of locally free sheaves and fix an affine open cover U = {U;} of X. The short exact
sequence

0— Qe ol ool 106y — 0

gives a short exact sequence of the corresponding semicosimplicial complexes of Cech
cochains, and since the functor Tot is exact there is an exact sequence

0 — Tot(U, QL [~1] ® £) 2 Tot(U, QL[~1] ® A) —---
M8 Tor(U, QL [-1] ® ©x) —> 0.

Denote by d the differential on + and &£, which can be extended to Q3 [—1] ® + and
to Qy[—1] ® &£ by setting

dn®x) = (-1)"p @ dx = —n Q dx.

Denote by dro the differentials on all the above Tot complexes: for Tot(U, 2 }1( [1l® L)
and Tot(U, 2 }1( [—1] ® ) the differential do is equal to d4 + d, while for the complex
Tot(U, Q}l( [-1] ® ®x) one has that dry is just d4, where d4 is the differential of
polynomial differential forms on the affine simplex, see Definition 2.7.

Because of the natural inclusion of global sections in the totalisation remarked in
Example 2.8, Idg1 belongs to Tot(U, Q3 [—1] ® Ox), where it has degree one.

DEerintTION 2.9. A simplicial lifting of the identity is an element D of the complex
Tot(U, 2} [—1] ® ) such that (Id ® p)(D) = Idg1 in Tot(U, L} [—1] ® Ox).

It is clear that a simplicial lifting of the identity always exists and that D has degree
one in Tot(U, Q)l( [—1] ® A).

RemARk 2.10. Notice that via the isomorphism
Qy[-1]1® 0x = Q) [~1] ® Derk(Ox, Ox) = Derg (Ox, x[—1])
we have (Id ® p)(D) = dyg € Tot(U, Derg (Ox, 25 [—1])).
In order to define a connection on &£, it is necessary to define a Lie bracket
[—, —]: Tot(U, Ly [~1] ® #4) x Tot(U, £) —> Tot(U, Ly [-1] ® L),
induced by the bracket of the following lemma.

LeEmMMA 2.11. There exists a well-defined K-bilinear bracket

[ -] (QL-1]® A4) x £ — QL[-1]® £.
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Proor. Denote by i: £ — # the inclusion, take n ® a with n € Q}( [—1]anda € A,
and define for x € £
M®a,x]:=n®la,i(x)]

Notice that the Leibniz identity in Definition 2.1 implies that
[fa1,a2] = flar,as] = (=1)* 2 p(az)(f)a.
Hence, the bracket [n ® a, x] is well defined: for any f € Ox

1® fa,x]=n®[fa.x] =18 (fla.x] = (=) p(x)(f)a) = n ® fla,x]
= f1®a.x]=[fn®a,x].

It is clear that [ ® a, x] belongs to Q5 [—1] ® £:
d®p)([n®a.x]) = 1dQ p)(n & [a.x]) = n ® [p(a). p(x)] = 0. =
Since the functor Tot preserves products, the map
[— -] (Qx[-1]®A) x £ - Qp[-1]® £
induces a K-bilinear map
(22) [ =) Tot(U, Rk [-1] ® #4) x Tot(U, £) —> Tot(U, Q¥ [~1] ® £),

which is defined componentwise as the restriction of

An ® [J(Q[-11 ® A Uiy i) x An @ [ | £ (Wi, i)
l[—,—]
A, @ [ @k [-11 ® £)(Ui, i),
[0 ® (tiy i)+ bn © (i i) = Natpn © ()P ity s wiy ),
for N, ¢n in Ay, ti, i, in (2%[—1] ® A)(Uj,..i,). and u;, i, in £(Uj, i)

DEerFINITION 2.12. A connection on £ is the adjoint operator of a simplicial lifting
of the identity D € Tot(U, Q3 [—1] ® ),

V = [D,—]: Tot(U, £) — Tot(U, Ly [-1] ® L),

where [—, —]: Tot(U, Q)l([—l] ® A) x Tot(U, £) — Tot(U, Q)I([—l] ® £) is the
bracket in (2.2). It is a K-linear operator.
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We will now examine the relationship between connections and particular represen-
tatives of extension classes. The short exact sequence

(2.3) 0— L — A0y —0

gives an extension class [u,] € Ext}l( (®x, £). It is possible to give a representative of
[u,] in the totalisation Tot(U, 2 }1( [—1] ® £) with respect to an affine open cover U of
X.

DEerinITION 2.13. An extension cocycle u of the transitive DG-Lie algebroid +4
is the differential of a simplicial lifting of the identity D in Tot(U, Q}( [—1] ® A),
u = dTOtD'

Notice that u belongs to Tot(U, 4 [—1] ® £):
(Id® p)u = (Id ® p)droi(D) = dro(1d ® p) D = droldg1 =0,

where the last equality is a consequence of the fact that Idg: is a global section and
Q) [—1] ® Oy has trivial differential (see Example 2.8). Note that u has degree two in
Tot(U, 25 [—1] ® £) and that drout = droadrorD = 0.

Using the isomorphisms

Qx[~1] ® £ = JHomp, (Ox[1]. £) = Homgy, (Ox. £)[1].
the cohomology class of u belongs to

H?(Tot(U, Qx[~1] ® £)) = H>*(Tot(U, Homp  (Ox. £)[—1]))
=~ H*(X, Homg, (Ox. L)[-1])
=~ H' (X, Homg, (Ox. L))
>~ Exty (Ox, £).

This cohomology class does not depend on the chosen simplicial lifting of the identity:
if D and D’ are two simplicial liftings of the identity in Tot(U, 2 }1( [—1] ® #A), we have
(Id ® p)(D — D’) = Idg1 —Idg1 = 0, s0 D — D’ belongs to Tot(U, 2} [—1] @ £),
and dto D and dro D’ differ by the coboundary dto (D’ — D). It is easy to see that the
cohomology class of u is trivial if and only if the short exact sequence in (2.3) splits.

LemMma 2.14. Let V:Tot(U, £) — Tot(U, 25 [—1] ® £) be a connection on £,
associated to the simplicial lifting of the identity D € Tot(U, Qy[—1] ® A). Let
U = dyo D be the corresponding extension cocycle. Then, for every x in Tot(U, £) we
have

V(dTotx) = [M,X] - dTotV(x)-
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Proor. Recall that d denotes the differential of 4 and &£, which can be extended to
Q) [—1] ® 4 and to Q3 [—1] ® £ by setting d(n ® x) = D" ®dx =—-n®dx.It
is easy to see that for the K-bilinear map [—, —|: (Q}( 1] @A) x £ — Q}( -1]1® £
of Lemma 2.11,

dln®a,x] = [d(n®a)x] + (=) [n ® a, dx].

A straightforward calculation then shows that for z € Tot(U, )1( [-1] ® A)and w €
Tot(U, £),
drot[z, w] = [droz, W] + (=1)*[z, drarw],

and the conclusion follows from the fact u = dty D. [ ]

3. Cyclic forms and L .,-morphisms

This section describes cyclic forms on DG-Lie algebroids and illustrates how DG-
Lie algebroid representations give rise to cyclic forms. We then discuss induced cyclic
forms on the Thom—Whitney totalisation and the property of dro-closure. The central
result is the construction of a L -morphism associated to a connection and to a dry-
closed cyclic form for a transitive DG-Lie algebroid. This allows us to state the results
of [20] for a coherent sheaf admitting a finite locally free resolution on a smooth
separated scheme of finite type over a field K of characteristic zero.

Let 4 be a DG-Lie algebroid over a smooth separated scheme X of finite type over
a field K of characteristic zero, with anchor map p: A — ®x. Assume that the kernel
of the anchor map £ is a finite complex of locally free sheaves. Notice that for any
a € A and x € £, the bracket [a, x] belongs to £:

p(la, x]) = [p(a), p(x)] = 0.

DerintTION 3.1. A cyclic bilinear form on a DG-Lie algebroid (+4, p) is a graded
symmetric O -bilinear product of degree zero on £ = Ker p,

(=, —): & x £ — Oy,

such that for all sections x, y of £ and a of A

3.1 {la, x], ) + (=D {x, [a, y]) = p(@)((x, y)).
Notice that the definition implies that for all x, y,z € £
(3.2) {(x.[y.z]) = ([x. y].2).

These two properties will be discussed after giving some examples.
In the following two examples, the cyclicity of the forms will follow from Lemma 3.5.
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ExampLE 3.2. An example of a cyclic form on (A, p) is induced by the Killing
form. Consider the adjoint representation as a morphism of sheaves of DG-Lie algebras

ad: £ — J&szx (£.%), avr—[a,—]

and consider the trace map Tr: J(’omzkgx (£, £) — Oy, which is a morphism of sheaves
of DG-Lie algebras (when considering Oy as a trivial sheaf of DG-Lie algebras). Then
one can define the form

(=) €xEL—0x, (x,y)r— Tr(adxady).
ExampLE 3.3. For the DG-Lie algebroid D* (X, &) of Example 2.6,
0— J&Jm}"gx(é’,é’) — D*(X,8) — Ox — 0,

a natural bilinear form on the complex Homg (€, €) is induced by the trace map
Tr: Homy, (€, &) — Ox as

Homg, (€,8) x Homg, (€,8) — Ox, (f.g):=—Tr(fg).

Example 3.3 explains the definition of cyclic form: (3.2) reflects the cyclicity
property of the trace map Tr: Jfomzx (€,8) = Oy, Tr(ab) = (—1)2? Tr(ba), while
(3.1) is related to the properties of the extension of the trace map to D*(X, &), for
which we refer to [18].

The Leibniz identity of Definition 2.1,

la, fx] = fla,x] + pa)(f)x foralla € A, x € £,and f € Oy,

can be restated by noting that for all a in 4 the operator (p(a), [a, —]) belongs to
D*(X, £) of Example 2.6. Hence, there is a morphism of DG-Lie algebroids

ad: A — D*(X, £).

The morphism ad: A — D* (X, £) restricts to the morphism ad: £ — Jfosz (£, %)
of Example 3.2, so that the following diagram commutes

0 Lt A" Oy ——0

]

0 —— Homg, (£, L) — D*(X, L) —— Ox ——0

This motivates the following definition.
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DEerINITION 3.4. A representation of a DG-Lie algebroid (+4, p) over X is a mor-
phism of DG-Lie algebroids 0: A — D*(X, &), where & is a finite complex of locally

free sheaves over X:
\ /

Ox

A

D*(X, 8)

Every representation 0: A — D*(X, &) induces a form (—, —)g: £ x £ — Ox:
for any x € £ we have o o 6(x) = p(x) = 0, so that

0lz: &£ — Homp (€, 6),

and using the trace map Tr: J&rmzx (€,8) — Ox we can define for every pair of
sections x, y of £,

{(x, )¢ := Tr(0(x)0(y)).

Forms obtained in this way are cyclic, as shown in the following lemma.

Lemma 3.5. For any DG-Lie algebroid representation 0: A — D*(X, 8), the
induced form (—, —)g: £ x £ — Oy is cyclic.

Proor. Fora € Aand x,y € £,

(la, x]. o + (=1)**(x,[a, y])e

= Tr(0([a, xDO(y) + (=1)**0(x)0([a. y]))

= Tr([0(a). 0(x)]0(y) + (=1)**0(x)[0(a). 6(»)])

= Tr(6(a)0(x)0(y) — (=1)*“+V0(x)0(y)0(a))

= Tr([0(a), O(x)0(»)]).
Notice that if @ # 0 then a belongs to £, so that 6(a) belongs to J(’omZX (6,8), and
it is clear that Tr([6(a), 8(x)8(y)]) = 0, by the properties of the trace map.

The only remaining non-trivial case is whena = x + y = 0. Let {ef} with i =

1,...,n; be alocal basis of éflk, and let

Oa)(ef) =Y Afef, 0(0)0(y)(ef) =) Bfef, Al Bf € Ox.
J J
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Then
[0(a). 0(x)0(M](ef) = 0(@)0(x)0(y)(ef) — 0(x)0(y)B(a)(ef)

_ G(a)(z Bke j) 9(x)9(y)(z Ak e ])
- Z B! e(a)(ek) - Z(a o 0)(a)(Bf)ef — Z AF BE
- Z BE Ak ek + Zp(a)(B ek — ZA{; Bj’g ek,
The trace of [(a). 8(x)8(»)] is hence equal to
Z( 1)k(z BE 4K + Zp(a)(B ) — ZA{; Bj’z)
= ;(—l)"p(a)wﬁ) = p(a)(;(—l)kBﬁ)

= p(a@) Tr(0(x)0(y)) = p(a)({x. y)s). L

For every i > 0, let SZS( [—i] denote the sheaf SZS( seen as a trivial complex con-
centrated in degree i. Any cyclic form (—, —): £ x £ — Ox can be extended to a
collection of Ox-bilinear forms

(= =) (-] ® 2) x ([-/1® L) — Q[ = jl. i.j =0,
according to the Koszul sign rule, by setting for x, y € £, w € Qfx [—i],and n € Qy [ ],
(@ex,n®y) = (=D wAnx,y).

It is immediate to see that this form is cyclic, in the sense that
(b1, ¥) + (—DPF(x. b, ¥]) = (14 @ p)(B)((x, ¥)

forallb € Q4 [—1] ® s and x, y € £, where the bracket is the one of Lemma 2.11,
and the anchor map has been extended to €2 )1( [—1] ® o4 by setting (Id ® p)(w ® a) :=
o ® pla).

DeriniTION 3.6. A cyclic form (—, —): £ X £ — Ox is d-closed if forall z,w € £
(dz,w) + (=1)?(z,dw) = 0.

Lemma 3.7. For any DG-Lie algebroid representation 0: A — D*(X, &) the
induced cyclic form (—, —)g: £ X £ — Ox is d-closed.
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Proor. Since 0|g: £ — J&ngx (&, &) is a morphism of DG-Lie algebroids, it
commutes with differentials: for x € £,

0(dx) = dygmm*g,6)(0(x)) = [de, 0(x)].
For x, y sections of &£,
(dx.y)o + (=) (x.dy)s = Tr(8(dx)6(y) + (=1)*0(x)6(dy))
= Tr([dg. 0(x)10(y) + (=1)*0(x)[de. 0()])
= Tr(dg8(x)0(y) — (=1)* 7 0(x)8(y)de)
= Tr([dg, 0(x)0(y)]) = 0. n

It follows from the properties of the Thom—Whitney totalisation functor Tot that
every collection of cyclic forms

(— =) (Qk =11 ® £) x (4 [-j]1® £) — Q5 [-i — j],
with i, j > 0, induces a collection of K-bilinear forms
(=, —): Tot(U, Qi [~i] ® L) x Tot(U, Q% [—j] ® £) —> Tot(U, Q5 [—i — j]).

Recalling Definition 2.7, the required forms are induced componentwise by the restric-
tion of

A, @ [ (Qkl-11® DUiy..i) x A ® [ ] (Q%[-/1® £)(Uiy..)

i1...In i1...In

An &® 1_[ QlX+] [_l - j](Ui1-~~ir1)’

i1...in
(Mn ® (Xiyin)» @n ® Viy.i)) 2= Nnn (((=1)@ Firind xp 0y ),

with x;, i, in (R[] ® L) (Ui, ..ip): Yiy.i in (%[~ ] ® £)(Uj, .., )» and 0, 0
in A,.

Let(Qy =P, @ 2[—p). dar) denote the de Rham complex. In the following, when
working with Tot(U, 2% ), the differential is denoted by dry, if Ry = @, Qx[—p] is
considered as complex with trivial differential, and by do + dg if it is considered as
a complex with the de Rham differential.

Lemwma 3.8. The form induced on the totalisation by a cyclic form (—, —): £ x £ —
Ox is cyclic: for all b € Tot(U, Q}( [—1] ® A) and z, w € Tot(U, £) one has that

([b, 2], w) + (=1)P7 (2, [b, w]) = (1d ® p)(b)((z, ).
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Moreover, if the form (—, —): £ x £ — Ox is d-closed (see Definition 3.6), then for
the induced form, for z € Tot(U, QS( [i] ® &£) and w € Tot(U, §2§( [/ ® £), we
have that

(droiz, w) + (=1)*(z, drw) = dro(z, w).

The above condition will be called dt.i-closure.

Proor. For the first part of the statement, since everything is defined component-
wise, it suffices to prove that for every a € 4, ® H(Q}( [-1] ® A)(Uj,...i,,) and every
x,y € An @ [TL (Ui, i)

(la.x].y) + (—=D*¥(x.[a, y]) = (d ® p)(@)({x.y))

for every n > 0. By linearity, leta = w, ® z,, with w, € A, and z, € [[(Q4[-1] ®
‘A)(Uil...in); letx =1, ® x, and y = ¢, ® yu, With n,, ¢, in A, and x,, y, in
1_[ i(Ullln) Then

(la.x].y) + (=17 (x, [a. y])
= ([0 ® Zn, Mo ® Xn], G ® Yn)
+ (D" (0 ® Xn, [0n ® Zn, P ® Yul)
= (=)™ 7 {0p 1y ® [Zn, Xnl, P ® Yn)
+ (=D (0 & Xn. ()P T w0y ® [z )
= (=)P E DI (w100 [z X vi)
+ (=)@ I X w0 (Xns [Zns )
= (= 1) G XD+ 5 1y ({2, X, V)
+ (=)™ 7 (x, [z, ya]))
= (— )P CrEETIZ ) 1 by (14 ® 0)(Z0) (X Yn))
= (1d ® p)(@)({x, y)).

For the second part of the statement, recall that dr, is the differential on Tot(U, Q%)
when considering 2% as a complex with trivial differential. Again, since everything is
defined componentwise, it is sufficient to prove that

<dT0t(77n ® xn), Wy &® yn) + (—l)ﬁJrW(??n ® Xn, dTOt(wn ® yn))
= drot{Nn @ Xn, Wy @ Yn),
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for ny, wn € An, xn € H(QS([_Z] ® L£)(Uj,...ip),and y, € H(Qfg[—]] ® LY, ..in)-
Then
(drot(11n ® Xn), @n ® yn) + (=17 (0, ® xp, drot(@n ® yn))
= (dp,In ® Xn + (=) 11y ® dxp. 0 @ yn)
+ (D)™ (0 @ Xn, day0n ® yn + (—1)” 0n & dyn)
= (=) " d g, (Nn)@n (Xn. Yn)
+ (_I)W—Fm(ﬁ_*—l)’?nwn (dxn, yn)
+ ()OO, dy (@n) (X, yn)
+ (_1)W+7}7+E+mﬁnnwn (xn, dJ’n>
= (=) " d g, (Nn@n){Xn. Yn)
+ (=) Ot D o ((dxn, yu) + (=1 (Xn. dyn))
= (=) " d g, (Nn@n){Xn. Yn)
= du, (N ® Xn.0n @ Yn)
= droi{n ® Xn, Wn & Yn).

where dy4,, denotes the differential on A4,, the differential graded algebra of polynomial
differential forms on the affine n-simplex. ]

CoRroLLARY 3.9. Let D in Tot(U, Q}( [—1] ® A) be a simplicial lifting of the
identity and let

V = [D,—]: Tot(U, £) —> Tot(U, Ly [-1] ® £)
be its associated connection, as in Definition 2.12. Then for any cyclic form
(=, =): Tot(U, Qi [i] ® £) x Tot(U, Q% [—j] ® £) —> Tot(U, QT [—i — j]),
withi, j > 0, we have
(V). y) + (=D¥(x. V(7)) = dar{x.y)
for x,y € Tot(U, L).
Proor. It follows from the cyclicity of the form and by Remark 2.10. u

The next part is dedicated to defining an L ,-morphism associated to a connection
and to a d-closed cyclic form on a transitive DG-Lie algebroid. We assume that the
reader is familiar with the notions and basic properties of DG-Lie algebras and L o-
morphisms between them; details can be found in [13, 19,23,24] and in the references
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therein. The definition of an L ,-morphism between a DG-Lie algebra and an abelian
DG-Lie algebra, i.e., a DG-Lie algebra with trivial bracket is recalled here, because it
will be needed for explicit calculations.

Let V be a graded vector space over a field of characteristic zero. Let o be a
permutation of {1,...,n}, and let vy, ..., v, be homogeneous vectors of V'; denote by
x(o;vq,...,v,) = £1 the antisymmetric Koszul sign, defined by the relation

Vo) A=+  AVg(m) = X(O;V1,...,0p) V1 A+ AUy

in the nth exterior power V" If the vectors vy, ..., v, are clear from the context we
will write y(o) instead of y(o;vy,...,v,). Given two non-negative integers p and ¢,
S(p, q) denotes the set of (p, g)-shuffles, the permutations o of the set {1,..., p + ¢}
such that

o(l) <o) <---<o(p); olp+1)<---<o(p+q).

Recall that the cardinality of S(p. q) is (¥ ;q). Because of the universal property of
wedge powers, every linear map V/? — W will be interpreted as a graded skew-
symmetric p-linearmap V x --- x V — W.

Derinition 3.10. Let (V, 8, [—, —]) be a DG-Lie algebra and (M, d) an abelian DG-
Lie algebra. An Loo-morphism g: V' — M is a sequence of maps g,: V™ — M,n > 1,

with g, of degree 1 — n such that, for every n and every homogeneous vy,...,v, € V,
the following conditions (C;) are satisfied for all i € N.

Cp dgi(v1) = g1(8vy),

and

(Cn) dgn(vlv"'vvn)

=D Y 2(0)8n (Vo). Vo) - - - - Vo)
geS(1,n—1)

DY 2(0)8n-1([Vo)): Vo@)] Vo) - - -+ Vom))-
oeS(2,n—2)

Remark 3.11. Notice that condition (C;) entails that the linear component g;
induces a map in cohomology g1: H*(V) — H*(M). It is clear that the cohomology
H*(M) of an abelian DG-Lie algebra M is an abelian graded Lie algebra. Condition
(C») can be written as

g1([v1, v2]) = dg2(v1,v2) + g2(8v1, v2) + (=) g2(vy, §v2),

which implies that the map induced by g; in cohomology is a morphism of graded Lie
algebras.
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Recall that since the functor Tot sends semicosimplicial DG-Lie algebras to DG-Lie
algebras, thedcomplex Tot(U, L) is a DG-Lie algebra. The complex of Ox-modules
S2§1 = Ox “EQ )1( can be considered as a sheaf of abelian DG-Lie algebras, hence
it gives rise to a semicosimplicial abelian DG-Lie algebra; therefore, the complex
Tot(U, 2 )5(1 [2]) is an abelian DG-Lie algebra.

THEOREM 3.12. Let (A, p) be a transitive DG-Lie algebroid over a smooth separated
scheme X of finite type over a field K of characteristic zero. Let £ = Ker p be a finite
complex of locally free sheaves and let, fori, j > 0,

(=, —): Tot(U, R[] ® L) x Tot(U, [—j] ® L) —> Tot(U, Q™ [=i — j])

be a cyclic form which is dry-closed. For every simplicial lifting of the identity D €
Tot(U, 2 }( [—1] ® A) there exists a Loo-morphism between DG-Lie algebras on the
field K,

f:Tot(U, £) ~ Tot(U, 25" [2]),

with components

S1(x) = (u, x),
fo) = (V0. 3) = (DT 0).
frtey2) = =32l
fn =0Vn >4,

where V.= [D, —]: Tot(U, £) — Tot(U., L} [—1] ® £) denotes the connection asso-
ciated to the simplicial lifting of the identity D, and u = dry D its extension cocycle.

Proor. The strategy of the proof is to check that the conditions (C,,) of Defini-
tion 3.10 hold for n = 1, 2, 3, 4. In fact, since f, = 0 for n > 4, the conditions are
automatically satisfied for n > 5.

Denote by dry, the differential on Tot(U, £), and by dr, + dgg the differential on
Tot(U, 2 )5(1 [2]). Condition (C;) requires that

J1(drox) = (dror + dar) f1(X):

notice, however, that since u belongs to Tot(U, 2} [—1] ® £), we have the equality
(drot + dar) f1 = dror f1 in Tot(U, Q}S(l [2]). Then, by the dy-closure of the cyclic
form and by the fact that u is closed,

fildrox) = (U, drox) = (—1)*drog(u, x) — (—1)* (drorut, x)
= dTot(u’x) = dTotfl(x)-
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For n = 2 the condition is

foldrox, y) + (=D fo(x. dray) = fi([x. ¥]) — (d1o + dar) f2(x. ¥).

By definition of f,, we have again that (dry + dgr) f> = dro f2, and then, using
Lemma 2.14,

So(drox. y) + (=D fa(x. drory)

= (V). 3) = CDF DT (), dra)
DT V00, drey) — (D (V). )

= 2 (-l V(). ) + (.31, 9)
= (=DFEDNV (). drox) + (=D F(V(). droy)
F DT (). 2) = D7 ([, ). )

= 5 (0 ey = D 2]
— V(). ) + (D V(). 1)

= (. [ 7]~ 5 (V). 1) — (DT V(). )

= fillx.yD —dra fox. ).

Condition (C3) is the following:

(droc + dar) f3(x, 9, 2) = f3(droax, ¥, 2) — (=)%Y f3(droy, X, 2)
+ (=D)FFD fi(druz, x, ) — follx, V], 2)
+ (=DYZ fo([x, 2], y) = (=)D fo([y, 2], x),

and we begin by noting that by the dro-closure
frldrax. y.2) = (=1 fa(dray, x,2) + (D7 fy(droz, x, y)

- —%(( ok, 17,2 = (<17 (i, L, 2 + (17 e [, )

(drox, [, 2]) = (=1 ([drowy. X1, 2) + (1) ([x, y]. droz))

(drox, [y, 2]) + (=D ([x, droey], 2) + (=D (x, [y, d1aiz]))

{drox, [y, z]) + (—l)f(x,dTot[%Z]))

?(
5
1
5 (
1

= —5dra(x, [y, 2]) = draf3(x, 7, 2).
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On the other hand, by Corollary 3.9,

= /o1, 3).2) + (D follx, 2 9) = DD fa(ly, 21, )
= (¥ D.2) = DT, ) — (DT (0 2] )
+ (DY), [ 2D + DTV (Iy, 2D, x) = (V). [y, 2D))
= (V). 12) + D VO 2) = DTV, [
— DAV, 21 y) = D7 VE)L )
+ DTV, [ 2]) + DTV (), 2], %)
+ (=D)TFE(y, V() x) = (V). [y, 2])

- —%((V(x), [y, 2]) + (=D*(x, V([y. 2])))
= 3 darx. . 7]) = dar f3(x. 7. 2).
Lastly, condition (Cy) is

fs(lar.az]. az.as) + (—1)@HRDEHID £ (a3, a4), a1, az)
+ (—1)1@H) f1([a,, a3). a1, as)
_ (_1)ﬁa+ﬂ@+ﬂﬂf3([a2’ a4]’ ai, a3)
— (=1)*% f3([a1.a3]. az.as)

+ (—1)7@F) £1([ay, a4), az.az) = 0

By the graded Jacobi identity we have

- %(([al,azL [as, as]) — (=1)% @ ([a1, as), [a2, a4))
+ (=)™ @FD) [y, ay]. [az. as])
+ (_1)(ﬂ+@)(ﬁ+ﬂ)<[a3, asl, [a1,az])
- (_I)Eﬂ+ﬂﬁ+ﬂﬂ([a2’ aal,[a1, as])
+ (=DT@FE) ([ay, a3]. [ay. a4]))
= —(([a1,az], [a3, a4]) — (—l)aa([al,aﬂ’ [az, aq])
+ (=)@ ([ay, a4]. [az. a3])
= —((a1, [az, [a3, aa]]) = (=1)® (a1, [a3, [a2, a4]])
+ ()@ (g, [ay, as. a3]]))

= —(ay.[az, a3, as]] - (_I)EE[%’ [az,a4]] — [[az,a3],as]) =0 u
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We can now state the results of [20] for a coherent sheaf admitting a finite locally free
resolution on a smooth separated scheme X of finite type on a field K of characteristic
Zero.

RemaRrk 3.13. Itis not very restrictive to require that a coherent sheaf on X has
a finite locally free resolution: in fact, by [14, III, Exercises 6.8, 6.9] every coherent
sheaf on a smooth, Noetherian, integral, separated scheme admits a finite locally free
resolution.

Let (&, dg) be a finite complex of locally free sheaves. Consider the DG-Lie
algebroid of derivations of pairs D*(X, &) of Example 2.6 (see also [18]), and the
short exact sequence

0 —> Homp (€.6) —> D*(X,E) —> Ox —> 0
it was noted in Example 2.6 that by tensoring with €2 )1( [—1] one obtains

g—(0,g) B.8)—B

0—> Homg, (6.Qx[-1]® €) I Derg (Ox, Qy[—1]) —> 0.
Fixing an affine open cover U of X and applying the Tot functor, we get the short exact
sequence

0 —> Tot(U, Homg, (€, Ly [~1] ® €)) —> Tot(U, g&) — -
oo — Tot(U, Derk (Ox, Ly [—1])) — 0.

We have already remarked that a lifting of the identity in 3’;‘2, is equivalent to a
global algebraic connection on every component &*; hence, a lifting to Tot(U, 4¢,) of
the universal derivation djg: Ox — SZ)l( [—1] in Tot(U, Derk (Ox . Q3 [—1])) can be
termed a simplicial connection on the complex of locally free sheaves &. As seen in
Example 3.3, a natural cyclic form to consider is the one induced by

Homg, (€,8) x Homy, (€,8) — Ox, (a,b) —> —Tr(ab),

where Tr: Jfomzx (&, 8) — Oy is the usual trace map. Then the L -morphism of
Theorem 3.12 yields the following.

CoROLLARY 3.14. Let & be a finite complex of locally free sheaves on a smooth
separated scheme X of finite type over a field K of characteristic zero. For every
simplicial connection D € Tot(U, 4¢,,) there exists an Loo-morphism between DG-
Lie algebras on the field K

g: Tot(U, Hom gy, (€. €)) » Tot(U, Q5" [2]).
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with components
g1(x) = —Tr(ux),

g206.7) = =5 Ty = (DT V().

1
g3(x7 y5Z) = ETI.(X’ [y’Z])7
gn =0 Vn>4.
Hence, the applications to deformation theory of [20], stated in the context of

complex manifolds, are also valid in the algebraic context, as announced.
Let F be a coherent sheaf on X admitting a finite locally free resolution, and denote

o= Zoq Exty (¥, %) — l_[ HIT2(x, Q4 ¥):  o(c) = Tr(exp(— At(¥)) o ¢),
q=0 q=0

the Buchweitz—Flenner semiregularity map of [7]. In the previous formula, we have
that At(¥) € Exty (¥, F ® Q 1) denotes the Atiyah class of ¥, the exponential of its
opposite

exp(— Al(F)) € [ [ Ext(F. 7 ® QF)
q=0

is obtained via the Yoneda pairing
Exty (7,7 ® Q%) x Ext} (F,F ® Q) — Exty /(F, F ® Qi)
(a,b)—aob,
and Tr denotes the trace maps
Tr:Exty (7, F ® Qj )—>H (X, Q! ) i,j>0.
For every g > 0 one can consider the composition
rg ExG(F. F) 25 HIP2(X, Q%) = H2(X, Q%[q) > H2(X. Q3[24)).

where Q3 =1 — (G H —i],dgR) is the truncated de Rham complex and i, is induced
by the 1nclus10n of complexes Qq lq] C Q<q [2¢]. The map 1, is the g-component of
the modified Buchweitz—Flenner semiregularity map. It is convenient to also consider
the maps

04 Exty (¥, F) — H*(X,Q%[q])
g Ex(F . F) > H*(X, Q%lq) —> H*(X. Q5[2q))

defined by the same formulas.
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CorOLLARY 3.15. Let ¥ be a coherent sheaf admitting a finite locally free resolution
& on a smooth separated scheme X of finite type over a field K of characteristic zero.
Then every simplicial connection on the resolution & gives a lifting of the map

1 Exty (7, F) — H*(X, Q5'[2])
to an L so-morphism
g: Tot(U, Homp_ (€, €)) » Tot(U, Q5" [2)).

Recall that to a DG-Lie algebra M over a field K of characteristic zero we can
associate a functor Def s : Artg — Set, the functor of Maurer—Cartan solutions modulo
gauge action (for more details seee.g. [11,17,18,23,24]). It is well known that the second
cohomology H?(M) of the cochain complex underlying M is an obstruction space
for the deformation functor Defps. Recall also that an L ,-morphism between DG-Lie
algebras g: V' ~> M gives a morphism of deformation functors g: Defy — Defjs such
that the map induced in cohomology commutes with obstruction maps. If the DG-Lie
algebra M has trivial bracket, every obstruction in Def); is trivial, and therefore every
obstruction in Defy belongs to the kernel of the map g: H2(V) — H?*(M).

CoROLLARY 3.16. Let & be a coherent sheaf admitting a finite locally free resolution
on a smooth separated scheme X of finite type over a field K of characteristic zero.
Then every obstruction to the deformations of ¥ belongs to the kernel of the map

1 Ext3(F, F) — H*(X, Q5'[2]).

If the Hodge to de Rham spectral sequence of X degenerates at E, then every obstruc-
tion to the deformations of ¥ belongs to the kernel of the map

o1 Ext3(F,F) — H*(X,Q)), o1(a) = —Tr(A(F) o a).

Proor. If & is a finite locally free resolution of %, then the DG-Lie algebra
Tot(U, Jfom’éx (&, &)) controls the deformations of ¥, see e.g. [11]. According to
Corollary 3.15, the map

 Ext (¥, F) — HA(X, Q5'[2])
lifts to an L o-morphism
g: Tot(U, Hom . (€. €)) » Tot(U, Q5" [2]).

whose linear component g; commutes with obstruction maps of the associated defor-
mation functors. By construction, the DG-Lie algebra Tot(U, Q;l [2]) is abelian and
therefore every obstruction of the associated deformation functor is trivial.
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If the Hodge to de Rham spectral sequence of X degenerates at £; then the inclusion
of complexes Tot(U, 25[1]) — Tot(U, Q;l [2]) is injective in cohomology, so that
H3(X, Q%) = H2(X, Q5'[2]) and the maps o and t have the same kernel. ]

RemMaARk 3.17. In the setting of Theorem 3.12, if the cyclic form is induced by
a DG-Lie algebroid representation 8: A — D*(X, &), the Lo,-morphism can be
obtained up to a sign from the the L -morphism of Corollary 3.14 as follows. Let
D € Tot(U, Ly [—1] ® A) denote a simplicial lifting of the identity, and denote by

Id ® 0: Tot(U, Ry [~1] ® 4) —> Tot(U, Qx[~1] ® D*(X, &)) = Tot(U, L&)

the induced map on the totalisation. Denoting as usual by « the anchor map of the
transitive DG-Lie algebroid D* (X, &), it is clear that (Id ® 0)(D) is a simplicial lifting
of the identity in Tot(U, Q}[-1] ® D*(X, €)):

(Id®a)Id® 0)(D) =1d® (a0 6)(D) = (Id ® p)(D)
= Idg1 € Tot(U, Ry [~1] ® Ox).

Letu = dpo D € Tot(U., }[—1] ® £) denote the extension cocycle associated to
D, then
(Id ® 0)(u) = (Id ® 0)(dra D) = dror(1d @ 0) (D).

Therefore, the Ls-morphism f: Tot(U, £) ~ Tot(U, Q§1[2]) associated to D and
to (—, —)g is the composition of the DG-Lie algebra morphism

0: Tot(U, £) —> Tot(U, J(omz‘gx (€,8))
and of the L,-morphism
—g: Tot(U, Hompy, (€.€)) ~ Tot(U, 25'[2])

associated to the simplicial lifting of the identity (Id ® 8)(D) and to the cyclic form
(a,b) — Tr(ab).

4. The L -morphism for the Atiyah Lie algebroid of a principal bundle

Since Lie algebroids arise naturally in connection with principal bundles, we give
an application of the L,-morphism constructed in Theorem 3.12 to the deformation
theory of principal bundles.

Let X be a smooth separated scheme of finite type over an algebraically closed field
K of characteristic zero, let G be an affine algebraic group with Lie algebra g, and let
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P — X be a principal G-bundle on X. By G-principal bundle we mean a G-fibration
which is locally trivial for the Zariski topology, see e.g. [30]. We begin by finding a
DG-Lie algebra that controls the deformations of P, using an argument similar to those
in [4,24,31]. Let Artk be the category of Artin local K-algebras with residue field
K. For any A4 in Artg denote by my4 its maximal ideal and by 0 the closed point in
Spec A.
To every semicosimplicial Lie algebra f) over K,
5 do SN
h: 50:051 EﬁzE}im ,

81 85

there are associated two functors Z é, H E} :Artxg — Set, which here are described in
brief; for more details see[12,24]. The functor of non-abelian cocycles Z % is defined as

Zfl) (A) = {e* € exp(h; @ my) | 1) = 520 Fo(x)y,
For every A € Artk there is a left action of exp(ho ® my4) on Z [1) (A)
exp(ho ® ) X ZL(4) — Z}(A),
(e?,e*) — e81(@ px ,=b0(@)

The functor Hbl :Artg — Set is then defined as
Lo 2y
Hg(A) = ————.

exp(ho ® m4)

Consider the Thom—Whitney totalisation functor Tot from semicosimplicial DG-
vector spaces to DG-vector spaces (see Definition 2.7), and recall it takes semicosimpli-
cial Lie algebras to DG-Lie algebras. We then have the following result, see [12,15,24].

ProposITION 4.1. For every semicosimplicial Lie algebra Y there exists a natural
isomorphism of functors HE} = Defryp)-

DEerinITION 4.2 ([4,8]). An infinitesimal deformation of P over A € Arty is the
data of a principal G-bundle P4 — X x Spec A and an isomorphism 0:i*(P4) =~ P.

P—— Py
X 5 X x Spec A.

Two deformations (P, §) and (P, ') are isomorphic if there exists an isomorphism
of principal G-bundles A: P, — P such that 0 = 6’ o i*().
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This defines a functor Def p: Artg — Set such that Defp (A) is the set of isomor-
phism classes of deformations of P over A € Artg. For every A € Artg, the set
Defp (A) contains the trivial deformation P x Spec A — X x Spec A.

If M is a DG-Lie algebra such that Defp = Defjs, where Def), is the functor of
Maurer-Cartan solutions modulo gauge action, one says that M controls the deforma-
tions of P.

Fix an open cover U = {U;} of X such that P is trivial on every U;, and let
{gij: Uij — G} denote the transition functions for P. Let g be the Lie algebra of G.

e LetadP = P xG g denote the adjoint bundle of P, with transition functions
{Adg;; }, and let (P) denote the sheaf of sections of the vector bundle ad P.

+ The group G acts on itself by conjugation; denote by Ad P = P x© G the associated
bundle corresponding to this action. Recall that I (X, Ad(P)) = Gauge(P), where
Gauge(P) is the group of bundle automorphisms of P.

There is a one to one correspondence between first order deformations of P, i.e.,
deformations over K[¢]/(t?) € Artg, and H' (X, ad(P)), see e.g. [8,31]. This implies
that on every affine open set the deformations of P are trivial.

LeMMA 4.3. Let P xS (g ® my) be the associated bundle induced by the action
Ad®Id:G x g ® my — g ® my. Then there is an isomorphism

[(P x€ (g ® my)) = ['(ad(P)) ® my.
PrOOF. A section of P x (g ® ny) is the data of
{wi:Ui > g®@my | wi(p) = (Adg,; (p) ® Id)w;(p) forall p € U;}.

Let #1, ..., 1, be a basis of the finite dimensional vector space 14, then for every
p € U; one can write w; (p) = ) 4 h;i x(p) ® tx. Since the action of G on g ® 1y is
defined as

g (x®1) =Adg(v) @1,

the maps h; j are such that i; x (p) = Adg,; (p) hjk(p) for every p € Ui;.
An element of I"(ad (P)) ® my is a finite sum ) ; ng ® ., with 7 being sections
of ad P, so that each 7y, is the data of

kit Ui = g | nk,i(p) = Adg;; (p) Mk, (p) for all p € Uy;}.

Then, setting (nx,; ® tx)(p) = Nk,i (p) @ t forevery p € U;, thedata {ng ; ® t:U; —
q ® niy ) is exactly a section of P x% (q ® niy). [
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Lemma 4.4. For every A € Artk there is an isomorphism of groups

exp(I'(ad(P)) @ my) = {

automorphisms of the trivial}

deformation P x Spec A

Proor. Denote by G°(A) the group of morphisms f: Spec A — G such that
£(0) = Idg, and recall that there is an isomorphism of groups exp(q ® m4) == G°(A)
(see e.g. [29, Section 10]). The group structure on G°(A) is induced by the group
structure on G, while exp(g ® my) is a group with the Baker—Campbell-Hausdorff
product. By Lemma 4.3,

T(ad(P)) ® my = T(P x% (g ® my)).

so that we can work with exp(I'(P x9 (g ® my))). Consider the associated bundle
P xY G°(A), induced by the adjoint action of G on G°(A); the isomorphism exp(g ®
my) 2 G°(A) induces an isomorphism exp(I'(P x© (g ® my))) = I'(P x% G°(A)).
In fact, a section of P x% (g ® my) is the data of

ni:Ui > g ®@my | ni(p) = (Adg;; (» ®1d)n;(p) for all p € Uj;},
and composing with the exponential exp: g ® niy — G°(A) we obtain
{expon;: Ui — G°(A) | exp o ni(p) = gij(p)exp o 1;(p)gij (p) ™" forall p € Uy}
Notice that this data is equivalent to
{)L,-:UixSpecA—>G Ai(p,0) = Idg for all p € Uj, }’
Xi(p) = gij(p)Aj(p)gij(p)~" forall p € Uy;

which is a section of the associated bundle Ad(P x Spec A) = (P x Spec A) x¢ G,
where G acts on itself by conjugation.

For any G-principal bundle Q the global sections of the associated bundle Ad(Q) =
0 x% G correspond to bundle automorphisms of Q. Therefore, the {A; } give an element
F € Gauge(P x Spec A), and the condition A; (p,0) = Idg for all p € U; is equivalent
to the fact that the automorphism F induces the identity when restricted to P, so that
F' is an automorphism of the trivial deformation. |

ProrositioN 4.5. Let U = {U;} be an affine open cover of X and let ad(P)(U)
be the semicosimplicial Lie algebra of Cech cochains

[TadP)W) == [ [ ad(P)(U;y) = ] ad(P)(Uij) —
; i,j i,j,k

There is a natural isomorphism of functors H;d( Py Defp.
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Proor. Recall that all deformations of P on an affine open set are trivial, as
mentioned above. Fix A € Artgk; by Lemma 4.4 an element f of Z }ld( P)) (A) is the
data for every Uj; of isomorphisms f;;: P|y,; X Spec A — P|y;; x Spec A, which
restrict to the identity P|y,;, — P|y,, and such that fix = fi; fjx foralli, j, k.

The last condition means that the { f;; } glue to obtain a principal G-bundle P4 —
X x Spec A and isomorphisms

fi: PAlUiXSpecA — P|Ui X SpCCA
such that f;; = f; fj_l. Such isomorphisms coincide when restricted to
Si1i* (Palu;xspec 4) — Plu;

and hence glue to an isomorphism of principal bundles i *(P4) — P. This means that
an element of Z}Id( Py (A) gives alocally trivial deformation of P over 4 € Arty.

An element of exp(] [; ad(P)(U;) @ my) is again by Lemma 4.4 the data, for
every U;, of automorphisms A;: P|y, X Spec A — P|y; x Spec A which restrict to
the identity P|y; — P|y;. Two elements f = {fi;}, h = {h;;} of Z}ui(P)(‘u)(A) are
equivalent under the action of A € exp([[; ad(P)(U;) ® my) if and only if /;; =
/\,-fijkj_l for all i, j.

Ji
Palu;xspec 4 — Plu; x Spec A

| [

hi
P//1|U;><SpecA — P|Ui X SPCCA

This can be expressed as ;' A; f; = hj_l)tjfj, which means that the {A;} glue to a
bundle isomorphism A: P4 — P}, where Py is the deformation corresponding to { f;; },
and P to {h;;}. Since each A; restricts to the identity on P|y,, A is an isomorphism
of deformations. ]

CoroOLLARY 4.6. If U = {U;} is an affine open cover of X, there is an isomorphism

Defp = Defrou,ad(P))

i.e., the DG-Lie algebra Tot(U, ad (P)) controls the deformations of P.
Proor. Consequence of Propositions 4.5 and 4.1 . |

We now specialise the L ,-morphism of Section 3 to the Atiyah Lie algebroid of
the principal G-bundle P.
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A Lie algebroid is a DG-Lie algebroid (see Definition 2.1) concentrated in degree
zero. Consider the Atiyah Lie algebroid of the principal bundle P introduced in [2],
which is a Lie algebroid structure on the sheaf @ of sections of the vector bundle
Q = Tp/G, the quotient of the tangent bundle of the total space 7p by the canonical
induced G-action. There is a canonical short exact sequence of locally free sheaves
over X

4.1) 0 — ad(P) — Q@ 25 Oy — 0,

where ad (P) denotes the sheaf of sections of the adjoint bundle ad P = P x% g and
p: @ — Oy is the anchor map. The vector bundle Q is the bundle of invariant tangent
vector fields on P, and the Lie bracket on @ is induced by the Lie bracket of vector
fields.

DEeriniTION 4.7 ([2]). A connection on the principal bundle P — X is a splitting
of the exact sequence in (4.1). The Atiyah class of P is the extension class Aty (P) €
Exty (O, ad(P)) =~ H' (X, Q) ® ad(P)) of the short exact sequence (4.1).

Therefore, the Atiyah class Aty (P) is trivial if and only if there exists a connection
on P.

Let Q2 )1( denote the cotangent sheaf, and 2 }( [—1] the cotangent sheaf considered
as a trivial complex of sheaves concentrated in degree one. As in Section 2, one can
tensor the short exact sequence (4.1) with 2 )1( [—1] to obtain a short exact sequence of
complexes of sheaves

1d®
0— QL[-1]® ad(P) — QL[-1]® @ — QL[-1] ® Ox —> 0.

Fix an affine open cover U = {U;} of X; as in Section 2 the short exact sequence above

induces a short exact sequence of DG-vector spaces

0 — Tot(U, Q¥ [-1] ® ad(P)) —> Tot(U, Qx[-1] ® @) —- -
1d®
B Tot(U, QL [-1] ® ©x) —> 0,
and we denote by d the differentials of the above complexes.

It is easily seen that a lifting of the identity Idg1 € I'(X, Q5[-1] ® Ox) to D €
rex, Q}( [—1] ® @) is equivalent to a splitting of the exact sequence in (4.1). Hence,
in the case of a principal bundle P, a lifting of the identity can be identified with a
connection on P. Therefore, we call a preimage of Idg1 in 2 )1( [-1] ® @ agerm of a
connection on P, and we use the following terminology.

DEeriniTION 4.8. A simplicial connection on the principal bundle P is a lifting D
in Tot(U, 2} [—1] ® Q) of the identity Idg: in Tot(U, 25 [—1] ® O).
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DEerinITION 4.9. The Atiyah cocycle of P is
u = dryD € Tot(U, Qx[—1] ® ad(P)).

It is natural to use the name Atiyah cocycle instead of extension cocycle of Defini-
tion 2.13, because its cohomology class is equal to the Atiyah class of Definition 4.7.

As in Definition 2.12, given a simplicial connection D € Tot(U, 2 )1( 1] ® @) it
is possible to define an adjoint operator

V = [D,—]: Tot(U, ad(P)) —> Tot(U, Ly [~1] ® ad(P)).
A cyclic form on the Atiyah Lie algebroid @ is a symmetric bilinear form
(= =) ad(P) x ad(P) — Ox
such that for all x,y € ad(P) and g € @,

(lg.x]. y) + (x.[g. y]) = p(@)({x. y)).
where p: @ — Oy is the anchor map of the Atiyah Lie algebroid €.

ExampLE 4.10. The cyclic form induced by the adjoint representation of a DG-Lie
algebroid of Example 3.2 in this case can be constructed in an equivalent way, starting
from the Killing form of the Lie algebra g of the group G,

K:g®kg—K, K(g,h)=Tr(adgadh).

Take x, y in ad(P)(U) and let U = | J; U; with U; open sets trivialising the principal
bundle P, then

x ={xi:Ui = g | xi(p) = Adg,, (p) xj(p) forall p € Uy},
and analogously for y. Define (x, y) as {(x;, y;): Ui — K}, where for p € U;

(xi,yi)(p) = K(xi(p). yi(p)).

This is well defined because the Killing form is invariant under automorphisms of the
Lie algebra g, so that for p € U;;,

K(xi(p), yi(p)) = K(Adg,; (p) xj (P), Adg,; (p) ¥ (P))
= K(x;(p).y;j(p)).

Recall that Tot preserves multiplicative structures, hence Tot(U, ad(P)) is a DG-
Lie algebra. In the sequel, Tot(U, Q§1 [2]) = Tot(U, Ox|[2] 8 Q ;[1]) is considered
as a DG-Lie algebra with trivial bracket; its differential is denoted by dry + dgg.
Theorem 3.12 then yields the following.
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CoroLLARY 4.11. For every simplicial connection D on a principal bundle P on
a smooth separated scheme X of finite type over an algebraically closed field K of
characteristic zero, endowed with a dro-closed cyclic form

(=, —): Tot(U, iy [i] ® ad(P)) x Tot(U, Q% [—j] ® ad(P))
— Tot(U, Q4T [—i — j]),
fori,j =0, there exists an Loo-morphism of DG-Lie algebras on the field K
f:Tot(U, ad(P)) ~ Tot(U, 5 [2]),
with components
Ji(x) = (u,x),
f(x,y) = 5 ((Vx), y) = (D (V (). x)),

DN | —

fo(e,v.2) = —3 (v, 1.2,
fo=0Vn >4,

As seen in Remark 3.11, the linear component f7 of the Loo-morphism induces a
map of graded Lie algebras

fi: H*(Tot(U, ad(P))) — H*(Tou(U, Q5" [2])),
which, since the open cover U is affine, becomes
fi: H*(X, ad(P)) — H*(X, Q5'[2)).

CoRroOLLARY 4.12. Let P be a principal bundle on a smooth separated scheme X
of finite type over an algebraically closed field K of characteristic zero and let

(=, —): Tot(U, Qi [—i] ® ad(P)) x Tot(U, 2} [—j] ® ad(P))
— Tot(U, Q4T [—i — j]),

fori, j >0, be a dro-closed cyclic form. Then every obstruction to the deformations
of P belongs to the kernel of the map

fii H* (X, ad(P)) — H*(X,Q5'[2]),  fi(x) = (A(P), x),

where At(P) denotes the Atiyah class of the principal bundle P.
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Proor. The proof is analogous to the one of Corollary 3.16: the linear component

of the Loo-morphism of DG-Lie algebras of Corollary 4.11 induces a morphism in

cohomology which commutes with the obstruction maps of the associated deformation

functors, and the deformation functor associated to an abelian DG-Lie algebra has trivial
obstructions. By Corollary 4.6, if U = {U;} is an affine open cover of X, the DG-Lie
algebra Tot(U, ad(P)) controls the deformations of P and an obstruction space is
H?(Tot(U, ad(P))) = H?(X, ad(P)). Since the DG-Lie algebra Tot(U, Q5" [2]) is
abelian, we obtain that f; annihilates all obstructions. [

AckNOWLEDGMENTS — | thank my supervisor Marco Manetti for the help during

the preparation of this paper.

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

(10]

REFERENCES

I. V. ARTaMKIN, On the deformation of sheaves. Izv. Akad. Nauk SSSR Ser. Mat. 52 (1988),
no. 3, 660-665, 672. Zbl 0709.14012 MR 954302

M. F. Atryan, Complex analytic connections in fibre bundles. Trans. Amer. Math. Soc. 85
(1957), 181-207. Zbl 0078.16002 MR 86359

P. Batakipis — Y. VOGLAIRE, Atiyah classes and dg-Lie algebroids for matched pairs.
J. Geom. Phys. 123 (2018), 156-172. Zbl 1380.58003 MR 3724780

I. Biswas — S. RaMANAN, An infinitesimal study of the moduli of Hitchin pairs. J. London
Math. Soc. (2) 49 (1994), no. 2, 219-231. Zbl 0819.58007 MR 1260109

S. BrocH, Semi-regularity and deRham cohomology. Invent. Math. 17 (1972), 51-66.
Zbl 0254.14011 MR 325613

F. Borracin, Atiyah classes of Lie algebroids. In Current trends in analysis and its appli-
cations, pp. 375-393, Trends Math., Birkhéduser/Springer, Cham, 2015. Zbl 1325.32029
MR 3496770

R.-O. BucawEertz — H. FLENNER, A semiregularity map for modules and applications to
deformations. Compositio Math. 137 (2003), no. 2, 135-210. Zbl 1085.14503
MR 1985003

I. F. Donin, Construction of a versal family of deformations for holomorphic principal
bundles over a compact complex space. Mat. Sb. (N.S.) 94(136) (1974), 430-443, 496.
Zbl 0325.32008 MR 0393581

J. L. Dupont, Curvature and characteristic classes. Lect. Notes Math. 640, Springer, Berlin
etc., 1978. Zbl 0373.57009 MR 0500997

Y. FéLix — S. HALPERIN — J.-C. THOMAS, Rational homotopy theory. Grad. Texts Math.
205, Springer, New York, 2001. Zbl 0961.55002 MR 1802847


https://doi.org/10.1070/IM1989v032n03ABEH000805
https://zbmath.org/?q=an:0709.14012
https://mathscinet.ams.org/mathscinet-getitem?mr=954302
https://doi.org/10.2307/1992969
https://zbmath.org/?q=an:0078.16002
https://mathscinet.ams.org/mathscinet-getitem?mr=86359
https://doi.org/10.1016/j.geomphys.2017.08.012
https://zbmath.org/?q=an:1380.58003
https://mathscinet.ams.org/mathscinet-getitem?mr=3724780
https://doi.org/10.1112/jlms/49.2.219
https://zbmath.org/?q=an:0819.58007
https://mathscinet.ams.org/mathscinet-getitem?mr=1260109
https://doi.org/10.1007/BF01390023
https://zbmath.org/?q=an:0254.14011
https://mathscinet.ams.org/mathscinet-getitem?mr=325613
https://doi.org/10.1007/978-3-319-12577-0_43
https://zbmath.org/?q=an:1325.32029
https://mathscinet.ams.org/mathscinet-getitem?mr=3496770
https://doi.org/10.1023/A:1023999012081
https://doi.org/10.1023/A:1023999012081
https://zbmath.org/?q=an:1085.14503
https://mathscinet.ams.org/mathscinet-getitem?mr=1985003
https://doi.org/10.1070/sm1974v023n03abeh001724
https://doi.org/10.1070/sm1974v023n03abeh001724
https://zbmath.org/?q=an:0325.32008
https://mathscinet.ams.org/mathscinet-getitem?mr=0393581
https://doi.org/10.1007/bfb0065364
https://zbmath.org/?q=an:0373.57009
https://mathscinet.ams.org/mathscinet-getitem?mr=0500997
https://doi.org/10.1007/978-1-4613-0105-9
https://zbmath.org/?q=an:0961.55002
https://mathscinet.ams.org/mathscinet-getitem?mr=1802847

(11]

[12]

[13]

(14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

E. LEPRrI 120

D. Fiorenza — D. Iacono — E. MaRrTINENGO, Differential graded Lie algebras controlling
infinitesimal deformations of coherent sheaves. J. Eur. Math. Soc. (JEMS) 14 (2012), no. 2,
521-540. Zbl 1241.13015 MR 2881304

D. Fiorenza — M. MANETTI — E. MARTINENGO, Cosimplicial DGLAs in deformation
theory. Comm. Algebra 40 (2012), no. 6, 2243-2260. Zbl 1267.18013 MR 2945713

E. GETZLER, Lie theory for nilpotent L ~-algebras. Ann. of Math. (2) 170 (2009), no. 1,
271-301. Zbl 1246.17025 MR 2521116

R. HARTSHORNE, Algebraic geometry. Grad. Texts Math. 52, Springer, New York, 1977.
7Zbl 0367.14001 MR 0463157

V. HinicH, Descent of Deligne groupoids. Internat. Math. Res. Notices (1997), no. 5,
223-239. 7Zbl 0948.22016 MR 1439623

D. HuyBrecHTS, Complex geometry. Universitext, Springer, Berlin, 2005.
Zbl 1055.14001 MR 2093043

D. Iacono — M. ManEeTTI, Semiregularity and obstructions of complete intersections. Adv.
Math. 235 (2013), 92-125. Zbl 1267.13032 MR 3010052

D. Iacono — M. ManEeTTI, On deformations of pairs (manifold, coherent sheaf). Canad. J.
Math. 71 (2019), no. 5, 1209-1241. Zbl 1436.14025 MR 4010426

M. KonTtsevicH, Deformation quantization of Poisson manifolds. Lett. Math. Phys. 66
(2003), no. 3, 157-216. Zbl 1058.53065 MR 2062626

E. Lepr1 — M. MaNETTI, Connections and L liftings of semiregularity maps. J. Geom.
Phys. 168 (2021), Paper No. 104303, 14. Zbl 1468.14019 MR 4273074

L. LunarpoN, Some remarks on Dupont contraction. Rend. Mat. Appl. (7) 39 (2018), no. 1,
79-96. 7Zbl 1410.18017 MR 3882233

K. C. H. MackeNzig, General theory of Lie groupoids and Lie algebroids. London
Mathematical Society Lecture Note Series 213, Cambridge University Press, Cambridge,
2005. Zbl 1078.58011 MR 2157566

M. MaNETTI, Lectures on deformations of complex manifolds (deformations from differen-
tial graded viewpoint). Rend. Mat. Appl. (7) 24 (2004), no. 1, 1-183. Zbl 1066.58010
MR 2130146

M. MANETTI, Lie methods in deformation theory. Springer Monogr. Math., Springer,
Singapore, 2022. Zbl 07529473 MR 4485797

F. MEazzini, A DG-enhancement of D(QCoh (X)) with applications in deformation theory.
2018, arXiv:1808.05119.

R. A. MenTa — M. Stiénon — P. Xu, The Atiyah class of a dg-vector bundle. C. R. Math.
Acad. Sci. Paris 353 (2015), no. 4, 357-362. Zbl 1393.58015 MR 3319134

V. NavarrO AZNAR, Sur la théorie de Hodge—Deligne. Invent. Math. 90 (1987), no. 1,
11-76. Zbl 0639.14002 MR 906579


https://doi.org/10.4171/JEMS/310
https://doi.org/10.4171/JEMS/310
https://zbmath.org/?q=an:1241.13015
https://mathscinet.ams.org/mathscinet-getitem?mr=2881304
https://doi.org/10.1080/00927872.2011.577479
https://doi.org/10.1080/00927872.2011.577479
https://zbmath.org/?q=an:1267.18013
https://mathscinet.ams.org/mathscinet-getitem?mr=2945713
https://doi.org/10.4007/annals.2009.170.271
https://zbmath.org/?q=an:1246.17025
https://mathscinet.ams.org/mathscinet-getitem?mr=2521116
https://doi.org/10.1007/978-1-4757-3849-0
https://zbmath.org/?q=an:0367.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=0463157
https://doi.org/10.1155/S1073792897000160
https://zbmath.org/?q=an:0948.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=1439623
https://doi.org/10.1007/b137952
https://zbmath.org/?q=an:1055.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=2093043
https://doi.org/10.1016/j.aim.2012.11.011
https://zbmath.org/?q=an:1267.13032
https://mathscinet.ams.org/mathscinet-getitem?mr=3010052
https://doi.org/10.4153/cjm-2018-027-8
https://zbmath.org/?q=an:1436.14025
https://mathscinet.ams.org/mathscinet-getitem?mr=4010426
https://doi.org/10.1023/B:MATH.0000027508.00421.bf
https://zbmath.org/?q=an:1058.53065
https://mathscinet.ams.org/mathscinet-getitem?mr=2062626
https://doi.org/10.1016/j.geomphys.2021.104303
https://zbmath.org/?q=an:1468.14019
https://mathscinet.ams.org/mathscinet-getitem?mr=4273074
https://zbmath.org/?q=an:1410.18017
https://mathscinet.ams.org/mathscinet-getitem?mr=3882233
https://doi.org/10.1017/CBO9781107325883
https://zbmath.org/?q=an:1078.58011
https://mathscinet.ams.org/mathscinet-getitem?mr=2157566
https://zbmath.org/?q=an:1066.58010
https://mathscinet.ams.org/mathscinet-getitem?mr=2130146
https://doi.org/10.1007/978-981-19-1185-9
https://zbmath.org/?q=an:07529473
https://mathscinet.ams.org/mathscinet-getitem?mr=4485797
https://arxiv.org/abs/1808.05119
https://doi.org/10.1016/j.crma.2015.01.019
https://zbmath.org/?q=an:1393.58015
https://mathscinet.ams.org/mathscinet-getitem?mr=3319134
https://doi.org/10.1007/BF01389031
https://zbmath.org/?q=an:0639.14002
https://mathscinet.ams.org/mathscinet-getitem?mr=906579

Cyclic forms on DG-Lie algebroids and semiregularity 121

[28] J. P. PripHAM, Semiregularity as a consequence of Goodwillie’s theorem. 2012,
arXiv:1208.3111.

[29] C.T. Simpson, Moduli of representations of the fundamental group of a smooth projective
variety. Il. Inst. Hautes Etudes Sci. Publ. Math. (1994), no. 80, 579 (1995).
Zbl 0891.14006 MR 1320603

[30] C. SorGer, Lectures on moduli of principal G-bundles over algebraic curves. In School on
Algebraic Geometry (Trieste, 1999), pp. 1-57, ICTP Lect. Notes 1, Abdus Salam Int. Cent.
Theoret. Phys., Trieste, 2000. Zbl 0989.14009 MR 1795860

[31] K. Ueno, Infinitesimal deformation of principal bundles, determinant bundles and affine
Lie algebras. RIMS Kokyiiroku Bessatsu, 778, 36—41 (1992).

[32] H. WHITNEY, Geometric integration theory. Princeton University Press, Princeton, 1957.
Zbl 0083.28204 MR 0087148

Manoscritto pervenuto in redazione il 20 luglio 2021.


https://arxiv.org/abs/1208.3111
https://doi.org/10.1007/bf02698895
https://doi.org/10.1007/bf02698895
https://zbmath.org/?q=an:0891.14006
https://mathscinet.ams.org/mathscinet-getitem?mr=1320603
https://zbmath.org/?q=an:0989.14009
https://mathscinet.ams.org/mathscinet-getitem?mr=1795860
https://doi.org/10.2307/3610243
https://zbmath.org/?q=an:0083.28204
https://mathscinet.ams.org/mathscinet-getitem?mr=0087148

	1. Introduction
	Notation

	2. DG-Lie algebroids, connections and extension cocycles
	3. Cyclic forms and L_∞-morphisms
	4. The L_∞-morphism for the Atiyah Lie algebroid of a principal bundle
	References

