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ABsTRACT — In this article, we define the m-prismatic site and the m-g-crystalline site, which
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a certain equivalence between the category of crystals on the m-prismatic site (resp. the
m-g-crystalline site) and that on the prismatic site (resp. the g-crystalline site), which can
be regarded as the prismatic (resp. the g-crystalline) analog of the Frobenius descent due
to Berthelot and the Cartier transform due to Ogus—Vologodsky, Oyama and Xu. We also
prove equivalence between the category of crystals on the m-prismatic site and that on the
(m — 1)-g-crystalline site.
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1. Introduction

Fix a prime p. In [5], Bhatt and Scholze defined two new p-adic cohomology
theories generalizing crystalline cohomology, called prismatic cohomology and g-
crystalline cohomology. They are defined as the cohomologies of the corresponding
sites called the prismatic site and the g-crystalline site respectively. The notion of
a prismatic site (X/A), is defined for a p-adic formal scheme X over A/, where
(A, 1) is a bounded prism. Also, the g-crystalline site (X/D)g.crys is defined for a
p-completely smooth affine formal scheme X over D/, where (D, I) is a ¢-PD pair.
(The assumptions imply that A, D are endowed with a lift ¢ of Frobenius on A/ pA,
D/ pD respectively. Also, D is a Z,[q — 1]-algebra such that (D, [p], D), where
ply = quT—ll’ is a bounded prism and I € ¢~!([p], D). Moreover, when ¢ = 1in D,
the ¢g-PD pair (D, I) is a PD ring.) Among other things, they proved the following
comparison theorems:

(1) If (D, I) is a g-PD pair and X is a p-completely smooth affine formal scheme over
D/ 1, then the g-crystalline cohomology of X over D is isomorphic to the pris-
matic cohomology of its Frobenius pullback X' := X Xspe(p/1),¢* SPf(D/[plg D)
over D ([5, Theorem 16.18]).

(2) If (D, I) is a g-PD pair withg = 1 in D and X is an affine p-completely smooth
formal scheme over D/I, then the g-crystalline cohomology of X over D is
isomorphic to the crystalline cohomology of X over D (a special case of [5,
Theorem 16.14]).

On the other hand, for an integer m > 0, Berthelot ([2]; see also the works of Le
Stum—Quirds [13] and Miyatani [14]) defined the notion of a crystalline cohomology
of level m as the cohomology of the m-crystalline site. The notion of an m-crystalline
site (X /D )m-crys can be defined for a smooth scheme X over D/I, where (D, J,1,y)
is a p-torsion-free p-complete m-PD ring or an m-PD ring in which p is nilpotent
such that the ideal I contains p. When m = 0, it coincides with the usual crystalline
site. He proved the following results, which are called the Frobenius descent:

(3) The category of crystals on the m-crystalline site of X over D is equivalent
to that on the crystalline site of X’ over D, where X' := X Xgpee(D/1), (™)
Spec(D/1) is the pullback of X by the m-fold iteration ¢™ of the Frobenius lift
([3, Corollaire 2.3.7, Théoréme 4.1.3] in local situation). (See also the equivalence
0* in Section 5.)

(4) The crystalline cohomology of level m of X over D is isomorphic to the crystalline
cohomology of X’ over D, where X' is as above ([14, Proposition 5.4], [13,
Proposition 5.5]).
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The purpose of the present article is to introduce the notion of an m-prismatic site
and an m-qg-crystalline site, which are the level-m versions of the prismatic site and
the g-crystalline site respectively, and prove a prismatic and a g-crystalline version
of the equivalence of (3) in Theorems 2.25, 3.18. The g-crystalline version of (3) is
actually compatible with the equivalence of (3) when g = 1 and p € I. We also prove
the equivalences of categories of crystals corresponding to the higher-level versions of
(1) and (2) in Theorem 4.2 and Proposition 5.28 respectively.

Let us explain the content of each section. In Section 2, for a bounded prism (A, I)
and a smooth and separated formal scheme X over A/J with J := (¢")~' (1), we
first define the m-prismatic site (X /A)n., (Definition 2.1). Next we prove that the
category of crystals on the m-prismatic site (X/A)m-, is equivalent to that on the
prismatic site (X'/A),, where X' := X Xgpr4/7),(pm)* Spf(A/I) (Theorem 2.25).
We work with the category of crystals with respect to certain categories of modules
with some technical conditions (Definition 2.16) so that our argument works. Our
proof of equivalence is based on the idea developed by Oyama [17] and Xu [20] in
their study of the Cartier transform in positive characteristic or the case modulo p”:
we define a functor p: (X/A)m., — (X'/A), of sites and prove that it induces an
equivalence of topoi (X /A)m-, — (X’/_\/;l/) 5 (Theorem 2.15) and, moreover, that this
equivalence preserves the categories of crystals on both sides.

In Section 3, for a ¢g-PD pair (D, I) and a smooth and separated formal
scheme X over D/J with J := (¢™)~(I), we first define the m-g-crystalline site
(X/D)m-g-erys (Definition 3.3). Next we prove that the category of crystals on
(X/D)m-g-crys is equivalent to that on the g-crystalline site (X'/D)g.crys, Where
X' = X Xspt(n/ ),y SPE(D/I) (Theorem 3.18). The proof of equivalence is
parallel to that in Section 2. We also introduce the category of stratifications, which is
equivalent to the category of crystals on (X/D)-g-crys (Definition 3.21, Proposition
3.22).

In Section 4 we compare the category of crystals on the m-prismatic site with
that on the (m — 1)-g-crystalline site. By the comparison theorems in (1) and (4)
above, it is natural to regard the prismatic cohomology as a kind of “level-(—1) ¢-
crystalline cohomology”. So it would be natural to compare the m-prismatic site
with the (m — 1)-g-crystalline site. Based on this observation, for a ¢g-PD pair (D, I)
with J, == (¢™1)~1(1), J, = (¢™)" ([p]4 D) and a smooth and separated formal
scheme X over D/J,, we prove that the category of crystals on the m-prismatic site
(X/D)pm. » 18 equivalent to that on the (m — 1)-g-crystalline site (X/D)n—1)-g-crys»
where X = X % spt(D/J4) SPE(D/J,) (Theorem 4.2). The category of stratifications
we introduced in Section 3 plays a central role in the proof.
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In Section 5 we relate our equivalence in Section 3 to the Frobenius descent in
3). Let (D, J, I, y) be a p-torsion-free p-complete m-PD ring with p € I, and
let X be a smooth and separated scheme over D/I. First we give an alternative
site-theoretic proof (a proof based on the idea of Oyama [17] and Xu [20]) of the
equivalence in (3), namely, equivalence between the category of crystals on the m-
crystalline site ()? / D)m-crys and that on the crystalline site (X'/D)crys, Wwhere X' :=
X Xspee(D/T),(¢™)* Spec(D/I) (Corollary 5.21). Note that the original definition of
the (m-)crystalline site is not suitable to apply the site-theoretic argument of Oyama and
Xu. Our strategy is to introduce the variants (X /D) m-crys,new (Where X := X XSpec(D/I)
Spec(D/J)) and (X'/D)crys new Of the (m-)crystalline site (Definition 5.12) which do
not change the categories of crystals and for which the site-theoretic argument works.
Next, assuming that (D, I) is a ¢g-PD pair withg = 1in D and p € I, we prove that
the equivalence of categories of crystals in Section 3 is compatible with the Frobenius
descent by comparing the categories of crystals on the (m-)g-crystalline site and those
on the variants of the (m-)crystalline site.

In Section 6 we establish relationships between our result and results in the works
of Xu [20], Gros-Le Stum—Quir6s [7] and Morrow—Tsuji [15]. We will see that our
equivalences between the category of crystals on the prismatic site, that on the 1-
prismatic site and that on the g-crystalline site are compatible with the equivalence
of the Cartier transform in the case modulo p” by Xu, and the equivalence between
the category of twisted hyper-stratified modules of level (—1) and that of level 0 by
Gros—Le Stum—Quirds. The equivalence of categories of crystals in Section 2 also
fits naturally into the diagram involving the category of generalized representations,
the category of modules with flat g-Higgs field and the category of modules with flat
g-connection that appeared in the work of Morrow—Tsuji.

The original motivation for introducing m-crystalline cohomology would be to
develop a p-adic cohomology theory over a ramified base, for example, when the base
is a complete discrete valuation ring V' of mixed characteristic (0, p) in which p is not
a uniformizer. However, there exists no §-ring structure on the ring V' above. So our
definition of the m-prismatic site and the m-g-crystalline site is not enough for this
purpose. We hope to generalize our results to the case of a possibly ramified base in
the future.

2. The m-prismatic site

In this section we first define the m-prismatic site, which is a higher-level analog of
the prismatic site defined in [5] as well as a prismatic analog of the level-m crystalline
site. Next we prove that there exists an equivalence between the category of crystals
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on the m-prismatic site of a smooth formal scheme X and that on the usual prismatic
site of X/, where X' is the pullback of X by the m-fold iteration ¢™ of the Frobenius
lift ¢ on the base prism.

We fix a non-negative integer m and a bounded prism (A, /). Then [/ is closed for
the p-adic topology of A. (Indeed, I is p-adically complete because [ is invertible
as an A-module, and the boundedness of the prism (A4, /) implies that the p-adic
topology of I coincides with the topology on I induced by the p-adic topology of
A by the argument in the proof of [6, Proposition 4.3].) Also, the map ¢: A — A is
continuous for the p-adic topology by [5, Lemma 2.17]. Thus (¢)~ (1) is closed for
the p-adic topology of A.

DeriNiTION 2.1. Let J = (¢™)~1(I), and let X be a p-adic formal scheme smooth
and separated over A/J. We define the m-prismatic site (X /A)m-, of X over A as
follows. Objects are maps (A4, ) — (E, [g) of bounded prisms together with a
map Spf(E/Jg) — X over A/J satisfying the following condition, where Jg =
(@™~ UE):

(%) Spf(E/Jg) — X factors through some affine open Spf(R) C X.

We will often denote such an object by
(Spf(E) «<— Spf(E/JE) = X) € (X/A)m-y
or (E, Ig) if no confusion arises. A morphism
(Spf(E") < Spf(E'/JE’) — X) — (Spf(E) < Sp(E/Jg) — X)

is a map of bounded prisms (E, Ig) — (E’, Ig/) over (A, I) such that the induced
morphism
Spf(E’/Jg’) — Spf(E/JE)

is compatible with the maps Spf(E’/Jg/) — X, Spf(E/Jg) — X. When we denote
such an object by (E, Ig), we will write (E, Ig) — (E’, Ig/) (not (E’, [g/) —
(E, Ig)) for a morphism from (E’, Ig/) to (E, Ig). Amap (E, [g) — (E’, Ig/) in
(X/A)m-, is a cover if it is a faithfully flat map of prisms, i.e., E" is (p, I g)-completely
faithfully flat over E.

REMARK 2.2. By [5, Lemma 3.5], for an object (E, Ig) of (X/A)m-,, the ideal
I g is always equal to the ideal I E.

We need to check that the category (X /A),-, endowed with the topology as defined
above forms a site. Thanks to [15, Lemma 3.8], we have the following lemma:
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Lemma 2.3. Let (Eq, IE,) <L (E,Ig) % (Ez, Ig,) be maps in (X A)m., such
that f is a cover. Let E3 := E| ® g E,, where the completion is the classical (p, I)-
completion. Then (E3, Ig,) is the object that represents the coproduct (Eq, Ig,)
UE,15) (E2,1E,) in (X/A)m-), and the canonical map (E», Ig,) — (E3,Ig;) isa
cover.

By Lemma 2.3, the set of covers in Definition 2.1 actually forms a pretopology on
the category (X/A4)m-.

REmMARK 2.4. When m = 0, we denote the site (X/A),,., simply by (X/A), and
call it the prismatic site. This is equal to the prismatic site defined in [5, Definition
4.1], except that the technical condition () in Definition 2.1, which we imposed to
facilitate some arguments below, is not assumed in [5]. One easily checks that the
topos is unchanged even if we do not impose condition ().

In order to establish equivalence between the category of crystals on the m-
prismatic site and that on the usual prismatic site, we first construct a functor between
these sites.

ConstrucTiON 2.5. Under the notation and assumption in Definition 2.1, let
X' = X Xspiasny,@my* Spf(A/T). Then we have a diagram:

Spf(A) «—— Spf(4/J) +—— X
(M)*T (¢'")*T 0 T
Spf(4) +—— Spf(A/I) +—— X'.

We define a functor p from the m-prismatic site of X over A to the usual prismatic
site of X’ over A in the following way: for an object (Spf(E) < Spf(E/Jg) — X)
of (X/A)m-,, we define the object p(Spf(E) <— Spf(E/Jg) — X) of (X'/A), by

(SPA(E) < SpI(E/Ip) > X,

where the right map f is defined as

g -~
Spf(E/Ig) — Spf(E/J X Spf(A/1
PICE/TE) & SpR(E/Jp) % Spi(A/1)

- X X Spf(A/1) = X'.
Spt(A/T),(¢")* pr(A/T)

Here the first map g is induced by the map of rings

E/Jg ® A/l >E/lg, e®ar> ¢"(e)a.
A/J ™M

This defines the functor p: (X/A)m-, = (X'/A),.
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Next we want to show that p induces an equivalence of topoi. We follow the proof
of [20, Theorem 9.2], where the author proved an analogous result for the Oyama topoi.
The main properties of the functor p that we need are summarized in the following
propositions.

ProrposiTion 2.6 (Cf. [20, Proposition 9.3 (1)]). The functor p is fully faithful.
Proor. The functor p is clearly faithful. To prove fullness, suppose that
a: p(Spf(E’") < Spf(E'/Jg/) — X) — p(Spf(E) < Spf(E/Jg) — X)

is a map in (X’/A),. We consider the diagram

Spf(E'/157) @ > Spf(E'/Jp7)
> X/ X <
SPF(E/Ig) @ » SPE(E/JE).

where the morphisms & are induced by « and the morphisms (¢™)* are induced by
¢™ on E’ and E. It is enough to check that the right triangle is commutative. Since
the left triangle, the outer square and the two trapezoids are commutative, it suffices to
prove the following claim:

Cram. Let f;:Spf(E'/Jg) — X (i = 1,2) be maps which factor through some
affine opens Spf(R;) C X (i = 1,2) respectively, and satisfies

Jio@™)* = fa0(¢™)":SPI(E'/IE) — X.
Then fl = fz.

We prove the claim. Let Spf(R3) = Spf(R1) N Spf(R;) (note that, since X is
separated by assumption, the intersection on the right-hand side is affine). Then the
map fi o (¢™)* = f» o (¢™)* factors through Spf(R3). Since (¢™)* is homeomorphic
as a map of topological spaces, this implies that both f1 and f> factor through Spf(R3).
If f* denote the maps R3 — E’/Jg/ corresponding to f; (i = 1,2), then we have
equality of the map of rings ¢™ o fi* = ¢™ o f,*: R3 — E'/Ig/. Since the map
¢ E'/Jgr — E'/Ig isinjective, we conclude that f* = f*,andhence fi = f>. =

Prorosition 2.7 (Cf. [20, Proposition 9.3 (i1)]). The functor p is continuous.
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Proor. By definition, a: (E, [g) — (E’, [g/) is a cover in (X /A)m., if and only if
p(a): p(E,Ig) — p(E', Ig) is a cover in (X'/A), (note that the definition of covers
in the prismatic site is the m = 0 case of Definition 2.1). On the other hand, if

(Ev [Ey) L (E.IE) % (Es 1E»)

are maps in (X /A)p-, such that the map f is a cover, then by Lemma 2.3, we see
that p(Ey Ug E2) — p(E1) Upg) p(E2) is an isomorphism. These imply that p is
continuous, as desired. n

Prorosition 2.8 (Cf. [20, Proposition 9.3 (i1)]). The functor p is cocontinuous.

Proor. Suppose that
o': (SpE(E") < Spf(E'/1g’) — X') — p(Spf(E) < Spf(E/Jg) — X)

is a coverin (X’/A),. Condition (x) in Definition 2.1 ensures that the map Spf(E/JE)
— X factors through some affine open Spf(R) € X. Then o’ induces the following
commutative diagram:

R=R & A/1 225 E/jy & A/l — E/Ig «—— E

AJTpm A)T ¢
ool

k
E'/lg «— E

where g (resp. g’) is the map induced by Spf(E/Jg) — X (resp. Spf(E’/Ig/) — X').
If we define g’ as the composite R — R’ £> E’/Ig/, the commutativity of the above

diagram implies that the solid arrows in

R—23EJg ¥ E/lz «— E

\
\\\\\l&, g l&, la/
T4
E'/Jg p E'JIg «— E’
commute. Then we can define the dotted arrow as the composite &’ o g so that the

diagram commutes and that it defines an object (Spf(E’) < Spf(E’/Jg/) — X) and
a morphism

(Spf(E’) < Spf(E'/Jg') — X) — (Spf(E) < Spf(E/Jg) — X)

in (X/A)m.,. If we denote it by «, then p(er) = &’. The map « is also a cover by
assumption. These imply that p is cocontinuous, as desired. ]
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In order to prove another important proposition to prove the equivalence of topoi,
we prepare several lemmas.

LeEmMA 2.9. Let A be an I -adically complete ring where I is a finitely generated
ideal. Let J C A be a closed ideal such that the image of J in A/I is a nil ideal, and
let f:U — Spf(A/J) be a smooth morphism (resp. an open immersion) with U affine.
Then there is a unique smooth morphism (resp. open immersion) f:U — Spf(A)
which lifts f . Moreover, U is affine.

Proor. We follow the proof of [16, Lemma 2.3.14], where the authors proved an
analogous results for log schemes. We may replace A by A/I™ and Spf by Spec to
prove the lemma. Then J is a nil ideal of A and the morphism f: U — Spec(A/J) is
a smooth morphism (resp. an open immersion) of schemes.

We first treat the case that f is smooth. Express J as the inductive limit of the
inductive system (J; ), of finitely generated nilpotent ideals of A: J = 1_i13)1/1 J). Since

Spec(4/J) = lim Spec(4/J3).

A
by [9, Théoreme 8.8.2 (ii) and Proposition 17.7.8], there exists a smooth scheme
U,, over Spec(A/J;) for some A such that U = Uy, Xspec(4/J,) Spec(A/J). By [9,
Théoreme 8.10.5 (viii)], we may assume U), is affine. By replacing U — Spec(A4/J)
by U; — Spec(A4/J3), we may assume that J is a finitely generated nilpotent ideal.

Next, fix a generator x1, ..., x, of J and write A as the inductive limit of the inductive
system (A}), of Noetherian subrings containing x1, ..., x,. If we write J, for the
ideal of A, generated by x1, ..., x,, we have

Spec(A/J) = l(i_r_nSpec(A;L/J;L).
A

Then, by a similar argument to above, we may replace J C A by J, C A for some A
and so we may assume furthermore that A is Noetherian. Then the existence and the
uniqueness of U follows from [10, Exposé III, Corollaire 6.8].

It remains to check that the scheme U is affine. We can reduce to the case where J
is nilpotent by the argument above, and then we may assume that J2 = 0. Let J be a
coherent ideal sheaf of Oy . By the proof of [11, Theorem 3.7], for a scheme X, the
following conditions on X are equivalent:

(1) X is affine.
(2) H'(X,J) = 0 for all coherent ideal sheaves J.

So we need to prove that H!(U,J) = 0. We consider the exact sequence

0—>JI—>J3—->73/JI—0.
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As U is affine, we see that H'(U,J/JJ) = H'(U,J/JJ) = 0. Similarly, one can
show that H'(U, JJ) = 0. Hence H'(X,J) = 0.

Next we consider the case that f is an open immersion. Then the existence of f
follows as Spec(A/J) is homeomorphic to Spec(A4). The uniqueness and the affinity
of U follow from the previous case because an open immersion is smooth. So we are
done. |

LemMma 2.10. Let (E, Ig) be a bounded prism. Let f be an open immersion
f:Spf(E;) — Spf(E/1IE)

or an open immersion

[:Spf(E:) — Spf(E/JE).

Then there is a unique open immersion f:Spf(E;) — Spf(E) which lifts f_ Moreover,
the corresponding map of rings induces a map (E, Ig) — (E;, Ig E;) of bounded
prisms.

Proor. We first check that the images of /g, Jg in E/(p, Ig) are nil ideals. The
assertion is trivial for /g. For Jg, it follows immediately from the definitions of Jg
and the Frobenius lift ¢. Then the existence, the uniqueness and the affinity of the
lifting follow from Lemma 2.9. We denote the lifting by f: Spf(E;) — Spf(E).

As f is an open immersion, there exists an open cover

N
Spf(E;) = ) Spf(Eq,).
j=1

where £ ¢; is the classical (p, I g)-completion of the localization Eg; of E by g; € E.
As Eg is an étale E-algebra, the derived (p, I g)-completion Eg, of Eg, is (p, IE)-
completely étale and it admits a unique §-structure compatible with the one on E by
[5, Lemma 2.18]. Then (Eé)l_ AE Eé?]_) is a bounded prism by [5, Lemma 3.7 (2), (3)],

and so Egj is equal to EgD/, by [5, Lemma 3.7 (1)]. We see also that EAgj1 g

i, 18 equal

to E 51'3‘1 ..gj, for the same reason.
By the sheaf property and the vanishing of higher cohomologies of the structure

sheaf of Spf(E;), we have a quasi-isomorphism

Ei — [1_[ Eg; — l_[ Egjgs == Egl...gzv]
J J1<Jj2
D

E
&j1-&in

We write K* for the complex on the right-hand side. As each E 8y Bin =
is (p, [g)-completely flat over E, K*® ®,L5 N is concentrated in degree > O for any
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(p, Ig)-torsion E-module N. On the other hand, E; ®§ N is concentrated in degree
< 0 by definition. Hence E; ®% N is concentrated in degree 0. Then, since

E; ®% E/(p.1g) = Ei/(p, IE)

is étale over E/(p, Ig), E; is (p, [ g)-completely étale over E. Thus it admits a unique
8-structure compatible with the one on E by [5, Lemma 2.18] and then (E;, [g E;) is
a bounded prism by [5, Lemma 3.7 (2), (3)]. ]

The next result will also be used to prove the equivalence of topoi.

ProposiTion 2.11 (Cf. [20, Lemma 9.8 ()]). Let (E’, Ig’) be an object in (X'/A),.
Then there exists an object (E, Ig) in (X /A)m-, and a cover of the form

(E', Ig) — p(E, IE).

Proor. Let X = |J; Spf(R;) be a finite affine open cover of X. By the definition
of X’ in Construction 2.5, we see that

Spf(R;) }9{ X' = Spf(R; A/%m A/T).

We denote this formal scheme by Spf(R!). On the other hand, condition () in Defi-
nition 2.1 ensures that the map Spf(E’/Ig/) — X’ factors through some affine open
Spf(R"”) € X'. As X' is separated by assumption, we see that Spf(R;}) N Spf(R") =
Spf(R}) for some RY. Then the formal scheme Spf(R;) Xx+ Spf(E’/IE-) is identi-
fied with Spf(R] ® R} E'/Ig). In particular, it is affine. We denote this affine open
subscheme of Spf(E ' /1Eg’) by Spf (E ). By Lemma 2.10, there is a unique bounded
prism (E/, I g E ) € (X'/A), for which the corresponding formal scheme Spf (E] ) is an
affine open formal subscheme of Spf(E’) and lifts Spf (E ), namely E//I E| = E;. E! By
construction, we see that

(E', Ig) — [ [(Ei. 1g)
i

is a cover in (X’/A),. To prove the proposition, we may replace (E’, Ig) by (E], /)
to assume that the structure morphism Spf(E’/Ig/) — X’ factors through an aﬂirlle
open Spf(R’) € X' such that R’ is of the form R ® 4,7 ¢4m A/I for some affine open
Spf(R) C X.

As the map A/J — R is smooth, [19, Tag 00TA] tells us that there exists an open
cover of Spf(R) by standard opens Spf (Ié;,) such that each 15;, / p is standard smooth
over A/(p, J). After refining the given cover of X in the previous paragraph we may
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assume that R/ p is standard smooth over A/(p, J). By [19, Tag 00T7], there exists a
surjection A[x1,...,x,]" — R whose kernel is the ideal (J, y1, ..., y,) such that

Vi, Vr € A/(p, J)[x1,...,Xn]
form a regular sequence. On the other hand, there is a natural map
Alxy,....oxp0) = Afxq . oxn)0,

where the symbol {} denotes the adjoining of elements in the theory of §-rings (see
[5, Notation 2.8]). By Corollary 2.13 below about the regular sequence, we see that
the sequence

" (1) " (vr) € Alxrs . X )"

is (p, I)-completely regular relative to A. Then we can construct a map
def
Alxr, ) = S E (Al )MED

to the prismatic envelope by [5, Proposition 3.13], where K denotes the ideal (7,
" (1), ..., 0™ (yr)) € A{x1,...,xs}". By the construction of the prismatic enve-
lope, ¢ (y;) € Is and so y; € Js = (¢™)"'(Ig) for all i. This gives a map R —
S/Js.

Next, let A[x1,...,x,]" — R ®A,¢m A be the base change of A[x1,...,x,]" — R
in the previous paragraph along ¢™: A — A. Passing to the quotient then induces
Alx1,...,x,)" = R’. The kernel of this map is the ideal (Z, y{, ..., y;), where the
y; are the images of the y; under the map A[xy, ..., x,]" — A[x1,...,x,]" sending
> alxl to); ¢>m(ai~)xl (here we write j := (j1, ..., jn) for the multi-index). By
the definition of the y;, the sequence y{,...,y. € A/(p,I)[x1,...,x,]is aregular
sequence. By Corollary 2.13 below, the sequence yi, ..., y, € A{x1,...,x,}" is
(p, I)-completely regular relative to A. Then we can construct a map

Alxr,.x) = STE (Al ) MEY)”

to the prismatic envelope, where K’ denotes the ideal (1, y],...,y;) € A{x1,...,x,}".
Then we have a diagram:

Al —— R

.

A — Alxr, o) = Al o) = 8T (A, DM ED
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By the definitions of y; and y/, we have a map of 8- A-algebras (¢™)": S — S sending
x; to ¢™(x;). By Proposition 2.14 below, we see that (¢™)’ is (p, I)-completely
faithfully flat.

Let (E’,Ig/) € (X'/A), be as above. We have amap f1: A[x1,...,x,]" — E'/Ig/
determined as the composition of the map A[xy, ..., x,]" — R’ in the above diagram
with R — E’/Igs. As A[xy,...,x,]" is the completion of a polynomial ring, one
can choose a map f>: A[xy,...,x,]" — E’lifting f1. As E’ is a §-A-algebra, f>
extends uniquely to a §-A-algebra map f3: A{x1,...,x,}" — E’. By construction,
this extension carries K’ into Ig+. By the universal property of S’, f3 extends uniquely
to a §-A-algebramap g: S’ — E’. If we set h: E' — E’ ®s/ S to be the base change
of (¢™)": S — S along g, then by (p, I)-complete faithful flatness of (¢™)’, we see
that the same holds true for 4.

It remains to check that the map / defines a morphism

(E' 1)) — p(E/ &5, IE@S)
S/

in (X'/A),. To see this, it is enough to check that the bottom-right square in the
following diagram is commutative, in which all the other squares are commutative:

5]

Alxy, ..., x " E'®S
S/

J Ji

Alxt,....x, )" » RR=R & A/l - S/Js A/l BE®S)Ipgs & A/l
S, S/

AT p™M AT p™M A/ T ™M
sz J/ l
E — s E'/lg h E’§S/1E,®S.
S/

Here, i, is the map to the second component of the coproduct in Lemma 2.3. We can
check the commutativity of the bottom-right square by tracing the elements Xx;:

X; | > Xj | > 1 ® x;
Xi —— X5 Q1+ > 1®x; ®1

| !

fo(xi) —— fo(xi) ——————— 1@ ¢™(x;) = fa(xi) ® 1,

so the proposition follows. ]
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We prove the claims which were used in the proof above. We first review several
notions that appeared in [5, Section 2.6].

A map A — B of simplicial commutative rings is called flat if 7og(A4) — mo(B)
is flat and 7; (A) ®z,(4) mo(B) — m;(B) is an isomorphism for all 7. This can be
checked after the derived base change along A — 7o (A4). For a commutative ring 4, a
finitely generated ideal / = (fi,..., fu) € A and an /-completely flat commutative
A-algebra B, a sequence X1, ..., X, € B is I-completely regular relative to A if the
map of simplicial commutative rings

L L
A®zf.f) L — B Oy

oS X1e0Xr]
is flat. Here, the maps Z[ f1,..., ful = Z, Z[ f1,. .., fu.X1,...,Xr] = Z are defined
by sending each f;, x; to 0.

LemmA 2.12. Let A, I = (f1,..., fa) € A and B be as above and let x1, ..., x; €
B be a sequence of elements satisfying the following conditions:

(1) The images x1,...,Xr of X1,...,Xy in B/IB form a regular sequence.
) B/(I,x1,...,x;) isflat over A/ 1.

Then x1, . .., xy is I -completely regular relative to A.

Proor. We prove the flatness of the map
L L
A®Lifrati) L7 B G f1 frt o) L
This can be checked after the derived base change along
Q711 f) L = T0(ARG 1y D) = A/,

which is the composition of the maps

L i I £
A®zf 1L — Al Q714 oL — A/,

where f] is the map induced by the projection A — A/I and f, is the map taking the
degree 0 part of the Koszul complex. By taking the base change along f;, we obtain
the map

L L L
A/T ®F 4.1 L = (AT ®4 B) @y, ... fyx1x) L
~ L
= B/IB ®Z[fls~-~sfn,x1>-~~,xr]
= (B/1B ®Ff,... fywtseer) L1 o5 ]) @Fy iy 2

.....
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where the first isomorphism follows from the 7-complete flatness of B over A. Then,
taking the base change along f,, we obtain the map

A/I - B/IB ®F, Z.

,,,,, xr]

Note that the complex B/IB ®é[x1 Z is the Koszul complex corresponding to

' |
B/IB and X1,...,Xx;. As X1, ..., X, form a regular sequence in B/IB, we see that
the complex B/IB ®%[x1 ...iy] Z 1s identified with B/(I,xy,...,x;), which is flat
over A/I by assumption, as desired. ]

CoroLLARY 2.13. With notation as in the proof of Proposition 2.11, the sequence

" (V1) ... 9™ (yr) € A{X1, ..., X, }" and the sequence y1, ..., y; € A{x1,....,xp}"
are (p, I)-completely regular relative to A.

Proor. We first treat the case of the sequence y1, ..., y;. Note that the map

A/(p. Dlx1.....xn] = A/(p, D{x1..... Xn}

is flat. Recall that y_i, ...,y € A/(p,D[x1,...,x,] form a regular sequence and
the ring A[x1,...,x,]/(p. I, y}.....y,) = R'/pR’ is smooth (and hence flat) over
A/(p, 1), so the claim follows from Lemma 2.12.

Next we prove the claim for the sequence ¢ (y1), ..., ¢ (y,). Recall that the
sequence

Vise-osvr € A/(p, D[X1, .., Xn]

is a regular sequence and A[xy,...,x,]/(p,J, ¥1,...,¥r) = R/p is smooth over
A/(p, J). If J™) denotes the ideal generated by x?” for all elements x of J, then
we have (p, J(pm)) C (p,I). Since (p, J) is anil ideal in A/(p, J(l’m))[xl, cees Xnls
the Jacobian criterion for smoothness implies that

Y1,...,)r € A/(p,J(pm))[xl,...,xn]

form a regular sequence and that the quotient A[xy, ..., x,]/(p, J@™), yi..... )
is smooth over A/(p, J ™). Then it implies that ¥1,.... 5, € A/(p, )[x1, ..., Xx]
form a regular sequence and that the quotient A[xq, ..., x,]/(p, I, y1,...,yr) is

smooth over A/(p, ). As ¢™(y;) = y:?" in A/(p, I){x1....,xn}, we see that

" (1) ™ (yr) € A/(p. DAX1, -0 Xn)

form a regular sequence and that A{x1,...,x,}/(p, I, " (¥1),...,¢d"(y,)) is flat
over A/(p, I). By Lemma 2.12, we conclude that the sequence

" (V1) " (yr) € Afxy, .. x0)"

is (p, I)-completely regular relative to A. ]
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Prorosrtion 2.14. With notation as in the proof of Proposition 2.11, the map
(@™):8" > S
is (p, I)-completely faithfully flat.

Proor. Since the map (¢™)’ is the derived (p, I)-completion of the base change
of the §-A-algebra map

(@™ Alx1, ..., x0})" = Alxq. ... x0), x> (X)),

it suffices to prove that (¢™)” is (p, I)-completely faithfully flat. By [5, Lemma 2.11],
the §-A-algebra map

(@™ A{xy, ..., xn} = A{x1. .o X0}, X > @™ (X)

is faithfully flat. As the map (¢™)” is the derived (p, I)-completion of the base
change of (¢™)" along A{x1,...,xn} = A{x1,...,xn}", we conclude that (¢™)" is
(p, I)-completely faithfully flat. n

We are now prepared to prove the equivalence of topoi. First, we note that the
functor of sites p: (X /A)m-, — (X’/A), in Construction 2.5 induces a functor between
the categories of presheaves of sets

P (X JA)y = XDy G+ Gop,
and it admits a right adjoint
P (X Dy — (X'/A),.

By Propositions 2.7 and 2.8, we obtain a morphism of topoi

TaEOREM 2.15. The morphism C: mm_A — (X'/A), is an equivalence of
topoi.

Proor. By [17, Proposition 4.2.1] (see also [20, Proposition 9.10]), we are reduced
to checking the conditions which were proved in Propositions 2.6, 2.7, 2.8 and 2.11. =

We want to prove that C induces an equivalence between the categories of crystals.
First, we define a suitable category of crystals with some technical conditions so that
our argument works.



)
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DEeriNITION 2.16. Let (E, Ig) be a bounded prism.

Let M A(E, Ig) be the category of E-modules M such that, for any map of
bounded prisms (E, Ig) — (Eo, Ig,) and any faithfully flat map of bounded
prisms (Eo, Ig,) — (Ey, Ig;), the sequence

is exact, where the completion is the classical (p, I g, )-completion.
Let {M,(E.Ig) € e/\T(A(E, IE)}(E 1) be the largest family of full subcategories
such that, for any M € M,(E, Ig), any map (E, I[g) — (Ej, IE(/)) of bounded
prisms and any faithfully flat map of bounded prisms (Eo, Ig,) — (Eg. I E(/)), any
descent datum ¢ on M ® g E(’) (i.e., an isomorphism

(Ey &ry Ey) By (M &5 Ej) = (M &5 Ep) &5y (Ey &, Ey)
satisfying the cocycle condition on Ef ® g, Efy ® g, E,) descends uniquely to an

Eo-module My € M,(Eo, IE,).

We will need the following variant of Definition 2.16; in this variant, the ring E

does not necessarily admit a §-structure, and we assume that the ideal /g above is
equal to (p).

)

2

DEerinITION 2.17. Let E be a p-torsion-free p-complete ring.

Let eAT((E ) be the category of E-modules M such that, for any map £ — Ej of p-
torsion-free p-complete rings and any p-completely faithfully flat map Eg — E|
of p-torsion-free p-complete rings, the sequence

is exact, where the completion is the classical p-completion.

Let {M(E) C f((E )} E be the largest family of full subcategories such that, for
any M € M(E), any map E — E| of p-torsion-free p-complete rings and any
p-completely faithfully flat map Eg — Ej of p-torsion-free p-complete rings,
any descent datum ¢ on M RF Ej (i.e., an isomorphism

(Eo®EyEg) ®p; (M &g Eg) = (M & Eg) &g (Ey ®F, Ep)

satisfying the cocycle condition on E} ® g, Efy ® g, E,) descends uniquely to an
Ey-module M, € M(Eo)

The categories introduced above have the following properties.
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Prorosition 2.18. We keep the notation above:

(1) Forany M € M~A(E, Ig) and any map (E, Ig) — (E’, Ig/) of bounded prisms,
M Qf E' belongs to M, (E’, IE7). An analogous property holds true for the other
categories M,(E, Ig), M(E) and M(E).

(2) Let f: M — M' be a morphism in MA(E, Ig)andlet (E,Ig) — (E’,Ig/) bea
Saithfully flat map of bounded prisms. Assume that f induces an isomorphism

M ®g E' ~M &g E'.
Then f is also an isomorphism. An analogous property holds true for eAT((E ).

Proor. Part (1) follows immediately from the definition of M A(E, Ig). For part
(2), we consider the map of exact sequences:

0 > M s M &g E' ——= M & (E' & E')
lf l f®id l f®(id®id)
0 > M’ y M' ®p E' ——= M' ®g (E' ®g E').

The map f & id is an isomorphism by assumption. It follows that f & (id & id) is
also an isomorphism. These imply that f is an isomorphism. |

REMARK 2.19. Let us make some remarks on the categories introduced above:

(1) Let M™(E) be the category of finite projective E-modules. Also, let MP"°(E)
be the category of

{ (p, Ig)"-torsion E-modules (when (E, Ig) is a bounded prism),

p"-torsion E-modules (when E is a p-torsion-free p-complete ring),
and let M""(E) be |, MP" 8 (E) Then we have an inclusion
MP(E) € My(E, IE), M(E)
by [1, Proposition A.12]. We also have an inclusion
M (E) € My(E. Ig). M(E)

by the usual descent argument.

(2) If E is a p-torsion-free p-complete 5-ring, then we have an inclusion
M(E) € My(E. pE)

by the definition. The same holds true for M(E) and M,(E, pE).
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We will simply write JV{A(E) (resp. M, (E)) for JV{A(E, Ig) (resp. M,(E, IE)).
Next we define the category of crystals with respect to the categories of modules
M, (E) in Definition 2.16.

DErINITION 2.20. Let C,((X/A)m-,) (resp. CP((X/A)m-p), CO((X/A)m.,)) be
the category of abelian presheaves I on (X /A),., such that, for any object (E, Ig)
in (X/A)m.y, F(E, IE) € My(E) (resp. MP(E), M(E)), and for any morphism
(E,Ig) = (E1,Ig,) in (X/A)m.y, the map F(E, Ig) — F(E1, Ig,) is compatible
with the module structures in the usual sense and the canonical map F(E, Ig) @
E, — J(E1, Ig,) is an isomorphism of Ej-modules. This condition means that
Co((X/A)my) (resp. CP((X/A)m-p), C((X/A)m-,)) is the category of crystals
with respect to M, (resp. MP, M),

ReEmMARK 2.21. Let us make some remarks on Definition 2.20:
(1) Presheaves J in the above definition are automatically sheaves by Definition
2.16(1).

(2) One can prove that the category C,((X/A)m-,) is unchanged even if we do not
impose condition (*) in Definition 2.1.

In order to prove that the morphism C induces an equivalence between the cat-
egories of crystals, we will use the following propositions. We follow the proof of
[20, Theorem 9.12].

Proposition 2.22 (Cf. [20, Lemma 9.5]). Let (E, Ig) be an object of (X /A)m-,
andlet g:p(E,Ig) — (E', Ig’) be a morphism in (X'/A) . Then there exist an object
(Ev, IE,) of (X/A)m-p and a morphism f:(E,Ig) — (E1. Ig,) in (X/A)m., such
that g = p(f) (so (E1,Ig,) = (E’, Ig’) as a bounded prism).

If g is a cover, then so is f.

Proor. We have shown this result in the proof of Proposition 2.8. ]

Proposrtion 2.23 (Cf. [20, Lemma 9.8 (ii)]). Ler g: (E', Ig/) — (E7, Ig1) be
a morphism in (X'/A),. Then there exist a morphism h: (E, Ig) — (Ey, Ig,) in
(X/A)m-y, and covers f:(E', 1g’) — p(E, Ig), fi:(E}. Ig;) — p(Ev, IEg,) in
(X'/A), such that the following diagram is a pushout diagram:

S
(E}, Ig)) —— p(E1, IE,)

!
gT p(h)T
(E'. Ig)) —L— p(E.Ip).
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Proor. Let f be the cover constructed in Proposition 2.11, and let (E”, Ig~) be
the pushout of the diagram (E/, IEi) <L (E' Ig) N o(E, Ig). Applying Proposition
2.22 to the map p(E, Ig) — (E”, Ig~), we obtain the desired diagram. [

Prorposition 2.24 (Cf. [20, Lemma 9.9]). Let (E’, I£/) be an object of (X'/A),,
let (E, Ig) be an object of (X /A)m-, and let (E', Ig') — p(E, Ig) be a cover. Then
there exist an object (E», Ig,) of (X/A)m-, and two morphisms p1, p2: (E, Ig) —
(E2, Ig,) in (X /A)m-, such that

p(E2, Ig,) = P(EJE)( ,@) p(E, IEg),

A g
and p(p1) (resp. p(p2)) is the map

p(E, Ig) — p(E,Ig) & p(E,IE)
(E’,IE/)

to the first (resp. second) component.

Proor. Applying Proposition 2.22 to the coprojection

A

into the first component, we obtain the map p;: (E, [g) — (E2, [E,) satistying the
conditions. The existence of p, follows from the fullness of p. ]

We are now prepared to prove the equivalence of categories of crystals.
TueoREM 2.25. The functors Cy, C* induce equivalences of categories
Cl(X/Dmy) 2 Cu((X/A)y)
quasi-inverse to each other.

Proor. We want to prove that the functors C,, C* preserve crystals. For C*, it
follows easily from the equality

C*(F)NE. Ig) = F(p(E. IE)).

We show the claim for C,. Let F be an object in C,((X/A)m-,) and let g: (E’, [g/)
— (E, IEI) be a morphism in (X’/A),. We want to prove that C.«(F)(E’, [g’) €
MA(E’),C*(SF)(E/,IEI) € M,(E7) and that the map

Cx(NE" 1) § Ej — C.(F)(EY, 1)
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is an isomorphism. By Proposition 2.23, we have a pushout diagram

(Ej. 15 —L% p(Ei. Ig,)

!
4 mﬁ

f
(E/, IE/) — ,O(E, ]E)
where f and f; are covers. Then we have the following commutative diagram:

Co(F)(E' 1) § E} ® E;y = Cu(F)(E' 1) g} E § E1 — Cu(F)(p(E, IE)) § E;
’ Ei 4

! |

C*(fTr)(Ei,IE{)g E, C*(%(P(ELIE]))-

Using Proposition 2.18, it is enough to show that C«(F)(E’, Ig/) € M,(E’),
C.(H(ET, Ig;) € M, (E]) and that the left vertical arrow is an isomorphism. To
show that the left vertical arrow is an isomorphism, it suffices to check that the other
arrows are all isomorphisms. As C*C, = id, we see that for each (E, Ig) € (X/A)m-p.

(2.1 F(E,Ig) = C*C«(I)(E. Ig) = Cx(F)(p(E. IE)).

As T is a crystal, equality (2.1) implies that the right vertical arrow is an isomor-
phism. So it is enough to show that for any cover f:(E’, Ig/) — p(E, Ig), one has
C«(F)(E', Ig’) € M,(E’) and the map

Cx(I)(E" IE) §3 E = Cu()(p(E. IE))

is an isomorphism.
In the following, we simply write E, E’ for (E, Ig), (E’, I g/) respectively in order
to lighten notation. We consider the diagram

E' 1 p(E) ==3 p(E) @ p(E) =% p(E) & p(E) & p(E).

where all the arrows except f are the maps constructed by the coprojections. By
Proposition 2.24 and the definition of p, the above diagram may be rewritten as

f
E' —— p(E) —= p(E») 3 p(E3),
where E,, E3 € (X/A)m-, such that

EFhb=EQ®E, Ez3=EQ®REQE
E’ E’/ E’
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as prisms and all the arrows except f come from the morphisms in (X /A).,. Then
we have a diagram

Cu(D)(P(E)) =% CulT)(p(E2)) ——F Cu(F)(p(E3)
which is identified with the following diagram by using equality (2.1):
F(E) =% F(E2) —— F(E3).

As F is a crystal, the above diagram defines a descent datum on F(E) relative to the
faithfully flat map of bounded prisms (E’, Ig/) — (E, Ig). So it descends uniquely
to an object M in M,(E’). In particular, we have an isomorphism of E-modules
M &g/ E =~ F(E) and an exact sequence

0 —— M —— F(E) —= F(E,).
On the other hand, since C(¥) is a sheaf, we have an exact sequence
0 — Cu(PUE) —— Cu(F)(p(E)) —= Co(F)(p(E2)).
By these two exact sequences and equality (2.1), we see that
Cu(F)E) = M € Mu(E).

Thus,
C«(F)(E' IE) § E — Ci(F)(p(E, IE))

is an isomorphism, as desired. ]
The following is proved in exactly the same way as Theorem 2.25.

COROLLARY 2.26. The functors Cx, C* induce equivalences of categories

CP((X/A)m-y) 2 CP((X'/A)).
C((X/Am-y) 2 C((X'/A)y)

quasi-inverse to each other.

3. The m-q-crystalline site

In this section we prove a g-crystalline version of the theorems in the previous
section, namely, we define the m-g-crystalline site which is a higher-level analog of
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the g-crystalline site defined in [5, Section 16], and prove equivalence between the
category of crystals on the m-g-crystalline site of a smooth formal scheme X and that
on the usual g-crystalline site of X', where X' is the pullback of X by the m-fold
iteration ¢™ of the Frobenius lift ¢p on the base ¢-PD pair.

First, we give the definition of ¢-PD pairs we consider. Set A = Z,[¢q — 1] with
8-structure given by §(g) = 0.

DerinITION 3.1. A ¢-PD pair is given by a derived (p, [p],)-complete §-pair
(D, I) over (A, (g — 1)) satisfying the following conditions:

(1) Forany f € I, we have (/) — [ply8(/) € [ply 1.

(2) The pair (D, ([p]q)) is a bounded prism over (A4, ([ply)). i.e., D is [p]4-torsion-
free and D/([p],) has bounded p°°-torsion.

(3) Thering D/(g — 1) is p-torsion-free with finite (p, [p],)-complete Tor-amplitude
over D.

(4) D/I is classically p-complete.

ReMARK 3.2. Let us make some remarks on Definition 3.1:

(1) This definition of g-PD pairs follows that in [12, Section 7.1]. Condition (4)
enables us to consider the affine p-adic formal scheme Spf(D/1), but this is
not imposed in [5, Definition 16.2]. Our notion of a g-PD pair differs from that
in [6, Definition 3.1]; conditions (3), (4) in Definition 3.1, the condition that
D/([p]q) has bounded p°°-torsion and the condition of (p, [p],)-completeness of
D are not imposed in [6, Definition 3.1] (but the latter two conditions are imposed
in the definition of the g-crystalline site in [6, Section 7]).

(2) By conditions (1) and (2), we see that for any x € I, the element

y(x) € ¢(x)/[plg —8(x) € I

is well defined.
(3) Let J = (¢"™)~'(I). As ¢ is continuous, the ideal J C D is closed for the p-adic
topology of D. So D/J is also classically p-complete.

(4) Condition (4) in Definition 3.1 implies that  is closed for the (p, [p]y)-adic
topology of D because

I+ (p.[pl)" €1+ (p.g—=1D)" <1+ (p).

Next we define the m-g-crystalline site, which is a higher-level analog of the
g-crystalline site as well as a g-analog of the level-m crystalline site. We fix a non-
negative integer m and a ¢-PD pair (D, I).
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DeriNiTION 3.3. Let J = (¢™)~!(/) and let X be a p-adic formal scheme smooth
and separated over D/J. We define the m-q-crystalline site (X /D )m-g-crys of X over
D as follows. Objects are maps (D, I) — (E, Ig) of g-PD pairs together with a
map Spf(E/Jg) — X over D/J satisfying the following condition, where Jg =
@™~ (k)

(%) Spf(E/Jg) — X factors through some affine open Spf(R) C X.

We will often denote such an object by
(Spf(E) < Spf(E/JE) = X) € (X/D)m-g-crys
or (E, Ig) if no confusion arises. A morphism
(SPF(E") < Spf(E'/Jg) — X) — (Spt(E) < Spf(E/Jg) — X)

is a map of ¢-PD pairs (E, Ig) — (E’, Ig/) over (D, I) such that the induced mor-
phism
Spf(E'/JE’) — SPf(E/JE)

is compatible with the maps Spf(E’/Jg/) — X, Spf(E/Jg) — X. When we denote
such an object by (E, Ig), we will write (E, [g) — (E', Ig/) (not (E', Ig/) —
(E, Ig)) for a morphism from (E’, Ig/) to (E, Ig). Amap (E, Ig) — (E', Ig/) in
(X/D)m-g-erys is a cover if it is a (p, [ p]q)-completely faithfully flat map and satisfies
3.1 Igr = IgFE’,

where the right-hand side means the (p, [p],)-complete ideal of E’ generated by /g E'.

RemaRrk 3.4. Note that equality (3.1) does not imply the equality Jg» = Jg £’ in
general. Indeed, in the case of the inclusion

(E,Ig) = Zplqg —1],(q — 1)) = Zp[q"? — 1], (¢ — 1)) =: (E', IE),
where the §-ring structure on E’ is defined by §(¢'/?) = 0, we have Iz = Iz E’ but
JEE' =(q—1) # @7 —1)=Jp.

We need to check that the category (X/D)m-g-crys endowed with the topology
as defined above forms a site. We have the following lemma as in the case of the
m-prismatic site:

Lemma 3.5. Let (Ey, Ig,) <L (E,Ig) % (E2, IE,) be maps in (X/D)m-g-crys
such that f is a cover. Let E3 = E; ® g E,, where the completion is the classical
(p. [plq)-completion. Then (E3, I g, E3) is the object that represents the coproduct

(E1, IE) UE,15) (E2, 1E,)

in (X/D)m-g-crys, and the canonical map (E», Ig,) — (E3, IE;) is a cover.
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Proor. By Lemma 2.3, (E3, ([p]y)) represents the object (E1, ([plg)) U(E,(p14))
(E2. ([plg)) in the category of bounded prisms. Also, by [5, Lemma 16.5(5)],
(E3, IE, E3) is a g-PD pair. We can check that it represents the object

(E1, Ig) UE,15) (E2, 1E,)

in (X/D)m-g-crys by using Remark 3.2 (4). [ ]

By Lemma 3.5, the set of covers in Definition 3.3 actually forms a pretopology on
the category (X /D)m-g-crys-

REMARK 3.6. When m = 0, we denote the site (X/D)p.g.crys Simply by
(X/D)g-crys and call it the g-crystalline site. This site is similar to the one in [5]
and that in [12] but there are slight differences: First, the topology considered here
(flat topology) is different from the one in [5] (indiscrete topology) and the one in
[12] (étale topology). Second, we imposed the technical condition () which is not
assumed in [5] and [12]. (However, we note that our topos is unchanged if we do not
impose condition (*).) Third, X is assumed to be affine in [5] but we do not assume
that X is affine.

In order to establish equivalence between the category of crystals on the m-g-
crystalline site and that on the usual g-crystalline site, we first construct a functor
between these sites, as in the prismatic case.

ConstrucTION 3.7. Under the notation and assumption in Definition 3.3, let X’
be X Xspr(p/J),@m)* SPE(D/1). Then we have a diagram:

Spf(D) +—— Spf(D/J) +—— X

(¢’”)*T (¢’”)*T O T

Spf(D) +—— Spf(D/I) +—— X'.

We define a functor p from the m-g-crystalline site of X over D to the usual g-
crystalline site of X’ over D as in the case of the m-prismatic site: for an object

(Spf(E) < Spf(E/JE) — X)

of (X/ D) m-g-crys, we define the object p(Spf(E) < Spf(E/Jg)— X) of (X'/ D) g-crys
by
(SPF(E) < Spf(E/I£) > X'),
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where the right map f is defined as

g ~
Spf(E/Ig) = Spf(E/J >< Spf(D/1
pf(E/1Eg) — Spf( /E)Spf(D/J)’(d)m)* pf(D/I)

- X X Spf(D/1) = X".
Spt(D/J),(¢")* p(D/1)
Here, the first map g is induced by the map of rings

E/JE ® DJ/I—>E/Ig, e®dw— ¢™(e)d.
D/J.$™

This defines the functor p: (X/D)m-g-crys = (X'/D)g-crys-

Next we want to show that p induces an equivalence of topoi. Since the m-g-
crystalline site is defined in a very similar way to the m-prismatic site, almost all
propositions can be proved in exactly the same way as in the case of the m-prismatic
site by replacing the bounded prism (A, 1) with the g-PD pair (D, I), and so we omit
the details. In particular, we have the following proposition.

Prorosrtion 3.8. The functor p is fully faithful, continuous and cocontinuous.

As the construction of the g-PD envelope is different from that of the prismatic
envelope that appeared in the proof of Proposition 2.11, we give a proof of the g-analog
of Proposition 2.11. We will need the following g-analog of Lemma 2.10:

LemMa 3.9. Let (E, Ig) be a g-PD pair. Let f be an open immersion
[ Spf(E;) — Spf(E/Ip)

or an open immersion
S Spf(Ei) — Spf(E/JE).

Then there is a unique open immersion f:Spf(E;) — Spf(E) which lifts f_ Moreover,
the corresponding map of rings induces a map (E, Ig) — (E;, Ig E;) of ¢-PD pairs.

Proor. We first check that the images of /g, Jg in E/(p, [p],) are nil ideals. For
I g, it follows immediately from Definition 3.1 (1) and the definition of the Frobenius
lift ¢. For Jg, we note that the image of Jg in E/Ig is a nil ideal by the definitions
of Jg and ¢, so the claim follows. Then the existence, the uniqueness and the affinity
of the lifting follow from Lemma 2.9. We denote the lifting by f: Spf(E;) — Spf(E).
We can give a §-structure on E; such that the corresponding map £ — E; is a map of
d-rings as in the proof of Lemma 2.10 by replacing the ideal /g with the ideal ([p],).

It remains to show that (E;, IEE; ) is a ¢-PD pair. Condition (4) in Definition 3.1 fol-
lows as the ideal I E; is closed. To prove the other conditions, by [5, Lemma 16.5 (5)],
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it is enough to prove that the map of §-rings £ — E; is (p, [p]q)-completely flat.
Applying the same argument as in the proof of Lemma 2.10 by replacing the ideal
Ir with the ideal ([p];), we see that E — E; is (p, [p]q)-completely flat (actually
(p. [plq)-completely étale), as desired. ]

The next result will be used to prove the equivalence of topoi.

ProposiTion 3.10. Let (E’, Ig/) be an object in (X'/D)q.crys. Then there exists
an object (E, Ig) in (X/D)m-g-crys and a cover of the form (E’, [g) — p(E, IE).

Proor. Let X = |J; Spf(R;) be a finite affine open cover of X. By the definition
of X’ in Construction 3.7, we see that Spf(R;) Xx X' = Spf(R; ®D/J’¢m D/I). We
denote this formal scheme by Spf(R;). On the other hand, condition (x) in Defini-
tion 3.1 ensures that the map Spf(E’/Ig/) — X' factors through some affine open
Spf(R”) € X'. As X’ is separated by assumption, we see that Spf(R;) N Spf(R") =
Spf(R}) for some R}. Then the formal scheme Spf(R}) Xx- Spf(E’/IE-) is identi-
fied with Spf(R; ® R¥ E'/Ig/).In particular, it is affine. We denote this affine open
subscheme of Spf(E ' /1Eg’) by Spf (E ). By Lemma 3.9, there is a unique g-PD pair
(E/, 1 E’E,/ ) € (X'/D)g-crys for which the corresponding formal scheme Spf(E;) is an
affine open formal subscheme of Spf(E’) and lifts Spf (l?lf ), namely E;/ ITE{ = E_l’ .
By construction, we see that

(E'. 1g) — [ [(E]. 1z E))

i

is a cover in (X'/D)g.crys. To prove the proposition, we may replace (E’, Ig/) by
(E], ITE{ ) to assume that the structure morphism Spf(E’/Ig/) — X' factors through
an affine open Spf(R’) € X’ such that R’ is of the form R ®p, s 4m D/I for some
affine open Spf(R) C X.

As the map D/J — R is smooth, [19, Tag O0TA] tells us that there exists an open
cover of Spf(R) by standard opens Spf (I/i’;) such that each 1/2; / p is standard smooth
over D/(p, J). After refining the given cover of X in the previous paragraph, we may
assume that R/ p is standard smooth over D/(p, J). By [19, Tag 00T7], there exists a
surjection D[xy,...,x,]" — R whose kernel is the ideal (J, y1, ..., y,) such that

V1.....yr € D/(p, J)[x1,...,xn]

form a regular sequence. On the other hand, there is a natural map

Dx1,...,xx]" = D{x1,...,x2}",
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where the symbol {} denotes the adjoining of elements in the theory of §-rings. By a
similar argument to that in the proof of Corollary 2.13, we see that the sequence

" (1), ....¢"(yr) € Dixy,....xp}"

is (p, [p]q)-completely regular relative to D. Then we can construct a map

D{xy,....xx}" > S &ef (D{xl,...,xn, ¢m+l(y1),...,¢m+1(y')})/\
[Plq [Plq

to the ¢-PD envelope of (D{xy,...,x,}", K) by [5, Lemma 16.10], where K denotes
the ideal (1, ¢™(y1),..., 9™ (yr)) € D{x1,...,xy}". By the construction of the
q-PD envelope, ¢ (y;) € Is and so y; € Js = (¢™)"(Is) for all i. This gives a
map R — S/Js.

Next, let D[x1,...,x4]" = R @D,qyn D be the base change of D[x1,...,x,]" —
R in the previous paragraph along ¢: D — D. Passing to the quotient then induces

D[x1,...,x,]" = R’. The kernel of this map is the ideal (1, y{, ..., y;), where the
y; are the images of the y; under the map D[xy,...,x,]" = DI[x1,..., Xx,]" sending
> ale to); ¢’"(al~)xl (here we write j := (j1,.... jn) for the multi-index). By
the definition of the y;, the sequence y/,...,y. € D/(p,I)[x1, ..., Xxp] is a regular
sequence. By a similar argument to that in the proof of Corollary 2.13, the sequence
Vieooon ¥y € D{x1,...,x4}" is (p, [p]g)-completely regular relative to D. Then we
can construct a map

D{x1,...,xn}"%S’g(p{xl’”_’xn"p(yi) ¢(y;)})

[Pl 7 [plg
to the ¢-PD envelope of (D{x1,...,x,}", K’), where K’ denotes the ideal

(I’y/lv'-‘yy;) g D{xl,--.,xn}/\.
Then we have a diagram:

D/l —— R

[

D — Dixy,..., Xn]N = D{x1,...,x,}" — S’déf(D{xl,...,xn,d’[;}i;),...,¢(y;q)})/\.

By the definitions of y; and y;, we have a map of §-D-algebras (¢™)": S’ — S sending
x; to ¢ (x;). By Proposition 3.11 below, we see that (¢™)" is (p, [p]4)-completely
faithfully flat.

Let (E', Ig/) € (X'/D)g-crys be as above. We have a map

flzD[xl,...,xn]’\ — E//IE/
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determined as the composition of the map D[xy,..., x,]* — R’ in the above diagram
with R" — E’/Igs. As D[x1,...,x,]" is the completion of a polynomial ring, one
can choose a map f>: D[x1,...,x,]" — E’lifting f1. As E’ is a §-D-algebra, />
extends uniquely to a §-D-algebra map f3: D{x1,...,x,}" — E’. By construction,
this extension carries K’ into /g+. By the universal property of S’, f3 extends uniquely
to a 8-D-algebra map g: S” — E’. If weset h: E/ — E’ ®g S to be the base change
of (¢™)": §" — S along g, then by (p, [p],)-complete faithful flatness of (¢™)’, we
see that the same holds true for /.
It remains to check that the map / defines a morphism

(E,’IE/) e p(E’ % S, IElgs)

in (X'/D)q.crys- To see this, it is enough to check that the bottom-right square in the
following diagram is commutative, in which all the other squares are commutative:

i2

Dlxy,...,xx" S E'®S

| J [

D[x{,....x;,)" » RR=R & D/I - S/Js & D/I REY E'®S/Iggs ® DJI
D/J,¢p™m D/J,p™m S’ s/ D/J,¢p™m

|- | |

E —— E'/Ip E’?S/IE@S.
S’

Here i, is the map to the second component of the coproduct in Lemma 3.5. We can
check the commutativity of the bottom-right square by tracing the elements Xx;:

X; | > Xj | > 1 ® x;
Xi —— X, Q1+ > 1Q®x; ®1

| !

H(xi) —— Hxi) ——————— 1 ®¢"(xi) = fo(xi) 1,

so the proposition follows. ]
We prove the claim used in the proof above.
Prorosition 3.11. With notation as in the proof of Proposition 3.10, the map
(@™):S"—> S

is (p, [plg)-completely faithfully flat.
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Prookr. Since the map (¢™)" is the derived (p, [p]4)-completion of the base change
of the §-D-algebra map

(@™ D{x1,....x,}" = Dix1,....xn}", xi = ¢"(x;),

it suffices to prove that (¢™)" is (p, [p]q)-completely faithfully flat. By [5, Lemma
2.11], the é-D-algebra map

(@™)":D{x1,....,xn} = D{x1,....xn}, xi > @d"(x;)

is faithfully flat. As the map (¢™)” is the derived (p, [p]4)-completion of the base
change of (¢™)"" along D{x1,...,x,} — D{x1,...,x,}", we conclude that (¢™)”
is (p. [plq)-completely faithfully flat. =

We are now prepared to prove the equivalence of topoi. First, we note that the
functor of sites p: (X /D) m-g-crys = (X'/ D)g-crys in Construction 3.7 induces a functor
between the categories of presheaves of sets

71 (X'/D)gecrys = (X/Dmgrarys: G+ S0,
and it admits a right adjoint
P (Y/T))m.q-crys g (m)q-crys-
By Proposition 3.8, we obtain a morphism of topoi
C (X//\l_)/)m-q—crys - (/m)q—crys’ C* = p*, Csx = pa.

THeOREM 3.12. The morphism C: (/)_(7_/1)),,1_4,5ryS — (X’/D)q_Crys is an equivalence

of topoi.

Proor. By [17, Proposition 4.2.1] (see also [20, Proposition 9.10]), we are reduced
to checking the conditions which were proved in Propositions 3.8 and 3.10. ]

Next we define the category of crystals with respect to the categories of modules
M, (E) and M(E) in Definition 2.16.

DeriniTION 3.13. Let M, (E) and M(E) be the categories of modules as in
Definitions 2.16 and 2.17:

(1) Let

GA((X/D)m—q—crys) (resp' efp((X/D)m—q—crys)’ Gtors((X/D)m—q—crys))
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be the category of abelian presheaves J on (X /D )p-g-crys Such that, for any object
(E,Ig)in (X/D)m-g-crys» T(E, IE) € M,(E) (resp. pr(E), M™(E)), and for
any morphism (E, [g) — (Eq, Ig,) in (X/D)m-g-crys, the map

F(E,Ig) —> F(E1, IE)

is compatible with the module structures in the usual sense and the canonical map
F(E,Ig) ®r E1 — F(E;, IEg,) is an isomorphism of E;-modules.

(2) Assume that (D, I) is a g-PD pair with ¢ = 1 in D. Then we define the category
C((X/D)m-g-crys) as the category of abelian presheaves F on (X /D);;-g-crys such
that, for any object (E, Ig) in (X/D)m-g-crys» F(E, Ig) € M(E), and for any
morphism (E, Ig) — (E1, Ig,) in (X/D)m-g-crys, the map

F(E,Ig) — F(E1, IE)

is compatible with the module structures in the usual sense and the canonical map
F(E,Ig) Qp E1 — F(E;, IE,) is an isomorphism of E;-modules.

REMARK 3.14. Asin Remark 2.21, one can prove that presheaves JF in the above
definition are automatically sheaves and the category €, ((X/D)m-g-crys) is unchanged
even if we do not impose condition () in Definition 3.3.

We are now prepared to prove equivalence of categories of crystals. The following
results can be proved in exactly the same way as in the case of an m-prismatic site, so
we omit the details.

ProposiTioN 3.15. Let (E, Ig) be an object of (X /D) m-g-crys and let
g:p(E. Ig) — (E' 1)

be a morphism in (X'/ D) g.crys. Then there exist an object (E1, IE,) of (X/D)m-g-crys
and a morphism f:(E,Ig) — (E1,Ig,) in (X/D)m-g-crys such that g = p(f). If g
is a cover, then so is f.

ProposiTiON 3.16. Let g: (E', Ig’) — (E/, Ig1) be a morphism in (X'/D)gecrys-
Then there exist a morphism h: (E, Ig) — (E1, Ig,) in (X/D)m-g-crys and covers
f(E' Ig) — p(E,IEg), f1:(E], Ig;) = p(Ey. IE,) in (X'/ D) g-crys such that the
following diagram is a pushout diagram:

S
(E1. Ig)) —= p(E1.IE,)

!
gT p(h)T

(E'. Ig)) —L— p(E.Ip).
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ProposiTiON 3.17. Let (E', Ig+) be an object of (X' /D) g-crys, let (E, Ig) be an
object of (X /D)m-g-crys and let (E', Igr) — p(E, Ig) be a cover. Then there exist an
object (E2, I E,) of (X/ D)m-g-crys and two morphisms py, p2:(E,Ig) — (E», Ig,) in
(X/D)m—q—crys such that p(E2, IE,) = p({f, IEg) ®(E’,IE/) p(E, IE), and p(p1) (resp.
p(p2)) is the map p(E, Ig) — p(E, IE) ®E,1,,) P(E, IE) to the first (resp. second)
component.

THEOREM 3.18. The functors Cy, C* induce equivalences of categories
eA((X/D)m -q- cry%) GA((X /D)q cry%)
quasi-inverse to each other.

COROLLARY 3.19. The functors Cy, C* induce equivalences of categories

CP((X/D)m-geerys) 2 CPUX'/D)gecrys)s
etorg((X/D)m—q—crys) <_—> etorc((X /D)q—crys)

quasi-inverse to each other.

CoroLLARY 3.20. Assume that (D, 1) is a q-PD pair with ¢ = 1 in D. Then the
functors Cy, C* induce equivalences of categories

e((X/D)m -q- crys) e((X /D)q crys)
quasi-inverse to each other.

Finally, we establish a relationship between the category of crystals on the m-g-
crystalline site and the category of certain stratifications.

DEeriNiTION 3.21. Let (D, ) be a g-PD pair, let J = (¢™)~ (1) and let X be a
p-adic formal scheme smooth and separated over D/ J.

(1) We define the category S, (p,r) as follows. Objects are maps 0: T — R, where
T is a finite set and Spf(R) C X is an affine open formal subscheme such that
the induced map D/(p, J) — R/ p is standard smooth in the sense of [19, Tag
00T6]; moreover, o is a map satisfying the following conditions:

fo: Do = D[xi]jer — R, .
(a) 1S surjective.
x; > 0o(t)
(b) There exists a sequence yi, ..., y, € D[x;]/.y such that the kernel of f,
can be described as the ideal (J, (yy)wew) (Where W = {1,...,r}), and

that y1,...,y, € D/(p, J)[x¢]ser form a regular sequence.



2

3

Prismatic and g-crystalline sites of higher level 169

A morphism fromo:7 — Rtoo’: T’ — R’ in 8, (p,r) is a pair (f, g) where f
isamap of sets f: T — T’ and g is a map of p-complete rings g: R — R’, such
that the diagram

T —— R

bl

T -2~ R
commutes and that the map g*: Spf(R’) — Spf(R) corresponding to g is compat-
ible with the open immersions Spf(R’) C X, Spf(R) C X.

Leto:T — Rand 0”: T" — R’ be objects of 8,, (p,r). Their sum o U o’ is
given by the map
TUuT'- R ® R - R",
D/J

where the first map is givenby t > o(t)  1(t € T),t' —> 1Q0c'(t") (t' € T'), R’
is defined by the equality Spf(R"”) = Spf(R) N Spf(R’) C X (it is well defined as
X is separated) and the second map is induced by the open immersions Spf(R”) C
Spf(R), Spf(R") € Spf(R’). We will simply write 8,,, p instead of S, (p, ) if no
confusion arises.

Foro:T — R € 8, p, we define the ring S, in the same way as in the proof of
Proposition 3.10: namely, we define

m+1 A
SU:D{X,,M}

[p]q teT,weW

as the ¢-PD envelope of (D{x;}/ ;. K), where the ideal K = (I, (" (Yw))wew)-
Note that it is independent of the choice of the elements y,,(w € W). Indeed,
the ideal (J, (yy)wew) is independent of the choice when regarded as an ideal
of D{x;}/cr, and so is the ideal (1, (™ (yw))wew) = (1, " ((J, (Yw)wew)))-
Since the ¢g-PD envelope only depends on the ideal (1, (¢ (yw))wew) by [5,
Lemma 16.10], this gives the desired independence. In particular, we see that the
construction of Sy is functorial in 0 € 8,,,p.

A stratification with respect to 8, p and M, is a pair
((Mo)aesm!D s (woa/)o—ny/)y

where My € M,(Ss) and oo My ®Sa Sor 5 M, is an isomorphism of S,/-
modules satisfying the cocycle condition. If (D, I') is a g-PD pair with ¢ = 1 in
D, then we can also define a stratification with respect to S,,,p and M as above
by replacing M, with M. We denote the category of stratifications with respect to
8m,p and M, (resp. M) by Str,(8,,,p) (resp. Str(Sm,,p)).
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Prorosition 3.22. There is an equivalence of categories
Co(X/D)m-g-crys) = Strp(Sm,p)-

Prookr. The functor C,((X/D)m-g-crys) = Stry(8m,p) is given by
F > (F(SNoesn- (T(S0) B> F(Se)) ).

We can define the functor Stry(8,,p) — C,((X/D)m-g-crys) as follows. Given
((MO')O'ESm_D (@o0')o—s0) € StrA(Sm,D) and (E, Ig) € (X/D)m-q-crys, we choose
an affine open Spf(R) € X such that Spf(E/Jg) — X factors through Spf(R). There
exists an open cover of Spf(R) by standard opens Spf (E.g\i) such that each ﬁg\i /pis
standard smooth over D/(p, J) as in the proof of Proposition 3.10. Then the fiber
product Spf (ﬁ; ®r E/JE) is an affine open of Spf(E/Jg). We denote the formal
scheme Spf(I?; ®r E/JE) by Spf(E;). By Lemma 3.9, there is a unique ¢-PD pair
(E;, I/E—E\’, ) € (X/D)m-g-crys for which the corresponding formal scheme Spf(E;) is
an affine open formal subscheme of Spf(E), and lifts Spf(E;).

First, we define J(E;) for such E;. By construction, Spf(E;/Jg;) — X fac-
tors through some affine open Spf(ﬁ) which satisfies the condition in Definition
3.21(1), so there exists an object in 8,, p of the formo: T — R. Then we have a map
fi [x,]teT — E;/JEg; determined as the composition of the map fo: D[x;]/.; — R
and R — E;/J E;- As D[x;]/.r is the completion of a polynomial ring, one can
choose a map f>: D[x;]).; — E; lifting fi. As E; is a §-D-algebra, f, extends
uniquely to a §-D-algebra map f3: D{x;}/.; — E;. Since the image of y, (w €
W) under f3 belongs to JE,, the image of ¢™(yy ) belongs to Ig,. As f3 carries

= (1,(¢" (Yw))wew) into Ig, and Sy is the ¢-PD envelope of (D{x;}/ ;. K), f3
extends uniquely to a §-D-algebra map g: S¢ — E; in (X/D)m-g-crys.- We define

F(E;) == M, g@ E; € M,(E;).

We must show that this is well defined. If we choose another affine open Spf(R’),
o':T" — R’ which is an object in 8,, p and a morphism S, — E;, then we have a

Sa
[N
Souer — Ei.

7

diagram
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So we have the isomorphism

My ®E = (M ®Seur) & E
So So Lo’
Po.0u0’ ~

—= Msuor @ E;
Po’ . ouo’ AJUJ A~
— (Mc’S@ Sol_lc’) ® L
o’/ ouo’
= My Q E;.

O-/

Hence, F(E;) is independent of the choice. Moreover, for a morphism
(Ei, Ig;)) — (E'. Ip)

in (X/D)m-g-crys» F(E’) is defined as in the case of F(E;), and there exists a natural
isomorphism

F(E;) ® E' = F(E)
E;

by definition.

Next we define F(E) for general (E, Ig) € (X/D)m-g-crys- Take (E;); for E
as in the first paragraph. Then there exists a cover (E, [g) — [[;(E;, I[gE;) in
(X/ D)m-g-crys- Then we define F(E) as the kernel of [T; F(Ei) 3 [, ; F(Ei ®k Ej):
as

F(E;) % (E,' % Ej) x~ EF(EI % Ej) =~ ?(E]) % (Ei % Ej)
and each F(E;) belongs to M, (E;), we see that F(E) € M,(E) and that
F(E) % E; = F(E;).

For a morphism (E, Ig) — (E', Ig’) in (X/D)m-g-crys, We have the isomorphisms
F(E) & (Ei & E’) = EF(Ei RE).
E; E E
~ ~ ~ ~ ’ >~ ~ ~ ’
S"(Ei @ E,) S, (Ei QL &L ) =Y ?(Ei DE QE )
and these induce the isomorphism
F(E)® E' = F(E)).
E

Thus, F € C,((X/D)m-g-crys)- So the functor Stry(8,,p) = Cp((X/D)m-g-crys) can
be defined by

((MO')O'GSW,‘D9 (Po6")6—0") > F.

The two functors we constructed are quasi-inverse to each other. ]
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Assume that (D, I') is a g-PD pair with ¢ = 1 in D. Then we can prove the result
for C((X/D)m-g-crys) in the same way as Proposition 3.22.

CorOLLARY 3.23. Assume that (D, I) is a q-PD pair with ¢ = 1 in D. Then there
is an equivalence of categories

C((X/D)megerys) — ST(Sm.p).

4. The m-prismatic site and the (m — 1)-¢-crystalline site

In [5], Bhatt and Scholze showed that the g-crystalline cohomology of a smooth
formal scheme X is isomorphic to the prismatic cohomology of the pullback of X by
the Frobenius lift ¢ on the base ring. As the latter is isomorphic to the level 1-prismatic
cohomology of X by our result, it is then natural to wonder whether the m-prismatic
site can be compared with the (m — 1)-g-crystalline site. In this section we prove that
there exists an equivalence between the category of crystals on the m-prismatic site
and that on the (m — 1)-g-crystalline site.

ConstrucTION 4.1. Let (D, I) be a g-PD pair, let J; = (¢™1)71(I) and let
J, = (¢™)"1([p]q D). Note that I < ¢~ ([p], D) by [5, Corollary 16.8]. In particular,
we have J; C J,. Let X be a p-adic formal scheme smooth and separated over
D/J,, and let XbeX Xspi(D/Jq) SPF(D/J,), where the completion is the classical
p-completion. Then we have a diagram:

Spf(D) <—— Spf(D/Jy) +— X

- ] o]

Spf(D) <—— Spf(D/J,) +— X.

We can define a functor « from the (m — 1)-g-crystalline site of X over (D, I') to the
m-prismatic site of X over (D, [p], D) in the following way: for an object

(Spf(E) < Spf(E/JEq) — X)

of (X/(D, I))(m—1)-g-crys» We define the object a(Spf(E) < Spf(E/JE 4) — X) of
(X/(D.[plgD))m-y by

f o~
(Spf(E) < Spf(E/JE,,) — X),
where the right map f is defined as

g A A~ o
Spf(E/Jg ») = Spf(E/J % Spf(D/J,)— X X Spf(D/J,)=X.
pf(E/JE,p) pf(E/ E"’)spf(puq) pf(D/J,) ot (D100 pf(D/J,)
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Here, the first map is induced by the natural surjection of the corresponding rings. This
defines the functor

o (X/(D. 1) n-1)g-erys = (X/(D. [plg D)y,
One can check that ¢ is continuous. So o gives a morphism of topoi
&: (X /(D, [Plg D)y = X/ (D, D)1y gcrys:

THEOREM 4.2. The map & induces an equivalence of categories of crystals
@1 €4 (X /(D. [Plg DNm-y) = Cy(X/ (D, 1)) n-1)-grys)-
The same holds true for C™ and C©®,

Proor. By Proposition 3.22, we see that

Co((X/(D. 1)) mo1)-gerys) — Sy (Sm—1.D.%)-

where 8,,—1,p,x is the category 8,,_1,p for X constructed in Definition 3.21. It
remains to show that there is a natural equivalence of categories

Co((X/ (D, [plgD))m-y) = Stry(Sm—1,0,%)-

First, we define the functor GA((f/(D, [plgD))m-p) = Stry(8m—1,p,x). For any
object (0: T — R) € §,—1,p,x, we define R =R @)D/Jq D/J,. If we describe
the kernel of the surjection f,: D[x;]7.; — R as the ideal (Jg, (yuw)wew) as in
Definition 3.21, then the kernel of the surjection D[x;]/.; — R — R’ is the ideal
(Jp, (Yw)wew ). We can construct the g-PD envelope S, as in Definition 3.21. Then
S, can be regarded as an object of (X /(D, I'))(m—1)-g-crys as in the proof of Proposi-
tion 3.10. As ¢™ ! (yy,) belongs to s, 4, we see that y,, € Js, 4. By the containment
JSy.q € JIs,,p it follows that y,, € Jg, ;. This gives a map R — So/JIs, 5 So we
may also regard S, as an object of (X/(D, [2]¢4D))m-,. Thus, we can define the
functor

Cu(X/(D.[plgD)mey) = Stry(Sm-1.5.%)

by
F > (FSoesnrpr (F80) & S = F(Son) ).

Next we define the functor

Str, (Sm—1,p,x) — GA((XV/(Da (PlgD))m-p)
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as follows. Given ((Ms)oes,,—1 p x+ (Poo')o—0’) € Stry(8m—1,p,x) and
(Spf(E) < Spf(E/Jg) = X) € (X/(D.[plqD))m-y.

we choose an affine open formal subscheme Spf(R) € X such that Spf(E/Jg) — X
factors through Spf(R). Since the map X — X is a closed immersion defined by the
ideal J, which is a nil ideal in D/ J,, there is an open formal subscheme U € X which
lifts Spf(ﬁ). Then the map U — Spf(D/J,) is a smooth morphism which lifts the
morphism Spf(R) — Spf(D/J,). By Lemma 2.9, we see that U is affine. We denote
the formal scheme U by Spf(R). Then we have a diagram:

Spf(R) — X — Spf(D/J,)

Jo J

Spf(E/Jg) — Spf(R) —— X —— Spf(D/J,).

There exists an open cover Spf(R) = | J i Spf(Eg\i ) such that each E;i / p is stan-
dard smooth over D/(p. J,) as in the proof of Proposition 3.22. Then the fiber
product Spf (Eg\i Qg R) is an affine open of Spf(R). We denote the formal scheme
Spf(@ ®gr R) by Spf(R;). We also have the fiber product Spf(R; ®i€ E/JE)
which is an affine open of Spf(E/Jg). We denote the formal scheme Spf(R; & F
E/JE) by Spf(E;). By Lemma 2.10, there is a unique bounded prism (E;, [p], E;) €
(X/(D.] Plq D))m-, for which the corresponding formal scheme Spf(E;) is an affine
open formal subscheme of Spf(E), and lifts Spf(E;).

First, we define F(E;) for such E;. By construction, there exists an object in

S8m—1,p,x of the formo: T — Eg\f . Let Sy be the g-PD envelope constructed from

" w) A
[ply JteT,wew>

where (yy)wew is a sequence of elements in D[x,]/_; in Definition 3.21 (1). Then,
noting that (¢" (¥ ))wew is (p, [p]q)-completely regular relative to D by an argument
similar to that in Corollary 2.13, we see that S, is the prismatic envelope of

o in Definition 3.21 (2). Explicitly, the ring Sy is given by D{x;,

(D{xi}ter. (Plg. (@7 (Yw)wew))-

In particular, we can regard S, as an object of (X /(D, [ PlgD))m-,, and then we can
construct a morphism S, — E; in (f/(D, [plgD))m-y as in the proof of Proposi-
tion 2.11. We define

F(E;) = Mog;) Ei € My(E;).

We can also define F(E) for general (E, [p],E) € (X /(D [plg D)) m-y as in the proof
of Proposition 3.22.
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We can prove that the presheaf J is well defined and that it defines an object of
C,((X/(D,[plgD))m-y) as in the proof of Proposition 3.22. So the functor

Sty (Sm—1,0,x) = Co((X/(D.[plgD))m-y)

is defined by
((Ma)aesm_lgl)’x s (Woo')o—or) > F.

The two functors we constructed are quasi-inverse to each other. Hence, the category
C,((X/(D,[plgD))m-y) is equivalent to the category Str,(S,—1,p,x), as desired. m

5. Relation to the Frobenius descent

The equivalences of categories of crystals proved in the previous sections are
modeled on the Frobenius descent, which is due to Berthelot: there exists an equiva-
lence between the category of crystals on the m-crystalline site and that on the usual
crystalline site. However, the Frobenius descent was proved by identifying the crystals
with the stratifications. It did not follow from a certain equivalence of topoi because
the m-crystalline site was not suitable enough to apply the site-theoretic argument.

In this section, we first give an alternative, site-theoretic proof of the Frobenius
descent in a certain setting. Our strategy is to suitably modify the definition of the
m-crystalline site without changing the category of crystals. Then we apply the site-
theoretic argument in the previous sections to this modified site. Next, assuming that
(D, I)is ag-PD pair withg = 1in D and p € I, we use the modified version of the
m-crystalline site to prove that the equivalence between the category of crystals on the
m-g-crystalline site and that on the usual g-crystalline site in Section 3 is compatible
with the Frobenius descent.

First, we recall the definition of the m-PD ring.

DeriniTION 5.1. For a Z(p)-ring D and an ideal J of D, an m-PD structure on J
is a PD ideal (/, y) of D satisfying the following conditions:

(1) J@™ 4 pJ €1 C J,where J (™) is the ideal generated by xP" for all elements
x of J.

(2) The PD structure y is compatible with the unique one on pZ,).
We call the triple (J, I, y) an m-PD ideal of D and the quadruple (D, J, I, y) an
m-PD ring.

ReEMARK 5.2. Let us make some remarks on Definition 5.1:
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(1) We warn the reader that the use of the letters I, J in Definition 5.1 is reversed,
compared to the one in [2]. We prefer to use the notation in Definition 5.1 because
it is compatible with the one in Section 3.

(2) When m = 0, the notion of an m-PD structure on an ideal J is nothing but a PD
structure on J compatible with the unique one on pZ,).

Next we recall the definition of the m-crystalline site. Note that in this paper, we
consider the site which is “affine”, “big”, with respect to the “flat topology”, and
possibly over the “p-adic base”. So it is not exactly the same as the original definition.

DeriniTiON 5.3. Let (D, J, I, y) be a p-torsion-free p-complete m-PD ring or an
m-PD ring in which p is nilpotent, and suppose that the ideal / contains p. Let X be a
scheme smooth and separated over D/J. We define the m-crystalline site (X / D)m-crys
of X over D as follows. Objects are maps (D, J,1,y) — (E, Jg, Ig, yE) of m-PD
rings together with a map Spec(E/Jg) — X over D/J satisfying the following
conditions:

(1) There exists some #n > 0 such that p" E = 0.
(2) Spec(E/JEg) — X factors through some affine open Spec(R) C X.

We will often denote such an object by
(Spec(E) < Spec(E/JE) — X) € (X/D)m-crys
or (E, Jg, Ig, yE) if no confusion arises. A morphism
(Spec(E’) <— Spec(E’/Jg/) — X) — (Spec(E) < Spec(E/Jg) — X)

is a map of m-PD rings (E, Jg,Ig,yEg) — (E’, Jg/, [g/, yE/) over (D, J, I, y) such
that the induced morphism Spec(E’/Jg/) — Spec(E/JE) is compatible with the
maps Spec(E’/Jg') — X, Spec(E/Jg) — X. When we denote such an object by
(E,Jg, IE,vE), we will write

(E,Jg,1g,vE) —> (E',Jg/, I/, yE")

(not (E', Jg', Ig',yE') — (E,JE, Ig,yEg)) for a morphism from (E’, Jg/, g/, yE’)

to (E’ JE71E7VE)'
Amap (E,Jg,Ig,ve) = (E', Jg/, 1g/, YE’) in (X/D)m-crys is a cover if it is a
faithfully flat map and satisfies Jg = Jg E', [ = IgE’.

We define the categories of crystals on (X /D)p.crys as follows.
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DerintTION 5.4. We keep the notation above:

Let C4°N (X /D) m-crys) be the category of abelian sheaves F on the m-crystalline
site (X/D)m-crys such that, for any object (E, Jg, Ig, yE) in (X/D)mecryss
F(E,JE, Ig,yE) is an E-module, and for any morphism

(E.Jg. Ig.yE) = (E1, JE,, IE,. VE,)

in (X/D)meeryss T(E, JE, Ig, yE) = F(E1, JE,. IE,, YE,) is compatible with
the module structures in the usual sense and the canonical map

F(E,Je. IE.YE) % Ey — J(E1,JE,. IE,. YE,)

is an isomorphism of E;-modules.

Let C((X /D) m-crys) be the category of abelian sheaves defined by

etorS((X/D)m_crys) = U epn—tors((X/D)m_crys)s

where CP" (X / D) mecrys) is the full subcategory of C9M((X /D) m-crys) cOnSist-
ing of p”-torsion objects. We see that €' ((X /D) m-crys) is also a full subcategory
of CXN((X/D)m-crys)-

Let CP((X/D)m-crys) be the full subcategory of CI°M((X /D) p-crys) consisting of
objects JF such that F(E) is a finite projective E-module for any (E, Jg, [E, YE)
in (X/D)m-crys-

REmARK 5.5. Our definition of an m-crystalline site differs from the one in [2] or

in [14] the following sense:

(D

The objects in our definition are “affine” in the sense that the left two schemes
appearing in the diagram

(Spec(E) < Spec(E/Jg) — X)
are always affine, while in the usual definition, one considers objects of the form
(T« U —X)

(with the conditions in our definition), where the schemes 7', U are not necessarily
affine. We also assume that the morphism Spec(£/Jg) — X in the diagram above
factors through some affine open Spec(R) C X, but this condition is not imposed
in the usual definition.
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(2) Our site is “big” in the sense that, in the definition of an object
(Spec(E) < Spec(E/JE) i) X),

the map f may be any map of schemes, while in the usual definition, the morphism
U — X in the diagram in (1) is assumed to be an open immersion.

(3) The topology in our definition is defined by flat covers, while the topology in the
usual definition is defined by Zariski covers.

(4) The base ring D can be a p-torsion-free p-complete m-PD ring in our definition,
while the base ring D is only allowed to be an m-PD ring in which p is nilpotent
in [14].
By a standard argument, we see that the difference in (1) does not change the associated
topos and the category of crystals C%"((X/D)u.crys), and that the differences in (2)
and (3) do not change the category of crystals C%((X / D).crys) (hence the categories
epn_mrs((X/D)m-crys)v C*((X/D)m-crys) and 6'fp((X/D)m—crys) are also unchanged).
For the difference in (4), we note that if D is a p-torsion-free p-complete m-PD ring,
then there are equivalences of categories

CEh (X /(D) P" D))mcrys) = CF" (X /D)m-crys),
eqCOh((X/D)m*CYYS) = l(ﬂl epn_tors((X/D)m-crys)

n

= lim QN (X /(D p" D))

n

So one can recover the categories of crystals on (X/(D/p" D))m-crys’s from that on
(X/D)m—crys-

Next we review the Frobenius descent functor from the m-crystalline site to the
usual crystalline site.

ConsTRUCTION 5.6. Let (D, I, y) be a p-torsion-free p-complete PD ring or a PD
ring in which p is nilpotent. Suppose that the ideal / contains p. Assume that there
exists a Cartesian diagram

X L> Spec(D/I)

T O (¢'")*T

X’ —— Spec(D/1I),

where f is a smooth and separated map, and ¢ is the Frobenius on D/I. Note that
in this situation, (D, I, I, y) is an m-PD ring. So we can define the m-crystalline site

(X/(D,1,1,7))mcrys-
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We define a functor 6 from (f/(D, I 1, 7)) mecrys t0 (X' /(D, I, y))crys in the fol-
lowing way: for an object (Spec(E) < Spec(E/Jg) — X) of (X/(D,1,1,¥))m-crys»
we define the object 6 (Spec(E) < Spec(E/Jg) — X) of (X'/(D, I,y))crys by

(Spec(E) < Spec(E/IE) ER X,
where the right map f is defined as

Spec(E/IEg) 5 Spec(E/JE) Spec(D/ 1)

X
Spec(D/1),(¢")*
Spec(D/1).

X
Spec(D/I),(¢™)*

Here, the first map g is induced by the map of rings

E/Jg ® D/I > E/lg, e®dr— ¢"(e)d.
D/1,¢™

This defines the functor 5: (X /(D, I, 1, YDm-crys = (X' /(D, I, ¥))crys-
ProrositioN 5.7. The functor ¢ is cocontinuous.
Proor. We can prove the result in the same way as Proposition 2.8. u

By Proposition 5.7, we obtain a morphism of topoi

X/ (DL L Y)iycrys = (X /(D 1Y) s

By abuse of notation, we will denote it by 6. The morphism of topoi ¢ induces a
pullback functor of categories of crystals

G N (X /(D 1, Y)erys) = €K /(DL 1 1, 7)) merys):

which we call the Frobenius descent functor. The Frobenius descent of Berthelot
implies that ¢* is an equivalence: in fact, in the case where p is nilpotent in D, it
follows by gluing its local version in [3, Corollaire 2.3.7]. In the case where D is a
p-torsion-free p-complete ring, it follows from the last equivalence of Remark 5.5
(see also [3, Théoreme 4.1.3]).

In this section we first give an alternative, site-theoretic proof of the equivalence
6* in a certain setting, which uses techniques similar to those in the previous sections.
We will be particularly interested in the case where D is a p-torsion-free p-complete
ring.

We need to suitably modify the m-crystalline site for our purposes. First, we recall
the infinitesimal invariance of the category of crystals on the m-crystalline site.
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ConstrucTION 5.8. Let (D, J, I, y) be a p-torsion-free p-complete m-PD ring
or an m-PD ring in which p is nilpotent. Suppose that the ideal I/ contains p. Let
(J1, 11, y1) be an m-PD subideal of (J, I, y). Assume that there exists a Cartesian
diagram

X1 L> Spec(D/ J1)

] o ]

X — Spec(D/J),

where f is a smooth and separated map. Then we have a cocontinuous functor of sites
T (Xl/(D’ Jls 11, Vl))m—crys - (X/(D9 J, 1, V))m—crys defined by

(Spec(E) < Spec(E/Jg) — X1) — (Spec(E) ~ X }>(< Spec(E/Jg) — X).

This is well defined by the proof of [14, Proposition 2.11]. So we obtain a morphism
of topoi (X1/(D, J1, 11, 1)) — (X/(D,J,1,v); By abuse of notation,

m-crys m-crys*
we will denote it by 7. Note that the inverse image functor 7 * is equal to the functor
- (m)

Leris *
the flat topology while Miyatani worked with the small site with respect to the Zariski
topology.

in [14, Proposition 2.11], except that we work with the big site with respect to

Then the following holds true, which is sometimes called the infinitesimal invari-
ance of the category of crystals on the m-crystalline site:

PROPOSITION 5.9. The map 7™ induces an equivalence of categories of crystals

eqCOh((X/(D7 J. 1, y))m—crys) i) eqCOh((Xl/(Da Jl ’ Ilv Vl))m—crys)'

Proor. In the case where p is nilpotent in D, the proposition follows from [14,
Corollary 2.14] (the difference between our site and Miyatani’s does not cause any
problem because Remark 5.5 ensures that the categories of crystals are the same). In
the case where D is a p-torsion-free p-complete ring, the proposition follows from
the previous case and the last equivalence of Remark 5.5. |

Next we relate the functor ¢ to a functor which is more similar to the functors
studied in the previous sections, by using the infinitesimal invariance of the category
of crystals on the m-crystalline site.

ConstruUcTION 5.10. Let (D, I,y) be a p-torsion-free p-complete PD ring with
pel. Set

J =Ker(D - D/I iR D/I).
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Then (D, J, I, y) is an m-PD ring. Assume that there exists a diagram with Cartesian

squares

L) Spec(D/1)

X
] o ]
X —— Spec(D/J)
T O (¢'")*T
X' —— Spec(D/I),
where f is a smooth and separated map. Then we have functors of sites as above:
7 (X /(DL Ly meerys = (X/ (DT L y))mecrys.
G:(X/(D. 1L y)mecrys = (X'/(D.1.¥))erys-

We can also define the functor o from (X/(D, J, I,¥))m-crys t0 (X' /(D, 1, ¥))erys in
the following way: for an object (Spec(E) <= Spec(E/Jg) — X) of (X/D)m-crys, We
define the object o (Spec(E) < Spec(E/Jg) — X) of (X'/D)crys by

(Spec(E) < Spec(E/Ig) > X,
where the right map f is defined as

Spec(E/Ig) < Spec(E/JE) Spec(D/I)

X
Spec(D/J),(¢™)*

- X Spec(D/1).

X
Spec(D/J),(¢")*

Here, the first map g is induced by the map of rings

E/Jg ® DJI—>E/lg, e®dr> ¢"(e)d.
D/J ¢

This defines the functor o: (X /(D, J, I, ¥))m-crys = (X'/(D, I, ¥))crys. We can check
that 0 o m = &. Hence we have a commutative diagram:

CEN((X/(D, 1, Y)erys) =2 CEN(X/(D, T, 1,Y)mcrys)

CUN((X /(D 1, 1,Y))m-crys)-

So it is enough to consider the functor o to study the Frobenius descent. The functor o
is much closer to the functors between the sites of level m and level O in the previous
sections.
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However, the m-crystalline site is not suitable to apply the site-theoretic argument
in the previous sections; for any object (E, Jg, I, YE) of (X/D)m-crys, p is nilpotent
in E, and the data (Jg, yg) is not uniquely determined by the pair (E, /g). But
we can overcome this difficulty by defining a variant of the m-crystalline site. Fix a
non-negative integer m.

DerintTION 5.11. Let (D, I, y) be a PD ring with p € I. We define
Joax = Ker(D — D/T 25 D/,

Then (Jumax, I, ) is an m-PD ideal and for any m-PD ideal of the form (J, I, y),
we have J C Juyax. A maximal m-PD ring is an m-PD ring (D, J, I, y) satisfying
J = Jmax-

Note that, for a p-torsion-free p-complete maximal m-PD ring (D, J, I, y), the
data (J, y) is uniquely determined by the pair (D, I): indeed, the ideal J is uniquely
determined by / and the PD structure is uniquely determined by y, (x) = ’;—’:

Next we define a variant of the m-crystalline site.

DerinNtTION 5.12. Let (D, J, I, y) be a p-torsion-free p-complete maximal m-PD
ring with p € I. Let X be a scheme smooth and separated over D/J. We define
the new m-crystalline site (X /D )m-crysnew Of X over D as follows. Objects are maps
(D,J,1,y) > (E,Jg, IE, yE) of p-torsion-free p-complete maximal m-PD rings
together with a map Spec(E/Jg) — X over D/J satisfying the following condition:

(%) Spec(E/Jg) — X factors through some affine open Spec(R) C X.

We will often denote such an object by
(Spf(E) < Spec(E/JE) — X) € (X/D)m-crysnew
or (E, Jg, Ig, yE) if no confusion arises. A morphism
(SPF(E") < Spec(E’/Jg1) — X) — (Spf(E) < Spec(E/Jg) — X)
is a map of maximal m-PD rings
(E,Jg,Ig.vE) = (E', JE/, IE/, VE')

over (D, J, I, y) such that the induced morphism Spec(E’/Jg/) — Spec(E/JE)
is compatible with the maps Spec(E’/Jg/) — X, Spec(E/Jg) — X. When we
denote such an objectby (E, Jg, Ig,yg), we will write (E, Jg,Ig,vg) — (E’, Jg/,
Ig/,yg') (ot (E', Jg/, Ig/,yE’) — (E, Jg, Ig,yE)) for amorphism from (E’, Jg-,
Ig/, yEr) to (E, Jg, Ig, vE). A map (E, Jg, Ig, yg) — (E', Jg/, 1g/, yE’) in
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(X/D)m-crys,new is @ cover if it is a p-completely faithfully flat map and satisfies
Ig/ = Ig E’ (but we do not require that Jg- = Jg E’). (Note that Ig E’ is always
closed in p-adic topology because p € IgE’.)

When m = 0, we denote the site (X /D)m-crys,new Simply by (X/D)crys,new and call
it the new crystalline site.

The new m-crystalline site is much closer to our notion of sites of higher level in
the previous sections. We will prove equivalence between the category of crystals on
the new m-crystalline site and that on the new crystalline site by the site-theoretic
argument as in the previous sections. We first construct a functor between these sites.

ConstrucTION 5.13. Let X' be X Xgpee(D/J),(¢)* Spec(D/I). Then we have
the functor of sites

O—IliiW: (X/D)m»crys,new - (X//D)crys,new

that sends an object (Spf(E) < Spec(E/Jg) — X) of (X/D)m-crys,new to an object
(Spf(E) < Spec(E/Ig) 7, X') of (X'/ D)crys new> Where the right map f is defined
as

Spec(E/IE) LN Spec(E/JE) Spec(D/1)

X
Spec(D/J),(¢™)*

X Spec(D/1).
Spec(D/J),(¢p™)* pec(D/1)
Here, the first map g is induced by the map of rings

E/JE ® D/I —>E/lg, e®d— ¢"(e)d.
D/J. ™

ProrosITiON 5.14. The functor Opey is cocontinuous.
Proor. We can prove the result in the same way as Proposition 2.8. ]

By Proposition 5.14, we obtain a morphism of the associated topoi. By abuse of
notation, we will denote it by o,y We have the following result.

PrOPOSITION 5.15. The morphism onew: (X /D) m-crysnew —> (X'/D)crys new is an
equivalence of topoi.

Proor. We can prove that the functor of the sites Onew: (X/D)m-crys,new —
(X'/D)crysnew is fully faithful, continuous and cocontinuous in the same way as
the propositions in Section 2, so the result follows from Proposition 5.18 below and
[17, Proposition 4.2.1] (see also [20, Proposition 9.10]). [ ]
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We will need the following analogs of Lemma 2.10.

Lemma 5.16. Let (E, Jg, Ig, yg) be an m-PD ring which is an object of
(X/D)m-crys- Let f:Spec(E;) — Spec(E/JE) be an open immersion. Then there
is a unique open immersion f:Spec(E;) — Spec(E) which lifts f. Moreover, there
exists a PD structure yg, on 1g E; such that the corresponding map of rings induces
amap (E,Jg, 1g,vE) = (Ei, JEE;, IEE;, yE;) in (X/D)m-crys.

Proor. As Jg is a nil ideal, the existence, the uniqueness and the affinity of the
lifting follow from Lemma 2.9. We denote the lifting by

f:Spec(E;) — Spec(E).

As E; is flat over E, by [4, Corollary 3.22], there exists (uniquely) a PD structure yg,
on [ g E; such that the corresponding map of rings induces a map

(E,Ig.ye) — (Ei, IEE;, VE;)

of PD rings. This induces a map (E, Jg, Ig, ye) — (Ei, JEE;, I E;, VE,), as
required. ]

Lemma 5.17. Let (E, Jg, g, YE) be a p-torsion-free p-complete maximal m-PD
ring which is an object of (X / D)m-crys,new- Let f be an open immersion

[:Spec(E;) — Spec(E/IE)
or an open immersion
f:Spec(E;) — Spec(E/JE).

Then there is a unique open immersion f:Spf(E;) — Spf(E) which lifts f. Moreover,
there exists a PD structure yg, on Ig E; such that the corresponding map of rings
induces a map (Ev JE7 IE’ VE) - (El7 JE, ’ IEEI’ VE,) ln (X/D)m—crys,new-

Proor. As the images of Jg and /g in E/pE are nil ideals, the existence, the
uniqueness and the affinity of the lifting follow from Lemma 2.9. We denote the lifting

by
f:Spf(E;) — Spf(E).

Note that /g / p" E has naturally the PD structure induced by yg. Then, as
E/p"E — Ei/p"E;

is flat, by [4, Corollary 3.22], there exists (uniquely) a PD structure on Ig E; / p" E;
such that the map (E/p"E,Ig/p"E) — (E;/p"E;, Ig E;/ p" E;) is the map of PD
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rings. Taking the inverse limit with respect to n, we see that there exists a PD structure
YE; on I g E; such that the map

is a map of PD rings. Also, the flatness of E/p"E — E;/p"E; for all n and the
p-torsion-freeness of E imply the p-torsion-freeness of E;. Hence the map

(E.Jg.Ig.yE) = (Ei, JE,. IEE;. VE,)
(where Jg;, .= Ker(E; — E;/IgE; LA Ei/IgE;))isamapin (X/D)mcryspew- ™

ProposiTioN 5.18. Let (E', Jgr, Ig’, yE’) be an object in (X'/D)crys new- Then
there exists an object (E, Jg, Ig,YE) in (X/D)m-crys,new and a cover of the form

(E'.Jg' 1g, YE') = Onew(E, JE. IE, VE).

Proor. By Lemma 5.17 and an argument as in the proof of Proposition 2.11, we
may assume that the structure morphism Spec(E’/Ig/) — X’ factors through an affine
open Spec(R’) € X' such that R’ is of the form R ®p,s,¢4m D/I for some affine open
Spec(R) C X, and that the corresponding map of rings D/J — R is standard smooth
in the sense of [19, Tag 00T6].

By [19, Tag 00T7], there exists a surjection D[x1,...,x,]" — R whose kernel
is the ideal (J, y1,..., y,) such that y1,...,y, € D/J[x1,...,x,] form a regular
sequence. Since the image of J in D/pD is a nil ideal, the Jacobian criterion for
smoothness implies that yi,...,y, € D/pDJ[x1,..., x,] form a regular sequence
and that the quotient R := D[x1,....x,]/(p. y1....,y,) is smooth over D/pD. By
a similar argument to that in the proof of Corollary 2.13, we see that the sequence
yf’m, oo yP" € D[x1, ..., xn]" is p-completely regular relative to D. Then we can
construct a map D[x1,...,x,]" — S to the p-completed PD envelope with respect
to the ideal (/, yf’m, cee yfm). We denote the PD ideal of S by /g and let Jg =
Ker(S — S/Ig AN S/1s). Then we have a map R — S/Js. Thus, (S, Js, Is, Vs)
can be regarded as an object of (X /D)pm_crys,new- By definition,

kp™ kp™ qA
Y1 Yr i|

S:D[xl,...,xn]/\[ X yeeay px

keN

and S is p-torsion-free.
Let R' be R ®D/pD,pm D/pD Let

D/pD[x1,....,xa] > R, R — R
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be the base changes of the surjections D/ pD[x1,...,xs] — R,R—R along the map
D/pD LANY)) / pD respectively. Then we have a surjection D[xy,...,x,]" = R’
determined as the composition of the map D|xy,...,x,]* — D/pD[x1,...,x,] and
the surjection D/pD|xi,...,xs] — R’ — R’ constructed above. On the other hand,
the kernel of the map D[xy, ..., x,]* — R'is (p, Y1.--..y;), where the )71’ are the
images of the y; under the map D/pD|xy,...,x,] = D/pD[x1,..., x,] sending
Zl ozlxl to ZZ afmxl (here we write j := (j1,. .., jn) for the multi-index). So the
kernel of the map D[xq,...,x,]" = R'is (I, y],...,y,). As

V1,...,¥r € D/pD|x1,..., Xz]

form a regular sequence, the sequence y_i, e y_; € D/pD|xy,...,x,]is also aregular
sequence. By a similar argument to that in the proof of Corollary 2.13, the sequence
Yisooos ¥y € Dlxy, ..., xp]"
construct a map D[xy,...,x,]" — S’ to the p-completed PD envelope with respect
to the ideal (Z, y]. ..., ;). By definition,

y/k y/k A
S/:D[xl,...,xn]A|: L :|
! K | een

is p-completely regular relative to D. Then we can

and S’ is p-torsion-free.

By the relation between y; and y;, we have a map of D-PD rings (¢”)': S’ — §
sending x; to x7 " The map (¢™)’ is p-completely faithfully flat: indeed, since S, S’
are p-torsion-free, it suffices to check that S’/ pS’ — S/pS is faithfully flat. But this
map is the base change of the map D/pD|[xy,...,x,] = D/pD|x1, ..., x,] sending
x; to xip m, which is clearly faithfully flat.

Let (E', Jg/, IE/, VE') € (X'/D)crys,new be as above. We have a map
fi:D[x1,....xy]" = R — E'/Ig.

As D[x1,...,x,]" is the completion of a polynomial ring, one can choose a map
f2:D[x1,...,x4]" — E’lifting f;. By the universal property of the PD envelope,
/> extends uniquely to a D-PD ring map g: S’ — E’. If weset h: E' — E’ ®g/ S to
be the base change of (¢™)’: S’ — S along g, then by p-complete faithful flatness of
(¢™)’, we see that the same holds true for /.

Then we can prove that the map % defines a morphism

(E'.Jg'. Ip/, yE') = Oncw<E/ ‘% S, JE/@)S’ IE’@)S’ VE/®S)
N N N

in (X’/D)crys,new as in the proof of Proposition 2.11, so the proposition follows.  m
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The map o, also induces equivalences between the categories of crystals:

DEerINITION 5.19. Let

G((X/D)m—crys,new)
(resp. etOrs((Xv/l))m»crys,new), epn_tors(()(/D)m—crys,new)9 efp(()(/D)m—crys,new))

be the category of abelian sheaves J on (X/D)pcrys,new Such that, for any object
(E1 Je, IE, VE) in (X/D)m—crys,neWa

F(E) € M(E) (resp. MS(E), MP"S(E), MP(E)),
and for any morphism
(E,Je,Ig,vE) = (E1,JE|, IE), VE,)

in (X/D)m-crys,news T(E.JE, IE,YE) = F(E1, JE,, IE,, VE,) is compatible with the
module structures in the usual sense and the canonical map

F(E,Je. IE, VE) % E\— J(EJE, . IE, . VE,)

is an isomorphism of E;-modules.

TueoreM 5.20. The map o)., induces an equivalence of categories of crystals

CU(X'/ D)erys,new) = CUX/D)m-crysnew)-

The same holds true for C°, G "o gnd @P,
Proor. We can prove the result in the same way as Theorem 2.25. u

The following corollary recovers the Frobenius descent, namely, we obtain a site-
theoretic proof of the Frobenius descent in our setting.

COROLLARY 5.21. The map o* induces an equivalence of categories of crystals
CIN(X"/ D)erys) = CIN(X/ D)mcrys)-

Proor. Forn € N, let v,: (X/D)m-crysnew —> (X /D) m-crys be the functor of sites
that sends an object (Spf(E) < Spec(E/Jg) — X) to

(Spec(E/p" E) < Spec((E/p"E)/(JE/P"E)) — X).
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The functor (X'/D)crysnew = (X'/D)erys can be defined in the same way. By abuse
of notation, we will denote it also by v,. Then one can check that they are continuous.
So we obtain morphisms of topoi

(X/D)m—crys - (X/D)m—crys,ner
(X"/D)crys = (X'/ D)erys new

which we denote by D,,. Then the 7, « induce functors of categories of crystals
Gpn-tors((X/D)m_crys) — epn_tors((X/D)m-crys,new),
el’"'tors((X//D)Crys) — Gpn_tors((x//D)crys,new)-

Also, we have an equality o o v, = v, 0 Oyey as morphisms of sites. So we have a
commutative diagram

PO (X' ) D)erys) —L—3 CP"S((X/ D) crys)

l‘)n Lk lvn Lk

*

P Onew n_tors
e’ —ton((X,/D)cr)’s,new) — C? mrb((X/D)m-CrySaneW)’

where the functors o*, oy, are the pullback functors induced by the morphism of

topoi o, opew, Which are defined by the cocontinuity of the corresponding functors of

sites. As oy, is an equivalence by Theorem 5.20 and the 7, « are equivalences by

Lemma 5.22 below, we conclude that the functor
o*: €PN (X D)erys) — €7 (X /D) mecrys)

is an equivalence. By taking the projective limit over n and using the last equivalence
in Remark 5.5, we obtain the required equivalence

0% CEN((X'/ D)erys) = CIN((X/ D) mcrys)- n
LemMma 5.22. The functors

‘A)n,*: ep”-tors((X/D)m-crys) N epn_mrs((X/D)m-crys,new) (11 c N)7
D i €2 OS((X7/ D)erys) = CF (X' D)aryspew)  (n €N)

in the proof of Corollary 5.21 are equivalences which are compatible with the natural
inclusion functors

ln: epn_mrs((X/D)m—crys) - epn_H_mrs((X/D)m—crys)y
" _tors n+1_ors
ln: CP ‘ ((X/D)m—crys,new) — CP ‘ ((X/D)m—crys,new)~
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For the proof of Lemma 5.22, we will need the notion of stratifications for the new

m-crystalline site (X /D )m-crys,new» s in Section 3.

ey

2

3)

DEerintTION 5.23. Let (D, I), J, X be as above.

new
m,(D,I)
are maps 0: T — R, where T is a finite set and Spec(R) C X is

We define the category & in the same way as in Definition 3.21. Namely,

objects of S“me"z D.0)
an affine open subscheme such that the induced map D/J — R is standard smooth

in the sense of [19, Tag 00T6]; moreover, o is a map satisfying the following

conditions:
fo:Dg = D[x{]jer — R, . o
(a) is surjective.
x; > 0o(t)
(b) There exists a sequence yi, ..., y, € D[x;]/.; such that the kernel of f,
can be described as the ideal (J, (yy)wew) (Where W = {1,...,r}), and
that y1,..., ¥, € (D/J)[x¢]ter form a regular sequence.

The morphism and the sum o U ¢’ for 0,0’ € S‘;‘;’V{ p.1) are defined in the same

way as in Definition 3.21. We will simply write 8, instead of S“me“z D.I) if no
confusion arises.

Foro:T — R € 87", we define S;; in the same way as in the proof of Proposition
5.18: namely, we define

ykpm A
SG—D[XZ]A[ w‘ ]
k! teT,weW,keN

to be the p-completed PD envelope of D[x;]7., with respect to the ideal (7,

( y,ﬁm )wew ). Note that it is independent of the choice of the elements y,, (w € W).
Indeed, the ideal (I, (5 Jwew) = (I, (J, Gw)wew)?"?) is independent of the

choice. In particular, we see that the construction of S, is functorial in o € 8)*%,.

A stratification with respect to §**, and M (resp. M PI-0r8) s 3 pair

((MU)UGS%“'VD s (woo/)o—ny/),

where M, € M(Sy) (resp. Mpn'torS(SU)) and @gq: My ®Sa Sgr 5 M,/ is an
isomorphism of S,/-modules satisfying the cocycle condition. We denote the cate-
new

gory of stratifications with respect to S5, and M (resp. M? "-tors) by Ste(S,,,"p
(resp. Str? % (877)).

We can prove the following proposition in the same way as Proposition 3.22.
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ProrosiTioN 5.24. There exist equivalences of categories

C((X/ D)mcryssnen) — SU(SIY)),

CP (X D)m-crysanew) —> SuP TS,
Using this, we prove Lemma 5.22.

Proor oF LEMMA 5.22. Let 83", Str” "-tors (8p"5) be as above. Then the category
. . . n N
ep o ((x/ D) m-crys,new) 1s equivalent to the category Str?” (87, ). It remains to
show that there is a natural equivalence of categories

CP" (X /D )mecrys) — PO (81%).

We first define a functor C?"s((X/ D)m-crys) = SerP" -tors (8)p)- For an object
(0:T — R) € 8", we can construct the p-completed PD envelope S, as in Defini-
tion 5.23. Then S,/ p" S, can be regarded as an object of (X /D)-crys. Thus, we can
define the functor by

T (FSo/ P S owsizsy (T80 7"S0) ® Sor = F(Sor/p"S51)) ).

Also, we can define the functor Strpn'torS(S“eW — CP"OS((X /D) ycrys) as fol-
m,D y

lows. Given
((MC’)O’ES‘;;‘?'D, (gDUU’)U—nr’) c Strp _tors(S;‘rfva)

and (E,Jg,IE,VE) € (X/D)m-crys, We choose an affine open Spec(R) € X such that
Spec(E/JEg) — X factors through Spec(R). As in the proof of Proposition 3.22, there
exists an open cover of Spec(R) by standard opens Spec(Rg, ) such that each Ry, is
standard smooth over D/J. Then the fiber product Spec(R,; ® g E/JE) is an affine
open of Spec(E/Jg). We denote the scheme Spec(R,; ® g E/JEg) by Spec(E;). By
Lemma 5.16 there is a unique m-PD ring (E;, JEE;, IEE;, yE;) € (X/D)mecrys for
which the corresponding scheme Spec(E;) is an affine open subscheme of Spec(FE)
and lifts Spec(E;), namely, E; / Jg E; = E;.

First, we define F(E;) for such E;. By construction, there exists an object in 37,
of the form o: T — Rg,. Then we can construct a morphism S; — E; as in the proof
of Proposition 3.22. We define

?(E,) = M, XS, E;.

We can also define F(E) for general (E, Jg, IE, YE) € (X/D)mecrys as in the proof
of Proposition 3.22.
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We can prove that the presheaf J is well defined and that it defines an object of
e (X / D)m-crys) as in the proof of Proposition 3.22. So the functor

St (SIN ) s @O (X / D) pcrye)

can be defined by
((MO')UES’;Z‘?D9 (Qoao’)a—nr’) = J.

The two functors we constructed are quasi-inverse to each other. Hence, the category
eP"s((X /D) m-crys) 1s equivalent to the category Str? "-tors (Sp"p), as desired. [

Finally, we compare the m-g-crystalline site with our variant of the m-crystalline
site. Assume that (D, I') is a g-PD pair with ¢ = 1in D, i.e., a derived p-complete
8-pair over Z,, satistying the following conditions:

(1) Forany f €1, f? € pl.

(2) The pair (D, (p)) is a bounded prism, i.e., D is p-torsion-free. In particular, D is
classically p-complete.

(3) D/I is classically p-complete.

By [5, Remark 16.3], there exists a canonical PD structure y on /. Now suppose
further that p € 1. Let J = (¢™)~!(I). Then we have the following result.
LemMA 5.25. With the notation above,

JO 4 prcr .

Here, J?™) denotes the ideal of D generated by x?” for all elements x of J. In
particular, (J, 1,y) is an m-PD ideal.

Proor. Set J; = (¢")~'(I). Then for all i, we have p € J;. For any x € J;, we see
that x? = ¢(x) — p8(x) € J;_1. So for any x € J, one has x?" € I. This implies that
J@™) 4 pJ C I.Onthe other hand, for any x € I, we have ¢™ (x) = p¢m_l(@) €
I. The result follows. u

In this situation, there is a functor of sites from the m-g-crystalline site to the new
m-crystalline site by forgetting the §-structure on the ¢-PD pair.

ConsTRUCTION 5.26. Assume that (D, I) is a g-PD pair with ¢ = 1 in D. Suppose
that the ideal / contains p. Let X be a scheme smooth and separated over D/J. Then
we have the functor of sites

T (X/D)m-q-crys - (X/D)m—crys,new
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that sends an object (E, Ig) of the m-g-crystalline site (X/D)m-g-crys to an
object (E, Jg, Ig, yE) of the new m-crystalline site (X/D)m-crysnew, Where Jg =
(¢™)"Y(IEg), and yg is the canonical PD structure on /g defined by [5, Remark 16.3].

ProrosriTionN 5.27. Assume that (D, I) is a q-PD pair with ¢ = 1 in D. Suppose
that the ideal I contains p. Then the functor T is continuous.

Proor. Note thatif ¢ = 1in D, then the (p, [p],)-completion is the same as the
p-completion. So we can prove the result in the same way as Proposition 2.7. |

So we obtain a morphism of topoi
(X/D)m»crys,new - (X/D)m»q—crys-
We denote it by 7. Then the following holds true.

ProrositioN 5.28. Assume that (D, 1) is a g-PD pair with g = 1 in D. Suppose
that the ideal I contains p. Then T, induces an equivalence of categories of crystals

e((X/D)m—crys,new) i e((X/D)m'CI'CTYS)'

Proor. Let 8, p, Str(8,,,p) be the categories in Definition 3.21. Then the cat-
egory C((X/D)m-g-crys) is equivalent to the category Str(8,,, p). It remains to show
that there is a natural equivalence of categories

e((X/D)m—crys,new) i Str(sm,D)-
We first define a functor
e((X/D)m—crys,new) - Str(sm,D)-

For an object (0: T — R) € 8, ,p, we can construct the g-PD envelope Sy as in
Definition 3.21. We may also regard S, as an object of (X /D)u-crys new- Thus, we can
define the functor by

T (FSDocsnp: (F50) B S = F(50) )

Also, we can define the functor Str(8,,p) — C((X/D)m-crys,new) as follows. Given
((M(r)aesm!D (Poo’)o—sa’) € Str(Sm,D) and (E, Jg,Ig,YE) € (X/D)m—crys,new» we
choose an affine open Spec(R) € X such that Spec(E/Jg) — X factors through
Spec(R). As in the proof of Proposition 3.22, there exists an open cover of Spec(R) by
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standard opens Spec(Rg;) such that each Ry, is standard smooth over D/J. Then the
fiber product Spec(Rg, ® g E/JE) is an affine open of Spec(E/Jg). We denote the
scheme Spec(R,; ®r E/JE) by Spec(E;). By Lemma 5.17 there is a unique maximal
m-PDring (E;, Jg;, IE Ei, VE,) € (X/D)m-crys new for which the corresponding formal
scheme Spf(E;) is an affine open formal subscheme of Spf(E) and lifts Spec(E;),
namely, E; /JEE; = E;.

First we define J(E;) for such E;. By construction, there exists an object in 8,, p
of the form 0: T — Ry; . As D{x;}]. is the completion of a polynomial ring by
[5, Lemma 2.11], one can choose a map fi: D{x;}/.; — Rg; — E;i/JE; and a map
f2: D{x;}jep — E; lifting f1. On the other hand, we have

¢'”“(yw)}A

Sg = D{xt,
p

teT,weW

by [5, Lemma 16.10]. By assumption, this is the p-completed PD envelope of
D{x;}}y with respect to the ideal

(L, @™ (w)wew) = (I, V2 Ywew).

So f> extends uniquely to a D-PD ring map f3: S, — E;. We define

F(E;) := My g@ E; € M(E;).

We can also define J(E) for general (E, Jg,Ig,VE) € (X/D)m-crys new as in the proof
of Proposition 3.22.

We can prove that the presheaf J is well defined and that it defines an object of
C((X/D)m-crys,new) as in the proof of Proposition 3.22. So the functor

S'[I'(Sm’D) — e((X/D)m-crys,neW)

can be defined by
((Mo)oesm,p’ (Yo0")o—07) = T

The two functors we constructed are quasi-inverse to each other. Hence, the category
C((X/D)m-crys,new) is equivalent to the category Str(S,,,p), as desired. [

We have a commutative diagram:

(X/D)m—q—crys ;> (X/D)m—crys,new

lp la

(X//D)q—crys % (X//D)Crys,new-
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On the other hand, we have an inclusion C((X/D)m-g-crys) S Cpo((X/D)m-g-crys)- SO
the above square induces the following diagram:

e/A(()(/D)m—q—crys) — e((X/D)m—q—crys) % e((X/D)m—crys,neW)

:Tc* :T :Ta;’;w

eA((X//D)q—cryS) — G((X//D)q—crys) % e((X//D)Crys,new)-

In this way, equivalence between the category of crystals on the m-g-crystalline site
and that on the usual g-crystalline site in Section 3 is compatible with Frobenius
descent.

6. Relation to the results of Xu, Gros-Le Stum—-Quirés and Morrow-Tsuji

In this section we discuss relations between our equivalences in Sections 2 and 3
and the results of Xu [20], Gros—Le Stum—Quirds [6—8] and Morrow—Tsuji [15].

First, we establish a relation between our results and the results of Xu. Let k be
a perfect field of characteristic p, and let W be the Witt ring of k. We consider the
following diagram:

Spf(W) <—— Spec(W/pW) = Spec(k) 4 X

d T e ]

Spf(W) +—— Spec(k) +——— X/,

where the right square is the Cartesian diagram, ¢* is the morphism induced by the
lift ¢: W — W of Frobenius and f is a smooth and separated map.

Let us now briefly recall some notation and results in [20]. In [20], Xu defined the
category &’ (resp. €) as follows: Objects are diagrams

(T« T—->U) (resp. (T < T —U)),

where T is a flat p-adic formal W-scheme, T — T (resp. T — 77) is the closed immer-
sion defined by the ideal pOg (resp. the ideal Ker(Oy — O5/pO+ LY O5/p0Oq)
with ¢ the Frobenius) and 7 — U is an affine morphism over k to an open subscheme
U of X’ (resp. X). The notion of a morphism is the obvious one. We endow &', €
with the topology induced by the fppf covers of 7 (see [20, 7.13]) and denote these
sites by Eéppf, Eppr TESpectively (Xu also considers the topology induced by the Zariski
topology on 7 in [20, 7.9], which we will not consider here).
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We define the categories of crystals by

Gtors (ggppf) — U Gp” -tors (E;ppf) , Gtors (éfppf) — U epn -tors ((Efppf) ,
n n

where Gl’n""rs(ﬁgppf), Gl’n""rs(éfppf) are the categories of p”-torsion quasi-coherent

topp> Sippt TEspectively. (The categories Gl’n'“’rs((%ppf), CP"HO (E ) are

denoted by G?;gfh (O ), (i’?;g? (O¢ ) respectively in [20].)

In [20, 9.1], Xu defined a functor p: € — &' that sends (77 < T N U)to (T «
T — U’), where the right map f: T — U’ is defined as

crystals on €

g
T3>T x Speck)>U x  Spec(k)=U".
" Spec(k),p* pec(k) Spec(k),p* pec(k)

Here the first map g is induced by the map of sheaves of rings

Or  k -0, tQ®ar ¢(t)a.
Lo
Then, in [20, Theorem 9.2], he proved that the functor p induces an equivalence of
topoi

iy

p: (2 fppf>

fppf
and in [20, Theorem 9.12], he proved that p induces an equivalence between the
categories of crystals

o*: @p"-tors (E'gppf) = @P"-tors (Etopt)-

We relate our result in Section 2 to his result. For a pair (E, pE) over (W, pW),
we define
E/pE = E/Ker(E — E/pE i E/pE)

(this is the ring-theoretic version of T above). Note that if (E, [g) = (E, pE) isa
8-pair over (W, pW), then

E/Ket(E — E/pE % E/pE) = E/Ket(E % E — E/pE) = E/J&,

where Jg is the ideal considered in the level 1-prismatic site, i.e., Jg = ¢_1(I E)-
Then we have a commutative diagram:

(X Wiy —Ls Eon

I %

B
X' /W)y — &
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where p is the functor defined by Xu, p’ is the functor p defined in Section 2 and S,
B1 are the functors defined as

Bo: (Spf(E) <= Spec(E/pE) — X') — (Spf(E) <= Spec(E/pE) — X'),
B1: (Spf(E) <= Spec(E/Jg) — X) — (Spf(E) <= Spec(E/Jg = E/pE) — X).

It is easy to see that the functors By, f1 are continuous. So the functors above induce a
commutative diagram:

ep”.tors((X/ W) I-A) <B— GP”_tors((Efppf)

1.%
:Tp/* :Tp*

Ci,pn-torS(()(// W)A) ﬁo - Gpn_tors(ggppf).

So our equivalence p™* is compatible with Xu’s equivalence p*.
If X/k lifts to X /W and the relative Frobenius of X lifts to X, then we have the
following commutative diagram:

MIC(X /W) <2 @O (X)W )arys) 42 CO((X/W)ig) 4— C(Erppr)

ﬂl Lk
ZT(P :Tp/* :Tp*

p_MIC()'("//W)qn S A etors((X//W)A) (BO_* etors(ggppf).

Here, MIC(X /W) (resp. p- MIC(X’ /W)) denotes the category of p-power tor-
sion quasi-coherent Oy-modules with quasi-nilpotent integrable connection (resp.
p-connection) relative to W. The functor A is the composition

etors((X/W)l—/A) - etOrs((X/I/V)q—cryS) g GtOrs((X/I’V)cryS,neW) - Gtors((X/W)crySL
where the first functor is the equivalence
™ QO (X W)1y) = CO((X/ W )garys)

in Theorem 4.2, the second functor is the inverse of the functor (note that (W, pW) is
a ¢-PD pair withg = 1 in W)

Ty etOrs((X/ W)crys,new) — etorS((X/ W)q—crys)
in Proposition 5.28 and the third functor is the inverse of the functor

1,}*: GtOrs((‘)(/ W)Crys) :) GtOrs(()(/ W)crys,new)
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in Lemma 5.22. The functor ¢ is the equivalence constructed in [18, Proposition 2.5].
The functor v is a natural equivalence in the theory of crystalline sites. By composing
the equivalences in the above commutative diagram, we obtain an equivalence w from
the category of crystals on the prismatic site to the category of modules with integrable
p-connection. We note that the equivalence w has been established in a more general
situation by Ogus.

Next we establish a relation between the functors we constructed and the twisted
Simpson correspondence by Gros—Le Stum—Quirds. Let (D, I) be a g-PD pair with
I = ¢~ 1([ply D). Assume that there exists a pushout diagram

D —— pxr —L

o

D A,

where the map f is (p, I)-completely étale. We give a §-structure on D[x]" by
3(x) = 0. By [5, Lemma 2.18], the ring A admits a unique §-structure compatible with
the one on D[x]". Set

A=A®D/I,
D

A=A % D/[plyD.

Then by [7, Theorem 4.8 and Proposition 6.9], we have the following commutative
diagram:

Cu((A/D)1y) —5— C((A/D)garys) —5— Straty” (4/D)

:Tp * :TF *

C,((A'/D),) - > Straty V(A’/ D).

where S/tr;tt(lo) (A/D) (resp. S/trztt(l_l) (A’/ D)) is the category of twisted hyper-stratified
A-modules of level O (resp. A’-modules of level (—1)) defined in [7, Definition 3.9],
Qs+ and p* are the functors we constructed, G and H are the functors that appeared in
[7, Proposition 6.9] and F* is an equivalence in [7, Theorem 4.8]. (More precisely, it is
not clear to us which category of modules they used in their definition of S/tr\at((lo) (A/D)
and ﬁté_l)(A’ /D). We guess that it would be reasonable to use the categories
M, (A) and M, (A”) respectively. So the categories of twisted hyper-stratified modules
would be related to our equivalences of categories of crystals with notation C,.)
Thus, we see that our equivalences of categories fit into the diagram in [7, Proposi-
tion 6.9]. In particular, our argument gives a direct proof of the equivalence &, o p*,
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which they plan to prove indirectly in forthcoming work by showing that G and H are
equivalences (see [7, Remark 2 after Proposition 6.9]). Moreover, our proof of the
equivalence @4 o p*, which is in the style of [17,20], answers “the hope” in [7, Remark
3 after Proposition 6.9] to some extent.

Finally, we establish a relation between our results and the results of Morrow—Tsuji
in [15]. Let us briefly recall some notation and results in [15]. Let @ be a ring of
integers of a characteristic 0 perfectoid field containing all p-power roots of unity, and
let

At = W(O), &= (1.0p.0pn....) €O, pi=[e] -1, £:=

E:=9(5)
¢ 1( )’
where ¢ is the Frobenius on Ay (¢ is denoted by ¢ in [15]). Then the pair (Ajye, (§))
is a bounded prism.

Let R be a smooth (0-algebra with a formally étale map (D[Tlil, e, T(;H]’\ — R
called a framing. We can use the framing to define the ring R, with the action

Gal(Roo/R) =T = 74,

and the rings AP := AU

inf

(R), AEO = Ainr(Roo). For an Aj-algebra B, we set

BW = At ®¢,4, B.

inf

We denote the relative Frobenius B() — B by F. We use the same notation for the
base change of an (O-algebra along the Frobenius because we can regard any ()-algebra
as an Ajnr-algebra.

Let Repi:(AD) (resp. Repi(AP(M)) be the category of generalized representa-
tions of T" over AP (resp. APy which is trivial modulo w, and let gMIC(A") (resp.
qHIG(APM)) be the category of finite projective A=-modules (resp. A9(-modules)
with flat g-connection (resp. flat g-Higgs field). We will write gqMIC(AP)3P (resp.
qHIG(APM)ailp) for the full subcategory of qMIC(AZ) (resp. gHIG(APM)) con-
sisting of (p, w)-adically quasi-nilpotent objects (this notation is not used in [15]).

Then, in [15, Section 3], they considered the following commutative diagram:

CR((SPF(RM)/ Ainp),) 28 Repl(ATW) = qHIG(AD(l))

\ l/ AD(]) F l/
eVAI:I(l)

Repj:(AY) —=— qMIC(AD),
where ev 40 is the functor defined by evaluation on

(Spf(APD) < spf(RM) = Spf(RM)),
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and evj:D(l) is the composition of the functor ev ,oa) with — ® A0 F AH. Moreover,
the arrows with ~ are equivalences.

By our result in Section 2, we see that the above diagram extends to the following
diagram:

CP((Spf(R™M)/ Aint) ) RELESY Repf(AFM) —=— qHIG(APD)

O
I Loore |

CP((SPE(R)/ Ainp)1.y) —As Repl(4T) —=—5 qMIC(47),

where ev 40 is the functor defined by evaluation on (Spf (AP) < Spf(R) = Spf(R)).
In [15, Theorem 3.2], they proved that the functors ev o), eij (1 are fully faithful
and induce equivalences

Gfp((SPf(R(I))/Ainf)A) 5 qHIG (AP yanilp
(:’rp((Spf(R(l))/Amf)A) i qMIC(AD)qnﬂp,

Thus, we see that the functor ev 40 is also fully faithful and induces an equivalence

CP((SPF(R)/ Ain)1.4) — GMIC(AT)o™,
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