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Homology of complexes over finite tensor categories

Petter Andreas Bergh

Abstract. We generalize a recent result by J. F. Carlson to finite tensor categories having finitely
generated cohomology. Specifically, we show that if the Krull dimension of the cohomology ring is
sufficiently large, then there exist infinitely many non-isomorphic and nontrivial bounded complexes
of projective objects, and with small homology. We also prove a version for finite dimensional
algebras with finitely generated cohomology.

1. Introduction

Let p be a prime and G an elementary abelian p-group of rank d , i.e., G ' .Z=pZ/d .
In [15], G. Carlsson conjectured that ifG acts freely on a nontrivial finite CW-complexX ,
then X

i2Z

dimk Hi .X I k/ � 2d

where k D Z=pZ. In [16], he settled the case when p D 2 and d � 3, and some further
isolated cases have also been confirmed in the literature. However, the conjecture remains
open in general.

The algebraic version of the conjecture – also from [15] – states that ifD is a nontrivial
finite complex of finitely generated free kG-modules, thenX

i2Z

dimk Hi .D/ � 2d :

As explained (for p D 2) in [15], the algebraic version actually implies the CW-version.
Moreover, in [16], Carlsson also settled this version when p D 2 and d � 3. Other partial
results exist here as well, for example, the case when the complex D has length two, in
any prime characteristic; cf. [1, Corollary 2.1].

However, the algebraic version turns out not to hold in general. Namely, in [24],
S. Iyengar and M. Walker provided a counterexample when p is odd and d � 8. The
construction they provide is based on properties of exterior algebras, in particular the
existence of a so-called Lefschetz element when there is an even number of generators.
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It is natural to ask if one can use this construction to obtain counterexamples to the CW-
version of Carlsson’s conjecture, but in [26] it was shown that this is not possible.

In the recent paper [14], J. Carlson extends the counterexamples from [24] to arbitrary
groups. More precisely, for a field k of odd characteristic p, and any finite group G of p-
rank d at least 8, he shows that there exist infinitely many non-isomorphic and nontrivial
finite complexes D of projective kG-modules, with

P
i2Z dimk Hi .D/ < 2d . Of course,

when G is a p-group, then the projective kG-modules are free, and so Carlson’s result
provides a whole range of counterexamples to Carlsson’s algebraic conjecture. Moreover,
the counterexamples from [24] are recovered; the complexes constructed by Iyengar and
Walker are quasi-isomorphic to complexes constructed in [14].

In this paper, we prove an analogous version of Carlson’s result for finite tensor cat-
egories. For such a category .C;˝; 1/ over a ground field k, one cannot use the vector
space dimension to measure the size of the homology of a complex, since the homology is
itself an object of C, and therefore in general not a vector space. Instead, we measure the
homology in terms of an arbitrary nontrivial additive function on C. In other words, we
use a function f that assigns to every objectM 2 C a non-negative real number f .M/, in
such a way that f is additive on short exact sequences, and f .1/¤ 0. We show that when
the characteristic of k is odd, and C is sufficiently nice with a cohomology ring of Krull
dimension d at least 8, then there exist infinitely many non-isomorphic and nontrivial
bounded complexes D of projective objects, with

1

f .1/

X
i2Z

f .Hi .D// < 2d :

Two important such additive functions are the Frobenius–Perron dimension, and the length
function. Given any objectM 2 C, the inequality `.M/ � FPdimC.M/ holds, and `.1/D
FPdimC.1/D 1. Thus, when C is as above, then there exist infinitely many non-isomorphic
and nontrivial bounded complexes D of projective objects, withX

i2Z

`.Hi .D// �
X
i2Z

FPdimC.Hi .D// < 2d :

In particular, we can apply this result to suitably nice finite dimensional Hopf algebras
over k, since in this case the Frobenius–Perron dimension of a finitely generated module
coincides with the vector space dimension. Thus for such a Hopf algebra, there exist infin-
itely many non-isomorphic and nontrivial bounded complexes D of projective modules,
with X

i2Z

dimk Hi .D/ < 2d :

Carlson’s result from [14] is a particular case of this last result, applied to the finite dimen-
sional Hopf algebra kG.

We also prove a version of the main result for finite dimensional algebras having
finitely generated cohomology. The cohomology ring we work with is then the Hochschild
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cohomology ring, which, like the cohomology ring of a finite tensor category, is graded-
commutative. When the cohomology is finitely generated, and the algebra admits a module
of sufficiently large complexity, the theorem shows that there exist infinitely many non-
isomorphic and nontrivial bounded complexes of projective modules, with small homo-
logy. The size of the homology modules is measured by the vector space dimension.

2. Preliminaries

Let us fix a field k – not necessarily algebraically closed – together with a finite tensor
k-category .C;˝; 1/. Thus C is a locally finite k-linear abelian category, with a finite set
of isomorphism classes of simple objects. There are enough projective objects, and every
object admits a projective cover and therefore a minimal projective resolution. Moreover,
there is an associative (up to functorial isomorphisms) bifunctor

C � C
˝
�! C

called the tensor product, which is compatible with the abelian structure of C, together
with a unit object 1 2 C (with respect to˝) which is simple as an object of C. Finally, the
category C is rigid, meaning that all objects have left and right duals.

A typical example is the category of finitely generated left kG-modules, where G
is a finite group. In this case, the finite tensor category is symmetric, meaning that the
tensor product is commutative in a certain strong sense. More generally, if A is a finite
dimensional Hopf algebra, then the category of finitely generated left A-modules is a
finite tensor category, with a non-commutative tensor product in general. Recently, a very
interesting class of symmetric finite tensor categories were introduced in [2, 4, 18].

Remark 2.1. (1) Finite tensor categories enjoy a whole range of important properties.
First of all, since the underlying abelian category is locally finite – that is, the morphism
spaces are finite dimensional and every object has finite length – the Krull–Schmidt The-
orem and the Jordan–Hölder Theorem hold, cf. [20, Section 1.5]. In other words, every
object decomposes uniquely (up to isomorphism) as a finite direct sum of indecomposable
objects, and admits a Jordan–Hölder series with unique simple multiplicities. Secondly,
the existence of dual objects has far reaching consequences. For example, by [20, Propos-
ition 4.2.1 and Proposition 4.2.12], it implies that the tensor product ˝ is bi-exact, and
that the projective objects form a two-sided ideal: the tensor product between a projective
object and any other object is again projective. Moreover, by [20, Proposition 6.1.3 and
Remark 6.1.4], the existence of duals implies that the category is quasi-Frobenius, that is,
the projective and injective objects coincide.

(2) Since 1 is a simple object, the k-algebra HomC.1; 1/ is a division ring. Moreover,
this ring is actually commutative (see below), and so it is a finite field extension of k. In
particular, when k is algebraically closed, then HomC.1; 1/ D k.
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Given objects M; N 2 C, we denote by Ext�C.M; N / the graded k-vector spaceL1
nD0 ExtnC.M; N /. When M D N , this is a graded k-algebra with Yoneda composi-

tion as multiplication. The cohomology algebra Ext�C.1; 1/ of the unit object 1 is denoted
by H�.C/; this is the cohomology ring of C, and it is graded-commutative by [29, The-
orem 1.7]. The tensor product induces a homomorphism

H�.C/
�˝M
����! Ext�C.M;M/

of graded k-algebras, making Ext�C.M; N / both a left and a right module over H�.C/,
via � ˝ N and � ˝M followed by Yoneda composition. By modifying the proof of
[27, Theorem 1.1], one can show that for elements � 2 Hm.C/ and � 2 ExtnC.M;N /, there
is an equality

.�˝N/ ı � D .�1/mn� ı .�˝M/

where the symbol ı denotes the Yoneda composition. In other words, the left and the
right scalar actions of H�.C/ on Ext�C.M; N / coincide up to a sign, when we consider
homogeneous elements.

In [21], Etingof and Ostrik conjectured the following, which is still open.

Conjecture. The cohomology ring H�.C/ is finitely generated, and Ext�C.M; M/ is a
finitely generated H�.C/-module for all objects M 2 C.

Note that when C has finitely generated cohomology as in the conjecture, then for all
objects M;N 2 C, the H�.C/-module Ext�C.M;N / is finitely generated, and not just the
two modules Ext�C.M;M/ and Ext�C.N; N /. Namely, the H�.C/-module Ext�C.M ˚ N;
M ˚N/ is finitely generated, and it has Ext�C.M;N / as a direct summand.

Definition. We say that the finite tensor category C satisfies the finiteness condition Fg if
the cohomology ring H�.C/ is finitely generated, and Ext�C.M;M/ is a finitely generated
H�.C/-module for all objects M 2 C.

When C is the category of finitely generated left kG-modules for a finite group G,
then Fg holds by a classical result of Evens and Venkov; cf. [22, 30, 31]. However, the
conjecture remains open for module categories of arbitrary finite dimensional Hopf alge-
bras. Recently, Benson and Etingof proved in [3] that Fg holds for the symmetric finite
tensor categories introduced in [2, 4, 18].

When a finite tensor category has finitely generated cohomology, then there is a rich
theory of cohomological support varieties. Define H q

.C/ to be H2�.C/ when the char-
acteristic of k is not 2, and H�.C/ when the characteristic is 2. Since H�.C/ is graded-
commutative, the algebra H q

.C/ is commutative in the ordinary sense. Moreover, when
the characteristic of k is not 2, then the odd degree homogeneous elements of H�.C/ are
nilpotent. Therefore, when Fg holds, then H q

.C/ is finitely generated, and Ext�C.M;M/ is
a finitely generated H q

.C/-module for all objects M 2 C.
We denote the unique homogeneous maximal ideal of H q

.C/ by m0, i.e., m0DH q
.C/\

H�1.C/I recall from Remark 2.1 (2) that H0.C/ is a field. The set of all maximal ideals
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of H q
.C/ is denoted by MaxSpec H q

.C/. The support variety of an object M 2 C is now
defined as

VC.M/ D ¹m0º [ ¹m 2 MaxSpec H
q
.C/ j AnnH

q
.C/ Ext�C.M;M/ � mº:

When Fg holds, then these support varieties encode important homological information
on the objects, as shown in [10, 11]. Many of the classical results on support varieties for
modules over group algebras carry over to this setting.

3. The main result

For a finite tensor category C, we denote by Kb.C/ the triangulated category of bounded
complexes over C, with its usual suspension †WKb.C/! Kb.C/ that shifts a complex
one step to the left and changes the sign on the differentials. The distinguished triangles
are defined in terms of mapping cones of chain maps. The tensor product ˝ induces a
monoidal structure on Kb.C/, compatible with the triangulated structure in such a way
that Kb.C/ is a triangulated tensor category in the sense of [13], that is, a possibly non-
commutative tensor triangulated category. The tensor product is exact; when we tensor
a distinguished triangle with an object, the result is another distinguished triangle. In
this process, we implicitly use some particular isomorphisms. Namely, given complexes
X; Y 2 Kb.C/, there are canonical isomorphisms

†.X ˝ Y /
�X;Y
���! †X ˝ Y; †.X ˝ Y /

�X;Y
���! X ˝†Y

natural in X and Y , with the property that the diagram

†2.X ˝ Y / †.†X ˝ Y /

†.X ˝†Y / †X ˝†Y

†�X;Y

�X;†Y

†�X;Y �†X;Y

anticommutes. Using these, one obtains for all integers m and d � 2, and all complexes
X1; : : : ; Xd in Kb.C/, a natural isomorphism

†m.X1 ˝ � � � ˝Xd /
�m
d;i

��! X1 ˝ � � � ˝†
mXi ˝ � � � ˝Xd

for each 1 � i � d . Moreover, given another integer n, the diagram

†mCn.X1 ˝ � � � ˝Xd / †n.X1 ˝ � � � ˝†
mXi ˝ � � � ˝Xd /

†m.X1 ˝ � � � ˝†
nXj ˝ � � � ˝Xd / X1 ˝ � � � ˝†

mXi ˝ � � � ˝†
nXj ˝ � � � ˝Xd

†n�md;i

�md;i

†m�nd;j �nd;j
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anticommutes with a factor .�1/mn whenever i < j .
We now construct some specific complexes and chain maps in Kb.C/ that we shall

use in the proof of the main result. The construction is analogous to that presented in
[6, Section 3].

Construction 3.1. (1) Let � be a nonzero homogeneous element of H�.C/, of degree
n � 2, and fix a minimal projective resolution .Pi ; di / of the unit object 1. This element
corresponds to a nonzero morphism y�W�nC.1/! 1, where �nC.1/ is the nth syzygy of 1,
that is, the image of the morphism dn. From this morphism we obtain a commutative
pushout diagram

0 �nC.1/ Pn�1 Pn�2 � � � P0 1 0

0 1 K� Pn�2 � � � P0 1 0

dn�1 dn�2 d1 d0

� � dn�2 d1 d0

y� 1 1 1

with exact rows, and in turn a complex

� � � 0 K� Pn�2 � � � P0 0 � � �
� dn�2 d1

of length n, which we denote by C� (if n D 2, then d1 D � in this complex).
(2) The composition � ı d0 induces a chain map �W†n�1C� ! C� , displayed as

� � � P1 P0 0 � � �

� � � 0 K� Pn�2 � � �

.�1/n�1d1

� dn�2

� ı d0

with the following convention if n D 2: dn�2 D 0, d1 D �, and P1 D K� .

Recall from Section 2 that when C is a finite tensor category over a field of char-
acteristic p ¤ 2, then H q

.C/ denotes the even part of the cohomology ring H�.C/, i.e.,
H q
.C/DH2�.C/. When pD 2, then H q

.C/ denotes just H�.C/ itself. Moreover, the unique
homogeneous maximal ideal of H q

.C/ is denoted by m0. If C satisfies Fg, and the Krull
dimension of H q

.C/ is d , say, then a sequence �1; : : : ; �d of nonzero homogeneous ele-
ments (of positive degrees) in H q

.C/ is called a homogeneous system of parameters if the
ideal .�1; : : : ; �d / is m0-primary, so that its radical is m0. In the following lemma, we
show that for such a sequence, the object K�1 ˝ � � � ˝K�d is projective in C, where K�i
is the object appearing in the complex C�i from Construction 3.1.

Lemma 3.2. Let k be a field and .C;˝; 1/ a finite tensor k-category. Suppose that C
satisfies Fg, and that �1; : : : ; �d is a homogeneous system of parameters in H q

.C/, where
d is the Krull dimension of H q

.C/. Then the object K�1 ˝ � � � ˝K�d is projective.
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Proof. As mentioned in Construction 3.1, each �i corresponds to a nonzero morphism
y�i W�

n
C.1/! 1. This morphism must necessarily be an epimorphism, since 1 is a simple

object; we denote its kernel by L�i . By [10, Theorem 5.2], the equality

VC.L�i ˝M/ D VC.M/ \Z.�i /

holds for every object M 2 C, where Z.�i / is the set of all m 2 MaxSpec H q
.C/ con-

taining �i . Now since K�i is the pushout of the epimorphism y�i and the monomorphism
�nC.1/! Pn�1, there is an exact commutative diagram

0 0

L�i L�i

0 �nC.1/ Pn�1 �n�1C .1/ 0

0 1 K�i �n�1C .1/ 0

0 0:

1

�i

y�i 1

It follows that the objectK�i has the same property with respect to support varieties as the
object L�i . Namely, ifM is any object, then by applying �˝M to the right-hand vertical
exact sequence, we obtain an exact sequence

0! L�i ˝M ! Pn�1 ˝M ! K�i ˝M ! 0:

Since the objectPn�1˝M is projective, it follows from [10, Proposition 3.3 (vii)] that the
objects L�i ˝M and K�i ˝M have the same support varieties, hence VC.K�i ˝M/ D

VC.M/ \ Z.�i /. By repeatedly applying this equality, and using the fact that VC.1/ D
MaxSpec H q

.C/, we obtain

VC.K�1 ˝ � � � ˝K�d / D VC.K�1 ˝ � � � ˝K�d ˝ 1/
D VC.1/ \Z.�1/ \ � � � \Z.�d /
D Z.�1; : : : ; �d /

D ¹m0º

since the radical of the ideal .�1; : : : ; �d / is m0. Consequently, the objectK�1 ˝ � � � ˝K�d
is projective, by [10, Corollary 4.3].
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We now prove the main result: when Fg holds and the Krull dimension of the cohomo-
logy ring is sufficiently large, then there exist infinitely many non-isomorphic and non-
trivial bounded complexes of projective objects, and with small homology. By an additive
function on C we mean a group homomorphism from the Grothendieck group of C into the
non-negative real numbers. Equivalently, such a function f assigns to each object M 2 C

a real number f .M/� 0, with f .M/D f .L/C f .N /whenever there exists a short exact
sequence

0! L!M ! N ! 0

in C. We call f nontrivial if f .1/ ¤ 0.

Theorem 3.3. Let k be a field of characteristic not 2, and .C;˝; 1/ a finite tensor k-
category. Suppose that C satisfies Fg, and that the Krull dimension d of H q

.C/ is at
least 8. Then given any nontrivial additive function f on C, there exist infinitely many
non-isomorphic and nontrivial bounded complexes D 2 Kb.C/ of projective objects, with

1

f .1/

X
i2Z

f .Hi .D// < 2d :

Proof. Given any positive real number ˛, the function f̨ is also nontrivial and additive
on C. We may therefore suppose that f .1/ D 1.

By the graded version of the Noether normalization lemma (cf. [12, Theorem 1.5.17]),
there exists a homogeneous system of parameters �1; : : : ; �d in H q

.C/. Given any sequence
n1; : : : ; nd of positive integers, the ideal .�n11 ; : : : ; �

nd
d
/ is also m0-primary, so we may

assume without loss of generality that the elements �1; : : : ; �d are all of the same (even)
degree in H q

.C/, say n.
For each 1 � i � d , consider the complex C�i of length n, together with the chain

map �i W†n�1C�i ! C�i , from Construction 3.1. Since �i is a monomorphism and d0
is nonzero, the composition �i ı d0 is nonzero, and so the chain map �i is not null-
homotopic. Therefore (the homotopy equivalence class of) �i is a nonzero morphism in
HomKb.C/.†

n�1C�i ; C�i /, with �2i D 0 in Hom�
Kb.C/

.C�i ; C�i /. Moreover, note that the
homology of C�i is nonzero in precisely two degrees: H0.C�i / ' Hn�1.C�i / ' 1. Con-
sequently, we see that �i induces an isomorphism x�i WH0.C�i /! Hn�1.C�i /.

To make the notation in the rest of the proof a bit easier, we set m D n � 1; thus m
is an odd integer. Consider now the complex C D C�1 ˝ � � � ˝ C�d in Kb.C/ of length
dmC 1, with nonzero objects in degrees 0; 1; : : : ; dm. In degrees 0; 1; : : : ; dm � 1, the
objects are projective, since they are direct sums of tensor products in which at least one of
the Pj appears as a factor (recall that the projective objects of C form a two-sided ideal).
The object in degree dm is the tensor product K�1 ˝ � � � ˝K�d , which also is projective,
as we showed in Lemma 3.2. Thus C is a complex of projective objects. Now for each i ,
the chain map �i induces a chain map �i W†mC ! C , given by the composition

†mC
�m
d;i

��! C�1 ˝ � � � ˝†
mC�i ˝ � � � ˝ C�d

y�i
�! C
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where �m
d;i

is the natural isomorphism, and y�i D 1˝ � � � ˝ �i ˝ � � � ˝ 1. Since �i squares
to zero in Hom�

Kb.C/
.C�i ; C�i /, we see that �2i D 0 in Hom�

Kb.C/
.C; C /. Moreover, when

i < j we obtain

�i � �j D �i ı†
m.�j /

D y�i ı �
m
d;i ı†

m
y�j ı†

m�md;j

D y�i ı y�j ı �
m
d;i ı†

m�md;j

D .�1/m
2

y�j ı y�i ı �
m
d;j ı†

m�md;i

D �y�j ı �
m
d;j ı†

m
y�i ı†

m�md;i

D ��j � �i :

Here we have used the fact that �m
d;i

and �m
d;j

are natural, so that they commute with y�j
and y�i . Moreover, we have used that �m

d;i
ı†m�m

d;j
D .�1/m

2
�m
d;j
ı†m�m

d;i
– as explained

in the beginning of this section – and the fact that m is odd. Finally, we have used that y�i
and y�j commute.

The above shows that the chain maps �1; : : : ; �d generate a d -fold exterior algebra
ƒ � Hom�

Kb.C/
.C; C /, concentrated in degrees 0; m; 2m; : : : ; dm. How do they act on

the homology of C ? Since each C�i has only two nonzero homology objects H0.C�i / and
Hm.C�i /, and the tensor product is exact in each variable, it follows from the Künneth
theorem that C has homology only in degrees 0;m; 2m; : : : ; dm, with

Htm.C / '
M

i1C���CidDt

Hmi1.C�1/˝ � � � ˝ Hmid .C�d /:

Moreover, since H0.C�i / ' Hm.C�i / ' 1, we see that Htm.C / is the direct sum of
�
d
t

�
copies of 1; let us denote these by 1i1;:::;id , with t of the i1; : : : ; id equal to m, and the
other ones equal to zero. Thus

H0.C / ' 10;:::;0;
Hm.C / ' 1m;0;:::;0 ˚ 10;m;:::;0 ˚ � � � ˚ 10;:::;0;m;

H2m.C / ' 1m;m;0;:::;0 ˚ 1m;0;m;0:::;0 ˚ � � � ˚ 10;:::;0;m;m;
:::

Hdm.C / ' 1m;:::;m:

Moreover, since for each j the chain map �j W†mC�j ! C�j induces an isomorphism
x�j WH0.C�j /!Hm.C�j /, we see that the action of the chain map �j W†mC ! C on H�.C /
is given by

1i1;:::;id ! 1i1;:::;ijCm;:::;id

with the convention that 1i1;:::;ijCm;:::;id D 0 if ij Dm. In other words, the induced morph-
ism x�j WHtm.C /! H.tC1/m.C / maps 1i1;:::;id isomorphically to 1i1;:::;ijCm;:::;id if ij D 0,
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and to zero if ij D m. Thus Htm.C / is the direct sum of x�i1 � � � x�it 10;:::;0, the sum being
taken over all 1 � i1 < � � � < it � d . Since f is an additive function with f .1/ D 1, we
see that f .Htm.C // D

�
d
t

�
.

We now adapt the techniques from [24, Section 2]. By assumption d � 8, so let ƒ0 be
the exterior subalgebra of ƒ generated by �1; : : : ; �8, and w 2 ƒ0 the Lefschetz element
�1 � �2C �3 � �4C �5 � �6C �7 � �8. Moreover, let C 0 D C�1 ˝ � � � ˝C�8 , and C 00 D C�9 ˝
� � � ˝ C�d , with the convention that C 00 is the stalk complex on the unit object 1 if d D 8.
By [17, Proposition A.2], the multiplication map

ƒ0i
w
�! ƒ0iC2m

is injective for i 2 ¹0; m; 2m; 3mº, and surjective for i 2 ¹3m; 4m; 5m; 6mº. We claim
that in the same way, the chain map wW†2mC 0 ! C 0 induces a morphism

Hi .C 0/
xw
�! HiC2m.C 0/

which is a monomorphism for i 2 ¹0;m; 2m; 3mº, and an epimorphism for i 2 ¹3m; 4m;
5m;6mº. To see this, we use the above interpretation of H�.C / – which applies to H�.C 0/
as well – together with the fact that as a k-linear abelian category, C is equivalent to the
category of finitely generated left modules over some finite dimensional algebra; cf. [20,
pages 9–10].

The epimorphism claim follows from the interpretation of Htm.C 0/ as a direct sum
of x�i1 � � � x�it 10;:::;0, the sum being taken over all 1 � i1 < � � � < it � 8. Namely, since
w induces a surjective map from ƒ0i to ƒ0iC2m for i 2 ¹3m; 4m; 5m; 6mº, the induced
morphism xw must map Hi .C 0/ surjectively onto HiC2m.C 0/ for the same i . Note that for
i D 3m, the map must be an isomorphism, since

dimk H3m.C 0/ D
�
8

3

�
dimk 1 D

�
8

5

�
dimk 1 D dimk H5m.C 0/

(here we have passed to modules over some finite dimensional algebra, so C 0 and 1 are
images under an equivalence of categories).

For the monomorphism claim, we treat the three cases i D 0;m; 2m separately. First,
suppose that x 2 10;:::;0 with 0D xw.x/D x�1 ı x�2.x/C � � � C x�7 ı x�8.x/. Each x�s ı x�sC1.x/
belongs to the summand 10;:::;s;sC1;:::;0 of H2m.C 0/, and since x�s ı x�sC1 maps 10;:::;0 iso-
morphically onto this summand, we see that x D 0. Similarly, if x1; : : : ; x8 are elements
of 10;:::;0 such that the element x�1.x1/C � � � C x�8.x8/ 2 Hm.C 0/ belongs to the kernel of
xw, then it is not hard to see from the decomposition H3m.C 0/ D

L
x�i1
x�i2
x�i310;:::;0 that

x1 D � � � D x8 D 0. Hence for i D 0 and i Dm, the monomorphism claim follows. Finally,
for i D 2m, consider the decomposition of H2m.C 0/ as the direct sum of all the 28 sum-
mands x�r x�s10;:::;0 for 1 � r < s � 8. For all such r; s, let xr;s 2 10;:::;0, and suppose that
the element

P
x�r ı x�s.xr;s/ 2 H2m.C 0/ belongs to the kernel of xw. If s ¤ r C 1, then pick

a map x�ux�uC1 2 ¹x�1x�2; x�3x�4; x�5x�6; x�7x�8º such that the indices r; s; u; uC 1 are different.
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Then x�u ı x�uC1 ı x�r ı x�s.xr;s/ belongs to the summand x�ux�uC1x�r x�s10;:::;0 of H4m.C 0/,
and it is the only term from xw.

P
x�r ı x�s.xr;s// that belongs to this summand (note that

the indices of the summand x�ux�uC1x�r x�s10;:::;0 are not necessarily written in the correct
ascending order). Consequently, we see that xr;s D 0 for s ¤ r C 1. The same reasoning
works for the elements x2;3; x4;5; x6;7. For example, the element x�1 ı x�2 ı x�6 ı x�7.x6;7/ is
the only term from xw.

P
x�r ı x�s.xr;s// that belongs to the summand x�1x�2x�6x�710;:::;0. For

the remaining elements x1;2; x3;4; x5;6; x7;8, note that the three elements

x�1 ı x�2 ı x�3 ı x�4.x1;2 C x3;4/; x�3 ı x�4 ı x�5 ı x�6.x3;4 C x5;6/;

x�5 ı x�6 ı x�1 ı x�2.x5;6 C x1;2/

are the only terms from xw.
P
x�r ı x�s.xr;s// that belong to the corresponding three sum-

mands of H4m.C 0/. Therefore

x1;2 C x3;4 D x3;4 C x5;6 D x5;6 C x1;2 D 0

and so since the characteristic of k is not 2 we obtain x1;2 D x3;4 D x5;6 D 0. Finally, this
also forces x7;8 to be zero. This proves the monomorphism claim for the last case i D 2m.

Now let D0 be the mapping cone of the chain map w, and consider the corresponding
long exact sequence

� � �
xw
�! Hi .C 0/! Hi .D0/! Hi�2m�1.C 0/

xw
�! Hi�1.C 0/! � � �

in homology. From the fact that H�.C 0/ is nonzero only in degrees 0;m; 2m; : : : ; 8m, we
obtain isomorphisms

H0.D0/ ' H0.C 0/;

Hm.D0/ ' Hm.C 0/;

H9mC1.D0/ ' H7m.C 0/;

H10mC1.D0/ ' H8m.C 0/

and short exact sequences

0 �! Him.C 0/
xw
�! H.iC2/m.C 0/ �! H.iC2/m.D0/ �! 0;

0 �! H.6Ci/mC1.D0/ �! H.4Ci/m.C 0/
xw
�! H.6Ci/m.C 0/ �! 0

for i 2 ¹0; 1; 2º. All the other homology objects of D0 are zero. By combining all of this
with the fact that f .Him.C 0// D

�
8
i

�
, we can computeX

i2Z

f .Hi .D0// D
�
8

3

�
C

�
8

4

�
C

�
8

4

�
C

�
8

5

�
D 28 � 4:
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Since Kb.C/ is a triangulated tensor category with an exact tensor product, we can
apply �˝ C 00 to the distinguished triangle

†2mC 0
w
�! C 0 �! D0 �! †2mC1C 0

and obtain a distinguished triangle

†2mC
w
�! C �! D0 ˝ C 00 �! †2mC1C

where we view w as a chain map †2mC ! C via the inclusion ƒ0 � ƒ. Let D be the
mapping cone of this chain map. Since all the objects in C are projective, so are all the
objects in D. Moreover, it is homotopy equivalent to the complex D0 ˝ C 00, givingX

i2Z

f .Hi .D// D
X
i2Z

f .Hi .D0 ˝ C 00//

D

X
i2Z

f

� M
sCtDi

Hs.D0/˝ Ht .C
00/

�

D

X
i2Z

f

� d�8M
tD0

Hi�tm.D0/˝ Htm.C
00/

�
D

X
i2Z

� d�8X
tD0

�
d � 8

t

�
f .Hi�tm.D0//

�
D

�X
i2Z

f .Hi .D0//
�� d�8X

tD0

�
d � 8

t

��
D .28 � 4/2d�8

< 2d :

Here we have used the Künneth theorem, the fact that the homology of the complex C 00 is
concentrated in degrees 0; m; 2m; : : : ; .d � 8/m, and the fact that Htm.C 00/ is the direct
sum of

�
d�8
t

�
copies of the unit object 1.

We have now constructed one complex D as the mapping cone of the chain map
†2.n�1/C ! C given by w, where n was the common even degree of the homogeneous
elements �1; : : : ; �d in H q

.C/. The length of the complex C is d.n� 1/C 1; it has nonzero
objects in degrees 0; 1; : : : ; d.n � 1/. The complex D therefore has nonzero objects in
degrees 0; 1; : : : ; .d C 2/.n� 1/C 1, and therefore length .d C 2/.n� 1/C 2. Now take
any positive integer s. If we go back to the beginning, and replace the elements �1; : : : ; �d
by �s1; : : : ; �

s
d

, we obtain a complexDs of length .d C 2/.sn� 1/C 2. Thus for each s � 1,
we obtain a complexDs of projective objects, with f .

P
Hi .Ds// < 2d . Moreover, when

s ¤ t then the complexes Ds and Dt are not isomorphic.

The length function ` is additive on C, with `.1/ D 1, so the theorem applies to this
function. However, there is another additive function of great importance as well. Let
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S1; : : : ; St be a complete set of representatives of the isomorphism classes of simple
objects in C; there are only finitely many by assumption. Since the unit object is simple,
we can assume that S1 D 1, but it makes no difference in what follows. Given an object
M 2 C, we denote by ŒM W Si � the multiplicity of the simple object Si in a Jordan–Hölder
series ofM ; this is well defined since the multiplicity is the same in all such series. Given
a simple object S , consider the matrix of left multiplication by S , that is, the t � t -matrix
whose ij -entry is ŒS ˝ Si W Sj �. This matrix has non-negative integer entries, and there-
fore a non-negative real eigenvalue by the Frobenius–Perron theorem. The maximal real
eigenvalue is the Frobenius–Perron dimension of S , and denoted by FPdimC.S/. It is at
least 1. For details, we refer to [20, Chapter 3].

One extends the definition of the Frobenius–Perron dimension to arbitrary objects by
additivity. Namely, given M 2 C, we set

FPdimC.M/ D

tX
iD1

ŒM W Si �FPdimC.Si /:

We see immediately that FPdimC.M/ � 1 whenever M is a nonzero object, since the
inequality holds for all the simple objects. Also, we see that FPdimC.M/ � `.M/. More-
over, given a short exact sequence

0! L!M ! N ! 0

of objects, there is an equality of multiplicities ŒM W S� D ŒL W S� C ŒN W S� for every
simple object S , and so

FPdimC.M/ D FPdimC.L/C FPdimC.N /

that is, the Frobenius–Perron dimension is additive in C. Finally, since the matrix of left
multiplication by the unit object 1 is just ŒSi W Sj �, that is, the t � t -identity matrix, we see
that FPdimC.1/ D 1.

Corollary 3.4. Let k be a field of characteristic not 2, and .C;˝; 1/ a finite tensor k-
category. Suppose that C satisfies Fg, and that the Krull dimension d of H q

.C/ is at least 8.
Then there exist infinitely many non-isomorphic and nontrivial bounded complexes D 2
Kb.C/ of projective objects, withX

i2Z

`.Hi .D// �
X
i2Z

FPdimC.Hi .D// < 2d :

When C is the category modA of finitely generated left modules over a finite dimen-
sional Hopf algebra A, then the Frobenius–Perron dimension coincides with the ordinary
vector space dimension, as explained in [20, Example 4.5.5] in the case of group algebras.
We therefore obtain the following corollary.

Corollary 3.5. Let k be a field of characteristic not 2, and A a finite dimensional Hopf
algebra over k. Suppose that A satisfies Fg, and that the Krull dimension d of the even



P. A. Bergh 14

cohomology ring H q
.A/ D H2�.A/ is at least 8. Then there exist infinitely many non-

isomorphic and nontrivial bounded complexesD 2Kb.modA/ of projective left modules,
with X

i2Z

dimk Hi .D/ < 2d :

In particular, we recover the following result for group algebras of finite groups,
recently proved by Carlson in [14]. Recall that for a prime p and a finite group G, the
p-rank of G is the maximal rank of an elementary abelian p-subgroup of G. By a result
of Quillen (cf. [25]), this equals the Krull dimension of the (even part of the) cohomology
ring H�.G; k/ when the ground field k has characteristic p. Recall also that when G is a
p-group, then every projective module is free.

Corollary 3.6 ([14, Theorem]). Let k be a field of characteristic p � 3, and G a finite
group of p-rank d � 8. Then there exist infinitely many non-isomorphic and nontrivial
bounded complexes D 2 Kb.mod kG/ of projective left modules, withX

i2Z

dimk Hi .D/ < 2d :

In particular, when G is a p-group, then the complexes are complexes of free modules.

4. Finite dimensional algebras

In this section, we briefly sketch a version of Theorem 3.3 for certain algebras. As before,
we fix a field k, not necessarily algebraically closed, and we take a finite dimensional
indecomposable k-algebraA. All modules are assumed to be finitely generated; we denote
by modA the category of left such modules.

As for finite tensor categories, there is a theory of support varieties for left A-modules;
we refer to [19, 27, 28] for details. Let HH�.A/ be the Hochschild cohomology ring
of A, i.e., HHn.A/ D ExtnAe .A;A/, where Ae D A˝k Aop is the enveloping algebra. By
a classical result of Gerstenhaber (cf. [23]), this ring is graded-commutative. For every
M 2 modA, there is a homomorphism

HH�.A/
�˝AM
�����! Ext�A.M;M/

of graded k-algebras, and the corresponding left and right HH�.A/-module structures on
Ext�A.M;M/ coincide up to a sign. Now define H to be HH2�.A/ when the characteristic
of k is not 2, and HH�.A/ when the characteristic is 2. Note that since A is indecom-
posable as a k-algebra, its center Z.A/ is a commutative local ring, say with maximal
ideal n. As HH0.A/ D Z.A/, we see that H has a unique homogeneous maximal ideal
m0 D n˚H \ HH�1.A/. The support variety of M is

VH .M/ D ¹m0º [ ¹m 2 MaxSpecH j AnnH Ext�A.M;M/ � mº:
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Definition. The algebra A satisfies Fg if HH�.A/ is finitely generated, and Ext�A.M;M/

is a finitely generated HH�.A/-module for every M 2 modA.

As explained in the proof of [28, Proposition 5.7], the finiteness condition is equi-
valent to the following: H is finitely generated, and Ext�A.M;M/ is a finitely generated
H -module for every A-module M . Moreover, it suffices to require that the H -module
Ext�A.A=rA; A=rA/ be finitely generated, where rA is the radical of A. As shown in [19],
when Fg holds, then as for finite tensor categories, many of the results on support varieties
over group algebras carry over.

Remark 4.1. If A is a finite dimensional Hopf algebra over k, then we now have two
different versions of the condition Fg; one in terms of the cohomology ring H�.A/ and
modA viewed as a finite tensor category, and one in terms of the Hochschild cohomology
ring HH�.A/ and modA viewed as just an ordinary module category. However, by [8,
Lemma 4.2] they are equivalent. Consequently, Corollary 3.5 can also be deduced from
the results in this section.

We now construct complexes as in Construction 3.1. Fix a minimal projective bimod-
ule resolution .Qn; dn/ of A, and let � 2 HH�.A/ be a nonzero homogeneous element of
degree n � 2. This element corresponds to a map y�W�nAe .A/! A, and the pushout with
the inclusion �nAe .A/! Qn�1 gives a commutative diagram

0 �nAe .A/ Qn�1 Qn�2 � � � Q0 A 0

0 A M� Qn�2 � � � Q0 A 0

dn�1 dn�2 d1 d0

� � dn�2 d1 d0

y� 1 1 1

with exact rows. We denote the corresponding bimodule complex

� � � �! 0 �!M�

�
�! Qn�2

dn�2
���! � � �

d1
�! Q0 �! 0 �! � � �

by C� . As for the complexes we used earlier, this one has two nonzero homology modules
H0.C�/ ' Hn�1.C�/ ' A, and the natural chain map �W†n�1C� ! C� given by the
composition � ı d0 induces an isomorphism x� between these.

Remark 4.2. Every projective bimodule is projective as a one-sided (left or right) A-
module. This can be seen by noting that the free bimodule Ae is left and right projective.
Now consider the bottom exact sequence in the above diagram. Since A is obviously
left and right projective, all the underlying short exact sequences split. Therefore all the
modules in the complex C� are one-sided projective, and the same holds for all the cycles
and the boundaries.

Let P be the full subcategory of mod Ae containing the modules that are project-
ive as one-sided (left and right) A-modules. This is an additive (even exact) subcategory
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of modAe , with a monoidal structure induced by the tensor product over A. If B1 and
B2 are modules in P, that is, one-sided projective bimodules, then B1 ˝A B2 is also
one-sided projective, by the hom-tensor adjunction. The category Kb.P/ is a triangu-
lated tensor category, with an exact tensor product. Moreover, it acts on the triangulated
category Kb.modA/ in the sense of [13]. This action is exact, that is, given a complex
C 2 Kb.modA/, the functor

Kb.P/
�˝AC
����! Kb.modA/

is exact. It is also exact in the other argument, as a triangulated endofunctor on Kb.modA/.
We now prove the analogue of Theorem 3.3. We denote by cxA.M/ the complexity of

anA-moduleM , that is, the rate of growth of the dimensions of the modules in its minimal
projective resolution. The maximal complexity is obtained by A=rA (and therefore by one
of the simple modules), and there is an inequality cxA.A=rA/ � dimH when Fg holds.
As explained in the proof of [7, Corollary 3.6], equality holds whenever A=rA ˝k A=rA
is a semisimple ring, for example, when k is algebraically closed.

Theorem 4.3. Let k be a field of characteristic not 2, andA a finite dimensional indecom-
posable selfinjective k-algebra. Suppose that A satisfies Fg, and that there exists a simple
A-module S of complexity c � 8. Then there exist infinitely many non-isomorphic and
nontrivial bounded complexes D 2 Kb.modA/ of projective modules, with

1

dimk S

X
i2Z

dimk Hi .D/ < 2c :

In particular, if there exists a simple one-dimensional module of complexity c � 8, then
there exist infinitely many non-isomorphic and nontrivial such complexes D withX

i2Z

dimk Hi .D/ < 2c :

Proof. The proof is similar to that of Theorem 3.3, so we only give a sketch of the con-
struction of such a complex D. The last part of the proof of Theorem 3.3 then applies,
and gives a family of other complexes. We shall apply some of the results from [19], in
which it is assumed that the ground field is algebraically closed. However, the proofs of
the results that we use do not require this assumption.

Let H D HH2�.A/, and denote the homogeneous ideal AnnH Ext�A.M;M/ by a. By
[19, Proposition 2.1], the Krull dimension of H=a is c, and so it contains a homogeneous
system of parameters with c elements. When we lift these to H we obtain homogeneous
elements �1; : : : ; �c of positive degrees, and we may suppose that they are of the same
even degree n; we denote the odd integer n � 1 by m.

For each 1 � i � 8, consider the bimodule complex C�i and the chain map �i that we
defined earlier in this section (recall that c � 8). By Remark 4.2, the cycles and boundaries
in C�i are projective as one-sided modules, and so are the two nonzero homology modules
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H0.C�i / and Hm.C�i /, since these are both isomorphic to A. Therefore, by [5, The-
orem 2.7.1 and Corollary 2.7.2], the Künneth theorem holds whenever we tensor C�i with
a complex in Kb.P/ or Kb.modA/. Now consider the complex C�8 ˝A � � � ˝A C�1 ˝A S
in Kb.modA/; let us denote it by C 0. It has homology in degrees 0;m; 2m; : : : ; 8m, and
Htm.C

0/ is the direct sum of
�
8
t

�
copies of S .

The chain maps �i induce chain maps on C�8 ˝A � � � ˝A C�1 , and in turn chain maps
�i W†

mC 0 ! C 0. These generate an 8-fold exterior algebra in Hom�Kb.modA/.C; C /, and
the Lefschetz element w D �1 � �2 C �3 � �4 C �5 � �6 C �7 � �8 induces a homomorphism

Hi .C 0/
xw
�! HiC2m.C 0/

which is injective for i 2 ¹0; m; 2m; 3mº, and surjective for i 2 ¹3m; 4m; 5m; 6mº. The
homology of the mapping cone D0 of w then satisfiesX

i2Z

dimk Hi .D0/ D .28 � 4/ dimk S:

Now letC 00DC�c ˝A � � � ˝A C�9 , with the convention that this is the stalk complex on
A if c D 8, and set C D C 00 ˝A C 0. From the distinguished triangle on the chain map w,
we obtain a distinguished triangle

†2mC
w
�! C �! C 00 ˝A D

0
�! †2mC1C

in Kb.modA/, where we have denoted the chain map 1 ˝A w on C D C 00 ˝A C
0 by

w as well. Let D be the mapping cone of this chain map. The complex C 00 has nonzero
homology in degrees 0;m;2m; : : : ; .c � 8/m, with Htm.C 00/ the direct sum of

�
c�8
t

�
copies

of A. This givesX
i2Z

dimk Hi .D/ D
X
i2Z

dimk Hi .C 00 ˝A D0/ D 2c�8.28 � 4/ dimk S < 2
c dimk S:

The complex D consists of projective modules. To see this, note that each nonzero
term in C is a direct sum of modules of the form B1 ˝A � � � ˝A Bc ˝A C , where the
bimodules Bi appear in the complexes �1; : : : ; �c . Suppose that at least one of the Bi is
a projective bimodule Qj . In general, if Q is a projective bimodule, and M is a left A-
module, thenQ˝AM is a projective A-module; this follows from the fact that Ae ˝AM
is projective. Now it follows that if B1 is projective, then B1 ˝A � � � ˝A Bc ˝A C is
projective. Otherwise, the tensor product is of the form M�i1

˝A � � � ˝A M�is
˝A Q ˝A

� � � ˝A C , where M�i is the leftmost nonzero bimodule in the complex C�i , and Q is a
projective bimodule. Since the A-module Q˝A � � � ˝A C is projective, and the bimodule
M�i1

˝A � � � ˝AM�is
is one-sided projective, it follows from the hom-tensor adjunction

thatM�i1
˝A � � � ˝AM�is

˝A Q˝A � � � ˝A C is projective as well. Finally, the only mod-
ule in C that is not a direct sum of modules of the above type is the leftmost nonzero
module, namely M�c ˝A � � � ˝A M�1 ˝A S . However, by [19, Proposition 4.3], the sup-
port variety of this module isZ.�1; : : : ; �c/\VH .S/, which equalsZ.�1; : : : ; �c/\Z.a/.



P. A. Bergh 18

By construction, the images of the �i form a homogeneous system of parameters in H=a,
and so the support variety of the module is trivial. Therefore, by [19, Proposition 2.2] and
the fact that A is selfinjective, the module is projective. This shows that the complex C ,
and therefore also D, consists of projective modules.

When A is a local algebra, then it is indecomposable, and every projective module is
free. Moreover, if such an algebra satisfies Fg, then it is selfinjective, since it is Gorenstein
by [19, Proposition 2.2]. Therefore, the theorem then takes the following form.

Corollary 4.4. Let k be a field of characteristic not 2, and A a finite dimensional local
k-algebra with maximal left ideal m. Suppose that A satisfies Fg, and that cxA.A=m/ D
c � 8. Then there exist infinitely many non-isomorphic and nontrivial bounded complexes
D 2 Kb.modA/ of free modules, with

1

dimk A=m

X
i2Z

dimk Hi .D/ < 2c :

In particular, if dimk A=m D 1, then there exist infinitely many non-isomorphic and non-
trivial such complexes D with X

i2Z

dimk Hi .D/ < 2c :

We end with an example of a class of local algebras satisfying the assumptions of the
last result.

Example 4.5. Let k be a field, and fix integers c � 1 and a1; : : : ; ac � 2, together with
nonzero elements qij 2 k for 1 � i < j � c. The corresponding quantum complete inter-
section is the algebra

A D khx1; : : : ; xci=.x
ai
i ; xjxi � qijxixj /

which is finite dimensional, local and selfinjective. The simple module k has complexity c.
By [9, Theorem 5.5], this algebra satisfies Fg if and only if all the commutators qij are
roots of unity in k. Therefore, when this holds, the characteristic of k is not 2, and c � 8,
there exist infinitely many non-isomorphic and nontrivial complexes D of free modules,
with X

i2Z

dimk Hi .D/ < 2c :

Examples of such algebras are exterior algebras

khx1; : : : ; xci=.x
2
i ; xjxi C xixj /

and finite dimensional commutative local complete intersections

kŒx1; : : : ; xc �=.x
a1
1 ; : : : ; x

ac
c /
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for c � 8. Note that when we computed the dimension of the homology in the proof of
Theorem 4.3, we actually obtained the precise number 2c � 2c�6 in the case when the
simple module is one-dimensional. Therefore, for the complete intersections above, we
obtain (infinitely many) complexes of free modules as in [24, Theorem 3.1].
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