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Sharp Hardy-Sobolev—Maz’ya, Adams and
Hardy-Adams inequalities on quaternionic hyperbolic
spaces and on the Cayley hyperbolic plane

Joshua Flynn, Guozhen Lu and Qiaohua Yang

Abstract. The main purpose of this paper is to establish the higher order Poincaré—
Sobolev and Hardy—Sobolev—Maz’ya inequalities on quaternionic hyperbolic spaces
and on the Cayley hyperbolic plane using the Helgason—Fourier analysis on sym-
metric spaces. A crucial part of our work is to establish appropriate factorization
theorems on these spaces, which can be of independent interest. To this end, we need
to identify and introduce the “quaternionic Geller operators” and the “octonionic
Geller operators”, which have been absent on these spaces. Combining the factor-
ization theorems and the Geller type operators with the Helgason—Fourier analysis
on symmetric spaces, some precise estimates for the heat and the Bessel-Green—
Riesz kernels, and the Kunze—Stein phenomenon for connected real simple groups
of real rank one with finite center, we succeed to establish the higher order Poincaré—
Sobolev and Hardy—Sobolev—Maz’ya inequalities on quaternionic hyperbolic spaces
and on the Cayley hyperbolic plane. The kernel estimates required to prove these
inequalities are also sufficient to establish the Adams and Hardy—Adams inequali-
ties on these spaces. This paper, together with our earlier works on real and complex
hyperbolic spaces, completes our study of the factorization theorems, higher order
Poincaré-Sobolev, Hardy—Sobolev—Maz’ya, Adams and Hardy—Adams inequalities
on all rank one symmetric spaces of noncompact type.

1. Introduction

Let G be a simple Lie group of real rank one. That is, G is one of the four groups SO(#, 1),
SU(n,1), Sp(n, 1) and F4 (see, e.g., [43,44]). Let K be a maximal compact subgroup of G,
and set X = G/ K. Then X is a rank one symmetric space of non-compact type, which is
known as the real, complex and quaternionic hyperbolic spaces, and the Cayley hyperbolic
plane, which we denote by Hy, H¢., Hg and Hé, respectively. Throughout this paper,
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we let Ax be the Laplace—Beltrami operator of X, and px will be the half-sum of the
positive roots of X. We note that

(n—1)/2, if X = HL,

n, if X = HE,
PX = .
2n + 1, if X = Hp,
11, if X =H3,

and that pgg is the spectral gap of —Ax.

Our main object of study is the sharp higher order Poincaré—Sobolev and Hardy—
Sobolev—Maz’ya inequalities and their borderline cases, the Adams and Hardy—Adams
inequalities, on X. The Hardy—Sobolev—Maz’ya inequalities, studied firstly by Maz’ya
in [65], combine the Hardy and Sobolev inequalities into a single inequality, that can be
stated as follows:

) 1 u? y 2/p o
f [Vul|*dx — —/ —dx > Cn(/ x1|u|pdx) , foru e CP(RY),n >3,
R 4 Jry xq R’
where2 < p <2n/(n—2),y = —-2)p/2 —n, R ={(x1,x2,...,x,) € R" : x1 > 0}
and C,, is a positive constant which is independent of u. (See also [24], [73], and [74] and
many references therein for Hardy type inequalities in the non-Euclidean setting.) In terms
of the half-space model of real hyperbolic spaces, one can see that such an inequality is
equivalent to the Poincaré—Sobolev inequality on Hy. The borderline case of the Hardy—
Trudinger—Moser inequality when n = 2 has been studied in [59, 72], and when n > 2,
in [56]. (See also the case when n = 1 in [13].) The higher order inequalities of such type,
namely the so-called Hardy—Adams inequalities, have been established in [53, 54,60, 64].

1.1. The case X = Hﬂg

We firstly recall the Poincaré half space model and the ball model of Hy. The Poincaré
half space model is given by Ry x R"™1 = {(x1,....x,) : x; > 0} equipped with the
Riemannian metric ds® = (dx? + -+ 4+ dx2)/x?. The induced Riemannian measure can
be written as d V' = dx/x}, where dx is the Lebesgue measure on R”. The ball model is
given by the unit ball

B" ={x = (x1,...,xp) € R" : |x]| < 1}
equipped with the usual Poincaré metric

45 = 4(dxy+ -+ dxz)
(1—|x[?)?

The factorization theorem on Hp is given,
¢ in the ball model (see [57]), by

| 2

() ot ()
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 and in the half space model (see [61]), by
x;l/z-i-k(_A)k xllc—n/zf) — P f,

where f € C*°(Hpg), A is the Laplacian on Euclidean space, Py = —Ax —n(n —2)/4
and
Pr=Pi(P1+2)---- (P1+k(k—1))

is the GIMS operator of order 2k on H]ﬁ (see [6,22,23,32,45]). On the other hand, the
Poincaré—Sobolev inequality reads as

/H,, (&% = P& — Ax)’ (=pk — A)*?u-udV = CllullF o gy
R

where 0 <o < 3,¢>0and u € Cg° (Hﬁ). Therefore, in terms of the Poincaré half
space model and the ball model of Hp, we have the following Hardy—Sobolev—Maz’ya
inequalities of higher order (see [61]).

Theorem A. Let2 <k <n/2and 2 < p <2n/(n — 2k). There exists a positive constant
C = C(n,k, p) such that, for each u € C§°(Hg),

k .
Qi —1)? R /
1.1 Paudv — | ——2L dv > C
(L.1) /Hﬁ( ) u i|:|1 e (/,

We mention in passing that the best constant C in the above Hardy—Sobolev—Maz’ya
inequalities when k = 1 and n = 3 is the same as the Sobolev constant (see [11]), and is
otherwise strictly smaller than the Sobolev constant when k = 1 and n > 3 (see [33, 34]).
In the higher order derivative cases (i.e., for k > 2), it was proved in all the cases of
n = 2k + 1, the best constants are the same as the Sobolev constants [62] (see also [37]),
and are strictly less than the Sobolev constant for n > 2k + 2.

In the borderline case, there holds the Hardy—Adams inequality. We state it as follows
(see [53,54,62]).

2/p
|uPdV> .

n
R

Theorem B. Letn > 3, { > 0 and 0 < s < 3/2. Then there exists a constant C¢ , > 0
such that for all u € C§°(Hyg) with

/ (&> — % — Ax)* (—p% — Ax)*?u-udV < 1.
Hp

there holds
(eﬂ‘)("/z’")”2 —1=Bo(n/2.n)u*)dV < C¢,y,
Hp
where A
2% T (a/2) 1P
Bo(a,n) = . [n o/ )] , O<a<n,
wp—1L T'((n —a)/2)

is the best Adams constant on R", and w,—1 is the area of the surface of the unit n-ball.

In terms of the ball model, we have the following Hardy—Adams inequalities on B"
(see [53,60,72].)
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Theorem C. There exists a constant C > 0 such that for all u € C§°(B") with

n/2 2

V"2 y? dx — (2k—1)2/ u—dxfl,
/Bn' Fax-T] = Xy

k=1 B

there holds

/ P2 — 1 — Bo(n/2.mu? |

(1 —[x[?)"
1.2. The case X = Hg

The complex hyperbolic space is a simply connected complete Kaehler manifold of con-
stant holomorphic sectional curvature —4. There are two models of complex hyperbolic
space, the Siegel domain model U" and the ball model B¢.. The Siegel domain U" C C”
is defined as

U" :={z € C": 0(z2) > 0},

where
n—1

(1.2) o(2) :ImZn—Z|Zj|2.
j=1

The Bergman metric on U” is the metric with Kaehler form v = %85 log é. Its boundary
dU" := {z € C" : p(z) = 0} can be identified with the Heisenberg group H?"~!, which
is a nilpotent group of step two with the group law

z, )o@, Y= +2Z,t +1 +2Im(z,z2)),

where z,z’ € C""! and (z, ') is the Hermite inner product

n
(z,z)) = sz z.
j=1

Setz; = x; +iy;j(1 < j <n—1)and define

T S A I and T=2
p=— P —, i =——2x;— forj=1,...,n—1, an = —-
T g T Y Ty T a1

The 2n — 1 vector fields Xq,..., X,—1,Y1,...,Yn—1, T are left-invariant and form a basis
for the Lie algebra of H2"~!. Let

1n—l 5 5
Lo=7> (X7 +77)
et

be the sub-Laplacian on H?"~!. Then the Laplace—Beltrami operator is given by

Ax = 40[0@op + T?) + Lo — (n = 1)3p].
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The ball model is given by the unit ball
c={z=(C1....zn) eC" 1 |z] < 1}
equipped with the Kaehler metric
ds?> = —ddlog(l — |z]?).

The Laplace—Beltrami operator is given by

n
32
— 2 T P
Ax =40 =12 )7 G =270 T
J.k=1
where
5., — 1, if j =k,
Pk=Y 0, if j #£k.
The Geller operator A, g is defined by (see [29])
n 2
Agp =4(1— |Z|2)[ > @ik —z7Z0) Pr
— Zj0Zk
Jk=1
(1.3) " ] u ]
+azzia—zj+/322_j gj—aﬁ].
j=1 j=1
Denote by

- d ~ d
R:sza—zj and R:szgj-
Jj=1 j=1
Then we have
1—|z2 - 1 n—1 1

— 2 ’
Aap =4(1—|z] )[WRR—W;&)JFT-W

(R+1_z)+aR+ﬁ1_e—a/3],

where ;Cg is the Folland—Stein operator ([25,31]) on the CR sphere, defined as follows:

1 _ i}
:66 = —5 Z(MJkM]k + Mjijk), where Mj,k = Zjafk — Zkazj.

j<k

For simplicity, we set
1
AN = — Ayp.
@b a4 —|zp) "

These Geller’s operators are closely related to CR invariant operators on the Heisenberg

group in the works of Jerison and Lee [40-42].

The factorization theorem involving Geller’s operators on the complex hyperbolic
space plays an important role in establishing both the higher order Poincaré—Sobolev and
the Hardy—Sobolev—Maz’ya inequalities on the complex hyperbolic spaces, and can be

stated as follows (see [63]).
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Theorem D. Leta € R and k € N \ {0}. In terms of the Siegel domain model, we have,
foru € C*®°(U"M),
k

[1l0000 +ade +0T?+ Lo —ik +1-2j)T] (@*"~*/?u)
Jj=1

k
(1.4) =47 g "t OR TTAx + 0% — (a —k +2j —2)*]u.
i=1
In terms of the ball model, we have, for f € C*°(Bg.),
k . .
(k+1-2j)®2 k+1-2j — e

[T [A0-ammyztimamyo+ ———— = —5—LR=B) |l |z &=/ 1]
j=1 .
(1.5) = 47K — |2y~ *F O T [Ax +n® — (@ —k +2j —2)?] f.

j=1

We note that the left sides of (1.4) and (1.5) are closely related to the CR invariant
differential operators on the Heisenberg group and CR sphere, respectively.
We also have the following Poincaré—Sobolev inequality on H(.:

[Hn (&% = p% — Ax)* (—p% — &) u-udV = Cllullg ).
C

where 0 < a < 3,¢ > 0and u € Cg°(H¢). Therefore, in terms of two models of H, we
have the following Hardy—Sobolev—Maz’ya inequalities:

TheoremE. Leta € R, 1 <k <nand 2 < p <2n/(n—k). In terms of the Siegel domain
model, there exists a positive constant C such that for each u € C§°(U"), we have

- dzdtdo
/ f u ] [~0d00 — ady — oT? — £o +i(k + 1—2/) T]u S
]HIanl 0

Jj=1

k .
—k 42/ —2)? g2
j=1 4 H2r—-1 Jo o a

o0 2/
zc(/ / |u|pgydzdtdg> ?
H2n71 0

where y = (n —k +a)p/2 —n — 1. In terms of the ball model, we have for f € C§°(B¢),

k 1 j
(k+1-2j)2 k+1-2j  — dz
/
/]B% ij:[1 |:A(1—a—n)/2,(l—a—ﬂ)/2 + 4 2 (R=R)| f (1—|z]?)t-a

_ﬁ(a—k+2j—2)2/ 12 s
B

w (1 — |7[2)k+1—
4 n (1 —|z[?)frize

j=1

. c([% =12y )



Higher order Poincaré—Sobolev and Hardy—Sobolev—Maz’ya inequalities 409

In the borderline case, there holds the Hardy—Adams inequality; we state it as follows.

Theorem F. Letn > 3, { > 0 and 0 < s < 3/2. Then there exists a constant C¢ ,, > 0
such that for all u € Cg°(H¢) with

[ @ 5= 80 - 0wy < 1.
HE.

there holds

» (ePo2m* | _ Bo(n.2n)u?)dV < Cgp.
C

Furthermore, in terms of the Siegel domain model, we have that for all u € C§°(U") with

dzdtdo

4"/}}112%1/(; ul_[[—gagg—aag—QTz—éﬁo—i—i(k—i—1—2j)T]u o1a
Jj=1

n ) [} u2
_l—[(a—n+2]—2) /I:Hzn_lfo WdZdl‘dgfl,
j=1

there holds

00 GBo(m,2m)ou> _ | _ 211) 0% u2
/ / ‘ — Lo 2O 2 e < .
H2n-1 Jo Q"

In terms of the ball model, we have that for all u € C§°(Bg.) with

n ) .
(n+1-2j)2 n+1-2j _ dz
4n/n fn[A/(l—a—n)/z,a—a—n)/er - (R—R)]f
C

—-(2)1—
j=1 4 2 (1—-|z|>)t-a
k u2
— (a—k+2j—2)2/ —— dz <1,
]'1:[1 Bf(‘; (1 _ |Z|2)n+l—a
there holds

dz <C.

/ ePon.2m) (=12 _ 1 _ By 2n) (1 — |z|2)® u?
B

. (1= |z

1.3. Our main results

In this paper, we will consider the higher order Poincaré—Sobolev and the Hardy—Sobolev—
Maz’ya inequalities on the remaining two rank one symmetric spaces of non-compact
type, i.e., the quaternionic hyperbolic spaces H6’ and the Cayley hyperbolic plane Hé.
The first main result is the factorization theorems. We shall use the NA group model (or
Damek—Ricci space) and the ball model. We note (see [3, 19, 20]) that the Damek—Ricci
space is a solvable Lie group with a left invariant Riemannian structure which includes all
the rank one symmetric spaces of non-compact type.



J. Flynn, G. Lu and Q. Yang 410

The Damek—Ricci space NA is a semi-direct product of A = R with a group of Heisen-
berg type N. Let n be a Lie algebra of NV, let 3 be the center of 11, and let ) be its orthogonal
complement. Denote by Q = % dim b + dim 3 the homogeneous dimension of N. We
parameterize the elements in N = expu by (X, Z), for X € h and Z € 3. Then the group
law is given by

— 1
X.2)X'Z)=X+X.Z+Z +5[X.X]).
Thus the multiplication in S = NA is given by
(X.Z.a)(X'.Z'.a") = (X +a'?X'.Z +aZ' + La"*[X,X".ad), a.d’ >0.

Let Az denote the Euclidean Laplacian on the center of N, and let &£, denote the sub-
Laplacian on N. Let o denote the A-coordinate of a general point in S, and let d, denote
the unit vector in the Lie algebra of A. Then the Laplace—Beltrami operator Ag on S is
given by

As =4o [Q(agg +Az)+ Lo — (0 — 1)89]

and the bottom of the spectrum of —Ag is Q2.

Firstly, we establish the factorization theorem on a Damek—Ricci space, from which
the factorization theorems on the quaternionic hyperbolic spaces and the Cayley hyper-
bolic plane follow naturally. We state it as follows.

Theorem 1.1. Leta € R and f € C*®(UWU). There holds

k
okt+o+a/2 H [QagQ +ady+o0Az+ELo—i(k+1— 2j),/_AZ] (Q(k—Q—a)/2f)
j=1
: > —k +2j —2)?
=l_[{Q[Q(aQQ+Az)+§CO—(Q_1)3Q]+QT_(a 4] )}f
j=1

To state the factorization theorem on the ball model of H(gl, we need to introduce some

conventions. First recall that the quaternionic space Q™ may be identified with C2™ by
the correspondence

Q"3qg=(q1.,....qm) < C*™ 32 =(z1,....22m).

where g; = zj + zp 4 j i2. This allows us to write A in terms of the complex coordinates z:

m
L 9
B @) =40 = P 3 (G =55~ Fmssme) 3o f
i,j=1 L
N ; 9 f . . *f
+ (ZiZm+j — Zm+i Zj) M + Gmtizj — Zi Zmyj) m
02 f —
8“__' j i_m 1) 5 o= R R 5
+ (8ij — Zi Zj — Zm+i Zm+j) FE 8Zm+j> + R+ }
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where now
2m 9 _ 2m 9
R = zi— and = Zi—
25, 255
Jj=1 j=1

We introduce the following “quaternionic Geller operators™: given o € C, define the
quaternionic Geller operator

m 2 f
Ao f(z) = 4(1 — |Z|2){ ”2 ((5ij T2 Ikt Ik ) e
) B 82f B _ 82f
+ GizZmtj — Zm+iZj) Vomei 0% + Cmtizj = ZiZm+)) 0z 0Zm
927

+ (8ij —ZiZj — Zm+i Zm+j) ) + (1 +a)(R+R) —a(a+1)}.

0Zm+i 0Zmy

In particular, Ag = Ax, and if we set

1
Ay = ——— Ag,
T ETES B

then _
A, =Ay+a(R+R)—a(x+1).

We emphasize the analogy between Ay and D, g by pointing out the following intertwin-
ing relationships: for u € C*°(B.) and s € R, there holds

As n s—n [(1 - |Z|2)S_n u] = 4_1(1 - |Z|2)s_n [Ao,o + 4s(n—s)]u on B%
and, foru € C*(Bg) and s € R, there holds
Asam—1 [(1= 272" u] = (1= 212" 72" [Ag + 4s(2m + 1 —5)]  onBg.

Recall that the spectral gaps of —Ag and —Ag are (2m + 1)? and n?, respectively.
Similarly, we can also define the Geller’s operators A, on Hé through the intertwining
relationships in terms of the ball model,

Ao [(1=1x)"Hu] = (1 =[x~ [Ax + 4s(11 = 5)].

where 11 is the spectral gap of —Ax on H é. Now we can state the factorization theorem
on the ball model of Hgy.

Theorem 1.2. Leta € R and k € Nog. Set ' = (R — R)> — 2D, D — 2D D1, where

SNV B 3 — - d d
D1:Z{2am—zn+a E} and D1=Z{2aﬂ—zn+a 3?}

a=1 a=1 a
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Then, in the ball model, for all f € C °°(]B% ), there holds

k . .
k+a+@m+1) (k+1-2j)> k+1-2j
4k(]—|z|2) 3 H[A’(l —a—@m+1y)2t —i 3 T+ f

Jj=1 4
k
= l_[ [Ax + 2m + 1)2 —(a—k+2j— 2)2] [(1 _ |Z|2)—(k—a—(2m+1))/2f].
=1

The factorization theorem on H, (12) in terms of the ball model is more complex than
that in H(g’ and H¢, and involves rather involved computations. We shall address it in a
forthcoming paper.

The second main result is the higher order Poincaré—Sobolev inequality. Using precise
estimates for the Bessel-Green—Riesz and the heat kernels, we obtain the following.

Theorem 1.3. Let0<y <3,0<y,2<pand0<{. CallN =dimX. If 0<y’' <N —vy,
suppose further that2 < p < Then there exists a constant C > 0 such that, for
all u € C§°(X), there holds

2N
N—-(y+y)*

lull, < C|l(=Ax = p% + 14 (—A = 3" *u [

Using Theorem 1.3 and the factorization Theorems 1.1 and 1.2, we obtain the follow-
ing Hardy—Sobolev—Maz’ya inequalities on X. Here we state only for H6’.

Theorem 1.4. Leta € R, 1 <k <2m,2 < p < 522 and A <]_[ _(a—k+2j—2)?/4
Then there exists a constant C > 0 so that, for all u € Cp°(Ug ) there holds

dxdzd
/Hm 1/ H —00gg —adg —0Az — Lo —i(k +1-2j) /_AZ] Q

[ [
HY! e HG ' /o

where UG, is the quaternionic Siegel domain and Hg_l is the quaternionic Heisenberg
group. In terms of the ball model, for all f € Cg° (BS), there holds

k . ‘
(k+1-2j)*  k+1-2j dz
/
/m f H I:A(lfaf(2m+l))/2 + 2 —1 > VT + l]f W
o j=1

f? / 5 Cmtl—kta) 2/p

-1 — L dz>C P — 5 @m-2) 4 '

By, (1 — [z[2)k+1=a Z= ( - |17 (= 1zI%) z)

In the limiting case, we can establish the Adams inequality on X.

Theorem 1.5. Let 0 < o < 3 and ¢ > 0. Then there exists a constant C > 0 such that, for
allu € C§°(X) with

[(=Ax — p% + 2@/ (—Ax — p%)**ull> < 1,
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there holds

/ (Po NI 1 _ (/2 N)u?)dV < C.
X

As an application of Theorem 1.5 and the factorization theorem, we have the following
Hardy—Adams inequalities on X. We also state them only for Hg o

Theorem 1.6. Let a € R. There exists a constant C > 0 such that, for all u € C, °°(B )
with

2m

em+1-2j)* 2m+1-2j wdz
42m/ ”H[A/ﬂ—a—@mﬂ))/ﬁ —i \/r+1]ﬁ
Q j=1 4 2 (1—|z2)

2m 2

. 2 u
_H(a—2m+2]—2) A@(l—lzlzdeSL

J=1

there holds

ePo@m,am) (1—|zH)@tD/2y2 | Bo(2m, 4m) (1 — |z|?)@+D/2y2
dz <C.

(1—|z[2)2m+2

In terms of the Siegel domain model, we have that, for all u € Cg°(Ug) with

dxdzd
42’”/ / H 00— ady — 00z — £o +ilk+1-2j)v=Az |u =22
]HIm

—H(a—n+2]—2)2/ / 2m+1adxdzdg<1

there holds

00 pBo(@m dm)e u* _ | _ Bo (2m,4m) o® u?
- Q2m+2

dxdzdo < C.

Finally, we set up some Adams type inequalities on Sobolev spaces W*"/¢(X) on X
with dimension N, for arbitrary positive fractional order « < N. More precisely, we have
the following.

Theorem 1.7. Let N > 2, let 0 < o < N be an arbitrary real positive number, set
p=N/o, and let ¢ satisfy L >0if 1 < p <2, and ¢ > px(1/2—1/p) if p > 2.
Then for measurable E with finite Riemannian volume measure in X, there exists C =

C(¢ a, N, |E|) such that
1 /
= [ exvtbota My av =
|E| JE
for any u € W*P(X) with [y |(-Ax — p% + e 2y|PdV < 1. Here p’ = p/(p — ).

Furthermore, this inequality is sharp in the sense that if Bo(a, N) is replaced by any
B > Bo(a, N), the above inequality can no longer hold with some C independent of u.



J. Flynn, G. Lu and Q. Yang 414

Theorem 1.8. Let N > 2, let 0 < o < N be an arbitrary real positive number, set
p = N/, and let ¢ satisfy { > 2px |1/2 — 1/ p| . Then there exists C = C({, y,n) such
that the inequality

/X By (Boler. N) [ul? ) dV < C

holds simultaneously for any u € W*?(X) with [y [(—Ax — ,0% + 2 2y|P gV < 1.
Here
=
Op()=e' — ) —.  with j, =min{j e N: j = p}.
j=0 7/
Furthermore, this inequality is sharp in the sense that if Bo(a, N) is replaced by any
B > B(2n, a), then the above inequality can no longer hold with some C independent

of u.

Notice that |1/2—1/p| < 1/2 provided p > 1. Choosing { = px in Theorem 1.8, we
have the following.

Corollary 1.1. Let N > 2, let 0 < o < N be an arbitrary real positive number, and set
p = N/a. There exists C = C(w, n) such that the inequality

/X%(ﬁom,zv)wv’)dv <c

holds simultaneously for any u € WP (X) with fX [(—Ax)*2ul? dV < 1.

To summarize, the following remarks are in order. In recent years, the second and third
authors of this paper used the Helgason—Fourier analysis techniques on hyperbolic spaces
to establish higher order Hardy—Sobolev—Maz’ya inequalities in our earlier works [61]
and [62], and Hardy—Adams inequalities with Li in [53, 54, 60] on real hyperbolic spaces,
and on complex hyperbolic spaces in [63]. The main purpose of this paper is to establish
the higher order Poincaré—Sobolev and Hardy—Sobolev—Maz’ya inequalities on quater-
nionic hyperbolic spaces and on the Cayley hyperbolic plane using the Helgason—Fourier
analysis on symmetric spaces. A crucial part of our work is to establish appropriate factor-
ization theorems on these spaces, which can of independent interest. To this end, we need
to identify and introduce the “quaternionic Geller operators” and the “octonionic Geller
operators”, which have been absent on these spaces. Combining the factorization theorems
and the Geller type operators with the Helgason—Fourier analysis on symmetric spaces,
some precise estimates for the heat and Bessel-Green—Riesz kernels, and the Kunze—Stein
phenomenon for connected real simple groups of real rank one with finite center, we suc-
ceed to establish the higher order Poincaré—Sobolev and Hardy—Sobolev—Maz’ya inequal-
ities on quaternionic hyperbolic spaces and on the Cayley hyperbolic plane. The kernel
estimates required to prove these inequalities are also sufficient to establish the Adams and
Hardy—Adams inequalities on these spaces. This paper, together with our earlier works on
higher order Hardy—Sobolev—Maz’ya inequalities on real hyperbolic spaces (see [61,62])
and Hardy—Adams inequalities on real hyperbolic spaces (see [53, 54, 60]) and on com-
plex hyperbolic spaces [63], completes our study of the factorization theorems, higher
order Poincaré—Sobolev, Hardy—Sobolev—Maz’ya, Adams and Hardy—Adams inequali-
ties on all rank one symmetric spaces of noncompact type. The factorization theorems
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and higher order Poincaré—Sobolev and Hardy—Sobolev—Maz’ya inequalities on general
higher rank symmetric spaces of noncompact type will be studied in a forthcoming paper.

The organization of the paper is as follows. In Section 2, we recall some necessary
preliminary facts of quaternionic hyperbolic spaces and the Cayley hyperbolic plane.
We shall prove the factorization theorem, namely Theorem 1.1 and 1.2, in Section 3.
In Section 4, we recall some necessary facts of Funk—Hecke formulas for Sp(m) x Sp(1)
and Spin(9), and use them to compute some integrals in term of hypergeometric func-
tion. Sharp estimates of Bessel-Green—Riesz kernels and their rearrangement estimates
are given in Section 5 and Section 6, respectively. We shall prove the higher order Hardy—
Sobolev—Maz’ya inequalities, namely Theorems 1.3 and 1.4, in Section 7. In Section 8,
we prove the Hardy—Adams inequality, namely Theorems 1.5 and 1.6. In Appendix A, we
show the Adams type inequality, namely Theorems 1.7 and 1.8.

2. Preliminaries

We begin by setting up notations and then recall proper definitions shortly after.

Let Q and Ca denote, respectively, the quaternions and the Cayley algebra (i.e., octo-
nions). Let H&' denote the quaternionic hyperbolic space of real dimension 4m, and
let Hc, denote the Cayley plane of real dimension 16. In general, we will use [F to denote
any of the three normed division algebras {C, Q, Ca}, and Hf' to denote the correspond-
ing hyperbolic space with [F-dimension . We recall that Hy' is a Riemannian symmetric
space and that, as homogeneous spaces, there hold Hg = Sp(m, 1)/Sp(m) x Sp(1) and
Hcqa = F4/ Spin(9). Since there is only one Cayley plane, we shall often remove dimen-
sional superscript and subscript decorations whenever specifying F = Ca; for example,
Hy' with F = Ca shall be written simply as Hcg.

We will also use Bﬁ? C F™ and ‘ug to denote HE’?” when realized, respectively, in
the Beltrami—Klein ball model and in the Siegel domain model. Let S47~1 = dBg and
S15 = 9Bc, denote, respectively, the quaternionic and octonionic spheres, and let do
denote the round measure (i.e., the standard surface measure endowed from the ambient
Euclidean space). Note that Bc, C Ca? = R1°.

Next, let HJ, denote the Heisenberg group over F € {C,Q, Ca}, and let Z = Z(Hp)
denote the center of H%. We make the identifications Hfé =R?" x R, Ha = R*" x R3
and He, = R® x R7, and note that Z(Hg) =R, Z(Hfé) =R3and Z(Hc,) = R7. The
homogeneous dimension of Hy; is given by O = dimg Hy + dimg ImFF. In particular,
the homogeneous dimensions for HZ., Hﬁ’Q and Hc, are, respectively, 2n + 2, 4n + 6
and 22.

Recalling that the boundary of H' has a natural group structure given by HJ’F”_I, we
shall choose the normalization of the metric on Hp' and sign convention on Ax so that

spec(—Ax) = [0?/4, c0).

We recall that Q /2 also has the interpretation as px, the half sum of positive roots of H'

counted with multiplicities. In particular, on H, H and Hc, we evaluate Q /2 to be,
. Q

respectively, m, 2m + 1, and 11.
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For the convenience of the reader, we include a short dictionary of the Laplacians
considered in this paper:

A <«w>  Laplace-Beltrami operator on Hy' whenIF = Q or Ca,
Apgn  <w>  Laplace-Beltrami operator on Hy, for a specified n,

Az <w>  Euclidean Laplacian on the center Z = Z (H]’F"_l),

Ap <w>  The sub-Laplacian on Hﬁ;”_l.

In the ball model, the Riemannian volume forms on H6’ and Hc, are given, respec-

tively, by

dz dx
=——  and dV =——"—
a—fzpymez =)

where dz and dx denote, respectively, the Lebesgue measure on C™ and R16.

dv

2.1. Automorphisms and convolution

In this section, we recall a family of automorphisms on B which are isometries and
which are used to define convolution on ]B%g. Analogous automorphisms are also defined
for B¢, but require more notation, and thus we direct the reader to [71], p. 56, for formal
definitions.

Following [71], we define for each w € Ba the automorphism ¢y, ]B%S — Bg as

ow(z) = (1= (z,w)Q) ™" (w— Py(z) — VI —|[w]? Qu(2)),
where

(z.wholwl 2w ifw #0,

0 ifw =0, and Qy(z) =z — Py(2).

Py (2) ={

We recall some properties of these automorphisms in the next proposition (see [71]).
Note that property (iv) is not present in [71], but it is straightforward to prove.

Lemma A. For each w € Bg, the automorphism @y, satisfies the following properties:
1) ow(0) = w and gy (w) = 0;
(i) forz e B™, there holds

(1= wP) A —]z)

1- 2=
o @ =

(iii) @y is an involutory isometry of Bg;
(iv) for z € B, there holds

: low (2)] |z —w? + [{z, w)g|* — |2 [w|*\1/2

sinh(p(¢w (2))) = = :

Y V1= |pw@)2 ( (1 —[w)(1 —|z|?) )
1 1—(z,w
cosh(p(gw (2))) = 1. vl

T low@F  JA— P —zP)
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We will use ¢y, to also denote the analogous automorphisms on B¢,. We record in
the following lemma the analogues to the properties recorded in the preceding lemma. In
preparation, if z = (z1,z2), w = (wy, w2) € Bey C Ca?, then let
|1—(21w2)(w2_1w1)—22E2|2 lf wZ#O,
|1—21w1|2 if w2=0.

‘IJ(Ca(Z,U)) = {

We also have W, (z, w) = Ocy(z, w) —2(z, w)r + 1, where
Dealz,w) = |21 lwi ] + |22 (w2 ] + 2R (21 22) (Wi w2)),

and {-,-)r is the Euclidean inner product on R!®. We also remark that ®c,(z, w) is an
analogue of the form |(z, w)Fr|?, and W, (z, w) is an analogue of the form |1 — (z, w)g |?,
where F € {R, C, Q}. We point out that Uc,(z, w) < |z|? |w|?.

Lemma B. For each w € Bcg, the automorphism ¢y, satisfies the following properties:
1) @ (0) = w and ¢y (w) = 0;
(i1) for z € Bcg, there holds

(1 =JwP)(1=z])
\If(ca(Z,'LU) ’

1= lpw(2)|* =

(iii) @y is an involutory isometry of Bca;
(iv) for z € Bcg, there holds

| @l (WeaGow) — (1= 2P = w12
sinh (p (¢ () = —1—|¢w(z)|2_( Cend )
cosh (p (gu (2))) = ——— eae. 1)

ST lw@F  JO-wPi-zp)

With these automorphisms defined, we introduce the following convolution on ]BI’F”:
for two functions f and g on ]B%I'F”, let

(f *8)(2) = /Bm S (pw(2) g(w) dV(w),

whenever this is well defined. It is easy to see that, if f is radial, then f x g = g * f,
when defined.

2.2. Helgason—Fourier transform on quaternionic hyperbolic spaces and on the
Cayley plane

In this section, we recall the Helgason—Fourier transforms on the quaternionic hyperbolic
spaces and on the Cayley plane, as well as the resulting Plancherel and inversion formulas
(see [27,35,36,70]). Given a function f on B?, the Helgason—Fourier transform f is
defined by the formula

for= [ rerens@av.
Q
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for A € R and ¢ € S#"~1, provided this integral exists. Here,
) 1= |z|2 (@m+1)+id)/2
rete = () ,

: I1—(z.5)o I?

defined for z € By, A €Rand ¢ € ¥~ are eigenfunctions of A with respective eigen-
values —(2m + 1)2 — A2. Note that, for z € Bg and¢ € S4m=1the function

( 1—|z|2 )2m+1
I1—{z,¢)o
is the Poisson kernel on Bg.

Analogously, if f is a function on Bc,, then its Helgason—Fourier transform f is
defined by the formula

For= [ ferenseav.
Q

for A € R and ¢ € S#"~1, provided this integral exists, where now
1= |z|2 )(11+i,1)/2
le(Ca (Zv §)

defined for z € Bc,, with A € R and ¢ € S'°, are eigenfunctions of A with respective
eigenvalues —121 — A2. Note that, for z € Bg and g € S4m=1"the function

1—|z]> \11
( Yea(z,6) )
is the Poisson kernel on B¢, .
The Helgason—Fourier transform enjoys the following properties:
(i) For f,g € C§°(By) and g radial, there holds
frg=7-2

(i) For f € C§°(By), there holds the inversion formula

ens@ = (

’

£(2) = Cn / [S FOu6) ere (@) e dado(s).

where C,, is a positive constant and c(A) denotes the Harish-Chandra c-function;
see [35], p. 436, for an explicit formula.

(iii) For f € C§°(By'), there holds the Plancherel formula

/ f@PdV = cm/ / PO )2 dAdo (o).
Bﬁ’; —o0 J S|
(iv) For f € C§°(By), there holds

2, 97

BF(he) =—(22+5-) (o).
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3. Factorization theorems for the operators on X: proof of
Theorems 1.1 and 1.2

3.1. The factorization theorem on the Damek-Ricci space

Lemma 3.1. Leta € R and f € C*®(U). There holds

[0000 + ady +0A7z + £0] (U279/2 f)

2 N2
= 70O [0y + Az) + 20— (@~ o] + L~ CT D

b

Proof. For reference, we provide explicit computations as follows. Observing that, for
any 8 € R, there holds
Qﬂ-i-l [Qagg +ad, +0Az + ;@0] (Q_ﬂf)
=0[0(dg0 + Az) + Lo — (2B —a)dp| f + BB+ 1—a) /.

we may choose § = (Q — 1 4+ a)/2 to obtain

Q(1+Q+a)/2 [QaQQ + Clag + QAZ + ch] (Q(l_Q_a)/zf)

2 _1)2
= {Q[Q(agg + Az) +$0—(Q — 1)89] + QT _ (a 41)

b

The desired result follows. [

Lemma 3.2. Let § € R. There holds
[0900+ @+ )3 + 0Az + Lo] {[0000 + (@ — 1)3y + 087 + Lo]” + (B — 1)>Az)
= {[0d + ady + 0Az + Lol* + B> Az} [00p0 + (@ + B —2)3, + 0AZz + Lo].
Proof. Since
3o [0000 + (@ — 1)y + oAz + £o] = [0000 +ady + 0Az + £o] 0 + Az,
we have
dg [00g0 + (@ —1)3, + 0AZ + 550]2
=000 +ady + 0Az + £0] 8y [0300 + (a—1)3p + 0AZ + Lo
+ [0000 + (@ —1)0, + 0Az + £0] Az
= [0000 + @By + 0A 7z + £0]% 35 + [0900 + ady + 0A 7z + £0] Az
+ [0000 + (a—1)0y + Az + £0] Az
= [0000 + adp + 00z + Lo]” 8 + 2 [0000 + ady + 00z + Lo] Az — Azd,.
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Similarly,

[0000 + (a — 1)y + 0 Az + o]
= [0800 +adg + 0Az + Lo [0, + (a — 1), + 0 Az + £o]
— 9o [0000 + (a—1)0, + 0AZz + £0]
= [0000 + ado + 00z + Lo]” —2[0000 + ady + 0Az + £0] 8, — Az

Combining these two computations, we obtain

[0800+(@+B)d, + 0Az + Lo] {[0000+ (@ — )y + 0Az + L] + (B —1)2Az)
= [0000 + @By + 087 + £0]{[0900 + (@ — 13y + 0Az + Lo|” + (B - 1)?Az)
+ Bo{ [0000 + (a — )3y + 0A7 + Lo]” + (B~ 1)*Az)
= [0000 +ady + 0Az + L]
x {[0000+ado+0Az+Lo]” —2[0000 + ady + 0 Az + £0] 9, + BB — 2 Az}
+ B{[0800 + ady + 00z + L0]* 8o +2[0800 + ady + 0Az + Lo Az
+ B(B —2)Azd,)
— {[0000 + ady + 00z + Lo|* + B*Az} [0000 + (a + B —2)8, + 0Az + Lo] .
This provides the desired identity. ]

Lemma 3.3. For k € N \ {0}, there holds

[0000 + (a + 2k)d, + 0AZ + Lo
k

{lodge + (a— 13 + 0Az + £ol* + 2/ —1)*Az}
=1

J

k
= (QSQQ—l—aaQ + oAz + ifo) 1_[ {[QBQQ +(@—1)0, +0Az + ;Co]z + 4]'2Az},

j=1
and

[QBQQ + (Cl + Zk)aé? + QAZ + ;60] (Qagg + aag + QAZ -+ io)
k—1

x [ (0300 + (@ = 1)3o + 08z + £0)* + 4j°Az]
j=1

k
=[] {ledee + (@ —1d, + oAz + £o]P + 2j —1)?Az).

Jj=1
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Proof. By Lemma 3.2, we have
[0000 + (a +2k)3, + 0AZ + Lo

k
X 1_[ {[0000 + (a —1)d, + oAz + 580]2 +(2j — 1Az}
j=1
= (0000 + (a +2k)dy + 0Az + Lo]
x {[0000 + (@ — 10y + 0Az + £o]* + 2k — 1)2AZ)
k—1
{[0000 + (@ — 13y + 0AZ + :60]2 +(2j —1)*Az}

Il
-

Do +ady + 0Az + Lo|* + 4k2AzZ)
agg+(a+2k 2)d, + 0Az + Lo

= {lo

a-.—u—\\-

]_[ [0000 + (@ — 13y + 0A7 + £0]” + (2 — 1)*Az).

By repeating this process, we get the first identity in the lemma. The second identity is
similarly obtained. u

Proof of Theorem 1.1. 1t is sufficient to show

k
[ 0000 +ade+ oAz + £o—itk +1—-2j)y/=Az ]| (e*279/% )

j=

—

k 2 _k L 2
= g4+ [ olo(igy + Az) + £o—(Q g+ - - U EE =200
j=1

We shall prove the theorem by induction. We have that, by Lemma 3.1, the identity above
is valid for k = 1. Now assume it is valid for k = [, i.e.,

l
1_[ [0000 +adp + 00z + Lo —i(l +1—2j)y=Az](c""979/2 f)
Jj=1

l

= 0=+ 04912 [T {0000+ Az) + Lo — (Q—1)3,] +
j=1

0* (a—1+2j-2)
g

Making the substitution a — a — 1, we obtain

I
[[l0900 + (=13 + Az + Lo —i(l +1—-2j)y=Az] (e"~274*V/2 1)
j=1
d 0% (a—1-142j-2)

= 72+ 02 T olo(go+A2)+£0—(Q ~ Vgl + =~ ; 2
j=1
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If [ is even, then Lemma 3.3 gives us
[0do + (a + D)3y +0Az + £Lo]

/
x [T ledoe + (@ = 1)dy + 0Az + £o—i(l +1—2j)y/=Az]

j=1
= [0800 + (a + 13y + 02z + Lo]
1/2
x [T{[00e0 + (@ — 1)y + oAz + £o]? + 2 —1)?Az)
j=1

1/2
= (000 +ady + oAz + Zo) [ [ {[0900 + (@ — 1), + 0Az + £0]” + 4j2A 7}
j=1

I1+1
= [][000 + (a— 1+ oAz —i(l +2-2j)y/-Az].
j=1

Therefore, by Lemma 3.1, there holds

[0000 + (@ + )3, + 0Az + £o] o T2 Ta~D/2

i . y .
><H{9[9(399+Az)+§80—(Q_1)ag]+Q4 _(a +2j—3) }f
j=1

4
—(+Q+a+1)/2 l 2 (Cl—l-‘r2j—3)2
j=1
The case for / is odd is obtained by the second identity in Lemma 3.3. -

3.2. The factorization theorem on the ball model of H‘g’
Recall that

R 0% f
Ao f(z) =41 —|z]7) Bij —ziZj — Zm+iZm+j) =

ij=1 aZi 8Zj
9> f _ . > f

_-J T T
aZm-H' 351' +( m+i “j i m+]) az,- 82m+j
02 f

0Zm+i 0Zm+j

+ ZizZm+j — Zm+i Zj)

T et ) )+ (o) R+ B~ ota + 1)

and

1
A = ——— A,.
“ Tz

It is easy to check that

3.1 Ay =2+ @=B(R+R)+(B-a)B+a+1).
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Denote by r = |z| and write

1 ! 1+r
=—1In
P=2 1=,
Then :
r
coshp = ———, sinhp= ——— and 9, = (1—r?)d,.
V1 —r2 1—r2 ? !
Furthermore, if f = f(p), then
(3.2) Af(p) =02 f + ((4m — 1) coth p 4 3tanh p) 3, f.

By using the identity

A(fg) = gAf +2(Vf Vg) + fAg
and (3.2), we have
Al(cosh p)? f] = fA(cosh p)® + 2(V(cosh p)?,V f) + (cosh p)? A f
= [(4m 4+ a + 2)a(cosh p)* — a(a + 2)(cosh p)*~?] f
+ 2a(cosh p)*~!sinh pd, f + (coshp)?Af (. (Vp,Vf) = d,f),
i.e.,
[A—(4m + a + 2)a][(cosh p)* f] = [A — (4m + a + 2)a][(1 — |z[)*/? f]

= (cosh p)®~2 [(cosh 0)?A + 2a tanh pdp —ala + 2)] f
(3.3) = (coshp)?~? [4Ay + 2ard, —a(a +2)] f

= (coshp)* > [4Ay +2a(R+ R)—a(@+2)] f (. R+R=rd,)

= 4(cosh p)a_zA;/zf.

We are now ready to give the:

Proof of Theorem 1.2. It suffices to show the following:

k . .
k—a— (k+1-2j)%>  k+1-2j
4k(COShP) k—a (2m+1)l_[[ /(l—a—(2m+l))/2+ 4 —1 2 Vr+l]f
j=1

k
=TT[A +@n+1)?—(@—k +2j —2)*][(cosh p)—a-@m+D 1],
j=1

We shall prove this by induction. For k = 1, we have, by (3.3),

[A+ @m + 1)? — (a — 1)?] [(cosh p)I=a=C@m+D £]

(3.4) ~l-a-
= 4(coshp)~17 (2m+1)A/(1—a—(2m+1))/2f'
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Assume it holds for k. Replacing a by a — 1, we have

4k (COSh p)—k+1—a—(2m+l)

k . :
k+1-25)* k+1-2j ——
(3.5) <1 [A/(z—“—<2m+1>>/2 + 4 o 2 I+ 1]f
. j=1

k
=[][a+@n+1)*—(a—1—k+2j—2)*][(cosh p)*T17¢=Cm+D r],
j=1

Then for k + 1, we have, by using (3.4) and (3.5),

k+1
[T[A+ @m+1)?—(a—1-k+2j —2)*][(cosh p)FH!17a=Cm+D ]
j=1

=[A+Q@m+ D2—(@—-1+ k)z] 4K (cosh p) ~k+1-a—@m+1)

k . .
k+1-2/)?2 k+1-2j
X l—[ [A/(Z—a—(2m+1))/2 + 2 —1 ) VI + 1]f

J=1

_ gk+1 —k—1—a—(2m+1
= 4"7"(cosh p) a-@mrl). A/(1—k—a—(2m+1))/2

k . .
k+1-2/)?2 k+1-2j
x l—[ [A/(Z—a—(2m+1))/2 + 2 =1 ) vI+ 1]f-
ji=1

The rest of the proof is similar to that given in [63] by using Lemma 3.5, and we
omit it. The proof of Theorem 1.2 is thereby completed. ]

Before the proof of Lemma 3.5, we need the following.

Lemma 3.4. There holds

, N L

(A ,[R+R]]=A0—§(R+R)+Z(R+R) —ZF.
Proof. We compute
D1Dy = (Zj Omtj — Zm+j 0;) (Zi Omsi — Zm+i 0)
= Zi Zj Om+i Om+j — Zi 0i — Zj Zm+i 0i Om+j — Zm+i Om+i
— Zm+jZi 0j0m+i + Zm+j Zm+i 0;0;

and

DDy = (2j 0m+j — Zm+; 9;) (Zi Omsi — Zm+i 0;)

= 2 Zi Om+j Om+i — Zi 0i — Zj Zm+i Om+j 0i — Zm+i Om-+i

— Zm+j Zi 0j Om+i + Zm+j Zm+i 0 0;
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and so

m
—2D1Dy —2D 1Dy =2(R+ R) =4 Y (2% Om+i Omtj + Zmti Zmj 0i 0;)
Ji=1
m - -
+4 Z (2i Zmtj Om+i 0j + Zmi Zj 0i Omtj) -
ij=1

A straightforward computation provides

1 — — - & .
E[A&vR‘*‘R] =Ay—(R+R)+ RR+ Z Zm+i Zm+j 0i 0j + Zi Zj Ometi Ot j

i,j=1
m
- Z Zi Zm4j Om4i 0 + Zmi Zj 0; Oy
ij=1

— — 1 — — —
:Ai)—(R-I-R)—i-RR-l-Z(2D1D1+2D1D1+2(R+R))
1 — S
=A§)—§(R+R)+RR+E(DID1+DlDl)
— 1 — 1 _
=A6+RR—§(R+R)+Z((R—R)Z—F).

The results follows. u

By Lemma 3.4, it is easy to check that
[AG. Ajl = (@~ B) [R + R, Ag]
—2(8—a) (A()— %(R—i- R) + %(R +R? - %r).
We shall frequently use the fact
[T,AL]=TA,—A,T =0.

Lemma 3.5. There holds

Ali—k-a)/2 {[Al(zfa)/z + & _41)2]2 L _41)2 {r+ 1}} f
= {[ (-ay2 T g]z - g {r+ 1}} Alsk—ay2 [

Proof. We compute, by using (3.1) and Lemma 3.4,

(k —1)?
/(1—k—a)/2[ a2 T a1 ]
k2 k — k
= ( /(l—a)/z + T - E(R"F R) + 5(2—0—]())
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k? k
X (Blcaye + 7+ 3 (R+R)+ =)
k2

-
2
= (A2 + 4) + - (A’(l s T o )(R+R)——(R+R)<A’(1 a)/2+k42)

—k2+(1—a)k+a— K2\ k(2 —a) _
+ 2 (A/(l —a)/2 + 4 ) + D) (R + R)
kQ—a—-k)la-2—-k
n (2—a i(a )
) k2\2 11—k % k K2
= (Mcant ) + 5 (Mot ) RER + 5 4% a)/z+I’R+R]
k -, —kK*+(d-a)k+a-2/, k?
- (R+R?+ 5 (A(l w2t 4)
k22— — k(2 —a— _2_
n 2—a) (R+R) + 2—a k‘)l(a 2—k)
) K2\ 1k, k2 k .
k _— +(0—ak+a-2 k2
-7 (R+B+ : (A/(l_a)/2+ 7)
k(2 — — k2—a— _2_
n (2—a) (R+R)+ 2—a—k)a—-2—k)
2 4
k? 11—k k2
(A/(l —a)2t 4) +— ) (A/(l a2 T )(R+R)
— —k2+(1—a)k+a— k?
/__ _ / "
+k<Ao S(R+R) 4r) + : (A(l_a)/2+ 4)
2— — 2—a— _2_
n k(2—a) (R+R) + k2—a—k)a—-2—-k)
2 4
, k2\2 1—k k2
= (A(l—a)/z"'I) T (A/1 —ay2 T )(R+R)+k( a a)/2+T)
k ~k*+(A—-a)k+a-2,, k?
— 7T+ D+ : (Acayz + )
) kK2\2 1—k k2
- (A(l—a>/2 + 7) T <A(l —a)2 Tt )(R +R)
k —k*+Q@B—-a)k+a-2,, k?
—C+D+ 5 (A _a)/2+7)

k2 1—-k k2
(A/(l a>/2+4) T (A/(l —ay2 t )(R+R)——(F+1)

=Dk +a-2) k2
) ( a-ay2 4>

K2\2 -k K2
= (Mcaya*+ 7) 41k ol (s )(R+R+k+a—2)_—(r+1).
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Therefore, we have

(k —1)272 k2\2
] _< /(l—a)/z + I) A/(3—k—a)/2

k2\2 (k—1)?
=( 21—a)/2+ T) ( /(2—a)/2+ 4 - /(3—k—a)/2)

1—k, k2 _ ) (k —1)2
+T( (1_a)/2+7)(R+R+k+a—2)[ (2—a>/2+T]

Al(l—k—a)/Z[Al(Z—a)/Z +

k ’ (k B 1)2
—7T+D [A(Z—a)/2 + T]
2

k—1 k2\2 _
:T( /(1_,,)/2+7) (R+R+k+a—4)

k=1, k2 _ , (k —1)2
— 5 (Blcaya + 7 ) R+ Rtk +a=2) [ Ay + ]

k , (k — 1)
—Z T+ [Aay2 + T]

2

:%( /(1_“)/2+§){( ’(l_a)/2+k7)(R+1_€+k+a—4)

12
—(R+R+k+a—2) [A’(Z_a)/z—i-u]}

4
k ’ (k_1)2
—Z T+ [A(H)/z n T]'
On the other hand,
K\ (R+ R - (k—1)
( /(l—a)/2+T)(R+R+k+a—4)—(R+R+k+a—2)[ /(2‘“)/2+T]
k? - — k2
= [Alcaye + 5 R+ Rek+a—4]+ (R+Rtk+a—4) (My_po + )
— (k_l)z
_(R+R+k+a—2)[ /‘2‘“>/2+T]
! R R / k? ’ (k_l)z
=[A,R+R]+(R+R+k+a—2)(A(1_a)/2+T— R )

~2(Bpapa+ )

_ 1 _ — 1 1
=[A’,R—l—R]—ZA(,—E(R—i—R)2+(R+R)—§:—E(F—H).
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Combing both above inequalities yields

(k —1)272 k2\2
Aik-ay2 I:A/(Zfa)/Z + T] - (A/(Hz)/z + T) A k-a)2

i LG B G )

r+1

=i [(k = 1D?Al 4 _aya = k% Dis_k—aya)- "

4. Funk-Hecke formulas

4.1. The Funk-Hecke formula for the quaternionic hyperbolic space

The Funk-Hecke formula on the CR sphere was established by Frank and Lieb in [26].
Beckner, following Geller [28], used an independent calculation for the Funk—Hecke for-
mula for bigraded spherical harmonics in his treatment of radial functions on the Heisen-
berg group [10].

The main source for the following is [14, 15], where they extend Frank and Lieb’s
formula. We begin by recalling the Funk-Hecke formulas for the quaternionic case. We
recall that L2(S#"~1) may be decomposed into the U(2m)-irreducibles decomposition

L2(s4m—l) — @ ij,kv
Jk=0
where J; . consists of the Euclidean harmonic homogeneous polynomials in the complex

variables (z, z) and of bidegree (j, k). Recalling that Hé’ = Sp(m, 1)/Sp(m) x Sp(1), the
appropriate irreducible decomposition is into Sp(m) x Sp(1)-irreducibles, and is given by

4.1) LA(S*" N = P Vix.
Jj=k=0

where V;x C K,y are the so-called (j, k)-bispherical harmonic spaces generated by the
Sp(m) x Sp(1) action on a zonal harmonic polynomial (see Theorem 3.1 (4) in [44]).
We recall the following quaternionic Funk—Hecke formula of Christ, Liu and Zhang

(Lemma 5.4 in [14]). In the following, P,f # (t) denotes a Jacobi polynomial of degree k.

Theorem G. Let K be an L' integrable function on the unit ball Bb in Q. Then, any
integral operator on S*"*3 with kernel given by K({C, N)q) is diagonal with respect to
the decomposition (4.1), and the eigenvalue A (K) on V;  is given by

212" k!
(G—k+Dl(k+2n—-1)

Ajk(K) =

/2 . )
4.2) X / (sin 0)*"~1 (cos §)7 ~K+3 Pk(zn_l’] K+ (c0s 20) dO
0

sin(j—k+1)¢
sin ¢

where Ru = cos ¢ (with ¢ € [0, 7)), and du is the round measure on S3 = aBé.

x/ K(cos Qu) du,
S3
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Using Theorem G, and inspired by the proof of Lemma 5.5 of [14], we obtain the
following integral formula, which will be used later.

Proposition4.1. If —1/2 <a <ocoand 0 <r < 1, then

(4.3) / ! do () 2 Fi( 120 + 2;r2)
. —_— a0 = - o, 00— 1;2n Sr).
sines T—(rE. O P2 OV = @n+ 1 271 : :

Proof. Define the kernel K,(q) = |1 — rq|™>* on ]]331 , and observe that (4.3) may be

understood as an integral operator on S*"*3 with kernel K, ({8, 1)) applied to the con-
stant function 1 € Vj . Therefore, we may apply the Funk—Hecke formula (4.2) to K,
with j = k = 0 to obtain

87‘[2n+1

/2
Aoo(Ky) = D [0 sin*”~1 6 cos® 8 P" D (cos 26) db

X / (1 +r?cos? 6 —2rcos ¢ cos §) *sin® ¢ do,
0

where we have used that
1—rql> =14r?|g|—2Rg = K(cosOu) = |1 + r?cos?> @ — 2r cos 6 cos | %,
and that

du = sin® ¢ sing’ dpde'de”, ¢.¢' €[0,x],¢" € [0,2n],

/ /ZN sing’ d¢’d¢” =

Note also that PO(Z"_I’I) = 1. Using the cosine integral (see equation (5.11) in [26])

T ; Mo+ uw)ae+4€+p)
2\—a il l+2u
(1—=2rcos¢p +r°) %e"*?dp = —— 2() E 1 )

u=0

-7

for £ € N, that the integrand in even and that sin® ¢ = %( 1 — cos2¢), we have

/ (1 + r?cos® 6 — 2r cos  cos ¢) ~* sin” ¢ d¢p
0

2
= Z r2 cos? 6 M) _ P2 21 cos2 121 g Ffre+o @),
2T2(e) = (1h? pt(p +2)!

Consequently, there holds

Qy2n+2 I'p+o) (rZM 'p+ow) /n/z

A Kr — s 4n—1 ] 3+2M6.d9
0,0( ) (2’1 _ 1)' 1-\2((1) = M' S CcoS

2t '(nw+a+2)

/2 4n—1 542
. An— "
Y | sin 0 cos Odﬁ).



J. Flynn, G. Lu and Q. Yang 430

Letting # = cos 26 and observing that
. 2 1 . 2 1
dt = —4sinfcosfdf, cos 6 = 3 (14+¢) and sin“0 = 3 (1—1),

we find

/2 1 1
/ sin* 71 g cost 3121 0 4o = Zf (sin? 0)211 (cos? 0) 2 T4 gy
0 -1

1
— 2—2—2”—,11,—5/2/ (1 + I)Z/2+2+,U,—1 (1 _ t)2n—l dt
-1

) _T(/242+wT(2n)

1 e
=_B(_ 24w, 2n) = ,
Ry Ry T S

2 \2

where B(x, y) is the beta function.
It follows that

42n+2 r r re re
Aoo(Ky) = - Z il <r2“ (wt+o) TC+plLen
’ 2n — DIT2 () = wu! ! 2T (2 + p + 2n)
_jous M'u+a+2) F(3+/L)F(2n)>
Q+wp)! 2G4+ p+2n)
B 2 2n+2 ( [FZ(M +a)(n+ 1)! B rpu—-1+o)T(p+a+ 1)] 2u
2 () = ()2 (1 + 1 4 2n)! (w=D!p+1+2n)!
()
(2n + 1)!
2 2n+2 T T -1
—w-1Z (ujroe) (e J'ra)rzu
I'2(x) = w!(pw+ 1+ 2n)!
2 2n+2 -1 21 2 2n+2
=T (@) (@ )Mr—zn—zFl(oz,oe—l;Zn—l—Z;rz).
(2n+1)!u20 @Cn+2), ! 2n + 1)!
This is the desired identity. ]

4.2. The Funk-Hecke formula for the Cayley hyperbolic plane

We now discuss the Funk—Hecke formula for the octonionic case. We recall that L2(S!°)
may be decomposed into the Spin(9)-irreducible decomposition

(4.4) L*(S¥) = @ W

Jzk=0

where W ; is the so-called (j, k)-bispherical harmonic subspace, which is a finite dimen-
sional space spanned by elements from the cyclic action of Spin(9) on zonal harmon-
ics Z; 1 ({) (see [44] or equation 2.12 in [15] for a precise formula).
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We point out that the Funk—Hecke formula given in [15] assumes the kernel function K
is of the form K (¢ - 77), where, if ¢ = (1,$2),1 = (11,m2) € Ca?, then & - 71 = {171 + Lo
Consideration of these kinds of kernel functions arose from their consideration of the nat-
ural distance function |1 — ¢ - 7j| on the sphere S!>. However, taking into consideration
the geometry of the Cayley plane Hc, and the non-associativity of Ca, it is more appro-
priate for our purposes to consider kernels of the form K(®c, (¢, 1)) or K(Wcq (¢, 1)),
since ®c4 (¢, n) and W, (L, 1) are octonionic analogues of | (-, -)g |* and |1 — (-, ) |2,
respectively. As a result, we will establish the following Funk—Hecke formulas, which are
more suitable for our purposes.

Theorem 4.1. Suppose K(Dcy(L, n)) is such that the integral below exists. Then the
integral operator with kernel K(®c4(8, 1)) is diagonal with respect to the bispherical
decomposition harmonic decomposition (4.4), and the eigenvalue on W; i is given by

1574k!
(k +3)!

X /S K(Wca((1,0), (i cos 0,0))) (a7, cos(j — k)¢ +aj cos(j —k +2)¢

/2 ) )
Ajx(K) = /0 cos’ *+7 gsin” g P17 (cos 26) db

+a2icos(j —k +4)¢ + a3, cos(j —k + 6)¢) du,

where Rtu = cos ¢ (with ¢ € [0, 7)), du is the standard surface measure on S (the unit
sphere in Ca), P,§3’3+J =5 (2) is the Jacobi polynomial of order k associated to the weight

(1—=2)3(1 + 2)3t* and

o 1 1 1 1 1 1

aj, =< - i + = - .
> 8j—k+3 4j—-k+2 8j—-k+1

g3 11 1 1
PkT R —k+3 4j—k+4 8j—k+1
5 3 Lo Lol 1

a = —— —_ —_ R
T8 j—k+3  4j—k+2 8j—k+5
s 1 1 1 1 1 1

k= TR k43 4 —k+4 8j—k+5

Proof. Since a portion of the proof is the same as the proof of Lemma 3.3 in [15], we shall

only point out the needed adaptation.

We have from Schur’s lemma and the irreducibility of the W that the integral oper-
ator with kernel K(Wc4 (¢, 1)) is diagonal. Let A; ;. denote the eigenvalue corresponding
to the subspace W, x. Letting Y]“ , 1 < p < dim Wj ., be a normalized orthogonal basis
of W; ., we then have

|, K@ Vi do = 3, Y/46).

Letting
dim VVj’ k

ZieCm =Z&-D =Y YO0
n=1
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be the reproducing kernel of the projection onto W; i, we have

| Kot Zia- B dn = Ay Zja(1),

Here Z; x (1) denotes the aforementioned zonal harmonic Z; x ({) evaluated at { = 1. All
that is needed now is to observe that K(Wc4 (¢, 1)) and Z; ¢ (n, {) are invariant under the
action of Spin(9). Indeed, if this were the case, then we would obtain

ha = Zp 7 [ Keaeon) Ziutn-Bdo
= 2™ [ KQea(1.0).) Z,u((1.0) ) di,

The remainder of the proof would follow as the proof of Lemma 3.3 in [15].
That the kernel K(Wc (¢, 1)) is Spin(9)-invariant follows from the Spin(9)-invariance
of ®c,4 (¢, n). Therefore,

Zig (AL AN Y (ydn = | Zip (AL YE (A7 'y dn = YD),
S15 J> S15 > Js

which shows that Z; x (A, An) = Z; x (¢, n) by the uniqueness of the representation of a
linear functional. L]

Lastly, we state and prove the octonionic analogue of Proposition 4.1.
Proposition4.2. If —1/2 <o <ocoand 0 <r < 1, then

/ e 2”SF( 3:8:12)
o(n) = — a,a —3;8;r°).
sinss Weg(re, 0 “0N = T 2

Proof. The proof follows similarly to the proof of Proposition 4.1 by applying Theo-
rem 4.1 to the kernel W, (r&, n) ™. It should be pointed out that

Wea((r,0), (it cos 6,0)) = 1 —2r cos ¢ cos O + r2 cos? 6,

since Hu = cos ¢. ]

5. Kernel estimates

We recall that the heat kernel e?2 on Hé’} is given by the following formula:

e[A —c t_l/z e_(2m+1)2t *° sinh 2r (_ 1 2)2
m o /cosh2r —cosh2p sinh 2r dr
1 0 \2m—2 2
X (— ) e 4 dr,

sinhr or

where ¢,, = 272m+3/2 g=2m=1/2,
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The heat kernel e’2 on H, is given by

oD = ¢, V2 11 sinh 2r ( : ! i)4<_ _.1 3)46,—% dr.
J/cosh2r — cosh2p sinh 2r dr sinhr dor

where ¢, = 279/2 7717/2,

Letting /,(p, 2m + 1) denote the heat kernel on the odd dimensional real hyperbolic
space Hp 2ir+1 , we recall also that

a7

’

~ — h =12 ! irh—pz
(5.1) he(p.2m + 1) = bt~ /" e ( sinhpap) ¢

where b; = 2—m—1p—m=1/2 Gee for example [21], [5] and [58] for these formulas.
It will be useful to write e’2 in terms of & ¢, and this can be done as follows. We
consider H6’ first. Observe that, if m = 2m — 2, then

_ 2 _ 2
e 2m+1)~t — e( 12m+3)te m t’

and so,

A Cm *° sinh 2r 3 1 i 2
(5.2) et = /,, ( )

bom—» J/cosh2r — cosh2p sinh 2r dr
x eCR2mENp, (v dm — 3) dr.

Similarly, on Hc,, there holds (by setting m = 4)

o

Co sinh 2r ( 1 d

4
53 th=2 —) e % hy(r,9) dr.
(5.3) e by J, /cosh2r —cosh2p ) ¢ (. 9) dr

~ sinh2r or

We now recall the Bessel-Green—Riesz functions. For the sake of notational conve-
nience, we write

2 y/2
k;,),:(—A—Q— {‘) for 0 < y < dimp Hy' and ¢ > 0,
2\~v/2
ky=<—A—QT) for0 <y < 3.
In (iii) in page 1083 of [4], Anker and Ji established the following asymptotics for k¢,

and k:

ke, ~ p(y—2)/2 e tp—CQ0/2 forp > 1,

5.4
ky ~ p"2 e 202 for p > 1.
We will need several technical lemmas to obtain small distance estimates of k;. We
state them now. The first estimate is a small distance estimate for the Bessel-Green—Riesz
kernel on the real hyperbolic space Hﬁ (see Lemma 3.2 in [54]).
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Lemma C. Letk >3and0 <y <3.If 0 < p < 1, then
k—1\2\—v/2 1 1 1
b= (5)) = O( =)
( H 2 v o O\

7k/227 T(y/2)
Lk =7)/2)
The next lemma is an exact evaluation of a hyperbolic trigonometric integral (see
Lemma 4.1 in [63]). We include a sketch of the proof here.

LemmaD. Let 8 > 0and p > 0. Then

/o" coshr 1 dr — r'{a/2)rg/2) 1
» (sinhr)? /cosh2r —cosh2p "= 2V2T((1 4 B)/2) (sinh p)?

where

ve(y) =

Proof. Substituting t = cosh 2r — cosh 2p, we have

dr=- [ —. di
(sinh )8 \/cosh2r — cosh 2p 4Jo Nt (/2 4+ sinh? p)A+B)/2
_ 1
2+/2(sinh p)B

/+°° coshr 1 [t 1 1
o

+o0o
/ s_1/2(1+s)_(1+‘3)/2 ds.
0

Using the substitution ¢ = 2. sinh? p, we obtain the desired formula. ]

We remark here that the above result (and its proof) defines an integral transform that
preserves inverse powers of the hyperbolic sine function.

The last lemma pertains to controlling higher order derivatives of r#~2/sinhr for
large r (see also Lemma 3.1 in [54] and Corollary 5.14 in [3]).

Lemma 5.1. Let p,qg € Nsgandlet 0 <y <3.1If 0 <7, then

(- ) (- ) o e
sinh 2r or sinhr 9r/ sinhr ~

Proof. Using

1 _ 2e7" zzie—(2j+l)r
sinhr 1 —e2r = ’

it is easy to see that

B—2
(_ - i>pr. ~ B2 [y o=
sinhr dr/ sinhr

and, similarly, that

<_ ! 3)‘1(_ ! i)p P72 b2 ,-Garprir
sinh 27 or sinhr dr/ sinhr ™~ ’

as desired. [
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In the following subsections, we will prove various kernel estimates for ky, k¢ ./,
ky * kg, and ky * k¢, % f for smooth compactly supported function on Bgy and Bcg.
Along with the Fourier analysis on symmetric spaces (i.e., the Plancherel theorem and
the Kunze—Stein phenomenon) and factorization, these estimates form the ingredients
of the proofs of the Poincaré-Sobolev and Hardy—Sobolev-Maz’ya inequalities on Hy
and Hc,.

5.1. Convolution estimates

In order to prove the kernel estimates, we will need asymptotics of certain convolutions.
This is contained in Lemmas 5.2, 5.3, 5.4 and 5.5 below. Due to the appearance of W,
in the automorphisms on B¢,, separate considerations are needed for Bc,, and so we
state the convolution estimates for Bg and B¢, separately. We mention that, when com-
pared to the complex hyperbolic setting, the hypothesis Ay + A, >y + y' —4m + 2
differs from the reasonably expected A1 + A» > y + ¥’ — 4m, and this has to do with the
higher dimensional center of Ha_l. This is similar for the corresponding hypothesis in
Lemma 5.3 for Hey.

We will need the following convolution integral on Euclidean space (see [68]).
LemmaE. For0<y,y’ <kand0 <y + 7y’ <k, there holds
I
[ty e = TORGD, sy
RF Ye(y +v')

where

22 T(y/2)
L((k =v)/2)

We may now state the main convolution estimate lemma for small distances.

ve(y) =

Lemma 5.2. Let 0 <y <4m, 0 <y’ <dm,and Ay + A >y +y —4m+ 2. If 0 <
y+y <dm—1and 0 < p < 1, then on B(’S there holds

1 1
*
(sinh p)#4m=Y (cosh p)*1 ~ (sinh p)4m=7'(cosh p)*2
_ Vam () yam(¥) 1 ( 1 )
Yam(y + ") prm—v=v' i1’

If4m—15)/—}-)/<4m,0<e<4m—y—y/and0<p<l,thenontthereholds

! 1
*
(Sinh p)4m*]/ (COSh p)kl (Sinh p)4m7yl (COSh p)/{z
~ YamWyam(y) 1 ( 1 )
Vam(y +y)) prm—r=v pAm—r=y=¢ )"

Proof. By Lemma item (iv) of A, and by using that

dz

v = ——
(1 _ |Z|2)2m+2



J. Flynn, G. Lu and Q. Yang 436

we compute as follows:

1 1
*
(sinh p)4m=7 (cosh p)*1 ~ (sinh p)4™=¥'(cosh p)*2

_ /m (_vl—iziz)4’"*y(1_|z|z)m( (1= w1 = |z]?) )(4,",,,)/2

|| |z —w + [{z, w)ol* — |z*|w]?

(1= [wP)(1 = |z[*)\22/2 dz
“( 1= (z, w)gP ) (1= [z pyem+2
= (1 — |w[2)@m=y'+h2)/2 / ! ( ! )<4m—y’>/2
By 1214777 \|z — w2 +|(z, w)ol? — |2|? |w|?
1 1
X |1 _ (Z’ w)Q|A2 (1 _ |Z|2)(4+A+/V—4m—/11—112)/2

dz

= (cosh p(w)) "™V +42) (45 + Ag),

where

A5=/ -+« and A6=/
{lzI<1/2} {1/2=|z|<1}

Note that, when p(w) < 1 and |z| < 1/2, there holds
1= (z.w)l™ (1 — [z )7+ =4m=hi=4/2 — | 4 0(|z)).
On the other hand, there holds
[z, wa? = 2P |w]* = [1z1> + (z.w = 2)q I = |2 [w — 2 + le
=l =z)g P = P w =z = P — 2P [|( = =) | -],
|z Iw—Zl
and so

= ol + e wbol? = PP = 12 —u [1-+ 12 [| (£, 225 [F-1]]

=z —wl> (1 + 0(z*)).

Since 0 <y + ¥’ < 4m — 1, we may use Lemma E to compute

As = /{ ! : — (1 + O(|z|)) dz

zl<1/2) 24777 |z —w]4my

1 1 1 1
< - dz 0( /dz)
= /R 2 [z —wpamy T fRM 2Py |z — iy

_ Yam(@) vam(y") b ( ! )
Vam(y +7))  w[m=r=y’ |w]#m=y=r'=1
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Similarly, if 0 < & < 4m — y — y’, we obtain

~ Yam(¥) Vam (V") 1 1
AS - Am—y— 1 + 4Am—y— I .
Yam(y +y')  |w|4mr—Y [w4m—y=y'—e

We are left with estimating Ag: since

d4+y+y —dm—2A1— Ay
2

<1 isequivalentto y+y —4m+2 <Ay + Az,

we find

4 [ 1 ( 1 )(4m—y’>/z
6 =
(asizi<ny 1217 Nz —wl? + (2, whol? — Iz [w?

1 1
= wlele (= [zpyerrer—anizar

1
- /{1/25|z|51} (1 — |z]?)GHy+y/—dm=21=12)/2

dz

1 r J
T )i (= ) Gyy=am—r=anz 4 < oo

In conclusion, since coshr ~ 1 as r — 0, we find

! 1
*
(Sinh p)4m—y (COSh p)ll (Sinh p)4m_y/ (COSh p)AZ
_ Yam(@) vam(y) 1 N ( | )
yamy + 7 o 1)

and the result follows since

1+ |w|

=|w|+ O(lw|®) as|w| — 0. |
1—|w|

1
:—1
p(w) 5 log

Lemma5.3. Let 0<y <16,0<y’' <16,and A1 + Ay >y +y' —10.If 0<y +y' <15
and 0 < p < 1, then on B¢, there holds
1 1
%
(sinh p)16=7 (cosh p)*1 ~ (sinh p)16~¥'(cosh p)*2

<)’16()/)V16()/’) 1 N (;)
Yie(y +y)) plo—v=v’ o)

If15<y+y <160<s<16—y —y and0 < p < 1, then on Be, there holds

1 1
*
G 1 o 1 i 1o o
_nsMrne(y) 1 ( 1 )
Yie(y +y’) plée—v=v' ey )"
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Proof. By Lemma B (iv), and by using that dV = dz /(1 — |z|?)'2, we compute

1 1
*
(sinh p)16=¥ (cosh p)*1  (sinh p)16—¥'(cosh p)*2

= /B% (@)16—1’ (1-— |z|2))“1/2 ( 1 —|w»A—|z]?) )(16_1/)/2

|| Weal(zow) — (1= 221 = [w]?)
(1= wP)A —|zP)\*/2  dz
“( )

Vea(z, w) (1—|z»)12
= (1 — [w[*) 16V +22)/2 / 1 ( 1 ><16—y’)/z
By 211077 \ca(z.w) = (1= [z[2) (1 — [w]?)

1 1
* Wea (e w2 (1= )07 —h—h92

= (cosh p(w))~ 177" +42) (4L + Ay),

dz

where

A;:/ ... and A%:/
{lzI<1/2} {1/2=lz|<1}

Note that, when p(w) < 1 and |z| < 1/2, there holds
Wea(z,w)™/2 (1= 207 =H=2m92 = 14 0(z)).
Next, we have

Vea(z,a) — (1= [z (1 = [w]?) = Ocalz,a) = 2(z,a)r + |z + |a* = |2*|a|?

dcy(z,a) —|z|?|al?
= Oca(z.0) + |z —al? = |z Jaf = |z —al? (1 + el |Zza||2| < )

Moreover, it is not hard to see that

Pa(z. w) — |27 [w]?

= 0(z").

|z —w?

Indeed, using invariance of distance p, we can assume w = (wy, wy) with Rw; =c € R
and all other components are zero. Then

Pa(z,a) = |2 |al® = —? |22/,
and clearly |z,|?/|z — a|? is bounded as z — a. Therefore, using also that
Pea(z, w) < |27 |wf?,
we obtain
Yea(z,a) = (1= 1z (1 = Jwf?) = |z —al* (1 + O(z]*)).

The remainder of the proof is analogous to the proof of Lemma 5.2, and is thus omitted. m
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Next, we will state and prove the main convolution lemma for large distances. In prepa-
ration, we recall some properties and definitions of certain special functions. First, recall
the generalized hypergeometric function

(a)g -~ (ap)kz
Fy(ay,...,ap.b1,...,by;z
pFalar.....ap:by ¢:7) = E:wnk o T

Second, we recall the following hypergeometric integral (see equation 7.512.5 in [30]):
supposing the complex parameters «, 8, y, p and o satisfy

RNp>0, No>0, Ry+o—a—p)>0,
there holds

T'(p)T(0)

F(a,B,p;y,p+0:1).
F(p+a)32( B.p:v.p )

1
(5.5) /xf’—l(l—x)"‘lel(a,ﬂ;y;X)dx=
0

LemmaS4. Let 0<y <4m, 0<y' <dm,and Ay + Ao >y +y —dm +2.If b —y' <
A1 —yand1 < p, then on B there holds

1 1

" —(4m—y'+22)p
(sinh p)#m=7 (cosh p)*1 ~ (sinh p)4™—2'(cosh p)*2

~

Proof. By the proof of Lemma 5.2, we have

1 1
*
(sinh p)4m=7 (cosh p)*1 ~ (sinh p)*4™=¥'(cosh p)*2

/ 1 1 (4m—y")/2
= (cosh p(w))~@mv ‘MZ)[ ( )
(coshp(w)) s 12177 \z—wP £ 1z, w)g — P[P
1 1

M=z w)ol™ (I = |2 P) @A+ ¥ —am=Ti—12)/2

dz.

Setting

Fw) / ( 1 )(4m—y')/2 1 J
w) = ——— 4o,
sam-1 Nz — w2 + [z, w)g? — [z]* lw]? 1= (z. w)ol*

we see that F(w) = F(|w|). Moreover, by Proposition 4.1, we find

lim F(w)= Ilim 11— (z, wo| @V +4) 4o
lw|—1~ lw|—>1-J gam—1

272m dm—y ' + Ay dm—y + Ay =2 5
= 2 1( , ;2m; |z| )
T(2m) 2 2
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Consequently, there holds

1
lim (
[w|—1- Ag [z[#m=7 \|z —w|? + |(z. w)o|* — |z|*|w]|?
1 1
dz

x |1 _ (27 w)Q|A2 (1 _ |Z|2)(4+A+,V—4m—/11—,12)/2

1 >(4m—y/)/2

27.[2m 1
— ry—l(l _ r2)—(4+y+y’—4m—/11—/12)/2
F(Zm) 0
dm—y + Ay dm—y +Ar—2
x2F1( moy 2, moy tA ;2m;r2)dr
2 2
27T2m 1
— t}//z—l (1 _ t)—(4+y+y/—4m—)L1—A2)/2
F(2m) 0
dm—y + Ay dm—y Ay —2
x2F1( " );+ 2, " V2+ 2 ;2m;t)dt,

where the change of variable 72 = ¢ was used in the last equality. Now, using (5.5), we

have
i / 1 ( 1
im
lwi=1=Jez [21*"7 Nz —w|? + [{z, w)o* — |z[* [w]?
1 1
dz

(2wl (1= |z]2) @A+ —am—ii—12)/2

)(4’"—1")/2

7T2m F()//Z) F(4m+/11+122—y—y’—2)

~ Tem) I (dmthitlar=2)
dm—y' 4+ Ay dm—y' +21y-2 4 AM+A—y =2
)y By (MY A2 BNV XRT2 Yy, MEMT ATV 22 )
2 2 2 2

At last, using coshr ~ e” for 1 < r, we have proved
1 (At
~ (COSh p) (dm—y’'+A3)

! *
(sinh p)4m=7 (cosh p)*1 ~ (sinh p)4™=7'(cosh p)*2
~ o~ @m—y'+A2)p -

Lemma 5.5. Let 0 <y < 16,0 <y’ <16, and Ay + Ay >y +y —10.If Ay —y' <

AL —vyand1 < p, then

1
*
sin ~¥(cos 1 sin ~*(cos 2
(sinh p)16=7 (cosh p)*1 ~ (sinh p)16=*'(cosh p)*

1 o o6y +12)p
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Proof. By the proof of Lemma 5.3, we have
1 1
*
(sinh p)16=¥(cosh p)*1  (sinh p)!16=¥'(cosh p)*2
' 1 1 ae6-y"/2
= (cosh p(w))~(16=¥'+42) / ( )
Be, 121177 \Wea(z,w) — (1= [z)(1 = [w[?)
1 1
" Wealz WP (1= [z)0F7 R

dz.

Setting

Fw) / ( 1 )(16—1/’)/2 1 J

w) = —— ——=do,
sam-1t \Weqa(z,w) = (1= |z)(1 = |[w[?) Weq(z, w)/?

we see that F(w) = F(|w]|). Moreover, by Proposition 4.2, we find

lim F(w)= lim qjca(z’w)—(16—y’+kz)/2d0
lw|—>1~ lw|—>1—J gam—1
278 16—y + 1, 10—y + A
= L2F1< v + 2, v+ 2;S;i’z).
7 2 2

Consequently, there holds

' 1 1 16-y"/2
lim / 16 ( 2 2 )
lwi>1= Je, 1211677 \Wea(z, w) — (1 = [z[2)(1 = [w]?)
1 1

" Wea(z, w)hal2 (1= |z2) 07 —hi—a=9)]2 dz

8 1
_ 27'[ ry_l(l_rz)_(y_f_y/_kl_kz_s)/z2F1(16—yl+12 16_V/+A2_6‘8'r2)dr

7 Jo 2 ' 2
8 1 / /
— 2;" /21— t)—(y+y/—/11—/12—8)/2 ) ( 16_3/2 —th’ 10_)/2 1 ;8; r2) dt,
*Jo

where the change of variable 7> = ¢ was used in the last equality. Now, using (5.5), we
have

lim
lw|—>1~ JB¢, |Z

1 ( 1 >(16—y’)/2
[16=7 \ Wy (z,w) — (1 —|z]2) (A — |w|?)

1 1
" Wea(z, )2 (1= |z2)0+r—Ri—a=9)/2

_ 73 Ty/)T(10+ A + 42—y —y)/2)

dz

7! F'{(10+ Ay + A2 —9")/2)
16—y 4+ 10—y 44y vy _ 10+ A1+ A —9
X 3F2( , i =, ; 1).
2 2 2 2
At last, using coshr ~ e for 1 < r, we have proved
1 1

~ (COSh p)—(16—yl+lz)

*
(sinh p)16=7(cosh p)*1 ~ (sinh p)16=7'(cosh p)*2
~ o~ 16=Y'+22)p
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5.2. Estimates for k

In this subsection, we obtain the asymptotics for k,. Note that the large distance asymp-
totics (1 < p) are already contained in (5.4).

Lemma 5.6. Let0 <y <3andlet N = dimg Hy'. If 0 < p <1, then

1 1 1
<——— 40 —)
"= oyn(y) pNY <pN‘V‘1

If 1 < p, then
ky ~ py—2 e~ 20/2

Proof. Since the large distance asymptotics (1 < p) are already contained in (5.4), we
only need to prove the estimate for 0 < p < 1.

By using (5.2), we will write k,, in terms of a Bessel-Green—Riesz kernel on Hy,
where n =2m + 1 and m =2m — 2 if F = Q, and m = 4 if F = Ca. Recall that
h:(p,n) denotes the heat kernel on Hpy (see (5.1)). Finally, let ¢ denote c,, (respec-
tively, ¢, ) from (5.2) (respectively, (5.3)), and let u = 2 (respectively, u = 4) when F = Q
(respectively, F = Ca).

Then, by the Mellin transform and (5.2) and (5.3), we have

1 & 2
k) (p) = / /21,1 (A+02/4) g,
4 L(v/2) Jo
I e sinh 2r ( 1 0 )M
"~ biJ, «/cosh2r —cosh2p sinh 2r dr
1 *° -
X T0/2) /(; 1¥/271 Q%14 p—i?t he(r,n)dtdr
o inh 2 1 0\ M —1\2\-V/2
=i =z ) (A (50)) e
bz J, Afcosh2r —cosh2p sinh 27 dr R 2
= A1 + Ay,
where

1 o]
b= [ e e [
o 1
We begin by estimating 4;. Using Lemma C, it is easy to see that, for 0 < r < 1, there
holds
( 1 9 )2( A (n—l)Z)—y/Z
sinh 2r dr Hi 2

1 0\2/ 1 1 1
(_ sinh 2r 8_r) ()’n()/) rn=y + 0<rn—y—1))

1 (n=y)n+2-y) 1 1 )
~ @) 4 rntasy (r”+3—1’ ’
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and similarly,

(_ sin}llzr %)4(_ Ay — (n ; 1)4)—y/2
= ynty) m—y)n+2- )/)(7116+ 4—p)(n+6—1y) rn+18_y . 0<rn+17_y).

Consequently, in the quaternionic case, there holds

sinh2r(— sinl112r %)2(_ AH& B (n ; 1)2)

I m—y)n+2—-y) 1 +O( 1 )

" ) 2 3Ty ety

and, in the octonionic case, there holds

sinh2r(— sin}112r %)4(_ AHH"{ B <n ; 1>2)

L =y +2-y)n+4—y)n+6—y) 1 1
- Yu () 8 rnt7—y + O(rn+6—y)'

Now, using Lemma D, we compute in the quaternionic case that

Cm (n—y)(n—i—Z—)/)/1 1 [ 1 +0( 1 )]dr
b 2m() ), Jeohzr—cosmap Ly T O
cm m—y)mn+2-—y) ! coshr
/,, J/cos
1

A =

IA

bam—2 2yn(y) h2r — cosh2p

. [(sinh V;"H_y +0 ( (sinh r)n+2-v )] dr

_em(n—y)(n+2—y) T(1/2)T(=5L) 1 +0< 1 )
2yn(¥)b2m—2 ZﬁF(W) (sinh p)n+3—v (sinh p)»+2-¥

1 1 1
Yam(y) (sinh p)4m—y (sinh p)#m—7—1
where we have computed

mn—y)(n+2-y) TA/QT((n+3-y)/2) _ 1
2¥n(¥) bam—2 2V2T((n +4—y)/2) Yam(¥)

Similarly, we have in the octonionic case that

_ 1 1 n O( 1 )
'™ y16(y) (sinh p)16=7 (sinh p)15-7 /)°

Concerning estimating A,, it is clear from Lemma 5.1 that A, < 1 for both the quater-
nionic and octonionic cases, and so

1 1 1
ky(p) = A1 + A2 = yn (y) pN=Y * O(pN—y—l)’

as desired. [
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5.3. Estimate for k¢ ,

In this subsection, we obtain the asymptotics for k¢ ,, for 0 < y < 4m and 0 < {. Note that
the large distance asymptotics (1 < p) are already contained in (5.4).

Lemma5.7. Let N = dimg Hy' andlet0 <y < N,0<{and0 <& <min{l,N — y}.
If 0 < p <1, then

1 1 1
ke, < +0( )
&Y = n(y) oY pN—r—e
If 1 < p, then
ke, ~ p=2/2 g=8p=00/2

Proof. As mentioned above, we only need to prove the estimate for 0 < p < 1.

As before, let n = 2/ + 1 with m as above, and choose y and £ such that 0 < y < 3,
0<f{<n—1landy =7y + £. Then

kg,y = k;,y * kg,z.

Using Lemmas 5.2 and 5.3, it will be sufficient to estimate k¢ 5 and k¢ ¢ separately.
To estimate k¢ 5, note that, by Lemma 5.6, there holds

2 S
k;i = (—A_Q_ +§2) 7/2 _ } /ootf/2—1 et(A+Q2/4_§2) dt
4 T'(7/2) Jo
2 5
“Tw/2) Jo 4 7

1 1 1
<— _ 40 _ )
yn () pN=7 <pN —r-l

We see that, if £ = 0, then we are done, and so we assume without loss of generality
that 0 < £.

We now estimate k¢ ¢. As in the previous proof, let u = 2 for the quaternionic case
and . = 4 for the octonionic case, and let ¢ denote ¢;, or ¢, in the respective cases. We
compute

1 o0 2 2
s — 21 (A+0%/4-8) 4,
e Fw/z)/o ¢
c e sinh 2r 1 0\2 n—1\2 —£/2
_ < _ — ) (= Agn — 2 d
bin Jp \/cosh2r—005h2p< sinh 2r ar)( Hy ( 2 ) +§> d
= A; + As,
where

1 00
T R
o 1

From Proposition 2.5 in [53], we have that

(-a- (n - 1)2 + ;z)—e/z _ ynty) pnl—f + O(pn_le_l),
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and by similar computations to those given in the proof of Lemma 5.6, we have

sinh2r(— sin}112r 8%)2 (_ AH& - (n ; 1)2)
(n—0)( —{)
== ZJ/Z (—;)2 rn+13—e + O(rn+12—l)

and

. 0 —
sthr(— sin1112r 5)4<_ AH“'% B (” 2 1)2)

-0 +2-0m+4—0Om+6-10 1 1
= 0( )

Syn (]/) rn+7-4 pn+6—¢
Consequently, using 1 < cosh r and Lemma D, we find for the quaternionic case that
— _ 0o :
A, < cw m—0Om+2-10) coshr sinh 2r
bam—2 2yn(y) P J/cosh2r — cosh2p

x [ (sinh r1)n+3—e +0 ( (sinh r1)n+2—e )] dr

1 1 1
= 3n@ Gty + O Gam )
where we have computed
cmn—=O(+2-0) TA/)T((n+3-4)/2) 1 '
2yn(0) bam—2 2V2T((n +4—-10)/2)  Vam(©)

Similarly, we have for that octonionic case that

1 1 1
A7 = y(£)(y) (sinh p)16—¢ + O<(sinhp)15—5)'

Again, using Lemma 5.1, we have that Ag < 1, and so we have proved to two estimates

1 1 1
ko < 0] ,
60= Y0 GVt (<sinhp>N—f—1)

1 1 1
ks < — 0] _ .
67 =05 Ginhp VT ((sinth-y—l)

Now, using (5.4), we have, forany 0 < ¢’ < ¢,0 <« and 1 < p, there holds

@=2)/2 ,=tp=0Q/2 < ,=t'P=00/2

k;,a ~p

Therefore, using this estimate and that coshr ~ e” and sinhr ~ e" for r > 1, and sinhr ~r
and coshr ~ 1 for 0 < r < 1, we obtain the following global estimates (i.e., for 0 < p):

X 1 (cosh p)N_Q/z_e_g/ (cosh p)N—Q/2—t=¢'~1

SN (@ (sinhp)NE ( (sinh p)N—£-1 )

<L (cosh p)N-0/2-7-¢ ((COSh p)NfQ/foff’fl)
ST =nG) (sinhp)N7 (sinhp)N -1/



J. Flynn, G. Lu and Q. Yang 446

Finally, using Lemmas 5.2 and 5.3 and letting 0 < ¢ < min {1, N — y}, we obtain

1 1

1
= 5 < —_F
key = ko xkey < @+ 7) N + 0(pN_H_€),

which gives the desired estimate since y = £ + y. [ ]

5.4. Estimates for k) * k¢

In this subsection, we obtain the asymptotics for k, * k¢, for0 <y <3,0 <y’ <N —vy
and 0 < ¢.

Lemma5.8. Let 0<y <3,0<y <N —y,0<Cand0<s<min{l,N —y—y',¢/2}.
If 0 <p <1, then

1 1 1
kV *kfsl” = YWy +v) pN—y—y/ + 0(pN—y—y’—a)'

If 1 < p, then
ky kg < ee=2/2)p

Proof. By Lemma 5.6, we have for 0 < p < 1 the estimate

1 1 1
PSP N W
"= yn(y) (sinhp)N=7 (sinh p) N =r=1
and, by (5.4), we have for any 0 < € and 1 < p the estimate

ky ~ o’ 2 e~ 20r/2 <, ee—=Q0/2)

Consequently, we obtain the following global estimate (i.e., for 0 < p):

k. < 1 (coshp)N—C/2=v+e <(Cosh p)N—Q/2—y+e-1 )
") (sinh p)N -7 (sinh p) V=71

Similarly, we have for O < p the global estimate

ke <

1 (Cosh p)N_Q/z_yl_Z"'e (COSh p)N—Q/2+8—V/—§—1
yn () (sinh p) V=Y ( (sinh p)N=r'=1 )

Therefore, by Lemmas 5.2 and 5.3, there holds

1 1
W+ v o T 0(pN ‘V‘V"s)

ky * k{',}/’ S

for0 < p < 1.
Similarly, using Lemmas 5.4 and 5.5 we have

ky % ke < €720/, L]
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Lemma35.9. Let0 <y <3,0<y <N —y,0<Cand 0<{ <. If 1 <p, then
ky % ke < e H00/2) 4 pr=2 ,=0p/2 keyr.

Proof. Using (5.4), we have
by skey = | Ky (p(2)) K (02, ) V()
{zeBf :p(z) <1/2}

+ / ky(p(2)) kg, (p(z, w)) dV(z)
{zeBf :1/2<p(z)<1}

< ky(p(2)) ke pr(p(z. w)) dV(2)

~

/{26% 1p(2) <1/2}

4 / p(2)7 2 €220 ke (p(z, w)) AV ()
{zeBf :1/2<p(z)<1}

<

/ key (p(2)) ke (p(z, w)) dV(z) + p" 2722 5 ky .
{zeBF :p(2) <1/2}

Thus we need only show that, for 1 < p, there holds

[ ky(p(2)) k¢ (p(z,w))dV(z) S e~ &'+2/2p
{zeB} : p(z) <1/2}

By Lemma 5.6, we have that, for p(z) < 1/2, there holds

1
ky(p(2)) < ()7 ~ |Z|N—1"

Next, observing that 1 < p(w) and p(z) < 1/2 imply 1/2 < p(w) — p(z) < p(z, w), we
have by (5.4) that, for 0 < ¢’ < ¢, there holds

ke (p(z.w)) S e 5 PEW=E0CD) L (cosh p(z, w)) € +2/2),

Combining these estimates with Lemma A, we compute

/ ky (0(2)) ey (p(z. w)) V()
{ZGB% tp(z)<1/2}

</{Ze% 1 (\/(1—|w|2)(1—|2|2))2'"““/( 1 )2m+2dZ

~ o) <1/2y |z]4mY I1—{z,w)ql 1—|z|2
~ (1 . |w|2)(2m+1+§'/)/2/ 1
(zeB () <172y 1Z|*"7Y

~ (cosh p)~@m+1+8) _ o=E+2m+1)p,
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Similarly,

ky(p(2)) ke, (p(z, w)) dV(z)
/ 1 <(1 —w)d = |z?) )(11+c’)/2( 1 )12
(zeBey :p(z) <1/2) 121677 Wea(z, w) 1—|z|?

~ (1_|w|2)(11+;/)/2/ % ~ (cosh p)~(1+8) L o~@+10p g
{zeBca:p(z) <1/2} |2

f{zeBca :p(2) <1/2})

<

~

6. Rearrangement estimates

We first collect known results about nonincreasing rearrangements and Lorentz spaces on
the hyperbolic spaces X. These results will be used to prove estimates on ky, * k¢ v * f
for f € Cg°(X).

To begin, let f: X — R, and define

fr@) =inf{s >0:Ar(s) <t}
lf(S)=|{Z€X¢|f(Z)|>S}|=/ av.

zeX:| f(2)|>s
Next, for a domain 2 C X, we recall that the Lorentz spaces L?9(£2) consist of functions
for which the following norm is finite:
1/p—1/q £+ i
1A e S O ooy H1=g <00,
Lra@) =  sup tV/? f*(1) if ¢ = oo.

t>0

Define next f**(1) = 1 [ f*(s)ds and

||t1/p_1/qf**(t)“L‘I(O,\Q)I if 1 <gq < oo,

||f||zp,q(9) = Y sup VP £rx(r) if ¢ = oo.
t>0

Letl <r, p1,pr <ooand 1 <s,q1,qr < oo satisfy
1 1 1 1 1 1
—+ ——1=- and —+ — > —,
P1 P2 r q1 q2 N

and assume f € LP191(X) and g € LP292(X). The generalized Young inequality (see
Theorem 2.6 in [66]),

If *gliprs = ClflLrvan lIgllLr2az s

and the norm equivalence (see [66] for 1 < r < oo and Theorem 3.4 in [75] for 0 <r < 1)

q
Lf * gllar < If * gllLar < -1 ILf * gllpar

give the following lemma.
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LemmaPF. Let 1 <r,p1,pr <ocoand 1 <s,q1,q2 < o0o. If

1 1 1 1 1
— 4+ ——=1=- and — + —
P1 p2 r q1 q2

then for f € LP91(X) and g € LP>92(X), we have

>

)

© | =

IS * gllzrs < Clf lLria lIgllzree -

In this section, we collect the kernel estimates obtained above and state the corre-
sponding estimates for their nonincreasing rearrangements. We also prove that the square
integrability of the rearrangement [k; * k¢ ,/]* on any interval of the form (¢, 00), 0 < c.

In preparation of obtaining the rearrangement estimates, we first estimate the volume
of the geodesic ball B, centered at the origin and with radius p. For HJ}, we may use

o
|Bo| = w4m—1/ (sinh r)*"™ ! (cosh p)* dr
0

to obtain
W4am—1

B:
Bl = 5=

o+ 0(p*™?) ifo<p<1
and
|B,| ~ eWmtDeif 1 < p,

Similarly, for Hc,, we may use

o
|B,| = a)15[ (sinh ) (cosh p)” dr
0

to obtain

[Bol = T2+ 0(0") if0<p<1

and
|By| ~ e?* if1 < p.
Next, we collect the kernel estimates established above. On Hy' with N = dimgr Hy',
there holds the following.
e Let0<.If0<y <N,0<e<min{l, N—y}and0 < p < 1, then

1 1 1
key < +0( )
SV = gy PN pN-v=e
If 0 <yandl < p, then

ke, ~ p2/2 o= (€+0/2)p,

e Let{=0.If0<y <3and0 < p < 1, then

,<— Ly o( ! )
~oyn(y) PN pN—7—1
If0<y<3and1 < p, then
ky ~ p? 2 e~ 20/2
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e Let0 <. If0<y<3,0<y <N-y,0<e<min{l, N—y—1y,¢/2} and
0 < p < 1, then

1 1 1
ky * kg yr = yww(y + ) pN-r=v + O<pN—y—V’—s)'

If 1 < p, then
ky * k;- g’ S €(E_Q/2)p.

If0<¢ <Cand 1 < p, then
ky % ke < e EHQDP 4 pr=20=0012 gk
The corresponding estimates for their rearrangements are listed now.

e Let0<.If0<y <N,0<ée<min{l, N—y}and0 <t < 2, then

1 ( N t)(y_N)/N

ke * <
[ke.y] WN-1

< + O (Y TE NN,
YN(y)

If 0 < yand2 <t, then

[k;,y]* ~ tT1/2-8/N (In t)(V—Z)/Z

e Let;=0.If 0 <y <3and0 <t < 2, then

(y—N)/N
) < — (N () o),

T yn(y) \on-1

If0 <y <3and2 <t,then
lky]* ~ 72 (Inr)Y 2.
e Let0< (. IfO<y<3,0<y <N—-—y,0<ée<min{l, N—y—19',¢{/2} and

0 <t <2, then

(6.1)  [ky ke ] <

+ O(I(y+y/+8_N)/N).

1 ( N )(y+y’—N)/N

yn(y +¥) \on-1

If 2 <t, then
(6.2) [k, * k;,g/]* < t(E—Q/2)/N
Moreover, using Lemma 5.9, we have, for ¢ > 0,

(6.3) /Oo ke * ke g]* (1) dt < oo.

The proof of (6.3) is similar to that given in Lemma 4.1 of [54], and we omit it.
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6.1. Estimates for k) % k¢ * f

In this section, we prove an L?-L? inequality for ky * k¢, * f, which is dual to the
Poincaré—Sobolev inequality. We will need to make use of the Kunze—Stein phenomenon.
The Kunze-Stein phenomenon is important in harmonic analysis (see [16—18, 39, 47,
48,67,69]), and is closely related to geometric and functional inequalities, as has been
explored by Beckner, along with symmetry in Fourier analysis, see e.g., [9, 10]. In par-
ticular, in [9] and [7], Beckner identified for the first time the sharp constants for the
Kunze-Stein inequalities on SL(2, R) and SL(2, C) and the Lorentz groups, among other
things.

We begin by recalling relevant results. The proofs of Lemmas G and H may be found
in [63].

Cowling, Giulini and Meda (see [16—18]) established the following sharp version on
the Lorentz space (see [38,66]) of the Kunze—Stein phenomenon for connected real simple
groups G of real rank one with finite center:

pr‘h (G) * LPsQZ C LpsqS(G)

provided 1 < p <2,1<¢1,92,q3 <ooand 1 + 1/q3 < 1/¢q1 + 1/¢>. In particular, this
applies to Sp(m, 1) and F4, and by following [63], we can obtain similar phenomenon
on H&’ and Hé. To be more precise, let L?(G) and LP9(G) denote the usual Lebesgue
and Lorentz spaces, respectively, and let L?49(G/K), L?9(K\G) and L?9(K\G/K)
denote the closed subspaces of L?-4(G) of the right-K-invariant, left- K-invariant and
K -bi-invariant functions, respectively. Following [63], we can show:

Lemma G. For p € (1,2), there holds
L? (K\G) % L? (G/K) C LP*>°(K\G/K).
Lemma H. For p € (1,2) and p' = p/(p — 1), there holds
L”"' (K\G/K) * L”(G/K) C L* (G/K)
and, if f € LP»Y(K\G/K) and h € L?(G/K), then there is a constant C > 0 such that

If *hllLrGxy = C IS lLrame/x) 1MLr@rx)-

Using Lemma H, we prove the following estimate on ky, * k¢, * f.

Lemma 6.1. Ler 0 <y <3,0<y <N —y, 0<? and Nf;iry, < p < 2. Then, for
[ € C°(BR), there holds

lky * ke 5 fllpr < ClLf lp-

Proof. Define the cut off functions

ky x ke, for 0 <p <1,

and =k, xks, — .
0 for 1< p, n2(p) = ky x ke —1n1(p)

m(p) = {
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By (6.1), there exists #9 > 0 such that, for 0 < ¢ < ¢y, there holds

1) S OHT NN,

and, for ¢ty < ¢, there holds
() = 0.
Next, by Lemma F, there holds

I fllpe = Im* fllprr = Climllppze 1 llLe.

But
Ml poee = sup 27 p*@) < sup (/P FOH=NIN o
0<t<oo o<t <tg
provided
2 '— N
? + HYT > 0,
which is equivalent to
2N
P> ———,
y+y' +N

as it is assumed. Consequently, there holds

I+ fllpe S NNz -

Next, by (6.2), there exists 0 < 7o such that, for 0 < ¢ < 19, there holds

n2() <1,
and, fortg < ¢t and 0 < ¢ < min{l, N —y — y’, ¢/2}, there holds

77;(1) < t(S_Q/Z)/N'

Consequently, we find that, for 0 < ¢ < Q/2 + N/ p,

o0
el = [P 0 de < o
0
Finally, by Lemma H, we obtain

2 * fllpr = CIflLe

and therefore

lky * kg5 flle < In* flly + lm2* flle < C IS e

as desired. [
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7. Proofs of Theorems 1.3 and 1.4

With all the kernel estimates proved in Section 5, we are ready to prove the Poincaré—
Sobolev inequality of Theorem 1.3, and the Hardy—Sobolev—Maz’ya inequality of Theo-
rem 1.4. For the reader’s convenience, we restate these theorems before their respective
proofs.

Theorem 1.3. Ler0 <y <3,0<y’,2 < pand 0 < {. Denote by N = dimX. If 0 <
y' < N —, suppose further that 2 < p < Then there exists a constant C > 0
such that, for allu € Cg°(X), there holds

lull, < € [[(=Ax - p% + 2y (A - p})r* ul,-
Proof. By Lemma 6.1, we have

(7.1) |(—Aax = p§ + 74 (=A = %) *u < ClulLe.

2N
N-(y+y)*

Consulting the Lemma in the Appendix of [8], we have that (7.1) is equivalent to
luller < C (=A% = p% +83)7"* (=2 = 02" u .
thereby proving the theorem. ]

Proof of Theorem 1.4. We need only prove the inequality in case

k .
(a—k+2j—2)?
A= | | .
! 4
Jj=1
We will use the factorization theorem (Theorem 1.1), and so we set

U= Q(k—(2m+1)—a)/2ﬁ

and obtain

0o k

dxdzd

4k/Hm_1f0 un[_Qagg—aag_QAz—éﬁo-H(k—l—1—2j)\/—AZ]uQI—_aQ
Q j=1

=,

k
:4/umf1_[[—A—(2m+1)2+(a—k+2j—2)2]de.
j=1

o k dxdzd
/ fH[_A_(2m+1)2+(a—k+2j—2)2]szT+2Q
j=1

m—1
Q 0

Next, using that spec(—A) = [(2m + 1)2, c0), we have the following sharp inequality:
k
/ FI]l-a-@m+1)?+@—k+2j-2?] fdV
un
j=1

k
> (a—k+2j—2)2/ frav.
j=1 ur
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Applying Plancherel’s theorem, there holds

/ fl_[ ~A—Qm+1)2+(a—k+2j-2)] fdv- H(a k+2j— 2)2/ F2dv

k
_Cm/ /S“ml HAZ+(a_k+2j_2)2)_H(a—k+2j—2)2]

j=1 j=1
< | f ()P e[ dAdo(s).

Choosing 0 < § so that

k k
[[*?*+@—k+2j -2 —[Ja—k+2j =2 = 22>+ §)* "
j=1 j=1

applying Theorem 1.3, and applying the Plancherel theorem, we obtain
k k
/ FT]-Aa-@m+ 12+ @—k+2j-2?] fdV—][@a—k+2j —2)2/ f2dv
m . X um
j=1 j=1

oo
G [ [ G249 P )2 dhdots)
—00 J S4m—1
= / fEA=@m+ 1)) (A —Q2m+ 1>+ 8 fdV = C|| fI7».
um
This proves the first inequality. The proof of the second inequality is similar, and we

omit it. [

8. Proofs of Theorems 1.5 and 1.6

Proof of Theorem 1.5. Set Q(u) = {x € B{. : [u(x)| > 1}. Then by Theorem 1.3, we have,
for p > 2,

|sz<u)|=/ dl/s/ wlPdv <1,
Q(u) X

Therefore, |Q2(u)| < Q¢ for some constant Q¢ independent of u. We write

(ePoWI2NW _ | _ g0 (N/2 N)u2)dV
Bt
:/ (PoWNIZN g N2 NYuR)dV
Q(u)
n / (PoN/2NWE g (N2 NYuR) AV
X\Q(u)

(8.1) 5[ ePoN/2.NYW? gy +[ (ePor:2mv® _ | _ B (N/2 N)u?)dV.
Q) X\Q(u)
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The second part of right-hand of (8.1) is bounded. In fact, we have

Z (ﬁo(N/2 N)uz)”

\Q@w)

/ Z (Bo(N/2,N))" u 4dV Z (Bo(N/2, N))"/ ) dv < C.
X

\Q) = n! n=2

/ (PoNI2NNE | Bo(N/2 NYWP) dV = /
X\Q(u) X

Here we use the fact |u(z)| < 1, z € X \ 2(u), and Theorem 1.3.

Next we shall show that
PoWN/2.N)? 1,
Qu)

is also bounded by some universal constant. Set

v = (—Ax — p§ + 2P (Ax — pF)* *u.

/ PPV <1,
X

u=(=Ax —pg + ) (—Ax —p3) v = vk g,

Then

and we can write ¥ as a potential,

where
¢ = (—Ax — p% + ¢ TCO4 (L Ax — p2) T = ke (N—a)j2 * ka2

By (6.1) and (6.3),

Nt \—1/2
) + O(t(s_”)/(zn)), for0 <t <2,

* < 1 .
70 = (ons

and

o0
/ 6" ()2 dt < o0, Ve >0,
c

Closely following the proof of Theorem 1.7 in [53], we have that there exists a constant C,
which is independent of u and €2(u), such that

[€2@u)]
/ ePo /2N gy / exp(Bo(N/2, N) [u*(t)|?) dt
Q(u) 0

Qo
< [ exp(Bo(N/2, N)|u*(t)|*)dt < C.
0

The proof of Theorem 1.5 is thereby completed. ]
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Proof of Theorem 1.6. It is enough to show that in terms of the ball model, for some ¢ > 0,
there holds

|(=Ax = p% + )P D2 (—Ax — p3) 2 [(1 — z])@ TV 2],

2m . .
Qm+1-2j)> . 2m+1-2j
5 42m/n w [T [Aaa-cminys + : i VT
Q =1

2
dz
XU ——F7
(1—|z[?)t=
2m uz
. 2
_11:[1(a—2m+2]—2) A&Wdz,

and in terms of the Siegel domain,

| (—Ax — p% + )PV (—ax — p§)V/2 [tV 2],
542’”/];{ 1/ un[_Qaga_aag_QAZ+$0+i(k+1_zj)V_AZ]
R

dxdzdo
X U —Ql_a

2m [} u?
. 2
—l_[(a—n+2]—2) /15{71/0 WdXdZdQ.
=1 Q

The proof is similar to that given in the proof of Theorem 1.4 via Plancherel’s formula,
and we omit it. |

A. Proofs of Theorems 1.7 and 1.8

In this appendix, we will outline the proofs of the Adams inequalities, namely Theo-
rems 1.7 and 1.8 for the convenience of the reader. We refer the interested reader to
[53,54,60,63] for all the details.

Proof of Theorem 1.7. Let f = (—Ax — pg + ¢?)*/2y. Then || f|, < 1 and

u=(-dx =Pk + ) = frkea
Using O’Neil’s lemma ([66]), we have for ¢ > 0,

* 1 ! * ! * o * *
u*(t) < ?/(; f (s)ds/o kg,a(s)ds—l—/t ST() kg o(s)ds.

Using the rearrangement estimates of [k¢ ]*, it is easy to check that

1 Nt \(@=N)/N
keol* (1) <
kel ) = s ()

o0
/ ke o]* (0|7 dt <00, Ve >0.
c

+ 0@t NN - for0 <t < 2;
W2n—1
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Closely following the proof of Theorem 1.13 in [54], we have that there exists a con-
stant C, which is independent of u, such that

o [ esptbote My i av = o [ expiote 1) de
(] Jp PP SIELy TP
1

|E|

1 t . t . 00 i .
< 2, exp(ﬂo(a,N)‘;/O f (S)ds/o km(s)ds+/t () ki o (s) ds
<C.

p,) dt

The sharpness of the constant S¢(«, N) can be verified by a process similar to that
in [1,46], and thus the proof of Theorem 1.7 is completed. ]

Using the symmetrization-free argument from the local inequalities to global ones
developed by Lam and the second author in [49, 50], and subsequently used, e.g., in [12,
51,52,55], etc., we can conclude the:

Proof of Theorem 1.8. Letu € W*?(X) with
[ 1ax =g+ av < 1.
X
By a Hormander—Mikhlin type multiplier theorem (see [2]), we have
[uirav s [ (-ax- gk +urav <1
X X
provided ¢ > 2px|1/2—1/p|. Set Q1) = {z € X : |u(z)| > 1}. Then we have
el = [ av< [ prav <.
Q) X
where €2 is a constant independent of u. We write
[ @ntpote oy av
= [ @pbota M ?rav + [ o W)l a.
Q(u) X\Q(u)

Notice that on the domain X \ Q(u), we have |u(z)| < 1. Thus,

Nov -~ N Bo@ N o ok
Lo, oot miyay < 32 REEE [ S uirtay

Ml X\2) 423
o0 o0
Bo(a, N)F ?
(A1) < Pola, N f ul? dv
kg,,:l ke e ;

o0 k
Bo(a, N)
< E T Jull) < C.
k=jp—1
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Moreover, by Theorem 1.7, if ¢ satisfies > 0if 1 < p <2and ¢ > 2n|1/p — 1/2| if
p > 2, then

(A2) / ®, (Bole, N) [u|?) dV S/ exp(Bo(ar, N)u|?)dV < C.
Q) Q)

(u

Combining (A.1) and (A.2) yields
[ @ntpata W1y av
=/ ‘Dp(ﬂo(a,N)lul”/)dVJr[ @, (Bole. N) [ulP)dV < C
Q) X\Q)

provided that ¢ satisfies & > 2px |1/p — 1/2|.
The sharpness of the constant S¢(«, N) can be verified by a process similar to that
in [54]. [
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