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On the Moebius deformable hypersurfaces

Miguel Ibieta Jimenez and Ruy Tojeiro

Abstract. Li, Ma and Wang [Adv. Math. 256 (2014), 156–205] have investigated
the interesting class of Moebius deformable hypersurfaces, that is, the umbilic-free
Euclidean hypersurfaces f WMn ! RnC1 that admit non-trivial deformations pre-
serving the Moebius metric. The classification of Moebius deformable hypersurfaces
of dimension n� 4 stated in the aforementioned article, however, misses a large class
of examples. In this article, we complete that classification for n � 5.

1. Introduction

Let f WM n!Rm be an isometric immersion of a Riemannian manifold .M n;g/ into Euc-
lidean space, and let ˛ 2 �.Hom.TM; TM INfM// be its normal bundle-valued second
fundamental form. Let k˛k2 2 C1.M/ be given at any point x 2M n by

k˛.x/k2 D

nX
i;jD1

k˛.x/.Xi ; Xj /k
2;

where ¹Xiº1�i�n is an orthonormal basis of TxM . Define � 2 C1.M/ by

(1.1) �2 D
n

n � 1
.k˛k2 � nkHk2/;

where H is the mean curvature vector field of f . Notice that � vanishes precisely at the
umbilical points of f . The metric

g� D �2g;

defined on the open subset of non-umbilical points of f , is called the Moebius metric
determined by f . The metric g� is invariant under Moebius transformations of the ambi-
ent space, that is, if two immersions differ by a Moebius transformation of Rm, then their
corresponding Moebius metrics coincide.

It was shown in [9] that a hypersurface f WM n ! RnC1 is uniquely determined, up
to Moebius transformations of the ambient space, by its Moebius metric and its Moebius
shape operator S D ��1.A �HI/, where A is the shape operator of f with respect to a
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unit normal vector fieldN andH is the corresponding mean curvature function. A similar
result holds for submanifolds of arbitrary codimension (see [9] and Section 9:8 of [4]).

Li, Ma and Wang investigated in [8] the natural and interesting problem of looking
for the hypersurfaces f WM n ! RnC1 that are not determined, up to Moebius transform-
ations of RnC1, only by their Moebius metrics. This fits into the fundamental problem in
submanifold theory of looking for data that are sufficient to determine a submanifold up
to some group of transformations of the ambient space.

More precisely, an umbilic-free hypersurface f WM n ! RnC1 is said to be Moebius
deformable if there exists an immersion Qf WM n ! RnC1 that shares with f the same
Moebius metric and is not Moebius congruent to f on any open subset of M n. The first
result in [8] is that a Moebius deformable hypersurface with dimension n� 4must carry a
principal curvature with multiplicity at least n � 2. As pointed out in [8], for n � 5 this is
already a consequence of Cartan’s classification in [1] (see also [3] and Chapter 17 of [4])
of the more general class of conformally deformable hypersurfaces. These are the hyper-
surfaces f WM n!RnC1 that admit a non-trivial conformal deformation Qf WM n ! RnC1,
that is, an immersion such that f and Qf induce conformal metrics onM n and do not differ
by a Moebius transformation of RnC1 on any open subset of M n .

According to Cartan’s classification, besides the conformally flat hypersurfaces, which
have a principal curvature with multiplicity greater than or equal to n � 1 and are highly
conformally deformable, the remaining ones fall into one of the following classes:

(i) conformally surface-like hypersurfaces, that is, those that differ by a Moebius trans-
formation of RnC1 from cylinders and rotation hypersurfaces over surfaces in R3,
or from cylinders over three-dimensional hypersurfaces of R4 that are cones over
surfaces in S3;

(ii) conformally ruled hypersurfaces, i.e., hypersurfaces f WM n!RnC1 for whichM n

carries an integrable .n � 1/-dimensional distribution whose leaves are mapped
by f into umbilical submanifolds of RnC1;

(iii) hypersurfaces that admit a non-trivial conformal variation F W .�"; "/ � M n !

RnC1, that is, a smooth map defined on the product of an open interval .�"; "/ � R
with M n such that, for any t 2 .�"; "/, the map ft D F.t I �/, with f0 D f , is a
non-trivial conformal deformation of f ;

(iv) hypersurfaces that admit a single non-trivial conformal deformation.
It was shown in [8] that, among the conformally surface-like hypersurfaces, the ones

that are Moebius deformable are those that are determined by a Bonnet surface hWL2!Q3
"

admitting isometric deformations preserving the mean curvature function. Here Q3
" stands

for a space form of constant sectional curvature " 2 ¹�1;0;1º. It was also shown in [8] that
an umbilic-free conformally flat hypersurface f WM n! RnC1, n � 4 (hence with a prin-
cipal curvature of constant multiplicity n� 1), admits non-trivial deformations preserving
the Moebius metric if and only if it has constant Moebius curvature, that is, its Moebius
metric has constant sectional curvature. Such hypersurfaces were classified in [5], and
an alternative proof of the classification was given in [8]. They were shown to be, up to
Moebius transformations of RnC1, either cylinders or rotation hypersurfaces over the so-
called curvature spirals in R2 or R2C, respectively, the latter endowed with the hyperbolic
metric, or cylinders over surfaces that are cones over curvature spirals in S2.
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It is claimed in [8] that there exists only one further example of a Moebius deformable
hypersurface, which belongs to the third of the above classes in Cartan’s classification of
the conformally deformable hypersurfaces. Namely, the hypersurface given by

(1.2) f D ˆ ı .id � f1/ WM n
WD Hn�3

�m �N
3
! RnC1; m D

r
n � 1

n
;

where id is the identity map of Hn�3
�m , f1WN 3 ! S4m is Cartan’s minimal isoparamet-

ric hypersurface, which is a tube over the Veronese embedding of RP2 into S4m, and
ˆ WHn�3

�m � S4m � Ln�2 �R5! RnC1 nRn�4 is the conformal diffeomorphism given by

ˆ.x; y/ D
1

x0
.x1; : : : ; xn�4; y/

for all xD x0 e0C x1 e1C � � � C xn�3 en�3 2Ln�2 and y D .y1; : : : ;y5/ 2 S4 �R5. Here
¹e0; : : : ; en�3º denotes a pseudo-orthonormal basis of the Lorentzian space Ln�2 with
he0; e0i D 0 D hen�3; en�3i and he0; en�3i D �1=2. The deformations of f preserving
the Moebius metric have been shown to be actually compositions ft D f ı �t of f with
the elements of a one-parameter family of isometries �t WM n ! M n with respect to the
Moebius metric; hence all of them have the same image as f .

The initial goal of this article was to investigate the larger class of infinitesimally
Moebius bendable hypersurfaces, that is, umbilic-free hypersurfaces f WM n ! RnC1 for
which there exists a one-parameter family of immersions ft WM n!RnC1, with t 2 .�";"/
and f0 D f , such that the Moebius metrics determined by ft coincide up to the first order,
in the sense that @

@t
jtD0g

�
t D 0. This is carried out for n � 5 in the forthcoming paper [7].

In the course of our investigation, however, we realized that the infinitesimally Moe-
bius bendable hypersurfaces of dimension n � 5 in our classification that are not con-
formally surface-like are actually also Moebius deformable. Nevertheless, except for the
example in the preceding paragraph, they do not appear in the classification of such hyper-
surfaces as stated in [8]. This has led us to revisit that classification under a different
approach from that in [8].

To state our result, we need to recall some terminology. Let f WM n ! RnC1 be
an oriented hypersurface with respect to a unit normal vector field N . Then the family
of hyperspheres x 2 M n 7! S.h.x/; r.x// with radius r.x/ and center h.x/ D f .x/C
r.x/N.x/ is enveloped by f . If, in particular, 1=r is the mean curvature of f , such family
of hyperspheres is called the central sphere congruence of f .

Let V nC2 denote the light cone in the Lorentz space LnC3 and let ‰ D ‰v;w;C WRnC1

! LnC3 be the isometric embedding onto

EnC1 D EnC1w D ¹u 2 V nC2
W hu;wi D 1º � LnC3

given by

(1.3) ‰.x/ D v C Cx �
1

2
kxk2w;

in terms of w 2 V nC2, v 2 EnC1 and a linear isometry C WRnC1 ! ¹v; wº?. Then we
have that the congruence of hyperspheres x 2M n 7! S.h.x/; r.x// is determined by the
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map S WM n ! SnC21;1 that takes values in the Lorentzian sphere

SnC21;1 D ¹x 2 LnC3W hx; xi D 1º

and is defined by

S.x/ D
1

r.x/
‰.h.x//C

r.x/

2
w;

in the sense that ‰.S.h.x/; r.x/// D EnC1 \ S.x/? for all x 2 M n. The map S has
rank 0 < k < n, that is, it corresponds to a k-parameter congruence of hyperespheres, if
and only if � D 1=r is a principal curvature of f with constant multiplicity n � k (see
Section 9:3 of [4] for details). In this case, S gives rise to a map sWLk ! SnC21;1 such that
S ı � D s, where � WM n ! Lk is the canonical projection onto the quotient space of
leaves of ker.A � �I/.

Theorem 1.1. Let f WM n! RnC1, n � 5, be a Moebius deformable hypersurface that is
not conformally surface-like on any open subset and has a principal curvature of constant
multiplicity n � 2. Then the central sphere congruence of f is determined by a minimal
space-like surface sWL2 ! SnC21;1 .

Conversely, any simply connected hypersurface f WM n ! RnC1, n � 5, whose cent-
ral sphere congruence is determined by a minimal space-like surface sWL2 ! SnC21;1 is
Moebius deformable. In fact, f is Moebius bendable: it admits precisely a one-parameter
family of conformal deformations, all of which share with f the same Moebius metric.

Remarks 1.2. (1) Particular examples of Moebius deformable hypersurfaces f WM n !

RnC1 that are not conformally surface-like on any open subset and have a principal
curvature of constant multiplicity n� 2 are the minimal hypersurfaces of rank two. These
are well-known to admit a one-parameter associated family of isometric deformations, all
of which are also minimal of rank two. The elements of the associated family, sharing
with f the same induced metric, all have the same scalar curvature and, being minimal,
also share with f the same Moebius metric. These examples are not comprised in the
statement of Proposition 9:2 in [8] and, since the elements of the associated family of a
minimal hypersurface of rank two do not have in general the same image, neither in the
statement of Theorem 1:5 therein.

(2) More general examples are the compositions f D P ı h of minimal hypersurfaces
hWM n ! QnC1

c of rank two with a “stereographic projection” P of QnC1
c (minus one

point if c > 0) onto RnC1. The latter are precisely the hypersurfaces f WM n!RnC1 with
a principal curvature of constant multiplicity n � 2 whose central sphere congruences are
determined by minimal space-like surfaces sWL2 ! SnC21;1 � LnC3 such that s.L/ is con-
tained in a hyperplane of LnC3 orthogonal to a vector T 2LnC3 satisfying �hT; T i D c
(see, e.g., Corollary 3:4:6 in [6]).

(3) The central sphere congruence of the hypersurface given by (1.2) is a Veronese
surface in a sphere S4 � SnC21;1 .

(4) The proof of Theorem 1.1 makes use of some arguments in the classification of the
conformally deformable hypersurfaces of dimension n � 5 given in Chapter 17 of [4].
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2. Preliminaries

In this short section, we recall some basic definitions and state Wang’s fundamental the-
orem for hypersurfaces in Moebius geometry.

Let f WM !RnC1 be an umbilic-free immersion with Moebius metric g�D h�; �i� and
Moebius shape operator S . The Blaschke tensor  of f is the endomorphism defined by

h X; Y i� D
H

�
hSX; Y i� C

1

2�2

�
kgrad ��k2� CH

2
�
hX; Y i� �

1

�
Hess ��.X; Y /

for allX;Y 2 X.M/, where grad � and Hess � stand for the gradient and Hessian, respect-
ively, with respect to g�. The Moebius form ! 2 �.T �M/ of f is defined by

!.X/ D �
1

�
hgrad �H C Sgrad ��;Xi�:

The Moebius shape operator, the Blaschke tensor and the Moebius form of f are
Moebius invariant tensors that satisfy the conformal Gauss and Codazzi equations:

R�.X; Y / D SX ^� SY C  X ^� Y CX ^�  Y;(2.1)
.r�XS/Y � .r

�
Y S/X D !.X/Y � !.Y /X;(2.2)

for all X; Y 2 X.M/, where r� denotes the Levi-Civita connection, R� the curvature
tensor and ^� the wedge product with respect to g�. We also point out for later use that
the Moebius shape operator S D ��1.A � HI/, besides being traceless, has constant
norm

p
.n � 1/=n.

The following fundamental result was proved by Wang (see Theorem 3.1 in [9]).

Proposition 2.1. Two umbilic-free hypersurfaces f1; f2WM n ! RnC1 are conformally
(Moebius) congruent if and only if they share the same Moebius metric and the same
Moebius second fundamental form (up to sign).

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. In the first subsection, we use the
theory of flat bilinear forms to give an alternative proof of a key proposition proved in [8]
on the structure of the Moebius shape operators of Moebius deformable hypersurfaces.
The proof of Theorem 1.1 is provided in the subsequent subsection.

3.1. Moebius shape operators of Moebius deformable hypersurfaces

The starting point for the proof of Theorem 1.1 is Proposition 3.3 below, which gives the
structure of the Moebius shape operator of a Moebius deformable hypersurface of dimen-
sion n � 5 that carries a principal curvature of multiplicity .n� 2/ and is not conformally
surface-like on any open subset.

First we provide, for the sake of completeness, an alternative proof for n � 5, based
on the theory of flat bilinear forms, of a result first proved for n � 4 by Li, Ma and Wang
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in [8] (see Theorem 6:1 therein) on the structure of the Moebius shape operators of any
pair of Euclidean hypersurfaces of dimension n � 5 that are Moebius deformations of
each other (see Proposition 3.2 below).

Recall that if W p;q is a vector space of dimension p C q endowed with an inner
product hh ; ii of signature .p; q/, and V , U are finite dimensional vector spaces, then a
bilinear form ˇWV � U ! W p;q is said to be flat with respect to hh ; ii if

hhˇ.X; Y /; ˇ.Z; T /ii � hhˇ.X; T /; ˇ.Z; Y /ii D 0

for all X;Z 2 V and Y; T 2 U . It is called null if

hhˇ.X; Y /; ˇ.Z; T /ii D 0

for all X;Z 2 V and Y; T 2 U . Thus a null bilinear form is necessarily flat.

Proposition 3.1. Let f1; f2WM n!RnC1 be umbilic-free immersions that share the same
Moebius metric h ; i�. Let Si and  i , i D 1; 2, denote their corresponding Moebius shape
operators and Blaschke tensors. Then, for each x 2 M n, the bilinear form ‚W TxM �

TxM ! R2;2 defined by

‚.X; Y / D
�
hS1X; Y i

�;
1
p
2
h‰CX; Y i

�; hS2X; Y i
�;

1
p
2
h‰�X; Y i

�
�
;

where ‰˙ D I ˙ . 1 �  2/, is flat with respect to the (indefinite) inner product hh�; �ii
in R2;2. Moreover,‚ is null for all x 2M n if and only if f1 and f2 are Moebius congruent.

Proof. Using (2.1) for f1 and f2, we obtain

hh‚.X; Y /;‚.Z;W /ii � hh‚.X;W /;‚.Z; Y /ii

D h.S1Z ^
� S1X/Y;W i

�
� h.S2Z ^

� S2X/Y;W i
�

C h.. 1 �  2/Z ^
� X/Y;W i� C h.Z ^� . 1 �  2/X/Y;W i

�

D 0

for all x 2M n and X; Y;Z;W 2 TxM , which proves the first assertion.
Assume now that ‚ is null for all x 2M n. Then

0 D hh‚.X; Y /;‚.Z;W /ii D hS1X; Y i
�
hS1Z;W i

�
� hS2X; Y i

�
hS2Z;W i

�

C
1

2
h.I C . 1 �  2//X; Y /i

�
h.I C . 1 �  2//Z;W /i

�

�
1

2
h.I � . 1 �  2//X; Y /i

�
h.I � . 1 �  2//Z;W /i

�

for all x 2M n and X; Y;Z;W 2 TxM . This is equivalent to

hS1X; Y i
�S1 � hS2X; Y i

�S2 C
1

2
h.I C . 1 �  2//X; Y /i

�.I C . 1 �  2//

�
1

2
h.I � . 1 �  2//X; Y /i

�.I � . 1 �  2//

D hS1X; Y i
�S1 � hS2X; Y i

�S2 C hX; Y i
�. 1 �  2/C h. 1 �  2/X; Y i

�I(3.1)
D 0
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for all x 2M n and X; Y 2 TxM . Now we use that

(3.2) .n � 2/h iX; Y i
�
D Ric�.X; Y /C hS2i X; Y i

�
�
n2s� C 1

2n
hX; Y i�

for allX;Y 2 TxM , where Ric� and s� are the Ricci and scalar curvatures of the Moebius
metric (see, e.g., Proposition 9:20 in [4]), which implies that

tr 1 D
n2s� C 1

2n
D tr 2:

Therefore, taking traces in (3.1) yields

h. 1 �  2/X; Y i
�
D 0

for all x 2M n andX;Y 2 TxM . Thus 1D 2, and hence hS1X;Y i
�S1D hS2X;Y i

�S2:

In particular, S1 and S2 commute. Let �i and �i , 1 � i � n, denote their respective eigen-
values. Then �i�j D �i�j for all 1� i; j � n and, in particular, �2i D �

2
i for any 1� i � n.

If �1 D �1 ¤ 0, then �j D �j for any j , and then S1 D S2. Similarly, if �1 D ��1 ¤ 0,
then S1 D �S2. Therefore, in any case, f1 and f2 are Moebius congruent by Proposi-
tion 2.1.

Proposition 3.2. Let f1; f2WM n ! RnC1, n � 5, be umbilic-free immersions that are
Moebius deformations of each other. Then there exists a distribution � of rank .n � 2/
on an open and dense subset U � M n such that, for each x 2 U, �.x/ is contained in
eigenspaces of the Moebius shape operators of both f1 and f2 at x correspondent to a
common eigenvalue (up to sign).

Proof. First notice that, for each x 2M n, the kernel

N .‚/ WD ¹Y 2 TxM W ‚.X; Y / D 0 for all X 2 TxM º

of the flat bilinear form ‚W TxM � TxM ! R2;2 given by Proposition 3.1 is trivial, for
if Y 2 TxM belongs to N .‚/, then h‰CY; Y i

�
D 0 D h‰�Y; Y i

�, which implies that
hY; Y i D 0, and hence Y D 0.

Now, by Proposition 2.1 and the last assertion in Proposition 3.1, the flat bilinear
form ‚ is not null on any open subset of M n, for f1 and f2 are not Moebius congruent
on any open subset of M n. Let U � M n be the open and dense subset where ‚ is not
null. Since n � 5, it follows from Lemma 4.22 in [4] that, at any x 2 U, there exists an
orthogonal decomposition R2;2 D W

1;1
1 ˚ W

1;1
2 according to which ‚ decomposes as

‚ D ‚1 C‚2, where ‚1 is null and ‚2 is flat with dim N .‚2/ � n � 2.
We claim that�DN .‚2/ is contained in eigenspaces of both S1 and S2 at any x 2U.

In order to prove this, take any T 2 �.�/, so that‚.X;T /D‚1.X;T / for anyX 2 TxM ,
and hence hh‚.X; T /;‚.Z; Y /ii D 0 for all X; Y;Z 2 TxM . Equivalently,

(3.3) hS1X; T i
�S1 � hS2X; T i

�S2 C h. 1 �  2/X; T i
�I C hX; T i�. 1 �  2/ D 0

for any X 2 TxM . In particular, for X orthogonal to T ,

hS1X; T i
�S1 � hS2X; T i

�S2 C h. 1 �  2/X; T iI D 0:
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Assume that T is not an eigenvector of S1. Then there exists X orthogonal to T such
that hS1X; T i

�
¤ 0. Since f1 is umbilic-free, we must have hS2X; T i

�
¤ 0. Thus S1

and S2 are mutually diagonalizable. Let X1; : : : ; Xn be an orthonormal diagonalizing
basis of both S1 and S2 with respective eigenvalues �i and �i , 1 � i � n. Since T is
not an eigenvector, there are at least two distinct eigenvalues, say, 0 ¤ �1 ¤ �2, with
corresponding eigenvectors X1 and X2, such that hX1; T i

�
¤ 0 ¤ hX2; T i

�. Thus (3.3)
yields

�1hX1; T i
�S1 � �1hX1; T i

�S2 C h. 1 �  2/X1; T i
�I C hX1; T i

�. 1 �  2/ D 0;

�2hX2; T i
�S1 � �2hX2; T i

�S2 C h. 1 �  2/X2; T i
�I C hX2; T i

�. 1 �  2/ D 0:

It follows from (3.2) that .n � 2/. 1 �  2/ D S21 � S
2
2 : Hence

�1S1 � �1S2 C
1

n � 2
.�21 � �

2
1/I C . 1 �  2/ D 0;

�2S1 � �2S2 C
1

n � 2
.�22 � �

2
2/I C . 1 �  2/ D 0:

Taking traces in the above expressions, we obtain

�21 � �
2
1 D 0 D �

2
2 � �

2
2:

On the other hand, the above relations also yield

�1�i � �1�i C
1

n � 2
.�2i � �

2
i / D 0;

�2�i � �2�i C
1

n � 2
.�2i � �

2
i / D 0;

for any 1 � i � n. Assume first that �1 D �1, and hence �2 D �2. Then the preceding
expressions become

.�i � �i /
�
�j C

1

n � 2
.�i C �i /

�
D 0

for j D 1; 2 and 1 � i � n. Since S1 ¤ S2 and both tensors have vanishing trace, there
must exist at least two directions for which �i � �i ¤ 0. For such a fixed direction, say k,
we have

�j C
1

n � 2
.�k C �k/ D 0;

with j D 1; 2. Thus �1 D �2, which is a contradiction.
Similarly, if we assume �1 D ��1, we obtain that �2 D ��2, and then

.�i C �i /
�
�j C

1

n � 2
.�i � �i /

�
D 0

for j D 1; 2 and 1 � i � j . By the same argument as above, we see that �1 D �2, reach-
ing again a contradiction. Therefore T must be an eigenvector of S1. Since S2 is not a
multiple of the identity, taking X orthogonal to T we see from (3.3) that T must also be
an eigenvector of S2. Given that T 2 �.�/ was chosen arbitrarily, we conclude that � is
contained in eigenspaces of both S1 and S2.
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Let �1 and �2 be such that S1j� D �1I and S2j� D �2 I . By (3.3), we have

�21 � �
2
2 C

2

n � 2
.�21 � �

2
2/ D 0:

Thus �21 � �
2
2 D 0; and hence �1 D ˙�2.

It remains to argue that dim� D n� 2. After changing the normal vector of either f1
or f2, if necessary, one can assume that �1 D �2 WD �. Since S1j� D �I D S2j�, if
dim� D n � 1 then the condition tr .S1/ D 0 D tr .S2/ would imply that S1 D S2, a
contradiction.

Now we make the extra assumptions that f is not conformally surface-like on any
open subset of M n and has a principal curvature with constant multiplicity n � 2.

Proposition 3.3. Let f1WM n!RnC1, n� 5, be a Moebius deformable hypersurface with
a principal curvature � of constant multiplicity n � 2. Assume that f1 is not conformally
surface-like on any open subset of M n. If f2WM n ! RnC1 is a Moebius deformation
of f1, then the Moebius shape operators S1 and S2 of f1 and f2, respectively, have con-
stant eigenvalues ˙

p
.n � 1/=2n and 0, and the eigenspace � correspondent to � as a

common kernel. In particular, � and the corresponding principal curvature of f2 coincide
with the mean curvatures of f1 and f2, respectively. Moreover, the Moebius forms of f1
and f2 vanish on �.

For the proof of Proposition 3.3, we will make use of Lemma 3.4 below (see The-
orem 1 in [2] or Corollary 9:33 in [4]), which characterizes conformally surface-like
hypersurfaces among hypersurfaces of dimension n that carry a principal curvature with
constant multiplicity n � 2 in terms of the splitting tensor of the corresponding eigen-
bundle. Recall that, given a distribution � on a Riemannian manifold M n, its splitting
tensor C W�.�/! �.End.�?// is defined by

CTX D �r
h
XT

for all T 2 �.�/ and X 2 �.�?/, where rhXT D .rXT /�? .

Lemma 3.4. Let f WM n! RnC1, n � 3, be a hypersurface with a principal curvature of
multiplicity n � 2 and let � denote its eigenbundle. Then f is conformally surface-like if
and only if the splitting tensor of � satisfies C.�.�// � span¹I º.

Proof of Proposition 3.3. Since f1 has a principal curvature � of constant multiplicity
n � 2, it follows from Proposition 3.2 that, after changing the normal vector field of
either f1 or f2, if necessary, we can assume that the Moebius shape operators S1 and S2
of f1 and f2 have a common eigenvalue � with the same eigenbundle � of rank n � 2.

Let �i , i D 1; 2, be the eigenvalues of S1j�? . In particular, �1 ¤ � ¤ �2. The condi-
tions tr .S1/ D 0 D tr .S2/ and kS1k2 D .n � 1/=n D kS2k2 imply that S1 and S2 have
the same eigenvalues. Then we must also have �1 ¤ �2, for otherwise S1 and S2 would
coincide.

Let X; Y 2 �.�?/ be an orthonormal frame of eigenvectors of S1j�? with respect
to g�. Then S1X D �1X , S1Y D �2Y , S2X D b1X C cY and S2Y D cX C b2Y for some
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smooth functions b1, b2 and c. Since tr .S1/ D 0 D tr .S2/ and kS1k�2 D .n � 1/=n D
kS2k

�2, we have

�1 C �2 C .n � 2/� D 0;(3.4)

�21 C �
2
2 C .n � 2/�

2
D
n � 1

n
;(3.5)

b1 C b2 C .n � 2/� D 0;(3.6)

b21 C b
2
2 C 2c

2
C .n � 2/�2 D

n � 1

n
�(3.7)

Thus the first assertion in the statement will be proved once we show that � vanishes
identically. The last assertion will then be an immediate consequence of (2.2).

The umbilicity of �, together with (2.2) evaluated in orthonormal sections T and S
of � with respect to g�, imply that !1.T / D T .�/ D !2.T /, where !i is the Moebius
form of fi , 1 � i � 2. Taking the derivative of (3.4) and (3.5) with respect to T 2 �.�/,
we obtain

T .�1/ D
.n � 2/.� � �2/

�2 � �1
T .�/ and T .�2/ D

.n � 2/.�1 � �/

�2 � �1
T .�/:

TheX and Y components of (2.2) for S1 evaluated inX and T 2 �.�/ give, respectively,

(3.8) .� � �1/hr
�
XT;Xi

�
D T .�1/ � T .�/ D �

n�2

�2 � �1
T .�/

and

(3.9) .� � �2/hr
�
XT; Y i

�
D .�1 � �2/hr

�
TX; Y i

�:

Similarly, theX and Y components of (2.2) for S1 evaluated in Y and T give, respectively,

(3.10) .� � �1/hr
�
Y T;Xi

�
D .�2 � �1/hr

�
T Y;Xi

�

and

(3.11) .� � �2/hr
�
Y T; Y i

�
D T .�2/ � T .�/ D

n�1

�2 � �1
T .�/:

We claim that S1 and S2 do not commute, that is, that c ¤ 0. Assume otherwise. Then
equations (3.4) to (3.7) imply that S2X D �2X and S2Y D �1Y . Hence, the X and Y
components of (2.2) for S2 evaluated in X and T 2 �.�/ give, respectively,

(3.12) .� � �2/hr
�
XT;Xi

�
D T .�2/ � T .�/

and

(3.13) .� � �1/hr
�
XT; Y i

�
D .�2 � �1/hr

�
TX; Y i

�:

Similarly, theX and Y components of (2.2) for S2 evaluated in Y and T give, respectively,

(3.14) .� � �2/hr
�
Y T;Xi

�
D .�1 � �2/hr

�
T Y;Xi

�

and

(3.15) .� � �1/hr
�
Y T; Y i

�
D T .�1/ � T .�/:
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Adding (3.9) and (3.13) yields

.2� � �1 � �2/hr
�
XT; Y i

�
D 0:

Similarly, equation s(3.10) and (3.14) give

.2� � �1 � �2/hr
�
Y T;Xi

�
D 0:

If .2�� �1 � �2/ does not vanish identically, there exists an open subset U �M n where
hr�XT; Y i

�
D 0 D hr�Y T;Xi

�. Now, from (3.8) and (3.12) we obtain

.�2 � �1/hr
�
XT;Xi

�
D T .�1 � �2/:

Similarly, using (3.11) and (3.15) we have

.�1 � �2/hr
�
Y T; Y i

�
D T .�2 � �1/:

The preceding equations imply that the splitting tensor C � of � with respect to the
Moebius metric satisfies C �T 2 span¹I º for any T 2 �.�jU /. From the relation between
the Levi-Civita connections of conformal metrics, we obtain

(3.16) C �T D CT � T .log�/ I;

where � is the conformal factor of g� with respect to the metric induced by f1 and C is
the splitting tensor of � corresponding to the latter metric. Therefore, we also have CT 2
span¹I º for any T 2 �.�jU /, and hence f1jU is conformally surface-like by Lemma 3.4,
a contradiction. Thus .2�� �1 � �2/must vanish everywhere, which, together with (3.4),
implies that also � is everywhere vanishing. Hence �1 D ��2, and therefore S1 D �S2,
which is again a contradiction, and proves the claim.

Now we compute

h.r�T S2/X;Xi
�
D hr

�
T .b1X C cY /;Xi

�
� hS2r

�
TX;Xi

�

D T .b1/C chr
�
T Y;Xi

�
� chr�TX; Y i

�
D T .b1/C 2chr

�
T Y;Xi

�:

In a similar way,

h.r�T S2/Y; Y i
�
D T .b2/C 2chr

�
TX; Y i

�:

Adding the preceding equations and using (3.6) yield

(3.17) h.r�T S2/X;Xi
�
C h.r�T S2/Y; Y i

�
D .2 � n/T .�/:

From (2.2), we obtain

h.r�T S2/X;Xi
�
D h.r�X S2/T;Xi

�
C T .�/ D �hr�X T;Xi

�
� hr

�
X T; S2Xi

�
C T .�/

D .� � b1/hr
�
X T;Xi

�
� chr�X T; Y i

�
C T .�/;

and similarly,

h.r�T S2/Y; Y i
�
D .� � b2/hr

�
Y T; Y i

�
� chr�Y T;Xi

�
C T .�/:
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Substituting the preceding expressions in (3.17) gives

(3.18) nT .�/C.��b1/hr�XT;Xi
�
C.��b2/hr

�
Y T;Y i

�
D chr�XT;Y i

�
Cchr�Y T;Xi

�:

Let us first focus on the terms on the left-hand side of the above equation. Using (3.8)
and (3.11), we obtain

nT .�/C .� � b1/hr
�
XT;Xi

�
C .� � b2/hr

�
Y T; Y i

�

D nT .�/ �
n�2.� � b1/

.� � �1/.�2 � �1/
T .�/C

n�1.� � b2/

.� � �2/.�2 � �1/
T .�/

D
.n � 1/.�1 � b1/

.� � �2/.�2 � �1/
T .�/:

For the right-hand side of (3.18), using (3.9) and (3.10) we have

c.hr�XT; Y i
�
C hr

�
Y T;Xi

�/ D c
��1 � �2
� � �2

hr
�
TX; Y i

�
C
�2 � �1

� � �1
hr
�
T Y;Xi

�
�

D c
.�1 � �2/.� � �1 C � � �2/

.� � �1/.� � �2/
hr
�
TX; T i

�
D c

n�.�1 � �2/

.� � �1/.� � �2/
hr
�
TX; Y i

�:

Therefore (3.17) becomes

(3.19) .n � 1/.b1 � �1/T .�/ D nc�.�1 � �2/
2
hr
�
TX; T i

�:

Now evaluate (2.2) for S2 in X and T . More specifically, the Y component of that equa-
tion is

T .c/ D .� � b2/hr
�
XT; Y i

�
� chr�XT;Xi C .b2 � b1/hr

�
TX; Y i

�:

Substituting (3.8) and (3.9) in the above equation, and using (3.4) and (3.6), we obtain

T .c/ D
.� � b2/.�1 � �2/

� � �2
hr
�
TX; Y i

�
C

cn�2

.� � �1/.�2 � �1/
T .�/

C .b2 � b1/hr
�
TX; Y i

�

D
��1 � ��2 � b2�1 C b2�2 C �b2 � �b1 � �2b2 C b1�2

� � �2
hr
�
TX; Y i

�

C
cn�2

.� � �1/.�2 � �1/
T .�/

D
n�.�1 � b1/

� � �2
hr
�
TX; Y i

�
C

cn�2

.� � �1/.�2 � �1/
T .�/:(3.20)

Similarly, the X component of (2.2) for S2 evaluated in Y and T gives

T .c/ D .� � b1/hr
�
Y T;Xi

�
� c hr�Y T; Y i

�
C .b2 � b1/hr

�
TX; Y i

�:
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Substituting (3.10) and (3.11) in the above equation, we obtain

(3.21) T .c/ D �
cn�1

.� � �2/.�2 � �1/
T .�/C

n�.�1 � b1/

� � �1
hr
�
TX; Y i

�:

Using (3.5), it follows from (3.20) and (3.21) that

(3.22) .n � 1/cT .�/ D n�.�1 � b1/.�1 � �2/
2
hr
�
TX; Y i

�:

Comparing (3.19) and (3.22) yields

�
�
.�1 � b1/

2
C c2

�
hr
�
TX; Y i

�
D 0:

Since .�1 � b1/2 C c2 ¤ 0, for otherwise the immersions would be Moebius congruent,
then �hr�TX; Y i

�
D 0:

If � does not vanish identically, then there is an open subset U where hr�TX;Y i
�
D 0

for any T 2 �.�/. Then (3.9) and (3.10) imply that the splitting tensor of � with respect
to the Moebius metric satisfies C �T 2 span¹I º for any T 2 �.�/. As before, this implies
that the splitting tensor of � with respect to the metric induced by f1 also satisfies CT 2
span¹I º for any T 2 �.�/, and hence f1jU is conformally surface-like by Lemma 3.4, a
contradiction. Thus � must vanish identically.

3.2. Proof of Theorem 1.1

In this subsection, we prove Theorem 1.1. First we recall one further definition.
Let f WM n!RnC1, n� 3, be a hypersurface that carries a principal curvature of con-

stant multiplicity n� 2 with corresponding eigenbundle�. Let C W�.�/! �.End.�?//
be the splitting tensor of �. Then f is said to be hyperbolic (respectively, parabolic or
elliptic) if there exists J 2 �.End.�?// satisfying the following conditions:

(i) J 2 D I and J ¤ I (respectively, J 2 D 0, with J ¤ 0, or J 2 D �I ),
(ii) rhT J D 0 for all T 2 �.�/,
(iii) C.�.�// � span¹I; J º, but C.�.�// 6� span¹I º.

Proof of Theorem 1.1. Let f2WM n ! RnC1 be a Moebius deformation of f1 WD f . By
Proposition 3.3, the Moebius shape operators S1 and S2 of f1 and f2, respectively, share a
common kernel � of dimension n � 2. Let Si , i D 1; 2, denote also the restriction Si j�? ,
and define D 2 �.End.�?// by

D D S�11 S2:

It follows from Proposition 3.3 that detD D 1 at any point of M n, while Proposition 2.1
implies thatD cannot be the identity endomorphism up to sign on any open subsetU�M n,
for otherwise f1jU and f2jU would be Moebius congruent by Lemma 3.4. Therefore,
we can write D D aI C bJ , where b does not vanish on any open subset of M n, and
J 2 �.End.�?// satisfies J 2 D "I , with " 2 ¹1; 0;�1º, J ¤ I if " D 1, and J ¤ 0

if " D 0.
From the symmetry of S2 and the fact that b does not vanish on any open subset

of M n, we see that S1J must be symmetric. Moreover, given that trS1 D 0 D trS2, also
trS1J D 0.
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Assume first that J 2 D 0. Let X; Y 2 �.�?/ be orthogonal vector fields, with Y of
unit length (with respect to the Moebius metric g�), such that JX D Y and J Y D 0.
Replacing J by kXk�J , if necessary, we can assume that also X has unit length. Let
˛;ˇ; 
 2 C1.M/ be such that S1X D ˛X C ˇY and S1Y D ˇX C 
Y , so that S1JX D
ˇX C 
Y and S1J Y D 0. From the symmetry of S1J and the fact that trS1J D 0, we
obtain ˇ D 0 D 
 , and hence ˛ D trS1 D 0. Thus S1 D 0, which is a contradiction.

Now assume that J 2D I , J ¤ I . LetX;Y be a frame of unit vector fields (with respect
to g�) satisfying JX D X and J Y D�Y . Write S1X D ˛X C ˇY and S1Y D 
X C ıY
for some ˛;ˇ; 
; ı 2 C1.M/, so that S1JX D ˛X C ˇY and S1J Y D�
X � ıY . Since
trS1J D 0D trS1, then ˛ D 0D ı. The symmetry of S1 and S2J implies that ˇ D 0D 
 ,
which is again a contradiction.

Therefore, the only possible case is that J 2D�I . LetX;Y 2�.�?/ be a frame of unit
vector fields such that JX D Y and J Y D �X . Write, as before, S1X D ˛X C ˇY and
S1Y D 
X C ıY for some ˛; ˇ; 
; ı 2 C1.M/. Then S1JX D 
X C ıY and S1J Y D
�˛X � ˇY , hence ˇ D 
 , for trS1J D 0. From the symmetry of S1, we obtain

hS1JX; Y i D hJX; S1Y i D hY; S1Y i D 
hX; Y i C ı D ˇhX; Y i C ı;

and similarly,
hS1J Y;Xi D �˛ � ˇhX; Y i:

Comparing the two preceding equations, and taking into account the symmetry of S1J
and the fact that trS1 D 0, we obtain that ˇhX;Y i D 0: If ˇ is nonzero, then X and Y are
orthogonal to each other. This is also the case if ˇ, hence also 
 , is zero, for in this case X
and Y are eigenvectors of S1. Thus, in any case, we conclude that J acts as a rotation of
angle �=2 on �?.

Equation (2.2) and the fact that !i j� D 0 imply that the splitting tensor of � with
respect to the Moebius metric satisfies

r
�h
T Si D Si C

�
T

for all T 2 �.�/ and 1 � i � 2, where

.r�hT Si /X D r
�h
T SiX � Sir

�h
T X

for all X 2 �.�?/ and T 2 �.�/. Here r�hT X D .r
�
TX/�? : In particular,

Si C
�
T D C

�
T
t
Si ; 1 � i � 2:

Therefore,
S1DC

�
T D S2C

�
T D C

�
T
t
S2 D C

�
T
t
S1D D S1C

�
TD;

and hence
ŒD; C �T � D 0:

This implies that C �T commutes with J , and hence C �T 2 span¹I; J º for any T 2 �.�/.
It follows from (3.16) that also the splitting tensor C of � corresponding to the metric
induced by f satisfies CT 2 span¹I; J º for any T 2 �.�/. Moreover, by Lemma 3.4 and
the assumption that f is not surface-like on any open subset, we see that C.�.�// 6�
span¹I º on any open subset. Now, since J acts as a rotation of angle �=2 on �?, then
rhT J D 0. We conclude that f is elliptic with respect to J .
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By Proposition 3.3, the central sphere congruence S WM n ! SnC21;1 of f is a two-
parameter congruence of hyperspheres, which therefore gives rise to a surface sWL2 !
SnC21;1 such that s D S ı � , where � WM n ! L2 is the (local) quotient map onto the space
of leaves of�. SincerhT J D 0D ŒCT ;J � for any T 2�.�/, it follows from Corollary 11:7
in [4] that J is projectable with respect to � , that is, there exists NJ 2 End.TL/ such that
NJ ı �� D �� ı J . In particular, the fact that J 2 D �I implies that NJ 2 D �I , where we

denote also by I the identity endomorphism of TL.
Now observe that, since f2 shares with f1 the same Moebius metric, its induced metric

is conformal to the metric induced by f1. Moreover, f2 is not Moebius congruent to f1 on
any open subset of M n and f1 has a principal curvature of constant multiplicity .n � 2/.
Thus f1 is a so-called Cartan hypersurface. By the proof of the classification of Cartan
hypersurfaces given in Chapter 17 of [4] (see Lemma 17:4 therein), the surface s is elliptic
with respect to NJ , that is, for all NX; NY 2 X.L/ we have

(3.23) ˛s. NJ NX; NY / D ˛s. NX; NJ NY /:

We claim that NJ is an orthogonal tensor, that is, it acts as a rotation of angle �=2 on
each tangent space of L2. The minimality of s will then follow from this, the fact that
NJ 2 D �I , and (3.23).

In order to show the orthogonality of NJ , we use the fact that the metric h�; �i0 on L2

induced by s is related to the metric of M n by

(3.24) h NZ; NW i0 D h.A � �I/Z; .A � �I/W i

for all NZ; NW 2 X.L/, where A is the shape operator of f , � is the principal curvature
of f having � as its eigenbundle, which coincides with the mean curvature H of f by
Proposition 3.3, andZ andW are the horizontal lifts of NZ and NW , respectively. Notice that
.A� �I/ is a multiple of S1. Since S1J is symmetric, then also .A� �I/J is symmetric.
Therefore, given any NX 2 X.L/ and denoting by X 2 �.�?/ its horizontal lift, we have

h NX; NJ NXi0 D h.A � �I/X; .A � �I/JXi D h.A � �I/J.A � �I/X;Xi

D hJ.A � �I/X; .A � �I/Xi D 0;

where in the last equality we have used that J acts as a rotation of angle �=2 on �?.
Using again the symmetry of .A� �I/J , the proof of the orthogonality of NJ is completed
by noticing that

h NJ NX; NJ NXi0 D h.A � �I/JX; .A � �I/JXi D hJ.A � �I/JX; .A � �I/Xi

D hJJ t .A��I/X; .A��I/XiD � hJ 2.A��I/X; .A��I/XiDh NX; NXi0:

Conversely, assume that the central sphere congruence of f WM n ! RnC1, with M n

simply connected, is determined by a space-like minimal surface sWL2 ! SnC21;1 . Let NJ 2
�.End.TL// represent a rotation of angle �=2 on each tangent space. Then NJ 2 D �I and
the second fundamental form of s satisfies (3.23) by the minimality of s. In particular, s
is elliptic with respect to NJ . By Lemma 17:4 in [4], the hypersurface f is elliptic with
respect to the lift J 2 �.End.�?// of NJ , where � is the eigenbundle correspondent to



M. I. Jimenez and R. Tojeiro 478

the principal curvature � of f with multiplicity n � 2, which coincides with its mean
curvature. Therefore, the splitting tensor of� satisfiesCT 2 span¹I;J º for any T 2 �.�/.
Since .A� �I/CT is symmetric for any T 2 �.�/, as follows from the Codazzi equation,
and C.�.�// 6� span¹I º on any open subset, for f is not conformally surface-like on any
open subset, then .A � �I/J is also symmetric.

By Theorem 17:5 in [4], the set of conformal deformations of f is in one-to-one
correspondence with the set of tensors ND 2 �.End.TL// with det ND D 1 that satisfy the
Codazzi equation �

r
0
NX
ND
�
NY �

�
r
0
NY
ND
�
NX D 0

for all NX; NY 2X.L/, wherer 0 is the Levi-Civita connection of the metric induced by s. For
a general elliptic hypersurface, this set either consists of a one-parameter family (continu-
ous class) or of a single element (discrete class; see Section 11:2 and Exercise 11:3 in [4]).
The surface s is then said to be of the complex type of first or second species, respectively.
For a minimal surface sWL2! SnC21;1 , each tensor NJ� D cos �I C sin � NJ , � 2 Œ0; 2�/, sat-
isfies both the condition det NJ� D 1 and the Codazzi equation, since it is a parallel tensor
in L2. Thus ¹ NJ�º�2Œ0;2�/ is the one-parameter family of tensors in L2 having determinant
one and satisfying the Codazzi equation. In particular, the surface s is of the complex type
of first species. Therefore, the hypersurface f admits a one-parameter family of conformal
deformations, each of which determined by one of the tensors NJ� 2 End.TL/, � 2 Œ0; 2�/.
The proof of Theorem 1.1 will be completed once we prove that any of such conformal
deformations shares with f the same Moebius metric.

Let f� WM n ! RnC1 be the conformal deformation of f determined by NJ� . Let
F� WM

n ! V nC2 be the isometric light-cone representative of f� , that is, F� is the iso-
metric immersion of M n into the light-cone V nC2 � LnC3 given by F� D '�1� .‰ ı f� /,
where '� is the conformal factor of the metric h�; �i� induced by f� with respect to the
metric h�; �i of M n, that is, h�; �i� D '

2
�
h�; �i, and ‰WRn ! V nC2 is the isometric embed-

ding of Rn into V nC2 given by (1.3). As shown in the proof of Lemma 17:2 in [4], as
part of the proof of the classification of Cartan hypersurfaces of dimension n � 5 given in
Chapter 17 therein, the second fundamental form of F� is given by

(3.25) ˛F� .X; Y / D hAX; Y i� � h.A � �I/X; Y i� C h.A � �I/J�X; Y i N�

for all X;Y 2 X.M/, where ¹�; �; N�º is an orthonormal frame of the normal bundle of F�
in LnC3 with � space-like, � D �h�; F� i

�1 and � D �F� C � (hence h�; �i D �1).
Here J� is the horizontal lift of NJ� , which has been extended to TM by setting J� j� D I .

Let NX; NY 2 X.L/ be an orthonormal frame such that NJ NX D NY and NJ NY D � NX , and
let X; Y 2 �.�?/ be the respective horizontal lifts. It follows from (3.24) that ¹.A �
�I/X; .A � �I/Y º is an orthonormal frame of �?. From the symmetry of .A � �I/J
and .A � �I/, we have

hJ.A � �I/X; .A � �I/Xi D h.A � �I/J.A � �I/X;Xi

D h.A � �I/X; .A � �I/JXi D h NX; NJ NXi0 D 0:

In a similar way, one verifies that hJ.A � �I/Y; .A � �I/Y i D 0 and

hJ.A � �I/Y; .A � �I/Xi D 1 D �hJ.A � �I/X; .A � �I/Y i:
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Thus J acts on �? as a rotation of angle �=2. The symmetry of both .A � �I/J and
.A � �I/ implies that tr .A � �I/ D 0 D tr .A � �I/J , hence

(3.26) tr .A � �I/J� D 0

for all � 2 Œ0; 2�/.
Now we use the relation between the second fundamental forms of f� and F� , given

by equation 9:32 in [4], namely,

(3.27) ˛F� .X; Y / D h'.A� �H�I /X; Y i2
QN �  .X; Y /F� � hX; Y i�2;

where h�; �i� D '
2
�
h�; �i is the metric induced by f� , A� and H� are its shape operator and

mean curvature, respectively,  is a certain symmetric bilinear form, QN 2 �.NFM/, with
h QN;F� i D 0, is a unit space-like vector field, and �2 2 �.NFM/ satisfies h QN; �2i D 0 D
h�2; �2i and hF� ; �2i D 1. Equations (3.25) and (3.27) give

h.A � �I/J�X; Y i D h˛
F� .X; Y /; N�i D '� h.A� �H�I /X; Y ih QN; N�i � hX; Y ih�2; N�i

for all X; Y 2 X.M/, or equivalently,

(3.28) .A � �I/J� D '� h QN; N�i.A� �H�I / � h�2; N�iI:

Using that
tr .A � �I/J� D 0 D tr .A� �H�I /;

we obtain from the preceding equation that h�2; N�i D 0. Thus N� 2 span¹F� ; �2º?, and hence
N� D ˙ QN . Therefore, (3.28) reduces to

(3.29) .A � �I/J� D ˙'.A� �H�I /:

In particular, .A� �H�I /j� D 0, hence also S� j� D 0, where S� D ��1� .A� �H�I / is
the Moebius shape operator of f� , with �� given by (1.1) for f� . Since the Moebius shape
operator of an umbilic-free immersion is traceless and has constant norm

p
.n � 1/=n,

then S� must have constant eigenvalues
p
.n � 1/=2n, �

p
.n � 1/=2n and 0. The same

holds for the Moebius second fundamental form S1 of f , which has also � as its kernel.
We conclude that the eigenvalues of .A� �H�I /j�? are

ı1 D ��
p
.n � 1/=2n and ı2 D ���

p
.n � 1/=2n

and, similarly, that the eigenvalues of .A � �I/j�? are

�1 D �1
p
.n � 1/=2n and �2 D ��1

p
.n � 1/=2n;

where �1 is given by (1.1) with respect to f . On the other hand, since

det..A � �I/J� / D det..A � �I/;

for det J� D 1, and both .A � �I/ and .A � �I/J� are traceless (see (3.26)), it follows
that .A � �I/ and .A � �I/J� have the same eigenvalues. This and (3.29) imply that

�21 D '
2
� �

2
� ;

hence the Moebius metrics of f and f� coincide.
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