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Abstract. We estimate the lowest eigenvalue in the gap of the essential spectrum of a
Dirac operator with mass in terms of a Lebesgue norm of the potential. Such a bound
is the counterpart for Dirac operators of the Keller estimates for the Schrodinger
operator, which are equivalent to some Gagliardo—Nirenberg—Sobolev interpolation
inequalities. Domain, self-adjointness, optimality and critical values of the norms
are addressed, while the optimal potential is given by a Dirac equation with a Kerr
nonlinearity. A new critical bound appears, which is the smallest value of the norm of
the potential for which eigenvalues may reach the bottom of the gap in the essential
spectrum. The Keller estimate is then extended to a Lieb—Thirring inequality for the
eigenvalues in the gap. Most of our result are established in the Birman—Schwinger
reformulation.

1. Introduction and main results

In 1961, J. B. Keller established in [45] the expression of the potential which minimizes
the lowest eigenvalue, or ground state, As(V') of the Schrodinger operator —A — V' in
dimension d = 1, under a constraint on the Lebesgue norm ||V, = (Jga [V |? dx)V/? of
exponent p of V. This estimate was later extended in [53] by E. H. Lieb and W. Thirring
to higher dimensions and to a sum of the lowest eigenvalues. During the last forty years,
various refinements were published. As an example, we quote stability results for Ag(1)
proved in [12] by E. A. Carlen, R.L. Frank, and E. H. Lieb. Although Dirac operators
inherit many qualitative properties of Schrodinger operators, dealing with Dirac operators
turns out to be a delicate issue.

If ,, denotes the free Dirac operator and V is a nonnegative valued function, then
D —V is not bounded from below. One is actually interested in the lowest eigen-
value Ap (V) in the essential gap (—mc?, mc?), where m denotes the mass and ¢ the
speed of light. We shall speak of Ap(V) as the ground state energy of $,, — V. In
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the standard setting, it is expected that Ap (V) — mc? converges to As(V) in the non-

relativistic limit, i.e., as ¢ — +o0. It is therefore a natural question to estimate Ap (V)
in terms of ||V ||, and identify the corresponding optimal potential. This question is the
main purpose of our paper. A new critical value appears, which corresponds to the small-
est value of ||V||, for which Ap (V') reaches, for some potential V' > 0, the lower end of
the essential gap — mc?. In a linear setting, a similar question has been raised in [34,35],
where the authors find a critical value vy so that Ap(u * | - |~!) > —mc? for all positive
measures u with (R?) < vy, with2/(r/2 + 2/m) < vy < 1. Going back to [21,27,28],
it is known that Hardy inequalities play an essential role in the analysis of the spectrum of
Dirac—Coulomb operators. In the present article, except for the case p = d = 1, we rather
find a nonlinear functional inequality of Gagliardo—Nirenberg—Sobolev nature, instead of
a Hardy inequality (see comments in Appendix C.2).

It is possible to characterize the eigenvalues of ., — V in the gap by a min-max
principle according to [28—30], but this raises delicate issues involving the domain of the
operator and its self-adjoint extensions addressed in [30, 33, 36,37, 63]. Applied with a
Coulombian potential V', the method gives rise, after the maximizing step in the min-max
method, to a lower bounded quadratic form which amounts to a kind of Hardy inequal-
ity for the upper component: see [10, 21, 27] for details. The same strategy applies to
a general potential V' under a constraint on ||V ,, except that the Keller-type bound
on Ap (V') is given by an implicit condition: see Appendix C. The optimal potential solves
a nonlinear Dirac equation with Kerr-type nonlinearity. For the two-dimensional case, this
equation has been studied in [5-8] by W. Borrelli. In the one-dimensional case, the solu-
tion is explicit, which allows us to identify it as in the case of the Schrodinger operator
studied in [45]. Alternatively to the min-max principle, the properties of the Birman—
Schwinger operator corresponding to &,, — V allows us to characterize Ap (V) and,
except in Appendix C, we will adopt this point of view.

The Keller—Lieb—Thirring inequality for a Schrodinger operator goes as follows. Let
us assume that ¢ > 2, withg < 2* :=2d/(d —2)ifd = 3,andlet 9 =d (¢ —2)/(2q).
For any function u € H!(R¢), the Gagliardo—Nirenberg—Sobolev inequality

IVul)3 1laell3 ™ = Gy llullg
can be rewritten in the non-scale invariant form as
(L) ¥ () € (0, 400) x H'RY), [[Vul + X [[ul3 = Cg A" [Jull7.

with an optimal constant C, such that 67> = #?(1 — 9)'=? C,. The equivalence of the
two forms can be recovered by optimizing on A in (1.1). There is also an inequality which
is dual of (1.1) and goes as follows. Consider a potential V € L?(R¢). Using Holder’s
inequality with exponents p and ¢ such that 1/p + 2/q = 1 and p > d/2, and taking A
so that Gy AP = V||p, we deduce from (1.1) that

[ 1vulas = [V ax = 1l =1Vl Il = =G VIO Jul,

This is the Keller-Lieb—Thirring estimate for —A — V, i.e.,

(12) VVeLPR?), 0=<A5(V) <K, V],
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where n:=1/(1 —9) =2p/(2p —d) and A~ := max(0, —A) denotes the negative part
of A. See [22-24] for details. An optimization on V' shows that (1.1) and (1.2) are equiva-
lent. The optimal constant in (1.2) is K, = C;”. In addition, for all A > 0, if u is a radial
positive solution of

(1.3) CAu— gD/ =D — gy

then (u, A) is an optimal pair for (1.1), and V := u9~2 = u?/?=1 s an optimal potential
for (1.2), which moreover satisfies Ag (V) = — A. It turns out that the solution of (1.3) is
unique up to translations according to [16,49,55], and that it can be explicitly computed
if d = 1: see [45] or [23], and references therein, for additional related results.

In order to state a Keller—Lieb—Thirring inequality for the Dirac operator, we need
some definitions and preliminary properties. Let us start with the free Dirac operator
on R?. We refer to [68] for a comprehensive list of results and properties. For simplicity,
we choose units in which ¢ = 1, except in Appendix C, in which we consider the non-
relativistic limit as ¢ — +o00. Letd > 1 and set N := 2L +1/2] where | x| = max{n € Z :
n < x} denotes the integer part of x. Let oy, ...,y and f be N x N Hermitian matrices
satisfying the following anti-commutation rules:

oj o + ooy = 28jk Iy,
1.4) Vjik=1,...,d, a;jfp+ Ba; =0,
p* =1y,
where §;x denotes the Kronecker symbol and Iy is the N x N identity matrix. See,

e.g., [41] for an existence result for such matrices. The free Dirac operator in dimen-
sion d is defined by

d
Dm =) a;(=id) +mp =a-(—iV) + mp,
j=1

where we consider Cartesian coordinates (x1,...,xg), d; 1= d/0x; and & = (g )k=1,....d-
With the Pauli matrices

0 1 0 —i 1 0
01:=(1 0), ozzz(i O) and 03:=(0 _1),

explicit expressions of &, are given
(i) indimensiond = 1,by @ = 03 and B = o3 so that

D, =02(—i0y) + mos,
(ii) indimensiond = 2,by & = (0j);j=1,2 and B = 03 so that

2
D =) 0j(=id;) +mos,

Jj=1
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(iii) in dimension d = 3, by & = (g )x=1,2,3 and § such that

{0 ox (L 0
ak'_(ak 0) and ,3.—(0 —Hz)'

The free Dirac operator satisfies ;Z’),Zn =—A+m? Itis self-adjoint on L2 (Rd, CcN ),
with domain
Dom(D,,) = H (R4, CN)
and spectrum
U(i)m) = O‘ess(c@m) = (—o0, —m] U [m, +00).

Next we consider Dirac operators P, — V with potentials V € LP(R?,R1), where the
notation §,, — V is a shorthand for P,, — V1y. When switching on a potential V,
we expect that some eigenvalues of §,, — V emerge from the upper essential spectrum
[m, 4+00). We shall prove in Section 2 that §,, — V' can be defined as a self-adjoint opera-
tor with essential spectrum Oess(Dm — V) = Oess (D). This allows us to define the ground
state Ap (V') as the lowest eigenvalue in the gap (—m, m).

Our first result states that the ground state is bounded by a function of ||V||,. Let
(1.5) Ap(a, p) :=inf{Ap(V) : Ve LP?(R*,RT) and |V ], = a}.

Theorem 1.1. Assume that p > d > 1. Then there exists o, (p) > 0 such that the map
o = Ap(a, p) defined on [0, a.(p)) is continuous, strictly decreasing, takes values in
(—m,m], and is such that

lim Ap(a,p) =m and lim Ap(a, p) =—m.
a—>04 a—a.(p)

Moreover, if (p,d) # (1,1), the infimum (1.5) is attained on (0, o, (p)), and
Vae (0,a.(p)), Ap(a.p) =Ap(Va,p).
where Vo, p, = | W2~V and ¥ € L2(R4, CN) solves the nonlinear Dirac equation
(1.6) D@ — VPOV Y = Ap(a, p) ¥
and satisfies the constraint [ga |w|22/ (=D dx = || Vapllp = a?.

The proof of Theorem 1.1 is given in Section 3, and relies on the properties of the
inverse map of @ — Ap (o, p) defined by

(1.7) ap(A, p) :=inf{||V], : Ve LP(RY,RT) and Ap (V) = A}.
The critical value is o, (p) = lim) _, (—m), ap (A, p). It is such that

lim Ap(Ve,p) =—m,
a—>a.(p)-
and this limit is the upper bound of the lower essential spectrum (—oo, —m] or, equiv-
alently, the lower end of the gap. For sake of simplicity, we adopt the convention that
o« (p) = ap(—m, p). In the subcritical range of potentials, a simple consequence of The-
orem 1.1 is the following Keller—Lieb—Thirring estimate for the Dirac operator 9, — V.
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Corollary 1.2. Assume p >d > 1. Forall Ve LP(R? RT) with || Vlp < au(p), we have
the optimal bound

(1.8) —m < Ap(|Vllp. p) = Ap(V) = m.

If (p.d) # (1,1), then Vy,p, as in Theorem 1.1 realizes the equality case, i.e., Ap (Vy,p) =
AD (Ol, p )

Some plots of o« — Ap (e, p) are displayed in Figure 1 (right).

The nonlinear Dirac equation (1.6) plays for the Dirac operator §,, — V the same
role as (1.3) for the Schrodinger operator —A + V. However, Ap(«, V) is not obtained
as the infimum but as a critical point of a Rayleigh quotient with infinitely many negative
directions corresponding to a min-max principle (see [28]), and for this reason there is
no simple interpolation inequality such as (1.1) in the case the Dirac operator. A more
involved functional inequality holds: see Appendix C.

Nonlinear Dirac equations have been introduced to model extended fermions, as effec-
tive operators for nonlinear effects in graphene-like materials or Bose—Einstein conden-
sates: see Section 1.6 of [32] and the introduction of [5] for an overview of the literature.
Since the spinors in the Dirac equation have at least two components, many types of non-
linearities can be considered (see, e.g., [59] and references therein) and give rise to various
phenomena. For instance, localized solutions to a nonlinear equation of the form

e@mq” —G(¥) =AY,

for some function G: CV - C¥, correspond to solitary wave solutions to the time-
dependent nonlinear Dirac equation, and have attracted considerable attention; see, for
instance, [4, 15,38, 56].

It is a common assumption to consider a nonlinearity that preserves Lorentz, or par-
ticle-hole, symmetry. Such a nonlinearity takes the form

(19 DV — F(W. f¥)cn) BY = AV,

and is called the Soler-type nonlinearity. The Soler nonlinearity formally appears when
minimizing the first positive eigenvalue of £, — BV, but will not be studied in this paper.
In contrast, the nonlinearity that appears in (1.6) is of the form F((¥, W)cw~) W, which is
sometimes called a Kerr-type nonlinearity as in [5], apparently by extension of the cubic
nonlinearity used in optics. Existence of localized solutions for (1.6) is studied in [5] in
the critical exponent case p = d = 2, and in [8] in the critical exponent case p = d for
all dimensions d € N with m = 0. Our results give an independent proof of the existence
of a localized solution.

In [4,38], the authors proved that equations of the form (1.9) have many solutions if
d > 2 by looking for solutions of (1.9) in subspaces of fixed angular momentum. It seems
that similar techniques could also be applied to (1.6). While it is reasonable to expect that
the optimal potential is radially symmetric and the corresponding ground state WV is the
solution with lowest positive angular momentum and smallest number of oscillations, this
is so far an open question: see Appendix A. In Appendix B, we also give numerical results
that point in this direction.
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Figure 1. Let d = 1 and m = 1. (Left) The function p + a«(p), with maximum at p ~ 1.32,
satisfies limp— 1, ax(p) = 7 and limp— 4 o0 &« (p) = 2. (Right) For various values of p, the maps
o — Ap(a, p) take value —1 at o = a4 (p). Upper (respectively, lower) right plots correspond to
p < 1.32 (respectively, p > 1.32).

We now focus on the dimension d = 1. It turns out that one can completely solve (1.6)
using special functions. Explicit formulae are given below, where B and , F} respectively
denote the Euler Beta function and the hypergeometric function.

Theorem 1.3. Letd = 1 and p € (1,+00). For all A € [—m, m], the equation

DV — VP DY = Qv with P,y = ( mo )
—0x —m
has a unique solution ¥ € L>(R, C?) \ {0}, up to a phase factor and a translation. Up to a
translation, V = |W[*/P=V js even, decreasing on Rt and such that ap (A, p) = | Vip-
* Subcritical regime A > —m. With A := % (m? =A%), B:= % vm? — A2 and
Zo 1= % we have
A

1.10 \4 R, V =
(1.10) e (x) mcosh(Bx) + A

and
—1 —
(ap (k. p))? = p? (B2 2272 B (L p) 2F1 (3. pip + 1 —20).
 Critical case A = —m. With ¢ = 2m/(p — 1), we have

(1.11) VxeR, V(x):= %

and 1
(a(p)? = p? (22)77 B(3.p = %)
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If p=d =1, thenap(A, 1) = arccos(A/m) and

lim ap(A,1) = lim a,(p) = 7.
A—>(—m)4 p—>1y

See Figure 1. With the notations of Theorem 1.1 and & = ap (A, p), up to translations,
we know that V' =V, , in (1.10) and (1.11). For the proof of Theorem 1.3 and some
additional details, see Section 5.1. Formally, as p — 14, the potential given by (1.10)
converges to a delta Dirac distribution at x = 0 of mass arccos(A/m) (see [65] for the
study of self-adjoint extensions of §,, — a8y). A remarkable consequence of the estimate
in the case p = d = 1 is the Keller-Lieb-Thirring inequality,

(1.12) mcos(|[V]1) <Ap(V) <m

for any nonnegative potential ¥ € L!(R) with ||V ||; < . See Appendix D for a result on
optimality cases in the case p = d = 1, with a proof.

The case of Theorem 1.3 presents some similarities with the results of [35]: in the case
p = 1, itis expected that optimality is achieved only by singular measures. Our goals differ
from those of [35] as we adopt the point of view of functional interpolation inequalities
with Keller-type estimates as a subproduct, while [35] is concerned with the issue of the
optimal charge distribution for a Dirac—Coulomb equation. In terms of methods, there are
many similarities since we use Birman—Schwinger reformulations as well as classical tools
of the concentration-compactness method. However, there are also significant differences
because requesting that the potential is in L? (R¢) means that the optimal V is obtained
through a nonlinear Dirac equation which is not measure-valued as soon as p > 1.

Our results are not limited to estimates for the ground state and we also have a Lieb—
Thirring inequality for the sum of eigenvalues in the gap (—m, m) of Dirac operators of
the form P,, — V with V€ L?(R?,RT). We denote by —m < Ay < Ay < --- < m the
possibly infinite sequence of eigenvalues in the gap (— m, m), and write

ex =ex(m,V):=(m—2Aig) >0,

sothat 2m > ey > e; > --- > 0. The quantity ey is the distance between the eigenvalue Ay
and the bottom of the upper essential spectrum + .

Theorem 1.4. Forally > d/2 and p € (d,y + d /2|, there is a constant Ly, 4 , > 0 so
that, for all V € LP (R4, R*), and all m > 0, we have

(1.13) Y et (m.V) < Lyq,,m*? Ad VYFI2=P P dx, with Vi, = min{m, V}.
k>1

If Ve L?(RY, RT) N LY*+4/2(R4 R+), using the inequalities V,, < m and V,, < V
gives, respectively,

Y y+d—p
Yl = Lyapm i

VPdx and Y el <Lya, md/Z/ yrHdi2 gy,
1 R4 R4

k>1
The inequality (1.13) is, in some sense, an interpolation between these two critical cases.

In the proof, we use rough estimates: the method is constructive, but there is a lot of space
for improving on the constant L, 4 ,.
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Structure of the paper. This paper is organized as follows. In Section 2, we establish
some properties of the operator D,, — V with V € L?(R?): domain, associated Birman—
Schwinger operator and self-adjointness. Section 3 is devoted to the variational problem
associated with (1.5), after reformulation in the Birman—Schwinger framework. Theo-
rem 3.1 is devoted to the existence of an optimal potential V' by concentration-compact-
ness methods (Section 3.2). The regularity of the optimizers is studied in Section 3.3.
Section 4 is devoted to the proof of Theorem 1.4. Explicit and numerical computations are
performed in Section 5 in dimensions d = 1, 2 and 3. Open questions, numerical observa-
tions, remarks on the non-relativistic limit and Gagliardo—Nirenberg—Sobolev inequalities,
and aresult in the case p = d = 1 are collected in Appendices A, B, C and D respectively.

2. Properties of Dirac operators

2.1. A self-adjoint realization

We assume that V € L? (R4, R™) is positive valued and deal with the self-adjoint exten-
sions of ,,, — V.

Proposition 2.1. Let p > d > 1 and V € LP(R?, RY). Then the operator D,, — V is
self-adjoint with domain

Dom(D,, — V) = {y € L2RY,CN) : VY, (D — V) ¥ € L2(R?,CV)}.
This is the unique self-adjoint realization satisfying
H'(R?,CN) € Dom(D,, — V) < H'2(RY, C).

Moreover, we have the following properties.

(1) If p satisfies

p=>2 ifd=1,
2.1) p>2 ifd=2,
p>d ifd=>3,

then Dom(P,, — V) = H' (R?,CN).

(i) If 1 < p<2andd =1, then Dom(D,, — V) is also included in H3/>~1/P(R, C?),
hence in L® (R, C?).

We call the extension of Proposition 2.1 the distinguished extension, because it is the
unique one whose domain is included in the unperturbed form domain Dom(|D,,|'/?) =
H'/2(R4 CN). We will consider only this extension in what follows, so that the operator
D, — V is self-adjoint under the condition p > d > 1. The proof of the first part of
Proposition 2.1 follows from [57]. For completeness, we provide a short proof using the
associated Birman—Schwinger operator. Under condition (2.1), the point (i) comes from
the usual Kato—Rellich theorem [43, 62]. The result in (ii) is derived by bootstrapping the
Sobolev embedding theorem. See Section 2.3 for the proof of Proposition 2.1.
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Remark 2.2. For comparison, it is interesting to consider limit cases. The Coulomb
potential V(x) = 1/|x| in dimension d = 3 is in the weak Sobolev space L3, (R?). The
operator P,, — k' V is essentially self-adjoint if 0 < k < +/3/2, it has a distinguished
extension if v/3 /2 < k <1, and no distinguished self-adjoint extension if k > 1; see [13]
and references therein. Also see Remark 2.5.

2.2. The Birman-Schwinger operator

The Birman—Schwinger operator is a powerful tool for analyzing the spectral properties
of ,, —V when V belongs to a large class of perturbations. In the relativistic case,
Klaus in [46] used it extensively to characterize and study the first eigenvalue of Dirac
operators when proving the existence of a distinguished self-adjoint extension. For non-
Hermitian potentials V, it can be employed to locate the eigenvalues of ,, — V, as
shown for example by Cuenin, Laptev and Tretter in [18], and by Fanelli and Krej¢ifik
in [39]. Furthermore, it can be applied to discuss properties of the ground state of &, — V
when V is a generalized Coulomb-type potential, see, e.g., [14,34,35,46]. Throughout this
paper, following the approach by Kato [44] and by Konno and Kuroda [48], the Birman—
Schwinger operator is used to define the self-adjoint extension of the operator £, — V.
Then, with this rigorous definition at hand, we prove the existence of the optimization
problem which defines the ground state by applying variational methods directly on the
Birman—Schwinger reformulation of the problem.
For z ¢ o(Dn), let

(2.2) Ro(z) i= (Pm —2)7 !

denote the resolvent operator. Recall that we assume V' > 0. We introduce the Birman—
Schwinger operator

1
e@m_

Lemma 2.3. Forall p>d > 1,all Ve LP(R?,R") and all z ¢ 6 (D), the operator
Ky (z) is compact (hence bounded). In addition,

2.3) Ky(z):= VV Ro(2)VV =V VV.

z

lim ”KV(iS)”op = 0.
s—>to00
This result follows from the Kato—Seiler—Simon inequality: see proof in Section 2.3.
A consequence of Lemma 2.3 is the following result (also see Section 2.3 for its proof).

Proposition 2.4. Let P,, — V be the distinguished self-adjoint extension defined as in
Proposition 2.1. Then

O—ess(;Dm - V) = Uess($m) = (—OO, _m] U [I’l’l, +OO)

Moreover, the Birman—Schwinger principle holds: for all A € (—m,m), A is an eigenvalue
of Dm — V ifand only if 1 is an eigenvalue of Ky (L).
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Let us point out some differences with Birman—Schwinger operators associated with
Schrodinger operators (see Figure 2). In the Schrodinger case, the Birman—Schwinger
operator is of the form

Ky(}) = Wﬁ VV.

)
_/-

05 &

004 i
-054 i -0.5
-1.04 ? -1.0

-154 ! -15

-2.0

+ T T T T T T T + -2.0+— T T T T T T ™ +
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 —2.00 -1.75 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00

Figure 2. The Birman—Schwinger principle. (Left). The spectrum of A > Ky (1) (Dirac case) for
A e (—=1,1), and V(x) = 2 exp(—|x|2/4) in dimension d = 2. We only plotted the 10 largest
(blue) and the 10 lowest (red) eigenvalues. An energy A is an eigenvalue of £, — V if one eigen-
value of Ky (1) crosses the black line 1. (Right) Same for A > K v (L) (Schrédinger case) with
A€ (-2,0).

For any A < 0, the operator Ky (A) is a positive compact operator and the map A —
Ky () is operator increasing on R™. In particular, if i;(A) > i2(A) > --- > 0 denote
the eigenvalues of Ky (A), ranked in decreasing order and counted with multiplicities,
all functions A +— [i;(A) are increasing on R™. In addition, the first eigenvalue [i; is
simple because the kernel Ky (x, y) is pointwise positive, together with the Krein—Rutman
theorem; see Theorem 6.13 in [11] for a statement, and also Section XIII.12 of [61].

In the Dirac case, the operator Ky (1) with A € R is defined only in the gap (—m, m)
of the essential spectrum. It is compact by Lemma 2.3, and symmetric because A is real,
but it is not a positive operator. Its eigenvalues are real valued, and can be ranked as
n1(A) = ua(A) = --- > 0 for the positive eigenvalues, and vy (1) < v(A) < --- <0 for
the negative ones. As the map A — (P,, — A)~! is operator increasing on (—m,m) > A,
all maps A — pu;(A) and A — v;(A) are increasing. This explains in particular why we
expect eigenvalues to emerge from the upper essential spectrum in this setting. We do
not know whether j11(A) is always a simple eigenvalue or not (see Appendix A for more
details on open questions).

ForA € (—m,m), p>d >1,and Ve L? (R4 ,R"), let ;u1(Ky (1)) denote the largest
(positive) eigenvalue of Ky (1). We rephrase the optimization problem (1.7) as

24)  ap(, p):=inf{|V], : Ve LPR? R*) and 1, (Ky (X)) = 1}
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2.3. Proofs of Proposition 2.1, Lemma 2.3 and Proposition 2.4

We start by establishing that Ky defined by (2.3) is a compact operator (Lemma 2.3)
before proving Propositions 2.1 and 2.4.

Proof of Lemma 2.3. Assume first that p > d . We claim that, for z ¢ o (D), the operator
Ky (z) is compact. We have Ry(z) = g,(—iV), with

d d
(D aik+mp+zIn) =D gltk) + g2 (k) + g2 (k).
. =

=1

1

k) = ———F——
gZ( ) |k|2+m2—22

with obvious notation. Let us focus on the g (k) term. We write g} (k) = g2 (k) g2 (k),
with

k1| sgntkr) o1 and gf(k) = k1| Iy

All components of the functions g2 and g2 are in L¢(R9) for all ¢ > 2d. Since +/V is in
L27(R?) with 2p > 2d, we can use the Kato—Seiler—Simon inequality (see Theorem 4.1
in Chapter 4 of [66]) and conclude that the operator

KL(z) = VV gl (=iV)VV
is in the Schatten class &, (L2(R¢,C¥)), with
1Ky (Dle, < |VV(x) gl (-iV) ||@2p |g2(=iv) VV(x) ||@2p <CVlpleklp

In addition, we have || g;zi ¢llp = 0ass — £oo. Similar computations for the other terms
show that Ky is in the Schatten class &, and that lims_s+ oo || Ky (is)]lop = O.

gi(k) =

In the case p = d with d > 2, we use that all components of the functions g;“ and gf
are in the weak-Sobolev space L2 (R). According to [66], Chapter 4, g2 (—iV) JV
and 'V gB(—iV) are in the weak Schatten class ©24,w- In particular, they are compact
operators. This already proves that Ky is compact as well. Note that ||g_. ||z, does not
converge to 0 as s — $o0.

For any R > 0, +/Vg := min(+/V, R) belongs to L¢ (R%) N L (R?). We have

|2 V) VY], < |2 GV VIR], + |82 GV VY = VTR,

op —

=is

For R large enough, the second term is small in the Schatten space ©,4,,,, and for z = is
with |s| large, the first term is small in G, with ¢ > p. Hence limg_ + o0 | Ky (i5)|lop = O.

Let us finally assume p = d = 1. In this case, with explicit computations, the kernel
of the Birman—Schwinger operator Ky (z) is given by

1 k sign(x —
V-3 (S(; :(xmi/y) S(lzgn_(’; )/yk )) e K=y V() € LA(R x R, C?)

where k = vm?2 — z2 is chosen with a positive real part. Thus, Ky is a Hilbert—Schmidt
operator (hence it is compact), and by the dominated convergence theorem we can con-
clude that lims s+ || Ky (is)||op = O. |
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Proof of Proposition 2.1. We divide the proof in several steps.
(a) Distinguished self-adjoint extension.

We define the domain of self-adjointness for the operator £,, — V as a perturbation
of 9, by applying the method of G. Nenciu in [57]. Using similar techniques as in the
proof of Lemma 2.3, one can show that the operators Ry (z)v/V and V'V Ro(z) can be
extended into bounded linear operators on L2(R?, C¥). These operators are compact
operators, in the Schatten class ©,,. We are now in the setting of [57]. Let Q := {zeC :
1 ¢ 0(Ky(2))}, where Ky is defined by (2.3). The set €2 is non-empty by Lemma 2.3.
For z € 2, define

R(z) := Ro(2) + Ro(2) VV (1 = Ky (2)) "' V'V Ro(2).

According to [57], the operator &, — V has a unique self-adjoint extension whose resol-
vent is the operator R(z) defined in (2.2). Its domain is Dom($,, — V) := Ran R(z),
which is independent of z € Q. This is the unique extension which is included in the
unperturbed form domain Dom(|D,,|'/?) = H/2(R4, CV).

(b) Domain of the distinguished extension.
Define the maximal domain as

Dommax(mm -V):= {1// € Lz(Rd, (CN) : (i)m -y e Lz(Rd,(CN)}.
Then, the set
[V e 2R, CY) : VV Y, (D — V)Y € L2RY,CV))

is also Dom e (D — V) N Dom(+/V). We write ¥ € Dom(D,, — V) as R(z) f for
some f € L2(R?,CV). Then

VY =VVRo(2)f + Ky (1- Ky(2)'VV Ro(2) f e L2 (R, CM).

This proves that Dom(P,, — V) C Dompax(Dm — V) N Dom(+/V). For the opposite
inclusion, consider ¥ € Dom e (D — V) NDom(v/ V). Weset f:= (D +V —2) ¥ €
L2(R?,C¥) and Yo = R(z) f € Dom(D,, — V). Note that +/V 1y € L2(R?,CW), since

VV R(z) = V'V Ro(2) + Ky (2) (1 = Ky (2)) ™ V'V Ro(2)
is a bounded operator on L2(R?, CN). So ¢ := ¥ — v is such that
(DPm—V—2)¢g=0 and ¢ € Dom(~/V).
From the relation
(1= Ro(2) " VV Ro(2) (D —V —2) = VV,
we obtain /V ¢ = 0, and from the relation
Ro(2) (P —V —2) = 1= Ro(2) V = 1 = (Ro(2) VV ) V.,

we finally get ¢ = 0, hence ¥ = o € Dom(D,, — V).

Finally, if p > d > 1 by the Holder inequality and the Sobolev embedding theorem
we get that H' (R, CV) € Dom($,, — V), and this concludes the first part of the proof.
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(c) Self-adjointness on H'(R?,CN).
Let us prove (i). Assume that p satisfies (2.1). Thanks to (1.4), we have

vy e PRYE,CN), (1 Dnv 3 = VY13 +m Il 3.

This shows that the graph norm of §,, is equivalent to the usual H! (R4, C¥) norm. Set

2 -2) if 2 I 1
q:= p/(p=2) ?p> ’ sothat — + —
400 ifd =1and p =2, p q 2

We write V. =V; + V, with V; := Vlysg and V5 := V1y<g. We have

IV dlz < IVivillz + 1IV2¥ 1z < Vil 1¥llg + [1V2lleo 1112
= Cs IVillp 1l + 1V2llo 1Y 112

where, in the last inequality, we used Sobolev’s embedding H! (R?) < L4(R%) and that,
according to (2.1), ¢ satisfies

2<q =<+ if d =1,
2<g<+o0 ifd =2,
2<q<2d/d-2) ifd=>3.

We choose R large enough so that Cs ||V} ||, < 1 and conclude with the Kato—Rellich the-
orem (see Theorem X.12 in [60]) that §,, — V is self-adjoint with domain H' (Rd, (oR\ ).
Since any self-adjoint operator only admits trivial self-adjoint extensions, we can conclude
that H' (R4, C"V) = Dom(D,, — V).

(d) Regularity for d = 1.

We now focus on (ii) and assume that d = 1 and 1 < p < 2. Let us prove that
Dom(P,, — V) is also included in H3/2=1/7(R, C2). For any ¥ € Dom(D,, — V), we
have

(Dm—V)y =: f e LA(R,C?),
hence P, ¥ = f + V. We recall the following negative Sobolev embeddings: for all
1 <r <2, wehave L"(R) < H™*(R) for all s > (2 —r)/(2r) and L?>(R) < H™*(R)
for all s > 0, while

Vs> 1/2p), Vv =V (VVy) e L2?/PHD(R, C?) — H*(R, C?).
~——

€eL2(R,C2)

We deduce that ), € H™/@P)(R, C?), hence that ¥ € H'~/@P) (R, C2). We now
bootstrap the argument. For p > 1, we have 1 — 1/(2p) > 1/2, so ¢ € L®(R, C?) by
Sobolev’s embedding. This gives V ¢ € L?(R, C2) «— H?=2/@P)(R, C2). So P,V =
f =V e HP=2/@P)(R C?) as well, and we obtain ¢ € H'T(?P=2/CP)(R C?), with
14+ (p—2)/2p) =3/2—1/p, as wanted. L]
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Proof of Proposition 2.4. Since Ro(z) ~/V is compact, then R(z) is a compact perturba-
tion of the free resolvent Ry(z). The result on oee (P, — V) follows from Theorem 4.5
in [68] (also see Theorem XIII.14 and Corollary 1 in [61]). Such a result is known in the
literature as Weyl’s theorem.

By construction, the Birman—Schwinger principle holds for the distinguished self-
adjoint extension defined as in Proposition 2.1: A € (—m, m) is an eigenvalue of ,, — V
if and only if 1 is an eigenvalue of Ky (). See Theorem 1.3 in [2] for a similar application
of the Birman—Schwinger principle in a non-relativistic setting. ]

Remark 2.5. We point out that the self-adjointness of Dirac operators involving potentials
with one Coulomb singularity or several Coulomb singularities has been intensively stud-
ied in respectively [3,44,57,64,69-71] (with additional references therein) and [46, 58].
In the alternative strategy of [36,37] based on [28], a distinguished self-adjoint extension
is built using the underlying Hardy inequality, which was related with the other construc-
tions for Dirac—Coulomb operators in [33,34]. Also see [31,63] for further considerations
on min-max principles, Hardy inequalities and self-adjointness issues. Optimal Hardy
inequalities have been repeatedly use to establish optimal conditions for the existence
of a ground state. For instance, in presence of a magnetic field as in [20, 25, 26], a critical
magnetic field is obtained as the ground state energy approaches — mc?, which determines
the optimal constant of the corresponding Hardy inequality. In the approach of [34,35], as
well as in our paper, the Birman—Schwinger formula is essential as it was in [46,47,57].
Notice that we do not rely on Nenciu’s method, see Corollary 2.1 in [57], but instead use
the method of Konno and Kuroda [48] and Kato’s approach [44].

3. The variational problem

In this section, we consider the minimization problem (2.4) and prove Theorem 1.1 in
a reformulation which relies on the Birman—Schwinger operator associated to 9, — V,
as introduced in Section 2.2. The proof of Theorem 1.1 is given below, right after the
statement of Corollary 3.2, as a simple consequence of previous results in the Birman—
Schwinger framework.

3.1. An auxiliary maximization problem

First, we notice that, for all ¢ > 0, we have K;y (1) = tKy (1), hence u;(K;p (1)) =
tiq (Ky (1)). So, introducing the auxiliary problem

3.1 N, p) i=sup {ui(Kw(A)) : W e LP(RY,RT), W], = 1},

we deduce that

1
(3.2) ap(A, p) = Yo

If W is a maximizer for N (A, p), then V = W/N (A, p) is a minimizer for ap (A, p). In
what follows, we study the maximization problem (3.1). We perform several changes of
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variables to study this problem. First, the min-max principle shows that N (4, p) equals

N, p)= sup sup (. VW Ro(A) VW ).
WeL?(RY,Rt) ¢cL2(RY,CN)
Wlp=1 loll=1

We make the change of variable

w::x/de

so that, by Holder’s inequality, w € L2?/®+D (R4 CN), and with the convention that
lwll- = lllwlcwl-, we have

Iwllap/peny < WIS gl = 1.

In addition, there is equality if and only if W? is proportional to |¢|2, both proportional
to |w[2?/(P+D) With
2p
= € (1,2),
4= (1,2)

this shows that N (A, p) is also solution to the optimization problem

(3.3) N (A, p) = sup {{w, Ro(M) w) : w e LYRL, CY), |wly =1}

In addition, if w € LY (R, RT) is an optimizer of (3.3), then the corresponding optimal W
and ¢ are given by

W = |w|q/p = |w|2/(p+1) and ¢ = |w|q/2—1 W= |w|—1/(p+1) w.

Thus, by showing the existence of an optimizer for (3.3), we solve problem (3.1), and by
definition of the Birman—Schwinger operator, find an optimal potential and eigenfunction
for our original problem (1.7).

Since « > A p(«, p) is the inverse map of A — ap (A, p) according to (3.2), and since
ap(A, p) = 1/N (A, p), it is enough to focus on the properties of N (-, p).

Theorem 3.1. Let us consider N defined by (3.3). Forall A € (—m,m) and all p > d, we
have N (A, p) > 0. All maximizing sequences for (3.3) are precompact up to translations,
hence (3.3) has maximizers. If w is such an optimizer, then w satisfies the Euler—Lagrange
equation

(3.4) RoMw =t |w[ PtV w,  with t = N(A, p).
Finally, the map A — N (A, p) is continuous, strictly increasing, and satisfies

Alim NA,p)=:N(p) >0 and Alim N(A, p) = oco.
——m —>+m

The proof of the first part relies on the profile decomposition method (concentration-
compactness) used by Lions [54], and is given in the next section. Theorem 3.1 implies
the existence of an optimal potential and an optimal spinor.
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Corollary 3.2. Under the assumptions of Theorem 1.1, the infimum (2.4) is attained for
any A € (—m,m) by a potential V = |¥|?/®=D where U € L2 (R4, RN) solves the
nonlinear Dirac equation

(3.5) DV — WPy = L,

such that A\p(V) = A and

1/p 1
p|2r/(p=1) 4 — VI, = A, .
(1w ) =1l = an ) = 25—

Proof of Theorem 1.1. Our main Theorem 1.1 is a direct consequence of Theorem 3.1 and
Corollary 3.2. Since N (p) > 0, we have indeed o, (p) := 1/ N (p) < o0. |

Proof of Corollary 3.2. First, we translate the Euler—Lagrange equation for w into an
equation for the potential V' and an eigenfunction (not normalized) W. We set

= (1-p)/2 |w|—2/(p+l) w, sothat w = (p+1)/2 |\p|2/(17—1) g

Applying ,, — A to (3.4) shows that W satisfies the nonlinear Dirac equation (3.5). The
optimal potential W for the N (A, p) problem in (3.1)is W = |w|?>/ @V = ¢ |w|2/(p—1)
and finally, the optimal potential V' for the ap (A, p) problem is, as wanted,

w

— |\Ij|2/(p71).
N, p)

We recover the value of N (A, p) and ap (A, p) from the solution W because
/]Rd |w 2P/ (P~ qy = 7P /l.{d [w[?P/ PtV dx = 77 = N (A, p)P = ap(A, p)?.

Among all solutions of (3.5), U is the one with the smallest L7/~ (R4 C") norm so
that A = Ap(«, p), and W actually solves (1.6). n

3.2. Proof of Theorem 3.1

We now prove Theorem 3.1. We consider a more general case, and study a general opti-
mization problem. In what follows, we use the notation

ok ewpi= [ e K=y woex aray.
R4 xR4
and define for any s > 0 the maximization problem
G6)  J(s) = sup{(w, K*w):weLIRY,CN)y, / lw|? dx = s}.
R

Here, K is a convolution operator, or equivalently a multiplication operator in Fourier
space. In our case, K(x — y) = Ro(A)(x — y) is the kernel of the Dirac resolvent, but we
state a more general result.
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Lemma 3.3. Let g € (1,2), setq' :==q/(q—1) € 2,+00) and r := q'/2 € (1, +00).
Let K:R¢ — My (C) be a matrix-valued function satisfying K(x) = K(—x)*, and such
that one of the two properties holds:

(i) either K € L"(R?, My (C)),

(ii)) or K = Ry(A) is a Dirac resolvent for some A € (—m,m).
Then the map w — (w, K s w) is well-defined on LY(R?,CN') and real valued. Moreover,
if J(1) > 0, then (3.6) admits maximizers.

Before proving this result, we make several remarks.

Remark 3.4. Lemma 3.3 fails at the endpoint ¢ = 2. Indeed, by applying the Fourier
transform, we have

(w, K xw) = /Rd (W(k), K (k) D (k))cn dk.

This means that all optimizing sequences must concentrate on Dirac masses in Fourier
space at locations where k — sup spec(]? (k)) has maxima. Since the Fourier transform
is an isometry on L2(R?), we deduce that the maximization problem has no maximum
in general. The same argument shows that the existence of optimizers is closely related
to the fact that the Fourier transform is not a bijection between L4 (R?) and LY (RY) if
1<g<2.

Remark 3.5. In the case of the Dirac operator, one has an explicit expression for K =
Ro(A), the fundamental solution of P,, — A. Using that

(c@m_l)_l:(c@mﬁ‘k)_A 2_ )2

we first deduce that Ry(A)(-) is the Fourier transform of

1

d
gk(k)z(zajkj+m/3+AHN)k2+ 2

Jj=1

The function k + g, (k) is analytic on R¢ because there is no singularity in the denomi-
nator since |A| < m, so its Fourier transform is exponentially decaying in x. Actually, we
have

Ro(M)(x) = x |d/2 1( Za,| |x/m2 A2 Kgp2(V'm2 — A2 |x]|)

j=1

+ (B + AIy) Kajor (V2 =22 |x|)),

where ¢z 3 = % (—""22;’12 )d/2—1 and K, is the modified Bessel function of the second

kind. In particular, there is C > 0 so that
C |X|1_d
[Ro(M)(x)] = {Ce_mm

as|x| — 0,

as|x| — 4o0.
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Therefore, in the Dirac case, we have that Ro(1) € L” (R?) forall » < d/(d — 1) and that
Ro(A) € Li/ (d_l)(Rd ). In particular, the case (ii) is not covered by (i) only in the case
where r = d/(d — 1), which corresponds to the critical exponent case p = d > 2, that is,
q =2d/(d +2)in (3.3).

Remark 3.6. Let us consider the case s = 1 in (3.6). In order to see that J(1) > 0 in
the Dirac case with A € (—m, m), let f € LZ(R%, C) be a normalized function and let
¢+ € CV be anormalized vector such that 8 ¢ = ¢. We find that

(Dm +2) [ e =m+2) for + (=iVf) -ady.
Moreover, by (1.4), we have that (¢4, «; ¢4 )cv = 0. Thus,

J() = (f ¢+, RoA) [ p1) = (f 4, (A +m> =2) " (D + 1) [ ¢4)
3.7 = (m+ M) {fi(=A+m* =227 ) 2@ac) > 0.
Proof of Lemma 3.3. Note first that the condition K(x) = K(—x)* reads K (k) = K (k)*,

so the operator K is symmetric.
In the first part of the proof, we cover both cases (i) and (ii) by assuming

(3.8 K¢e L{U(Rd,eMN((C)) NL (B, My(C)) with Bg :={x e R? : |x| < R}
with 2/¢ + 1/r = 2. From the Hardy-Littlewood—-Sobolev inequality, and since K €
Ly, (R%), we have

(39 Vwiwr e LIRY. [(wi, K *xwa)| < Clwilly lwzlly | K llrw-

In particular, w > (w, K * w) is well-defined and real valued on L7 (R%).
Using the scaling wy = sl/a w1, we obtain that

(3.10) J(s) = 29 (1).

Since J(1) > 0, we deduce first that J(s) is increasing. Also, since 2/g > 1, J(s) is convex
and so we have the strong binding inequality

(3.11) Vs, s' >0, J(s+s)>J(@s)+ J().

Let (wy,)neN be a maximizing sequence for J(1). Our argument relies on the concen-
tration-compactness method for the sequence (wy),en, by following the approach of
Lions [54] and using Levy’s functional. It differs from the concentration-compactness
method used in [34], as we work directly with the Birman—Schwinger operator instead of
the min-max quadratic form. We set

0(p) := liminf On(p). with Qn(p) = sup f a7 dx.
n—+o00 B(x,p)

xeR4

It is clear from the definition that p — Q(p) is non-decreasing, and that Q(p) < 1 for
all p > 0. We set

un:= lim Q(p) €[0,1].
p—>+00

We divide the proof in the classical steps of the concentration-compactness method and
start by discarding the cases ;# = 0 (vanishing) and p < 1 (dichotomy).
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(a) Vanishing.
Fix ¢ := J(1)/4 > 0. Since K € L"(BY), there is R > 1 large enough so that

K- <&

By Young’s inequality, since 2/g + 1/r = 2, we obtain that for all w € L(R¢) with
lwlg =1,
(w, (Lge K) * w) < ellwll; <e.

We now estimate the contribution of 1g, K. For z € 74, let C;, be the cube z + [0, l]d,
so that {C},.7a covers R, For a function w:R? — C¥, we have

sk rwh = Y [ (e, a6 - » w0 drdy

z,2/€Z4 2xCyr

IA

1K@y Y Iwllieen Iwliae, Lz < gya vay

z,z/eZ4

using again the Hardy—Littlewood—Sobolev inequality. The double sum can be seen as a

discrete convolution, and we apply Young’s inequality with z > ||w||Le(c,) € €2 (Z4) and
d

2> L raovay € £H(Z7) to bound

2—
(0. (L8, K) 5 0) = Co Y. Tlfaiey = Cr sp Tl Tlf
ze7d zeZ

where Cg is a positive constant which is independent of w: for all w € LY(R?) with
lwlls =1, we have

(w, K *w) <e+Cr sup Wiy,
zeZ4

Applying this estimate to a maximizing sequence (wy),en for J(1) = 4¢&, we obtain that,
up to a subsequence,

1 _
57D < (wa. K wn) < £ (1) + Cr sup [[wnlfy e,

zeZ4

Bl

This implies

J(
Qn(\/g) > sup [|wy “i‘l(Cz O, > 0,

- —
cezd ) = (4CR))1/C—9)
and finally p > 0, which discards the vanishing case of the concentration-compactness
method.
(b) Dichotomy.
By definition of Q,, there are sequences of centers x,, € R? and radii p, > 0 going
to infinity so that

lim |wy|?dx = p.
"m0 ) B(xn, pn)
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Without loss of generality, by translating the functions w,,, we may assume x, = 0. In
addition, up to a non-displayed subsequence, we have that for all € > 0, there is nq large
enough so that, for all n > ng, we have

/ |lw,|9dx <& and ‘l—u—[ |wy|?dx| < e.
pn<|x|<2pn |x|>2pp

We set W

Wn = Wn Ljx|<py)s

w® = w, 1

n = Wn You<|x[<2pn}>

Wi = Wy Lyjeg>2p,)-

Introducing
E(wy, wy) := (wy, K *wy) and &(w) := E(w,w),

we have

E(wn) = Ew?) + E ) + Ew?)
+2Re(Ew, w?) + Ew", w) + Ew?, w))
<Jw+JEe+JA—-—pn+e
+2Re(E w?) + E@, w?®) + E@?, w)).

From (3.9), and the fact that ||w,(,2) lg < /4 we get that

Ew®, w?) <Cpe’® and E@? w) < C(1-p)es

Finally, we have

Pl < [ . K - wa0er|dxdy
[x|<pn J1y=2pn

< // ()| [1n ()] (K Tgg )(x — y) dxdy
R4 xR4

<|K1lgg|r=Ce
for n large enough, where in the last line we used Young’s inequality, and the fact that
pn — ~00. Thanks to these facts, we can conclude that
J)<J@) +JA —p+e) + J(e) + Celld,

In the limit as ¢ — 0, we obtain J(1) < J(u) + J(1 — w), which contradicts (3.11) if
w # 1. So u = 1, which discards the dichotomy case of the concentration-compactness
method.

(c) Convergence for tight sequences.

At this point, we proved that for all ¢ > 0 there is p > 0 and n large enough so that,
for all n > ng, and after appropriate translations and subsequences,

(3.12) [1gs wallq <e.
In other words, the sequence (wy,)neN is tight in LY (R4,CN). The sequence (Wy)neN 18

bounded in the reflexive Banach space LZ(R¢, C). Hence, up to a non-displayed subse-
quence, (W, )nen converges weakly to some w € LZ(R?, CV), and we have lwlly < 1.
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Let us prove that & (w) = J(1). Let ¢ > 0, and let p > 0 be large enough so that (3.12)
holds. In particular, by the Hardy-Littlewood—Sobolev inequality, we have

|(wn Lgg. K % wa)| < C [wallg lwn Lgglly < Ce.
and we have a similar inequality with w instead of w,. On the other hand, we have
(wn 1g,, K * wn) = (Wn, TWn )1 g 14"

where T is the operator from L¢ (R%) to LY (R¥) with kernel T'(x, y) = 1g,(x) K(x—y).
The operator T: L4 (R4, CN) — L4 (R?, CV) is bounded. We claim that T is a compact
operator. In the Dirac case (ii), this comes from the fact that K * w, € W9 with || K *
Wy |lwia (RE,CN) < C ||wp |4 together with the Rellich—-Kondrachov compact embedding
theorem. In the case (i), where K € L (R?), setting 7, f(x) := f(x — h), we have

lTn(K % w) — K s wlly g gy = [t K = K) * wllg < lta K = K| [[w]q-

Since K € L"(R?), we have ||z, K — K|, — 0 as i — 0, and we conclude with the
Kolmogorov—Riesz—Fréchet theorem (see, for instance, Theorem 4.26 in [11]).

As a consequence, (7w, )nen converges strongly to Tw in L4 (R, CN). In particu-
lar, we obtain that

lim (w, 1g,, K *w,) = (wlg,, K * w).
n—+oo

Gathering the two inequalities gives

{wy, K * wy) — (w, K % w)|
< Nwp1g,. K *xwy) — (wlg,, K *w)| + [{wy f@p,K* wy)| + |(w]lf(Bp,K*w)|
< wn 1g,, K * wy) — (wlg,, K xw)| +2Ce.

Sending first n to 400, and then & to 0 shows that (w, K = w) = J(1). Finally, since
lwlly <1, by (3.10) we deduce that ||w||; = 1. This proves that (w,),en converges

strongly to w in L4(R4, CN) and that w is an optimizer. |
It is an open question to decide whether 7" is compact or not under the condition (3.8).

Proof of Theorem 3.1. In the setting of Theorem 3.1, we take K = Ro(A). In this case,
we have J(1) > 0, as noticed in Remark 3.6, so by Lemma 3.3, the problem (3.3) admits
maximizers. By standard arguments, optimizers satisfy the Euler—Lagrange equation (3.4).

The fact that A — N (A, p) is strictly increasing comes from the fact that A — Rg(A) is
operator strictly increasing: for instance, we have 33 Ro(1) = (Ro(A))? > 0. Let us prove
the continuity. Let —m < A’ < A < m, and let w, be the optimizer for N (A, p). Using
that .V (+) is strictly increasing and the resolvent identity

Ro(A) = Ro(X) — (A — 1) Ro(A) Ro(R),
we obtain

0<N@A, p) =N\ p) = (A —=2)(wr, Ro(X) Ro(A) w3).
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Using that Ry is a bounded operator from L7(R¢) to L4 (R%), and from L4 (R¢) into
itself, with uniform bounds in a neighborhood of A, we deduce that there is C > 0 so that

[{wa, Ro(X) Ro(M) wa)| = Cllwall = C.

This proves that N (-, p) is locally Lipschitz, hence continuous.

We now prove the bounds on limy 1., N (A, p).

To prove that limy _,,, N (A, p) = +00, we go back to (3.7) and take a function f =
L~4/4 g(./L), where g is an arbitrary test function that is normalized in L¢(R¢). This
gives

NG p) = L7240 + 1) (g(/L). (=8 +m* = A" g(-/L)).

We bound the resolvent as
(—A+m*> =237 = m* -2 (1 + (m* =274,
and change variables to obtain
N p) = LY m =071 (J1gll; = L72 m® = A7 | Vel3).

Since 1 —2/q = 1/ p, we may take L = (m — A1)~ forany o € (1/2, p/d) and conclude
that limy .., N (A, p) = +o0.
Finally, to prove that limy_,_,, N (A, p) > 0, we claim that

(3.13) there exists a function w € L2 N LY(R?, CN) such that lwllg =1and Pw = w,

where P :=1,,_ ¢ op, is the spectral projection of the free Dirac operator onto (m,2m).
This would give

P pL
ey O et

The second term is null since P+ w = 0. For the first term, we have m < P, < 2m on
the range of P, and in particular P (D,, — ANIP>PQ2m—2A)"1 P, hence N(A, p) >
(2m — A)7! |w||,. Taking A — —m shows that lim _,_,, N (A, p) > 3m)~! |w]> > 0.

It remains to prove (3.13). Recall that §,, = F M (k) ¥ *, where ¥ denotes the Fourier
transform and M (k) is the d x d matrix M (k) := « - k + m 8, which satisfies M (k) =
M(k)*, M(k)? = (|k|? +m?) 14, and 0(M(k)) = {= (|k|®> + m?)1/2}. Let v — v(k) be
a smooth family of spinors from some open ball B(k = 0, ¢) to C¢, with 0 < & < m, so
that M(k) v(k) = ([k|> + m?)'/? v(k). To construct such a local family of spinors, one
can consider vy a normalized eigenfunction of M (k = 0), and set

N, p) > (w, Re(A) w) = (w, w> + (w,

P(k) Vo
1P (k) voll2”

Since k + P (k) is smooth locally around O (P (k) can be written as a Cauchy integral
Pk) = Qin)! ﬁg(z — M(k))~" dz with a contour enclosing m), so is k +— v(k). Let

v(k) = P(k) := Ly @y>o-
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also y(k):R? — R* be a non-null smooth compactly supported function, with y(k) = 0
for |k| > &. We consider the function

W= with @ = F (k) v(k)).
[w]l4

By construction, we have @ # 0, and since @ has a Fourier transform which is smooth
and compactly supported, it belongs to the Schwartz class § (R?, CV). Finally, since on
the support of y, we have M (k) v(k) = (|k|? + m2)Y/2 v(k) with m < (|k|* + m?)1/2 <
«/Emz, we deduce that

P = F (Ln<my<am x(k) v(k)) = F (x(k) v(k)) = @,

which concludes the proof of (3.13). ]

3.3. Regularity of the solutions of the nonlinear Dirac equation

Under condition (2.1), solutions of (3.5) with ¥ € L2 (Rd, C™) are in Dom(D,, — V) =
H! (]Rd, (CN). Let us consider the other cases of Proposition 2.1.If d = land 1 < p <2,
any optimal function for (3.3) obtained in Theorem 3.1 gives rise to a solution ¥ €
W4 (R, C?) of (3.5) with ¢ = 2p/(p + 1). We conclude that W is continuous. Now,
if p=d =2 and g = 4/3, the corresponding solution ¥ of (3.5) is in W4 (R, C?) —
H'Y/2(R, C?), hence V |¥|? = |W|?>P/(P~1 s integrable and ¥ € Dom(P,, — V) of the
distinguished extension of Proposition 2.1, but we do not know whether ¥ € H! (R?, C?)
or not.
In dimension d = 1, an explicit expression of the solutions of (3.5) such that

lim ¥(x) = (0,0)"
x—>%o0

is given in Theorem 1.3. In the case p = d = 2, itis unclear how to obtain We H! (]Rd , (CN)
by general arguments, as pointed out in [6]. However, any solution to (3.5) (and not
only the ones found in Theorem 3.1) have additional regularity properties under Con-
dition (2.1).

Proposition 3.7. Let A € [—m,m) and either p > d if d > 3, or p > d in dimensions
d =12 If ¥ e H(R?,CV) solves (3.5), then ¥ € C®(R%,CN).

Proof. Let us first prove that ¥ € L (R?, CV) with a usual bootstrap argument. If ¥ €

-1
L4(RY,C), then |¥] 7T W e L7714(RY,CN). Also, if ¢ > 2 2% then 2 < 231 ¢ < ¢,

—1
soif W e L2(R?, CN) N LI(RY, CN), then AW + |W|7T W € Lri14(R4, CN). In par-
1 —1 ~
ticular, P, ¥ € L7714(R?, CN), hence W € Whr71 (R4, CV) < LI(R, CN), with
j= +ooif§—;11q > d, and

othervzise. As a first step of an iteration scheme, we proved that if W e L9 (Rd, CcN ), then
W e L9(R?,CN) as well. For the initialization, we note that H! (R4, CV) — L4 (R4, CV)
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for all ¢ such that2 < g < % =:2*ifd > 3and 2 < g < +oo =:2*if d = 2. Hence
with 2 214 < 2% there is g > 2 255 so that W € L>(R?,CV) N L% (R?,CV). The map
F:xr—)z—i'llx—ésatisﬁesF(x)<xforx€[O,x*]withx*:"2—_011<%§—3.W€easily

deduce that there is n € N so that F™(1/go) < 0, which proves ¥ € L®(R?, CV) as
wanted.

Since P,, ¥ € L®(R?, CV), we have ¥ € WH® (R4, CN) — CO¢ (R4, CV) for all
0 < a < 1; by bootstrapping again, we obtain ¥ € C*®(R%,CN). |

4. Lieb-Thirring inequality

This section contains the proof of Theorem 1.4. We closely follow the original proof
by Lieb and Thirring [52, 53] (see also [51]). This is possible since we are assuming
that V' > 0. In the general case where V' has no sign, some results can be found in the
works of Cuenin [17], and Frank—Simon [40], where the authors control the Riesz-mean

Zdist(kk,o(c@m )8
k

that is, the distance to the whole spectrum. Actually, without assuming a sign on V,
one cannot expect to control the sums in (1.13), since, for V' < 0 small, the eigenval-
ues of P,, — V emerge from the bottom essential spectrum (hence have a distance of
order 2m > 0 to the upper essential spectrum). Here, since V' is nonnegative, the eigen-
values emerge from the upper essential spectrum as the strength of the potential increases.

Proof of Theorem 1.4. Tt is sufficient to prove the result for V' bounded and compactly
supported. By the Birman—Schwinger principle introduced in Section 2.2, we know that A
is an eigenvalue for §,, — V acting on CV valued spinors if and only if 1 is an eigen-
value of Ky (1) defined by (2.3); see Proposition 2.4. We also proved that A — Ky () is
operator increasing. In particular, if we set

N.(V) := number of eigenvalues of D, — V in [-m,m — e]
and
B, (V) := number of eigenvalues of Ky (m — e) which are greater or equal than 1,

then we have N, (V) < B.(V'). We have equality if the highest eigenvalues of Ky (1) gets
strictly smaller than 1 as A — —m. This happens for instance if ||V ||, < a«(p).
With Ry defined by (2.2), using the operator inequality

Ro(A) < Ten (V=A+m2—21)7",

we can estimate B, (V) by N BY'(V), where BY' (V) is the number of eigenvalues above 1
of the pseudo-relativistic Birman—Schwinger operator

Ky (m—e) = «/V(\/—A +m2—m+ e)‘lﬁ.
In addition, with the definition

NP(V) := number of eigenvalues of (\/ —A +m? — m) — V less or equal than —e,
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the usual Birman—Schwinger principle shows that BY" (V) = N (V). To sum up, we have
@.1) Ne(V) < Be(V) < NBY(V) = NNF(V).

The operator ~/—A + m? — m is sometimes called the Chandrasekhar (or pseudo-relati-
vistic) kinetic energy operator. It is a positive operator, +/—A + m2 —m — V is bounded
from below, and the min-max formula applies. We can now repeat the usual arguments of
Lieb and Thirring for the pseudo-relativistic operator.

First, for y > 0, the cake-layer representation gives

2m
(4.2) Y el = y/ e’ 'No(V)de <y N /0 e’ "L BY(V) de.

k>1

Note that for the pseudo-relativistic model, if — e}fr < - egr < .-+ < 0 are the negative

eigenvalues of (v/—A + m2 —m) — V, we have

o0 0o
D ey = V/O e’ TUNP(V)de = y /0 e~ BY(V) de,

k>1

and the integral runs over e € RY instead of e € (0, 2m). Actually, the previous two
inequalities together with (4.1) show that

Yo =N ()

k>1 k>1

In other words, the Riesz-mean of the eigenvalues increases when one replaces the Dirac
operator by the pseudo—relativistic one (up to the N factor). Lieb-Thirring inequalities
for the last sum have been derived by Daubechies in [19] (and used, e.g., in [50]). In
what follows, we derive another inequality specifically for the Dirac operator. We use in
particular the fact that the integral in (4.2) only runs for e in the bounded interval (0, 2m)
instead of R*.

e Bound for BY (V).

Assume V € L?(R%) with d < p. The number of eigenvalues above 1 of K er (m—e)is
bounded from above by || K pr(m —e) || . We estimate this norm using the Kato—Simon—
Seiler inequality (see Theorem 4.2 in [66]). Using a decomposition similar to the one in
the proof of Lemma 2.3, we obtain

BY'(V) < K} (m —e) IIQP < Cplgmely V15,
where we introduced the function

gm,e(k) = (\/m_ (m _ 8))_1

Note that g, . € L?(R?) since p > d, and

lemelf = [ x Y] ——
Smellp Rd (VK2 +mZ—m+e)” (VrZ+m2—m+e)’
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To estimate this norm, we make the change of variable X = % (V12 + m? —m), so that
r=(eX +m)2—m2=/eX (eX + 2m). We obtain

CsAY o (X(eX +2m) T e X + m)dx

p =
”gm,e”p er—dr2 |, X + 1)?

The last integral is an increasing function of e (and has a finite value as ¢ — 0 by the
monotone convergence theorem). Since e € (0, 2m), we can bound this integral by its
value at e = 2m. We deduce that there is a constant C,, 4 such that

md/2
(4.3) BY(V) < Cpa VI TR

e Proof of the Lieb—Thirring estimate.

We now follow [51-53]. The min—max principle for the pseudo-relativistic operator
shows that its eigenvalues are decreasing when V increases. Since V < [V —e/2]+ + ¢/2,
we may bound

BE(V) = NI'(V) < NZ(IV = ¢/2]+ +¢/2)
= N2,(IV = e/214) = B, (IV = ¢/2]1).

For any p > d, we can apply the bound in (4.3) to estimate BS;z([V — e3]+). Inserting
this estimate into (4.2), we get

2m
Y el <NCpaym?? / (/2 1 HIPTP [V — e/2]4|f de
k>1 0

2m
= Cy,d,p md/2 /l;d /0 e}’—l+d/2—P [V(X) _ 8/2]_7_ de dx
5% (x)
< Cy,d,p md/2 /Rd V)/+d/2(x)/0 gy—1+d/2—p (1 —S){:_ ds dux,

where s*(x) := min{m/V(x), 1}, with the convention that s*(x) = 1 if V(x) = 0. The
second integral converges whenever p < y + d /2. Using simply the bound (1 — s)? <1
in the last integral, we finally obtain

44) > el <Lyg,m? Ad Vy+d/2=PyPdx.  with V,, := min{m, V).
k>1

This inequality is valid for all d < p < y + d/2. Note that C, 4 , stays bounded in the
limit as p — y + d/2, so a similar inequality also holds if p = y + d/2. |

Remark 4.1. The result of Theorem 1.4 can be extended to the case of a potential V e
L? (R4, RT) + LY+t4/2(R4, R*) by noticing that the right-hand side of (4.4) is continu-
ous for V in this space.
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5. Explicit computations

5.1. The case d = 1: proof of Theorem 1.3

In this section, we prove the uniqueness and the symmetry up to translations of the solution
of the nonlinear Dirac equation (3.5). We also compute the map ap (A, p).

Proof of Theorem 1.3. In the one-dimensional case, equation (3.5) can be rewritten for the
components of U =: (¢, )" as

{w' = — (A +m+ (212 + |pHVPD) 4,

5.1
oD X = (= m+ (1 + o)D) g,

The corresponding potential is V = (| y|? + |¢|?)"/®~1D . This system conserves

H(g, 0) == m (x> = o) + A (x> + lol?) + Z+ (x* + )P/ 7D,
Glo. ) =Xx¢p—9¢x

Since we are looking for solutions vanishing at +o0, they satisfy H(¢(x), x(x)) = 0 and
G(p(x), y(x)) =0 forall x € R. This second condition shows that solutions can be chosen
real valued. For real valued variables in the (¢, y)-plane, the level set H (¢, y) = 0 has
the shape of an infinity sign. Among real valued functions, uniqueness up to translations
follows from the phase plane analysis. We can choose the unique solution with y(0) = 0
and ¢(0) > 0 given. For this solution, ¢ is even and y is odd and positive on R™. Hence
symmetry and uniqueness, up to translations and multiplication by a phase, are granted by
elementary considerations. Next, we have

r_ 1 (Xz + 902)/
p—1 (32 +¢2r/r=D
which proves that V' is increasing in the quadrant {y < 0, ¢ > 0} and decreasing in the

quadrant {y > 0, > 0}. Hence V is even and decreasing on R, while on R both y
and ¢ are positive valued.

Now let us compute ||V | ». It is enough to do the computation on R ™. First, the equa-
tion H(¢, y) = 0 can be rewritten as

with (% + ¢?) = —dmyo,

-1
2me? = (m+ 1) VP! +p—Vp,
4

and so

0= \a VP m+ A+ L),

Next, from the equation V2~ = y2 4 ¢2, we deduce that

(= VT =g = Ly A L),

Finally, we have

(p=D VP2V = (VP = (1 +¢?) = —4mye.
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Collecting the three last equalities shows that V' solves the autonomous differential equa-
tion

2 —1 —1

At x = 0, we have V/(0) = 0, which implies
V() = —L— (m—2).
p—1

e Subcritical regime A > —m. The function

. p—1 p—1
2= V(Z(m—i-)t) x)

satisfies

(5.2) Z'=—7Z\Jzo—2)A0+Z), Z0)=1z¢9=(m—A)/(m+ ).
One can directly check that the solution of (5.2) is

220
(1 4+ zg) cosh(y/Zox) + 1 — 2z

This gives (1.10). The L?(R) norm of V is computed as

Z(x) =

pP (m + 1)P~!
2(p—1r1t

Using that Z is even, monotone decreasing on R™, with the change of variable z = Z(x)
and t = z/z, we obtain, using (5.2),

IViz = 1Z17-

+o00
1Z))2 = 2/0 ZP(x)dx

Z0 Zp—l 1 [p—l
=2 dz = 222712 d
/o N T R /o NIEnIEE=n

=227 B (L.p) 2F1 (L. pip + Li—z0).

See formula 15.3.1 in p. 558 of [1] for the last equality. This completes the computation
of ap (A, p). By taking the limit as p — 14, we obtain ap (A, 1) = arccos(A/m).

e Critical case A = —m. The function
-1 -1
Z(x):= p—- V(p x)
2mp 2m
solves

7' =-27321-Z7Z, Z0)=1

on R*. The solution is

VxeR, Zkx)= el
X
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This gives (1.11), and the expression of a, (p) follows from

pP 2m)P!

IvIE =

1Z17

with d
X

P — I — 1,1

12112 —/R(sz)p =B (3.0 3)

according to formula 8.380.3 in p. 917 of [42]. This concludes the proof of Theorem 1.3.
(]

Notice that

lim @B(%’P) 2 F1 (%,P;P"'%;—Zo) =B(%7P—%),

zg—>+00

so that limy 1), @p(A, p) = ax(p).

5.2. The radial case in dimension d = 2

We now provide some numerical simulations to get upper bounds for the maps A p («, p).
First, we restrict the minimization problem (1.5) to radial potentials, that is, we com-
pute

A%, p) := inf{Ap (V) : Ve LP(RY,RT), V radial and |V |, = a}.

Below in Appendix B, we provide some numerical evidences that the optimal potentials
are radial. We abusively write V(x) = V(r) with r = |x|, x € R2, use polar coordinates
(x,y) = (rcos@,rsinf), and write

1 1
0y =cosfd, ——sinfdy and 0, =sinfd, + —cos b dg.
r r

In these coordinates, the Dirac operator becomes

P - m —idy — 3y _ m e 19(—10, — L 9p)
m =\ —idy + 0y —m ~\e?(—id, + L dp) —m '

This suggests to decompose a spinor W in Fourier modes with the convention
I‘) ein0
V(.0 =) ( ol i(nma) :
nez N\ A (r)e

If ® := (P,, — V) ¥ with corresponding Fourier modes (((Zn fn)T)n <z then we have

@n _ (n) Pn . n) _ m O +(mn+1)/r
(in) N (J)m -V (Xn) ;  with i)m B (— 0r +n/r —-m )
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The operator i)f,’: ) is self-adjoint in the Hilbert space L>(R™* x (0, 27), r drdf) because

(0,)* =—09, —1/r. Let Ag’)(V) denote the lowest eigenvalue of g@,(,':) — V in the gap
(—=m,m), and let

AR (@, p) = inf AP (V) - Ve LP(R2,RT), V radial and |V, = a)
and
AB' (@ p) = inf ARY" (. p).
We have the estimates

(5.3) Ap(a, p) < N (a, p) < A% O, p).

A wavefunction W(r, 0) = (p(r) e"?,i y(r) e #+D8)T solves the nonlinear Dirac equa-
tion (3.5) if and only if

5.4 {w’—%w=—(k+m+(|x|2+Isolz)”(‘"”) X

X+ = A =m+(x + o).
This system with n = 0 is studied by W. Borrelli in [5]. It is an open question to decide

whether Agd(oz, p) is attained by Agd’(")(oc, p) with n = 0 or not, and if equality holds
in (5.3) so that Ap (¢, p) = Agd’(o) (o, p). See Figure 3 for some numerical results.

1.0
4.4
0.5 1
4.2 0.0
4.0 1 =031
-1.0 ] | | .
3.8 1 0 1 2 3 4
1.0
3.6
051
3.4
00— p=3
p=35
3.21 —054—— p=4
— p=5
304 | | | | | | ‘1'0',_p=6 !
2 3 4 5 6 7 8 9 0 1 2 3 4
Figure 3. Radial case with d = 2 and m = 1. (Left) The function p aiad’(" =0 (p) is an upper
bound for a4 (p) and reaches its maximum for p & 2.66. (Right) The maps o — ArDad,(n=0) (o, p)

for values of p corresponding either to p < 2.66 (top) or p > 2.66 (bottom). Numerically, the case
n = —1 gives worse estimates.
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5.3. The radial case in dimension d = 3

As in the two-dimensional case, we restrict the minimization problem (1.5) to radially
symmetric decreasing potentials. The corresponding Dirac operator decomposes as a di-
rect sum in eigenspaces of the spin-orbit operator

K=BQ2S-L+1)=BJ*-L*+1/4), spec(K)=+1,42,...

and the fotal angular momentum in the z-direction J3, with spec(J3) = %{1, 2,3,...}.
See Section 4.6.4 of [68] for details. For any x € spec(K), we introduce the operator

w | m—V 0+
Do i=(_p, 4=t Ly
r r

as a self-adjoint operator acting on L2(R™, r2 dr). If A(DK)(V) denotes the lowest eigen-
value of C@f,'f) — V in the gap (—m, m), let us define

AR (@, py = inf (A(V) 1 Ve LP(R3, RY), V radial and ||V, = ).
We have A™(«, p) = infeezy (o) AR"®(a, p) and

Ap(a, p) < AR (@, p) < AB=D (g, p).

It is an open question to decide whether the above inequalities are in fact equalities or not.
If « = 1, we look for an eigenstate of D,n — V in the Wakano form of [67], that is,

o(r)
0
iy(r)cosf
ie'? y(r)sin6

W(r,0,¢) =

so that the nonlinear equation becomes

¢ == (A +m) + (xP + ) D) x.
X+ 2= (G=m+ 2l +lePHVP) .

The system (5.5) provides us with numerical upper estimates of Ap («, p): see Figure 4.

(5.5)

5.4. An explicit bound in the radial case in dimensionsd =2ord =3

Let us assume that m = 1 and consider at A = —1 (lower end of the gap) the system

) -
56 == Wyp X +ox=0W=2¢ W =lp + [y
According to the previous section, the radial case d = 2 corresponds to § = 1 (that is,

n =0 in (5.4)), and the radial case d = 3 to § = 2 (that is, k = 1 in (5.5)). Writing
x(r) = f(r) @(r), the system becomes

)
o =-Wfo, f’=W(f2+1)—;f—27 WPt = e (1 + | f 7).



J. Dolbeault, D. Gontier, F. Pizzichillo and H. Van Den Bosch 680

1.0
5.0 1
0.5 1
4.8
8 0.0 1
4.6 1 -0.5 1
4.4 -1.01 7
1 2 3 4 5
4.2 4 1.0 4
0.5 1
4.0 1
00— p=4
3.8 p=5
-054 —— P=6
— p=7
3.6
— =8
-1.01 P
3 4 5 6 7 8 9 10 0 1 2 3 4 5

Figure 4. Radial case with d = 3 and m = 1. (Left) The function p aiad’('czl)( p) reaches its

maximum at p ~ 3.86. (Right) The maps o Agd’('c=1) (o, p) for values of p corresponding either
to p < 3.86 (top) or p > 3.86 (bottom).

We now notice that this system admits a solution with f(r) = r/u (so that all functions
in the middle equality are constant functions). Explicitly, assuming § < p — 1, with u :=
%(p — 1 —§), we find a solution of (5.6) given by

(p)P~V2 _ (pw)PV2

U
) r)=
vz 2

5.7 @p(r) = and Wp(r) = 2577
This solution is reminiscent of the solution of Corollary 1.4 in [9]. Up to a slight abuse of

notations, we can consider W), as a function of x € R4 with r = |x|.

Lemma 5.1. Forallp>d >2o0rp>1ifd =1,andall § < p — 1, the potential W,
in (5.7), seen as a radial function in L? (R?), satisfies

2 )p—d T(p—d/2)

(5.8) IWollp = p7 =2 (,;-1—8 L(p)

r(d/z))l/d_

so that in particular limy_, 4, Wy, = d /7 ( e

Applied either withd =2 and § = 1, ord = 3 and § = 2, the expression (5.8) gives
an upper bound for o« (p) in dimension d = 2 and d = 3. We find that

2
p—2
r—=3T(p—3/2) 32

N02)

p
a(p)y” = L (
p—1

a(p)? = pP (p i 3)

)Hn ifd =2,

ifd = 3.
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In particular,
aiad,(n=0)(2) <2/~ 3.54491 ifd =2,
o= 3) < 3(7/2)2/% & 4.05385 ifd = 3.

The upper bound given by this expression for d = 1 (with § = 0) coincides with the
expression found in Theorem 1.3, and we conjecture that we actually have equality in
d =2and d = 3 as well. Numerically, the curve p — ||W, ||, coincides with the numerical
solution p — o™= (p)ifd =2 and p > ™ * =V (p) if d = 3 of Figures 3 and 4.
It is however an open question to decide whether ¢,, x, and W, is the unique solution
of (5.6) and if it is optimal among radial optimal functions, and also among non-radial

optimal functions (see Appendix B).

A. Open questions

In this article, we study the ground state defined the lowest eigenvalue in the gap Ap (V')
of a general Dirac operator §,, — V with VV € L?(R¢, R™) using Birman-Schwinger
techniques, and prove that this quantity always makes sense if the L? (R¢) norm of V is
small enough. To our knowledge, there are several open questions concerning this lowest
eigenvalue, which we recall here.

e Isthemap V + Ap (V') concave?

e Is Ap (V) always a simple eigenvalue, or equivalently, is ;1 (Ky ) always simple?

Assuming that the answer of the last question is positive, we denote by W the corre-

sponding eigenfunction for the Dirac operator. We decompose it as ¥ = W, 4 W_, with
BWYy = Wy (upper component) and S W_ = — W_ (lower component).

e If V is radial (decreasing), is Wy also radial (decreasing)?

Concerning the variational problem associated with (1.5), we recall two questions that
were already raised earlier:

* Is the optimal potential V radial (decreasing) if d > 27

* If so, is the corresponding ground state W the solution with lowest angular momentum
and smallest number of oscillations, as it is suggested in Sections 5.2 and 5.37

B. Is the optimal potential radial? A numerical answer

In dimension d = 2, we investigate numerically whether the optimal potential V' for (1.5)
is radial, or equivalently whether the optimal potential W for (3.1) is radial. In order to do
so, we run the following self-consistent algorithm‘. Recall that Ky := W Ro(A) JW,
where R denotes the resolvent of the free Dirac operator. For p >d =2and A € [—-m,m),
we choose an initial potential Wy at random, and set

¢ = normalized eigenvector corresponding to pt1(Kw,) and Wiy = |¢>k|2/ ?,

IThe code is available upon request to the authors.
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In practice, the potential W1 is also translated so that its maximum is at the origin. We
can check that the quantity p(Kw;) is increasing, and that the sequence (Wy)ren con-
verges to some limit potential W, in L?(R?). A typical run of the algorithm is displayed
in Figure 5.

Iteration n = Iteration n = 2 Iteration n = 4

N

\

N

o

A [

-6 -4 -2 0 2 4

Iterationn = 6 Iterationn = 8 Iteration n = 10
4 44 4
2 2 2
-2 -2 -2
-4 -4+ -4
-6 -6 -6
-6 -4 -2 0 2 4 -6 -4 -2 0 2 4 -6 -4 -2 0 2 4

Figure 5. Contour lines of the potential W, during the iterations, for p = 3 and A = 1/2, for
some Wy chosen at random. The quantities Wy, and ¢ are computed on a square [—a, a]? with
a = 6, L = 100 discretization points per direction and periodic boundary conditions. The Dirac
operator and its inverse are computed in Fourier space and the L? (R?) integrals in direct space.

In order to check whether W is radial or not, we compute the L? (R?) norm of its
angular derivative. For A € [—0.9,0.9], m = 1 and p € (2, 8), this norm is always much
smaller than 1 and usually of the order of 1072 or 1073, after less than 100 iterations,
depending on the parameters we chose. These numerical results suggest that the optimal
potentials might be radial, up to translations.

C. A nonlinear interpolation inequality for the Dirac operator

C.1. Non-relativistic limit and Keller-Lieb—Thirring inequalities

In order to consider the non-relativistic limit c — 400, it is interesting to reintroduce the
parameters %, m and c. The eigenvalue problem

(DN~ W)y =y, where Dh° = —ihca -V +mc?p,
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is reduced to the eigenvalue problem corresponding to 2 = ¢ = m = 1 by the change of
variables
mc mc
v(x) = \11(7 x), W(x) = mczV(7 x) and = mc?A.
As a consequence, the ground state /\fl')’c (W) of i)fn’c — W, defined as its lowest eigenvalue

in the gap (—mc?, mc?), and estimated by Ap (V) > Ag"zl)(n V|p. p) according to the
Keller—Lieb—Thirring inequality for the Dirac operator (1.8), becomes

(C.1) Asewy = me2 A=Y (b4 md Pt 272 1w, p)

using the above change of variables. Here Ag":l) stands for Ap when we assume m = 1
in notations of Theorem 1.1.

Proposition C.1. Let eitherd > land p > 1if d =1, or p > d if d > 2. We have, with
A(szl)(oz, p) defined by (1.5), n =2p/(2p —d) and K, as in (1.2),

1-— Ag"zl)(a’p) — pd/@2p—d) Ky a’(1+o0(1)) asa — 04.
If d = 1, we obtain that
—(p— —2/(2p—1
Kp = (p” (p—1) (» 1)3(%717)) /@p=1)

by expanding the expression of ap (A, p) given in Theorem 1.3 as A — 1_. This is con-
sistent with K, = C;" and the expression of the explicit, optimal value of the constant C,
in (1.1) if the dimension is d = 1; we refer to [23] and references therein for details.

Proof. Let us consider the general case d > 1. The non-relativistic limit of the ground
state )L%C(W) of the Dirac operator 1)?”6 — W is, up to the mass energy mc?2, given by
the ground state of the Schrodinger operator
hz
—— A=W
2m

by standard results: see for instance [32], Section 2.4. Hence

h
li 2 _me(wy) = AS(W,), where W, (x):= W dp=—-
Hleroo(mc p W) =Ag(Wy), where W, (x) (ux) and p T

Here — A (W,,) denotes, if it exists, the negative ground state of the Schrodinger operator

— A — W,. The factor u = h/+/2m arises from a scaling argument. By the definition
in (1.5), we obtain

lim me?(1— A= (4P mdP=t P2 . p))
C—>T00

IA

Kp Wl

Kp W=7 W2,

but there is in fact equality if we use as test function an optimal function W for (1.2).
Taking @ = h~%/P m4/P=1 ¢4/P=2 || W ||, in the limit as ¢ — +-oo concludes the proof. m
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Proposition C.1 is in fact equivalent to

(C.2) lim (mc? — A% (W) <K,

2m\4/(2p—d) .
(%) 1w,
c—>+00

h2
written with the physical constants. In other words, we recover a standard Keller—Lieb—
Thirring inequality for the Schrodinger operator (1.2) in the non-relativistic limit. In
dimension d = 1, a tedious but elementary computation directly shows that the constant
obtained by taking the non-relativistic limit in the Keller-Lieb—Thirring inequality for
the Dirac operator written with optimal constant is the optimal constant in the Keller—
Lieb-Thirring inequality for the Schrodinger operator, as it can be deduced for instance
from [23,45].

The definition (1.7) can be generalized to the case (%, ¢) # (1, 1) using the monotonic-
ity of o > Ag"=l)(oz, p) stated in Theorem 1.1 and (C.1). If a(Dm=l) denotes the inverse

of a Ag":l)(oc, p), the condition

B _ - A
(C.3) Wi, < aZ’c(/\, ) := hd/P pi=dlp 2=d/p al()m 1 (mc2’p>

guarantees that Af[',’c(W) > A. Notice that p > d implies that

. h,c o
Jim [ W], < a3, p) = oo.

C.2. An interpolation inequality for the Dirac operator

Using a min-max principle as in [28], it is possible to write an optimal interpolation
inequality of Gagliardo—Nirenberg—Sobolev type which plays for the free Dirac opera-
tor the same role as (1.1). The inequality is somewhat involved, but inequality (1.1) is
recovered in the non-relativistic limit as ¢ — +o0. For sake of simplicity, we consider
only the case d = 1.

Let us start by a short and formal summary of the min-max principle applied to the
determination of the ground state of the Dirac operator. If (¢, x)T is an eigenspinor of the

operator i)fn’c — V with eigenvalue A € (—mc?, mc?), then, as in (5.1) we have

hep' = — (A +mc?2+V)y,
hey = (A —mc? +V)o.

The first line gives
!

$=—he—F
A+me2+V
so that the problem amounts to solving
- (hc)z((’;/)/ F(me2—A—V)p =0.
A4+me2+V
Multiplying by ¢ and integrating suggests to introduce the functional

112
€l V. ) = (hc)Z/ il

—dx—f—f I’)’lC2— -V 2dx.
R e NCT a1
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Clearly, we have &[A, V, 9] = 0. In addition, for all fixed V and ¢, the map u — &[u, V, @]
is decreasing. It is proved in Lemma 2.4 of [63] that for all —m < p < )L’l’)’C(V), the
quadratic map ¢ — &[u, V, ¢] is positive definite, and that for u = Ap(V'), we have
&, V,¢] = 0if and only if ¢ = ¢, up to a multiplicative constant. In particular, we have

Vo e CE(R), VVELPR), |V, <ab‘(.p) = & V.4] > 0.

Minimizing E[A, W, ¢] in W such that [W |, =« < ag’c (A, p) shows that the optimal W
solves the Euler—Lagrange equation of the implicit form

(he)® 19"
A+ me2 +W)2’

where v > 0 is now the Lagrange multiplier for the constraint | W |, = «. Note that for
all fixed a, b, ¢ > 0, the equation

(C.4) v WPl = |92 +

b
(c + X)?
has a unique solution in X, > 0, as the left-hand side is an increasing function of X, while
the right-hand side is decreasing. We also learn that v — X, is increasing. So for fixed
v > 0, there is a unique W = V,,[¢] satisfying (C.4) and the map v + V,, is pointwise
decreasing, hence so is the map v — ||V}, ||,. With oeg’c (A, p) given by (C.3), we define

ve(d, p,¢) i=inf {v >0 : [K[B]l, < @b (A, p)}.
Summarizing, we proved that for all ¢ € C§°(R) and all v > v« (A, p, ¢),

|¢'|?
RA+mcZ+V,

vX?P =g+

(C.5) (he)?

i /R (mc? — X — Vy[p)) |2 dx > 0,

which can be interpreted as a Gagliardo—Nirenberg type inequality for ¢ alone. Such an
inequality is known for a fixed, given potential V' from [21,27,28] and it is then of Hardy-
type, as for instance the new Hardy inequality in [35], but the novelty in this paper is
that we take V' = V,[¢] thus making it a nonlinear interpolation inequality. While the
form (C.5) is non-explicit, it allows to recover the usual Gagliardo—Nirenberg inequality
in the non-relativistic limit as ¢ — oo. By writing A = mc? + E for some E < 0, (C.5)
becomes

2 9P .
(he) fRch”va[(p] dx—/R(EJrVu[M) [ dx > 0.

Let us choose v = ||¢||§p/(p_l). As ¢ — oo, we get from (C.4) that V,,[¢] converges
to ||¢||;;//((§:11)) |p|2/P=1 Together with (C.2), we get that v > v4(A, p, ¢) in the limit
¢ — oo whenever |E| > K, (2m/#2)4/ 2P~ We obtain

hz 712 2 2
ro [P ax =181, = £ [ 1670

This inequality is the Gagliardo—Nirenberg inequality (1.1) written in non-scale invariant
form, for an appropriate choice of the parameter A in (1.1).
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D. Thecase p=d =1

This appendix deals with the limit case p = 1 of Theorem 1.3 devoted to the one-dimen-
sional Keller estimates. We give a computation of ap (4, 1) which is not based on the limit
as p — 14 of the nonlinear estimates and prove that any sequence of optimizing potentials
concentrates into a Dirac § distribution.

Proposition D.1. If d = 1, then ap (A, 1) = arccos(A/m). More specifically, for all o €
(0,7)and all Ve LY(R,RY) with |V |1 =, if A € (—m,m) is an eigenvalue of D —V,
then we have the strict inequality

mcosa < A.

In addition, any sequence of nonnegative potentials (V;)nen with ||V |1 = o, and eigen-
values A, approaching m cos o, converges as h — +00 to a Dirac § distribution.

According to [65], “the method of directly solving the Dirac equation with a §-function
potential and the method of obtaining the solution by first solving the Dirac equation with
a short-range potential and afterward taking the §-function limit, lead to different results”
[concerning the spectrum]. This issue is known as Klein’s paradox. Although the Keller—
Lieb—Thirring inequality (1.12) makes sense for any nonnegative potential V € L!(R¢),
it is a natural question to investigate by direct methods whether the bound is achieved
in the larger set of bounded nonnegative measures and consider sequences of optimizing
potentials.

Proof. We start with a calculation for a bounded and compactly supported potential V. In
this case, the eigenvalue equation rewrites as

V' = (o, (V + L) +mop) 0.

We decompose W on the (not-orthonormal) basis given by the eigenvectors et of the
matrix iAo, — moy defined by

_[(Vm? -2 0 m+2A — 12 )2
ei'_(:l:(m—k) such that (m—)t 0 )ei—:I: m? —A2eL.

Decomposing ¥(x) = a(x) e4+ + b(x) e— and using the identities

(ioaex,ex) =0, (iogex,ex) =£2(m— L) vm?2 — A2,
(iopex,ioner) =2m(m— 1), (iopex,iones) =2A(m—A),

gives, with W := V/v/m? — A2,
a = (Vm?2—-2A2—AW)a—mWhb,
b'=—(vVm2—-212—AW)b+mWa.

Since V' (and W) are compactly supported, a square-integrable solution must have b = 0 in
a neighborhood of —oo and a = 0 in a neighborhood of +oc0. Without loss of generality,
we take a solution with a(x) > 0 for x near —oo. Since

(ab) = mW (a% —b?)



Keller and Lieb—Thirring estimates of the eigenvalues in the gap of Dirac operators 687

is nonnegative if |a| > |b|, such a solution enters the first (a, b) quadrant and stays in the
first quadrant until the first value of x such that a(x) = 0. We denote this value by xi,
with x; = 400 if a does not change sign. In the interval (—oo, x1), the ratio t := b/a is
well-defined and satisfies

1
= — (- 2ab(vVm? — 22 — A W) + m W(a® + b?))
=—2vVm2 = A2t +W(m +mt* +211).
We finally define the angle

mt+ A )

9,1(t) .= arctan <\/?)L2 s
m —_—

such that limy—x, 6, (t(x)) = 7/2 and

1 t/ Vm2 — A2t
(D.1) —(fhotf) = ————— =W — _vm=A
m2 — A2 m—+2Ait+mt? m—+2At+ mt?

Integrating for x € (—o0, x1), we obtain

D2) 71/2 91(0) / W()ds—/ vm?2 — A2t o

d .
mA2Attme = M2 — )\2
Since 6, (0) = arcsin(A/m), we obtain
arccos(A/m) <a or A >mcosa.

In order to approximate unbounded potentials, we need an estimate on the negative
term in (D.2). Take any number ¢ > 1. Since t is continuous, there is an interval Iy (c¢) C
(—00, x1] such that t(x) € (1/c, ¢) for all x € Iy (c). We have the bound (note that the
integrand is symmetric under t — 1/t)

/ 2 (m? — A?) t(s) 2(m?—-21%)c
ds >
Iy ) M+ mt(s)? + 2 A t(s) m+mc?2+2Ac

[Ty (c)l,

and therefore

2(m?—=2A%c

(D.3) arccos(A/m) < a — o me® 120

[Ty (c)].

To prove that | Iy (¢)| cannot be arbitrarily small, we integrate (D.1) on [y (¢), which gives
(D.4) ) =61/ = [ Vrds = 0v(tvee,

Iy (o)
where we have defined

x+r/2
Qy(r) := sup / V(s)ds.

xe€R —r/2
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Now, assume that (V,,),eN is a sequence of potentials with ||V}, |1 = « and eigenvalues A,
converging to A := m cos . Without loss of generality, we may assume that each V}, is
bounded and compactly supported. By (D.3), in order to approach the equality case, we
need that | Iy, (c)| tends to zero for each ¢ > 1. We now use (D.4) to show that this implies
the convergence (after suitable translations) to a Dirac § distribution.

Fix ¢ > 0 and r > 0. Fix ¢ > 1 and n such that for all n > n,, we have

05,(c)—0;,(1/c) = Oy (+00) —60,(0) —e = —&.
Upon increasing ng, we can assume | Iy, (¢)| < r for all n > ng. From (D.4), this gives

Qv,(r) = Qv,(Iy,(c)]) > a — .

Since r and ¢ are arbitrary, we have shown that Qy,, converges pointwise to «. In the lan-
guage of concentration-compactness, this excludes vanishing and dichotomy and implies
that, after a sequence of translations, V;, converges to a measure of total mass « supported
at the origin, hence, to a Dirac § distribution. [
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