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A property of ideals of jets of functions vanishing on a set

Charles Fefferman and Ary Shaviv

Abstract. For a set E C R” that contains the origin, we consider /" (E) —the set
of all m™ degree Taylor approximations (at the origin) of C™ functions on R” that
vanish on E. This set is a proper ideal in £ (R") — the ring of all m™ degree Taylor
approximations of C™ functions on R”. Which ideals in ™ (R") arise as I™(E)
for some E? In this paper we introduce the notion of a closed ideal in P™(R"),
and prove that any ideal of the form I (E) is closed. We do not know whether in
general any closed proper ideal is of the form /" (E) for some E, however we prove
in a subsequent paper that all closed proper ideals in £ (R") arise as 1" (E) when

m-+n <5.
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1. Introduction

In this article we work in the ring #["(R") of m-jets (at the origin) of C™ functions

on R” that vanish at the origin. We write J™(F) to denote the m-jet at 0 of a function
F € C™(R"), i.e., its m" degree Taylor approximation about the origin. Given a subset
E C R” that contains the origin, we define an ideal /™ (E) in £ (R") by

I"™(E):={J™(F)|FeC™R")and F =0on E}.

Our main goal is to understand which ideals 7 in )" (R") arise as /™ (E) for some E.

We introduce the notion that a given ideal I implies a particular jet p. The set of all
the jets implied by a given ideal [ is an ideal containing I, which we call the closure of I.
We say that [ is closed if it is equal to its closure.
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Main results in a nutshell

We will prove that /™ (E) is always closed (for any m and any E); see Theorem 2.18. We
know of no example of an ideal / that is closed but does not arise as /™ (E) for some E.
Indeed, in the rings £ (R"), P (RY), PZ(R?), £3(R?) and PZ(R?) we will classify in
our subsequent paper [10] all possible closed ideals up to a natural equivalence relation,
and for each ideal 7 on these lists we will exhibit a set £ such that I = I™(E). The natural
equivalence relation arises from the fact that every C™-diffeomorphism ¢: R” — R” that
fixes the origin induces an automorphism of #["(R") defined by p — J™(p o ¢). We
say that two ideals / and I’ in £§'(R") are equivalent if I’ is the image of I under
such an automorphism. Since this equivalence relation preserves the property of an ideal
being closed, in [10] we in particular prove that each closed ideal in the rings #¢ (R"),
Pr(RY), PE(R?), P (R?) and P (R?) arises as ™ (E) for some closed E that contains
the origin.

Nullstellensatz-type point of view

Our problem is loosely analogous to the setting of the Hilbert Nullstellensatz, where
one asks which polynomial ideals arise as J (1), the set of polynomials vanishing on
an algebraic subset V' of C”. In that setting, we may say that an ideal I implies a polyno-
mial p if p belongs to the radical of /. Recall that the Nullstellensatz tells us that an ideal
I <1 Clxy,...,x,] arises as d (V') for some algebraic subset V' if and only if it is equal to
its radical. When eitherm = 1,n = 1 orm + n < 5, we will prove in [10] that an ideal
I < P{"(R") arises as 1™ (E) for some closed subset E that contains the origin if and
only if it is equal to its closure. We have not yet studied enough examples to know whether
to believe that for arbitrary m and n every closed ideal in $§* (R") arises as I™(E) for
some E. Perhaps, in addition to being closed, /™ (E) has further properties of which we
are so far unaware.

We stress that unlike the setting of Hilbert Nullstellensatz, we are not aware of a natural
map that assigns to each ideal / <1 §* (R") a closed subset E that contains the origin such
that I = I™(FE). We present numerous concrete examples in [10], and in particular it will
become evident that it does not make sense to look at the zero locus of a given ideal — we
will see that in $Z(R?) (where (x, y) is a standard coordinate system), /2({x = 0}) is
the principal ideal generated by x, while 2({x(x? — y3) = 0} N {x > 0}) is the principal
ideal generated by x2. The latter example also shows that /™ (E) may be not radical (and
in particular not real-radical).

A conjecture by N. Zobin

Recall that semi-algebraic sets and maps are those that can be described by finitely many
polynomial equations and inequalities and boolean operations (for detailed exposition on
semi-algebraic geometry see, for instance, [2]). In [10], we will see in particular that
each closed ideal in the rings £} (R"), P(RY), PZ(R?), P3(R?) and PZ(R3) arises
as I"™(E) for a semi-algebraic set E that contains the origin. A conjecture of N. Zobin
(see Problem 5 in [5]) asserts that every ideal /™ (E) in PJ*(R") already arises as the
ideal 1™ (V) for a semi-algebraic set V' that contains the origin. Thus, we prove that the
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conjecture is true for the cases in which either m = 1,n = 1 orm +n < 5. We do not
know whether the conjecture holds for general m and n, though it seems plausible to us.

Related problems

All the questions this paper addresses may be asked with C™ functions replaced by dif-
ferent classes of functions. For instance, fix m,n € N and m < k € N U {oo}. Given a
subset E C R” that contains the origin, define an ideal ;" (E) in $¢" (R") by

IM(E):={J™(F)| F € CK(R") and F = 0 on E}.

What can we say about the ideal 1;"" (E)? Which ideals in #§*(R") arise as I} (E) for
some E? Does every ideal of the form I;”"(E) already arises as the ideal I;"" (V') for a
semi-algebraic set VV'? We would like to study these variants, however in this paper we
only deal with the case m = k.

The relation to extension problems

The ideal /™ (E) arose naturally in connection with Whitney’s extension problem: given a
function f: E — R (with 0cEC R"™), we want to decide whether f extends from E to
a C™ function F on the whole R”. If such an extension F exists, then /™ (E) expresses
the ambiguity in the jet of F' at the origin. Moreover, similarly to the definition of /™ (E),
we can define the ideal /3" (E) of m-jets of C™ functions that vanish identically on E
about an arbitrary point X € E. In this terminology, the ideal 1™ (E) is I g” (E). Analyzing
the ideals /7" (E) is often a key step for solving such Whitney type extrapolation problems
(see, for instance, [4]).

We stress here that for a given set E, one can in principle compute /™ (E); see [4]. In
this paper we are interested is the converse question: given I, can we find an E?

Intuition on implied jets

We prepare to motivate and explain the notion of an ideal / implying a jet p without
going into technicalities. We sacrifice accuracy to meet this goal. Let us set up some ad-
hoc notation and definitions for this purpose (these notation and definitions will be only
used in this introduction; the main text will include a rigorous exposition and in particular
a detailed construction of all the examples below).

We identify m-jets with m™ degree Taylor polynomials. Thus, $J"(R") consists of
all at most m™ degree polynomials on R” with a zero constant term, J”(F) is the m™
degree Taylor polynomial of F at the origin, and the multiplication in £§*(R") is given
by PQ := J™(PQ).

Let I' C R” be an open set whose closure contains the origin. A C™-flat function
on I' is a function F € C™(I") such that 3* F(¥) = o(|X|"1%!) as ¥ tends to the origin
in ', for any |o| < m. A C™-tame function on I" is a function S € C™(I") such that
9% S(X) = O(|%|7'*!) as ¥ tends to the origin in T, for any || < m.

Often, I will be a cone with vertex at the origin. If ' = R” \ {6}, then the C™-flat
functions are simply the C™ functions F' with J™(F) = 0, restricted to R” \ {6}. The
following simple observation will be important.
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Remark 1.1. Let F be C™-flaton I, and let S be C™-tame on I'. Then, S - F is C™-flat
onl.

We start by presenting two examples to show that the ideal /(E) unsurprisingly re-
stricts the geometry of E.

Example 1.2. In J’OZ (R?), suppose x2 + y2 € I%(E). Then, by definition there exists F €
C?(R?) with jet x2 4 y? that vanishes on E. We have F(x,y) — (x2 + y?) = o(x? + y?)
as (x,y) — (0,0), hence F(x, y) is nonzero on a punctured neighborhood of the origin.
Consequently, that punctured neighborhood contains no points of E. This in turn easily
implies that 72(E) consists of all jets that vanish at the origin, i.e., [(E) = 5’02 (R?). We
thus proved that

x2 +y% e I*’(E) = (0,0) is an isolated point of E and I*(E) = J’OZ(RZ).

Example 1.3. In $¢(R?), suppose xy € I2(E). Let I be an open sector with vertex at
the origin, whose closure in R? \ {6} meets neither the x-axis nor the y-axis. Then, by the
argument of Example 1.2, E N I" cannot contain points arbitrarily close to the origin. This
tells us that the only possible “tangent directions to E at the origin” are the x-axis and the
y-axis.

We formalize the lesson of Examples 1.2 and 1.3 in the following definition:

Let I be an ideal in P"(R") and let @ € S"~! be a unit vector (a “direction”). We
say that w is forbidden for I if there exist jets Q1,...,Qp € I, acone

F={FeR":0<|%| <r|¥/|F—o| <8

(for some r, § > 0) and a constant ¢ > 0, such that }Q1(2)| +oeet |QL(55)} > c|x|™
for any X € T'. If w is not forbidden, we say that w is allowed. We write Forb(I) and
Allow([7), respectively, to denote the sets of forbidden and allowed directions in the unit
sphere.

For an ideal I = I™(FE), the argument of Example 1.2 easily shows that only allowed
directions may be tangent to E at the origin. Thus, as promised, I constrains the geometry
of any set E for which we hope that I = I™(E).

Note that Example 1.2 also tells us that if an ideal is of the form /™ (E) for some E in
the ring #¢ (R?), and it contains the jet x* + y?, then it contains many more jets. Let us
see more examples that illustrate how the existence of some jets in /™ (E) can force the
existence of another jet in /" (E).

Example 1.4. In 3 (R?), suppose x(x? + y?) € I*(E). Then, x>, x%y,xy? € I3(E) as
well.

Indeed, since x(x2 4+ y2) € I3(E), there exists F € C3(R?), with jet x(x2 + y?),
such that F = 0 on E. Equivalently, there exists a C3-flat function F; on R? \ {0} such
that

(1.1) x(x2 4+ y%) + Fi(x,y) =0 onE.

Now set S; = ﬁzyz, and note that S; is C3-tame on R2 \ {0}. Multiplying (1.1) by Si,
we have

(1.2) xX348-FF=0 onkE.
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Moreover, Sy - Fy is C3-flat on R? \ {6}, by Remark 1.1. Therefore, (1.2) shows that
x3 € I3(E). Similar arguments using S = #yyz and S3 = #Zyz in place of S; show

that also x2 - y and xy? belong to I3(E).

The argument of Example 1.2 can be modified easily to show that any proper closed
ideal in $J" (R") has a non-empty set of allowed directions. Example 1.4 shows that not
every ideal in £" (R") with allowed directions is closed: the principal ideal generated by
x(x? 4+ y?) in 3 (R?) is not closed, though {(0, £1)} are allowed directions of this ideal.

Our final example in this introduction brings into play the set of allowed directions.

Example 1.5. In $Z(R?), suppose / = I?(E) contains x> and y? — xz. Then, I con-
tains xy.

To see this, first note that outside any conic neighborhood of the z-axis, we have
|x2| + |y% — xz| > c(x? + y? + z?) for some constant ¢ > 0 that depends on the conic
neighborhood. Therefore, Allow(/) is contained in {(0,0, £1)} and so E is tangent to the
z-axis, i.e.,

(1.3) EC{(x.y.2) : |(x. 0| = g(lz]) - |21}
for some function g: [0, c0) — R that is strictly positive away from 0 and that satisfies
1.4) gt) >0 ast—0.

Let us see how, by possibly replacing g by a function that goes to zero more slowly, we
may assume without loss of generality that g € C2(0, o) and

(1.5) (%)kg(t) — 0@t %g(1)) forallk € {0,1,2}.
Note that replacing E with its intersection with a small ball about the origin does not affect

I?(E), so we may first replace g by min{g(¢), 1}. We thus may assume without loss of
generality that 0 < g(¢) < 1 forall # € (0, 00). Second, we set g(¢) := sup{t+sg(s) s €
(0, 00)}, for all ¢ € (0, o0). Note that this sup is finite since g(s) < 1 for all s € (0, c0).
By taking s = ¢ in the above sup, we see that

(1.6) g(t) > g(t) forallt € (0,0).

Fix ¢ > 0. By (1.4), there exists §(¢) > 0 such that g(s) < e forall 0 < s < §(¢). So we have

(t+s)g(s) < 2eforall0 < s < §(g). For s > §(¢) we have (t+s)g(s) < ti—ts < 82(2) <2

fort < 8(8) := ¢ - 68(e). These two facts together tell us that g(z) < 2¢ forall t < § (g), and
O

(1.7 g)—>0 ast—0.
One readily sees thatif t; /t, € [1/2,2], then 2 t12+s < tzz_tﬁs <4-; 2’1 for all s € (0, 00),
and so
(1.8) 1 (1) < 8(t) <4-3(t) iftle[] 2]
. 4g1_g2_g1 t 34
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Let ¢ € C°°((0, 00)) be a non-negative function, supported in [1/2, 2], and not the zero

function, and set -
t\N . . ds
g () :=/ w(—) - 8(s) —-
0 N N

Then g* € C*°((0, 00)). Since t/s € [1/2, 2] in the support of the integrand, we have
from (1.8) that

(1.9) c-g(t)<g*(t) <C-g() forallt € (0,00),

where ¢ and C above are positive constants depending only on ¢. Moreover, for any
t € (0,00) and k € {0, 1,2} we have

() el =] [Tt (3)am T
< [TsHew (9] 20 = ¢ rao,
0 N N

where C’ is a positive constant depending only on ¢, and again we exploit estimate (1.8)
in the support of the integrand. Now, (1.9) and (1.10) imply that

(1.10)

(1.11) (%)kg*(t) — 0(t%g*(t)) forallk € {0,1,2).

From (1.6), (1.7) and (1.9) we see that

(1.12) () >0 ast—0
and
(1.13) C"g*(t) > g(t) forallt € (0,00),

where C” is a positive constant depending only on ¢. Finally, thanks to (1.11), (1.12)
and (1.13), we may replace g*(¢) by g7 (¢) := C”g*(t) and conclude that (1.3), (1.4)
and (1.5) all hold.

We thus established that we may assume without loss of generality that (1.3), (1.4)
and (1.5) all hold. We proceed by replacing E with its intersection with a small ball about
the origin (this does not affect /2(E)), and so we may also assume that |(x, y)| < |z| for
any (x,y,z) € E.

Let 6(t) be a C? (cutoff) function on [0, 0o), supported in [0, 2] and equal to 1 on
[0, 1]. We define functions on R3 \ {0} by

|, )
g2z

.0l

3
Fi(x,y,z) = y—@(
z |z]

) and S(x,y,z) = ;9(

One can readily verify that (1.4) and (1.5) imply that F; is C2-flat on R3 \ {0} and S is
C?2-tame on R3 \ {0}. Recall that y2 — xz € I?(E). Thus, there exists a C2-flat function
on R3 \ {0}, which we denote by F,, such that

(1.14) y2 —xz+ F>(x,y,z) =0 onE \ {0}.
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Multiplying (1.14) by —y/z, we find that
oy -
(1.15) xy———=F(x,y,z) =0 onE \{0}.
z oz
By our assumption that |(x, y)| < |z| for any (x, y,z) € E and (1.3), we have that

|(x. )| |(x, )|
G R

and so
3

Flzy— and S=2 onE.
z z
Consequently, (1.15) implies that
(1.16) xy—[F1+SF,]=0 onE\/{0}.

Recall that F; and F are C2-flat on R3 \ {0}, and that S is C2-tame on R3 \ {0}. Thanks
to Remark 1.1, we see that F> + SF» is C2-tame on R3 \ {6}, and so (1.16) tells us that
xy € I?(E). This completes our analysis of Example 1.5.

We stress that we got crucial help from our knowledge of Allow(/), which told us
where E lives and permitted us to make use of the cutoff functions 6( ‘((xz)yl ;l‘) and 6( l("CZJI’ N
thus avoiding the singularities of the functions y3/z and y/z.

We are now ready to define the notion of an implied jet. Unfortunately, it is not so
simple.

Let I be an ideal in " (R"), and let 2 C S "1 be the set of allowed directions for 1.
We say that I implies a given jet p if there exist a constant A > 0 and jets Q1,...,Qr € 1
for which the following holds:

Given ¢ > 0, there exist §, r > 0 such that for any 0 < p < r, there exist functions
F,S;,..., S satisfying

(1.17)  |3*F(X)| < ep™ 1! forall p/4 < |X| < 4p and all || < m;

(1.18)  [0%8;(¥)| < Ap~1®! forall p/4 < |¥| < 4p,all || <mandall1 <! < L;
(1.19) if @70, then p(X)=F(X) 4+ S1(¥) Q1(X) + 52(¥) Q2(X) + -+ + SL(X) QL (X)

for all p/2 < |X| < 2p such that dist(X/|X], Q) < 8.

The point of this definition is as follows: suppose that I implies p, and suppose that
I = I'""(E) for some E. The functions Sy,..., Sz, F in (1.17)—(1.19) are allowed to
depend on the length scale p, but by patching together the Sy, ..., Sz, F arising from all
small length scales, we can find functions S}, ... S¥ that are C™-tame on R” \ {0} and a

function F* that is C"™-flat on R \ {6} such that, in some punctured neighborhood of the
origin, we have

p(R) = F*X) + S{(¥) Q1) + S3(X) Q2(X) + -+ + S[(¥) OL(¥) on E.

An easy argument using Remark 1.1 then shows that p € I = [ (E). Thus, if I = I (E)
then / contains any jet p implied by /,i.e., /"™ (E) is always closed (Theorem 2.18 below).
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Let us see how the above definition applies to Example 1.5 by verifying that / implies
p = xy.Recall that Q = Allow(/) is contained in {(0,0, +1)}. We take O tobe y? — xz,
and we take (for instance) A = 10°. Given ¢ > 0, we take (for instance) § = r = ¢/10°.

Now, given 0 < p < r, we must produce functions F' and S; satisfying (1.17), (1.18),
and (1.19) above. We will take

3

F=y79(%> and Sl=—§-9(@),

where 6 is a C 3-smooth one variable cutoff function defined on [0, oc], equal to 1 on [0, 4],
supported on [0, 8], and such that 6 and its derivatives up to order 3 have absolute value at
most 100.

The above F and S satisfy (1.17),(1.18), and (1.19). In fact, for p/4 < |X| < 4p, (1.18)
is easily verified, and (1.17) holds since |3% F(¥)| = O(8371¢I . p2~1el) for all |a| < 2. To
check (1.19), we note that 9('%’3’)‘) = 9(|(x/’)y)|) = 1for p/2 < |(x,y,z)| < 2p such that

dist(¥/]X|, ) < 8. Consequently, (1.19) reduces to the equation xy = (—y/z)(y? — xz)
+y3/z. Thus, as promised, / implies xy in Example 1.5. The cutoff function 9(%)

[Ce, )|
g(lz])|z]

here plays the role of the cutoff 6( ) in Example 1.5.

Calculating implied jets

So we have defined the notion that an ideal / implies a jet p. How can we show in practice
that a given ideal I implies a given jet p? In Section 3 we develop tools that answer this
question, by introducing the notions of strong implication and strong directional implica-
tion. These notions use the definition of negligible functions, that is quite technical, but
relatively easy to work with. Then, we show that if a given jet p is strongly implied by a
given ideal I in any allowed direction of I, then the jet p is implied by / (Corollary 3.18).
We also provide an easy algorithm to calculate the set of allowed directions of a given ideal
(Corollary 3.3) — if we are given a basis of an ideal 7, this algorithm always produces a set
that contains Allow(/), and sometimes it calculates Allow(/) exactly. We routinely use
these tools in [10] when we exhibit many examples of closed ideals.

Calculating the closure of an ideal

Recall once more that the closure of I consists of all the jets implied by 7, and that
is closed if and only if it is equal to its closure. How can we calculate the closure of
a given ideal 7, i.e., how can we calculate a basis for the space of all implied jets of a
given ideal? We answer this question in Section 4. In this section we show how to realize
the conditions defining implied jets as conditions about the existence of sections of some
semi-algebraic bundles (bundles in the sense of Fefferman—Luli; see [7]). Consequently,
we also explain how, in principle, we can calculate the closure of a given ideal using well
known results regarding the spaces of sections of such bundles. This algorithm is based
on results from [8, 9].

We stress that the tools in Section 3 provide useful information in many particular
cases in which we want to show that a given ideal implies a given jet, but (as far as we
know) are not guaranteed to work in general. On the other hand, the algorithm in Section 4
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is guaranteed to compute the closure of any given ideal of m-jets, but is unfortunately far
too labor-intensive to use in practice.

2. Closed ideals and a necessary condition

As said, we start a rigorous construction of our theory below, and do not rely on anything
defined in the introduction. Let us start by fixing notation.

2.1. Notation

We work in R” with Euclidean metric, and most of the notation we use is standard.

Functions. For an open subset U C R” and m € N U {0}, we denote by C™(U) the
space of real valued m-times continuously differentiable functions. We use multi-index

notation for derivatives: for a multi-index « := (o1, @2, ..., 0,) € (N U {0})" we set
la| :=a; + -+ + @y and a! ;= aqlay!---ay!. For X = (x1, X2, ...,x,) € R", we set
X = x7x32 o xy" If la| <mand f € C™(U), we write
o]
r@ . s

- oy a oy
0x7'0x5% -+ 0xp

when |or| # 0, and f@ := f when |a| = 0. We sometimes write 0%f or d, f instead
of @ When it is clear from the context, we will sometimes write fy, or 92, f when
oa=(1,1,0,0,...,0) and (x, y,z,...) is a coordinate system on R”, and other such
similar conventional notation.

Asymptotic behaviors. For f,g € C™(U) and X € U, we write

f ()

— —> 0 asX — Xg.
g(x)

f(X)=o0(g(X)) asX — Xy if

If X is not specified, then Xo = 0, unless otherwise is clear from the context. We write

f(X) = 0(g(x)) asx — Xo

‘ f((f; is bounded in some punctured neighborhood of Xo.
g(x

Again, if X is not specified, then X9 = 0, unless otherwise is clear from the context.

Balls, cones, annuli and other geometric objects. For r > 0, we set B(r) := {X¥ e R" :
|X| < r} and set B*(r) := B(r) \ {0}, where n should be clear from the context. For two
sets X, Y C R”, we set

dist(X,Y):=inf{|[Xx —y|: X € X,y €Y} if X #@andY # 0,
dist(X,Y) = 400 otherwise,

and if one of them is a singleton, we write dist(X, Y) instead of dist({X}, Y), and similarly
if the other is a singleton. We denote as usual R” > S”~1 := {|¥| = 1}, and refer to points
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points in S "=l as directions. For @ C S"~! and § > 0, we denote (the dome around 2 of
opening §)
D(2,8) = {w e §"! : dist(w, Q) < §}.

Note that in particular if Q = @, then D(2, §) = @. Given (radius) r > 0, we set

F@.8.r):= | r'D(Q.8) ={Z e R":0 < [7] < r,dist(¥/|%]. Q) < 8}.
r’'e(0,r)

Note that in particular if Q = @, then I'(2,6,r) = @.

For a singleton w € "1, we write D(w, §) and I'(w, §, r) instead of D({w}, §) and
I'{w}, 8, r), respectively. We call a set of the form I'(w, 8, r) (respectively, I'(€2,§,7)) a
cone in the direction @ (respectively, around the set of directions 2 C S n=1y or a conic
neighborhood of w (respectively, of €2). Note that some cones are non-convex. Also note
that for any Q2 C S"=1 8§ >0 and r > 0, we have that I'(Q, 8, ¢) is open in R”, and
D(£2,8) is open in S”~! (in the restricted topology). Finally (when 7 is clear from the
context), for R 3 K > 1 and R > r > 0 we define the annulus

Anng(r) :={X e R" : r/K < |X| < Kr}.

2.2. Basic definitions

Definition 2.1 (Jet spaces). Let m,n € N. For a real valued function f € C™(R"), we
define the m™ degree jet of f at the origin (or m-jet), denoted by J™(f), to be the m™
degree Taylor polynomial (that has degree at most m) of f at the origin. The jet J™( f) is
an element of the space of (at most) mh degree (Taylor) polynomials in n variables, which
we call the m™ degree jet space at the origin, and denote by #™(IR"). This is naturally a
(commutative unital) ring, with multiplication given by PQ := J™(P(Q), however it is
not a integral domain, e.g., in ™ (R') we always have x™ - x = 0. We stress that by PQ
(and P - Q) we always mean jet product, and not the produce in the ring of polynomials,
unless we say otherwise.

Note that " (R") is a finite dimensional vector space, and that for any f, g€ C™(R"),
we have J™(f - g) = J™(f) - J™(g). In order to avoid confusion, we will use the fol-
lowing notation.

Notation 2.2. Let ¥ C £™(R") be a family of jets. We denote by (¥ ),, the ideal in
P™(R™) generated by F . For instance, in the single variable case, we have (x), =
spang{x,x2,..., x™}.

Definition 2.3 (Order of vanishing of functions). Letm,n € N, and let f € C™(R"). The
order of vanishing (at the origin) of f is said to be

« the minimal 1 < m’ < m such that J™ (f) # 0, if such m’ exists and f(0) = 0;

e more than m, if J™(f) = 0;

. 0,if £(0) # 0.

The order of vanishing of a jet p € P™(R") is the order of vanishing of the polynomial p.
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Note that every C™-diffeomorphism ¢: R"” — R” that fixes the origin induces an auto-
morphism of ™ (R") defined by p + J™(p o ¢). This automorphism does not preserve
in general the degree (as a polynomial) of a jet, however it always preserves the order of
vanishing.

Definition 2.4. We set
PR") := {p € P™(R") | the order of vanishing of p is not 0}.

Note that #J" (R") is a (commutative) ring, but it is not unital. It is also a finite dimen-
sional vector space. Equivalently, one can define ;" (R") as the unique maximal ideal
in P™(R").

Definition 2.5. Let E C R” be a closed set containing the origin. We define
I"(E) :={p e P"(R")|If € C"R"). flg =0.J"(f) = p}.

2.2.1. Simple observations. Let E, E’ C R" be two closed sets, both containing the ori-
gin.

(i) I™(FE) only depends on the local behavior of E around the origin: if there exists
r > Osuch that E N B(r) = E' N B(r), then I"(E) = I"™(E’).

(ii) I™(E) is an ideal in ™ (R"): indeed, let p € I"™(E) and p’ € P™(R"). Then,
there exists f € C™(R") such that J”(f) = p and f|g = 0. Note that f - p’ is
a C™ function on R” that vanishes on E, and J™(f - p’) = p - p’. We conclude that
p-p € I"™(E),ie., I"™(E) < P™(R").

(iii) I™(E) C PI(R™),in factitis anideal: 1™ (E) <1 P§*(R").

(iv) I™(E U E')y C I™(E) N I™(E").

(v) I"(E) C I"(E N E').

2.3. Allowed and forbidden directions of an ideal and tangent directions of a set

Definition 2.6 (Allowed and forbidden directions of jets and ideals).

o Let p1, pa, ..., pL € PY(R™) be jets, and let € S"~! be a direction. We say
that w is a forbidden direction of p1, ..., pr if the following holds:

(2.1) There exist ¢, §, r > 0 such that
|p1(O)] + [p2(X)| + -+ + |pr(X)| > ¢ - |X|™ forall X € ['(w, 8, 7).

Otherwise, we say that w is an allowed direction of py, ..., pL.

e Let I <1 P"(R™) be an ideal. A direction w € S"! is said to be a forbidden
direction of I if there exist py, p»,..., pr € I such that o is a forbidden direction of
P1, P2, - .-, pL. Otherwise, we say that w is an allowed direction of I .

We denote the sets of forbidden and allowed directions of I by Forb(/) and Allow(7),
respectively. Note that the set Allow(7) C S"~! is always closed.
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Definition 2.7 (Tangent, forbidden and allowed directions of a set). Let £ C R” be a
closed subset containing the origin and let w € S"~1. We say that E is tangent to the
direction w if

ENT(w,8,r)#@ forall§ > 0andallr > 0.

We denote by T(E) C S"~! the set of all directions to which E is tangent. Finally, for a
fixed m € N, we say that w is a forbidden (respectively, allowed) direction of E, if @ is
a forbidden (respectively, allowed) direction of /™ (E). We denote the sets of forbidden
and allowed directions of E by Forb(E) and Allow(E), respectively (here m should be
implicitly understood from the context).

Lemma 2.8. Let 0 € E C R" be a closed subset and m € N. Then, T(E) C Allow(E).

Proof. Letw € T(E). Assume towards a contradiction that w € Forb(E) = Forb(/™(E)).
By Definition 2.6 and (2.1), there exist py, ..., p, € I"*(E) such that the following holds:

(2.2) There exist ¢, §, r > 0 such that
|p1()] + [p2(X)| + -+ + |pr(X)| > ¢ - |X|™ forall X € I'(w, 8, 7).

By Definition 2.5, for 1 <[ < L there exists f; € C™(R") such that f;(X) = p;(X) +
r;(X), where

2.3) ri(X) = o(|X|™)

and fi|g = 0. As w € T(E), there exists a sequence of points

2.4 {%i}2, C T'(w,8,r) N E converging to the origin.

On any of these points we have

(25) 0=[AG)]+--+ LG = p1 (%) +ri(X)| + -+ [pr (%) + ro ()],
and dividing (2.5) by |x;|™ # 0, we get

i) A G|+ -+ LK) 4 (%)

B |X; ™

_ GOl + p GOl @)+ -+ re ()l
- |x; | |x; |

2.6) 0

Now (2.6) is a contradiction, as (2.2) and (2.4) imply that (| p1 (X;)|+ - - - +| pr (X)) /| X: |™
is bounded from below by ¢, while (2.3) and (2.4) imply that, as X; approaches the origin,
(Ir1 )] + -+ + [rL (X)) /1%: ™ goes to zero. u

Lemma2.9. LetOc E CR" be a closed subset, let m €N and denote Q= Allow(I™(E)).
Then, given § > 0, there exists ¥ > 0 such that

E N B*(F) C {¥ € BX(F) : dist(R/|3], Q) <8} if Q # 0, and

2.7) . .
ENB*F =0 ifQ=0.
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Proof. Assume Q2 # @ and that the lemma does not hold. Then there exist § > 0 and a se-
quence of points {X; }52, C E'\ {6} converging to the origin such that dist(X; /|X;|, 2) > §
for any i € N. Since $"! is compact, by possibly diluting the sequence {X;}?°, we
may assume that X; /|X;| — o* € S"! asi — oo. In particular, dist(w*, Q) > § and so
w* € Forb(I™(E)). By Lemma 2.8, * ¢ T(E), so there exist §*, r* > 0 such that

ENT(w*, 8 r%) =0.

Since X; is converging to the origin, we may assume 0 < |X;| < r* for large enough i, and
since X; /|X;| — @*, we may assume |X; /|X;| — @*| < §* for large enough ;. Combining
these two we have that, for large enough i,

X; € T(w*, 8%, r%).

But X; € E, so we have
ENT(0*, 6% r") #40,

which is a contradiction. The proof of the case 2 = @ is almost identical but slightly
simpler (essentially repeat the proof but omit the condition “dist(X; /|X;|, ) > &, for any
i € N” in the very beginning), thus we leave it to the reader to verify the details. ]

2.4. Closed ideals —a fundamental property of ideals of the form 1™ (E)

Recall that (when # is clear from the context) for K > 1 and r > 0, we set
Anng(r) :={X e R" : r/K < |X| < Kr}.

Definition 2.10 (Implied jets). Let I <1 #"(R") be an ideal, denote 2 := Allow(/), and
let p € £¢*(R™) be some polynomial. We say that I implies p (or that p is implied by I)
if there exist a constant A > 0 and Q1, Q»,..., Qr € I such that the following holds:

For any ¢ > 0, there exist §, r > 0 such that for any 0 < p < r, there exist functions
F,S51,8,,...,8L € C™(Anng(p)) satisfying

(2.8) [0%F(X)| < ep™ ! forall ¥ € Anng(p) and all |a| < m;
(2.9)  [0%S;(%)| < Ap~ ' forall ¥ € Anng(p), all || <mandall1 <[ < L;

(2.10)  p(X) = F(¥) + S1(¥) Q1(X) + S2(X) Qa2(X) + -+ + SL(X) QL (X)
for all X € Anny(p) such that dist(X/|X]|, 2) < 8.

Remark 2.11. Definition 2.10 asserts the existence of functions Si, ..., Sz for some
L € N. One can define “l-implied jets” by only allowing L = 1, so for instance (2.10)
becomes “p(X) = F(X) + S1(X)Q1(X) for all X € Ann,(p) such that dist(X/|X|, ) < §”.
Clearly, if a jet is 1-implied by an ideal, it is also implied by the same ideal. We do not
know whether the converse also holds; in particular, we are not able to construct an ideal /
and a jet p € P{"(R") such that p is implied by /, but p is not 1-implied by /. Similar
remarks can be made regarding Definition 3.11 and Definition 3.13.
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Definition 2.12 (The closure of an ideal). Let / <1 £§*(R") be an ideal. We define its
implication closure (or simply closure) cl(1) by

cl(Z) :={p € PJ"(R™)| p is implied by I}.

We say that [ is closed if I = cl(I).

Remark 2.13. Let p € I <1 P{"(R"). Then, wecantake A =1,/ =1,0; =p,S1 =1
and F = 0, and for any ¢ > 0 take any &, r > 0, to prove p € cl(/). Thus, we always have
I C cl(I). Moreover, the closure of any ideal is an ideal as well.

Lemma 2.14. Let I < P¢"(R") be an ideal, denote 2 := Allow(!), and let p € Pg" (R")
be some polynomial that is implied by I. Then, given K > 4, there exist a constant A > 0
and Q1, Q2, ..., Qr € I such that the following holds:

For any € > 0, there exist §,r > 0 such that for any 0 < p < r, there exist functions
F,S1,8,,...,5. € C™(R") satisfying

(2.11) |0 F(%)| < ep™ ' forall X € R" and all |a| < m;
(2.12) 10%S; ()| < Ap™¥! forall ¥ e R" ,all |a| <mandall1 <1 < L;
(2.13) p(X) = F(X) + S1(X) Q1(X) + S2(¥) Q2(X) + -+ + SL(X) QL(X)

for all X € Anng (p) such that dist(X/|X|, ) < §.

Proof. Let A > 0and Q1, Q>,..., Q0 € I be as in Definition 2.10, and let K > 4. Fix
&> 0 and set & := %, where C” is a constant depending only on m,n, K and A4, to
be determined below. Corresponding to &, let 8, 7 > 0 be as in Definition 2.10, and set

F= m. Suppose 0 < p < 1550 We introduce a partition of unity {6, },=1
satisfying:

~~~~~ Vmax >

e forallv=1,...,vmx 6 € C®(R") and supp8, C Anny(p,) for some m <
pv < 1000Kp.

* Vmax < C;
Vmax
e 1= 3 6,(X) forany X € Anngog (p);
v=1
. 1096, (%)] < C’py ™ < (1000K)™C'p~1*! forany ¥ € R", v =1, . .., Umax and || <m,
where above C and C’ are positive constants depending only on m, n, K and A. By
Definition 2.10, for each v = 1, ..., vyu there exist functions F”, Sy, S8,..., 8] €
C™(Anny(py)) satisfying

(2.14) 9% FY (¥)| < 81l < (1000K)™ & p™~1e!
for all X € Anny(p,) and all || < m;
(2.15) 1998 (%)| < Ap, 1! < (1000K)™ A p~1!

for all X € Anng(p), |¢| <mandalll <[ < L;
(2.16) p(X) = F¥(X) + S{(X) Q1(X) + S5 (X) Q2(X) + -+ + S7(X) OL(¥)
for all X € Ann,(p,) such that dist(X/|X|, ) < 6.



A property of ideals of jets of functions vanishing on a set 733

Define

Vmax
F=Y6,F"cC"R"),
v=1

and for/ = 1,..., L define

Si=>) 6,5 €C"R").

v=1

Then, (2.14)—(2.16), together with the properties of {6, },=1 imply that

..... Vmax *

(2.17) |9*F(X)| < C"gpm7lel = %pm_lal < ep™ 7 forall ¥ € R” and all |o| < m;
(2.18) [0%S;(X)| < Ap,1®! forall ¥ € R", |a| <mandall1 <[ < L;

@219 p@ =Y 0@HpE
v=1
=Y 0 @[F(F) + ST Q1(F) + SY () Q2(F) + -+ + SL(X) QL (3)]
v=1
= F(®) + $1(¥) 01 (%) + $2(¥) 02(F) + - + SL(F) OL(F)
for all X € Anng (p) such that dist(X/|X|, Q) < 8,

where above C” and 4 are positive constants depending only on m,n, K and A.

Finally, for a fixed ¢ > 0, we let §,7 > 0 be as above. So for a given 0 < p < F we
have produced functions F, S1, S,,...,S. € C™(R") satisfying (2.17)—(2.19), which are
equivalent to (2.11)—(2.13), and so the lemma holds. [

Lemma 2.15. Definition 2.10 is invariant with respect to C™ coordinate changes around
the origin, namely: let I <1 P{"(R") be an ideal, let p € PJ"(R") be some polynomial,
and assume I implies p. Let ¢:R" — R" be a C™-diffeomorphism that fixes the origin,
recall it induces an automorphism of P™(R") defined by p — J™(p o ¢), and denote
this automorphism by ¢*. Then, ¢*(I) implies ¢*(p). In particular, the property of an
ideal being closed is invariant with respect to C'™ coordinate changes around the origin.

Proof. The image of any cone under any C™ coordinate change around the origin contains
a cone. Thus, the notion of allowed directions of an ideal is invariant under C™ coordinate
changes around the origin, up to a linear coordinate change (that arises from the Jacobian
of the C™ coordinate change). The image of any annulus centered at the origin under
any C™ coordinate change around the origin is contained in an annulus centered at the
origin. These two facts together with Lemma 2.14 prove the lemma. We leave it to the
reader to verify the details. |

Remark 2.16. Another invariant of a given ideal / with respect to C™ coordinate changes
is dim span Allow(/) —we will use this fact often in [10].
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Corollary 2.17 (Sets with no allowed directions). The only closed ideal 1 <1 P§*(R")
such that Allow(1) = @ is I = P{"(R"™). Moreover, if E C R” is a closed subset con-

taining the origin such that Allow(I™(E)) = @, then the origin is an isolated point of E
and I"™(E) = P{"(R").

Proof. If I is closed and Allow(/) = @, then any jet in &J" (R") is implied by I as (2.10)
vacuously holds (to satisfy (2.8) and (2.9), one may take A = 1,/ =1,0, =0,5; =0
and F' = 0). This proves that the only closed ideal / <1 £§"(IR") such that Allow(/) = @
is I = PJ"(R"). The “moreover” part follows from Lemma 2.9, the observation (i) in

Subsection 2.2.1, and the fact that 1'"({6}) = P (R"). |

Theorem 2.18. Fix m,n € N and let E C R" be a closed subset containing the origin.
Then, I™(E) <1 PJ"(R") is a closed ideal.

Proof. Denote Q = Allow(I™(E)). If Q = @, then the theorem follows from Corol-
lary 2.17. So we assume 2 # 9. Let p € P{"(R") be implied by /™(E), and let A > 0
and Q1,...,Qr € I"™(E) be such that the upshot of Definition 2.10 holds. For k € N,
set & = 2% and let 8, rg correspond to ¢ as in Definition 2.10. Given 0 < p < rg, there
exist functions F, S1, Sz, ..., S € C™(Anng(p)) such that

(2.20) |0% F(%)| < ex p™ 1 forall ¥ € Anng(p) and all || < m;
(221)  [8%S;(%)| < Ap~!®! forall ¥ € Anng(p), all |¢| <mandalll <[ < L;
222)  p(X)=F(X)+ S1(¥) Q1(%) + S2(X) Q2(X) + -+ + SL(X) QL (X)
for all X € Anny(p) such that dist(X/|x|, ) < 8.
By Lemma 2.9, there exists 7 > 0 such that

(2.23) E N B*(47) C {X € BX(47y) : dist(X/|%], Q) < 8k}

Replacing 7 by a smaller number preserves (2.23), so without loss of generality we may
assume that, for any k € N, 7 is a negative integer power of 2, iy < rg, and Frpyq <
27107, . In particular, 7 — 0 as k — oo.

Set vmin to be the unique integer such that 7; = 27", For N > v > vy, set k(v)
to be the unique integer such that 7g,)4+1 < 27" < (). Then, for any v > vy, we in
particular have 27% < () < k), SO setting p := 27" in (2.20)—(2.22) above, we obtain
functions F¥, S7, S, ...,S] € C™(Anng(27")) such that

(2.24) [3%F (X)) < exwy 7)™ forall ¥ € Anng(27™) and all |a| < m;
(2.25) [8°S/(®)] < A2 7)) forall ¥ € Anng(27"), all || <mandall 1 <[ < L;

(226) p(¥) = F*(X) + S{(¥) Q1(¥) + S3(X) Q2(X) + -+ + S7(X) QL (X)
for all X € Ann,(27") such that dist(X/|X], Q) < k().

Since 227 < 47k (y), we have that (2.23) and (2.26) imply that

227) p(X) = F"(X) + S7(X) Q1(X) + S5 (X) Q2(X) + -+ + S[(¥) QL (X)
forall X € E N Anny(277).
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Note that k(v) — oo as v — 00, and so
(2.28) Sk(w) = 270 50 asv — oo.

Let {6, € C"™(R")})>v,,, be such that, for some constant C; > 0 (that depends only on
m and n), we have

(229) 0<6,(X) <1 forall ¥ € R” and supp(6,) C Anny(27") for all v > vyyy;
(2.30)  [0%6,(X)| < C1(27")7 forall ¥ € R, all || < m and all v > vpin:
@231 ) 6,(¥) =1 forall 0 < [¥| <2702 Vmn,

V=Vmin

We now define F, Sy, S,..... S, € C™(R" \ {0}) by

FE:= Y 6,HF'(F and S := Y 6,38/

V=>Vmin V=>Vmin

Fix an integer p and suppose 2~*+1D < |X¥| < 27, Then, X € supp(f,) = Anny(27")
(recall (2.29)) only for v satisfying [v — u| < 2, since 2~ *+D < |¥| <2-27V and %2_" <
|X| < 27H. Consequently, (2.24) and (2.30) yield that for some constants C,, C3 > 0 (that
depend only on m and n), we have

232) |[0FH|I< Y czsk@)(z—“)'"—'“'sca[ > ekm] (2 Hymled

[v—u|=<2;v=vo [v—u|<2;v=vp

forall 27D < |¥| <27* || <mand all u € Z.
For a constant C4 > 0 (that depends only on m and n), we have also
(2.33) [0%S;(X)|<Cs A7) for 27V <|¥| <27, for all |a| <m and all v > vy

Recall that 7; = 27"min and (2.28), (2.32) and (2.33) imply that for some constant C5 > 0
(that depends only on m and n), we have

(2.34) [0*F(X)| = o(IX|™™%) as|X| — Oforall |a| < m,
(2.35) 10%S;(X)| - |%]* < Cs4 forall ¥ € BX(27'° - 7)) and all [a| < m.

Now, (2.27), (2.29) and (2.31) imply that
(236) p(X) = F(X) + S1(X) 01(X) + S2(X) Q2(X) + -+ + SL.(¥) QL(X)
forallX € ENB*Q271%.7)).

Let y € C*®(R") be such that y identically equals 1 on B*(27!! - 7;) and supp(y) C
(2719 7). Then, (2.36) implies that, for all X € E \ {0},

(2.37) p(X) =[(1 = (X)) p(¥) + x(X) - F(X)]
+ x(X) - [$1(X) Q1(%) + $2(X) Q2(X) + -+ + SL(¥) QL (¥)].
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We now define F € C™(R”") (thanks to (2.34)) and S1, S5, ..., S, € C™(R" \ {6}) by

5 1—y(®) - p(® ). F(¥) ifX #0, o . .

Fom 0 2@) p) +2(X)- FQ) X A0, 5G) = 13- i),
0 ifx =0,

and thanks to (2.37), (2.34) and (2.35), respectively, we get

(2.38) P(R) = F(X) + $1(X) 01(%) + $2(3) 02(3) + -+ + S1.(X) O.(X)
forall ¥ € E \ {0};

(2.39) J™(F) = 0;

(2.40) |0%S;(¥)] = O(|X|7%) forall || <mandalll <[ < L.

We recall that for any 1 <[ < L, Q; € I"(E), so there exists Fl# e C™(R") with
J™(F}') = 0 such that Q; + Fff = 0 on E. So now (2.38) implies that

L L
Q4 pE® =[FE® - Y SEF @]+ S® Qi) + F@)
=1 =1

L
- [ﬁ(;&) -3°5 (;C)F;*(?c)] forall ¥ € E \ {0).
=1

Finally, we define
L &= > SooN  spo s 7
o) e | S SIOF ) = FG) it £0,
0 ifx=0

Since F, F{ F}....F} € C™(R") and JMF)y=J"FH=J"FH=-= JM(F})
= 0, we get from (2.40) that F# € C™(R") and J™(F*) = 0. Moreover, from (2.41) we
get that p + F*# vanishes identically on E. We conclude that p € I"™(E), i.e., I"(E) is
indeed closed. ]

Question 2.19 (Being closed is sufficient). Fix m,n € N. Is it true that for any closed
ideal I <1 P§"(R") there exists a closed subset E C R" containing the origin such that
I =1"(E)?

Question 2.20 (Semi-algebraic sets suffice). Fix m,n € N and let E C R" be a closed

subset containing the origin. Is it true that there always exists a semi-algebraic subset
E’ C R" containing the origin such that I"(E) = I™(E')?

3. Calculating implied jets

3.1. Calculating the allowed directions of an ideal

Definition 3.1 (Lowest degree homogenous part). Let p € £["(R") be a non-zero jet. We
may always uniquely write p = pg + ¢, with px a homogenous polynomial of degree k&,
where k is the order of vanishing of p (as p is not the zero jet, we have 1 < k < m, see
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Definition 2.3), and ¢ is a (possibly zero) polynomial of order of vanishing more than k.
We call py, the lowest degree homogenous part of p.

The proof of the following lemma is straightforward, and so left to the reader.

Lemma 3.2. Let p € P (R") be a non-zero jet and let w € S"=1 be a direction. Let py
be the lowest degree homogenous part of p. Then, the following are equivalent:

3.1 there exist a cone I'(w, 8, 1) and ¢ > 0 such that

Ip(®)| > ¢ - |3|* forall X € T(w,8,r);
(3.2) Pr(w) # 0.
Corollary 3.3. Let I = (p1, p2...., Pi)m < P§(R") be an ideal. Then,

¢
Allow(]) C ﬂ {the zero set in S"~! of the lowest degree homogenous part of p;}.
i=1

Moreover, if pi1, p2, ..., ps are all homogenous, then

t
Allow(]) = ﬂ {the zero set in S"~1 of p; ).
i=1
Proof. The first part follows immediately from Lemma 3.2 and the fact that (3.1) obvi-
ously implies (2.1). It is left to the reader to verify the “moreover” part, as it now follows
easily from Definition 2.6. ]

3.2. Negligible functions

Definition 3.4 (Negligible functions). Let U C R” be open and let Q C S”~!. A function
F € C™(U) is (m-)negligible for Q if for all & > 0 there exist § > 0 and r > 0 such that
the following hold:

(33) T(Q.8,r) CU;
(34) |0°F(F)| < e|3™ 1 forall X € T(2,8,r) and all |a| < m;
- 1 o o o = e
35 [FEH)— Y. = TFQG) G- | <eld -y
lyl<m—la| ©°
for all X,y € I'(R2, 8, r) distinct, and all |a| < m.

Example 3.5 (Follows easily from Taylor’s theorem). If there exists r > 0 such that
B(r) C U and J™(F) = 0, then F is negligible for Q, for any  C §"~!.

Definition 3.6 (Whitney-negligible functions). Let U C R” be open and let 2 C S"7!.
A function F € C™(U) is Whitney-(m-)negligible for 2 if for all & > 0 there exist § > 0,
r > 0and F, € C™(R" \ {0}) such that the following hold:

(3.6) re,é r)cu,;

(3.7) 10 Fy(%)] < e| %1 forall ¥ € R” \ {0} and all || < m;

(3.8) F:(X) = F(X) forall X € T'(2,8,7).
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We will show that a function is negligible if and only if it is Whitney-negligible
(Lemma 3.8). Before we do that, we state and prove a preliminary lemma that follows
from Whitney’s extension theorem.

Lemma 3.7. Fix m,n € N. There exists a constant C(m,n) > 0 depending only on m
and n such that the following holds:

Let@# Q C S" 1, 8>0,and F € C™(Us), where Us = {X e R" : 1/10 < |X| < 1,
dist(X/|X], Q) < 8}. Also set Us = {¥ € R" : 1/2 < |X| < 2/3, dist(¥/|X], Q) < §/2).
Let M > 0 be such that

(3.9) [0 F(X)| < M forall X € Us and all |a| < m;
- 1 I, o —ime
(3.10) FFE) -~ Y S TEG) G- | < MIE -y
lyl<m—la| *

forall X,y € Ug distinct, and all || < m.
Then, there exists F € C™(R™) such that
(3.11) |0% F(X)| < C(m.n)-M forall ¥ € R" and all |a| < m;
(3.12) F(X) = F(X) forall X € Us.
Proof. We start by checking that the following holds:

- 1 e = -
B.13) | FE) - Y S TFQG) -G -5 =o(x 5"
lyl<m—lel ©
as |¥ — ¥| — 0, subject to X, ¥ € U distinct, and all |a| < m.
Indeed, suppose (3.13) does not hold. Then, there exist a multi-index g with |ag| < m, a

number 7 > 0 and for any v € N distinct points X,, y, € Us such that |X, — y,| — 0 as
v — oo and, forallv e N,

- 1 - - - - R
G4 OFGE) - Y 0OTTFG) - (R — )7 | = - (R = Gl
lylsm—lao| ©
Since Us is a compact that is contained in the open set Ug, by passing to a subsequence we
may assume X,, y, — Z € Us as v — oo, and that moreover there exists a closed ball B
centered at Z such that B C Us and X,,, ,, € B for any v € N. Note that F, and all of its

derivatives up to order m, are uniformly continuous on the closed ball B. Let w(-) be the
modulus of continuity of the m™ derivatives of F on B. Then,

(3.15) w(t) >0 ast — 0,

and by Taylor’s theorem there exists a constant C(m,n)>0 depending only on m and n
such that

- 1 . ~ W o e —ime
PFE - Y. —TFG) - @-5) | < Cim.n) - o(F-F) - R

ly|=m—|a|

(3.16)

for all X, y € B distinct, and all || < m.
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Applying (3.15) and (3.16) with X = X,, and y = y, we get
3.17)
FOFG)— Y T EG) - (- 7| = offB - 5T sy - oo
lyl<m—lao| ©
Now, (3.17) clearly contradicts (3.14), and so we proved that (3.13) holds.

Set P* = J3 F (the m‘h-jet of F about X) for any X € 03. Now (3.9), (3.10) and (3.13)
tell us that

(3.18)  |(3*P¥)(X)| < M forall ¥ € Us and all |oe| < m;

= 1 s N N N o
(3.19) @ PHED - Y —@TTPHG @) | = MIx -y
lylsm—la|

for all ¥, € Uy distinct, and for all |a| < m;

and

R 1 - R R R o
(320) |@*PHX® - Y [T PHG]-E -3 | = o(x - F|"T)
lyl<m—a| *°
as |¥ — ¥| — 0, subject to ¥, y € Us distinct, for all |&| < m.
The above (3.18)—(3.20) are the hypothesis of the classical Whitney extension theorem

(see [11] and Theorenl 2.3 in [6]), and so there exists a constant C(m, n) > 0 depending
only on m and n and F € C™(R") such that

(3.21) |3°‘F(5€)| <C(m,n)-M forallX € R" and all || < m;
and
(3.22) Ju(F) = PX(= JxF) forall ¥ € Us.

In particular, (3.22) implies that
(3.23) F(X) = F(X) forall ¥ € Us,
which together with (3.21) implies that (3.11) and (3.12) indeed hold. ]

Lemma 3.8. Definitions 3.4 and 3.6 coincide. That is, let U C R" be open, let @ C S™7!
and let F € C™(U). Then, F is negligible for Q if and only if F is Whitney-negligible
Sfor Q.

Proof. If Q = @, then one readily sees that any F € C™(U) is both negligible for Q and
Whitney-negligible for €2, so we only need to show the equivalence of Definitions 3.4
and 3.6 for Q # @. Let F be Whitney-negligible for Q2 # @ and fix ¢ > 0. Let §, r and F,
be such that (3.7) and (3.8) hold. We immediately have from (3.7) and (3.8) that

(3.24) |0 F(X)| < e|®™ 1% forall X € T(R,8,r) and all |a| < m.
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Moreover, (3.7) and (3.8) together with Taylor’s theorem imply that for some constant
Cy > 0 (that depends only on m and n) we have

4 l o = 4 = 4 S|m—|a
FFER) - Y = ITFG)-(F—))| < Creli —ymT

lylsm—|a|

(3.25)

forall X,y € T'(R2, 4, r) distinct, and all |o| < m.

We conclude that F is negligible for U.
Let F be negligible for Q and fix ¢ > 0. Let § and r be such that (3.3), (3.4) and (3.5)
hold, and without loss of generality assume r < 1. We recall that

[(Q,8,r) ={x e R":0 < |X| < r,dist(X/|X], Q) < 6§},
and forany 0 < p < r, we set
E(p) :={X e R" : p/10 < |X| < p,dist(x/|X], Q) < §}.

We then have from (3.4) and (3.5) that for some constant C, > 0, that depends only on m
and n,

(3.26) |0% F(X)| < Coep™ %! forall X € E(p) and all |a| < m;
- 1 o e - o eime
(3.27) PFE - Y. —VFG) - (F - )| < CoelR - Fm
lylsm—la|

forall X, ¥ € E(p) distinct, and all |o| < m.

Define a function G € C™(p~ ! E(p)) by G(¥) := F(pX). From (3.26) and (3.27) we get
that

(3.28) }8“G()?)} < Crep™ forall X € p~ E(p) and all || < m;
- 1 - - o eime
(3.29) IGEH) - Y S ITGE)- (G- | < Cep™E - "
lylsm—lal ©
forall X,y € p~ ' E(p) distinct, and all || < m.
Define

E(p):={X € R" : p/2 < |¥| < 2p/3, dist(¥/|X], Q) < §/2}.
Applying Lemma 3.7 we find that there exists G, € C™(R") such that
(3.30) |0*G,(X)| < C(m,n)-Crep™ forall ¥ € R” and all || < m;
(3.31) G,(¥) = G(X) forall X € p~'E(p).

Define a function F, € C™(R") by F,(X) := G,(p~'X). From (3.30) and (3.31) we get
that

(3.32) |0% Fy(X)] < C(m,n) - Crep™ ¥l forall ¥ € R" and all || < m:
(3.33) F,(X) = F(X) forall ¥ € E(p).
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For k € N U {0} set py := (l%)kr and let 6 € C™(R") be such that the following hold:

o0
(3.34) D (X)) =1 forall0<|%| <r/10;
k=0
(3.35) supp Ok C {pr/2 < |X| < 2px/3}:
(3.36) 0%, (3)] < C3 - p™! forall ¥ € R” and all |a| < m,

where Cj is some constant depending on m and 7 only. Define F € C™(R" \ {6}) by

o
FR) =) 6p(%) - Fp (¥).
k=0
We have from (3.32), (3.35) and (3.36) that for some constant C4 > 0 that depends only
onm and n,

(3.37) |0% F(X)] < Cae|X™ 1 forall X € R \ {0} and all |a| < m,

and from (3.33), (3.34) and (3.35) we have

(3.38) F(¥) = F(X) forall ¥ € T'(Q,8/2,r/10).

We conclude that from (3.37) and (3.38) that F' is Whitney-negligible for U . ]

Example 3.9. Set n = 3, m = 2 and (x, y, z) a standard coordinate system on R3. Let
U=R3*\{z=0},Q2=1{0,0,£1)} C S? and let F(x,y,z) = y3/z € C*(U). Then,
F is negligible for Q N D(w, 1073), for any w € Q.

Indeed, fixing w € Q, we have Q N D(w, 1073) = {w}. Given & > 0 (and we are
allowed to assume ¢ < 1), one has to find §, 7 > 0 such that (3.3), (3.4) and (3.5) hold,
with Q being replaced by {w}. We claim that taking § = 107190 . ¢10 and r = 1, we
satisfy (3.3), (3.4) and (3.5): indeed, (3.3) holds trivially. In order to see (3.4) we note that
on ['(w,107190. £19 1), we have |y| < |5 z|. So on this cone we have:

|FOO0(x, y.2)| = y—3‘< Toog| < e 7+ = elx

IFOLO(x y 7)| = 3y’ ‘100 <e(x®+y2+zH)2 = ¢|3);

|FOOD(x,y,2)| = _Z_z b ‘1000 <e(®+y> +2)"7 =6|3;

P00y = |2 <[ el <o 10000l = 25| < | <
32

FOW Gy o) = |2 < 2 | <

All the other partial derivatives of F are identically zero, so we showed that indeed (3.4)
holds. Finally, as I'(w, 107190 . £10 1) is convex, Taylor’s theorem together with (3.4)
implies (3.5).
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Lemma 3.10 (Patching negligible functions). Let U C R" be open and let @ C S" 1.
Let 81 ...,8x > 0, let w1, ...,wg € S" 1 and define Qi := Q N D(wg, 8) for any
1 < k < K. Suppose that for any 1 < k < K we are given Fy, € C"™(U) such that Fy
is Whitney-negligible (or equivalently, negligible) for Q. Suppose that moreover we are
given 0y,...,0g € C"(R"\ {6}) and a constant C > 0 such that forany 1 <k < K we
have

. X 2
(3.39) suppfy C {x eR": | X —a)k‘ < —ak}; and
|X] 3
(3.40) 10%0, (%) < C|X|7' forall ¥ € R \ {0} and all |o| < m.

Then, F(X) = Zle Ok (X) - Fr(X) is Whitney-negligible (or equivalently, negligible)
for Q.

Proof. Fixe > 0andforeach1 <k < K let ry, Sk > 0 and F’g,k e C™(R™\ {6}) be such
that (3.6), (3.7) and (3.8) hold for 2. So we have

(3.41) 0% Fy g (X)] < e|X71% forall ¥ € R™ \ {0} and all |o| < m;

(3.42) For(X) = Fi(%) forall ¥ € T(Q, 8. ).

Since (3.6), (3.8) and (3.42) are preserved under replacing § and Sk by smaller numbers,
we may assume without loss of generality that § < §; foreach 1 < k < K. Set

K
Fo(®) =) 0c(X) - For(3).
k=1
By (3.40) and (3.41) for some constant C; > 0 (that may be dependent on K as well, in
addition to m and n) we have
(3.43) 109 Fo(X)] < C1 Celx|™ 1 forall ¥ € R” \ {0} and all |a| < m.

Now set r := 10710 min{ry,...,rx},8 1= 107° min{gl,. . SK} andletx € T'(2,8,r).In
particular, we have 0 < |X| < r <rg forany 1 <k < K. Suppose that moreover X € supp 6
for some 1 < k < K. We then have by (3.39) that

-

X ‘<28
- — W, 5 Ok,
ER

and moreover, since X € I'(2, 8, r), we also have

|><¢

—o"| <107°8; <107°8; for some »” € Q.

=1

We conclude that
2
lo” — wi| < §8k +107°68; <8 forsome w” € Q,

hence ” € Q, and so dist(X/|X], Q) < 8k. Recall that also 0 < |¥| < rg, and therefore
X € T'(Q4, 8k, rx). We conclude from (3.42) that

(3.44) ﬁs,k(fc) = F(X) forallX € T'(2,6,r) N suppby.
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Consequently, we have

K K
Fo®) =) 60X For(®) =) 0c(X) - Fe(¥) = F(X) forall ¥ € T'(Q.8.7).
k=1 k=1

which together with (3.43) proves that F' is Whitney-negligible for 2. ]

3.3. Strong directional implication and strong implication

Definition 3.11 (Strong directional implication). Let / <1 £{"(IR") be anideal andlet p €
LI (R™) be some polynomial. We say that I strongly implies p in the direction € S"~!
if there exist 8, > 0, r, > 0, polynomials Qq, ..., Qr € I, functions Sy,..., S €
C™(I'(w,d4,70)), positive constants Cy, . .., Cr, >0 and a function F€ C™(T"(w, 8, 7w»))
such that the following hold:

(3.45) F is negligible for Allow(/) N D(w, 8y);
(3.46) |0%S;(%)| < C; %71 forall ja| <m, alll </ < Landall ¥ € T(®, 8. ro):

L
(BA7) p(¥) =) _Si(%)- Qi) + F(¥) forall ¥ € T'(®.80. ra).
=1

Remark 3.12. If @ ¢ Allow(/), then [ always strongly implies p in the direction w,
for any p € £§*(R"). Indeed, recall that Allow(/) is closed (see Definition 2.6) and fix
some §,, > 0 such that Allow(/) N D(w, §,) = @. Now (3.45)—(3.47) hold with F = p,
LZC]ZI‘(DZI,Q1:S1:O.

Definition 3.13 (Strong implication). Let I <1 #J"(R") be an ideal and let p € £5" (R")
be some polynomial. We say that I strongly implies p if there exist ro > 0, polynomials
01,...,0 € I, functions Sy,...,Sp € C™(B*(rg)), positive constants C1,...,Cr > 0
and a function F € C™(B*(rg)) such that the following hold:

(3.48)  F is negligible for Allow(/);

(349)  [0%S;(X)| < ¢ 1% forall || <m, all1 < < L andall ¥ € B*(ro);
L

(350)  p(E) =) S8i(X)- Q%)+ F(¥) forall ¥ € B*(ro).
=1

Remark 3.14. Let / <1 P{"(R") be an ideal and let p € P{"(R") be a jet. Clearly, if /
strongly implies p, then [ strongly implies p in the direction @ for any w € Allow([).
The following Lemma 3.15 shows that the converse also holds.

Lemma 3.15. Let I <1 PJ"(R") be an ideal and let p € P§*(R™) be some polynomial.
If I strongly implies p in the direction o for any o € Allow(1), then I strongly implies p.

Proof. By Remark 3.12 and our assumption, we have that I strongly implies p in any
direction w € S"!. Fix Q1,...,0r abasis of I (as a vector space). Then, for each
w € S"71, there exist 8, > 0, rp, > 0, functions SP,...8P € C"(I'(w, 80, 7w)), positive
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constants C{°, ..., C{’ > 0 and a function F* € C™(I'(w, 8w, 7)) such that the following
hold:

(3.51) F* is negligible for Allow(I) N D(w, 8,);

(3.52) [3*SP(X)| < CP |37 forall o] <m, all1 <1 < L and all ¥ €T (@, 80, 7o)
L

(3.53) p(¥) =) _SP(X)- Qi(¥) + F*(X) forall X € T(0.8p.70).
=1

By compactness of S"~!, there exists finitely many wy, ..., wg such that S?~! =
Ule D(wk, 84, /100). Fix 61, ...,0k € C®(S" 1) such that Zle Ok (w) = 1 for any
w € S" ! and suppby C D(wg, 8w, /50) forall 1 <k < K. Defining 0 (X) := O (3/1X])
for all X € R" \ {6} and 1 <k < K, we get that for some constant C>0 (depending
onm,n and 01,...,0k), we have

(3.54) 01.....0x € C®(R" \ {0});
K
(3.55) > 6(X) =1 forall ¥ € R" \ {0};
k=1
(3.56) O (X) = 0 if |¥/|%] — wi| > 284, /3 forall 1 <k < K;
(3.57) 10%0, ()| < C|%]7 forall ¥ € R™ \ {0} and all |&| < m.

Set 7 =min{ry,, ..., e, }. Thanks to (3.56), we can define F, Sy, S2,...,SL € C"(B* (7))
as follows: for all ¥ € R” \ {0},

K K
(3.58) FX) =) 6(X)F*(X) and S;(¥):= ) 6(¥) S ().
k=1 k=1

Thanks to (3.51), (3.56), (3.57) and Lemma 3.10, we get that

(3.59) F is negligible for Allow(7).

~

Thanks to (3.52) and (3.57), we get that for some constant C’ > 0 (depending on m, n, C
and {Clwk H<k<k,1<i<L), We have

(3.60) [0%S;(®)| < C'|1%|7 forall || <m, all1 </ < L and all ¥ € B*(#).
Finally, from (3.53), (3.56) and (3.55), we get that
L
(3.61) p(¥) =Y 85X Qi(X) + F(¥) forall ¥ € B(7).
=1
Combining (3.59), (3.60) and (3.61), we proved that / strongly implies p. ]

Lemma 3.16. Let I <1 PJ"(R") be an ideal and let p € P§(R™) be some polynomial.
If I strongly implies p (as in Definition 3.13), then I implies p (as in Definition 2.10).
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Proof. Assume that I strongly implies p and denote Q2 := Allow(/). Now let ry > 0,
Ql» ceey QL el,Sy,...,8L € Cm(BX(ro)), Ci,...,Cp>0and F € Cm(BX(ro)) be
such that (3.48), (3.49) and (3.50) hold. Setting A := max{Cy,...,Cr} > 0 we have

(3.62) F is negligible for Allow(7);
(3.63)  [8%S;(%)| < A|F|7! forall || <m, all1 <1 < L andall ¥ € B*(ro):

L
364 p(EX) =) Si(X)- 01(¥) + F(¥) forall ¥ € B*(ro).
=1
Fix ¢ > 0. By (3.62), Definition 3.6 and Lemma 3.8, there exist §, 7 > 0 (and without loss
of generality r < r¢) and F, € C™(R”" \ {0}) such that

(3.65) |0 Fo(%)] < e forall ¥ € R" \ {0} and all |o| < m;
(3.66) Fe(¥) = F(¥) forall ¥ € ['(Q,8,4r).

Let 0 < p < r.From (3.63) and (3.65) we have that, for some constant C; > 0 (depending
only on m and n), the following hold:

(3.67) |08 ()| < C1Ap~1®! for all ¥ € Anng(p) and all || < m;
(3.68) |0% Fo(%)| < Crep™ 1! for all ¥ € Anng(p) and all |a| < m.
Finally, from (3.64) and (3.66) we immediately get that

(3.69) p(X) = Fe(¥) + S1(X) Q1(X) + S2(X) Q2(X) + -+ + SL(¥) QL (%)
for all X € Ann,(p) such that dist(X/|X|, Q) < 6.

We thus showed that there exists a constant A > 0 such that, given ¢ > 0, there exist
8, r > 0 such that for any 0 < p < r there exist functions Fg, Sy, ..., S € C™(Anng(p))
such that (3.67), (3.68) and (3.69) hold. That is, we showed that / implies p. ]

Remark 3.17. We do not know whether the converse of Lemma 3.16 holds, i.e.: let I <
PJ(R™) be an ideal and p € P (R") be some polynomial. Assume that / implies p (as
in Definition 2.10). Is it always true that / strongly implies p (as in Definition 3.13)?

Corollary 3.18. Let I <1 " (R") be an ideal and let p € P§*(R") be some polynomial.
If I strongly implies p in the direction w for any o € Allow(I) (as in Definition 3.11),
then I implies p (as in Definition 2.10).

Proof. Tt follows immediately from Lemma 3.15 and Lemma 3.16. ]

Example 3.19. Set n = 3, m = 2 and (x, y, z) a standard coordinate system on R3. Let
I < PZ(R3?) be such that x2, y> — xz € I. Then, xy € cl(I). In particular, (x?, y? — xz),
is not closed.

Indeed, by Corollary 3.3 we have Allow(/) C {(0, 0, =1)}. By Example 3.9, the
function F = y3/z is negligible for @ N D(w, 1073), for any w € Allow(I). So by Defi-
nition 3.11, setting L = 1, S; = —y/z and Q| = y? — xz, we have that I strongly implies
the jet

xy=81-0Q1+F=(=y/2)- (> —x2) + y’/z
in the direction w, for any w € Allow(7). By Corollary 3.18, I implies xy,i.e., xy € cl(]).
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4. An algorithm to calculate the closure of an ideal

4.1. Background on bundles

We provide the necessary background on bundles, introduced and studied in ([4,7]). The
notation in this section is slightly different from the rest of this paper, as we adopt here
the standard notation in the literature when such bundles are used. Thus, we start by fixing
notation.

Notation 4.1. Fix natural numbers m,n, O > 1. We write J3(F) (or J )%” F) to denote
the m™ degree Taylor polynomial of a real valued function F € C™(U), when U is
an open neighborhood of X. The vector space of all such polynomials is denoted by &
(note that as a finite dimensional real vector space & can be identified with R?" for
some D* € N, so we can talk about semi-algebraic subsets of &). The ring of m-jets (of
real valued functions) at X € R” is the vector space &, with multiplication P ©3 Q =
J:(PQ). Then, for two C™ functions around X, we have J3:(FG) = J3(F) O3z Jz(G).
We write R; = (P, O3) to denote the ring of m-jets at X.

The m-jet of a (C"™) R®-valued function F = (F1,..., Fp) at X € R” is defined
to be J}%”(ﬁ) = (J)%"Fl, ceey J)%”Fi)) € PP The multiplication 0 06z (P1,...,Pp) =
(Q Oz P1,...,0 Oz Pp) for Q, Py,..., Pp € & turns PP into a Rz module, which
we denote by 3?;? . We will examine 52; submodules of R;C , and we adopt the unusual
convention that {0}, {R;:O and the empty set are all allowed as submodules of R;?

Warning. Before we proceed, we stress that this section deals with ideals in P§" (R")
and how to calculate their closures. At no point in this section do we make any assumption
on an ideal I <1 #J"(R") being of the form /™(E) for some closed subset £ C R”
containing the origin, nor do we show any ideal is of this form. The sets denoted E below
play the role of the base space for our bundles, and have nothing to do with closed subsets
E C R” containing the origin that we studied in previous sections of this paper. We use
the same letter to stay in line with the standard notation in the literature.

Definition 4.2 (Bundles and sections). Let £ C R” be compact. A bundle (over E) is a

family

@1 H#H = {Hz}zcg such that, forany X € E,

' H3; is a translate of an R; submodule of R;?.

We call H; the fiber of # over X. The bundle (4.1) is called semi—algebraic if the set
{(X, P)GR" PP.XecEand P € H; 2} CR" x

is semi-algebraic. When we say that we are given (respectively, compute) a bundle, we
mean that we are given (respectively, compute) this set'.

A section of the bundle (4.1) is a (C™) R®-valued function F= (F 1 ., Fp), defined
on R”, such that J~F € H; forany X € E. The C™ norm of a section F is defined by

”F”C’" = 5up{|aaFi(;C)|}1§isgo’ la|<m, zeRn € R>o U {oo}.

!For detailed discussions of the notion of “computing a set” see Section 2.5 in [8], or more generally [1].
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For any k € N, the k-norm of the bundle (4.1), denoted || # | %, is the infimum over all
R 3 M > 0 for which the following holds:

For any X1,...,X; € E thereexist Py € Hy ,..., Py € Hy, such that
4.2) [0% P;(X;)] < M forall1 <i <k andall |&| < m,

and, for ¥; # Xj, [0%(P; — P;)(%:)| < M|x; — x;|™ 1% for all |a| < m.
If no such M exists, we set || K ||x = oo.

Given a bundle #, we would like to know whether it has a section, and moreover,
if a section exists, we want to know how small can we take its C™ norm. By our con-
vention, # may have empty fibers, in which case clearly a section does not exist. To
answer these questions, [4,7] proved the existence and studied the properties of the stable
Glaeser refinement of a bundle. We refer the reader to [4, 7] for the definition and study
of these stable refinements, and list here only the properties we will use: given a bundle
H = {H;}zc . the stable Glaeser refinement of J is another bundle # = {H;}zcg. In
particular, it satisfies the following.

Theorem 4.3. There exist an integer constant k* > 1 and positive constants ¢, C > 0, all
three depending only on m, n and D, such that the following holds. Let # = {Hz}zeE
be a bundle, and let ## = {H3}zcg be its stable Glaeser refinement. Then

(4.3) ¥ has a section if and only if JZ’;C is non empty for any X € E;
(4.4) if K has a section, then ¢ ||J~€ ler < inf{||13||cm . F is a section of #H}<C ||JZ’ lx#:
(4.5) if K is semi-algebraic, then so is JZ’, and moreover, J can be computed if K is

given.

The scalar case (D = 1) of (4.3) and (4.4) are proven in [4]. The general case (D > 1)
of (4.3) is proven in [7] by reduction to the scalar case. The same reduction can be used
to prove the general case of (4.4). The proof of (4.5) is a routine application of standard
properties of semi-algebraic sets”.

Definition 4.4. The norm of the bundle (4.1), denoted || # ||, is defined to be the k*-norm
of (4.1), where k* is the integer constant from Theorem 4.3 (formally this k¥ is not unique,
so we choose and fix one such k¥).

Taylor’s theorem easily implies that there exists a constant C’, depending only on m, n
and D, such that | H|| < C'||F|¢m for any section F of J.

Definition 4.5 (Parametrized bundles). Let E C RS be any set and let £ C R” be a
compact set. We call a point £ € Ea parameter. For each £ € E,let ¥ = {H g }zeE be

a bundle over E. The family # = {H5)5% is called a parametrized bundle. The stable

2More precisely, the stable Glaeser refinement is constructed by iterating finitely many times the process of
Glaeser refinement (until this process stabilizes, hence the term “stable”). Each iteration is defined by formulae
that are first order definable in the language of real fields with parameters from R, and so each iteration preserves
the property of the bundle being semi-algebraic. We refer the reader to [4] for further details on the iterated
refinement process, and to [3] for exposition on the model theoretic notion of definability in first order languages.
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}SGE , where for each fixed

Glaeser refinement of J is the parametrized bundle H = {H 2
£ e E, {Hi }zeg is the stable Glaeser refinement of J¢¢.

A parametrized bundle # = {H g }fz:‘; is called semi-algebraic if the set

(6.3 P)eRSxR"x PPt e E. e Eand P € H} C RS xR" x P2
is semi-algebraic. When we say that we are given (respectively, compute) a parametrized
bundle, we mean that we are given (respectively, compute) this set.

The following theorem is a generalization of (4.5), and is (again) a routine application
of standard properties of semi-algebraic sets.

Theorem 4.6. Let J be a semi-algebraic parametrized bundle, and let H be its stable
Glaeser refinement. Then, J is semi-algebraic as well, and moreover J can be computed
if # is given.

4.2. The algorithm

For the remainder of this section, we fix the following: let / <1 #{"(R") be an ideal,
let O1,..., Qr be abasis of I (as a vector space), denote 2 := Allow(/), and let p €
P (R™) be some polynomial. We further assume that Q # @, as if Q = @ then we already
know by Corollary 2.17 that any jet in &j" (R") is implied by I, and so cl(I) = P§*(R").

Definition 4.7. We say that condition € (4, ¢,6,r, p; p, Q1,..., QL) holds if there exist
functions F, S1, S>,...,S. € C™(Anng(p)) satisfying (2.8), (2.9) and (2.10).

Definition 4.7 immediately implies the following lemma.

Lemma 4.8. [ implies p if and only if there exists A > 0 such that for any ¢ > 0 there
exist 8, r > 0 for which, for all p € (0, r], condition €(A,¢,6,r, p; p, O1,..., QL) holds.

Scaling F, S1,S2,...,S. € C™(Anng(p)) that satisfy €(4,¢,8,r,p; p, O1,...,0L)
by setting

F(X):=e'p™F(px) and S;(¥):= A"'S;(pX) foranyl <[ <L,

one easily sees that condition € (4, ¢,6,r, p; p, O1,..., QL) is equivalent to the following
condition €*(4,¢,68,r,p; p, Q1,..., OL):

Definition 4.9. We say that condition €*(4, ¢,8,r, p; p, Q1. ..., Qr) holds if there exist
functions F, S, S>...., 81 € C™({1/4 < |X| < 4}) such that the following hold:

(4.6) |3*F(X)| <1 for1/4 < |X| < 4andall || < m;

4.7) 13%S;(X)| <1 for1/4 < |X¥| <4, all o] <mandalll <[ < L;

4.8)  p(pX) = ep™ F (%) + AS1(R) Q1(pF) + -+ + ASL(F) Q1 (p%)

for all X such that 1/2 < |X| < 2 and dist(X/|X|, Q) < 8.

So we in fact proved the following lemma (that follows from Lemma 4.8).
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Lemma 4.10. [ implies p if and only if there exists A > 0 such that for any ¢ > 0 there
exist 8, r > 0 for which, for all p € (0, r], condition €*(A,&,8,r, p; p, Q1,..., QL) holds.

We will now introduce another condition, and then see how it relates to condition
€*(A,e,8,r,p;p.01.....0L).

Definition 4.11. We say that condition €**(¢, 8, 7, p; p, Q1. ..., Qr; A) holds if there
exist functions F'*, S, S5, ..., S} € C™(R") such that the following hold:

4.9) [0* F*(X)] < A forall X € R” and all |a| < m;
(4.10) [0S/ (X)| < A forallx e R",all |¢| <mandalll1 </ <L; and
(4.11) p(pX) = ep" F*(X) + ST (X) Q1(pX) + --- + S7(X) QL (pX)

for all X such that 1/2 < |X| < 2 and dist(X/|X], Q) < .

Fix y e C*°(R") such that y=1o0n{1/2<|X| <2} and y =0 outside {1/4 < |X| < 4},
and denote C, = || x||c~ (this is a constant depending only m and 7). Assume that condi-
tion €*(A,¢,68,r,p; p, Q1,..., Q1) holds. Then, there exists a constant C>0 depending
only on C,, and m (so only on m and n) such that condition €** (¢, 8,1, p; p, O1,..., OL;
C A+ C) holds: indeed, replacing the functions F,S;,S,,...,S, € C™({1/4 < |%| <4})
that satisfy €©*(A4,¢,8,r, p; p, OQ1,..., QL) by setting

F*(X):=y(¥)- F(X) and S;(X):=A4-x(¥)-S;(¥) foranyl </ <L,

one easily sees that condition €**(¢, 8, r, p; p, Q1,..., OL; CA+ é) holds.

Vise versa, now assume that condition €**(¢, 8, r, p; p, Q1,..., Qr; A) holds. Then,
condition €*(A4, As, 8, r, p; p, Q1,..., Q) holds: indeed, if we replace the functions
F* 87.85,...,8] € C"™(R") that satisfy €**(e, 8,7, p: p, Q1,..., QL: A) by setting

F(X):=A"'-F*(X) and S;:=A47'-8§;(%) foranyl<I<L,

one easily sees that condition €*(A4, A¢,68,r, p; p, Q1,..., Q) holds.
We found that there exists a constant C depending only on m, n such that

€*(A,8,8,r,0:p,01,....0L) = €**(&,8,r,p:p,01,..., QL;C’A + é)

and

€ (e, 8,r,p;p, 01,....01 A) = €*(A, Ae, 8, r,p:p, Q1,...,0L).

We conclude that the following lemma holds (and now follows easily from Lemma 4.10).

Lemma 4.12. [ implies p if and only if there exists A > 0 such that for any ¢ > 0 there
exist §,r > 0 for which, for all p € (0,r], condition €**(&,8,r,p; p, Q1,...,QL; A) holds.

We are now ready to introduce the relevant parametrized bundle. We define a bundle

_ ek
4.12) ¥ ={H i e
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where
(4.13) E = (e,8,r,p,p,01,...,0L) € (0700)4 x pL+1.
(4.14) E:={XxeR":1/2<|% <2},

and for each £ € EandX € E , we define

4.15) HE = {(Po. P1..... PL)€PET! 1 p(p3) = £p™ Po(¥) + Y1y P (¥) Q1 (p3)}
if dist(X/]X], Q) <dand 1/2 < |X| < 2,

and

(4.16) HE .= PLT1 Gtherwise.

Remark 4.13. The parametrized bundle J¢ given by (4.12)—(4.16) is semi-algebraic. That
follows from the fact that this bundle is given by formulae that are first order definable in
the language of real fields with parameters from R. In order to see that the set Q2 :=
Allow([/) is semi-algebraic, note that, by the triangle inequality, we have the following
formula for this set:

Allow(I) = {a) € S™ ! there do not exist ¢, §, 7 > 0 such that

101(3)] + [Q2(0)| + -+ [QL(F)]

x|

>c¢ forany X € F(a),S,r)}.

We leave it to the reader to verify the remaining details.

Comparing now (4.12)—(4.16) with (4.9)—(4.11), we readily see that for a fixed § =
(e,8,r, 0, p, 01,...,0L), condition €**(¢, 8,1, p; p, Q1,..., Or; A) holds if and only
if #¢ admits a section with C™-norm at most A.

We conclude that the following lemma holds (now follows easily from Lemma 4.12).

Lemma 4.14. [ implies p if and only if there exists A > 0 such that for any ¢ > 0 there
exist §,r > 0 for which, for all p € (0,r], the bundle ¢, with& = (¢,8,r,p; p, Q1....,0L),

admits a section with C™-norm at most A.

Now let # = {H ;f }izg be the stable Glaeser refinement of #, and let k* be the integer
constant from Theorem 4.3 (see also remark in parenthesis in the end of Definition 4.4).
Then Lemma 4.14 and Theorem 4.3 imply the following:

Proposition 4.15. [ implies p if and only if there exists M > 0 such that for any ¢ > 0
there exist §,r > 0 for which, for all p € (0, r], denoting § = (¢,8,r,p; p, Q1,...,0L),
the following holds:
Forany X1, ...,Xy+ € E there exist Py € I-NI;f1 Y P ﬁ; , such that
k
|0 P;(%;)| < M forall1 <i < k" and all || <m, and
|0%(Py = PG| < M I%; — 5|

forall 1 <i,j <k* (%, %; distinct) and all || < m.



A property of ideals of jets of functions vanishing on a set 751

Proposition 4.15 gives rise to an algorithm to compute the closure of a given ideal
of m-jets: given a basis Q1, ..., O for I as a vector space, we form the parametrized
bundle # defined by (4.12)—(4.16), and then compute its stable Glaeser refinement H. We
know that J is semi- algebraic thanks to Remark 4.13 and (4.5). Once H is known, Propo-
sition 4.15 expresses the condition that / implies p as a first order definable condition in
the language of real fields with parameters from R. Consequently, standard semi-algebraic
technology allows us to compute the set of all p implied by / as a semi-algebraic set.
Since the set of such p is a vector subspace of $J"(R"), another application of standard
semi-algebraic technology computes a basis for that subspace. Thus, in principle, we have
computed the closure of a given ideal I of m-jets.

We have proved the following result.

Theorem 4.16. Let I <1 P (R"™) be an ideal. Then, the above procedure computes (in
principle) the closure of 1.

Remark 4.17. Fix L € N. Then, Theorem 4.16 together with standard semi-algebraic
geometry arguments show that there exists a semi-algebraic map that maps any basis of

an ideal Q1,..., Qr € P§(R") to a basis for the closure of the ideal, i.e., a basis for
c((Q1,....OL)m)-
Recall that #" (R") is a finite dimensional vector space, and fix Pi,..., Pp+, some

basis (as a vector space) of &#J”(R”). Then, we can naturally identify #J" (R") with RL",
Fix an integer 1 < L < D*. We can now identify each ordered set of jets Q1,... Q1 €
P (R™), not necessarily all different jets, as a point in RZ®”. Then, each point in RE2”
defines a vector space I = spang{Q1,... Qr} of dimension at most L. So we can think
of any point in RL"?™ as a vector space in P§(R™) of dimension at most L, where not
every two different points represent necessarily different vector spaces.

Note that the condition “Qy, ..., Qr are linearly independent” is first order definable
in the language of real fields with parameters from R. Moreover, note that the condition
“spang{Q1,... 0L} = (Q1,...0L)m” is also first order definable in the language of real
fields with parameters from R. We conclude that the set of points in R " that represent
bases of ideals of dimension L is a semi-algebraic set.

Now Remark 4.17 implies the following.

Theorem 4.18. Fix 1 < L <dim $§*(R"). Then, the set of points in RLD* that represent
bases of closed ideals of dimension L is semi-algebraic.

We do not know whether the set of points in RL2” that represent bases of ideals of
dimension L of the form /™ (E) for some closed £ C R” is semi-algebraic. We also do not
know whether the set of points in R that represent bases of ideals of dimension L of
the form /™ (E) for some semi-algebraic closed £ C R” is semi-algebraic. These question
are closely related to Question 2.19 and Question 2.20.
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