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Singular orthotropic functionals
with nonstandard growth conditions

Pierre Bousquet, Lorenzo Brasco and Chiara Leone

Abstract. We pursue the study of a model convex functional with orthotropic struc-
ture and nonstandard growth conditions, this time focusing on the sub-quadratic case.
We prove that bounded local minimizers are locally Lipschitz. No restrictions on the
ratio between the highest and the lowest growth rates are needed. The result holds
also in presence of a non-autonomous lower order term, under sharp integrability
assumptions. Finally, we prove higher differentiability of bounded local minimizers
as well.

1. Introduction

1.1. Overview

In this paper, we expand on the gradient regularity theory for minimizers of functionals
from the calculus of variations, having an orthotropic structure, in the nonstandard growth
case. This may be seen as a follow up of our previous papers [10] and [12].
Specifically, for an open set 2 C R¥ and a set of exponents 1 < p; <--- < py, we
take the anisotropic Sobolev space Wl;c’p(Q), defined by
|24

loc

VP(Q) = {u e LL(Q) : uy, € LY

loc loc

(Q),i=1,..N}

1

Given a function f'e L,

(2), we consider the following functional:

N
1
u, Q) = —/ Uy, | P dx—/ udx,
B > [ [ 1

foru € WAP(Q) N LE(Q) and Q' € Q.
In the superquadratic case, i.e., for 2 < p; <--- < py < 00, and for f = 0, it has

been recently proved in [10] that any local minimizer U € WI;C"’(Q) N L*°(2) is such that

VU e LX(Q.RY) and |U,|P22U, e WhA(Q), fori=1,...,N.

loc loc
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The main goal of this paper is to address the same kind of regularity issues, again for
bounded local minimizers, this time in the subquadratic case

l<pi<-<py=2

However, we will obtain some regularity results which actually hold in the full range
1 < p; <--- < py < 00, see the next section for more details.

We recall that u € WI’P(Q) N L2 () is a local minimizer of §p in Q if

loc loc
Fpu, Q) < Fp(p. Q'), foreveryp —u € Wol’p(Q/) N L*(Q') and every Q' € Q.

Here we denote by Wol’p (£2’) the completion of C§°(S2’) with respect to the norm

N
¢ € C(Q) > D Nloxi e @)-

i=1

By convexity of §&,, we have that u is a local minimizer if and only if it is a local weak
P(Q) N L2 (RQ) of the quasilinear equation

. 1,
solution in W, e

loc

N
—Z(|uxi|p"_2uxi)xi = f, inQ.

i=1

This can be seen as a particular instance of elliptic equation in the wide context of the
Musielak—Orlicz spaces, see [18] for a comprehensive study on the subject.

We emphasize the fact that in this paper we just consider bounded minimizers u. As
a consequence, we discard a priori all the counterexamples to regularity arising in the
literature related to nonstandard growth variational problems, see [38, 40, 49]. For com-
pleteness, we mention that the boundedness of minimizers in this setting has already been
extensively studied, see [37] for the homogeneous case f = 0, and [20, 21] for the non-
homogeneous one, see also [25-28,44]. Moreover, we ignore the problem of the existence
of a minimizer in W !*P, for which we would also need to assume that f belongs to a suit-
able dual Sobolev space. Here instead, we assume a priori to have a bounded minimizer u
and focus on identifying sharp conditions on the function f needed to obtain its Lipschitz
continuity and higher differentiability.

The main feature of all our regularity results will be that we do not need to impose any
restriction on the ratio py/ p1.

We refer the reader to our previous papers [10—12] for an introduction to the realm of
gradient regularity for minimizers of orthotropic functionals (see also [31] for an approach
based on viscosity methods). We just recall here that already for the standard growth case
p1 = PN = D, the superquadratic case p > 2 is much more involved than the case of the
model functional

loc

Lu; Q) = / |Vul? dx, foru e W,P(Q) and Q' € Q,
Q/

as far as the regularity of the gradient of local minimizers is concerned. On the other
hand, the subquadratic case 1 < p < 2 is simpler, in a sense: the Lipschitz continuity for
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minimizers of orthotropic functionals is a consequence of a general result due to Fonseca
and Fusco Theorem 2.2 in [36]), as observed in the introductions of [11] and [12].

In particular, it seems natural to try to adapt the techniques used in [36] since they
allow to establish the Lipschitz regularity for the subquadratic case when p; = py =
p < 2. However, we stress that in the case p; # py, our functional pertains to the class
of variational problems with nonstandard growth conditions, following the terminology
of Marcellini in [50, 51]. Then it couples in a nontrivial way the difficulties coming from
the two situations: orthotropic structure and nonstandard growth conditions. Thus, even
if our proof of the Lipschitz regularity is inspired from Theorem 2.2 in [36], nontrivial
adaptations and intermediate results will be needed.

Finally, it is worth recalling that, in spite of a large number of papers and contribu-
tions on anisotropic problems (including for example [6,7, 15,17,34,35,41-43,53,57]), a
complete gradient regularity theory is still missing, even for the case of orthotropic struc-
tures. Moreover, we recall that the basic regularity for local minimizers of §} (i.e., C o«
estimates, Harnack inequalities, and an extension of the De Giorgi’s regularity theory) is
still not fully understood, see however [1, 3] and [48] for some results.

1.2. Main results

Our first result is an higher integrability statement, which is valid without any restriction
on the exponents p;. As we will see in a while, this will be instrumental to the two main
regularity results of this paper. In what follows, we use the notation

N
(L.1) Go(Vu) = (Zpi o, [P — 1)+ +1,

i=1

where (-)4 stands for the positive part. This function naturally arises from the principal
part of . It encodes in a natural way the full summability information for each compon-
ent of the gradient. A similar idea has been considered for example in the papers [2,23,24],
dealing with the so-called double phase problems.

Proposition 1.1 (Higher integrability: general growth). Let 1 < p; <--- < py < o0 and
let f € LIJ;C(Q),for some y > 2. Then for every local minimizer U € WI;C’p(Q) N LY (2),
we have

S(VU) € LY ().

loc

Moreover, for every ball Bgr(xo) € 2 such that B4r(xo) € R, as well, we have
(1.2) / G (VU) dx <T +F2[ G (VU) dx,
BR/Z(XO) BRr(xo)

for two constants T'y, T’y > 0 which depend only on N, pn, p1, ¥, R, || f |L7 (Bir(xo)) and
1U | (B (xo))-

Theorem L (Lipschitz regularity: subquadratic growth). Let 1 < p; <--- < py <2and
let fe LY (Q), for somey > N. Then every local minimizer U € Wlic’p(Q) N L () is

loc loc

locally Lipschitz continuous. Moreover, for every ball Bg(x¢) € Q2 such that B4r(x¢) € L2,
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with R < 1, we have

5 (VU) ||L°°(BR/4(X()))

1
=C [RNV/(V—N) (Fl + FZ/B
NG (VU L1 (Bg(xo))-
for some C = C(N, pn, p1,7) > 0 and for the same constants T'1, T as in (1.2).

N/(y—N) Ny/(y—N)
50(VU) dx) + 1712 ]
R (x0)

Observe that the assumption y > N is sharp (in the scale of Lebesgue spaces) to obtain
the Lipschitz continuity of U. Actually, this is already true when p; =---= py =2.Itisa
remarkable fact that, even in the orthotropic case with nonstandard growth conditions, this
universal assumption on f still leads to Lipschitz continuity. We refer the reader to [4] for
a wide class of variational problems (not including orthotropic structures, however) where
this same condition is known to guarantee Lipschitz continuity of local minimizers.

Theorem S (Sobolev regularity: subquadratic growth). Let 1 < p; <--- < py <2 and
let

(1.3) fe Ll g,

loc

Then for every local minimizer U € Wl’p(Q) N L (R2), we have

loc loc
Wi = |Uy, | P22 Uy, € WA(Q), fori=1,...,N,

and
Uy, € WEP(Q), fori=1,....N.

loc
Moreover, for every ball Br(xg) € Q such that Bag(xo) € 2, we have for every
i=1,...,N,
N

> / [VW; | dx
BRry4(xo)

i=1
C
<= (Fl + Iy G (VU) dx) + CR?/P1—1 |f|1+2/p1 dx.
R2 B

R(x0) BRr(xo)

and
2 @-pi)/2
IVUx | Lri (Bgya o). RY) = o |Ux || 7 (Brja(x0)) IVWillL2(BR, s (o). RN

for some C = C(N, pn, p1) > 0 and for the same constants I'y, Ty as in (1.2), corres-
ponding to the choice y = (p1 + 2)/ p1.

1.3. Comparison with known results

In the homogeneous case f = 0, Proposition 1.1 can be obtained as a consequence of
Lemma 4.2 in [46]. In the superquadratic case p; > 2 and still for f = 0, an alternate
proof can also be found in Proposition 6.1 of [10]. We present here a new proof that takes
into account the presence of the forcing term f. Our argument is certainly more element-
ary than the one in [10], and arguably more natural in our setting than the one in [46], in
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the sense that it strongly relies on some tools that will be repeatedly used in the proofs of
the other main results, see the next section for further comments.

Theorem L is the counterpart for the subquadratic case of our previous result The-
orem 1.1 in [10], which deals with the superquadratic case. We shall explain in the next
section why the two situations require different arguments. We point out that experts in
the field may recognize Theorem L (and Theorem 1.1 in [10], as well) as a particular case
of the main result in [46], at least in the homogeneous case f = 0. However, it turns out
that the proof of Proposition 2.1 in [46] is affected by a crucial flaw, we refer the reader to
Remark 1.4 in [10] for a detailed discussion on this delicate point. In any case, it is fair to
admit that some other parts of Lieberman’s paper [46] have been an important source of
inspiration for the proof of Proposition 1.1.

In Corollary 3.4 of [33], the authors prove the local Lipschitz continuity of local min-
imizers (not a priori bounded) of the following functional:

<p1<---=pnNy =2

N

1
1.4 — [+ u PHP/?dx, for
(1.4) Zpl_/(ﬂx,l) N3 <

i=1

Observe that such a functional has an orthotropic structure, with nonstandard subquad-
ratic growth conditions, exactly as our §,. However, it should be noticed that the func-
tional (1.4) is neither degenerate nor singular: this is the crucial difference with our case.
Indeed, the Hessian of the function

N
~ 1
G(z):= E ;(1—1—2,-2)1”'/2, forz = (z1,....zy) € RV,

i=1 "
satisfies
(pr = D1+ 27722 g2 < (D?G(2)§,8) < 6>, forz,§ e RV,
This property fails to be satisfied by our functional, where the integrand is given by

N
1
(1.5) G(z) = Z — |zi|?, forz e RN,
i

i=1 "

Even worse, in contrast with the general framework of [33], in our situation there are no
continuous functions /1, h5: [0, +00) — [0, +00) such that

h(z]) [€ < (D?G(2) §.§) < ha(lz]) [EF. forz.§ € R,
even for large values of z. Indeed, D?G(z) is given by the diagonal matrix

(p1— 1) |zq P72
D?G(z) = ,

(pn — 1) |zn [PV 2

and each entry on the diagonal blows-up as the corresponding component of z vanishes.
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As for Theorem S, we observe that this may be seen as a generalization of the fol-
lowing classical result for the p-Laplacian: for 1 < p < 2, any local weak solution u €
Lp
W7 (82) of
—div(|Vul?™2Vu) = f. inQ,

belongs to ngc’p (R2), provided f € LII;/C(SZ) (see for example [30]). The reader may notice
that for py = py = p, our assumption (1.3) boils down to

2
fell (Q), fory>1+=.
p

loc

Since for I < p <2 wehave 1 +2/p < p/, this is a weaker requirement when compared
with the classical result recalled above. This is not surprising, since we are now assuming
that u is a priori bounded. Such an assumption is responsible for this new feature. In the
standard growth case, this has been recently observed in Theorem 1.2 of [22].

Higher differentiability of local minimizers is a well-studied problem: for the specific
case of orthotropic functionals with subquadratic nonstandard growth, some prior results
can be found for example in Theorem 3 of [6], Corollary 1 of [5], and Theorem 2 of [17].

Finally, in the superquadratic case p; > 2, as already recalled, the counterpart of The-
orem S has been obtained in Corollary 7.1 of [10], for f = 0. In the case of a right-hand
side f 0, some results have been obtained in Theorem 1.1 of [14] and Corollary 2
of [53] (see also Proposition 3.11 in [55] for an approach based on convex duality, leading
to global estimates on the torus).

Remark 1.2 (On the C! regularity). In dimension N = 2, the C! regularity of a Lipschitz
local minimizer essentially follows from Theorem 1.1 in [29], both in the cases p, < 2
and p; > 2, provided that f = 0. This assertion is detailed in [8], where the “mixed”
case p; < 2 < p, is considered as well. For a slightly different approach, see [47] when
p1 > 2 and [54] when p; = p, < 2: these references still deal with the case f = 0.
In the non-homogeneous case, the strategy followed in [9] (and originally written for
p1 = p2 and f = 0) could be adapted to more general situations, provided f satisfies
suitable differentiability and summability conditions. In any case, the C! regularity of
local minimizers when N > 3 is entirely open, even for p; = py and f = 0.

1.4. Structure of the proofs

The proofs of Proposition 1.1, Theorem L and Theorem S are based on a classical three
steps strategy. We first approximate our local minimizer U € Wlic’p(SZ) N L2 () by a
sequence of minimizers {u®},-¢ of regularized functionals &p . having good smoothing
properties. We next obtain uniform a priori estimates on these minimizers. Finally, we
pass to the limit in order to transfer these a priori bounds to U.

The first step is usually quite easy: it is sufficient to perturb the initial functional by
adding some uniformly convex e-perturbation and possibly smooth out the coefficients,
for example by replacing f with its mollification f*. This regularization strategy allows
to avoid the usual difference quotient method, and the technicalities that go with its use
in the nonstandard growth setting. However, here we face a first difficulty: remember that
we are not assuming f to be in the correct dual Sobolev space. This also entails that we
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do not have a good a priori L* estimate at our disposal. Thus, such an approximation
has to be handled with great care. We circumvent this technical difficulty by adding a
nonlinear lower term in the regularized functional, which forces the minimizers u® to be
bounded, with a uniform L°° bound which only depends on the local L norm of U (see
Lemma 2.4). This is a technical aspect of the proof, which we believe to have its own
interest. We note that this approach has features in common with [16].

The core of the matter is next to establish the a priori estimates for the gradient of u?®,
the minimizer of the regularized functional Fp ¢. As for the estimates leading to Proposi-
tion 1.1 and Theorem L, these are achieved by means of Moser-type schemes: a slow one
and a fast one, respectively.

The cornerstone of these schemes is a Caccioppoli inequality for power functions of
the gradients (see Proposition 3.1). In a simplified way, for every o > 0 this reads as

N
(1.6) Z/|uxi|l7i—2 |(G(Vu)(a+1)/2)xi|2dx < (a+ I)Z/G(Vu)ot+2—2/p1v dx,

i=1

where G is the same function as in (1.5). Here, for simplicity, we put f = 0 and write u
in place of u®.

Observe that on the left-hand side of (1.6) we have a weighted gradient of a power
of G(Vu): the weights |uy, |?i~2 are the typical feature of degenerate/singular orthotropic
functionals. The main difficulty in getting regularity results out of this estimate is precisely
due to their presence. In contrast with the Caccioppoli inequality previously obtained in
Lemma 3.1 of [10] to handle the superquadratic case p; > 2, now these weights do not
pop-up on the right-hand side. This is a crucial ingredient of the estimate: indeed, no
control from above would be possible on |uy, |72 if p; < 2.

Not surprisingly, the proof of (1.6) relies on the differentiated Euler—Lagrange equa-
tion, which is nothing but the equation solved by the components of Vu?. In a nutshell,
the idea to reach such an estimate not containing the nasty weights |uy, | ~2 on the right-
hand side is that of using an integration by parts trick: this permits to trade the presence
of the term D2G, with the more tractable one DG. This idea is certainly not new in the
context of singular variational problems: it goes back at least to [52], and has then become
standard in the field.

However, as natural as this idea may appear, its technical implementation in our con-
text needs some efforts: in particular, a careful choice of the test functions for the differ-
entiated equation has to be done. Such a choice must reflect the algebraic structure of the
operator, in a sense. Without entering too much into the details, we refer to the proof of
Proposition 3.1 below. The choice of the correct test functions here has been suggested to
us by [46], even if our choice seems to be simpler and more natural.

The Caccioppoli inequality (1.6) is first used in the proof of the higher integrability
result of Proposition 1.1. More specifically, it permits to obtain a self-improving estimate
of the type

(1.7) /G(Vu)ﬁ+1 dx < ||u||%oo ﬂZ/G(Vu)BH—z/pN dx.

This is the slow Moser iteration scheme we were referring to above: by iterating (1.7) a
finite number of times, we can conclude that G(Vu) (and thus Vu itself) can be estimated
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in L4, for every finite ¢ > 1. Observe that the additive integrability gain at each step and
the presence of the factor 82 on the right-hand side make the previous scheme not suitable
for being iterated infinitely many times. This explains why we cannot reach the limiting
case Vu € L with this approach.

Estimates like (1.7) are quite typical in regularity theory, both in the contexts of stand-
ard and nonstandard growth problems (among others, see for example Proposition 3.1
in [32] and Theorem 3 in [19], respectively). Usually, they are obtained by coupling an
integration by parts with a Caccioppoli inequality for the gradient, like the one (1.6) at our
disposal. The L°° bound on the solution is used to treat the solution itself as a constant in
the estimates.

We stress here that in this part of the proofs we do not need the restriction py < 2.
Thus, in particular, we can extend and simplify the higher integrability result we previ-
ously obtained' in Proposition 4.3 of [10].

With the aid of (1.7), in the case py < 2 we can transpose to our situation the typ-
ical absorption trick which lies at the basis of the Lipschitz estimate for the standard
p-Laplacian (see for example [32], Section 3). Up to some nontrivial technical issues, this
consists in observing that when G(Vu) > 1, we have

lux |72 2 G(Vu)P1=2/P1 gince p; —2 <0,

and thus

N N
(1.8) Z/luxi|pi_2|(G(Vu)(a+1)/2)xl,|2dxZZ/|(G(Vu)(a+2)/2_l/pl)xi|2dx.

i=1 i=1

The weights |u, [P =2 have then been absorbed into a suitable power function of the gradi-
ent. In this sense, in the case py < 2, the presence of the weights |u, | ~2 on the left-hand
side of (1.7) helps, more than it hurts.

At this point, by joining (1.8) and (1.7), the orthotropic nature of the problem com-
pletely disappears and we simply fall into the realm of nonstandard growth problems. A
standard application of the Sobolev inequality makes then possible to launch a standard
Moser iterative scheme (i.e., a fast one, with a multiplicative gain of integrability at each
step). This permits to reach an L°°-L? estimate on G(Vu), after infinitely many iter-
ations. This is not the end of the story. Indeed, we still have to pay attention to a detail
which is quite typical of the nonstandard growth case: the exponent ¢ in this a priori estim-
ate could be too large. However, this preliminary estimate can be “rectified” by combining
the higher integrability result of Proposition 1.1 together with an interpolation trick which
decreases the initial integrability requirement on G(Vu). We then finally get a L>®°-L!
estimate on G(Vu), as desired.

In contrast to Proposition 1.1 and Theorem L, the proof of Theorem S does not rely
on the Caccioppoli inequality of Proposition 3.1. The proof follows the same idea as in

IThere is however a subtle detail here: the result in [10] was obtained through a complicate self-improving
iterative scheme (inspired from that of Theorem 1.1 in [7]), which was not of Moser-type. Actually, this was
much more sophisticated and could be roughly described as follows: improvement of integrability of N — 1
components of the gradient entails that the missing one improves its integrability as well.
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the case of the result for the familiar p-Laplacian, for the case 1 < p < 2: we test the
differentiated equation with the gradient itself u,, and perform an integration by parts as
in Naumann’s trick [52]. Again, this permits to avoid using the undesired upper bound on
the Hessian D2G. In order to conclude, one has to control from above terms of the form
pi—1
Uy [ | .

Observe that for every k # i, the two terms are completely decoupled. However, when
pi <2, we can simply estimate this term from above by Young’s inequality:

i—1 -2 2 2— 2(pi—1

Uxyxy |ux, |7 < |uxk | Pk |uxkxk| + |uxk| Pr |uy, | pi=1),

The first term is absorbed on the left-hand side, while the second term can be estimated
from above by means of an integrability estimate (here we rely again on the information
provided by Proposition 1.1). This explains why we require py < 2 in the statement of
Theorem S.

1.5. Plan of the paper

In Section 2, we present the approximation scheme and some basic material used all along
the paper. Section 3 contains the crucial Caccioppoli-type inequality for the gradient (Pro-
position 3.1). The latter is exploited in Section 4 to perform the slow Moser iteration
leading to the higher integrability estimate needed in Proposition 1.1. The Lipschitz bound
related to Theorem L is proved in Section 5, while Section 6 is devoted to the proof of
the higher differentiability estimates corresponding to Theorem S. Then, in Section 7,
we eventually prove our three main results by passing to the limit in the approximation
scheme. Finally, for completeness, we include in Appendix A the proof of a maximum
principle ensuring the uniform boundedness of the approximating sequence.

2. Preliminaries

In this section, we fix 1 < p; < pp <.+ < py < 0.

2.1. Some auxiliary functions

Foreveryi = 1,..., N and ¢ > 0, we define

1
2.1 8ie(t) = —(e+ 12)1’"/2, for every t € R.
i

1

Lemma 2.1 (Sub-quadratic case). Let | < p; < 2. Then for everyt € R, we have
2.2) (pi — 1) (e + t2)(17i—2)/2 < gl{:g(t) <(e+ l2)(p,-—2)/2’

(2.3) 8ie(1)

A

1 )
; (8171/2 + gz{,s(t) [),

| /\

(2.4) g} (D) —— 81e(1) 816 (1)
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Proof. The second derivative of g; . is given by

g,g(t) = (g_Hz)(p, 2)/2+(p ~2) (8+t2)(p, —4)/2 ;2
2

— 12)(pi=2)/2 (1 9 _).
e +12) Fi-2) s

In particular, by using that p; —2 < 0, we easily get (2.2).
We also observe that

1
gi,s(t) — (8+t2)pi/2 (8-{-12)(1)1 2)/28 + — (8 _I_lz)(lh 2)/2 2
pi pi

l
epi/2 g (1)
< +
pi Di

’

which proves (2.3).
Finally, (2.4) follows by writing

181 (O = (6 + )P/ (¢ 4 2)PD/2 12 < (o 4 2)Pi=D/2 (g 4 2)Pi/2,
and then using the definition of g; . and the lower bound in (2.2). -

Lemma 2.2 (Super-quadratic case). Let p; > 2. Then for every t € R, we have

2.5) (e + ) Pi=D/2 < gl (1) < (pi = 1) (e + 11)P72/2,
2(171 2)/2 /2
(2.6) 8ie(t) < T (eP? + gi (D 1),
1
(27) Igz{,e(t)|2 = pPi gl s(t)gla(t)

Proof. The proofs of (2.5) and (2.7) are similar to those of (2.2) and (2.4) respectively,
and we omit them. In order to prove (2.6), we use the convexity of the map t > |7|?/2.
This implies

1 ‘ 2(pi—2)/2
(2.8) gie(t) = — (e + 1H)P/2 < T (P2 4 [1]P1),

4 4

We then observe that
e e Ml MO
By combining the last two inequalities, we get (2.6). ]

‘We also define the function

N

N
2.9) Ge(z) == Zgi,a(zi) = ZL(E-i-Ziz)pi/z,

i=1 i=1 7

which will play a crucial role in our estimates. The next result holds without any restriction
on p;.
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Lemma 2.3. Foreveryz = (z1,...,ZN) € RN and everyi =1,..., N, we have
(2.10) |g1{,g(zl‘)| < pl(é’N—l)/pN Ga(z)(Pi—l)/Pi'

Proof. By recalling the definition of both g; , and G, we have
i~ i—1)/ pi
g1 o(z0)| < (e + |z )P~/ = (p; gie(z) PP

N
(pi—1)/pi . .
= (Z Dk gk,s(zk)) < p%’t V/pi G (z)@i=DIpi,
k=1

By using that py > 1 and that p; < py, we can estimate the last term from above as
claimed. u

2.2. Regularized problems

We will use an approximation scheme which is similar to that already used in our pre-
vious papers, starting from [11], Section 2. We want to consider local minimizers of the
following convex integral functional:

N
1
Fpu; Q') = Zp_/;z iy, |PF dx —/Q fudx, wue Wléc’p(Q) NLX(Q), Q' eQ.
i:1 i ’ !

The function f is assumed to belong to L! (£2). In the rest of the paper, we fix U €

loc

Wléc’p(Q) N L (2) a bounded local minimizer of &p. We also fix a ball

loc
B € Q2 suchthat 2B & 2 as well.
Here by A B we denote the ball concentric with B, scaled by a factor A > 0. We set

radius of B
divsof By

80=min{l, >

For every 0 < ¢ < g9, we denote by ¢, the usual Friedrichs mollifier, supported in a ball
of radius ¢ centered at the origin. For every x € B, we then define

U(x) =U *0.(x) and f%(x) = f * 0:(x).

Finally, we set
M :=||U|lL=@2 B)

and take ¢° to be a C*° function of one variable, such that

M., ifr>M+e
o<y <t ome ro={ M RN

and such that

lin}) 12 — ¢llLow) = 0, where {(¢t) = max{min{t, M}, —M}, fort € R.
e—>
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By recalling the definition (2.1) of g; ¢, we then define the regularized functional
N
Boevi8) =3 [ gictusydn— [ 17 cwax
i=1Y8 B

Lemma 2.4 (Existence and regularity of a minimum for §p ¢). For every 0 < & < g, the
problem

(2.11) min {Fpc(v; B) : v—U® € Wy P(B)},
admits a solution u®, which belongs to COO(E). Moreover, for every 0 < ¢ < g9, we have
[u®llLooB)y < M + .

Proof. We first show that we can apply Theorem 9.2 in [56] and get existence of a solu-
tion to

(2.12) min {Fp.-(v; B) : v—U® € W,"(B)}.
For this, we check the required assumptions. We first claim that, for every z, £ € R¥,

N
2.13) > gl (z) 8 = ve (1427 [E with

i=1

Ve 1= min {p1 —1,8(1’N_2)/2} >0,
T := min {0, (p1—2)/2} > —1/2.

From (2.2) and (2.5), we get

N N
D gl (z) & =Y min{p; — 1.1} (e + z7) P2 g2,
i=1 i=1

Then we observe that if p; < 2, then p; < 2, and we can write
min{p; — 1.1} (e + 2)) P22 = (pr = D (L + zPH)P722 = (pr = D (1 + 2P
If instead p; > 2, then

min{p; — 1,1} (¢ + Zi2)(17i—2)/2 > g(pv—=2)/2 > g(Pn—=2)/2 1+ |Z|2)f.

Thus, in both cases, (2.13) holds.
As for the lower order term, observe that the smooth function 4° (x,u) := f*(x) %(u)
satisfies

oh®
ou

(x,u) =0, forevery (x,u) € Bx R\ (—M —¢e, M + ¢)).

Finally, the uniform convexity of B and the smoothness of U entail that the latter satisfies
the bounded slope condition.

Then Theorem 9.2 in [56] yields the existence of a solution to (2.12). Since all the data
are smooth, Theorem 9.3 in [56] implies that u® € C*(B). We claim that u¢ is a solution
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of (2.11), as well. Indeed, by using Theorem 1.1 in [13], for every v € U® + Wol’p(B), we
can infer the existence of {v¥}ren C U + W, "™ (B) converging to v in W-?1(B) and

such that
N N

i=1

By the dominated convergence theorem and the uniform boundedness of £, we also have
lim / FeeEwk)dx = / £ee5(v) dx.
k—o0 JB B
This proves that there is no Lavrentiev phenomenon for ¢, that is,

Sp,e(u; B) = min  Fpe = inf  Fps-
Us+Wy®(B) Us+W,?(B)

Thus, we get that u® solves (2.11), as well. Finally, the claimed L°° estimate readily
follows from Lemma A.1 in the Appendix. ]

The smooth minimizer u® satisfies the Euler-Lagrange equation

N
(2.14) Z/gl’»,e(uii)%i dx = /fg(é's)’(u*:)(pdx, for every ¢ € Wol’p(B).

i=1

For every k = 1,..., N, one can insert test functions of the form ¢, , with ¢ € C 2
compactly supported in B. By integrating by parts, we then get the equation for the partial
derivatives of u®: forevery k = 1,..., N,

N
@.15) > [ sttt qon dx = [ (1@ @), pdx.

i=1

As usual, by a density argument, the equation can be tested by any ¢ € Wol’p(B).

The first ingredient of our recipe is a simple a priori estimate, which is essentially the
same as in Lemma 2.1 of [10]: the only difference is the presence of the non-autonomous
and nonlinear term f* {*(v), together with a slight modification of the function g; ;.

Lemma 2.5 (Basic energy estimate). For every 0 < ¢ < g, the following uniform estimate
holds:

N N

1 , 1 .
S [ rar=c (Y- [ el dx e 4 1 ),
i=1 & i=1 1t

for some C = C(N, B,p, M) > 0.

Proof. By testing the minimality of u® against U?, we obtain

N N
Z/Bgi,g(uii)dx < Z/Bgi,g(Ufi)dx—/Bfe (gs(UE)_g-a(us)) dx.

i=1 i=1
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The convexity of the function g; . allows to apply Jensen’s inequality in connection with
the fact that U°¢ is defined by a convolution. This gives

f g1o(US) dx < / g1o(Us,) * 0o dx < / gie(Uy,) dox.
B B 2B

By using also that g; .(¢) > |¢|?"/ p; and the 1-Lipschitz character of {®, we get

N N

1 )
Z—_/ s, |7 dfof gi,s(Ux,->dx+/ | FEU® — uf| dx
o Pi /B = /2B B

N
= /2 _6Us) dx + Cor 1 f L)
i=1

where Cyy is a positive constant which only depends on M. We finally rely on (2.8) when
pi > 2, or the subadditivity of ¢ — |¢|?/2 when p; < 2, to obtain

max{1,2Pi=2/2}

(2.16) gie(t) < (ePi12 4 |t]P0).

1

This concludes the proof. ]

In view of our goal, we need a convergence result for the minimizers {#°}o<g<g,. This
is the content of the next lemma, which is an extension of Lemma 2.2 in [10].

Lemma 2.6 (Convergence to a minimizer). With the same notation as above, we have

N
@.17) tim [ 4" = UllLags) + Y104 = U lmsy ] = 0,

i=1
forevery 1l < g < oo.

Proof. The proof goes as in Lemma 2.2 of [10]. We repeat the argument, since this gives
us the occasion to fix some missing details in [10]. By using the uniform estimate of
Lemma 2.5 and the definition of U?, we get that {u® — U®}o<c<¢, is @ bounded family in
Wol’p(B). Thanks to Lemma 2.4, we also have that {u® — U®}¢<c<, is a bounded family
in L*°(B). From these two facts, we can infer the existence of an infinitesimal sequence
{extken C (0, go] such that {u®* — U®k};cn converges weakly in Wol’p(B) and almost
everywhere to a function ¢ € Wol’p(B) N L°°(B), in the sense that

lim /(usk—U‘gk)godx:/qS(pdx, for every ¢ € L'(B),
B B

k—o00

and

k—o00

lim /(uek — Uy, pdx = / ¢x, 9 dx, forevery ¢ € LP(B),i=1,...,N.
B B

By recalling that U®F has been constructed by convolution, we also have that it converges
strongly in W P(B) and almost everywhere to U . This permits to conclude that {u® } ;e
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converges weakly and almost everywhere to u := ¢ + U. We need to prove that actually
u = U. With this aim, we test the minimality of each u®* against the function U®*. Thus,
by lower semicontinuity of the L?* norms, we can infer

— [ Jug |7 dx < liminf " = / WP dx < liminf S L / o ) dx
;p"/B ' k*wzm B k—>ooZ:Pi g

< Jim Z [ sawirar= [ e g ax

k—>oo
1 )
2.18) _ ;p— /B Ui |7 dx — /B £ @) - £y dx.

Observe that for the convergence of the lower order term, we used that f¢k converges
strongly in L!(B), that U® and u®* are equibounded in L*°(B) and converge almost
everywhere to U and u respectively, and that (% converges uniformly to the Lipschitz
function ¢. This shows that

- 1 | AR |
S [t [ rewax <3 [ [ e

The L°°-boundedness of u® proved in Lemma 2.4, gives that |[u||pep) < M. A similar
estimate holds for U by assumption. Since {(¢) = ¢ for every ¢t € [-M, M], one gets

%’p(u; B) < %p(U§ B).

By the strict convexity of the functional %}, the minimizer must be unique and thus we
getu = U, as desired.

In order to prove (2.17), we can adapt the argument of Lemma 2.2 in [10]. By (2.18),
we get

1
(2.19) Jim Z / sk |Pi dx = —f Uy, |Pi dx.
-1 PiJB
Foreveryi = 1,..., N, we rely on the lower semicontinuity of the L? norm to get
liminf/ [usk|Pi dx z/ |Uy; [P dx,
k—oo Jp B
In connection with (2.19), this implies that

11rn / k| Pt dx—/ |Uy, [Pt dx.

The convergence of the norms, in conjunction with the weak convergence, permits to
infer that (u5¥)ren converges to Uy, in L?(B) foreveryi = 1,..., N (see for example
Theorem 2.11 in [45]).
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Moreover, since {u®* };cn is bounded by M and converges almost everywhere in B
to U, the dominated convergence theorem implies that (4% )<y converges to U in L?(B)
forevery 1 < ¢ < oo.

Finally, we observe that we can repeat this argument with any subsequence of the
original family {u°}.~¢. Thus the above limit holds true for the whole family {u°}o<z<¢,
instead of {u®* }r < and (2.17) follows. [ ]

The following technical result is classical in the regularity theory. This is taken from
Lemma 6.1 in [39], and we state it here for the reader’s convenience.

Lemma 2.7. Let O < r < R and let Z:[r, R] — [0, 00) be a bounded function. Assume
that forr <s <t < R, we have

A n B
—5)%  (t —s)bo

26) = +E+PZ0),

with A, B,€ >0, a9 > Bo > 0and 0 < ¥ < 1. Then we have

1 A% A 3
Z(r) = ((1 — 1) A% —19) [(R—r)“ﬂ * (R —r)bo +€]’

where A is any number such that 91/% < A < 1.

3. Caccioppoli-type inequalities for the gradient

Throughout this section, we assume that 1 < p; < -.- < py, without any further restric-
tion. In what follows, we will use the function

(3.1) 9:(2) = (Ge(z) = 1)y + 1), forevery z € RV,

where G, is the same function as in (2.9).

Proposition 3.1 (Caccioppoli inequality for power functions of the gradient). Ler 1 <
p1 < p2 <-:-- < pn <o0. For every a > 0 and every non-negative n COZ(B), we have

N
3 / g1 %) | (G (TS @ D) P2 dx
i=1

(3-2) < Cla+ 1) / Ge(Vus)*F272/28 (1 + 3| D)) dx

+ C(a + I)Zf | F61? Ge(Vu®)* n? dx,

for some C = C(N, p1, py) > 0.

Proof. We are going to use a trick based on integration by parts, taken from Theorem 1
in [52] (see also [36]). This permits to circumvent the use of the upper bound on the
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Hessian of the function G.. We start by fixing k € {1,..., N} and inserting in (2.15) the
test function

¢ = F(Ge(Vu®)) g ;s )17

where F is a non-negative Lipschitz continuous monotone non-decreasing function, that
will be specified later on. This is a feasible test function, thanks to the regularity of u®.
Thus we get

N
[ ghi ) (PG, g5 )
i=1
N
F Y [ el ut PGV (g, 05),, 7 d
i=1

N
(3.3) =2 Y [ el FGVU) 0 s d
i=1

4 / (FoC) W) F(Go(Vi)) g 4%, ) 1P dx.

We observe that
1 & & . / &
gi,s(ux,-)uxkxi = (gi,s(”m )xk'

Then by integrating by parts on the right-hand side’ of (3.3), we obtain
N
S [ shi (PG g5 ) 7
i=1

N
+ 30 [ gt ), FGau) (8,0, 7

i=1

N
=2 Y [ 61 (FGLTu ), 8,05 i, di
i=1

(3.4)
N
+2)° / 816 F(Ge(Vu®)) (g (%)) n7x; dx
i=1
N
+2)° [ i (,) F(Ge(Vu®)) g () (Nxy Nx; + N0, x,) dX
i=1
+ / (FEE) () g F(Go(Vu) g, (i, ) 7P dlx.
This is valid for every k = 1, ..., N, we then take the sum over k.

2This is the trick in [52] (and [36]) mentioned above.
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770

On the left-hand side, the first term then becomes

Z / Qo )l (F(Go(Vi))), g, (u%, ) 1P dx

ik=1

5 [ #1.0) FGaTu D (g1atut,), 1P
i,k=1

b4

[ ehut) (F Gt ( > gratidy) 7
1 k=1 i

i

Il
.MZ

/ &1 0%,) (F(Go(Vut ), (Ge(Va)) 7P dx

N
Il
-

[ 1.0 FGvut) GVt P o .

N
Il
-

|
.MZ

For the second term of the left-hand side in (3.4), we observe that

N
> [ el PGV (g 8,),, 7P

ik=1

N
= 30 [ ety P F (G g ) dx

i,k=1

and this is non-negative, since each gi . is convex and F' > 0. We thus obtain

N
Z[gls(uxl)F (Go(Vu®) [(Ge(Vu)) [ n? dx
i=1

N
£ / Q) S, P F(Go(Va)) gl o (us, ) 7 dx
i,k=1
N
=2 3" [ 60u00) (FGaVu D), g 0, 1, di
i,k=1

(3.5) N
+2 30 [ 61u0) FGu(Vu) (g, 05),, i,

ik=1

+2 Z /gz g(uxl)F(G (Vue)) gk g(uxk) (nxk nxl + 7]77)61 Xk)d'x
ik=1

.S [ @y s FGvu g )P dx
k=1
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By (2.14), the second term of the right-hand side can be written as

N
(3.6) 2y / ¢.065,) F(Go(Vu®)) f5(C°Y () 17y, dix.
i=1

By an integration by parts and (2.14) again, the last term on the right-hand side of (3.5) is
equal to

N
=3 [ W) PGV g 7
k=1
+ [ 1@V WP FGut ) dx
N
23 [ £ ) FGTuN g ) 1 v
k=1

We observe that the third term in the above sum is equal to the quantity in (3.6). So (3.5)
is equivalent to

N
$i+ 2= 3 [ latut) UGVt | (GeVu), [P d
i=1

N
+ ) f QL) 1S, P F(Go(Va)) gl oS, ) i dx
i,k=1
N
- / 8.0, (F(Ga(Vu )y gl o(5,) 1773, dx

ik=1

—4

-

= L

/gz{,e(ufci) F(Ge(Vu®)) f2(C°) (uf) nnx, dx

14

#2350 [ 610008) PGV 808 (g i+ 10 )
i,k=1

N
=3 [ W) (PGUTu D, 8 5,7
k=1

T / Y )2 F(Ge(Vul)) o dx
3.7 =:2d3+4F +2d4+ F2 + F3.
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We first estimate d3: by Young’s inequality, we have for every 7 > 0,

43| < / Z Z|g,s(ux,)|) (F'(Ge(Vu)) [(Go(Vu®)), &1 5,)|) 0|Vl dx

= i=1

<5 (Z|gw(ux,>|) F/(Ge(Vu E))(Z@k;((—)))lvnl

k=1

+ %f ZF’(GS(WM(GE(W) gl ) 1P dx

(8,0 (45,))?
i <Z'gle(”xz)') FTGe(VW))(Z‘gk—)MPdH%JI.

k=1 k,s( Xk

By taking T = 1/2, we can absorb the term d; on the right-hand side and obtain from (3.7)
the following:

1 N 2 Y (g, )?
68 3+ da=2 [ (X lgla0)) GV (17 f )|Vn|2dx
i=1

k=1 xk
+4F1+ 244+ F2 + F5.

The term
gy = Z / 8L.0(,) F(Go(Vit®)) g} o(u,) (g 1y + 17131 ) dx
i,k=1

is easier to handle: we simply have

N
4l = [ (X leetwt)N)” FGa(Vut) (Va1 + D7) dx.
i=1

In conclusion, from (3.8) we get

Ji 424, < 4/ (XN: |g;,8(u§i)|)2 F/(Go(Vu®)) (21": gks( ))2)|W|2dx
i=1

k=1 (
(3.9) N

2
+8F1+4 | (X lghes)l) F(Ge(Vu) (Vnl2+n]D?n)) dx
i=1
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We now treat the three terms containing f°: we start from
N
=3 [ ) GV £ W s d
i=1

N
< / 3 18k S F(Ge(Vu) | £ )| n |Vl dx
i=1

1 N L e )2 . )
= 5/(;&,8(”‘)@)) F(G¢(Vu®))|Vn|? dx
1
+ 5/|f&(§8)/(u8)|2 F(Ge(vus» nz dx.

The last term coincides with %373 while the first term is bounded from above (up to a
multiplicative constant) by the third term on the right-hand side of (3.9) . Using also that
(&%) |l Leom) < 1, we thus get, from (3.9),

a ’ & 2 / & y (g;ﬁ&‘ uffk))2 2
k20 <4 [ (X lel i) FGeVur) (X =5 )19l dx
i=1 k,e\" Xg

k=1
N 2
G10 48 [ (L leta0)l) PGV (VP + 11 D0) d
i=1
+ 6/ | £€1? F(Ge(Vu®))n? dx + 2 F».

The last term %, contains second order derivatives of u® that should be absorbed on
the left-hand side. We proceed similarly as for 43 and estimate it as follows:

4

F2

[ FEEY ) (F(Go(V))) g g4 105, ) 1P dx

Mz

/ 751 (F GV [(Go(Vu)),, g, (s)]) 7P dx

k=1
R ) (g )’
=27 §/|f| F'(Ge(Vu)) <L, n*dx
T N / & & 2 e 2
+ = fF (Gs(vu ))\(Gg(Vu ))x | gk,e(uxk)r’ dx
2 k=1 k
_ 1 = 2 . (gkg( ))2 2 P
_2_2/”' F'(Ge(Vu ))T dx—l—E«h.

thanks to Young’s inequality. Here, as always, T > 0 is arbitrary.
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By inserting this estimate in (3.10) and choosing t = 1/2, we obtain

J1+44258/(Z|g,8(ux1)|) F'(Ge(Vu 8))(Zw)lv |? dx

k=1 k,e

N
16 [ (3 16}.0e)1) FGVu) (90l +n|D%y]) dx

i=1
(8 W5 ))?

N
+12 [ 17 PGty d 443 [ 15 F/(Guvu)
k=1 k,s( x

We observe that if we set

(3.11) Sk:max{ kl,pk} and § = max Sk:max{—,pN},

Pk — k=1,..,.N p1—1
by (2.4) or (2.7), we have

N (gk E(M)Ck))z

(3.12)
gk s(”

| /\

N
Z k ke (us,) < 8 Go(Vub).
k=1 =1

Thus we have obtained

N
_ 2
$i+ 402 =85 [ (Y1ght,)) F(Gu(Vut) oV |V dx
i=1

N
416 [ (Y lehetws)l)” FGTu) (9 + n1D%]) dx
i=1

(3.13)  +12 / | f€12 F(Ge(Vu®))n* dx + 45_/|f8|2 F'(G¢(Vu®)) Go(Vu) n* dx.
We now use Lemma 2.3 to estimate from above the right-hand side. Thus, from (3.13), we
get

(3.14)
J1 + 44,

N
— 2
< 85(p§é’N‘”/”N)2/(Z Ge(Vut) P =D/P )" F/(Go(Vutt)) Go(Vu) [Vl dx

i=1
N
+ 16(p§€N—l)/PN)2f(ZGg(vus)(mfl)/lh‘)zF(Gg(vué‘)) (|V77|2+77|D27)|) dx
i=1
125 [ 1fR [FGVH) + F(Go(Vu) Gul(Vu) ] .

By recalling the definition (3.1) of §,, we observe that

G.(Vu®) > Go(Vu®) and 9. (Vu®) > 1.
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Thus, in particular, we get

N
Z Gg(vue)(m—l)/pi <N ge(vus)(pzv—l)/mv’

i=1

and from (3.14), we obtain
i +4d, <838 (Np,(g’N‘”“’N)Z/ﬁs(vw)ﬂpfv—l)/l’fv“ F'(Gs(Vu®)) |Vn|* dx
+16(NpPN—D/pvy2 / Ge(Vus)>PN=DIPN (G (V) (V[ +n| D7) dx
(3.15)  + 125_/ | £12 [F(Gs(Vu®)) + F'(Gs(Vu®)) G.(Vu®)|n* dx.

In order to conclude, we now make the choice
F(t) = ((t — D4 + 1)¥ witha > 0.
We observe that

(3.16) |(6:(Vu®)) | < [(Ge(Vu)) .

thanks to the definition of &,.
It follows that

F'(Go(Vu)) [(Ge(Vud)) , |* = o Go(Vu)* ™" |(8(Vu), |

4o 2
= e )

and thus

N
Ji =Z / gl us,) F'(Ge(Vu)) [(Go(Vud)) | n? dx

(8:(Vur)@D/2) 2 p2 ax.

(a+ 1)2 ngls(uxl)
From (3.15) we get
ba @+1)/2y |22
m;/gls(u )| (e (Vuf) )| 7 dx + 44,
G.17) < Cla+1) [ 8vuy I (Vo 40 D%]) dx
4 Cla+ 1)/ |12 6o (Vo) 1 dix,

for some C = C(N, p1, py) > 0.
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We are only left with estimating J, from below: recall that we have

N

gy = / Qo) S, o P F(Ge(Vu®)) g 1 us, ) dx

i 1

/gz s(ux,) |uxkx,|2g (Vus)a gk g(uxk)n d.X
1

Il
™M= 7

1

We now observe that by (3.16) and through some lengthy though elementary computa-
tions, we get

1
|(5e(Vu)'2) [P = T v | F V), " <

1 o
< tawue |GV, |

1 N & 2 1 N / & £ 2
T 45.(Vue) ‘(,;g""’”(”x'f)>m‘ = 19.(Vue) ,;g"’s(”"k)“"k"i

N , ) 5
= 15.(Ve) ; 18 ()1 e, I
We then apply (2.4) or (2.7) on the last term, so to get
N

2
|(§s(vug)l/2)xi | = W Z Sk glz,g(uik) gk,s(uik) |uik xi 2,
k=1

where §j is the same quantity defined in (3.11). We further observe that

8hee () _ Gs(Vu®)
Ge(Vue) = G.(Vus) —

This discussion leads us to

4

= = (8 ?) Zg U5 I, 5,17

ol =

By inserting this inequality in J,, we get
1 2
53 [ ) 5 ), o

(‘” @+D*N§ ngw(”xﬂi G (Vue)2) |22 dx.

Finally, we can use this estimate in (3.17), so as to get the desired conclusion for o > 0.
The limit case @ = 0 can now be simply obtained by taking the limit o goes to O in the
previously obtained estimate, since the relevant constant remains bounded. [
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Proposition 3.2 (Slow Moser’s iteration). Let 1 < p; < p, <--- < py < oo. For every
O > 2/ ply and every non-negative function 1 € CZ(B), we have

/gg(vué‘)ﬁ-i-z/PN nz dx
c? 9
(3.18) < 7/;72 dx + C |3 oo (p) 192/‘58(Vu‘9) (IVal* + n|D?nl) dx

:19 919 & +2 p e19+2 p 2 I
||” ||loo(l/})N/\|f | / Ni] X,
f()) some C - C(N, p N pN) > 0.

Proof. We start by taking 8 > 1 and writing

/ga(vus)ﬂ“nz dx = /ﬁs(Vua)ﬂ ((Gs(Vuf) = 1)y + 1) n* dx

N
< /ﬁg(Vug)ﬁ n? dx +/‘§S(Vu8)ﬁ ng,g(ufck)nz dx.
k=1

We observe that if we set

or = max{1,2P*2/2} and &= max o = max{l,2P¥72/2}

k=1,...,
using (2.3) or (2.6) on the second integral, we get

Spk/z
n? dx

N
/ G (Vub)PH n? dx < / Ge(Vu®)P n? dx + / G:(Vu)P > " op
k=1
N / 5
u
+ [ﬁs(Vus)ﬂ Zak Mwik n?dx.
= Pk

By recalling that g; (z)¢ > 0 and using that 0 < & < 1, we get

N
f E(Vub)PHn? dx < / G(Vut)l n?dx +5 — / E(Vu®)P n? dx
P1

— N
o
+ o [ Ge(Vu®)P Z 8 (U ) Uy, n?dx.
k=1
In the last term, using the product rule and equation (2.14), we obtain

f o (Vut)PH n? dx
N 7 &
< (1 +0 p_> fﬁg(Vus)ﬂ 772 dx — p_ Z / (gg(Vue)ﬂ)Xk g;(,g(uik)ue 772 dx
1 1 k=1

—_ N —
20 / & & o £ & & & &
ey / 5e(Vu) g 5w, dx [ G (Vus)P £5(E°Y u)us o dx.
k=1
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By using that u? is bounded and that 0 < (¢¢)’ < 1, we get

N
/ge(Vue)lg-'rlnz dx S (1 +6' _)fgg(Vus)ﬂ 772 dx
D1
5 |||l oo By op S
" T Z |(§g(Vu ) )xk||gk,s(uxk)|77 dx
k=1

20 ||uf|| 10
” ”L (B)

N
3 / (V)P (g}, (w5 ) 10wy | dx
P1 k=1
p— &
+ o [u’llL (B) /gg(vus)ﬂ |f€|772 dx.
D1
Now, (2.10) together with the fact that 9, > G, and g, > 1 entail

20 [[u®||L=(B)

N
3 [ 5. (V)P (g}, (5 )] 010wy | dx
P1 =1

20 [[uf|| Lo -
o||up|lL (B) pré’” 1)/PN/§8(VME),3+1—1/PNn|vn|dx

IA

T / G (Vub)Pt n? dx

1 _ o ue 0o 2
b2 gy (TN iy / G (Vu)YP 2w |92 dx,
T P1

where in the last inequality we applied Young’s inequality.

By choosing t = 1/2, we can absorb the term containing &,(Vu?)#*!, and we get
from (3.19) the following:

1
3 / G (Vut)P+H n? dx

(3.20) < (1 + i—?’) / (V)P n? dx

o ||uél|; N
- W 2. / (56 (Vu®)P)  [185 e (a5, )0 dx
k=1

— us e 2
+ 2(NP§6]N 1)/pN)2 (6' ” ”L (B)) /gs(vué‘)ﬁ+l—2/p1v |Vn|2 dx
P1

~ &€
+ TREIED) [ 9| 74132 .
1
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For the second term on the right-hand side, we use Young’s inequality: for every t > 0,

e N
I leeey / |(Ge(Vu)P), | lgh oS, )0 dx
P k=1
5 e o) <
= TN g [ vyt (5050, g0 )
k=1
- (o||u£Loo(B)> /g (Vuf)f—2 |(g (Vu"’") | g/ (uxk)” dx
1

ug )

+ - Z/ﬁ(ve)ﬁ(g ot n* dx
=2 (A ey’ Z / (56 T)2), [ ] ) 7

2
e ey BAE

We also notice that by (3.12) we have

V(g wE))?

D = <5V,
k=1 gk’g(uxk)
Thus from (3.20), we get
1 N
- /ga(vue)ﬂ“nz dx < (1 + U—)/gg(vwf)ﬂ n? dx
2 P1

N
o ||u oo
( Il ||L <B>) Z f (5 (Vu)P2) [” i s )0 dx

T

5
+ % G.(Vus)BH1 2 dx

e
2 (wpg iy (T ey f Go(Vut)P 1720w |72 dx
P1

- &
e A A
1
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By choosing t = 1/(28), we can absorb again the term containing &,(Vu?)#*1 on the
right-hand side and obtain

l/g@(vuS)ﬂ“ n?dx < (1 + ﬂ) /gs(vw)ﬂ 7 dx
4 D1

- (T [t e )\ 2 — . o
43 (TRE) 3 [, Pt i

S )
+2 (1\/])1(\1;11v—1)/pzv)2 (U J[u EL (B)) /ﬁs(Vus)ﬁ""l—Z/pN NREE:
1
= &
O'“u ||L (B) /gs(vus)ﬁ |f8|772 dx.
P1

On the right-hand side, we now use the Caccioppoli inequality (3.2) witha = 8 — 1 > 0,
So to get

N
S [ ket (5Tue ) [P ria
k=1

+

< CIBZ/ gg(VME)ﬂ+l—2/PN (|V7’]|2 +7 |D271|) dx + Cﬁzf |f8|2 gg(vue)ﬂ—l 772 dx,
for some C = C(N, p1, pn) > 0. This finally gives

/ Ge(Vu)P 12 dx

< c/ Ge(Vu)? n? dx + Cluf |} oo () /32/ Ge(Vus)BH1=2/28 (12 + 5| D?)) dx

+C |70 () B / | /212 Ge(Vul) P 2 dx+ C ||uf || Lo () / G (Vu®)P | £ n?dx,

for some C = C(N, p1, py) > 0. On the first term on the right-hand side, we can use
Young’s inequality:

C/ﬁ (Vu®)B p? dx < i /g (vuf)ﬂ+1n2dx+ﬂ/n2dx.
’ “B+1) BB+1)

By choosing 7 = 1/2, we can re-absorb the term §,(Vu®)#+1. This gives
1
3 / G (Vub)PH n? dx

2B CB+1
<
T B+

+ C |7 oo (5 B° / | £ e (Vuf)P 1 2 dx+C |[uf|| oo (p) / Go(Vu®)? | £1n? dx.

/ n? dx + C|uf||7 ooz B / Go(Vu)PT1=2/28 (|Vy)2 + n|D?)) dx

We proceed in a similar way for the two terms containing f¢. By using Young’s inequality
with exponents
B+1 B+1 B+1
—, — and

-1 2 g Pt
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respectively, we get

C |13 oo ) B> / | fe12 Ge(Vu)P 2 dx + cnueumw) / Ge(Vus)? | £10? dx

—B
217
ﬂHfg(w)ﬂ“ 24 +—ﬁ+1 1y 251 [ 172
/3 Cﬂ-‘r
+T,3+1 ﬁs(Vus)ﬁﬂnz dx + — ﬁ(ﬂ+ 5 [l 6”52;23) |fa|3+1n2dx

By choosing t = 1/8, we can absorb again the terms containing the power 8 + 1 of
G.(Vu?®). This finally leads to the estimate (3.18), up to renaming ¥ = 8 + 1 —2/pn.
This concludes the proof. ]

4. Uniform higher integrability

In this section, we establish a higher integrability estimate for Vu®, which will eventu-
ally lead to the result of Proposition I.1. Throughout this section, we shall assume that
1 < p; <--- < pn, without any further restriction. Up to some technical facts, the proof
of the next result is simply based on iterating the estimate of Proposition 3.2, starting from

2

do = ——-

Py
However, some care is required in order to get an a priori estimate only depending on
the L' norm of ,: observe indeed that 9 > 1 in the case py > 2. For this purpose, we
further need an interpolation trick.

Proposition 4.1. Let 1 < p; < py <--- < py < 00. Then for every pair of concentric
balls B, € BRr € B and every y > 2, we have

G.(Vu®) dx <T'1 + 1"2/ G.(Vu®)dx,
B, BR

for two constants I'1, ', > 0 depending on
N, pn. p1, Vs R, R—r1, || f¥llLv(Bg) and |[u®|lLe(s).

Proof. We take y > 2 and define the sequence of exponents

2 2 2 2 2
Yo=—F., Vip1=0i+—=—F+(@G+1)—=2+i—, fori eN.
P PN Py PN PN
We set
4.1) io=max {i € N :i < ZX(y —2)}.

This in particular implies that
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We now need to distinguish various cases, according to the values of py and y, allowing
to iteratively refine estimate (3.18).

Case A.1. Here we assume that
4.2) oy <2 and pTN(y—Z)eN.

This is the simplest case: we get the estimate by iterating Proposition 3.2 with exponents
¥ = ¥ and a suitable sequence of shrinking balls.

More precisely, we fix B, and Bg as in the statement, and define the sequence of
decreasing radii

R—
rpi=R—1i , fori =0,...,1 1.
: io + 1 ot
Accordingly, we take a cut-off function n; € COZ(B,,.) fori =0,...,ip, such that
C(iog + 1)2
O<m <1, m=1lonBy,. [Vn>+|D%n< “R-r2

By applying (3.18) with & = 9;, n = n;, and using the properties of the cut-off function,
we get

Cz? Cﬁz (l() + 1)2
e\t e\t
/ G.(Vuf)Vitl dx < _, |Br| + —( ) f|ue® ||L°°(B)[ 5. (Vu®)" dx

o ¥ ,
+ CO O 1ty [ 170,

Briy

for a constant C = C(N, p1, py) > 0. By using Holder’s inequality on the right-hand
side, we also get

/l;rm ﬁa(Vue)ﬁiJrl dx < Cﬂ—l:i |Br| + % llu 8||L°°(B)/ 4, (Vu6)19, dx
*-3) + OO BRI Pt ( /B e ax)
R
Starting from i = 0 and iterating (4.3) from O to iy, we get
4.4 [ Ge(Vu)Po+t dx < M + Do /B Ge(Vu®)Pv dx,
" R

where we set, for notational simplicity, and for every natural number 0 < k < i,

CoZ G0+ 1)? Clio+1)? ., io—k+1 [0 5
Dk_[E—(R_r) By | = [Ty 4 ] gﬁi,

ig &
C ! - ot —%; ¥
M = (ﬂ_ |Br|+ CP 9 |BR|"™" /Y (|uf|| ooy | f v 8r) " )Di+1,
. 12
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with the notational agreement that D;,1; = 1. Their precise expression is not very import-
ant, but we point out that D¢y and M depend only on

N, pN.p1.V: R.R =1, fellLv(Br) and [uellLo(p).-
Thanks to the assumption (4.2) and recalling that §; > 1, we get
Bio41 =y and G(Vu)Pvdx < | §.(Vu)dx,
Bpr Bgr
thus the desired conclusion follows from (4.4).
Case A.2. Here we assume that
pv=2 ad Bl -2¢N.
In light of the second assumption, we have
Vip+1 < ¥ < Vip+2,

where ig is the index defined in (4.1). Thus in this case, we need an extra step of the
iteration, by suitably adapting the choice of the exponent ¢. We take B, € B, € Bg,

where
_ R+r

2 3

and define the sequence of decreasing radii

R_
r=R—i—2 fori=0,....i+1
ip+1

We take a cut-off function n; € COZ(Bri) fori =0,...,ip, such that

C(ip + 1)?
O<m =l m=1onBr,. |Vl +|Dn|< -5
By proceeding as above, we now get
(4.5) / Ge(Vut)Piot dx < M+ Do | Go(Vu®)?Pv dx.
B, Br

The last term can be estimated from above, by using again that 2/ p), < 1. However, in
order to reach the desired exponent y> 6;,41, we need to apply (3.18) once more. We take
a cut-off function n € C§(B,) such that

0<n<1l. p=1lonB, |Vnf+|D*y<——-
(e—r)

By applying (3.18) with®
2
V=y—-—,
PN

30bserve that such a choice is feasible, since y —2/py > 2/ pfy if and only if y > 2.
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and the cut-off function above, we get
/ Go(Vu®)” dx < C|BR| + Clu’||Zoo(g) / Ge(Vus)’ ~2/PN dx
Br BQ

Oy [ 157
Bgr

On the right-hand side, the term containing §,(Vu?) is under control, since by con-

struction,
2
Y — — <Uig+2 — — = Vig+1.
PN PN

Thus we have
/ G (V) 2/PN dx < / G (Vus)Pio+1 dx,
B, B,

and the last term can be estimated by (4.5).

Case B. Here we assume that py > 2. The proof goes exactly as before, so, for every
r < R with Br € B, we certainly have

/ Ge(Vu®)’dx <T1 + I / Go(Vu®)2/Pw dx,
By Br+r)/2

but now the major difference is that we need to estimate the integral on the right-hand side.
Indeed, in this case 2/p), > 1 and we cannot directly assure that this term is bounded,
uniformly in e. We need to use an interpolation trick to get a reverse L2/ Py-L' estimate
on §.(Vu®). We denote

R+r
0= 5
and we observe that
1< i, < 2,
PN

thus by interpolation in Lebesgue spaces, we get forevery o < s <t < R,

(pn—2)/ PN

@6 [ 5(VuyIh dx < ( / guvuryax) " ( / 5(Vu)? dx)
B By By

The L? norm on the right-hand side can in turn be estimated by means of (3.18), observing

that
2 2
2 —_

Py N
By taking ¥ = 2/p’, and a cut-off function 7 € CZ(B;) such that

C
0<np<1, n=1 on By, |Vr)|2+|D277|§—,
(t—s5)?
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we thus get, from (3.18),

C ,
%.(Vu®)2dx < C|B S— 72 /gv“/l’zvd
. s(Vu®)"dx = |R|+(t_s)2||M||L ® [, s(Vu®) x

+ O o) / P dix
Br

C e2 e\2/p)
E ClBR|+W”u ||L°°(B) /;;t gs(Vu ) Py dx

- 2/y
+ C|Bg|'2 ||u8||iw(3)(/lg |f8|ydx) ,
R

for C = C(N, p1, pn) > 0. We insert the above inequality into (4.6) and use the subad-
ditivity of 7 > 1PN =2/PN 1o get

’ 2/
/ G:(Vu)?/Pn dx < ( / ga(Vu‘s)dx) Y (€| BRl) N2 PN
B, B,
-2

+ (/Bs G.(Vu®) dx)Z/pN ((,_C—s)z ||u€||im(3)>1)2]1\72 (/Bt ga(Vu8)2/p§v dx)ppNT

—2

2/pN PN—2
+ (fB Ge(Vu®) dx) (CIBRI"Y (1 |22y 1 £ v Bo)”) ™V -

For the second term on the right-hand side, we apply Young’s inequality with conjugate
exponents py /2 and py/(py —2). We get

’ 2/
Ge(Vut)?/ P dx < ( £. (Vi) dx) " (| Bg|) NP/ PN
B Br

(pn—2)/2 -2 ,
) G (Vus)>/ Py dx

2 C
= g \VJ & d = & 200
+ (Vi) x((z—s)z Il 2o m) PN JB,

PN JBp
2/pn B -
([ oty an)™" (COBRI (i 1 i)™
R

‘We now use Lemma 2.7 with the choices

, -2
Z(s) = / .(Vut)2/ Py dx, 9 =PN"=
By

PN

2 —-2)/2
A= | G(Vut)dx (Clu o) " 2% w0 = pv -2, B =0,
PN JBg

and

€ = ( N £.(Viif) dx>2/pN

- - (pn—2)/
. [(C|BR|)(PN 2)/pN 4 (C|BR|1 2/y (1| oo ca) ||f6||L1'(BR))2) PN PN]’
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in order to absorb the penultimate integral. This permits to conclude that

/ ~ 2/
Go(Vu®)?Pv dx < C ( / G.(Vub) dx) "M (| Bg|) NP PN

B, Bpr
~ 2 1 . . (pn—2)/2
+C o /BR Ge(Vit*) dx (C 2o )
~ 2/pn _ (oy—2
+C ( G.(Vu®) dx> (I1Br|* 2/y (oo sy ILFE Ly 8)?) pN=2)/PN

Bp

This gives the claimed L?/ Py -1 estimate on g, (Vu®). The desired conclusion now easily
follows. We leave the details to the reader. ]

Remark 4.2 (Quality of the constants). For future references, it is important to notice that
the two constants I'; and I'; in the previous statement are uniformly bounded from above,
whenever there exists a constant C > 1 such that

1/ €llzrBr) + ULy = C. forevery 0 < & < &o,

and |
R—r>—-
C

On the contrary, we see from the proof above that
lim I'; = 400, fori =1,2.

Yy —>0o0

5. Uniform Lipschitz bound

We now establish a local L°° estimate for Vu?: this time, this will lead to Theorem L.

Proposition 5.1. Let 1 < p; <--- < py <2 and 0 < ¢ < gg. Then for every pair of
concentric balls B, @ B € B, R < 1, and every ¢ > N, we have

156 (V) Lo (B,

1 N/(q_N) N —N
=C[ rorywaram ( /B G:(Vu)? dx) LIS 156 (V) s gy
R

for some C = C(N, pn, p1,q) > 0.

Proof. We will use a Moser’s iteration scheme, in order to get the claimed estimate.
By (2.2), foreveryi = 1,..., N, we have

- —2)/ pi

gtlta(uil) > (pz - 1) (8 + |uii|2)(171 2)/2 — (pl _ 1) (pl gi’g(uii))(P )/ p
i—2)/pi —2)/pi
= (p; — 1) (pl (;E(VMS))(p )/ p > (pl _ 1) (pl gs(VMS))(P )/ p i

thanks to the fact that p; < 2, forevery i = 1,..., N. We can further estimate the last
term from below as follows:

gz{:s(“ii) > (p1 = 1) (py) P12/ g (Vy#)P1=D/p1
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By using this lower bound in (3.2), we get
N
Z/gg(vut?)(m—Z)/m |(g8(vu6)(a+l)/2)Xi ‘2,’2 dx
i=1
(5.1) <Ca+1)? / Ge(Vuf)* 2228 (V|2 + | D?n]) dx

+C(a + 1)2/ | £8)? Ge(Vus)* n? dx,

for some C = C(N, p1, py) > 0. With simple algebraic manipulations, for every o > 0
we have

gE(Vu‘?)(pliz)/pl |(g£(vu5)(a+l)/2)Xi ‘2
=(*37) (22 — R M L M
2 T ;

Thus from (5.1) we obtain
/ |V (e (Vu)@+2/271 ) 22 g
52) < Cla+ 177 [ S.(Vuy 22000 (V3 4y [DPg) d
2 €12 eya .2
+Cla+1) /|f |“ G (Vu®)*n= dx,
for some C = C(N, p1, pny) > 0. By adding on both sides the term
/ (gg(vue)(a+2)/2—1/p1)2 |V77|2 dx,
and using again that §; > 1, we then obtain from (5.2),
[ 19 (v my P ax
53) < Cla+ 12 [ G(Vuty 200 (VP g D)) dx
+Ct 17 [ 178 vu o dx,

possibly for a different constant C = C(N, p1, py) > 0. Let us suppose for simplicity
that N > 3. The case N = 2 can be treated with minor modifications. On the left-hand
side of (5.3), we then use Sobolev’s inequality in W 1-2(R¥). This gives

. 2/2%
(/(ga(vus)(a+2)/2—l/Pl r’)Z dx)
(5.4) < Cla+ 1) [ (VU 22oN (1Y P 4+ 5| D) dx

+ C(a + 1)2/ | £E1? Ge(Vu®)* n? dx,
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with some new constant C = C(N, p1, py) > 0. We choose 1 € COZ(BR) to be a cut-off
function such that

C
0<n<l1, n=1onB, |Vy?*+|D? S
<n< n on By, [Vn|”+| nl_(R 2
Thus we obtain, from (5.4),

B 2 2/2* a+1)? )
(/ (gs(VMS)(a+2)/2 l/m) dx> <C ﬁ/;le gS(VMS)a+2 2/pN gy

r

+ C(a + 1)2/ | £61? Ge(Vub)* dx.

Bgr
We now take an exponent ¢ > N. By Holder’s inequality on the last term, we deduce that

(/B (ge(vus)(a+2)/2—l/p1)2* dx)2/2

(o +1)?
=7 (R-r)2

-9
+ Cat 02 1 Waqay ([ #Tuty ax
R

(5.5) f G, (Vut)*+272/pn g
Bpr

)(4—2)/q

Before proceeding further, we rely on Holder’s inequality to get

(q—2)/ , 2/
Go(VuS 22 dx < (| G.(Vu)*a*2 dx) e (| Svusy?/7vax)
Bgr

Br Br

Moreover, by recalling that G, > 1, we have
gE(VuS)aq/(q—z) < (gs(vus)(x+2—2/p1)11/(11—2)'

By using these two facts in (5.5), we obtain

(/ gE(VMS)(OH-Z—Z/Pl) % dx)Z/z*
B,

1 / 2/q
5.6) < Clo+ 1]t T ( / (TP dx) " S i
% ( gg(vus)(ot—i-Z—Z/Pl)quz dx>(q_2)/q_
Bpr
We now set
2
0=a+2——
P
so that from (5.6), we get
« 2/(2%6)
(/ Go(Vut) T ? dx)
B,
21/6 /D 2/ 2 1/
5.7) =€) [t () 2w ax) ™ 1

L (g— 2)/(q9)
x( g.(Vue)l a2 )
Br
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We define the sequence of exponents through the following recursive relation:

*

q

0o =1, 6i4q -2 = ?Qi, fori € N;

that is,*

2% 2 2% g —2\i+1

i = (2= (2T fien

2 q 2 q

We also define the classical sequence of shrinking radii
R—r .
T :r—i—T, fori € N.
With this notation, from (5.7) we get
&
”g{;‘(vu )“quT2 0i+1 (Bri\ )
C ’ 2/q 1/6;
- / 2

(5.8) < [(R — ( BTy dx) " 4 CI g )

x4’21/9’§V'3 o
@ DM VN,

By starting from i = 0 and iterating (5.8) n times, we get

&
||§8(Vu )”quTZg"‘H(B et
5.9 B eyilon dx)” 4 ¢ Heo
(5.9 [(R_r)z (VuY!P dx )"+ ClL gy |
ig 241/6; e
xﬂm DY NGV 1y
i=0
By observing that
i n2\1/6; __
lim H(4 o)V =: Cy 4 < +o0,
i=0
and
. 2q i N q-2 2
1 =1 ) =
nlg}oze 12(2*((1 2)) 24¢-N’
if we take the limit as n goes to oo in (5.9), we end up with
N a=2
2 q—

1 , 2/q
16 (V) lLo(s,) < C | ———3 Ge(Vu )PV dx) "+ || f¥ N aayp
(R—r) B
R

X [|Ge(Vu®) ”Lq/('l*Z)(BR) ,

4Observe that
2q
2*(q—2)
and the latter holds true, in view of our assumption.

<l <<= g¢g>N,
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for some C = C(N, p1, pn,q) > 0. The previous estimate holds for every r < R such
that Bg € B. Thus, we can now use a standard interpolation trick to rectify it and replace
the L9/(9=2) norm on the right-hand side by the L' norm.

This goes as follows: we first observe that

2/ (q—2)/
166 (V) ara-2 3y < (196 (V) Loo(r) ™" (186 (V) IL1m) " -
Then by using Young’s inequality with exponents ¢/2 and ¢ /(g — 2), we get
16 (Vu®) || Lo (B,)

=2 cqlig-2 [ 19 dx) 2
< ; ci/ [m ( G (Vu)4/'Pn dx) + ||f€||Lq(BR)]

N _4q
2 g—N

X 1Ge(Vu)llLr(pg) + = IIﬁ (V¥ || Lo (Bp) -

We now take s, ¢ such that r < s < ¢ < R. The previous estimate is valid by replacing r
with s and R with ¢. Thus, with some simple algebraic manipulations, we get

16 (Vu) Lo (B,)

q

q—2 Ca= 1 / / N

< Go(Vus)!/ P dx ) 4| ¢ ||
4 'S [(t s)q%qv < Br ) Lita)

X Ge(Vud)llLr(pg) + = II§ (V)| (B,) -
By relying once again on Lemma 2.7, from the last estimate we get
[1Ge(Vu®)llLoo(a,)

~ 1 , P
=€ [ Ng ( Ge(Vur) /7 dx)q S Fal A BR):| 16 (Vu)ll L1 ) -
(R—r)anN “JBr

By finally using that
Ge(Vu)/PN < Go(Vu),

we eventually conclude the proof. ]

6. Uniform higher differentiability

At last, we prove a Sobolev-type regularity result for (some nonlinear function of) Vu?,
which eventually will permit to establish Theorem S.

Proposition 6.1. Let1 < p; <--- < py <2. ForO<e <ggandi =1,...,N, we set

t
6.) Vie = VieQil, ), with Vi o(r) = / o/ (D) dr.
0
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Then for every non-negative n € C 2(B) and every y > 2, we have’

Zf [VViel? n* dx < C/ﬁ (Vus) 2 AIP=1en) (Vg2 4+ | D)) dx

i=1

2-p1 _v_ (r— 2)/)/ /v
6.2) e (/gs(vm) i dx [|f 7 2 dx) :
for some C = C(N, py, p1) > 0.

Proof. We start by fixing k € {1, ..., N} and inserting in the differentiated equation (2.15)
the test function ¢ = ui n?. Thus we get

N
D [ st i o dx = =2 z [ el s
i=1

+ / (£ 4 S, 1P dx.

For the first term of the right-hand side, we use the same trick as in the proof of Proposi-
tion 3.1: we observe that

gz g(uxl)uxkx, - (gl/',é‘(uffi )xk

and then integrate by parts. We integrate by parts the term (f° ({°) (4°))x, , as well. This
yields

N
Z/gl e(ux,) |uxkx |2 772 dx
i=1
N
=2 Z/ g S,) (S, M), dx = f FEEY ), 0P dx

63 = [u. (2 S 61, 11 — oY ) r2) d

i=1
N

42 [ (38105 O s + ) = W £ ) v
i=1

By Young’s inequality and the fact that 0 < (£¢)’ < I, we can estimate the first term of the
right-hand side as follows:

/ v, (2 Zg,g(uxl)nnx, £o@Y W) dx

= 3 [, o Pordvra [ (1 ((Dgw(uxl») (VP +17°P n?) dx.

SWhen y = 2, the last term is simply C || §; 7 ||(2 ri)/p1 I ferlez.
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We use (2.2) to estimate 1/g}/, on the right-hand side. On account of this inequality,
we get

, 1
[t (2 5 gLt s — £GP d < L [ s P P

i=1

4_ 1 / (e+ (ui’}k)z)(z_pk)/2 ((i Ig,‘,s(uii)|)2|v,7|2 + |fa|2n2) dx.

i=1

Inserting the above inequality into (6.3) and absorbing the Hessian term of the right-hand
side into the left-hand side, one gets

Z / gl ) e, 12 7P dx

i=1

8 _ N 2
64 =y [ e o)™ (X lehett 1) 1902 + 15502 d
i=1

N
+ 4/ uik (Zgl/,s(ufc,) (ka r)xi + 7) ﬂxi xk) - 77 77xk fa(é‘s)/(ua)) dx

i=1

‘We now estimate the last term as follows:

[ Zg,s(ux,)(nxknx,mnx,xk) M £1E) W) dx|

i=1
N
5/Iuikllf”"lnlvnlder/Iuikl > 18t @) (IVn]? + 1 D)) dx
i=1

Observe that we used again that 0 < ({*)" < 1. We apply Young’s inequality on the last
term to obtain

[ ] S leb 1V + D7) d

i=1

<5 [t Z|g,a<ux,)|) (IVn? + 51D2n))) dx

/ e, |7 (IVnf? + 1 1D2]) dx

By further using that py < 2, we have

— — 2— —
|”fck|2 Pk < (g + (u;k)Z)(Z pi)/2 _ pl(c Pi)/ Pk gk,e(”ik)(z P/ prc
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It follows from the above inequality and (6.4) that
N
- [ ehtuty it o

i=1
N
2
= € [ et ) (3 1g1ut)I) 1902 + 17 ) dx

i=1
e / e, 17 (V02 + | D)) dx + C / W, 1151 0|Vl dx.

for some C = C(p1, py) > 0. Then take the sum over k = 1,..., N. This gives

N
> [ ettty 19, o

i=1

N N
65 < C/ng,s(uik)(z_pk)/p" ((Z|g;,€(u;i)|)2|vn|2+ |f#120?) dx
k=1 i=1

N N
e f 71, 17 (199 + 0| Dnl) dx + C / S s, |1£51 1Vl dox.
k=1 k=1

By Lemma 2.3, we have

N N
Z |gz/',s(”fc,-)| < p%nv—l)/mv ZGE(VM«S)(M—I)/M < Np}(\fN—l)/PN gg(vus)(PN—l)/PN'

i=1 i=1

Moreover, by the definitions of g ., G¢, and &, it is easily seen that

N
3 gro (s, )PP < C G, (Vur) @01,
k=1

N N N
Y 1P <Y pregreh,) < CE(Vuf) and Y [ul, | < CE(Vus)! /P,
k=1 k=1 k=1

where all the constants depend only on N, p; and py. From (6.5), we get

N
3 / ¢S, ) Vs, 2 o dx

i=1

<C /gg(vu8)1+2(1/171—1/171v) |V77|2 dx +C /gg(vus)(l—m)/m |f8|2772 dx

+C / .(Vu®) IVl + 71D2n]) dx + C / S (Vu)P1 | £ 0| V| dx,

for some C = C(N, p1, pn) > 0. Since

11
1<1 +2(p— - p—) and  G(Vu®) > 1,
1 N
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the third term can be absorbed in the first one, up to increasing C if necessary:

N

3 f g (S, [V, P P dx

i=1
66) <C [ .(Vut) F2P=1nw) 1V 4 | D?y) dx

e / 5.(Vue)C PP | £ 2 dx 4 C / (Vue) /P | ¥ 7| V] dox.
In the last term, we write
Ge(Vu) P | £ V| = (§:(Vu®) 2| Vi) (G:(Vu)/P=12 ] fe| ),

and use Young’s inequality:
] 5.(Vue) /P | ¥ 7|Vl dx < / 50(Vi) |Vnl? dx + / o (VU PL| £ R dx
< / o(Vu) 2P0 (192 4 | D7) dx + f (VU P | £ P dx,

where in the last line we have used again that §; > 1. Inserting this estimate in (6.6), we
obtain

N
> / gl ) VUl P> dx < C / Ge(Vus)! T2 A/P=UPn) (1|2 4 5| D?n)) dx
i=1

+C /gs(vus)@—m)/l’l | £ n? dx.

On the left-hand side, we use the definition (6.1) of V; , which gives that
IVViel? = i us,) [Vus, .

This yields the desired conclusion when the exponent y in the statement of Proposition 6.1
is equal to 2. When y > 2, we only need to apply the Holder inequality to the last term of
the right-hand side with the exponents y/(y — 2) and y/2. The proof is complete. |

7. Proofs of the main results

We finally establish the three results presented in the introduction by relying on the rel-
evant a priori estimates that we have obtained in the previous sections. We thus fix a ball
B4r(x¢) € 2 as in the statements of Proposition 1.1, Theorem L and Theorem S: we are
going to use the results of the previous sections, with the choice B = B;g(xg).

We will use the functions §y and §,, defined by (1.1) and (3.1). Moreover, we will
omit to indicate the centers of the balls, which will always be xy.
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7.1. Proof of Proposition 1.1

In this section, we assume that 1 < p; <--- < py <ocand f € L} () for some y > 2.
We consider the ball Bg € B. Then for every 0 < ¢ < &y,

| feNLrBr) < I f Ly 2 B)-

Using also that ||u®||peo(gy < M + 1, Proposition 4.1 and Remark 4.2 imply that for every
0 < & < g9 we have

(7.1) G.(Vu?) dx <T1 + T, G.(Vu®)dx,
Bgr/> Br

for two constants I'1, I'; > 0 which do not depend on ¢, but only on

N, pn. p1, v, R, || fllLve sy and M = ||U| L2 B)-
In particular, by using that®
(7.2) 60(z) < .(z) < C(e?V/? + §y(2)), foreveryz € RV,

for some C = C(N, pn, p1) > 0, we can infer

Go(Vu®) dx <T1 4+ CTs | (P2 + Go(Vu®)) dx.
BR/2 BR

In view of Lemma 2.6, there exists an infinitesimal sequence {& }xen such that
(u®*, Vu®*) converges to (U,VU) a.e.in B.

‘We then take the limit on both sides of the estimate above and use Fatou’s lemma on the
left. We get

(7.3) / S (VU) dx <T1 + CT, lim inf/ Go(Vub*) dx.
Br)» k—o00 Bg
By Lemma 2.6, the functions uf, converge to Uy, in L' (B). Hence, the continuity of the

map v € L? (B) ~ |v|Pi € L'(B) implies that

(74) lim %o (Vu®) = Go(VU)llL1(8) = 0.
By using this result in (7.3), we obtain

S (VU dx <T1 +CTI, G(VU)dx.
Bg)2 Bgr

This concludes the proof, up to renaming the constant I';.

The upper bound simply follows from (2.16), with standard algebraic manipulations.
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7.2. Proof of Theorem L

14
loc

In this section, we assume that 1 < p; <--- < py <2and fe€ L; (2) forsomey > N.
In particular, y > 2 and thus we can rely on Proposition 4.1.

We introduce the ball Bg € B as before. By Proposition 5.1 applied with Bg/4
and Bg/,, for every e € (0, &9), we have

4)Ny/(y—N)< 5. (V) dx

166 (V) ooy =< € [ (%

)N/(V—N)
R

Bgr)»
N —-N
LI 16T s s,

for some C = C(N, py, p1,y) > 0. On the right-hand side, we can apply (7.1), in order
to estimate the term containing . . This yields

R 4 \Ny/(y—N) R N/(y—N)
15V o = €[ (3) (fi+1s [ G(Vus)ax)
Bpr
N —N
LIS | 15T L s,

We now take the same infinitesimal sequence {&; }ren as in the proof of Proposition 1.1.
By using again (7.2), the lower semicontinuity of the L° norm with respect to almost
everywhere convergence, the property (7.4) and the fact that f°* is defined from f by
convolution with a smooth kernel, the limit as k goes to co gives

Fl +F2 g()(VU)dX

4 )Ny/(y—N) (
Bg

16 (V) Lo = €[ (5

N —N
LI 156 (T L sy

)N/(V—N)

possibly for a different C = C(N, pn, p1,y) > 0. This completes the proof.

7.3. Proof of Theorem S

We assume that 1 < p; <--- < py <2and f satisfies (1.3). We can suppose that p; < 2,
otherwise the result is well known. We set, for notational simplicity,

2
y=14—"
P1
Consider the ball Bg € B, and let n € C§°(Bpg/2) be such that
2 2 Go
n=1lonBgry, 0=<n=<1, and |Vy|"+|D n|§ﬁ,
for some Cy which depends only on N. The choice of y entails the following estimates:

2—p1 Y

p1oy—2
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Then, as a consequence of (6.2), we have

N C
§ :[ |VVie?dx < ﬁ/ G:.(Vu®) dx
i—1 Y Br/a Bgr/>

y—=2)/vy
+ C( G.(Vu®)? dx) ||f€||I%V(BR)’

Bgr/2
where we also used that §; > 1, by definition. We now rely again on (7.1), to estimate
the terms containing g, . This estimate and Young’s inequality with exponents y/2 and

y/(y —2) give

N
(7.5) ; /B

possibly for a different constant C = C(N, pn, p1) > 0. From this estimate, we deduce
that the family V'V; , is uniformly bounded in L?*(Bgr /4)- Moreover, by (2.2) we have

(7.6) V&) < (e + )P/ < | Pim22 1 for g £ 0,

Thus, by recalling the definition of V; ., we get

2.2
/ IVi,SIde=/ Vi (u,)I? dx < (—) f |us, 17 dx,
BR/4 BR/4 Di BR/4

and the latter is uniformly bounded, thanks to Lemma 2.5.

Thus, by taking the same infinitesimal sequence {ex }x>1 as in the proof of Propos-
ition 1.1, we have obtained that {V; ¢, }xen is a bounded sequence in WI’Z(BR/4). By
appealing to the Rellich—KondraSov theorem, we can infer its convergence to a func-
tion V; € Wl’z(BR/4), weakly in WI’Z(BR/4) and strongly in LZ(BR/4) (up to a sub-
sequence). By the lower semicontinuity of the L2 norm, (7.2) and (7.4), we get from (7.5)
that

C —2 pe
VYV, o> dx < v (rl + r2/ Ge(Vu) dx) +CR" (£ v 8y

R/4 Br

A

N
C
IVV;?dx < — (T +rz/ G(VU)dx) + CRZ | 111, 5,)-
;/BRM i R2 ( Br ) LY(Bg)

possibly for a different C = C(N, py, p1) > 0. We claim that for every 1 <i < N and
for almost every x € Bg/4, we have

a7 Vi(x) = p3 VB =T U 0P 22 U, ().

Indeed, take x € Bg/4 such that u5* (x) converges to Uy, (x), and such that |Uy, (x)|< + oo.
Observe that the collection of these points has full measure in Br/4. We then set

M;(x) = sup |usk(x)],
keN
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which is finite, by construction. Then, for every k > 0 we have
2 _
Vier () = — /i = TIU (0|72 U )
1
2 _
= [Vien 0t 00) = — i =T U ] 7272 U, (o)
1
Wk ()
| [ (Ve @ = Vo= DI ) af
0
2 _ -
oV T [P0 ) = U (0] P22 U, (o)
12
M;(x)
= [ Vet @ = Vi = D] e
0

2 o .
o T 1P () = U (0P U ()]
14

Thanks to (7.6), one can apply the dominated convergence to conclude that the first term
in the right-hand side converges to 0 when k goes to +o00. By also using that ufc’f (x)
converges to Uy, (x), we finally get (7.7).

By using the chain rule in Sobolev spaces, we also obtain that Uy, € W 1?1 (Bg,4) and
satisfies the estimate claimed in the statement of Theorem S. The proof is complete.

A. A weak maximum principle

Let G:RY — [0, 4+-00) be a convex function such that G(z) > G(0) forevery z € RV \ {0}.
Let {: R — R be a Lipschitz function, with the following property: there exists M > 0

such that
£(t) = M, ift>M,
Tl -M, ift<-M.

Givenaball B C RN, fe L' (B)and U € W' (B) N L*(B) such that
|UllLeogy <M and / G(VU)dx < +o0,
B
we consider the functional
F) = [ [G(Vv) + f¢(v)]dx, foreveryv e U + WOI’I(B).
B
Lemma A.l. If u is a minimum of ¥, then |ul|pop) < M.
Proof. We want to test the minimality of u against the truncated function
v := max{—M, min{u, M }}.
By construction, we still have v € U + WOI’I(B), and by minimality of u, we get

Fu) < F).
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By the properties of ¢, we have

F) = / [G(Vu) + fC(u)] dx+/ G(0)dx
{lul=M} {

[u|>M}

d — dx.
+ /{u>M}f§(M) X+ /{u<_M}f§( M) dx

Hence, using that () = {(M) when u > M and ¢(u) = {(—M) when u < —M, by
comparing the last two displays, we get

/ G(Vu)dx < / G(0)dx, thatis, / [G(Vu) — G(0)]dx <0.
{lul>M} {lul>M} {lul>M}

Thanks to the properties of G, we deduce that Vu = 0 almost everywhere on the set
{lu| > M}. It follows that Vu = Vv almost everywhere, and since ¥ = v = U on 9B,
this implies that u = v almost everywhere in B. In particular, |u| < M almost everywhere
in B. ]
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