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Abstract. This paper studies the asymptotic stability of solutions to an initial-boundary value prob-
lem for a hyperbolic-elliptic coupling system on the two-dimensional half-space, where the data on
the boundary and at the far field are prescribed as u� and uC, respectively. We show that the solu-
tion to the problem converges to the corresponding planar rarefaction wave for 0 � u� < uC as
time tends to infinity. To the best of our knowledge, the stability results of planar rarefaction waves
on half-space focus primarily on the single viscous conservation law because the rarefaction wave
(one-dimensional diffusion wave) of the corresponding one-dimensional problem to scalar viscous
conservation law is known. In other words, for a general high-dimensional system of equations,
we cannot obtain the stability of planar rarefaction waves on half-space because we cannot con-
struct the rarefaction wave of the corresponding one-dimensional problem. In this paper, we use the
structure of the hyperbolic-elliptic coupling system to obtain the monotonic rarefaction wave of the
corresponding one-dimensional hyperbolic-elliptic coupling system, and hence give the stability of
the planar rarefaction wave on half-space. This can be viewed as the first result for the system of
equations on the stability of planar rarefaction waves on half-space.

Keywords: hyperbolic-elliptic coupling system, planar rarefaction wave, L2-energy method,
initial-boundary value problem, asymptotic behavior.
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1. Introduction

In this paper, we consider the asymptotic stability of solutions to an initial-boundary
value problem for a hyperbolic-elliptic coupling system on the two-dimensional half-
space: ´

ut C f .u/x C g.u/y C div q D 0; .x; y/ 2 RC �R; t > 0;

�r div q C q Cru D 0; .x; y/ 2 RC �R; t > 0;
(1.1)

with initial data
u.x; y; 0/ D u0.x; y/ (1.2)

and boundary condition

u.0; y; t/ D u�; t > 0; (1.3)

u.C1; y; t/ D uC; q.C1; y; t/ D 0; t > 0; (1.4)

where u and q D .q1; q2/ are dependent variables with values in R and R2, respectively.
Both f and g are smooth functions, and u˙ are constants. We assume that f is strictly
convex, i.e., for a certain positive constant ˛,

f 00.u/ � ˛ > 0; u 2 R; (1.5)

and that the characteristic speeds f 0.u˙/ satisfy

f 0.u�/ < f
0.uC/: (1.6)

Without loss of generality, we also assume

f .0/ D f 0.0/ D 0: (1.7)

The study of (1.1) is motivated by physical models or the so-called radiative gas
model. The model is used to describe the dynamics of a gas in which radiation is present,
and it consists of the compressible Euler equations coupling with an elliptic system rep-
resenting the radiative flux, cf. Vincenti and Kruger [32]. System (1.1), first mentioned
by Hamer in [4], simplifies the model for the motion of radiating gases on the two-
dimensional half-space. For the deduction of system (1.1), we refer to [1, 3, 4, 32]. In the
in-flow case of u� > 0, the boundary condition (1.3) is necessary for the single hyperbolic
equation (1.1)1. In addition, we also require

div q.0; y; t/ D 0 (1.8)

for the solvability of the coupling elliptic equation (1.1)2. On the contrary, in the out-flow
case of u� < 0, the boundary condition (1.3) is sufficient and necessary for the solvability
of the hyperbolic-elliptic coupling system (1.1).

Conditions (1.5) and (1.6) give u� < uC. Referring to [21], we recall that the asymp-
totic behavior of the solution to the one-dimensional scalar viscous conservation law is
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classified into the following three cases in accordance with the signs of the characteristic
speeds f 0.u˙/:

(a) f 0.u�/ < f
0.uC/ � 0,

(b) 0 � f 0.u�/ < f
0.uC/,

(c) f 0.u�/ < 0 < f
0.uC/.

In case (a), the solution of (1.1) converges to the corresponding stationary solution .xu; xq/
which satisfies 8̂̂<̂

:̂
f .xu/x C xqx D 0; x 2 RC;

�xqxx C xq C xux D 0; x 2 RC;

xu.0; t/ D u�; lim
x!C1

xu.x/ D uC:

In case (b), the solution behaves as the rarefaction wave which satisfies8̂̂<̂
:̂
rt C f .r/x D 0; x 2 R; t > 0;

r.x; 0/ D r0.x/ WD

´
u�; x < 0;

uC; x > 0:

Here r.x; t/ D r.x
t
/ is given explicitly by

r.x; t/ D

8̂̂<̂
:̂
u�; x � f 0.u�/t;

.f 0/�1.x
t
/; f 0.u�/t � x � f

0.uC/t;

uC; x � f 0.uC/t:

In case (c), the solution tends to the superposition of stationary solutions and rarefaction
waves.

There are many works concerning the asymptotic stability of solutions for different
physical systems. Most of them are in the case of one dimension. The pioneer work for
stability of nonlinear waves for the Cauchy problem on scalar viscous conservation laws
was done by Il’in and Oleinik in [9] in 1960. Then, the rate of convergence toward the
rarefaction wave was first obtained by Harabetian in [5] for the viscous Burgers equation
and the further work has been investigated by many authors in [7, 23, 24]. For the half-
space problem on scalar viscous conservation laws, Liu and Nishihara in [22] considered
the asymptotic stability of a viscous shock wave for the case of u� > uC. For the case
where u� < uC, Liu, Matsumura and Nishihara in [21] first proved the asymptotic sta-
bility of rarefaction waves or stationary solutions as well as the superposition of these
two kinds of waves. The convergence rate of the rarefaction wave on half-space was
found by Nakamura in [25]. By a combination of the weighted Lp energy method and
theL1 estimate, Hashimoto, Ueda and Kawashima in [6] obtained the convergence rate of
the superposition of stationary solutions and rarefaction waves. These problems were also
considered for the hyperbolic-elliptic coupling system (1.1) on the one-dimensional space.
Tanaka in [30] proved that the solution approaches the diffusion wave for the case where
u�D uCD 0. Kawashima and Nishibata in [14] investigated the existence and asymptotic
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stability of traveling waves and also obtained the convergence rate for u� > uC. The
remaining case u� < uC was studied by Kawashima and Tanaka in [17]. They showed the
asymptotic stability of the rarefaction wave and obtained the convergence rate. Recently,
the initial boundary value problem of the one-dimensional system (1.1) was also studied
thoroughly. Ruan and Zhu in [29] considered the case 0 D u� < uC for a hyperbolic-
elliptic system on the one-dimensional half-space and justified the convergence toward
the corresponding rarefaction wave. Moreover, Ji, Zhang and Zhu in [11] further showed
the asymptotic stability of the stationary solution, rarefaction wave, and the superposition
of these two kinds of waves for the cases u� < uC � 0, 0 � u� < uC and u� < 0 < uC,
respectively. In addition, the asymptotic stability of rarefaction waves or stationary solu-
tions for the compressible Navier–Stokes equations was fully studied in [13, 16, 18, 27].

In the case of the multi-dimensional space, Xin in [34] first investigated the asymptotic
stability of planar rarefaction waves for viscous conservation laws in two dimensions, and
then Ito in [10] found the decay rate. Nishikawa in [28] further improved their results
without smallness conditions. Kawashima, Nishibata and Nishikawa in [15] first studied
the asymptotic stability of planar stationary solutions for viscous conservation laws on
the two-dimensional half-space and obtained the convergence rate, and Ueda, Nakamura
and Kawashima in [31] improved the decay rate for the degenerate case by using the time
weighted Lp energy method. Recently, there are also many papers discussing the asymp-
totic stability for the hyperbolic-elliptic coupling system in the multi-dimensional whole
space. Gao, Ruan and Zhu investigated the asymptotic decay rate for the Cauchy prob-
lem of the planar rarefaction wave for a hyperbolic-elliptic system in Rn, n D 2; 3; 4; 5,
cf. [2, 3]. For the initial-boundary problem for system (1.1)–(1.4), case (a) correspond-
ing to planar stationary solutions was considered by Zhang and Zhu in [35]. However,
for case (b) where 0 � f 0.u�/ < f 0.uC/, the stability of planar rarefaction waves has
been left open. For the initial-boundary value problem of other physically meaningful
equations in the multi-dimensional case, there are interesting results about the stability
of planar stationary solutions; we refer readers to [12, 26] for the compressible Navier–
Stokes equations. However, the corresponding stability results of planar rarefaction waves
are quite few. The reason is that it is quite difficult to show the monotonicity of profiles
and decay rate of the corresponding one-dimensional equations for the general high-
dimensional system of equations. On the other hand, the large-time behavior of solutions
to the compressible Navier–Stokes equations is determined by the Riemann problem on
the corresponding inviscid Euler system, which contains a planar rarefaction wave in
the genuinely nonlinear characteristic fields. This will lead to the emergence of error
terms composed of planar rarefaction waves in the perturbation equations, which are only
related to x but independent of y such that the integration of these terms over y 2 R
is divergent. As far as we know, the stability results of planar rarefaction waves for the
multi-dimensional Navier–Stokes equations only consider the case in an infinitely long
flat nozzle domain, cf. [19, 20, 33]. Obviously, in this case (y belongs to a bounded
domain), the planar rarefaction wave is integrable in y-direction. Therefore, it is mean-
ingful to study the stability of the planar rarefaction wave for an initial-boundary value
problem for system (1.1) on the two-dimensional half-space.
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Our aim of this paper is to prove the large-time behavior of the solution of (1.1)–(1.8)
for case (b), where 0 � f 0.u�/ < f 0.uC/. Compared with the one-dimensional stability
results in [11] and the Cauchy problem in [3], the additional difficulties here lie in the
boundary estimates of higher order derivatives, the integration of the planar rarefaction
wave over y-direction and the L1-estimate of the perturbation V WD U � zu. To over-
come the first difficulty, we give the relation between the boundary values in Lemmas 3.6
and 3.31, and utilize the tangential derivative estimates in y-direction and in t -direction to
control the boundary terms occurring in the normal direction. In addition, by utilizing the
analysis of div-curl decomposition, we convert the boundary term in the form of p.0;y; t/
to the form of divp.0;y; t/ to complete theH 3-estimates of the perturbation p WD q �Q.
For the second difficulty, this is a hard problem faced by all multi-dimensional equations.
To solve the second difficulty, we consider the one-dimensional initial-boundary value
problem (2.10)–(2.12) to further approximate the rarefaction wave. Fortunately, the one-
dimensional system (2.10)–(2.12) can be rewritten as the following scalar equation form
with convolution

Ut C f .U /x C U �KU D 0; x 2 RC; t > 0; (1.9)

where K is the inverse of the elliptic operator �@2x C 1 in RC, which is defined in (3.58).
It is this scalar equation form that allows us to generalize the monotonicity result in [34]
to our problem (2.10)–(2.12). From the maximum principle, we prove that the solution U
of system (2.10)–(2.12) satisfies Ux.x; t/ � 0 for any .x; t/ 2 RC � RC provided that
the initial data U0.x/ is a smooth non-decreasing function of x-variable (see details in
Lemma 2.4). Moreover, we obtain the decay rate of U and its derivatives, which plays an
important role in estimating the perturbation v WD u�U . Thanks to the structure of (1.9),
we can convert the perturbation equations (2.19) into the form of (3.60), which helps us
deal with the third difficulty (see in Lemma 3.22).

This paper is organized as follows. In Section 2, we summarize some basic properties
of the planar rarefaction wave, which are given in [7,17]. Then we reformulate the initial-
boundary problem (1.1)–(1.3) and present our main theorem. In Section 3, we show the
asymptotic behavior for the case of 0 � f 0.u�/ < f 0.uC/, which corresponds to the
planar rarefaction wave. More precisely, we show that if the rarefaction wave strength is
suitably weak (juC � u�j � 1) and the initial data u0 in (1.2) is suitably close to the
planar rarefaction wave, then the initial-boundary value problem (1.1)–(1.3) has a global-
in-time solution which converges to the planar rarefaction wave r.x; t/ as time tends to
infinity. The specific results can be found in Theorem 2.6.

Notations. Throughout this paper, we denote generic constants by C and c unless they
need to be distinguished. We denote RC �R by R2C. Let�DRC or R2C. For any nonneg-
ative constant p (1� p �1),Lp.�/ denotes the usual Lebesgue space over�, equipped
with the norm k � kLp.�/. For any l � 0, H l .�/ denotes the usual Sobolev space over �
with the norm k � kH l .�/. We use the notation rkf as in the meaning

r
kf D .@kxf; @

.k�1/
x @yf; : : : ; @x@

.k�1/
y f; @kyf /;

where f D f .x; y; t/ and r0f D f . The notation � WD @2x C @
2
y denotes the Laplacian.
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2. Preliminaries and main theorem

2.1. Preliminaries

In order to prove the main Theorem 2.6, we first give some inequalities which will be
used later. The following lemma is given in [8].

Lemma 2.1. Assume that N � 2 is an integer, l1; l2; : : : ; lN are nonnegative integers,
1 � p; q; r �1 with 1

p
D

1
q
C

1
r

. Let l D l1 C l2 C � � � C lN . Then there exists a positive
constant C D C.N; p; q; r; l/ such that the inequality NY

jD1

.@
lj
x fj /


Lp.RC/

� Ckf kN�2L1.RC/
kf kLq.RC/k@

l
xf kLr .RC/ (2.1)

holds for any f .x/ D .f1.x/; f2.x/; : : : ; fN .x//.

As an application of inequality (2.1), for any 1 � p � 1, [3] points out that@kx°f 000.w/f 00.w/
w2x

±
Lp.RC/

� Ck@kC2x wkLp.RC/ (2.2)

provided kwkL1.RC/ is bounded.
Throughout this paper, we denote the rarefaction wave strength ı by

ı WD ju� � uCj:

As the rarefaction wave r.x; t/ is only Lipschitz continuous, we need to find a smooth
approximation rarefaction wave through the viscous Burgers equation as in [7,17]. Define
zw.x; t/ as a solution of the Cauchy problem´

zwt C zw zwx D zwxx ; x 2 R; t > 0;

zw.x; 0/ D wR0 .x/; x 2 R:
(2.3)

For the case of f 0.u�/ > 0, we define the initial data as

wR0 .x/ WD

´
f 0.u�/; x < 0;

f 0.uC/; x > 0:
(2.4)

For the case of f 0.u�/ D 0, zw.x; t/ does not converge to the corresponding rarefaction
wave fast enough around the boundary x D 0 under the initial condition (2.4). Thus, when
f 0.u�/ D 0, wR0 .x/ is given as

wR0 .x/ WD

´
�f 0.uC/; x < 0;

f 0.uC/; x > 0;

which yields zw.0; t/D 0. Using the Hopf–Cole transformation, we can obtain the explicit
expression of zw.x; t/. From (1.5), we define a smooth approximation w.x; t/ of the rar-
efaction wave as

w.x; t/ D .f 0/�1. zw.x; t//: (2.5)
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Substituting (2.5) into (2.3), we obtain that w.x; t/ satisfies the equation8̂<̂
:wt C f .w/x D wxx C

f 000.w/

f 00.w/
w2x ; x 2 R; t > 0;

w.x; 0/ D w0.x/ WD .f
0/�1. zw.x; 0//; x 2 R:

(2.6)

The monotonicity and decay rate of rarefaction wave have been thoroughly studied in
[7, 17]. We directly give the properties of the smooth rarefaction wave wi .x; t/, i D 1; 2,
in Lemma 2.2, where w1.x; t/ corresponds to the case f 0.u�/ D 0 and w2.x; t/ corre-
sponds to the case f 0.u�/ > 0.

Lemma 2.2. For 1 � p �1 and t > 0, the smooth rarefaction waves wi .x; t/, i D 1; 2,
satisfy the following properties:

(i) 0� w2.0; t/� u� � Cıe�c.1Ct/ for f 0.u�/ > 0 and w1.0; t/D 0 for f 0.u�/D 0;

(ii) j@kx@
l
tw2.0; t/j � Cıe

�c.1Ct/, j@kx@
l
tw1.0; t/j � C.1 C t /

� 1
2 .kClC1/, k C l D 1;

2; 3; 4, k; l 2 N;

(iii) kwi .t/ � r.t/kLp.R/ � C.1C t /
� 1

2C
1

2p ;

(iv) kwix.t/kLp.R/ � Cı
1
p .1C t /�1C

1
p , kwit .t/kLp � Cı

1
p .1C t /�1C

1
p ;

(v) k@kx@
l
twi .t/kLp.R/ � Cı.1C t /

� 1
2 .kCl�

1
p /, k C l D 1; 2; 3; 4, k; l 2 N;

(vi) k@kx@
l
twi .t/kLp.R/ � C.1C t /

� 1
2 .kClC1�

1
p /, k C l D 1; 2; 3; 4, k; l 2 N;

(vii) wix > 0, x 2 R.

For the case of f 0.u�/ > 0, we know that for any x 2 .�1;C1/, w2.x; t/ satisfies
u� < w2.x; t/ < uC due to Lemma 2.2 (vii), which yields w2.0; t/ 6D u�. Therefore,
we need to modifyw2.x; t/ around the boundary x D 0. For simplicity, we still denotew2
asw in the following. By employing the idea of Nakamura in [25], we define the modified
smooth approximation .zu; zq/ as´

zu.x; t/ D w.x; t/ � yu.x; t/;

zq.x; t/ D �wx.x; t/ � yq.x; t/;
(2.7)

where ´
yu.x; t/ D .w.0; t/ � u�/e�x ;

yq.x; t/ D wxx.0; t/e�x :
(2.8)

Note that yu.0; t/ � 0, if f 0.u�/ D 0. Substituting (2.7) into (2.6) and capturing x 2 RC,
we have8̂̂̂̂

ˆ̂̂<̂
ˆ̂̂̂̂̂:

zut C f .zu/x D zuxx C yuxx � yut � .f .zuC yu/ � f .zu//x C
f 000.w/

f 00.w/
w2x ;

x 2 RC; t > 0;

zq D �zux � yux � yq; x 2 RC; t > 0;

zu.0; t/ D u�; zqx.0; t/ D 0; t > 0;

zu.x; 0/ D zu0.x/ WD w0.x/ � yu.x; 0/; x 2 RC:

(2.9)



M. Zhang, C. Zhu 8

From Lemma 2.2, by simple calculations, the following estimates of zu.x; t/ can be ob-
tained. For details of the proof, we refer to [7, 17, 25].

Lemma 2.3. Suppose that f 0.u�/ > 0. For 1� p �1 and t > 0, the smooth rarefaction
wave zu.x; t/ satisfies the following:

(i) j@kx@
l
t zu.0; t/j � Cıe

�c.1Ct/, k C l D 1; 2; 3; 4, k; l 2 N;

(ii) kzu.t/ � r.t/kLp.RC/ � C.1C t /
� 1

2C
1

2p ;

(iii) kzux.t/kLp.RC/ � Cı
1
p .1C t /�1C

1
p , kzut .t/kLp � Cı

1
p .1C t /�1C

1
p ;

(iv) k@kx@
l
t zu.t/kLp.RC/ � Cı.1C t /

� 1
2 .kCl�

1
p /, k C l D 1; 2; 3; 4, k; l 2 N;

(v) k@kx@
l
t zu.t/kLp.RC/ � C.1C t /

� 1
2 .kClC1�

1
p /, k C l D 2; 3; 4, k; l 2 N;

(vi) zux > 0, x 2 R.

Since the terms on the right-hand side of (2.9)1 are not integrable with respect to y,
we consider the one-dimensional initial-boundary value problem corresponding to (1.1)–
(1.8), which can further approximate zu by the problem´

Ut C f .U /x CQx D 0;

�Qxx CQC Ux D 0
(2.10)

with initial data
U.x; 0/ D U0.x/ (2.11)

and boundary condition

U.0; t/ D u�; Qx.0; t/ D 0; U.C1; t / D uC; Q.C1; t / D 0: (2.12)

Referring to [3], we get the monotonicity of U.x; t/ in x-direction by assuming that
d

dxU0.x/ � 0 for x 2 RC.

Lemma 2.4 (Monotonicity of profile). Assume that U0.x/ is monotonically non-decreas-
ing, i.e.,

d
dx
U0.x/ � 0; x 2 RC:

Then the solution .U.x; t/;Q.x; t// of (2.10)–(2.12) satisfies

@

@x
U.x; t/ � 0; Q.x; t/ � 0; .x; t/ 2 RC �RC:

Proof. We take differentiation of (2.10)1 with respect to x and denoteUx.x; t/ byW.x; t/.
Consequently, we get´

Wt C f
0.U /Wx C f

00.U /W 2
CQxx D 0;

�Qxx CQCW D 0
(2.13)

and
W.x; 0/ D Ux.x; 0/ D

d
dx
U0.x/ � 0: (2.14)
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We extend the function W.x; t/ such that

zW .x; t/ D

´
W.x; t/; x � 0;

W.�x; t/; x < 0:

Then Q.x; t/ in (2.13) can be solved as

Q.x; t/ D zQ.x; t/jx�0

and satisfies Q.x; 0/ � 0 due to (2.14), where

zQ.x; t/ D �
1

2

Z
R

e�jx�yj zW .y; t/ dy D �
1

2

Z
RC

.e�jx�yj C e�jxCyj/W.y; t/ dy:

Therefore, we can rewrite (2.13) as8̂<̂
:
Wt C f

0.U /Wx C f
00.U /W 2 CQCW D 0; .x; t/ 2 RC �RC;

Q D �
1

2

Z
RC

.e�jx�yj C e�jxCyj/W.y; t/ dy; .x; t/ 2 RC �RC:
(2.15)

We make the transformation

W D xW �
1

L
et ; (2.16)

where L is a positive constant. From (2.15)2, we get

Q.x; t/ D�
1

2

Z
RC

.e�jx�yj C e�jxCyj/ xW .y; t/ dy C
1

L
et

WD xQC
1

L
et : (2.17)

Consequently, we get from (2.14) and (2.15) that

xWt C f
0.U / xWx C

�
f 00.U / xW �

2

L
etf 00.U /C 1

�
xW C xQ

D
1

L
et
�
1 � f 00.U /

1

L
et
�

(2.18)

and
xW .x; 0/ > 0; xQ.x; 0/ < 0:

We claim that xW .x; t/ > 0 and xQ.x; t/ < 0 for any .x; t/ 2 RC � RC. In fact, for any
T > 0, let

t0 D inf
t
¹t j xW .x; t/ D 0 or xQ.x; t/ D 0 8x 2 RC; t 2 .0; T �º:

If t0 does not exist, the proof is completed. Otherwise, t0 2 .0; T � and then there exists
x0 2 RC such that xQ.x0; t0/ D 0 and xW .x; t0/ � 0 for any x 2 RC, or xW .x0; t0/ D 0
and xQ.x; t0/ � 0 for any x 2 RC. We argue by contradiction for the above two cases.
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Case 1. xQ.x0; t0/ D 0 and xW .x; t0/ � 0 for any x 2 RC. From (2.17), we can deduce
that xW .x; t0/ D 0 for any x 2 RC. It follows that W.x; t0/ and Q.x; t0/ attain their
minimum and maximum respectively at the point x D x0. Notice that xWt .x0; t0/ � 0,
xWx.x0; t0/ D 0. If we choose L sufficiently large satisfying

1 � f 00.U /
1

L
et � 1 � f 00.U /

1

L
eT > 0 on RC � .0; T �;

then we get a contradiction at the point .x0; t0/ from (2.18).

Case 2. xW .x0; t0/ D 0 and xQ.x0; t0/ < 0. In this case, we see that xWt .x0; t0/ � 0,
xWx.x0; t0/ D 0. Similarly, we can get a contradiction by (2.18) if we choose L suffi-

ciently large.
Therefore, we obtain

xW .x; t/ > 0; xQ.x; t/ < 0; .x; t/ 2 RC �RC:

Letting L!C1 in (2.16), we have

W.x; t/ � 0; Q.x; t/ � 0; .x; t/ 2 RC �RC:

We complete the proof of Lemma 2.4.

Setting

u.x; y; t/ � zu.x; t/ D ¹U.x; t/ � zu.x; t/º C ¹u.x; y; t/ � U.x; t/º

WD V.x; t/C v.x; y; t/

and

q.x; y; t/ �

�
zq.x; t/

0

�
D

²�
Q.x; t/

0

�
�

�
zq.x; t/

0

�³
C

²
q.x; y; t/ �

�
Q.x; t/

0

�³
WD

�
P.x; t/

0

�
C p.x; y; t/;

we get two reformulated problems:8̂̂̂̂
<̂
ˆ̂̂:
Vt C .f .V C zu/ � f .zu//x C Px D R1;

�Pxx C P C Vx D R2;

V .0; t/ D 0; Px.0; t/ D 0;

V .x; 0/ D V0.x/ D U0.x/ � zu0.x/

(2.19)

and 8̂̂̂̂
<̂
ˆ̂̂:
vt C .f .v C U/ � f .U //x C g.v C U/y C divp D 0;

�r divp C p Crv D 0;

v.0; y; t/ D 0; divp.0; y; t/ D 0;

v.x; y; 0/ D v0.x; y/ D u0.x; y/ � U0.x/;

(2.20)
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where 8̂<̂
:R1 WD yqx C yut C .f .zuC yu/ � f .zu//x �

f 000.w/

f 00.w/
w2x ;

R2 WD yux C yq � zuxxx � yuxxx � yqxx :

(2.21)

By utilizing Lemmas 2.2 and 2.3, it is not difficult to get the following corollary.

Corollary 2.5. Suppose that f 0.u�/ > 0. For 1�p�1 and t > 0,R1.x; t/ andR2.x; t/
satisfy

(i) kR1.t/kLp.RC/ � Cıe
�c.1Ct/ C Cı

1
p .1C t /�2C

1
p ;

(ii) k@kx@
l
tR1.t/kLp.RC/ � Cıe

�c.1Ct/

C C min¹ı.1C t /�
kClC2

2 C 1
2p ; .1C t /�

kClC3
2 C 1

2p º, k C l D 1; 2; 3; 4;

(iii) k@kx@
l
tR2.t/kLp.RC/ � Cıe

�c.1Ct/

C C min¹ı.1C t /�
kClC3

2 C 1
2p ; .1C t /�

kClC4
2 C 1

2p º, k C l D 0; 1; 2; 3; 4;

(iv) j@kx@
l
tR1.0; t/j � Cıe

�c.1Ct/, k; l D 0; 1; 2; 3; 4.

For the case where f 0.u�/ D 0, R1.x; t/ D �
f 000.w1/
f 00.w1/

w21x and R2.x; t/ D �zuxxx , and it
holds that

(v) kR1.t/kLp.RC/ � Cı
1
p .1C t /�2C

1
p ;

(vi) k@kx@
l
tR1.t/kLp.RC/ � C min¹ı.1C t /�

kClC2
2 C 1

2p ; .1C t /�
kClC3

2 C 1
2p º, k C l D

1; 2; 3; 4;

(vii) k@kx@
l
tR2.t/kLp.RC/ � C min¹ı.1C t /�

kClC3
2 C 1

2p ; .1C t /�
kClC4

2 C 1
2p º, k C l D

0; 1; 2; 3; 4;

(viii) j@kx@
l
tR1.0; t/j � C min¹ı.1C t /�

kClC2
2 ; .1C t /�

kClC3
2 º, k C l D 1; 2; 3; 4.

Proof. We only give the proof of (i)–(iii) and (viii). The remaining estimates can be
obtained by a similar method. From Lemma 2.2 (i), (iv), (2.8)1 and (2.21)1, we have

kR1.t/kLp.RC/ � Cıe
�c.1Ct/

C C
� Z

RC

jwxj
2p dx

� 1
p

� Cıe�c.1Ct/ C Ckwx.t/kL1.RC/kwx.t/kLp.RC/

� Cıe�c.1Ct/ C C.1C t /�1ı
1
p .1C t /�1C

1
p

� Cıe�c.1Ct/ C Cı
1
p .1C t /�2C

1
p :

Therefore, the desired estimate (i) is obtained.
Next, we try to show the estimate (ii). By utilizing (2.2), we can get

k@kxR1.t/kLp.RC/ � Cıe
�c.1Ct/

C C
@kx°f 000.w/f 00.w/

w2x

±
Lp.RC/

� Cıe�c.1Ct/ C Ck@kC2x w.t/kLp.RC/:

From Lemma 2.2 (v), it follows that

k@kxR1.t/kLp.RC/ � Cıe
�c.1Ct/

C Cı.1C t /�
1
2 .kC2�

1
p /: (2.22)
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On the other hand, from Lemma 2.2 (vi), it also holds that

k@kxR1.t/kLp.RC/ � Cıe
�c.1Ct/

C C.1C t /�
1
2 .kC3�

1
p /: (2.23)

Combining (2.22) and (2.23), we complete the proof of (ii) in Corollary 2.5.
To get (iii), we can get from (2.21)2 that

k@kxR2.t/kLp.RC/ � Cıe
�c.1Ct/

C k@kC3x zukLp.RC/:

Estimate (iii) can be obtained by applying Lemma 2.3 (iv) and (v). Finally, we show esti-
mate (viii). In fact, from (vi),

j@kx@
l
tR1.0; t/j � k@

k
x@
l
tR1.�; t /kL1.RC/ � C min¹ı.1C t /�

kClC2
2 ; .1C t /�

kClC3
2 º:

We state the main result in this paper as follows.

2.2. Main theorem

Theorem 2.6. Assume that 0 � f 0.u�/ < f 0.uC/ holds. Suppose that u0.x; y/ � r0 2
L2.R2C/ \ L

1.R2C/ and ru0 2 H 2.R2C/. Then there exists a positive constant ı0 such
that if

ku0.x; y/ � r0kL2.R2
C
/ C kru0kH2.R2

C
/ C juC � u�j � ı0;

then the initial-boundary value problem (1.1)–(1.8) has a unique global solution .u; q/
which satisfies8̂<̂

:
u � r 2 C 0.Œ0;1/IH 3.R2C//; ru � rx 2 L

2.0;1IH 2.R2C//;

q C rx 2 C
0.Œ0;1/IH 3.R2C// \ L

2.0;1IH 3.R2C//;

div q C rxx 2 C 0.Œ0;1/IH 3.R2C// \ L
2.0;1IH 3.R2C//

and
sup

.x;y/2R2
C

jr
k.u.x; y; t/ � r.x; t//j ! 0 as t !1; k D 0; 1;

sup
.x;y/2R2

C

jr
k.q.x; y; t/C rx.x; t//j ! 0 as t !1; k D 0; 1;

sup
.x;y/2R2

C

jr.div q.x; y; t/C rxx.x; t//j ! 0 as t !1:

3. Asymptotics to planar rarefaction wave

In this section, we focus on case (b) where 0� f 0.u�/ < f 0.uC/. We devote ourselves to
showing that the asymptotic behavior of the solution of (1.1)–(1.8) is the corresponding
planar rarefaction wave as t tends to infinity. In order to show that Theorem 2.6 is true,
we just need to prove the following two results, Theorems 3.1 and 3.2.
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Theorem 3.1. Assume that (1.5), (1.7) and 0 � f 0.u�/ < f 0.uC/ hold. Suppose that
V0 2 H

4.RC/ \ L1.RC/. Then there exists a small positive constant ı01 such that if
kV0kH4.RC/ C ı � ı

0
1, then problem (2.19) has a unique global solution satisfying´

V 2 C 0.Œ0;1/IH 4.RC// \ C
0.Œ0;1/IL1.RC//;

P 2 C 0.Œ0;1/IH 5.RC// \ L
2.0;1IH 5.RC//;

and for a sufficiently large t ,8̂̂<̂
:̂
kV.t/kL1.RC/ � C.1C t /

� 1
2 log3.2C t /;

k@kxV.t/kL1.RC/ � C.1C t /
� 3

4 log5.2C t /; k D 1; 2; 3;

k@kxP.t/kL1.RC/ � C.1C t /
� 3

4 log5.2C t /; k D 0; 1; 2; 3; 4:

Theorem 3.2. Assume that (1.5), (1.7) and 0 � f 0.u�/ < f 0.uC/ hold. Suppose that
v0 2 H

3.R2C/ \ L
1.R2C/. Then there exists a small positive constant ı02 such that if

kv0kH3.R2
C
/ C ı � ı

0
2, then problem (2.20) has a unique global solution satisfying´
v 2 C 0.Œ0;1/IH 3.R2C//; rv 2 L

2.0;1IH 2.R2C//;

p; divp 2 C 0.Œ0;1/IH 3.R2C// \ L
2.0;1IH 3.R2C//

and 8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

sup
.x;y/2R2

C

jr
kv.x; y; t/j ! 0 as t !1; k D 0; 1;

sup
.x;y/2R2

C

jr
kp.x; y; t/j ! 0 as t !1; k D 0; 1;

sup
.x;y/2R2

C

jr divp.x; y; t/j ! 0 as t !1:

(3.1)

In the following, we try to prove Theorems 3.1 and 3.2. We note that the main differ-
ence between f 0.u�/ > 0 and f 0.u�/ D 0 is the boundary values f 0.u�/@kxV.0; t/ and
f 0.u�/r

lv.0; y; t/, k D 1; 2; 3; 4, l D 1; 2; 3. The proof of the case of f 0.u�/ D 0 is
simpler than that of f 0.u�/ > 0. Thus, we only prove the case of f 0.u�/ > 0, and the
proof of f 0.u�/ D 0 is omitted.

3.1. Estimates for the perturbation on the one-dimensional half-space

In this section, we consider the initial-boundary value problem on the one-dimensional
half-space, ´

Vt C .f .V C zu/ � f .zu//x C Px D R1;

�Pxx C P C Vx D R2
(3.2)

with initial data
V.x; 0/ D V0.x/ D U0.x/ � zu0.x/ (3.3)
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and boundary condition
V.0; t/ D 0; Px.0; t/ D 0: (3.4)

Here, R1 and R2 are defined in (2.21). From (3.2), we have

.@kx@
l
tVx/

2
� 3..@kx@

l
tPxx/

2
C .@kx@

l
tP /

2
C .@kx@

l
tR2/

2/; (3.5)

.@kx@
l
tPxx/

2
� 3..@kx@

l
tVx/

2
C .@kx@

l
tP /

2
C .@kx@

l
tR2/

2/ (3.6)

with k C l D 0; 1; 2; 3, k; l 2 N. It will be often used later and plays an important role in
a priori estimates.

The solution of the reformulated problem (3.2)–(3.4) is sought in the set of the func-
tional space X.0; T /, where for 0 � T � C1, we define

X.0; T / D
®
.V; P / j V 2 C 0.Œ0; T /IH 4.RC//; Vx 2 L

2.0; T IH 3.RC//;

P 2 C 0.Œ0; T /IH 5.RC// \ L
2.0; T IH 5.RC//

¯
:

Proposition 3.3. Suppose that the boundary condition and far field states satisfy 0 �
f 0.u�/ < f

0.uC/, the initial data V0 2 H 4.RC/ and the wavelength ı D ju� � uCj are
sufficiently small. Then there are two positive constants zı1 and C D C.zı1/ such that if
kV0kH4.RC/ C ı �

zı1, problem (3.2)–(3.4) admits a unique solution .V .x; t/; P.x; t// 2
X.0;C1/ satisfying

kV.t/k2
H4.RC/

C kP.t/k2
H5.RC/

C

Z t

0

.kVx.�/k
2
H3.RC/

C kP.�/k2
H5.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 / 8t 2 Œ0;1/: (3.7)

Since the proof for the local-in-time existence and uniqueness of the solution to (3.2)–
(3.4) is standard, the details will be omitted. By the Sobolev inequality and Lemma 2.3,
we get 8̂̂̂̂

<̂̂
ˆ̂̂̂:

sup
t�0

3X
kD0

k@kxV.t/kL1.RC/ � Cı
0;

sup
t�0

3X
kD1

k@kxU.t/kL1.RC/ � Cı
0;

(3.8)

where ı0 D .kV0k2H4.RC/
C ı

1
2 /

1
2 is sufficiently small, provided that zı1 is small enough.

In order to prove Proposition 3.3, it suffices to show the following a priori estimates.

Proposition 3.4 (A priori estimates). Let T be a positive constant. Assume that 0 �
f 0.u�/ < f 0.uC/. Suppose that problem (3.2)–(3.4) has a unique solution .V; P / 2
X.0; T /. Then there exist two positive constants zı2.� zı1/ and C D C.zı2/ such that if
kV0kH4.RC/ C ı �

zı2, then we have the estimate

kV.t/k2
H4.RC/

C kP.t/k2
H5.RC/

C

Z t

0

.kVx.�/k
2
H3.RC/

C kP.�/k2
H5.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 / 8t 2 Œ0; T �:
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Before proving the a priori estimates, we first give some basic estimates.

Lemma 3.5. There is a positive constant C such that the following estimates hold:

.A1/
Z

RC

.f .V C zu/ � f .zu//xV dx �
˛

2

Z
RC

zuxV
2 dxI

.A2/
Z

RC

.f .V C zu/ � f .zu//xxVx dx

�
3˛

2

Z
RC

zuxV
2
x dx �

f 0.u�/

2
V 2x .0; t/

� C

Z
RC

jVxj.jzuxxjjV j C zu
2
xjV j C V

2
x / dxI

.A3/
Z

RC

.f .V C zu/ � f .zu//xxxVxx dx

�
5˛

2

Z
RC

zuxV
2
xx dx �

f 0.u�/

2
V 2xx.0; t/

� C

Z
RC

jVxxj
®
.jzuxxxj C jzuxj

3
C zuxjzuxxj/jV j

C .jzuxxj C zu
2
x C V

2
x /jVxj C jVxjjVxxj

¯
dxI

.A4/
Z

RC

.f .V C zu/ � f .zu//xxxtVxxt dx

�
5˛

2

Z
RC

zuxV
2
xxt dx �

f 0.u�/

2
V 2xxt .0; t/ � C

Z
RC

jVxjjVxxt j
2 dx

� C

Z
RC

jVxxt j
®
.jVxj

3
C zu3x C zuxjzuxxj C jzuxxjjVxj C jzuxxxj/jVt j

C .jVxj
2
C jzuxj

2
C jzuxxj/jVxt j

¯
dx

� C

Z
RC

jVxxt j
®�
jzut jjVxj

2
C jzuxt jjVxj C jzuxxt j C jzut jjzuxxj

C zu2xjzut j C zuxjzuxt j
�
jVxj

¯
dx

� C

Z
RC

jVxxt j
®�
jVt jjVxj C jzut jjVxj C jVt jjzuxj C jzut jjzuxj

C jVxt j C jzuxt j
�
jVxxj C .jVt j C jzut j/jjVxxxj

¯
dx

� C

Z
RC

jVxxt j
�
jzut jzu

3
x C zu

2
xjzuxt j C jzut jzuxjzuxxj C jzuxt jjzuxxj

C zuxjzuxxt j C jzut jjzuxxxj C jzuxxxt j
�
jV j dxI

.A5/
Z

RC

.f .V C zu/ � f .zu//xxxttVxxtt dx

�
5˛

2

Z
RC

zuxV
2
xxtt dx �

f 0.u�/

2
V 2xxtt .0; t/

� C

Z
RC

jVxxtt j¹jVxjjVxxtt j C .jVt j C jzut j/jVxxxt jº dx
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� C

Z
RC

jVxxtt j
®
.zu2t C jzut t j/.V

2
x C zu

2
x/

C .jzut zuxt j C jzuxtt j/.jVxj C zux/C V
2
xt C jzuxxjV

2
t

C jzuxxt j.jVt j C jzut j/
¯
jVxj dx

� C

Z
RC

jVxxtt j
®
.jzuxxtt j C jzuxxjzu

2
t C zu

2
xt C jzut t zuxxj/jVxj

C .jzuxxzuxt j C zuxjzuxxt j C jzuxxxt j/jVt j
¯

dx

� C

Z
RC

jVxxtt j
®
.jVxj

3
C zu3x C zuxjzuxxj C jzuxxxj/.jVt j C jzut j/

C jzuxt j.V
2
x C zu

2
x/
¯
jVt j dx

� C

Z
RC

jVxxtt j
®
.jVxj C zux/.V

2
t C zu

2
t /C .jVxj C zux/.jVt t j C jzut t j/

C .jVt j C jzut j/.jVxt j C jzuxt j/C jzuxtt j
¯
jVxxj dx

� C

Z
RC

jVxxtt j
®
.jVt j C jzut j/.V

2
x C zu

2
x/C jzuxxj.jVt j C jzut j/

C zux.jVxt j C jzuxt j/C jzuxxt j
¯
jVxt j dx

� C

Z
RC

jVxxtt j
®
.jVxj

3
C zu3x C jzuxxVxj C jzuxxjzux/jVt t j

C .V 2x C zu
2
x C jVxxj C jzuxxj/jVxtt j

¯
dx

� C

Z
RC

jVxxtt j
®
.V 2t C zu

2
t C jVt t j C jzut t j/jVxxxj

C
�
jVxVt j C zuxjVt j C jzutVxj C zuxjzut j C jVxt j

C jzuxt j
�
jVxxt j

¯
dx

� C

Z
RC

jVxxtt j
®
zuxjzuxxtt j C zu

3
xjzut t j C zu

2
xjzuxt j C zuxzu

2
xtC zu

2
t zuxjzuxxj

C zu2xjzuxtt j C jzut t jjzuxxxj C zuxjzut t jjzuxxj
¯
jV j dx

� C

Z
RC

jVxxtt j
®
jzut zuxt zuxxj C zuxjzut zuxxt j C jzuxxzuxtt j C jzuxxt zuxt j

C zu2t jzuxxxj C jzut zuxxxt j C jzuxxxtt j
¯
jV j dx:

Proof. By direct calculations, we can obtain

.f .V C zu/ � f .zu//xV D .f .V C zu/ � f .zu/ � f
0.zu/V /zux

C

²
.f .V C zu/ � f .zu//V �

Z VCzu

zu

f .s/ ds C f .zu/V
³
x

and

.f .V C zu/ � f .zu//xxVx D
1

2
f 00.V C zu/V 3x C

3

2
f 00.v C zu/zuxV

2
x

C
1

2
¹f 0.V C zu/V 2x ºx C .f

00.V C zu/ � f 00.zu//zu2xVx

C .f 0.V C zu/ � f 0.zu//zuxxVx :
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Integrating the above two equations over RC, from V.0; t/ D 0, we haveZ
RC

.f .V C zu/ � f .zu//xV dx �
˛

2

Z
RC

zuxV
2 dx

andZ
RC

.f .V C zu/ � f .zu//xxVx dx �
3˛

2

Z
RC

zuxV
2
x dx �

f 0.u�/

2
V 2x .0; t/

� C

Z
RC

jVxj.jzuxxjjV j C zu
2
xjV j C V

2
x / dx;

which yields the desired estimates .A1/ and .A2/. The inequalities .A3/–.A5/ can be
obtained by using the similar approach.

Lemma 3.6. Suppose that f .u�/ > 0. The solution V.x; t/ satisfies the following bound-
ary estimates:

(B1) V 2x .0; t/ � Cıe
�c.1Ct/;

(B2) V 2xt .0; t/ � Cıe
�c.1Ct/;

(B3) V 2xx.0; t/ � Cıe
�c.1Ct/ C CP 2xx.0; t/;

(B4) V 2xtt .0; t/ � Cıe
�c.1Ct/;

(B5) V 2xxt .0; t/ � Cıe
�c.1Ct/ C CP 2xxt .0; t/;

(B6) V 2xtt t .0; t/ � Cıe
�c.1Ct/;

(B7) V 2xxtt .0; t/ � Cıe
�c.1Ct/ C CP 2xxtt .0; t/.

Proof. From (3.2)1 and (3.4), it holds that

f 0.u�/Vx.0; t/ D R1.0; t/ � Px.0; t/ D R1.0; t/: (3.9)

By utilizing Corollary 2.5 (iv), we have

V 2x .0; t/ � Cıe
�c.1Ct/:

Differentiating (3.9) with respect to t , we get

f 0.u�/Vxt .0; t/ D R1t .0; t/:

It follows that
V 2xt .0; t/ � CR

2
1t .0; t/ � Cıe

�c.1Ct/:

Similarly, we can get the remaining boundary estimates (B3)–(B7) by utilizing (3.2)1.

Remark 3.7. For the case of f 0.u�/ D 0, the boundary terms (B1)–(B7) in Lemma 3.6
will disappear because the coefficients of all boundary terms .@kx@

l
tV.0; y; t//

2 are f 0.u�/
2

which is given in Lemma 3.5 (A2)–(A5). Similarly, the boundary terms (D3)–(D5) in
Lemma 3.31 will also disappear. In other words, in the case of f 0.u�/ D 0, the result of
the initial boundary value problem (1.1)–(1.8) is the same as that of the Cauchy problem.
For details, we refer to [3].
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3.1.1. A priori estimates. In this section, we will prove Proposition 3.4 under the a priori
assumption

kVx.t/kH4.RC/ � "0;

where 0 < "0� 1. By the Sobolev inequality, there exists a positive constant C such that

k@kxV.t/kL1.RC/ � C"0; k D 0; 1; 2; 3:

For simplicity, we divide the proof of the a priori estimates into several lemmas.

Lemma 3.8. Under the same assumption as Proposition 3.4, there exists a positive con-
stant C such that

kV.t/k2
L2.RC/

C

Z t

0

.k
p
zuxV.�/k

2
L2.RC/

C kPx.�/k
2
L2.RC/

C kP.�/k2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.10)

Proof. We can get from (3.2)1 � V C (3.2)2 � P that

1

2

d
dt
V 2 C .f .V C zu/ � f .zu//xV C P

2
x C P

2
C ¹PV � PxP ºx

D R1V CR2P: (3.11)

For V.0; t/D 0 andPx.0; t/D 0, the terms in ¹� � � ºx disappear after integration in x 2RC.
Thus, integrating (3.11) over RC, by Lemma 3.5 .A1/, we have

1

2

d
dt
kV.t/k2

L2.RC/
C
˛

2
k

p
zuxV.t/k

2
L2.RC/

C kPx.t/k
2
L2.RC/

C kP.t/k2
L2.RC/

� C

Z
RC

.jR1V j C jR2P j/ dx: (3.12)

We treat the terms on the right-hand side of (3.12) as follows. From Corollary 2.5 (i)
and (iii),

C

Z
RC

jR1V j dx � CkR1.t/kL2.RC/kV.t/kL2.RC/

� C.ı
1
2 .1C t /�

3
2 C ıe�c.1Ct//.1C kV.t/k2

L2.RC/
/;

C

Z
RC

jR2P j dx �
1

4
kP.t/k2

L2.RC/
C CkR2.t/k

2
L2.RC/

�
1

4
kP.t/k2

L2.RC/
C Cı2.1C t /�

5
2 C Cıe�c.1Ct/:

(3.13)

Substituting (3.13) into (3.12), we can deduce that

d
dt
kV.t/k2

L2.RC/
C k

p
zuxV.t/k

2
L2.RC/

C kPx.t/k
2
L2.RC/

C kP.t/k2
L2.RC/

� Cı
1
2 ..1C t /�

3
2 C e�c.1Ct//.1C kV.t/k2

L2.RC/
/: (3.14)

Integrating (3.14) over Œ0; t �, for some small ı, we obtain the desired estimate (3.10).
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Lemma 3.9. Under the same assumptions as Proposition 3.4, there exists a positive con-
stant C such that

kVx.t/k
2
L2.RC/

C

Z t

0

.k
p
zuxVx.�/k

2
L2.RC/

C kPxx.�/k
2
L2.RC/

C kPx.�/k
2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.15)

Proof. We can obtain from @x(3.2)1 � Vx � (3.2)2 � Pxx that

1

2

d
dt
V 2x C .f .V C zu/ � f .zu//xxVx C P

2
xx C P

2
x � ¹PxP ºx

D R1xVx �R2Pxx : (3.16)

From Lemma 3.5 (A2), integrating (3.16) over RC, we have

1

2

d
dt
kVx.t/k

2
L2.RC/

C
3˛

2
k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

�
f 0.u�/

2
V 2x .0; t/C C

Z
RC

jVxj.jzuxxjjV j C zu
2
xjV j C V

2
x / dx

C

Z
RC

.jR1xVxj C jR2Pxxj/ dx: (3.17)

Now we estimate the terms on the right-hand side of (3.17) one by one. By applying (2.1)
and Lemma 2.3 (iv) with k D 2, the second term can be estimated as

C

Z
RC

jVxj.jzuxxjjV j C zu
2
xjV j C V

2
x / dx

� .kVx.t/kL1.RC/ C �/kVx.t/k
2
L2.RC/

C C��1kzuxx.t/k
2
L1.RC/

kV.t/k2
L2.RC/

� ."0 C �/kVx.t/k
2
L2.RC/

C C��1ı2.1C t /�2: (3.18)

The last term of (3.17) is bounded byZ
RC

.jR1xVxj C jR2Pxxj/ dx

� �.kVx.t/k
2
L2.RC/

CkPxx.t/k
2
L2.RC/

/C C��1.kR1x.t/k
2
L2.RC/

CkR2.t/k
2
L2.RC/

/

� �.kVx.t/k
2
L2.RC/

C kPxx.t/k
2
L2.RC/

/C C��1ı2.1C t /�
5
2 : (3.19)

Substituting (3.18)–(3.19) into (3.17), by employing Lemma 3.6 (B1), for some small but
fixed �, we have

d
dt
kVx.t/k

2
L2.RC/

C k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

� C."0 C �/kVx.t/k
2
L2.RC/

C Cı2.1C t /�2 C Cıe�c.1Ct/: (3.20)

The inequality (3.5) with k D l D 0 gives

kVx.t/k
2
L2.RC/

� 3.kPxx.t/k
2
L2.RC/

C kP.t/k2
L2.RC/

C kR2.t/k
2
L2.RC/

/: (3.21)
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It follows from (3.20) that

d
dt
kVx.t/k

2
L2.RC/

C k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

� CkP.t/k2
L2.RC/

C Cı2.1C t /�2 C Cıe�c.1Ct/: (3.22)

Integrating (3.22) over Œ0; t � and combining (3.10), we get the desired estimate (3.15).

Combining (3.10), (3.15) and (3.21), we can easily obtain the following corollary.

Corollary 3.10. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such thatZ t

0

kVx.t/k
2
L2.RC/

d� � C.kV0k2H4.RC/
C ı

1
2 /: (3.23)

Lemma 3.11. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kP.t/k2
H2.RC/

� C.kV0k
2
H4.RC/

C ı
1
2 /:

Proof. Rewriting (3.2)2 in the form

Pxx � P D Vx �R1

and squaring this equation, we get

P 2xx C 2P
2
x C P

2
� 2¹PxP ºx D V

2
x CR

2
1 � 2VxR1: (3.24)

Integrating (3.24) over RC, from Px.0; t/ D 0, combining (3.23) and Corollary 2.5 (i),
we obtain

kP.t/k2
H2.RC/

� 2.kVx.t/k
2
L2.RC/

C kR1.t/k
2
L2.RC/

/

� C.kV0k
2
H4.RC/

C ı
1
2 /; (3.25)

which completes the proof of Lemma 3.11.

Lemma 3.12. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVxx.t/k
2
L2.RC/

C kPxxx.t/k
2
L2.RC/

C

Z t

0

.k
p
zuxVxx.�/k

2
L2.RC/

C kPxx.�/k
2
H1.RC/

C kVxx.�/k
2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.26)

Proof. We can get from @2x(3.2)1 � Vxx � @x(3.2)2 � Pxxx that

1

2

d
dt
V 2xx C .f .V C zu/ � f .zu//xxxVxx C P

2
xxx C P

2
xx � ¹PxxPxºx

D R1xxVxx �R2xPxxx : (3.27)



Asymptotic stability of planar rarefaction wave 21

Integrating (3.27) over RC and further employing Lemma 3.5 (A3), we obtain

1

2

d
dt
kVxx.t/k

2
L2.RC/

C
5˛

2
k

p
zuxVxx.t/k

2
L2.RC/

C kPxxx.t/k
2
L2.RC/

C kPxx.t/k
2
L2.RC/

�
f 0.u�/

2
V 2xx.0; t/C C

Z
RC

jVxxj
®
.jzuxxxj C jzuxj

3
C zuxjzuxxj/jV j

C .jzuxxj C zu
2
x C V

2
x /jVxj C jVxjjVxxj

¯
dx

C

Z
RC

.jR1xxVxxj C jR2xPxxxj/ dx: (3.28)

The terms on the right-hand side of (3.28) can be estimated as follows. By using Lem-
ma 3.6 (B3), the first term can be estimated as

f 0.u�/

2
V 2xx.0; t/ � Cıe

�c.1Ct/
C
1

4
kPxxx.t/k

2
L2.RC/

C CkPxx.t/k
2
L2.RC/

: (3.29)

Using the Cauchy inequality and (2.1), we have

C

Z
RC

jVxxj¹.jzuxxxj C jzuxj
3
C zuxjzuxxj/jV j C .jzuxxj C zu

2
x C V

2
x /jVxj C jVxjjVxxjº dx

� .kVxkL1.RC/ C �/kVxx.t/k
2
L2.RC/

C C��1kVx.t/k
2
L2.RC/

C C��1kzuxxx.t/k
2
L1.RC/

kV.t/k2
L2.RC/

� C."0 C �/kVxx.t/k
2
L2.RC/

C C��1kVx.t/k
2
L2.RC/

C Cı2.1C t /�3; (3.30)

andZ
RC

jR1xxVxxj C jR2xPxxxj dx � �.kVxx.t/k2L2.RC/
C kPxxx.t/k

2
L2.RC/

/

C C��1.kR1xx.t/k
2
L2.RC/

C kR2x.t/k
2
L2.RC/

/

� �.kVxx.t/k
2
L2.RC/

C kPxxx.t/k
2
L2.RC/

/

C C��1ı2.1C t /�
7
2 C C��1ıe�c.1Ct/: (3.31)

Substituting (3.29)–(3.31) into (3.28) and choosing small but fixed �, we have

d
dt
kVxx.t/k

2
L2.RC/

C k

p
zuxVxx.t/k

2
L2.RC/

C kPxxx.t/k
2
L2.RC/

C kPxx.t/k
2
L2.RC/

� ."0 C �/kVxx.t/k
2
L2.RC/

C C.kVx.t/k
2
L2.RC/

C kPxx.t/k
2
L2.RC/

/

C Cı2.1C t /�3 C Cıe�c.1Ct/: (3.32)

From (3.5) with k D 1 and l D 0, it follows that

kVxx.t/k
2
L2.RC/

� 3.kPxxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

C kR2x.t/k
2
L2.RC/

/: (3.33)

We substitute (3.33) into (3.32) and then integrate the resulting inequality over Œ0; t �.
Consequently, combining (3.15) and (3.23), for some small ı, � and "0, we obtain

kVxx.t/k
2
L2.RC/

C

Z t

0

.k
p
zuxVxx.�/k

2
L2.RC/

CkPxxx.�/k
2
L2.RC/

CkPxx.�/k
2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /:
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Using relation (3.33) again, we can deduce thatZ t

0

kVxx.�/k
2
L2.RC/

d� � C.kV0k2H4.RC/
C ı

1
2 /:

On the other hand, (3.6) with k D 1 and l D 0 gives

kPxxxk
2
L2.RC/

� C.kPxxk
2
L2.RC/

C kVxxk
2
L2.RC/

C kR2xk
2
L2.RC/

/;

which completes the proof of (3.26).

Lemma 3.13. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVt .t/k
2
H1.RC/

C

Z t

0

.kVt .�/k
2
H1.RC/

C kPt .�/k
2
H2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.34)

Proof. Equation (3.2)1 givesZ
RC

V 2t dx � C
Z

RC

.V 2x C zu
2
xV

2
C P 2x CR

2
1/ dx;Z

RC

V 2xt dx � C
Z

RC

.V 2xx C V
4
x C zu

2
xV

2
x C zu

2
xxV

2
C zu4xV

2
C P 2xx CR

2
1x/ dx:

(3.35)

It follows that

kVt .t/k
2
L2.RC/

� kV.t/k2
H1.RC/

C kPx.t/k
2
L2.RC/

C Cı � C.kV0k
2
H4.RC/

C ı
1
2 /;

kVxt .t/k
2
L2.RC/

� kV.t/k2
H2.RC/

C kPxx.t/k
2
L2.RC/

C Cı � C.kV0k
2
H4.RC/

C ı
1
2 /

andZ t

0

kVt .�/k
2
H1.RC/

d�

� C

Z t

0

.kVx.�/k
2
H1.RC/

C k

p
zuxV.�/k

2
L2.RC/

C kPx.�/k
2
H1.RC/

/ d� C Cı

� C.kV0k
2
H4.RC/

C ı
1
2 /:

From (3.2)2 and Pxt .0; t/ D 0, it is easy to obtain

kPt .t/k
2
H2.RC/

� CkVxt .t/k
2
L2.RC/

C CkR2t .t/k
2
L2.RC/

� CkVxt .t/k
2
L2.RC/

C Cı.1C t /�
7
2 : (3.36)

Integrating (3.36) over Œ0; t �, we can obtain (3.34). Therefore, we complete the proof of
Lemma 3.13.
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Lemma 3.14. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVxxt .t/k
2
L2.RC/

C

Z t

0

.kPxxxt .�/k
2
L2.RC/

C kPxxt .�/k
2
L2.RC/

C kVxxt .�/k
2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /C C.kV0k

2
H4.RC/

C ı
1
2 /

Z t

0

kVxxx.�/k
2
L2.RC/

d�: (3.37)

Proof. We can get from @xxt (3.2)1 � Vxxt � @xt (3.2)2 � Pxxxt that

1

2

d
dt
V 2xxt C .f .V C zu/ � f .zu//xxxtVxxt � ¹PxxtPxtºx C P

2
xxxt C P

2
xxt

D R1xxtVxxt �R2xtPxxxt : (3.38)

Integrating (3.38) over RC, using Lemma 3.5 (A4), (2.1) and the Cauchy inequality,
we can get

1

2

d
dt
kVxxt .t/k

2
L2.RC/

C
5˛

2
k

p
zuxVxxt .t/k

2
L2.RC/

CkPxxxt .t/k
2
L2.RC/

CkPxxt .t/k
2
L2.RC/

� CV 2xxt .0; t/C .kVx.t/kL1.RC/ C �/kVxxt .t/k
2
L2.RC/

C C��1.kVtk
2
L1.RC/

C kzutk
2
L1.RC/

/kVxxx.t/k
2
L2.RC/

C C��1
�
kVxk

6
L1.RC/

C kzuxx.t/k
2
L1.RC/

kVxk
2
L1.RC/

C kzuxxxk
2
L1.RC/

�
kVt .t/k

2
L2.RC/

C C��1
�
kVxk

4
L1.RC/

kzutk
2
L1.RC/

C kzuxtk
2
L1.RC/

kVx.t/k
2
L1.RC/

C kzuxxtk
2
L1.RC/

�
kVx.t/k

2
L2.RC/

C C��1.kVxk
4
L1.RC/

C kzuxxk
2
L1.RC/

/kVxt .t/k
2
L2.RC/

C kzuxxxxtk
2
L1.RC/

kV.t/k2
L2.RC/

C C��1
�
kVxtk

2
L1.RC/

C kzuxtk
2
L1.RC/

C kVtVxkL1.RC/ C kzutVxkL1.RC/

C kVt zuxkL1.RC/
�
kVxx.t/k

2
L2.RC/

C �kPxxxt .t/k
2
L2.RC/

C C��1.kR1xxt .t/k
2
L2.RC/

C kR2xt .t/k
2
L2.RC/

/: (3.39)

By Lemma 3.6 .B5/, the first term on the right-hand side of (3.39) is bounded by

V 2xxt .0; t/ � Cıe
�c.1Ct/

C
1

4
kPxxxt .t/k

2
L2.RC/

C CkPxxt .t/k
2
L2.RC/

: (3.40)

From (3.5) with k D 1, l D 1, the second term on the right-hand side is bounded by

kVxxtk
2
L2.RC/

� 3.kPxxxtk
2
L2.RC/

C kPxtk
2
L2.RC/

C kR2xtk
2
L2.RC/

/: (3.41)
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Substituting (3.40)–(3.41) into (3.39), and then integrating the resulting inequality over
Œ0; t �, choosing small but fixed �, we get

kVxxt .t/k
2
L2.RC/

C

Z t

0

.k
p
zuxVxxt .�/k

2
L2.RC/

C kPxxxt .�/k
2
L2.RC/

C kPxxt .�/k
2
L2.RC/

/ d�

� CkV0k
2
H4.RC/

C C

Z t

0

.kVt .�/k
2
H1.RC/

C kVx.�/k
2
H1.RC/

C kPxt .�/k
2
H1.RC/

/ d�

C C.kV0k
2
H4.RC/

C ı
1
2 /

Z t

0

kVxxx.�/k
2
L2.RC/

d� C Cı:

By using (3.41) again, and combining (3.23), (3.26) and (3.34), the desired estimate (3.37)
can be proved.

Lemma 3.15. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVxxx.t/k
2
L2.RC/

C

Z t

0

kVxxx.�/k
2
L2.RC/

d� � C.kV0k2H4.RC/
C ı

1
2 /: (3.42)

Proof. By f 0.uC/ > 0 and using Taylor’s expansion, we can get from @2x(3.2)1 that

f 0.uC/Vxxx D � f
00.�/.V C zu � uC/Vxxx � f

000.V C zu/.Vx C zux/
3

� 3f 00.V C zu/.Vx C zux/.Vxx C zuxx/ � f
0.V C zu/zuxxx

C f 000.zu/zu3x C 3f
00.zu/zuxzuxx C f

0.zu/zuxxx

CR1xx � Pxxx � Vxxt ; (3.43)

where � is between V C zu and uC.
Squaring (3.43) and then integrating the resulting equation over RC, we haveZ
RC

.f 0.uC/Vxxx/
2 dx

� C

Z
RC

.V C zu � uC/
2V 2xxx dx C C

Z
RC

.zu6xV
2
C zu2xzu

2
xxV

2
C zu2xxxV

2/ dx

C C

Z
RC

�
V 6x C zu

2
xV

4
x C zu

4
xV

2
x C V

2
x V

2
xx C zu

2
xxV

2
x C zu

2
xV

2
xx CR

2
1xx

C P 2xxx C V
2
xxt

�
dx

� C."0 C ı/

Z
RC

V 2xxx dx

C C.kzuxk
6
L1.RC/

C kzuxzuxxk
2
L1.RC/

C kzuxxxk
2
L1.RC/

/kV.t/k2
L2.RC/

C C.kVxk
4
L1.RC/

C kzuxk
4
L1.RC/

C kzuxxk
2
L1.RC/

/kVx.t/k
2
L2.RC/

C CkVxx.t/k
2
L2.RC/

C CkR1xx.t/k
2
L2.RC/

C CkPxxx.t/k
2
L2.RC/

C CkVxxt .t/k
2
L2.RC/

: (3.44)
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Combining (3.26) and (3.37), we can obtain the desired inequality (3.42) for some small ı
and "0.

Equation (3.6) gives

kPxxxxk
2
L2.RC/

� C.kPxxk
2
L2.RC/

C kVxxxk
2
L2.RC/

C kR2xxk
2
L2.RC/

/:

Consequently, we have the following corollary.

Corollary 3.16. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kPxxxx.t/k
2
L2.RC/

C

Z t

0

kPxxxx.�/k
2
L2.RC/

d� � C.kV0k2H4.RC/
C ı

1
2 /:

Lemma 3.17. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such thatZ t

0

.kVt t .�/k
2
H1.RC/

C kPt t .�/k
2
H2.RC/

/ d� � C.kV0k2H4.RC/
C ı

1
2 /: (3.45)

Proof. We can get from @t (3.2) and @t@x(3.2) thatZ
RC

V 2tt dx � C
Z

R
.V 2x V

2
t C zu

2
t V

2
x C zu

2
xV

2
t C zu

2
xzu
2
t V

2
C V 2xtC zu

2
xtV

2
C P 2xt CR

2
1t / dx

� C.kVtk
2
L1.RC/

C kzutk
2
L1.RC/

/kVxk
2
L2.RC/

C Ckzuxk
2
L1kVtk

2
L2.RC/

C CkVxtk
2
L2.RC/

C C.kzuxzutk
2
L1.RC/

C kzuxtk
2
L1.RC/

/kV k2
L2.RC/

C CkPxtk
2
L2.RC/

C CkR1tk
2
L2.RC/

and Z
RC

V 2xtt dx � C
�
kVxk

2
L1.RC/

C kzuxVxk
2
L1.RC/

C kzuxk
4
L1.RC/

C kzuxxk
2
L1.RC/

�
kVt .t/k

2
L2.RC/

C C.kzutVxk
2
L1.RC/

C kzuxzutk
2
L1.RC/

/kVx.t/k
2
L2.RC/

C CkVxt .t/k
2
H1.RC/

C CkVxx.t/k
2
L2.RC/

C C
�
kzut zuxxk

2
L1.RC/

C kzuxxtk
2
L1.RC/

C kzuxzuxtk
2
L1.RC/

C kzut zu
2
xk
2
L1.RC/

�
kV.t/k2

L2.RC/

C CkPxxt .t/k
2
L2.RC/

C CkR1xt .t/k
2
L2.RC/

:

On the other hand, we can get from (3.2)2 and Pxtt .0; t/ D 0 that

kPt t .t/k
2
H2.RC/

� C.kVxtt .t/k
2
L2.RC/

C kVt t .t/k
2
L2.RC/

/:

Integrating the above three inequalities over Œ0; t � and using Corollary 2.5, the desired
estimate (3.45) can be obtained.
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Lemma 3.18. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVxxtt .t/k
2
L2.RC/

C

Z t

0

.kVxxtt .�/k
2
L2.RC/

CkPxxxtt .�/k
2
L2.RC/

CkPxxtt .�/k
2
L2.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /C C.kV0k

2
H4.RC/

C ı2/

Z t

0

kVxxxt .�/k
2
L2.RC/

d�: (3.46)

Proof. We can get from @2x@
2
t (3.2)1 � Vxxtt � @x@2t (3.2)2 � Pxxxtt that

1

2

d
dt
V 2xxtt C .f .V C zu/ � f .zu//xxxttVxxtt C P

2
xxxtt C P

2
xxtt � ¹PxxttPxttºx

D R1xxttVxxtt � PxxxttR2xtt : (3.47)

Integrating (3.47) over RC, using Lemma 3.5 (A5) and Lemma 3.6 (B7), we have

1

2

d
dt
kVxxtt .t/k

2
L2.RC/

C
5˛

2
k

p
zuxVxxtt .t/k

2
L2.RC/

C kPxxxtt .t/k
2
L2.RC/

C kPxxtt .t/k
2
L2.RC/

� CV 2xxtt .0; t/C .kVxkL1.RC/ C �/kVxxtt .t/k
2
L2.RC/

C �kPxxxtt .t/k
2
L2.RC/

C C��1kzuxxxttk
2
L1.RC/

kV.t/k2
L2.RC/

C C��1.kVx.t/k
2
H2.RC/

C kVt tk
2
H1.RC/

C kVt .t/k
2
H2.RC/

/

C C��1.kVtk
2
L1.RC/

C kzutk
2
L1.RC/

/kVxxxtk
2
L2.RC/

C C��1.kR1xxtt .t/k
2
L2.RC/

C kR2xtt .t/k
2
L2.RC/

/

� C."0 C �/kVxxtt .t/k
2
L2.RC/

C 2�kPxxxtt .t/k
2
L2.RC/

C Cı2.1C t /�5

C Cıe�c.1Ct/ C CkVx.t/k2H2.RC/
C CkVt t .t/k

2
H1.RC/

C CkVt .t/k
2
H2.RC/

C C.kVtk
2
L1.RC/

C kzutk
2
L1.RC/

/kVxxxt .t/k
2
L2.RC/

C CkPxxtt .t/k
2
L2.RC/

:

From (3.5) with k D 1 and l D 2, the first term on the right-hand side can be treated as

kVxxtt .t/k
2
L2.RC/

� 3.kPxxxtt .t/k
2
L2.RC/

C kPxtt .t/k
2
L2.RC/

C kR2xttk
2
L2.RC/

/: (3.48)

It then follows that
d
dt
kVxxtt .t/k

2
L2.RC/

C k

p
zuxVxxtt .t/k

2
L2.RC/

C kPxxxtt .t/k
2
L2.RC/

C kPxxtt .t/k
2
L2.RC/

� C.kPxtt .t/k
2
H1.RC/

C kVx.t/k
2
H2.RC/

C kVt t .t/k
2
H1.RC/

C kVt .t/k
2
H2.RC/

/

C C.kVtk
2
L1.RC/

C kzutk
2
L1.RC/

/kVxxxtk
2
L2.RC/

C Cı2.1C t /�5

C Cıe�c.1Ct/: (3.49)

Integrating (3.49) over Œ0; t � and using (3.48) again, estimate (3.46) can be proved.
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Lemma 3.19. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

kVxxxt .t/k
2
L2.RC/

C

Z t

0

kVxxxt .�/k
2
L2.RC/

d� � C.kV0k2H4.RC/
C ı

1
2 /: (3.50)

Proof. By applying Taylor’s expansion, we can get from @2x@t (3.2)1 that

f 0.uC/Vxxxt D� f
00.�/.V C zu � uC/Vxxxt � f

.4/.V C zu/.Vt C zut /.Vx C zux/
3

� 3f .3/.V C zu/.Vx C zux/
2.Vxt C zuxt /

� 3f .3/.V C zu/.Vt C zut /.Vx C zux/.Vxx C zuxx/

� 3f 00.V C zu/.Vxt C zuxt /.Vxx C zuxx/

� 3f 00.V C zu/.Vx C zux/.Vxxt C zuxxt /

� f 00.V C zu/.Vt C zut /.Vxxx C zuxxx/ � f
0.V C zu/zuxxxt

� f .4/.zu/zut zu
3
x � 3f

.3/.zu/zu2xzuxt � 3f
.3/
zut zuxzuxx � 3f

00.zu/zuxt zuxx

� 3f 00.zu/zuxzuxxt � f
00.zu/zut zuxxx � f

0.zu/zuxxxt

� Vxxtt � Pxxxt CR1xxt ; (3.51)

where � is between V C zu and uC.
Square (3.51) and then integrate the resulting equation over RC. Consequently, we

choose small "0 and ı such that the first termZ
RC

.V C zu � uC/
2V 2xxxt dx � C."0 C ı/2

Z
RC

V 2xxxt dx

on the right-hand side of (3.51) can be absorbed into the left-hand side of (3.51). Then,
we getZ

RC

V 2xxxt dx � C
�
kVxk

4
L1.RC/

C kzuxk
4
L1.RC/

C kzuxzuxxk
2
L1.RC/

C kzuxxxk
2
L1.RC/

�
kVt .t/k

2
L2.RC/

C C
�
kzutV

2
x k

2
L1.RC/

C kzuxtVxk
2
L1.RC/

C kzuxxVtk
2
L1.RC/

C kzuxxtk
2
L1.RC/

�
kVx.t/k

2
L2.RC/

C C
�
kzut zu

3
xk
2
L1.RC/

C kzuxt zu
2
xk
2
L1.RC/

C kzut zuxzuxxk
2
L1.RC/

C kzuxxxtk
2
L1.RC/

�
kV.t/k2

L2.RC/

C C
�
kzuxxzuxtk

2
L1.RC/

C kzuxxt zuxk
2
L1.RC/

C kzuxxxzutk
2
L1.RC/

�
kV.t/k2

L2.RC/
C CkVxt .t/k

2
H1.RC/

C C
�
kVxx.t/k

2
H1.RC/

C kVxxtt .t/k
2
L2.RC/

C kPxxtt .t/k
2
L2.RC/

C kR1xxt .t/k
2
L2.RC/

�
:

Combining Lemmas 3.8–3.18, we can easily obtain the desired estimate (3.50).
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Lemma 3.20. Under the same assumptions as Proposition 3.4, there exists a positive
constant C such that

k@4xV.t/k
2
L2.RC/

C k@5xP.t/k
2
L2.RC/

C

Z t

0

.k@4xV.�/k
2
L2.RC/

C k@4xP.�/k
2
H1.RC/

/ d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.52)

Proof. Similar to (3.51), we can get from @3x(3.2)1 that

f 0.uC/@
4
xV D � f

00.�/.V C zu � uC/@
4
xV � f

0.V C zu/@4xzu � f
.4/.V C zu/.Vx C zux/

4

� 6f .3/.V C zu/.Vx C zux/
2.Vxx C zuxx/ � 3f

00.V C zu/.Vxx C zuxx/
2

� 4f 00.V C zu/.VxC zux/.Vxxx C zuxxx/ � f
.4/.zu/zu4x � 6f

.3/.zu/zu2xzuxx

� 3f 00.zu/zu2xx � 4f
00.zu/zuxzuxxx � f

0.zu/zuxxxx � Vxxxt

� @4xP CR1xxx ; (3.53)

where � is between V C zu and uC.
Squaring (3.53) and then integrating the resulting equation over RC, we obtainZ
RC

.@4xV /
2 dx � C

�
kVxk

6
L1.RC/

C kzuxk
6
L1.RC/

C kzuxxxk
2
L1.RC/

C kzuxzuxxk
2
L1.RC/

C kzuxxVxk
2
L1.RC/

�
kVx.t/k

2
L2.RC/

C C
�
k@4xzuk

2
L1.RC/

C kzuxk
8
L1.RC/

C kzuxzuxxxk
2
L1.RC/

C kzuxxk
4
L1.RC/

C kzu2xzuxxk
2
L1.RC/

�
kV.t/k2

L2.RC/

C C.kVxx.t/k
2
H1.RC/

C k@4xP.t/k
2
L2.RC/

C kR1xxx.t/k
2
L2.RC/

/:

On the other hand, utilizing (3.6) with k D 3 and l D 0, the fifth derivative of P can be
estimated as

k@5xP.t/k
2
L2.RC/

� C.kPxxx.t/k
2
L2.RC/

C k@4xV.t/k
2
L2.RC/

C kR2xxx.t/k
2
L2.RC/

/:

By combining Lemmas 3.9, 3.12, 3.15, 3.19 and Corollaries 3.10, 3.16, the desired esti-
mate (3.52) can be obtained.

Combining Lemmas 3.8–3.20, we finish the proof of the a priori estimates (Proposi-
tion 3.4). Next, we devote ourselves to obtaining the decay rate of V by employing the
L1-estimate.

3.1.2. Decay estimates. To give the decay estimates for the perturbation V , we further
assume that V0 2 L1.RC/. We define ��.x/ and ˆ�.x/ as follows:

��.x/ WD .�� � sgn/.x/ D
Z C1
�1

��.x � y/ sgn.y/ dy;

ˆ�.x/ WD

Z x

0

��.y/ dy;
(3.54)
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where “sgn” is a usual signature function defined as

sgn.y/ WD

8̂̂<̂
:̂
�1; y < 0;

0; y D 0;

1; y > 0:

The symbol �� denotes the Friedrichs mollifier defined as

��.x/ WD
1

�
�
� x
�

�
;

where � is a smooth function which has a compact support and satisfiesZ C1
�1

�.x/ dx D 1:

We here recall the following properties of ��.x/ and ˆ�.x/. The details can be found in
[6, 10].

Lemma 3.21. Suppose that ��.x/ and ˆ�.x/ are defined in (3.54). Then ��.x/ and
ˆ�.x/ satisfy

(1) lim�!0 ��.x/ D sgn.x/, x 2 R,

(2) lim�!0ˆ�.x/ D jxj, x 2 R,

(3) ��.0/ D 0,

(4) d
dx��.x/ D 2��.x/ � 0, x 2 R.

By utilizing Lemma 3.21, we can obtain the following L1-estimate.

Lemma 3.22 (L1-estimate). Suppose that V0 2 L1.RC/\H 3.RC/, then the solution V
of problem (3.2)–(3.4) satisfies

kV.t/kL1.RC/ � C.kV0kL1.RC/ C ı log.2C t //: (3.55)

Proof. We denote F.x; t/ by

F.x; t/ D �Vx.x; t/CR2.x; t/

and then extend the function F.x; t/ such that

zF .x; t/ WD

´
F.x; t/; x � 0;

F.�x; t/; x < 0:

Then P in (3.2)2 can be solved as

P.x; t/ D
1

2

Z
R

e�jx�yjF.y; t/ dy

D
1

2

Z
RC

.e�jx�yj C e�jxCyj/.�Vx.y; t/CR2.y; t// dy; x 2 RC: (3.56)
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Differentiating (3.56) with respect to x, we get

Px.x; t/ D
1

2

Z
RC

�@e�jx�yj

@x
C
@e�jxCyj

@x

�
.�Vx.y; t/CR2.y; t// dy

D
1

2

Z
RC

�
�@e�jx�yj

@y
C
@e�jxCyj

@y

�
.�Vx.y; t/CR2.y; t// dy

D
1

2

Z
RC

.e�jx�yj � e�jxCyj/.�Vxx.y; t/CR2x.y; t// dy

D V �
1

2

Z
RC

.e�jx�yj � e�jxCyj/.V .y; t/ �R2x.y; t// dy: (3.57)

It is easy to verify that Px.0; t/ D 0. In deriving the last equality of (3.57), we have used
the fact that´

V.x; t/ D
R

RC
.e�jx�yj � e�jxCyj/.�Vxx.y; t/C V.y; t// dy; x 2 RC;

V .0; t/ D 0:

We define the operator K as

K.f /.x/ D
1

2

Z
RC

.e�jx�yj � e�jxCyj/f .y/ dy: (3.58)

Then equation (3.57) can be rewritten as

Px D V �KV CKR2x : (3.59)

Substituting (3.59) into (3.2)1, we obtain

Vt C .f .V C zu/ � f .zu//x C V �KV D R1 �KR2x : (3.60)

Multiplying (3.60) by ��.V / and then integrating the resulting equation over RC � Œ0; t �,
we have Z

RC

ˆ�.V / dx C
Z t

0

Z
RC

��.V /.f .V C zu/ � f .zu//x dxd�

C

Z t

0

Z
RC

��.V /.V �KV / dxd�

D

Z
RC

ˆ�.V0/ dx C
Z t

0

Z
RC

��.V /.R1 �KR2x/ dxd�:

Letting �! 0, we can obtain thatZ t

0

Z
RC

��.V /.f .V C zu/ � f .zu//x dxd�

D

Z t

0

Z
RC

Z V

0

2��.�/.f
0.�C zu/ � f 0.zu//zux d�dxd� � 0:
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By using Young’s inequality

kf � gkLr .RC/ � kf kLp.RC/kgkLq.RC/;

where 1 � r;p; q �1 with 1
r
D

1
p
C

1
q
� 1 and “�” denotes the convolution with respect

to the space variable x, we can deduce that

kKf kL1.RC/ � kf kL1.RC/:

It follows that Z
RC

��.V /.V �KV / dx � 0

and Z
RC

��.V /.R1 �KR2x/ dx � kR1kL1.RC/ C kR2xkL1.RC/

� Cı.1C t /�1 C Cıe�c.1Ct/

for �! 0. Thus, letting �! 0, we can obtain the desired estimate (3.55).

Proposition 3.23 (Decay estimates of V ). Suppose that f 0.u�/> 0 and .V .x; t/;P.x; t//
is a solution of problem (3.2)–(3.4). Then for "2 .0; 1

2
/ and sufficiently large t , the solution

.V .x; t/; P.x; t// satisfies

.1C t /
1
2C"

Z
RC

.jV j2 C jVxj
2/ dx C

Z t

0

.1C �/
1
2C"

Z
RC

zux.jV j
2
C jVxj

2/ dxd�

C

Z t

0

.1C �/
1
2C"

Z
RC

jVxj
2 dxd� � C.1C t /" log2.2C t /; (3.61)

.1C t /
3
2C"

Z
RC

.jVxj
2
C jVxxj

2/ dx C
Z t

0

.1C �/
1
2C"

Z
RC

zux.jVxj
2
C jVxxj

2/ dxd�

C

Z t

0

.1C �/
1
2C"

Z
RC

jVxxj
2 dxd� � C.1C t /" log10.2C t /; (3.62)

.1C t /
3
2C"

Z
RC

.jVxxxj
2
C

2X
jD0

j@jxVt j
2/ dx C

Z t

0

.1C �/
3
2C"

Z
RC

jVxxxj
2 dxd�

� C.1C t /" log10.2C t /; (3.63)

.1C t /
3
2C"

Z
RC

.j@4xV j
2
C

2X
jD0

j@jxVt t j
2
C jVxxxt j

2/ dx C
Z t

0

.1C �/
3
2C"

Z
RC

j@4xV j
2 dxd�

� C.1C t /" log10.2C t / (3.64)

and

.1C t /
3
2C"

Z
RC

j@jxP j
2 dx � C.1C t /" log10.2C t /; j D 0; 1; 2; 3; 4; 5: (3.65)
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Proof. Adding (3.14) and (3.20), we have

d
dt
.kV.t/k2

L2.RC/
C kVx.t/k

2
L2.RC/

/C k
p
zuxV.t/k

2
L2.RC/

C k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C 2kPx.t/k
2
L2.RC/

C kP.t/k2
L2.RC/

� C."0 C �/kVx.t/k
2
L2.RC/

C C.1C t /�
3
2 C C e�c.1Ct/: (3.66)

By (3.2)2, we getZ
RC

.P 2xx C 2Px C P
2/ dx D

Z
RC

.V 2x C 2R2Vx CR
2
2/ dx;

which implies thatZ
RC

V 2x dx �
Z

RC

.P 2xx C 2Px C P
2/ dx C C

Z
RC

R22 dx

�

Z
RC

.P 2xx C 2Px C P
2/ dx C C.1C t /�

7
2 C C e�c.1Ct/: (3.67)

Therefore, adding (3.66) and (3.67), and then multiplying the resulting inequality by
.1C t /

1
2C" and integrating it over Œ0; t �, we have

.1C t /
1
2C".kV.t/k2

L2.RC/
C kVx.t/k

2
L2.RC/

/C

Z t

0

.1C �/
1
2C"k

p
zuxV.�/k

2
L2.RC/

d�

C

Z t

0

.1C �/
1
2C"k

p
zuxVx.�/k

2
L2.RC/

d� C
Z t

0

.1C �/
1
2C"kVx.�/k

2
L2.RC/

d�

� CkV0k
2
H4.RC/

.1C t /" C
�1
2
C "

� Z t

0

.1C �/�
1
2C"kV.�/k2

L2.RC/
d�

C

�1
2
C "

� Z t

0

.1C �/�
1
2C"kVx.�/k

2
L2.RC/

d�: (3.68)

By employing the Gagliardo–Nirenberg inequality

kf k2
L2.RC/

� Ckf k
4
3

L1.RC/
kfxk

2
3

L2.RC/
;

the second term on the right-hand side of (3.68) can be estimated as�1
2
C "

� Z t

0

.1C �/�
1
2C"kV.�/k2

L2.RC/
d�

� C

Z t

0

.1C �/�1C"kV.�/k2
L1.RC/

d� C
1

4

Z t

0

.1C �/
1
2C"kVx.�/k

2
L2.RC/

d�

� C.1C t /" log2.2C t /C
1

4

Z t

0

.1C �/
1
2C"kVx.�/k

2
L2.RC/

d�: (3.69)
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We treat the last term on the right-hand side of (3.68). For any " 2 .0; 1
2
/, it holds that�1

2
C "

� Z t

0

.1C �/�
1
2C"kVx.�/k

2
L2.RC/

d� � C
Z t

0

kVx.�/k
2
L2.RC/

d�

� C.kV0k
2
H4.RC/

C ı
1
2 /: (3.70)

Substituting (3.69)–(3.70) into (3.68), we obtain (3.61).
Next, we prove (3.62). From (3.17) and Lemma 3.6 (B1), we can get

d
dt
kVx.t/k

2
L2.RC/

C k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

� C e�c.1Ct/ C .1C t /�1
Z

RC

V 2x dx C C.1C t /
Z

R
R21x dx C �

Z
RC

P 2xx dx

C C��1
Z

RC

R22 dx C C
Z

RC

jVxj.jzuxxjjV j C zu
2
xjV j C V

2
x / dx: (3.71)

The last term can be estimated as follows. From (2.1) and (3.61),Z
RC

jVxj.jzuxxj C zu
2
x/jV j dx

� kzuxx.t/kL1.RC/kVx.t/kL2.RC/kV.t/kL2.RC/

� kzuxxk
2
3

L1kVx.t/k
2
L2.RC/

C kzuxxk
4
3

L1kV.t/k
2
L2.RC/

� .1C t /�1kVx.t/k
2
L2.RC/

C C.1C t /�2kV.t/k2
L2.RC/

� .1C t /�1kVx.t/k
2
L2.RC/

C C.1C t /�
5
2 log2.2C t /: (3.72)

Using the Gagliardo–Nirenberg inequality

kfxk
3
L3.RC/

� Ckf k
5
4

L2.RC/
kfxxk

7
4

L2.RC/
;

we haveZ
RC

jVxj
3 dx � �kVxx.t/k2L2.RC/

C C��1kV.t/k10
L2.RC/

� �kVxx.t/k
2
L2.RC/

C C��1.1C t /�
5
2 log10.2C t /: (3.73)

Substituting (3.72)–(3.73) into (3.71), for some small but fixed �, we can deduce that

d
dt
kVx.t/k

2
L2.RC/

C k

p
zuxVx.t/k

2
L2.RC/

C kPxx.t/k
2
L2.RC/

C kPx.t/k
2
L2.RC/

� �kVxx.t/k
2
L2.RC/

C C.1C t /�1kVx.t/k
2
L2.RC/

C C.1C t /�
5
2 log10.2C t /C C e�c.1Ct/: (3.74)
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By (3.29), we can get from (3.28) that

d
dt
kVxx.t/k

2
L2.RC/

C k

p
zuxVxx.t/k

2
L2.RC/

C kPxxx.t/k
2
L2.RC/

C kPxx.t/k
2
L2.RC/

� C."0 C �/kVxx.t/k
2
L2.RC/

C CV 2xx.0; t/C �kPxxx.t/k
2
L2.RC/

C C��1.kR1xxk
2
L2.RC/

C kR2xk
2
L2.RC/

/

C C��1
�
kzuxxxk

2
L1.RC/

kV.t/k2
L2.RC/

C kzuxxk
2
L1.RC/

kVx.t/k
2
L2.RC/

C kVx.t/k
6
L6.RC/

�
� C."0 C �/kVxx.t/k

2
L2.RC/

C �kPxxx.t/k
2
L2.RC/

C C e�c.1Ct/

C CkPxx.t/k
2
L2.RC/

C C.1C t /�4kV.t/k2
L2.RC/

C C.1C t /�3kVx.t/k
2
L2.RC/

C C.1C t /�
9
2 : (3.75)

In deriving of the last inequality of (3.75), we have used the fact that

kVx.t/k
6
L6.RC/

� CkV.t/k4
L2.RC/

kVxx.t/k
2
L2.RC/

� C"40kVxx.t/k
2
L2.RC/

:

We multiply (3.74) by a sufficiently large number � such that the fourth term on the right-
hand side of (3.75) can be absorbed into the third on the left-hand side of (3.74), and
then add the resulting inequality to (3.75). Consequently, choosing small "0 and � and
using (3.33), we have

d
dt
.kVx.t/k

2
L2.RC/

C kVxx.t/k
2
L2.RC/

/C k
p
zuxVx.t/k

2
L2.RC/

C k

p
zuxVxx.t/k

2
L2.RC/

C kVxx.t/k
2
L2.RC/

C kPx.t/k
2
H2.RC/

� C.1C t /�1kVx.t/k
2
L2.RC/

C C.1C t /�4kV.t/k2
L2.RC/

C C.1C t /�
5
2 log10.2C t /C C e�c.1Ct/: (3.76)

Multiplying (3.76) by .1 C t /
3
2C" and then integrating it over Œ0; t �, by (3.7), we can

deduce that

.1C t /
3
2C"kVx.t/k

2
H1.RC/

C

Z t

0

.1C �/
3
2C".k

p
zuxVx.�/k

2
L2.RC/

C k

p
zuxVxx.�/k

2
L2.RC/

/ d�

C

Z t

0

.1C �/
3
2C".kVxx.�/k

2
L2.RC/

C kPx.�/k
2
H2.RC/

/ d�

� C.1C t /" log10.2C t /C
�3
2
C "

� Z t

0

.1C �/
1
2C"kVx.�/k

2
L2.RC/

d�

C

�3
2
C "

� Z t

0

.1C �/
1
2C"kVxx.�/k

2
L2.RC/

d�:
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For sufficiently large T such that .3
2
C "/ 1

1CT
�

1
2

, the last term can be estimated as�3
2
C "

� Z t

0

.1C �/
1
2C"kVxx.�/k

2
L2.RC/

d�

D

�3
2
C "

� Z T

0

.1C �/
1
2C"kVxx.�/k

2
L2.RC/

d�

C

�3
2
C "

� 1

1C T

Z t

T

.1C �/
3
2C"kVxx.�/k

2
L2.RC/

d�

� C

Z t

0

kVxx.�/k
2
L2.RC/

d� C
1

2

Z t

0

.1C �/
3
2C"kVxx.�/k

2
L2.RC/

d�: (3.77)

Combining (3.26) and (3.61), we have

.1C t /
3
2C"kVx.t/k

2
H1.RC/

C

Z t

0

.1C �/
3
2C"

�
k

p
zuxVx.�/k

2
L2.RC/

C k

p
zuxVxx.�/k

2
L2.RC/

�
d� C

Z t

0

.1C �/
3
2C"

�
kVxx.�/k

2
L2.RC/

C kPx.�/k
2
H2.RC/

�
d� � C.1C t /" log10.2C t /; (3.78)

which completes the proof of (3.62). Moreover, it follows that

kVx.t/k
2
L1.RC/

� C.1C t /�
3
2 log10.2C t /: (3.79)

On the other hand, using (3.25) and (3.6) with k D 1, we also have

.1C t /
3
2C"kP.t/k2

H3.RC/
� C.1C t /" log10.2C t /: (3.80)

We now show (3.62). We can get from (3.35) that

.1C t /
3
2C"kVt .t/k

2
L2.RC/

C

Z t

0

.1C �/
1
2C"kVt .�/k

2
L2.RC/

d�

� C.1C t /" log10.2C t /;

.1C t /
3
2C"kVxt .t/k

2
L2.RC/

C

Z t

0

.1C �/
3
2C"kVxt .�/k

2
L2.RC/

d�

� C.1C t /" log10.2C t /:

It follows from (3.36) thatZ t

0

.1C �/
3
2C"kPt .�/k

2
H2.RC/

d� � C.1C t /" log10.2C t /: (3.81)

By utilizing (3.40)–(3.41) and (3.79), we can get from (3.39) that

d
dt
kVxxt .t/k

2
L2.RC/

C k

p
zuxVxxt .t/k

2
L2.RC/

C kPxxxt .t/k
2
L2.RC/

C kPxxt .t/k
2
L2.RC/

C kVxxt .t/k
2
L2.RC/
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� C e�c.1Ct/ C C."0 C �/kVxxt .t/k2L2.RC/
C C.1C t /�4kVx.t/k

2
L2.RC/

C C.1C t /�4kVt .t/k
2
L2.RC/

C CkVxt .t/k
2
L2.RC/

C CkVxx.t/k
2
L2.RC/

C CkPxt .t/k
2
H1.RC/

C C."0 C ı/kVxxx.t/k
2
L2.RC/

C C.1C t /�6kV.t/k2
L2.RC/

C C.1C t /�
11
2 : (3.82)

Multiplying (3.82) by .1C t /
3
2C" and then integrating (3.82) over Œ0; t �, for some small "0

and �, we obtain

.1C t /
3
2C"kVxxt .t/k

2
L2.RC/

C

Z t

0

.1C �/
3
2C"

�
k

p
zuxVxxt .�/k

2
L2.RC/

C kPxxt .�/k
2
H1.RC/

C kVxxt .�/k
2
L2.RC/

�
d�

� C.1C t /" log10.2C t /C
�3
2
C "

� Z t

0

.1C �/
1
2C"kVxxt .�/k

2
L2.RC/

d�

C C."0 C ı/

Z t

0

.1C �/
3
2C"kVxxx.�/k

2
L2.RC/

d�: (3.83)

The second term on the right-hand side of (3.83) can be estimated by using the similar
method in (3.77). To deal with the last term of (3.83), we can get from (3.44) that

kVxxx.t/k
2
L2.RC/

� C.1C t /�6kV.t/k2
L2.RC/

C C.1C t /�3 log20.2C t /kVx.t/k2L2.RC/

C CkVxx.t/k
2
L2.RC/

C CkPxxx.t/k
2
L2.RC/

C CkVxxtk
2
H1.RC/

C C.1C t /�
9
2 : (3.84)

By combining (3.62), (3.80) and (3.81), it follows from (3.84) that

.1C t /
3
2C"kVxxx.t/k

2
L2.RC/

C

Z t

0

.1C �/
3
2C"kVxxx.�/k

2
L2.RC/

d�

� C.1C t /" log10.2C t /:

Therefore, we complete the proof of (3.63). By using the similar method, we can prove
inequality (3.64). By utilizing (3.6) with kD 2;3 and combining (3.61)–(3.64) and (3.78),
we can prove (3.65). Thus, we complete the proof of Proposition 3.23.

Remark 3.24. We cannot multiply inequality (3.75) by .1 C t /
5
2C" as in [3] because

the decay rate of the boundary term f 0.u�/V
2
xx.0; t/ is O.t�

3
2 / if f 0.u�/ is not large

enough by using f 0.u�/V 2xx.0; t/�C
1

f 0.u�/
P 2xx.0; t/CC e�c.1Ct/ �CkPxxk2H1.RC/

C

C e�c.1Ct/. Although our decay rate is not as good as that of the Cauchy problem in [3],
we focus on the stability of the initial-boundary value problem of (1.1) rather than calcu-
lating the optimal decay rate.

Remark 3.25. For the case of f 0.u�/D 0, we can get the better decay estimate like in [3]
due to the boundary term f 0.u�/@

k
xV.0; t/ D 0 (k D 1; 2; 3; 4). For the details, one can

refer to [3].
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By the Sobolev inequality and Proposition 3.23, we obtain the following corollary.

Corollary 3.26. The solution .V; P / of (3.2)–(3.4) satisfies8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

kV.t/kL1.RC/ � C.1C t /
� 1

2 log3.2C t /;

k@kxV.t/kL1.RC/ � C.1C t /
� 3

4 log5.2C t /; k D 1; 2; 3;

k@kxVt .t/kL1.RC/ � C.1C t /
� 3

4 log5.2C t /; k D 0; 1; 2;

k@kxP.t/kL1.RC/ � C.1C t /
� 3

4 log5.2C t /; k D 0; 1; 2; 3; 4:

Combining the results of Proposition 3.3 and Corollary 3.26, we can complete the
proof of Theorem 3.1.

Furthermore, by Corollaries 3.26, 3.23 and Lemma 2.3, we get the following corollary.

Corollary 3.27. The solution .U;Q/ of (2.10)–(2.12) satisfies8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

k@kxU.t/kL2.RC/ � C min¹ı0; .1C t /�
3
4 log5.2C t /º; k D 2; 3; 4;

k@kxUt .t/kL2.RC/ � C min¹ı0; .1C t /�
3
4 log5.2C t /º; k D 1; 2; 3;

k@kxU.t/kL1.RC/ � C min¹ı0; .1C t /�
3
4 log5.2C t /º; k D 2; 3;

k@kxUt .t/kL1.RC/ � C min¹ı0; .1C t /�
3
4 log5.2C t /º; k D 1; 2;

(3.85)

where ı0 is defined in (3.8).

3.2. Estimates for the perturbation on the two-dimensional half-space

In this section, we consider the initial-boundary value problem on the two-dimensional
half-space: ´

vt C .f .v C U/ � f .U //x C g.v C U/y C divp D 0;

�r divp C p Crv D 0
(3.86)

with initial data

v.x; y; 0/ D v0.x; y/ D u0.x; y/ � U0.x/

and boundary condition

v.0; y; t/ D 0; divp.0; y; t/ D 0: (3.87)

By calculating the curl of (3.86)2, we can deduce that

p1y D p2x ; (3.88)

which will be used in estimating the perturbation p. Note that equation (3.86)2 is equiva-
lent to ´

� divpx C p1 C vx D 0;

� divpy C p2 C vy D 0:
(3.89)
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The global existence follows from the combination of the local estimate in Proposi-
tion 3.28 and the a priori estimates in Proposition 3.29. In this section, we will devote
ourselves to establishing a priori estimates under the a priori assumption

sup
t�0

kv.t/k2
H3.R2

C
/
� "21;

where 0 < "1 � 1. Then by the Sobolev inequality

kf k2
L1.R2

C
/
� Ckf k2

H2.R2
C
/
;

we obtain
krv.t/kL1.R2

C
/ � C"1:

For any 0 < T �1, we seek for the solution of the initial boundary value problem (3.86)–
(3.87) in the set of functions zX.0; T / defined by

zX.0; T / D
®
.v; p/ j v 2 C 0.Œ0; T /IH 3/; rv 2 L2.0; T IH 2/

p 2 C 0.Œ0; T /IH 3/ \ L2.0; T IH 3/;

divp 2 C 0.Œ0; T /IH 3/ \ L2.0; T IH 3/
¯
:

In order to state the results on the a priori estimates, we define M0 by

M 2
0 WD kv0k

2

H3.R2
C
/
:

Proposition 3.28 (Local existence). Suppose the boundary condition satisfies

0 � f 0.u�/ < f
0.uC/

and the initial data satisfies v0 2H 3.R2C/. Also suppose that the initial data kv0kH3.R2
C
/

and ı are both small enough. Then there are two positive constants C and T0 such that
problem (3.86)–(3.87) has a unique solution .v; p/ 2 zX.0; T0/, which satisfies

kv.t/k2
H3.R2

C
/
C kp.t/k2

H3.R2
C
/
C kdivp.t/k2

H3.R2
C
/

C

Z t

0

.krv.�/k2
H2.R2

C
/
C kp.�/k2

H3.R2
C
/
C kdivp.�/k2

H3.R2
C
/
/ d�

� Ckv0k
2

H3.R2
C
/
8t 2 Œ0; T0�:

Proposition 3.29 (A priori estimates). Let T be a positive constant. Suppose that 0 �
f 0.u�/ < f 0.uC/ and problem (3.86)–(3.87) has a unique solution .v; p/ 2 zX.0; T /.
Then there exist positive constants C and ı03 such that if kv0kH3.R2

C
/ C ı � ı

0
3 .0 <

ı03 � 1/, then we get the estimate

kv.t/k2
H3.R2

C
/
C kp.t/k2

H3.R2
C
/
C kdivp.t/k2

H3.R2
C
/

C

Z t

0

.krv.�/k2
H2.R2

C
/
C kp.�/k2

H3.R2
C
/
C kdivp.�/k2

H3.R2
C
/
/ d�

� Ckv0k
2

H3.R2
C
/
8t 2 Œ0; T �:
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Lemma 3.30. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that the following estimates hold:

.C1/
“

R2
C

.f .v C U/ � f .U //xv dxdy �
˛

2

“
R2
C

Uxv
2 dxdyI

.C2/
“

R2
C

r.f .v C U/ � f .U //x � rv dx

�
˛

2

“
R2
C

Uxjrvj
2 dxdydy C ˛

“
R2
C

Uxjvxj
2 dxdy

�
f 0.u�/

2

Z
R
jrv.0; y; t/j2 dy

� C

“
R2
C

jrvj.jrvj2 C U 2x jvj C jUxxjjvj/ dxdyI

.C3/
“

R2
C

�.f .v C U/ � f .U //x�v dxdy

�
˛

2

“
R2
C

Uxj�vj
2 dxdy �

f 0.u�/

2

Z
R
.�v.0; y; t//2 dy

� C

“
R2
C

¹jrvjjr2vj2 C .jrvj C jUxxj C Ux/jrvj�vº dxdy

� C

“
R2
C

.jUxxxj C UxjUxxj C U
3
x /jvj.�v/ dxdyI

.C4/
“

R2
C

.f .v C U/ � f .U //xyyvyy dxdy

�
˛

2

“
R2
C

Uxv
2
yy dxdy � C

“
R2
C

¹jrvjjr2vj2C.jrvjCUx/jrvjjr
2vjº dxdyI

.C5/
“

R2
C

r.f .v C U/ � f .U //xyy � rvyy dxdy

�
˛

2

“
R2
C

Uxjrvyy j
2 dxdy C ˛

“
R2
C

Uxjvxyy j
2 dxdy

�
f 0.u�/

2

Z
R
jrvyy.0; y; t/j

2 dy

� C

“
R2
C

¹.jrvjCUx/jrvjjrvyy jC.jrvjCUxCjUxxj/jr
2vjjrvyy jº dxdy

� C

“
R2
C

¹jr
2vj2jrvyy j C .jrvj C Ux/jr

3vj2º dxdyI
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.C6/
“

R2
C

r�.f .v C U/ � f .U //x � r�v dxdy

�
˛

2

“
R2
C

Uxjr�vj
2 dxdyC ˛

“
R2
C

Uxj�vxj
2 dxdy

�
f 0.u�/

2

Z
R
jr�v.0; y; t/j2 dy � C

�
krvkL1.RC/ C

3X
kD1

k@kxU kL1.R2
C
/

�
�

“
R2
C

.jrvj2 C jr2vj2 C jr2vj4 C jr3vj2/ dxdy

� C

“
R2
C

.jUxxxxj C jUxj
4
C jUxxj

2
C jUxjjUxxxj C jUxj

2
jUxxj/

� jvjj�vxj dxdyI

.C7/
“

R2
C

.g.v C U/y/v dxdy D 0I

.C8/
“

R2
C

r.g.v C U/y/ � rv dxdy

� C.krvkL1.R2
C
/ C kUxkL1.R2

C
//

“
R2
C

jrvj2 dxdyI

.C9/
“

R2
C

�.g.v C U/y/�v dxdy

� C.krvkL1.R2
C
/ C

2X
kD1

k@kxU kL1.R2
C
//

“
R2
C

.jrvj2 C jr2vj2/ dxdyI

.C10/
“

R2
C

.g.v C U/yyyvyy dxdy

� C.krvkL1.R2
C
/ C kUxkL1.R2

C
//

“
R2
C

.jrvj2 C jr2vj2/ dxdyI

.C11/
“

R2
C

r.g.v C U/yyy/ � rvyy dxdy

� C

“
R2
C

¹.jrvj C jUxj/jrvj C .jrvj C jUxj/jr
2vj C jr2vj2 C jrvjjrvyy jº

� jrvyy j dxdyI

.C12/
“

R2
C

r�.g.v C U/y/r�v dxdy

� C.krvkL1.R2
C
/ C kUxkL1.RC//

“
R2
C

.jrvj2 C jr2vj2 C jr3vj2/ dxdy

C C

“
R2
C

jr
2vj4 dxdy:
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Proof. We only give the proof of .C3/ and .C6/, and the rest can be calculated in the
similar way. Notice that �.fg/ D .�f /g C f .�g/C 2rf � rg. By direct calculation,
we have

�.f .v C U/ � f .U //x�v

D �f 0.v C U/.vx C Ux/�v C f
0.v C U/.�vx C Uxxx/�v

C 2f 00.v C U/.rv � rvx C vxUxx C Uxvxx C UxUxx/�v

��f 0.U /Ux�v � f
0.U /Uxxx�v � 2f

00.U /UxUxx�v

D f 000.v C U/.v3x C Uxv
2
x C U

2
x vx/�v C f

00.v C U/.vx C Ux/.�v/
2

C f 00.v C u/Uxxvx�v C f
000.v C U/.vx C Ux/v

2
y.�v/C f .v C U/�vx�v

C 2f 00.v C U/.rv � rvx C vxUxx C Uxvxx/�v

C .f 000.v C U/ � f 000.U //U 3x�v C .f
0.v C U/ � f 0.U //Uxxx�v

C 3.f 00.v C U/ � f 00.U //UxUxx�v; (3.90)

where we have used the fact that

�f 0.v C U/ D f 000.v C U/.vx C Ux/
2
C f 00.v C U/.�v C Uxx/C f

000.v C U/v2y :

Integrating (3.90) over R2C, we can obtain .C3/. Based on the equations, we have

r�.f .v C U/ � f .U //x � r�v

D r�f 0.v C U/ � r�v.vx C Ux/C�f
0.v C U/.rvx � r�v C Uxx�v/

C f 00.v C U/.rv � r�v C Ux�vx/.�vx C Uxxx/

C f 0.v C U/.r�vx � r�v C Uxxxx�vx/

C 2f 000.v C U/.rv � r�vC Ux�vx/.rv � rvx C vxUxxC Uxvxx C UxUxx/

C 2f 00.v C U/
�
rvx � r�vvxx C vxrvxx � r�v Crvy � r�vvxy

C vyrvxy � r�v Crvx � r�vUxx
�
C 2f 00.v C U/

� .vxUxxx�vx C vxxUxx�vx C Uxrvxx � r�v C U
2
xx�vx C UxUxxx�vx/

�
�
f .4/.U /U 4x C 6f

000.U /U 2xUxx C 3f
0.U /U 2xx C 4f

0.U /UxUxxx

C f 0.U /Uxxxx
�
�vx : (3.91)

The first term on the right-hand side is equal to

r�f 0.v C U/ � r�v.vx C Ux/

D f .4/.v C U/.rv � r�v C Ux�vx/.vx C Ux/
3

C 2f 000.v C U/.vx C Ux/
2.rv � r�v C Ux�vx/

C f 000.v C U/.rv � r�v C Ux�vx/.�v C Uxx/.vx C Ux/

C f 00.v C U/.jr�vj2 C Uxxx�vx/.vx C Ux/

C f .4/.v C U/.rv � r�v C Ux�vx/v
2
y.vx C Ux/

C 2f 000.v C U/vyrvy � r�v.vx C Ux/: (3.92)
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Substituting (3.92) into (3.91) and then integrating it over R2C, by using the Cauchy
inequality, estimate (C6) can be obtained.

Lemma 3.31. The solution v.x; y; t/ of (3.86)–(3.87) satisfies the following boundary
estimates:

.D1/ @ky@
l
tv.0; t/ D 0; k; l D 0; 1; 2; : : : I

.D2/ vx.0; y; t/ D 0I

.D3/ v2xx.0; y; t/ � C.divpx.0; y; t//2I

.D4/ v2xxy.0; y; t/ � C.divpxy.0; y; t//2I

.D5/ v2xxx.0; y; t/ � C.divpx.0; t//2 C C.divpxt .0; y; t//2 C C.divpxy.0; y; t//2

C C.divpxx.0; y; t//2:

3.2.1. A priori estimates.

Lemma 3.32. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kv.t/k2
H1.R2

C
/
C

Z t

0

.k
p
Uxv.t/k

2

L2.R2
C
/
C k

p
Uxrv.t/k

2

L2.R2
C
/
/ d�

C

Z t

0

.kdivp.t/k2
H1.R2

C
/
C kp.t/k2

L2.R2
C
/
C krv.t/k2

L2.R2
C
/
/ d�

� CM 2
0 :

Proof. We can get from (3.86)1 � v C (3.86)2 � p that

1

2

d
dt
v2 C .f .v C U/ � f .U //xv C .g.v C U/y/v C .divp/2 C jpj2

C div¹pv � divppº D 0: (3.93)

According to Lemma 3.30 (C1), (C7) and boundary condition (3.87), integrating (3.93)
over R2C � Œ0; t �, we have

kv.t/k2
L2.R2

C
/
C

Z t

0

k
p
Uxv.�/k

2
L2.RC/

d�

C

Z t

0

.kdivp.�/k2
L2.R2

C
/
C kp.�/k2

L2.R2
C
/
/ d�

� CM 2
0 : (3.94)

On the other hand, we can get from r(3.86)1 � rv � (3.86)2 � r divp that

1

2

d
dt
jrvj2 Cr.f .v C U/ � f .U //x � rv Cr.g.v C U/y/ � rv C jr divpj2

C .divp/2 � divp¹divppº D 0: (3.95)
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Integrating (3.95) over R2C, using Lemma 3.30 (C2), (C8) and Lemma 3.31 (D1)–(D2),
combining (3.94) and (3.85), we have

d
dt
krv.t/k2

L2.R2
C
/
C k

p
Uxrv.t/k

2

L2.R2
C
/
C kr divp.t/k2

L2.R2
C
/
C kdivp.t/k2

L2.R2
C
/

� CkrvkL1.R2
C
/krv.t/k

2

L2.R2
C
/
C Ckv.t/k2

L2.R2
C
/
kUxxk

2
L1.RC/

C Ck
p
Uxv.t/k

2

L2.R2
C
/

� C"1krv.t/k
2

L2.R2
C
/
C CM 2

0 .1C t /
� 3

2 log10.2C t /

C Ck
p
Uxv.t/k

2

L2.R2
C
/
: (3.96)

From (3.86)2, the first term on the right-hand side can be estimated as

krvk2
L2.R2

C
/
� 2.kr divpk2

L2.R2
C
/
C kpk2

L2.R2
C
/
/: (3.97)

It then follows from (3.96) after integration over Œ0; t � that

krv.t/k2
L2.R2

C
/
C

Z t

0

k
p
Uxrv.�/k

2
L2.RC/

d�

C

Z t

0

.kr divp.�/k2
L2.R2

C
/
C kdivp.�/k2

L2.R2
C
/
/ d� � CM 2

0

for some small "1. Using (3.97) again, we getZ t

0

krv.�/k2
L2.R2

C
/

d� � CM 2
0 ;

which completes the proof of Lemma 3.32.

Lemma 3.33. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kr
2v.t/k2

L2.R2
C
/
C

Z t

0

�
k
p
Ux�v.�/k

2

L2.R2
C
/
C kr divp.�/k2

H1.R2
C
/

C kr
2v.�/k2

L2.R2
C
/

�
d� � CM 2

0 :

Proof. We can get from �(3.86)1 ��v � div (3.86)2 �� divp that

1

2

d
dt
.�v/2 C�..f .v C U/ � f .U //x/�v C�.g.v C U/y/�v C .� divp/2

C jr divpj2 � div¹divpr divpº D 0: (3.98)

Notice that

.� divp/2 D .divpxx/2 C .divpyy/2 C 2.divpxy/2 C 2¹divpxx divpyºy
� 2¹divpxy divpyºx ;

.�v/2 D .vxx/
2
C .vyy/

2
C 2.vxy/

2
C 2¹vxxvyºy � 2¹vxyvyºx ;
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which implies that “
R2
C

.� divp/2 dxdy D
“

R2
C

jr
2 divpj2 dxdy; (3.99)“

R2
C

.�v/2 dxdy D
“

R2
C

jr
2vj2 dxdy: (3.100)

Integrating (3.98) over R2C, by utilizing Lemma 3.30 (C3), (C9), (3.99) and the Cauchy
inequality, we obtain

1

2

d
dt
kr

2v.t/k2
L2.R2

C
/
C
˛

2
k
p
Ux�v.t/k

2

L2.R2
C
/
C kr

2 divp.t/k2
L2.R2

C
/

C kr divp.t/k2
L2.R2

C
/

� C

Z
R
v2xx.0; y; t/ dy C C.krvkL1.R2

C
/ C �/kr

2v.t/k2
L2.R2

C
/

C C��1krv.t/k2
L2.R2

C
/
C C��1kv.t/k2

L2.R2
C
/
kUxxx.t/k

2
L1.RC/

C C��1k
p
Uxv.t/k

2
L2.RC/

: (3.101)

By Lemma 3.31 (D3), for the first term on the right-hand side of (3.101), we haveZ
R
v2xx.0; y; t/ dy �

1

4
kdivpxx.t/k2L2.R2

C
/
C Ckdivpx.t/k2L2.R2

C
/
: (3.102)

From (3.100) and (3.86)2, we can treat the second term as

kr
2v.t/k2

L2.R2
C
/
D k�v.t/k2

L2.R2
C
/

� 2.k� divp.t/k2
L2.R2

C
/
C kdivp.t/k2

L2.R2
C
/
/: (3.103)

The former term of (3.103) can be absorbed into the third term on the left-hand side of
(3.101) if "1 and� are small enough. Substituting (3.102) and (3.103) into (3.101), we can
deduce that

d
dt
kr

2v.t/k2
L2.R2

C
/
C k

p
Ux�v.t/k

2

L2.R2
C
/
C kr

2 divp.t/k2
L2.R2

C
/

C kr divp.t/k2
L2.R2

C
/

� Ckdivp.t/k2
H1.R2

C
/
C Ckrv.t/k2

L2.R2
C
/
C Ck

p
Uxv.t/k

2
L1.RC/

C CM 2
0 .1C t /

� 3
2 log10.2C t /:

Integrating the above inequality over Œ0; t �, we get

kr
2v.t/k2

L2.R2
C
/
C

Z t

0

.k
p
Ux�v.�/k

2

L2.R2
C
/
C kr divp.�/k2

H1.R2
C
/
/ d� � CM 2

0 :

Using (3.103) again, we complete the proof of Lemma 3.33.
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Lemma 3.34. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kvyy.t/k
2

H1.R2
C
/
C

Z t

0

.k
p
Uxvyy.�/k

2

L2.R2
C
/
C
˛

2
k
p
Uxrvyy.�/k

2

L2.R2
C
/
/ d�

C

Z t

0

.krvyy.�/k
2

L2.R2
C
/
C kdivpyy.�/k2H1.R2

C
/
C kpyy.�/k

2

L2.R2
C
/
/ d�

� CM 2
0 C C.M0 C ı

0/

Z t

0

kr
3v.�/k2

L2.R2
C
/

d�: (3.104)

Proof. We can get from the expression @2y(3.86)1 � vyy C (3.86)2 � pyy C r@2y(3.86)1 �
rvyy � @

2
y(3.86)2 � r divpyy that

1

2

d
dt
.v2yy C jrvyy j

2/C .f .v C U/ �f .U //xyyvyy Cr.f .v C U/ � f .U //xyy � rvyy

C g.v C U/yyyvyy Cr.g.v C U/yyy/ � rvyy C jr divpyy j2

� 2r divpyy � pyy C jpyy j2 C div¹vyypyyº D 0: (3.105)

Integrating (3.105) over R2C, by utilizing Lemma 3.30 (C4)–(C5) and (C10)–(C11), we
have

1

2

d
dt
kvyy.t/k

2

H1.R2
C
/
C
˛

2
k
p
Uxvyy.t/k

2

L2.R2
C
/
C
˛

2
k
p
Uxrvyy.t/k

2

L2.R2
C
/

C krvyy.t/k
2

L2.R2
C
/

� C.krvkL1.R2
C
/ C kUxkL1.RC//kr

3v.t/k2
L2.R2

C
/
C Ckrv.t/k2

H1.R2
C
/

C C

“
R2
C

jr
2vj4 dxdy: (3.106)

Here we have used the fact from (3.86)2 that

jrvyy j
2
D jr divpyy j2 � 2r divpyy � pyy C jpyy j2:

The last term of (3.106) can be estimated as

C

“
R2
C

jr
2vj4 dxdy � C

Z
RC

sup
y2R
jr
2vj2 dx

Z
R

sup
x2RC

jr
2vj2 dy

� C

Z
RC

kr
2v.x; �; t /kL2.R/kr

2vy.x; �; t /kL2.R/ dx

�

Z
R
kr

2v.�; y; t/kL2.RC/kr
2vx.�; y; t/kL2.RC/ dy

� Ckr2v.t/k2
L2.R2

C
/
kr

3v.t/k2
L2.R2

C
/

� CM 2
0 kr

3v.t/k2
L2.R2

C
/
: (3.107)
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Substituting (3.107) into (3.106), we obtain

d
dt
kvyy.t/k

2

H1.R2
C
/
C k

p
Uxvyy.t/k

2

L2.R2
C
/
C
˛

2
k
p
Uxrvyy.t/k

2

L2.R2
C
/

C krvyy.t/k
2

L2.R2
C
/

� Ckrv.t/k2
H1.R2

C
/
C C.M0 C ı

0/kr3v.t/k2
L2.R2

C
/
: (3.108)

Integrating (3.108) over Œ0; t �, we can get

kvyy.t/k
2

H1.R2
C
/
C

Z t

0

.k
p
Uxvyy.�/k

2

L2.R2
C
/
C k

p
Uxrvyy.�/k

2

L2.R2
C
/
/ d�

C

Z t

0

krvyy.�/k
2

L2.R2
C
/

d�

� CM 2
0 C C.M0 C ı

0/

Z t

0

kr
3v.�/k2

L2.R2
C
/

d�:

Furthermore, equation (3.86)2 gives

jr divpyy j2 C jpyy j2 C 2.divpyy/2 � 2 div¹divpyypyyº D jrvyy j2;

which implies

kdivpyy.t/k2H1.R2
C
/
C kpyy.t/k

2

L2.R2
C
/
� krvyy.t/k

2

L2.R2
C
/
;

due to divpyy.0; y; t/ D 0.
Integrating the above inequality over Œ0; t �, the desired estimates (3.104) can be ob-

tained, which completes the proof of Lemma 3.34.

Lemma 3.35. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kvt .t/k
2

H1.R2
C
/
C kdivp.t/k2

H1.R2
C
/
C kp.t/k2

L2.R2
C
/

C

Z t

0

.kvt .�/k
2

H1.R2
C
/
C kdivpt .�/k2H1.R2

C
/
C kpt .�/k

2

L2.R2
C
/
/ d�

� CM 2
0 : (3.109)

Proof. We can get from (3.86)1 and r(3.86)1 that“
R2
C

v2t dxdy � C
“

R2
C

.v2x C U
2
x v

2
C v2y C .divp/2/ dxdy;“

R2
C

jrvt j
2 dxdy � C

“
R2
C

.jrvj4 C U 2x jrvj
2
C U 4x v

2
C jr

2vj2

C U 2xxv
2
C jr divpj2/ dxdy:

(3.110)
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Integrating (3.110) over Œ0; t �, by Lemmas 3.32 and 3.33, we haveZ t

0

kvt .�/k
2

L2.R2
C
/

d� � C
Z t

0

�
krv.�/k2

L2.R2
C
/
C k

p
Uxv.�/k

2

L2.R2
C
/

C kdivp.�/k2
L2.R2

C
/

�
d� � CM 2

0 ;Z t

0

krvt .�/k
2

L2.R2
C
/

d� � C
Z t

0

�
krv.�/k2

H1.R2
C
/
C k

p
Uxv.�/k

2

L2.R2
C
/

C kr divp.�/k2
L2.R2

C
/
C kUxx.�/k

2
L1.RC/

�
d�

� CM 2
0 :

On the other hand, rewriting (3.86)2 in the form r div p � p D rv and squaring the
resulting equation, we can get

jr divpj2 C 2.divp/2 C jpj2 � 2 div¹divppº D jrvj2:

From divp.0; y; t/ D 0, we further get

kdivp.t/k2
H1.R2

C
/
C kp.t/k2

L2.R2
C
/
� krv.t/k2

H1.R2
C
/
� CM 2

0 ; (3.111)

it follows from (3.110) that

kvt .t/k
2

H1.R2
C
/
� Ckv.t/k2

H2.R2
C
/
C Ckdivp.t/k2

H1.R2
C
/
� CM 2

0 :

Similar to (3.111), from divpt .0; y; t/ D 0, we also get

kdivpt .t/k2H1.R2
C
/
C kpt .t/k

2

L2.R2
C
/
� krvt .t/k

2

H1.R2
C
/
: (3.112)

Integrating (3.112) over Œ0; t �, the desired estimate (3.109) can be obtained. Hence, we
complete the proof of Lemma 3.35.

Lemma 3.36. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kr
3v.t/k2

L2.R2
C
/
C

Z t

0

k
p
Uxr�v.t/k

2

L2.R2
C
/

d�

C

Z t

0

.kr3 divp.t/k2
L2.R2

C
/
C kr

3v.t/k2
L2.R2

C
/
/ d�

� CM 2
0 : (3.113)

Proof. We can get from r�(3.86)1 � r�v � r div (3.86) � r� divp that

1

2

d
dt
jr�vj2 Cr�.f .v C U/ � f .U //x � r�v Cr�.g.v C U/y/ � r�v

C jr� divpj2 C .� divp/2 � div¹� divpr divpº D 0: (3.114)
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Integrating (3.114) over R2C, from Lemma 3.30 (C6) and (C12), we have

d
dt
kr�v.t/k2

L2.R2
C
/
C
˛

2
k
p
Uxr�v.t/k

2

L2.R2
C
/
C kr� divp.t/k2

L2.R2
C
/

C k� divp.t/k2
L2.R2

C
/

� C

Z
R
jr�v.0; y; t/j2 dy C Ckrv.t/k2

H1.R2
C
/

C C.krvkL1.R2
C
/ C ı

0/kr3v.t/k2
L2.R2

C
/
C kUxv.t/k

2

L2.R2
C
/

C kUxxk
4
L1.RC/

kv.t/k2
L2.R2

C
/
C C

“
R2
C

jr
2vj4 dxdy

C C

Z
RC

jUxxxxj
2 dx

Z
R

sup
x2RC

jvj2 dy: (3.115)

The terms on the right-hand side of (3.115) can be estimated as follows. From Lem-
ma 3.31,Z

R
jr�v.0; y; t/j2 dy D

Z
R
.v2xxx.0; y; t/C v

2
xxy.0; y; t// dy

� C

Z
R
.divpx.0; t//2 dy C C

Z
R
.divpxt .0; y; t//2 dy

C C

Z
R
.divpxy.0; y; t//2 dy C C

Z
R
.divpxx.0; y; t//2 dy

�
1

8
kr

3divp.t/k2
L2.R2

C
/
C Ckr divp.t/k2

H1.R2
C
/

C C

Z
R
.divpxt .0; y; t//2 dy

�
1

4
.kr� divp.t/k2

L2.R2
C
/
C kr divpyy.t/k2L2.R2

C
/
/

C Ckr divp.t/k2
H1.R2

C
/

C C

Z
R
.divpxt .0; y; t//2 dy: (3.116)

To treat the last term of (3.116), we obtain from @t (3.89)1 thatZ
R
.divpxt .0; y; t//2 dy D

Z
R
jp1t .0; y; t/j

2 dy

�

Z
R
kp1t .t/k

2
L1.RC/

dy

� C.kp1xt .t/k
2

L2.R2
C
/
C kp1t .t/k

2

L2.R2
C
/
/:

Differentiating (3.89)1 with respect to t and then squaring this equation, we get

.divpxt � p1t /2 D v2xt ;
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which implies that

.divpxt /2 C jp1t j2 � 2¹divptp1tºx C 2p21xt D v
2
xt � 2p1xtp2yt : (3.117)

Integrating (3.117) over R2C, from divpt .0; y; t/ D 0, we have“
R2
C

.divpxt /2 dxdy C 2
“

R2
C

.p1xt /
2 dxdy C

“
R2
C

.p1t /
2 dxdy

�

“
R2
C

v2xt dxdy C
“

R2
C

.p1xt C p2yt /
2 dxdy

�

“
R2
C

v2xt dxdy C
“

R2
C

.divpt /2 dxdy:

Therefore, it follows from (3.116) thatZ
R
jr�v.0; y; t/j2 dy �

1

4
.kr� divp.t/k2

L2.R2
C
/
C kr divpyy.t/k2L2.R2

C
/
/

C C
�
kr divp.t/k2

H1.R2
C
/
C krvt .t/k

2

L2.R2
C
/

C kdivpt .t/k2L2.R2
C
/

�
: (3.118)

Similar to (3.107), we can deduce that“
R2
C

jr
2vj4 dxdy � CM 2

0 kr
3v.t/k2

L2.R2
C
/
: (3.119)

From (3.85),Z
RC

jUxxxxj
2 dx

Z
R

sup
x2RC

jvj2 dy �
Z

RC

jUxxxxj
2 dx

“
R2
C

.v2 C v2x/ dxdy

� CM 2
0 kUxxxx.t/k

2
L2.RC/

� CM 2
0 .1C t /

� 3
2 log10.2C t /: (3.120)

Substituting (3.118)–(3.120) into (3.115), for sufficiently small ı0 we have

d
dt
kr�v.t/k2

L2.R2
C
/
C k

p
Uxr�v.t/k

2

L2.R2
C
/
C kr� divp.t/k2

L2.R2
C
/

C k� divp.t/k2
L2.R2

C
/

� Ckrv.t/k2
H1.R2

C
/
C C.M0 C ı

0/kr3v.t/k2
L2.R2

C
/

C CM 2
0 .1C t /

� 3
2 log10.2C t /C Ckrvt .t/k2L2.R2

C
/

C
1

4
.kr� divp.t/k2

L2.R2
C
/
C kr divpyy.t/k2L2.R2

C
/
/

C Ckr divp.t/k2
H1.R2

C
/
C Ckdivpt .t/k2L2.R2

C
/
C k

p
Uxv.t/k

2

L2.R2
C
/
: (3.121)
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Integrating (3.121) over Œ0; t �, substituting (3.109) and (3.104) into the resulting inequal-
ity, we can get

kr�v.t/k2
L2.R2

C
/

C

Z t

0

.k
p
Uxr�v.�/k

2

L2.R2
C
/
C kr� divp.�/k2

L2.R2
C
/
C k� divp.�/k2

L2.R2
C
/
/ d�

� CM 2
0 C C.M0 C ı

0/

Z t

0

kr
3v.�/k2

L2.R2
C
/

d�: (3.122)

From (3.86)2, combining (3.104), the last term can be estimated asZ t

0

kr
3v.�/k2

L2.R2
C
/

d� � C
Z t

0

kr�v.�/k2
L2.R2

C
/

d� C C
Z t

0

krvyy.�/k
2

L2.R2
C
/

d�

� C

Z t

0

.kr� divp.�/k2
L2.R2

C
/
C kr divp.�/k2

L2.R2
C
/
/ d�

C C

Z t

0

.kr divpyy.�/k2L2.R2
C
/
C kpyy.�/k

2

L2.R2
C
/
/ d�

� CM 2
0 C C.M0 C ı

0/

Z t

0

kr
3v.�/k2

L2.R2
C
/

d�;

which implies that Z t

0

kr
3v.�/k2

L2.R2
C
/

d� � CM 2
0 (3.123)

for some small M0 and ı0. Combining (3.122), (3.104) and (3.123), the desired esti-
mate (3.113) can be directly obtained.

Lemma 3.37. Under the same assumptions of Proposition 3.29, there exists a positive
constant C such that for 0 � t � T ,

kr
2 divp.t/k2

H1.R2
C
/
C krp.t/k2

H2.R2
C
/

C

Z t

0

.kr2 divp.�/k2
H1.R2

C
/
C krp.�/k2

H2.R2
C
/
/ d� � CM 2

0 : (3.124)

Proof. Making use of (3.86)2, we can deduce that

kr
2 divp.t/k2

L2.R2
C
/
D k� divp.t/k2

L2.R2
C
/
� C.kdivp.t/k2

L2.R2
C
/
Ck�v.t/k2

L2.R2
C
/
/;

kr� divp.t/k2
L2.R2

C
/
� C.kr divp.t/k2

L2.R2
C
/
C kr�v.t/k2

L2.R2
C
/
/;

kr
3 divp.t/k2

L2.R2
C
/
� kr divpyy.t/k2L2.R2

C
/
C kr� divp.t/k2

L2.R2
C
/

and

kr divpyy.t/k2L2.R2
C
/
C 2kdivpyy.t/k2L2.R2

C
/
C kpyy.t/k

2

L2.R2
C
/
� krvyy.t/k

2

L2.R2
C
/
:
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Therefore, it holds that

kr
2 divp.t/k2

H1.R2
C
/
C

Z t

0

kr
2 divp.�/k2

H1.R2
C
/

d� � CM 2
0 : (3.125)

By utilizing (3.86)2 again, we have

krp.t/k2
L2.R2

C
/
� C.kr2 divp.t/k2

L2.R2
C
/
C kr

2v.t/k2
L2.R2

C
/
/;

kr
2p.t/k2

L2.R2
C
/
� C.kr3 divp.t/k2

L2.R2
C
/
C kr

3v.t/k2
L2.R2

C
/
/:

In order to show the L2-estimate of r3p, we know the definition of r3p is that

r
3p D

�
p1xxx p1xxy p1xyy p1yyy
p2xxx p2xxy p2xyy p2yyy

�
:

From (3.88), we note that

divpxx � p1xxx D p2xxy D p1xyy D divpyy � p2yyy ; (3.126)

p2xxx D p1xxy D divpxy � p2xyy D divpxy � p1yyy : (3.127)

Therefore, we just need to show the L2-estimate of p2xyy and p2yyy . Once we get these
two estimates, combined with the obtained estimates of r2 divp, we can deduce the esti-
mate of r3p immediately by using (3.126)–(3.127). Now, we estimate p2xyy and p2yyy .

We can get from @x@y(3.89)2 that

.divpxyy/2 C p22xy C 2p
2
2xyy � 2¹divpxyp2xyºy D v2xyy � 2p1xxyp2xyy : (3.128)

Integrating (3.128) over R2C, we have“
R2
C

.divpxyy/2 dxdy C
“

R2
C

p22xy dxdy C 2
“

R2
C

p22xyy dxdy

�

“
R2
C

v2xyy dxdy C
“

R2
C

.p1xxy C p2xyy/
2 dxdy

�

“
R2
C

v2xyy dxdy C
“

R2
C

.divpxy/2 dxdy:

Similarly, we can get from @2y(3.89)2 that

.divpyyy/2 C p22yy C 2p
2
2yyy � 2¹divpyyp2yyºy D v2yyy � 2p1xyyp2yyy :

It follows that“
R2
C

.divpyyy/2 dxdy C
“

R2
C

p22yy dxdy C 2
“

R2
C

p22yyy dxdy

�

“
R2
C

v2yyy dxdy C
“

R2
C

.divpyy/2 dxdy:

Combining (3.113) and (3.125), we can obtain the desired estimate (3.124).
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3.2.2. Large-time behavior. The combination of the existence and uniqueness of the local
solution and the a priori estimates can extend the local solution for problem (3.86)–(3.87)
globally, that is,8̂̂̂̂
<̂̂
ˆ̂̂̂:

v 2 C 0.Œ0;1/IH 3.R2C// \ C
1.Œ0;1/IH 2.R2C//; rv 2 L

2.0;1IH 2.R2C//;

p 2 C 0.Œ0;1/IH 3.R2C// \ L
2.0;1IH 3.R2C//;

divp 2 C 0.Œ0;1/IH 3.R2C// \ L
2.0;1IH 3.R2C//;

vt 2 L
2.0;1IH 1.R2C//; pt 2 L

2.0;1IL2.R2C//; divpt 2 L2.0;1IH 1.R2C//:

It follows that for t � 0,

kv.t/k2
H3.R2

C
/
C kvt .t/k

2

H1.R2
C
/
C kp.t/k2

H3.R2
C
/
C kdivp.t/k2

H3.R2
C
/

C

Z 1
0

.krv.t/k2
H2.R2

C
/
C kvt .t/k

2

H1.R2
C
/
/ d�

C

Z 1
0

�
kp.t/k2

H3.R2
C
/
C kdivp.t/k2

H3.R2
C
/
C kpt .t/k

2

L2.R2
C
/

C kdivpt .t/k2H1.R2
C
/

�
d� <1; (3.129)

In order to show the large-time behavior (3.1) in Theorem 3.2 from (3.129), we just need
to prove that Z 1

0

ˇ̌̌ d
dt
.krv.t/k2

L2.R2
C
/
C kr

2v.t/k2
L2.R2

C
/
/
ˇ̌̌
dt <1;Z 1

0

ˇ̌̌ d
dt
.kr divp.t/k2

L2.R2
C
/
C kdivp.t/k2

L2.R2
C
/
C kp.t/k2

L2.R2
C
/
/
ˇ̌̌
dt <1:

(3.130)

Once we get the above two inequalities, combining (3.129), we have

krv.t/kL2.R2
C
/; kr

2v.t/kL2.R2
C
/; kr divp.t/kL2.R2

C
/;

kdivp.t/kL2.R2
C
/; kp.t/kL2.R2

C
/ ! 0 as t !1:

By utilizing the Gagliardo–Nirenberg inequality
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1
2

L2.R2
C
/
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/
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3f k
2
3
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C
/
;

we can deduce that as t !1,
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/
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In order to prove (3.130), the key is to estimate r2vt . We can get from �(3.86)1 that

k�vt .t/k
2

L2.R2
C
/
� C

�
krv.t/k2

H2.R2
C
/
C k

p
Uxv.t/k

2
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C
/

C kUxxxk
2
L1.RC/

kv.t/k2
L2.R2

C
/
C k� divp.t/k2

L2.R2
C
/

�
:

Similar to (3.100), we can deduce that

k�vt .t/k
2

L2.R2
C
/
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2vt .t/k
2

L2.R2
C
/
:

It follows that Z 1
0
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2vt .t/k

2

L2.R2
C
/

dt <1:

Then, we can obtainZ 1
0

ˇ̌̌ d
dt
.krv.t/k2

L2.R2
C
/
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C
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/
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C
/
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2
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C
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andZ 1
0

ˇ̌̌ d
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.kr divp.t/k2
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C
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C
/
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� C

Z 1
0

.kr divp.t/k2
L2.R2

C
/
C kdivp.t/k2

L2.R2
C
/
C kp.t/k2

L2.R2
C
/
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C C

Z 1
0

.kr divpt .t/k2L2.R2
C
/
C kdivpt .t/k2L2.R2

C
/
C kpt .t/k

2

L2.R2
C
/
/ dt <1:

Therefore, the proof of Theorem 3.2 is completed. Combined with the proved Theo-
rem 3.1, we prove the main Theorem 2.6.
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