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MYV polytopes and reduced double Bruhat cells

Kathlyn Dykes

Abstract. When G is a complex reductive algebraic group, MV polytopes are in bijection with
the non-negative tropical points of the unipotent group of G. By fixing w from the Weyl group,
we can define MV polytopes whose highest vertex is labelled by w. We show that these poly-
topes are in bijection with the non-negative tropical points of the reduced double Bruhat cell
labelled by w!. To do this, we define a collection of generalized minor functions APY which
tropicalize on the reduced Bruhat cell to the BZ data of an MV polytope of highest vertex w.
We also describe the combinatorial structure of MV polytopes of highest vertex w. We
explicitly describe the map from the Weyl group to the subset of elements bounded by w in the
Bruhat order which sends u > v if the vertex labelled by u coincides with the vertex labelled
by v for every MV polytope of highest vertex w. As a consequence of this map, we prove that
these polytopes have vertices labelled by Weyl group elements less than w in the Bruhat order.

1. Introduction

For G a complex reductive algebraic group, the irreducible representations are highest
weight representations. To understand the tensor products of these irreducible repre-
sentations, Lusztig defined a canonical basis for each V(w;), which behaves nicely
with the decomposition of these tensor products into their irreducible subrepresenta-
tions [24]. In [27], Mirkovi¢ and Vilonen provide another basis using the geometric
Satake correspondence, which relates the representation theory of the Langlands dual
group GV with the intersection homology of the affine Grassmannian, §r.

Under this correspondence, the bases of the representations correspond to certain
subvarieties of §r, called Mirkovi¢—Vilonen (MV) cycles. These MV cycles are the
irreducible components of the intersection of infinite cells and as such, are difficult
to understand as geometric objects. Anderson first conjectured that MV cycles could
be analyzed by studying their moment polytopes [1] and in [21], Kamnitzer gives a
combinatorial description of MV cycles using these moment polytopes, called MV
polytopes. Goncharov and Shen [17] take this one step further by explicitly show-
ing that the set of MV polytopes are the tropical points of the unipotent subgroup
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of G. The benefit to this point of view is that the tropical Pliicker relations come from
the Pliicker relations on N, which arise naturally by studying the transition maps of
Lusztig’s positive atlas [7].

In this paper, for w € W, we investigate a subset of MV polytopes called MV
polytopes of highest vertex w, denoted by #,,. These polytopes are MV polytopes
whose vertex labelled by w is equal to the vertex labelled by wy.

The original motivation to study these polytopes was to develop a better under-
standing of affine MV polytopes, although these MV polytopes are also of interest
due to their connection to preprojective algebra modules and MV cycles. In [5], the
authors define a class of preprojective algebra modules of interest, T* and in [26],
Meénard proves that J,, is exactly set of MV polytopes associated to these modules.

For any MV polytope, there is a canonical labelling of the vertices by the Weyl
group, so that the vertex data of P € #, can be labelled ((y)yew. The main result
of this paper is that the vertex data is only dependent on the Weyl group elements
bounded by w.

Theorem A (Theorem 4.34, Corollary 4.35). For every P € Py, with vertex data
(Uy)vew, we have P = conv{u, : v € W, v < w}.

This theorem is proven by explicitly describing the map W — {v < w}.

We would also like to realize #,, as the non-negative tropical points on some
subvariety of N such that the tropicalized generalized minors functions send a non-
negative tropical point to the BZ data of an MV polytope of highest vertex w. The
candidate for this subvariety is the reduced double Bruhat cell,

LY '=NNB w'B_.

On this subvariety, some of these generalized minor functions vanish. Instead, we
redefine these minors Ay7Y to be the smallest weight y such that Ay, e, 7 0 on L
Consider the collection of tropical functions M, = (A‘J‘,"W N, )P for y € I', where
Nw—1 18 a necessary change of coordinates.

Theorem B (Proposition 5.17). On Lw_l(Zm’p)z, the collection (My)yer satisfies
the following conditions:

(1) the edge inequalities;

(ii) the tropical Pliicker relations on the subcollection (M, )yerw.

Conjecture C. On L (Z"°P)s, the collection (My)yer satisfy the edge equalities
on the subcollection (My),er\rw.

Using this new collection of tropical functions (M, ),er, we obtain an identical
result to the case of N.
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Theorem D (Theorem 5.18). There is a bijection L (Z'P)s — Py, defined by
t — (My(£))yer-

This paper is organized as follows. In Section 3, we give a brief background of
the theory of MV polytopes. In Section 4, we describe the Lusztig and vertex data
of &, and prove Theorem A. In Section 5, we outline the theory which relation MV
polytopes of highest vertex w to the tropical points of the reduced double Bruhat cells.

2. Notation

Let G be a semisimple, simply connected, complex group. Let 7' be a maximal torus
of G. We define the weight and coweight lattice as X* = Hom(7, C*) and X, =
Hom(T, C*), respectively. Let W = Ng(T)/ T be the Weyl group.

Fix B be a Borel subgroup of G suchthat 7 C B.Let N be the unipotent subgroup
of B. Let I be the index set of the simple roots and denote «; as the simple root
associated to the index i while o is the simple coroot. Let A be the set of roots
and A the set of positive roots while A" is set of coroots and AY the set of positive
coroots. Let (-,-): X« X X* — C be the pairing of the weight and the coweight lattice
and set a;; = (o, ;). Denote by QO = NA the root lattice so Q4+ = NA is the
positive root cone. Similarly, let OV = NAY be the coroot lattice and 0 = NAY
the positive coroot cone. Let w; be the fundamental weights, which form a basis of
the weight lattice X * such that (&, w;) = &; ;.

Consider the space tg = X« ® R and ti = X* ® R. Define a partial order on X,
byu <A <= A—pe QY andapartial orderon X* by u <A <= A—pec Q.
Define the twisted partial order >,, on tg by 8 <, ¢ < (B —«a, ww;) > 0 for
alli e 1.

Let s; be the simple reflection associated to the simple root ¢;, that is, s; () =
o — (o, a)a; and set S = {s; : i € I}. Then W is also the Coxeter group generated
by S, and W acts on the weight lattice by s; () = p — (), B) «; for g € X*. Sim-
ilarly, W acts on the coroots and the coweight lattice by s; () = p — (B, o) &’ for
B e X..

For w € W, let £(w) denote the length of w. We say the product s;, ---s;, is
reduced if k = {(w). The tuple of indices i = (iy,...,ix) aword of wif w = s;; - - -5;, .
A reduced word of w is i such that w = s;, ---s;, is reduced.

Let < denote the Bruhat order and let <g, <y denote the right and left weak
Bruhat orders respectively. We will denote intervals in the strong Bruhat order by
[v,w] = {x : v < x < w}. Similarly, the weak Bruhat intervals are given by [v, w]g =
{x:v<gpx<gpw}and[v,w]p ={x:v <p x <p w}.
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3. MV polytopes

MYV polytopes were originally defined by Anderson [1] as the moment polytopes of
certain subvarieties of the affine Grassmannian called MV cycles. In [21], Kamnitzer
gave a completely combinatorial description of MV polytopes using their hyperplane
data. In particular, a GGMS polytope is an MV polytope exactly when the hyperplane
data are a BZ datum. In this section, we review MV polytopes as combinatorial objects
and outline their relation to preprojective algebra modules. We describe the crystal
structure on the set of MV polytopes and define the Saito crystal reflection.
To define MV polytopes, we first consider GGMS polytopes.

Definition 3.1. Consider a collection pte = (it )wew in the coroot lattice OV such
that @y, <y My for all v, w € W. A Gelfand—Goresky—MacPherson—Serganova, or
GGMS, polytope is a convex polytope P(ue) of the form P(ie) = (e Cir™s
where

Chv={xetr:(x,w-w;) > (Uw, w-w;),Vi}.

By [21, Proposition 2.2], P(ue) = conv{ity : w € W}. We call (ie) the vertex
data of the polytope.

We can also define a GGMS polytope using the hyperplane data. The hyperplanes
are indexed by weights of the form ww;. Define the set of chamber weights I' =
{ww; :weW,iel}. Let My = (M,)yer be acollection of integers that satisfy the
edge inequalities for each w € W andi € [I:

Mysiw; + Myw; + ZajiMwwj <0, 3.1
J#i
where a;; = (a}’, a;). Then the polytope P(M,) defined by the hyperplane data is
P(M,) ={x etr:(x,y)> M, Vy eI}

By [21, Proposition 2.2], these two definitions are equivalent in the following way.
If P = P(ue),then P = P(M,), where we set My, = (i, w - w;). If P = P(M,),
then P = P(ite), where we set by = ;7 My, w - ;. From now on, fora GGMS
polytope P, we will denote (je) as the vertex data and (M,) as the hyperplane data.

For w € W and s; such that £(s; w) > £(w), there is an edge in P (ue) connecting
Mw and fiys; , Where

Hws; — hw = CW - ajv (3.2)
and
¢ = _Mwwl- - Mwsicui - ZajiMwwj-
JF#i
Note that from the edge inequalities (3.1) ¢ > 0. We call ¢ the length of the edge
from fiy tO yy; . The next lemma follows directly from (3.2).
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Figure 1. An A> MV polytope.

Lemma 3.2. For P, a GGMS polytope with vertex data (ie) and hyperplane data
(M,), we have

MHws; — Mw = 0 < Mw(ui + Mwsia)i = _ZajiMwwj-
J#i
Example 3.3. For G = SL3, the simple coroots are given by «;” = (1, —1,0) and
ay = (0,1, —1), so these GGMS polytopes are actually polygons. For example, see
Figure 1.
The fundamental weights are w; = (1, 0,0), w» = (1, 1,0), and the chamber

weights are
I' = {w1, w2, 5101, S202, $25101, $152w2 }.

These chamber weights index the hyperplanes (M,) as in Figure 1.

When a GGMS polytope is an MV polytope, the hyperplane data satisfy certain
relations. First, we recall the tropical Pliicker relations, which come from the tropi-
calization of the Pliicker relations of [7].

Definition 3.4. The collection (M, ),<r satisfies the tropical Pliicker relations if for
eachw € Wandeveryi, j € I suchthati # j ands;,s; ¢ Dg(w), then either a;; =0
or the following holds:

(1) ifaij =aj; = —1, then
Mwsia)i + Mija)j = min{Mwwi + MwsiSja)js Mijsiwi + Mwa)j};
2) ifa,'j = —l,aji = —2, then

Mus;0; + Mus;s;0; + Muws;o; = min{2Muygs.0;, + My, ,
2Mwwj + MU)S,‘S]‘S,'O),W M(uj + Mwsj's,'sj'a)j + Mu)sia)i}s
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Mws_,-s,-w,j + 2Mws,-s_,-w_,- + Mys;w; = mln{zMww_,- + 2Mws,-s_,-s,—w,—»
ZMU)SJ'S[SJ'&)]‘ + Mys;w; » Mwsis]-sia)i + 2Mws,~sj'a)j + Mwwi};

3) ifa,-j = —2,aj,~ = —1, then

Mys;si0; + Muwsio; + Mus;s;0; = min{2Mys,0; + Mus; sis,0, -
2Mys;s;si0r + Mwa,  Mus;s;sio; + Mwo; + Muwss; ;)
Mws_,—w_,— + 2Mwsiwi + MwSiS_/wj = min{zMwSiS_/Siwi + 2Mwwj ’
2Myw; + ZMWSij(I)j ’ Mwwj + 2Muys;w; + Mwsj-s,»sj-wj}-

If a;; = —3 oraj; = —3, the tropical Pliicker relations are given in [7, Proposition 4.2].
We omit them here due to length.

Note that the tropical Pliicker relations impose conditions on each 2-face of P.
Definition 3.5. The collection (M, )ycr is a Berenstein—Zelevinsky (BZ) datum of
coweight A if

(i) (Mo,) satisfies the tropical Pliicker relations;

(i) (M,) satisfies the edge inequalities (3.1);

(iiil) My, = 0and My, = (A, wo - @;).

We define an MV polytope as GGMS polytope P whose hyperplane data (M,) are

a BZ datum. This definition is equivalent to the original definition of MV polytopes
as the moment polytopes of MV cycles.

Theorem 3.6 ([21, Theorem 3.1]). A GGMS polytope P(M,) is an MV polytope if
and only if it is the moment polytope of a stable MV cycle.

Denote by P the set of MV polytopes. For any P € £, the polytope is determined
by its vertex data (ie), which are a collection of points in QV, or its BZ data (M,),
which are a collection of integers. There is one more set of combinatorial data which
determines P, closely related to the vertex data. _

For a reduced word i = (i1, ..., i) of wy, define the Weyl group elements w,lc =

8iy -~ 8y for 1 <k < m and set wf) = e. The reduced word i gives a path
Me’ﬂw§auw£7~~-7ﬂi I,Hwo

in the 1-skeleton of P. From (3.2),

i
- i o=-M -M —E aji, M i wy o
Mwlzc Kol ( i wh oy, Tt o ) k1K

Wy wj
k—1 k—1%ix — 19)
J#ik
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Definition 3.7. Let P € & with vertex data (ie) and BZ data (M,). For a reduced

word i = (i1, ...,im) of wy, the Lusztig data of P with respect to i is defined by
L g _ S iy ,
e = Mw]l'{ilwik Mwlzca)ik ; Ajig Mwllcfle '
Jj#ix

By the edge inequalities (3.1), ni >0 for 1 <k <m. The Lusztig data corresponds
to the lengths of the edges along the path determined by i above. Note that for any
P € P and any i, we have ne(P) € N™,

For convenience, we will call the path e, iy s evos Msiyomsi, > Mg determined
by a reduced word i of wo a minimal path from L. to iy, in P. We will also use the
shorthand ng := ng(P) when it is clear what P is.

Example 3.8. For the A, polytope in Figure 1, the reduced word i = (1,2, 1) gives
the Lusztig data n12! = (1,2, 2), which are the lengths of the edges on the right side
of the polytope. Fori = (2,1,2), n2!2 = (3, 1, 2) which are the lengths of the edges
on the left side of the polytope.

Any MV polytope is completely determined by its Lusztig data along one minimal
path.

Theorem 3.9 ([21, Theorem 7.1]). Let i be any reduced word of wo. The Lusztig data
with respect to i gives a bijection  — N™.

3.1. Crystal structure of £

The set of MV polytopes has a bicrystal structure and hence a reflection of the crystal
will result in an action on the set of MV polytopes. First, we define a crystal structure
as in [23, Section 7.2].

Definition 3.10. A crystal is a set B along with the maps

wt: B > X, ¢:B— BU{0}, fi:B— BU{0},
gi:B > 7ZU{—o0}, ¢i:B—7ZU{—00}

for each i € I with the following axioms:

(1) forall b € B,i € I, we have
@i (D) = &i(b) + (wt(D), &;);
(2) if b € B,i € I and ¢;(b) # 0, then

wi(@; (b)) = wt(b) + o, €@ () =ei(b) — 1. @i(ei (b)) = @i(b) + 1
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(3) ifb € B,i € I and f;(b) # 0, then

wi(fi(b) = wt(h) — o), &i(fi(h)) = ei(b) + 1, @i (fi(h)) = @(b) — 1.

4) b =¢;(b) < fi(b')=0b.
A highest weight crystal has a unique element by such that bg can be obtained by any
element b € B by applying a sequence of ¢; for differenti € 1.

In particular, we are interested in the crystal B(oco). This is the highest weight
crystal determined by the relations wt(bg) = 0 and &; (b) = max{n : e'b # 0}.
Let x denote Kashiwara’s involution on B(oco) [22]. Define the maps

G =x0Gox, fr=xofiox, ef(b)=¢e(xb). and ¢ = @;(xb)

1

for every i € I,b € B(o0). Then (B(00), wt, €, ¢, e}, f;*) is also a crystal. We

1
call B(oc0) a bicrystal with these two crystal structures where the weight functions

agree and wt(b) € —Q 4 forevery b € B(o0). In [20], Kamnitzer defines the bicrystal
structure on the set of MV polytopes and proves that this structure is isomorphic to
the B(o0) bicrystal.

Theorem 3.11 ([20, Theorem 6.2, Corollary 6.3]). Let P be an MV polytope with
vertex data ((e). Then

(1) f}(P) is the unique MV polytope with vertex data (i), where
Ho = e and Wy, = fly + o ifs;w < w;

(2) €;(P) =0 <= e = Us;. Otherwise, €;(P) is the unique MV polytope with
vertex data (J4,), where

Mo = fe and o, = oy — ) ifsjw < w;
3) ]3* (P) is the unique MV polytope with vertex data (i.,), where
Wg = Mwo + 0 and iy, =y for sjw > w;

4 E;‘(P) =0 < Huws, = K- Otherwise, E;.‘(P) is the unique MV polytope
with vertex data (i), where

!/ \Y /
Ky = Hwo — 0 and [y, = [Ly for sjw > w.

Example 3.12. When G = SL3, consider the polytope P given by the Lusztig data

n(bL2D(P)y =(1,0,2) and n®H?P(P) = (1,1,0).
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Then the crystal operators act as follows:
n 2V (fi(P) = (2,0.2), D@ (P) = (0.0.2).
n2D(FH(P)) = (1,0.3), a2V @5 (P)) = (1,0.1)
n@2(f(P) = (2,1,0), n&(@(P)) = (0, 1,0),
nGPA(FEP) = (L LD, @B E(P) =o.

Note that f>(P) = ]Z*(P) and &>(P) = e5(P).

For each j, define j* to be the index such that s;+wg = wgs;. Note that for the
reduced word i = (i1, ..., 1m) of wo, Si; *+*Si,,_, &, = o;* so that fl”% and e;}, will
change the last component of the Lusztig data with respect to i.

We can explicitly see how these operators act on the Lusztig data of a polytope.
Suppose ng(P) is the Lusztig data with respect to i for a polytope P € #. Then

ne(fiy (P)) = (m + Lina,....np),  1e(@,(P)) = (n1 — Lna,....nm),
nz.(f;%(P)) =1, N1, Ny + 1), nz.(EZZ(P)) = (N1, Ry, Ny — 1).
The value of the crystal operators ¢; can be easily determined by the Lusztig data.

Corollary 3.13. For a reduced word i = (i, ...,im) of wo and P € P, if P has
Lusztig data ny, then &, (P) = nl1 and e*y (P) = i

Theorem 3.11 associates a unique MV polytope Pol(b) to each b € B(c0), where
Pol(by) is the polytope consisting of the point .. We can also use the Saito reflection
on the bicrystal B(oo) to describe the polytope Pol(b). For the rest of the subsection,
we follow [4, Section 3.3].

Definition 3.14. Define the map
Gi:{b € B(c0) : &i(b) =0} — {b € B(c0) : &} (b) = 0}
by &;(b) = (f;)% ® (&F)% ® (b). The Saito reflection is the map
01 B(0o) — {b € B(co) : 7 (b) = 0}

defined by 0; (b) = &;((€;)% ®b).
Similarly, define

6 :{b € B(c0) : &/ (b) = 0} — {b € B(c0) : &;(b) = 0}
by 6;*(b) = (ﬁ*)“"’ ®) ()% ®)(b). Define the *-Saito reflection as the map
0t B(co) = {b € B(0) : &;(b) = 0}

defined by 0 (b) = 0/ ((glfk)s;" ®)p).
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Note that, by definition, &} (o; (b)) =0and (07 (b)) =0.Also,5* =5 by [29,
Corollary 3.4.8]. The operators o;, 0;* satisfy the same braid relations as the simple
reflections s;, thus for any w € W, it is well defined to set o, := oy, -+~ 0j,,, Where {
is a reduced word of w.

Lemma 3.15 ([29, Proposition 3.4.7], [3, Property (L3)]). Let b € B(co) and let ne be
the Lusztig data of Pol(b) with respect toi =(iy,. . .,im). Consider j =(iz, ..., im.i]).
Then ) B

ns (Pol(0y, (b)) = (12,13, ..., 1, 0).

Consider k = (i), i1,i2,...,im—1). Then
k *
Ne (POI(O'I;‘;I (b))) = (Ov ny,..., nm—l)'

Using this lemma, the Lusztig data can be computed by composing crystal opera-
tors with certain Saito reflections.

Corollary 3.16. For b € B(00), suppose Pol(b) has vertex data (le). Then for every
w € Wand j €I suchthat ws; > w,

KRws; — Hhw = &j (o1 (b))wa]v

Proof. Consider Pol(b) with vertex data (ie). For we W and j € [ such that ws; > w,
there is a reduced word { such that s;, -+ - s;,,, = w and s;,,, ., = s;. By definition,

HRws; — Hw = nﬁ(w)—i-l(POl(b)) : wajv7

where né.(P) =n1,....0m).

Recall that o,,—1 = Osivcy FSivayr " O5ir Osiy - By Lemma 3.15, Pol(a,,—1(b))
has the Lusztig data (n¢(p)+1----,mm,0,...,0) with respect to the reduced word
(Joleqwy2s -+ > Imsdfs-n, iZ(w))' By Corollary 3.13,

£j(0y=1(0)) = &; (Pol(0yy~1(D))) = ng(uw)+1(Pol(b)). u

This corollary allows us to write (y (b) in a closed form. Note that 6; has the
property that wt(o; (b)) = s; wt(b), so it follows that

wi(oi (b)) = s; (wie} s P (b)) = s; (Wi(b) + £:(b)a)).

For non-trivial w = s;, - - - s;,,, by inductively applying this equality we have

wi(o,)—1 (b)) = Zelk (O siy, (DS =+ iy 3

k=1
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As e = 0, it follows from Corollary 3.16 that

m
Wi iy (D) = D sy sy, — sy sy
k=1

m
= Z 8ix (0s 51, (D))siy e Sig_, O = W - Wi(0y,—1 (D).
k=1

Thus the vertex data (ue(b)) of Pol(b) can be explicitly determined by the Saito
reflection where

pw (b) = w - wi(oy,—1 (b)) — wi(b).
Note that we shift by wt(b) so that w.(b) = wt(b) — wt(b) = 0.

3.2. Preprojective algebra modules

We give a very brief background on preprojective algebra modules and the associated
MYV polytope. This section is needed to prove the generalized diagonal relations of
Section 4.2.

In this section, we restrict to the case that G is a simply-laced algebraic group.
First, we start with some general definitions.

Definition 3.17. A quiver Q = (I, E, s, t) consists of a vertex set /, an arrow set E,
a source map s: £ — [ and a target map ¢: £ — I. We write the arrow o € E as
a:i — j,wherei = s(«) and j = t(«). Define E* = {a* : « € E}, where s(a*) =
t(a) and t (a*) = s(a). Let O = (I, E U E*, 5,t) be the double quiver.

The path algebra of Q over C is the algebra C Q. Consider the ideal J generated

by
Z (xo™ —a*a).

ackE

Definition 3.18. The preprojective algebra of Q over C, denoted by A(Q), is the
quotient of C Q by the ideal J.

A A(Q)-module M is an I -graded vector space P;; M; along with maps
Mai Ms(a) —> Mt(a)
for each o € E LI E*, which satisfy

Z MyMys — My=My =0

a€E, t(x)=i

foreachi € I.
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We consider a few special A(Q)-modules. Fori € I, let S; be the 1-dimensional
module concentrated at the vertex i, where all arrows act as zero. Let I; be the anni-
hilator of S;. For any w € W we define [, := [;, -+~ 1
of w. Note that this is independent of the choice of i, and thus is well defined.

For a module M, the i-socle is the largest submodule of M which is isomor-
phic to Ska for some k € N, while the i-head is the largest quotient of M which is

im» Where i is a reduced word

isomorphic to Ska for some k € N. In fact,
soc; M = Homy0)(A(Q)/1;,M) and hd;M = (A(Q)/1;) Q) M.

Let G be a simply-laced complex algebraic group. Fix Q to be an orientation of
the Dynkin diagram associated to the simple coroots of G and set A := A(Q). For M
a A-module, we can define dimension vector as

dim M =) " dim M,

i€l

which is contained in the coroot lattice QV. By [3], we can associated a GGMS poly-
tope to a A-module M by

Pol(M) := conv{dim M —dim N : N C M is a submodule}.

By [5, Theorem 5.4], for any w € W we define the submodules M* C M as the
image of the map I, ® x Homp (I, M) — M. By [5, Remark 5.19 (i)], Pol(M) will
have vertex data ((y )wew, Where 4y, = dim M — dim M™. For certain modules M,
MY and M*i" are closely related.

Lemma 3.19 ([2, Lemma 2]). For w € W, consideri € I such that s;yw > w. For M
a finite-dimensional A-module, if Ext}\ (S;, M) =0, then

MSi%¥ ~ [, @ M"V.

Finally, a result of Crawley-Boevey tells us that we can switch the roles of §;
and M in the previous lemma.

Lemma 3.20 ([13, Lemma 1]). For any A-modules X and Y, we have
dim Ext} (X,Y) = dim Ext} (¥, X).
Finally, we define the subset of A-modules T¥.
Definition 3.21. Let T to be the set of A-modules M such that MY = M.

By [5, Remark 5.5 (ii)], this is the same category T* defined in [5] and is also the
category of modules €,,—1 wo defined in [26, Definition 2.5]. Note that for M € TY,
the vertex data of Pol(M) will satisfy py = fe.
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MHwg
Hsisas1 _
Msasis2 = Hwo
Msrs152
Msisz = Hsysasi
I’LS152
Msosq Msosq
Hso Heso
/’le /le
He He

Figure 2. A standard B» polytope (left) and a B> polytope of highest vertex 525152 (right).

4. Combinatorial data of MV polytopes of highest vertex w

In this section, we define a subset of MV polytopes, called MV polytopes of highest
vertex w, and show that these polytopes only have vertices labelled by elements which
are bounded by w in the Bruhat order. First, we introduce the definition of an MV
polytope of highest vertex w.

Definition 4.1. Fix w € W. Let P be an MV polytope with vertex data (ue). We
say P is an MV polytope of highest vertex w if (ty, = fty,. Denote by $, the set of
MYV polytopes of highest vertex w.

Remark 4.2. Recall in Section 3.2 we define the set of MV polytopes associated
to T¥ as the set of A-modules M such that M* = M. By [26, Proposition 5.33],
Pow—1w

and a shift to make pu, = 0).

, 1s the set of MV polytopes associated to the modules in 7% (under a reflection

Example 4.3. Consider MV polytopes associated to the group of type B;. For w =
528182, Pyys,5, 1 the set of polytopes such that fig,s,5, = Jw,, see Figure 2 for an
example. This condition will also imply that ftg,5, = [Ls,s,s,- In Section 4.2 we will
explore how the condition (., = piy, affects the vertex data of a rank 2 polytope.

A reduced word i for wy gives a minimal path in the polytope of P beginning
at (. and ending at [4y,. I this path passes through 14, , then the condition fty =
forces the Lusztig data g (P) to be zero in the coordinates after £(w). More precisely,
we can show that every vertex which appears after iy, in such a minimal path will
necessarily be equal to 1y, .

Lemma 4.4. Let P be an MV polytope with vertex data (fhy)wew. For v,w € W, if
w <RV, then 1y — fly € QY.
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Proof. If w <g v, then there exists a reduced word (i1, ..., igw)—¢(w)) such that the
product ws;, ... Siy s, = V- By (3.2) in Section 3,
L(v)—L(w)
oy — oy = Z CRWSi, ...sikflozivk
k=1

for coefficients ¢ > 0. Since each ws;, ...s;,_, is reduced, ws;, ---sik—10‘z¥c is a

positive coroot. Thus @, — [y iS a non-negative sum of positive coroots, and so
Mo — pw € QY. u
Lemma 4.5. Fix w € W and suppose P € Py,. Forv € W, ifw <g v, then jLy = [Ly.

Proof. Suppose v is such that w <g v. By Lemma 4.4,
fo—pw € OF and iy, — py € QY.
Thus,
0= prwy = prw = (fhwy — o) + (o = Hw)-
But the sum of non-zero points in Qi is still a non-zero point in Qi and hence the

only possible values of fLy, — Ly and pty — (g are zero. Thus, ty = y = fy,. N

By the definition of the Lusztig data and its relation to the vertices (see (3.2)), this
lemma allows us to characterize #,, in terms of its Lusztig data with respect to certain
reduced words.

Corollary 4.6. Fix w € W. The following conditions are equivalent:
i) P e Py
(i) there exists a reduced wordl; of wo with (i1, ..., i¢w)) a reduced word for w
such that the Lusztig data ng(P) have ny = 0 for k > {(w);
(iii) for every reduc_ed word i of wo with (iy, . .., igw)) a reduced word for w, the
Lusztig data ng(P) have ny = 0 for k > £(w).

Recall that an MV polytope P is determined by its BZ data (M, ),r. We charac-
terize the BZ data for P € Py,.

Lemma 4.7. The collection (M) yer is the BZ datum of an MV polytope with highest
vertex w exactly when

(1) (My)yer is the BZ datum of an MV polytope;

(ii) there exists a reduced word j = (J1. .-+ jx) of wYwg such that for £ =
0,....,k—1,
M +M = - Ajig M L@
w~wési€+la)i£+l w-w% Wigy Z JHt1 w~wei+la)j

J#ie4+1
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Proof. Consider P € & with vertex data (i) and BZ data (M,). The only thing we
need to show is that (ii) is equivalent to by, = fLyyg-

Suppose that fiyy = [Lw,. For any reduced word j of wlwg, w <p w - w% for
0 < ¢ < k.By Lemma 4.5 it follows that

Py =H G == ; = Uy
ww Wwi_,
Thus,
Mmoo =R
wwy wwy,

for 0 < £ < k — 1, which is equivalent to (4.1) by Lemma 3.2.

Suppose j = (J1,---, Jjx) is a reduced word for w™'wg such that (ii) holds.
As (4.1)is equivalenttoy ; =pu ,; andthis holds for 0 < € <k — 1, then
w Z wwz_H
Mw:M i:.:M -_j:/“’l/w07
ww wwk
and so P € Py,. ]

Lemma 4.7 and Corollary 4.6 both only give information about the structure of
the polytope P € &, along the minimal paths from . to fty, that pass through the
vertex /Ly . To understand the whole structure of P, we need to understand the Lusztig
data along any minimal path from pe t0 Ly, .

We will prove that for every P € #,, with vertex data ((e), ity = [y, fOr some
well defined element v,,. The proof is organized as follows. In Section 4.1, we define
this element v,, for v, w € W. In Section 4.2, we outline the generalized diagonal
relations and see how these relations completely determine the vertex data for rank 2
polytopes. In Section 4.3, we show that the Saito reflection acts on J,, in a useful
way and finally, in Section 4.4 we will show exactly where the Lusztig data are zero
for an arbitrary reduced word of wy.

4.1. Intersections of Bruhat intervals

In this section, we will investigate the intersections of intervals in the Bruhat order
with intersections in the weak Bruhat order.

We first recall some definitions and properties of Coxeter groups. Using the length,
we can define the left descent set and right descent set respectively as

Dp(w) ={s; € S: L(siw) < l(w)}, Dgr(w)={s; €S :l(ws;) < l(w)}.
Note that the left and right descent sets can be defined via the weak orders:
si € Dp(w) < s5; <pw, s; € Dp(w) < s; <p w.

We can relate the weak Bruhat orders to the length function in the following way.
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Proposition 4.8 ([10, Proposition 3.1.2]). For any u,w € W, we have
u<pw < L)+ L 'w) =Lw), u<pw < Lwu ) +Lu)=L{w).

For convenience, if u <p w, we will say that u is an initial word of w, while we
will say that u is a terminal word of w if u <y w. We will also say for v, w € W,
v - w is a reduced product if L(vw) = £(v) + £(w) (note that this is equivalent to
v<pv-wand w <g v-w).

As W is finite, there is a unique longest element wg. This element has a special
property for any reduced decomposition into two elements.

Lemma 4.9. For any x,y € W such that wg = x - y is a reduced product, then
Dr(x) N Dr(y) = @ and Dr(x) U DL(y) = S.

Proof. By the conditions of £(x) + £(y) = £(wg) and wy = x - y, then
Dr(x)N Dr(y) =9.

Suppose there exists s ¢ Dgr(x) U Dr(y). Then x - s - y is an element of length
£(wg) + 1, which contradicts the maximality of wy. ]

Finally, Coxeter groups have three important properties that we will make use of
multiple times throughout this section:

Theorem 4.10 ([10, Proposition 2.2.7, Theorem 1.5.1, Theorem 3.3.1]). For W a
Coxeter group, we have the following properties:

» Lifting Property. Suppose u < w and s; € Dy (w) \ Dg(u). Then u < s;w and
s;u < w.

» Exchange Property. Let w = s;,8;, - - 8i; be a reduced expression. If £(s;w) <
L(w) fors; € S, then s;w = s, i, s,Aj “- 8., where s’i; means that this term is
deleted.

*  Word Property. Every two reduced words for w can be connected via a sequence
of braid relations.

In Section 4.4, we will prove that for P € #,, with vertex data (uy)yew, P =
conv{iy, : v € W, v < w}. The main result will be to explicitly describe the map
W — [e, w] which arises by sending v > u if for every P € Py, hy = Uy- By
Lemma 4.5, we know that for v >r w, v > w. When v #g w, this map is slightly
more complicated.

Example 4.11. Consider G of type A3. The simple coroots are ay, oy, ey and the
Weyl group is given by the presentation

W = (s1,52,53: (s153)% =1, (s1S2)3 =1, (S2S3)3 =1, =55 = s% =1).
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Let w = 515253 and consider P € &, with Lusztig data (1, 1, 1,0, 0, 0) associated to
the reduced word i = (1, 2,3, 1,2, 1). This polytope has the following form:

/“le §2853

Note that the vertices are indeed labelled by the set {v € W : v < w}. Forv e W
larger than w, the relations on the vertices u, are:

Ksrs3s15081 = Msaszs  Msiszsaosy = Msyszs

/“'LS3S2SI = H’S3’ I’LS[SZS] = MS]Szv /J«szs] = l»l/_g2.
Notice that if p, = @y, thenu <g v.

Suppose for v € W, u is the Weyl group element such that ¥ < w and p, = Uy
for every P € J,. By examining the previous example, we expect two conditions
on u: first, we expect that u <g v; equivalently, this says there must be a minimal
path from pi. to fy, in the polytope that passes through both the vertices u,, and (s .
Second, we expect that u is the longest element such that ¥ < w and u <pg v. First
we prove that this element is well defined. To do this, we will need a result of Bjorner
and Wachs.

For x,y € W, we will say z is a minimal upper bound for x and y if x, y < z and
forany z’ € W suchthatx,y <z’ <z, thenz = z’.

Theorem 4.12 ([11, Theorem 3.7, Theorem 4.4]). Fixv € W. Let x,y € [e, v]|g and
suppose z is a minimal upper bound of x and y. Then z € [e, V]g.

Lemma 4.13. For every v, w € W, the set [e, v]r N e, w] has a unique element of
longest length.

Proof. As [e, v]r N [e, w] is a finite set, there exists an element of longest length.
Suppose there exists two distinct elements x, y of longest length.

Consider the set [x, w] N [y, w]. As this set is finite, there exists an element z (not
necessarily unique) of minimal length. This element z has the property that for any
z/ € Wsuchthatz’ <z,x <z and y <z, then £(z) = £(z’) by the minimality of z,
and hence z = z’. We apply [11, Theorem 3.7] (see Theorem 4.12), so z <g v as well.
Thus z € [e,v]r N [e, w], but £(z) > £(x) = £(y), which contradicts that x, y are of
longest length. ]
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Sincex <pv <= x ! <pvlandx <w < x7! <w™!, then there is a
bijection
[e,v g N[e,w™!] = [e,v]z N e, w]
by x = x71. As £(x~!) = £(x), this lemma also holds for the left Bruhat order.

Corollary 4.14. For every v,w € W, the set [e,v]L N [e, w] has a unique element of
longest length.

Lemma 4.13 ensures the following definition is well defined.

Definition 4.15. For any v, w € W, denote vy, to be the unique element of maximal
length in [e, v]g N [e, w].

This element is closely related to the Demazure product. For w € W and s; € S,
let s; * w := max{w, s; w}, where the maximum is the element in the set of maximal
length. The Demazure product can be defined recursively by

Siyp keeeok S =8 K (Siy ke k8, ).
This product is associative and well defined by [12, Proposition 3.1].

Proposition 4.16 ([9, Proposition 6.4]). Forv,w € W, v * w = max{xw : x < v}.

Using the same proof technique as [9, Proposition 6.4] we can relate the Demazure
product to the weak orders.

Proposition 4.17. Forv,w € W, we have

vxw = max{xw :x <vand {(xw) = £(x) + L(w)} 4.2)
=max{vy : y < w and L(vy) = £(v) + £(y)}. 4.3)

Moreover, v ¥ w = xw = vy where x is the maximal length element such that x < v
and xw is reduced and y is the maximal length element such that y < w and vy is
reduced.

Proof. If v = e, then e x w = w and clearly (4.2) holds. We proceed by induction.
For v # e, there exists s; € Dr, (v). As £(s;v) = £(v) — 1, then by induction

(s;v) * w = xWw
for some x < s;v and £(xw) = £(x) 4+ £(w). Since s; * (s;v) = v, then
vikw =Sk (5;0) xw =5; * (XwW)

because * is associative.
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If£(xw) > £(s;xw), then v x w = xw for x < s;v <vand £(xw) = £(x) + L(w).
Otherwise, £(s;xw) = £(xw) + 1, so v * w = s;xw. Note that

L(sixw) = 1 4+ L(xw) = £(x) + L(w) + 1,

sos; € Dy (x)and £(s;x) = £(x) 4 1. This implies £(s; xw) = £(s; x) + £(w). Finally,
by the Lifting Property, s;x < v and (4.2) holds. A similar proof works for (4.3).
The maximal length element in the set

{xw:x <vand L(xw) = £(x) + £L(w)}

must occur when £(x) is of maximal length. Thus v * w = xw, where x is the max-
imal length element such that x < v and xw is reduced. By an identical argument,
v * w = vy for y the maximal length element such that y < w and vy isreduced. m

It immediately follows that w <p v * w and v <g v * w by Proposition 4.8.

To relate vy, to the Demazure product, we first need the following lemma.
Lemma 4.18. Foru,v € W, the following conditions are equivalent:

(1) u - v is areduced product;

(2) v <pu"'wo;

3) u < wov~.

Proof. By definition, u - v is reduced if and only if £(uv) = £(u) + £(v). Then

L) + L wg) = £(v) + L(wo) — L u™h)
= L(v) 4+ L(wg) — £(uv)
= L(wo) — L(u) = £(u"wy),

so by Proposition 4.8, v <g u~!wg. A similar proof works for u <; wov™!. [ ]

This lemma is applying the fact that for the longest element, wo = w - (w™ wp) is
a reduced product for any w, so w™!
of w will also be reduced.

wo multiplied on the left with any terminal word

Proposition 4.19. Fixw € W. Forany v € W, vy, = (vwg)(wov ™) * w), where *
is the Demazure product.

Proof. By Proposition 4.17,
(wov™ V) % w = (wev™Y) - x,

where x is the maximal length element such that x < w and (wov™!) - x is reduced.
By Lemma 4.18, wov ™!
length element such that x < w and x <g v so by definition, x = vy,. [

- x is reduced if and only if x <g v. Thus x is the maximal
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We could alternatively take (vwg)((wov™!) * w) as the definition of vy, and the
uniqueness of vy, will be automatic as this product is well defined. For our purposes,
it is useful to use the Bruhat orders to define v,, but this connection to the Demazure
product simplifies some of the proofs.

As vy, is an initial word of v, then v = vy, - (vy;'v) is a reduced product. The next

lemma shows how the terminal word vy, v of v relates to w™ wy.

1 1

Lemma 4.20. Fix w € W. For everyv € W, we have v,;” v <gp W™ Wp.

Proof. Note that

1

-1 -1 -1 - -1
Vy VSRW "Wy < VU, VW =R W < (vwg) vy > Ww.

But v, = (vwg)((vwg)~! * w), so that
(vwo) vy = (Vw) ! *x w.

A consequence of Proposition 4.17 is that (vwg) 'vy = (vwe)™! * w >1 w, as
desired. ]

4.2. Generalized diagonals

In this section we prove two technical lemmas, which state the generalized diagonal
relations on MV polytopes. These relations are inspired by the diagonal relations in
the rank 2 case, see the discussion at the end of [21, Section 3] for more details. These
inequalities are interesting because they relate vertices of the form iy and ps;w
which are vertices that do not necessarily share a face of the polytope (see Figure 3).
On the other hand, the tropical Pliicker relations only give relations amongst vertices
with a shared face.

The first lemma requires the use of preprojective algebra modules, see Section 3.2
for more details. We recall a few definitions. For G a simply-laced complex algebraic
group, let A be the preprojective algebra associated to the double quiver of an ori-
entation of the Dynkin diagram of the coroots of g. For a A-module M, define the
submodules MY as the image of the map I, ® A Homp (I,, M) — M. The associ-
ated MV polytope is given by

Pol(M) = conv{iy : w € W}, where iy, = dim M —dim M".

The following proof of the simply-laced case is due to Pierre Baumann. We thank
him for allowing its inclusion in this text.

Lemma 4.21. Assume G is simply-laced. Let P be an MV polytope with vertex data
(Mw)wew. Foreveryw € W, s; € Dy (w), the inequality (jLy, — ,usjw,a)k) < 0 holds
foreveryk # j.
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MHwgo

Figure 3. A generalized diagonal with strict inequality.

Proof. Let M be the A-module associated to the polytope P, i.e.
dim M —dim MY =
for w € W. We want to prove that
Hw — Hsjw = dim M¥" —dim M" :naj\‘/_ﬂ

forn € Nand 8 € QY.
First, suppose that Ext! (M, S;) = 0. By [2, Lemma 2], M¥ = [; @ M*i¥.
Consider the short exact sequence

0—-1i—>A—A/I; -0.

As the tensor product is right exact, by applying the functor @ A M5/ we get the long
exact sequence

v > I QA MY > A @A MYV — (A)I;) @p MY
Note that (A/1;) @ A M*" = M*" /I;; by definition,
M*¥/I; = hd;(M*%") = SP"
for some n € N. Thus, we have the resulting exact sequence
0 — ker(¢p) > MY s, MY — S;B” — 0,
with the dimension vectors
dim M*/% + dim ker(¢) = dim M"¥ + na;.

As dim ker(¢) € QY, the claim holds for M of this form.
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Suppose M is a general A-module. Let N be the maximal extension of M by S,
i.e. take m € N such that

O—>Sj€Bm—>N—>M—>O.
By the proof of [2, Lemma 2],
0— S;Bm — N%% — MS% — 0
is exact, and thus dim N%/%* = dim M%% + majv. Also, as the composition
NY > N—->M—> M/M"”
is zero, then dim N/N"™ > dim M/M™ . Thus there exists y € Q7 such that
dim N/N" —dim M/M" =y.
Then
dim MY —dim N” =y +dim M —dim N =y —ma;.
Finally, the difference between the dimension vector of M and M %/ is as follows:
dim M** —dim M* = dim N*/* —dim N* — (dim M* — dim N'**)
— (dim N*/* — dim M%)
=noz}/—,3—()/—majv)—(m05jv) =na}’—ﬂ—y.

Since py = dim M — dim M™, then py — pis;w = noy — B —y,so

<Mw _/'sz'wswk) = _(IB + V’wk> = 0
forevery k # j. ]

Now, we implement the technique of Dynkin diagram folding to prove the general
case. We will follow the notation used in [19].

Let G be a simply-laced algebraic group. Consider a bijection o: I — [ with
ajj = dg(i)o(j)- This induces a Dynkin diagram automorphism on G by 0: G — G
such that o (x+;(a)) = X+4(;)(a). Let G be the fixed point group on G and call the
pair (G, G%) a symmetric pair.

Example 4.22. With the appropriate choice of the map o, we have the symmetric
pairs (Azx—1, Ck), (Di+1, Br), (D4, G2), and (Es, Fy).

A Dynkin diagram automorphism o induces an action on the weight and coweight
lattices by o (;) = () and o (@)’) = a;’(l.). It also induces a group automorphism
on Wby o(s;) = sg). Weset W7 :={w e W :o0(w) = w}.
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Denote by g to be the Lie algebra of G°. Let W be the Weyl Group of g, generated
by simple reflections 5;. There is a group isomorphism @: W — W defined by

ki—1
Os;) =57 = 1_[ Sgt (i)
=0

where k; is the number of elements in the o-orbit of i.
Now, we will consider the o -invariant MV polytopes of G. Denote & to be the set
of MV polytopes for g. The diagram automorphism ¢ induces an action on & by

o(P):= conv{a_l(,u(,(w)) w e Wi

If o(P) = P, we call P o-invariant. Denote the set of o-invariant MV polytopes
by #¢ and let & be the set of MV polytopes for g. There is an identification between
these two sets of polytopes.

Theorem 4.23 ([18, Theorem 3.10], [19, Theorem 6.2]). For P € P° with vertex
data (jiw)wew, define
®(P) = conv{jig : w0 € W},
where L ‘= e(g). The map ©: P° — P is a bijection.
Now we have the machinery to prove the non-simply-laced case.

Lemma 4.24. Assume G is non-simply-laced. Let P be an MV polytope with vertex
data (Jly )wew. For every w € W, s; € Dy (w), the inequality ({ty, — Msjw,a)k) <0
holds for every k #+ j.

Proof. Let K a simply-laced algebraic group such that, with the appropriate choice
of Dynkin diagram automorphism o, K¢ = G. Let £ be the set of o-invariant MV
polytopes of K. Let £ be the set of MV polytopes associated to K¢, the fixed point
group of 0. Recall by Theorem 4.23, ®: £° — £ is a bijection, where P with vertex
data (f4y )wew is sent to P with vertex data (He@)) = (Uw).

Let P € . Consider w € W arbitrary. Lets; € Dy (w) and k € I such thatk # j.
We want to show that

(Lo — 5,5, k) < 0.

Since @ is a bijection, there exists a P € $ such that i = pwe(). Then for the
vertices of P,

Ko — [s;m = o) — HoG,©) = He@) ~ Ls?e(@)-

Note that s{ depends on the number of elements in the o-orbit of i, which can
only equal 1,2 or 3. We consider the case where there are 3 elements in the orbit.
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Then

Ko@) ~ hs?e@) = Ko@) ~ Ms,a;,0@) T Lsyo0@@) = Hso(jys,2;,000)
T Hsoj)s52(,0@) = Msjso(i)sy2;,O)
= (Hew) = ks7ow@) ¥k) = (How@) = s,z ;,0@): @k)
+ (ks

+ (I‘Lso—(j)sgz(j)®(lﬁ) - /LSjSJ(j)sGZ(j)G(w)’ wk)'

O_Z(j)®(w) - Mso(j)soz(j)®(lﬂ)v Cl)k)

Since k € I but {j,o(j),02(j)} N1 ={j}, thenk # o(j) or 6%(j). Thus we can
apply the simply-laced case to each term on the right side of the above equation, and
hence

{(ho@) — Hsso @) @k) = 0.
As wy, is the restriction of wy to the subspace §°, then
(o — 5. 0r) = (Low@) — Mse o) @k) = 0.

For the cases with 1 or 2 elements in the o-orbit, we will simply have fewer terms on
the right side of the above equation. |

Recall we define *: I — I where i * is the index such that s;wg = wgs;*. For
— Q. . * __
w =S8, -8, we define w = Spx S

Lemma 4.25. Fix w € W. For every P € Py, and for every s; € Dr(w), we have

Hsjw = Hwgs -
Proof. First, as w <g wop then s;w <g sjwp = wos;*, and so by Lemma 4.4,
\Y
Hwos;+ — Ms;jw € QJ,_-
Thus for a reduced word i of w™'wy ending in j *,

L(wo)—L(w)—1

/’(’H)osj* - Msjw = Z Cr (S]'U))Sil v Si,~_1aivr (44)
r=1
for ¢, > 0 and positive coroots (s;w)s;, ‘-‘s,-r_loz;i . It follows that the inequality

(Hwos;« — Ms;w- @) = 0 holds forall k € 1.

By the generalized diagonal relations, (iy — fis;w,wk) < 0 fork # j, and hence
(Hwg — Msjw» wr) < 0 as well. As (wos;*) - a‘]\-’* =, then py, — Hwosj« € Zoe]\/,
soforall k # j,

0= (Mw() - :U*wosj* > a)k) = (/Lwo — MKs;ws a)k) - (/’Lw()s_,-* — Msjws C()k).
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Both of these terms must be zero for all k¥ # j, so Mwosjs — Msjw € Zajv. As each
(sjw)si, -++5i,_, ;. is a distinct positive coroot for every r and

v (. -1 v o ) vV _ .V
(sjw)s;, " Sig g Figwg)—ey = (sjw)w™ woajx = (wosj*)ajx = o,
then it follows that (s;jw)s;, ---si,_ 0/ # o for every r < £(wo) — £(w). If any
¢y # 0 in (4.4), then ajv is a positive sum of positive coroots, which contradicts
that ajv is a simple coroot. Thus, ¢, = 0 for all 1 < r < £(wp) — £(w) — 1 and

Hsosjx = Hsjw- u

When G is of rank 2, then Lemma 4.25 completely determines the vertex data of
a polytope in &y,. To see this, consider w = s;, 5i, .. .5, € W. As G has two simple
roots, there are only two simple reflections and so w is an alternating product of s;
and s,.

The existence of only two simple roots implies that all MV polytopes are 2-
dimensional polygons. The two simple reflections generate two distinct reduced words
for wy: the alternating product 515557 ... of length £(wg) and the alternating prod-
uct 555152 ... of length £(wp). These two reduced words give two minimals paths
from (i, to [Ly, and correspond to the two sides of the polygon.

For P € £y, [ty is on one side of the polygon and the vertex data for any vertex
along this minimal path is described by Lemma 4.5, i.e. if v > g w, then p,, = [y, oth-
erwise v <g w and p, can be distinct. For v £g w and v # g w, then i, is necessarily
on the minimal path from p, to pty,, which does not contain 4, and hence either
vV <pgsjworv >pg s;,w. By Lemma 4.25, Dy (w) = s;,, and so Psijw = MwOSi;"

If v £w, then v Zg w and v £g s;, w, so it must follow that either v >g w
or v >pg s;, w. For the first case, we have already shown 1, = . For the second case,
as /4, is between the vertices iy w and Mwosii"’ the equality Pesiyw = 'U‘wosff forces
Mo = ;| w- It follows that on the side of the polygon which does not contain pi,,, the
highest vertex is labelled by u st w and the only possible distinct vertices are labelled
by v < w. Hence, P = conv{u, : v e W,v < wj}.

4.3. Crystal action on £,

In this section, we will show that the Saito reflection behaves well with #,,. First,
we briefly recall the crystal structure of MV polytopes and the Saito reflection, see
Section 3.1 for more details.

The set of MV polytopes has crystal structure B(co). The MV polytope associated
to b € B(00), denoted Pol(b), is given by the vertex data (it (b))wew, Where

[tw(b) = w - wt(oy—1 (b)) — wt(b).
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The action of the Saito reflection on the crystal B(oco) has a known effect on the
Lusztig data of Pol(b) for b € B(c0). If Pol(b) has Lusztig data (1, ..., 1,,) associ-
ated to the reduced word (i1, . . ., ix), then Pol(o;, (b)) has Lusztig data (n2, . . ., 71,,,0)
associated to the reduced word (i2, ..., im, i}) while Pol(o;" (b)) has Lusztig data
(0,n1,...,nm—1) associated to the reduced word (i, i1....,im—1). The crystal oper-
ators are also related to the Lusztig data ng(P) by &i,,(b) = ny and 8;.} (b) = ns.

Lemma 4.26. Fix w € W. Leti = (i1, ...,im) be a reduced word for w™'wq. For
b € B(00), the following are equivalent:

(i) Pol(b) € Py;
(i) e (b) =0ande’ (o5, ,,.(b)=0forl<k<m;
m k iK1 im

(iii) oy-1(b) = bo.

Proof. Extend i to areduced word i’ = (ji1. ..., jewe)—m- i1 - - - » im) Of wo. Denote
the Lusztig data of Pol(b) associated to i’ by (n1, ..., ngwe)—m> Ni. ..., Nm). By
Corollary 3.13, we know that ¢}s (b) = Np. For 1 < k < m, consider the polytope

k41 im
By Lemma 3.15, the Lusztig data of this polytope associated to

(i1:+1""’i;wj1’ s Jewo)—mo i1y - - -5 k)
is
(0,...,0,7’11, . .,ng(wo)_m,Nl,.. . ,Nk).
Then 8;} (cr;t,kJrl .s;,, (D)) = Ni.. Thus,
e54(05 s, (b)) =0 forl <k <m
k k41 'm
if and only if Ny =0 for 1 <k <m. By Corollary 4.6, this is equivalent to Pol(b) € P,,,

so (1) is equivalent to (ii).
As Pol(b) has vertex data u, = v - wt(o,—1(b)) — wt(b) then

P = [y = W - Wt(0,—1 (b)) = wo 'Wt(O’wo—l(b)) — w-wt(og,—1(h)) =0

since oy, (b) = by for every b’ € B(00). As by is the unique element of weight zero,
then the weight
wt(o,-1(0)) =0 < o0y-1(b) = by.

Thus (i) is equivalent to (iii). ]
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In the next two lemmas, we will show how the Saito reflection cr;‘* actson P € .

Corollary 4.27. Fixw € W. For b € B(c0), if Pol(b) € Py, and s; € Dr(w™ wy),
then Pol(alf"* (b)) € Ps;uw-

Proof. First, notice that the condition s; € D g (w™'wy) ensures there exists a reduced
word of wo i = (i1, ....lgw) - k1., km—t@w)—1, J) such that (i1, ..., igw)) is a
reduced word of w and (k1, ..., km—g)—1. j) is a reduced word of w™ w.
Suppose that Pol(b) € #,,. By Corollary 4.6, the Lusztig data of the polytope
Pol(b) is (n1,...,ngw),0,...,0) with respect to i. By Lemma 3.15, the polytope
Pol(ajfk* (b)) has Lusztig data (0,711, ...,nga),0,...,0) with respect to the reduced
word (j*,i1,....igw). k1. ..., km—ga)—1). Hence, Pol(q].** (b)) € j)s;‘w by Corol-
lary 4.6. ]

Lemma 4.28. Fix w € W. For b € B(c0), if Pol(b) € Py, and s; ¢ Dr(w ™ wy),
then Pol(c*, (b)) € Py.

Proof. As wg = w - w 'wyg is reduced, we also have the reduced product wg =
(w™'wy) - w*. By setting x = w™'wg and y = w*, we can apply Lemma 4.9 so
that

Dr(w™'we) N Dp(w*) =@ and Dgr(w 'we) U DL (w*) = S.

Thus s; & Dr(w™lwg) < sj+ € Dp(w).

Consider b € B(oo) such that Pol(b) € $y,. Let s+ € Dp(w). By Lemma 4.26,
to show Pol(o;‘* (b)) € Py, itis enough to show that o,,—1 (U;* (b)) = by.

Leti = (i1,...,im—1, ) be a reduced word of wq such that w = s;+s;, -+ i
for k = £(w) — 1. Let (ny,...,nm—1,nm) be the Lusztig data of Pol(b) with respect
to i. The polytope Pol(q;"* (b)) has Lusztig data (0,ny,...,n,—1) for reduced word
(j*,i1,...,im—1) so that Pol(aj*oj** (b)) has Lusztig data (nq, ..., n;,—1,0) with
respect to i. Notice that

0y=1(07% (b)) = 05, u)=1(0j07 (D)) = Oy, 5y, 57, (00} (b))

so that Pol(o,,—1 (U;ik (b))) has Lusztig data (ng41,...,%m-1,0,...,0) with respect
to the reduced word (ix41,....im—1, J,0i1...., i,’:).

Since Pol(b) € £y, then Wsiy=sip, = Msjew = Hwos; by the generalized diagonal
relations of Lemma 4.25. The relation between Lusztig data and vertices (see (3.2))
implies that ngyq = ---n,—; = 0 in this Lusztig data. Thus

Pol (0,1 (07 (b))) = Pol(by).

By the uniqueness of Pol(d), 0,,—1 (UJ?‘; (b)) = by, as desired. ]
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4.4. Lusztig and vertex data of P,

The goal of this section is to show that for any P € $y,, ity = Uy, foreveryv € W.
First, we need to investigate where the zeros in the Lusztig data are located.

Leti = (i1,....im) be atuple. Consider two subwords of i, a = (ig,,. ...l ) and
b = (ip, ....ip,). We say the subword a comes after b in the reverse-lexicographical
order if for some n, a, < b, and a; = b; for every j > n.

Definition 4.29. Leti be a reduced word of wg. For w € W, define the rightmost sub-
word i as the first subword in the reverse-lexicographical ordering that is a reduced
word of w.

1

The next two lemmas will show that this rightmost word for w™"wq will always

start with a reduced word for v ;'v.

Lemma 4.30. Fix w € W. Leti = (i1, ...,im) be a reduced word for wgy and let
i = (ijy. .-+ ljy)- For any terminal subword i’ = (ix,ix41. ..., im) of i, the
subword of i indexed by the intersection {k,k + 1,....m} 0N {j1,..., jew)} is a
reduced word for the maximal length element in [e, w]r N [e, s, -+ Si,, ]

Proof. We proceed by induction on m + 1 — k, the length of the terminal subword i’.

Suppose k = m. If [e, w]L N [e, s;,,] # {e}, then the maximal element in this set
is si,,. Then s;,, € Dg(w), and hence jy,) = m by definition. Thus the intersection
{m} N {ji..... jeaw)} = m and the reduced word (i) is a reduced word for s;,,,. If
e, w]r N [e,si,,] = {e}, then s;,, ¢ Dr(w), and so

{m}ﬂ{flvn]e(w)} =0,

which is a reduced word for the maximal element.

Assume the hypothesis holds for the subword (i1, ...,i,) and let y’ be Weyl
element given by the subword of 7 indexed by {k + 1,....m} N {ji,..., jew)} By
assumption, this is also the maximal element in [e, w]L N [e, si | =+ $i,, |-

Fori’ = (ig.....im), let y be the Weyl element given by the subword of i indexed
by {k,k+1,....m} 0 {ji,.... jew)} Theneither y = y" or y =s;, - y"is areduced
product, and so

Ly < L®).

By definition of i*, y <y w, and hence y € [e, w]z N [e, si; ... Si,, ]

For any x € [e, w]r N [e, sj; ... s;,], either x € [e, w]L N [e, si ., ... 5;,] or
x = sj, - x'is areduced product for some x’ € [e, w]r N [e,si; ., - .. Si,]. In the first
case,

£(x) <L) < L(y).
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In the second case, if x’ # y’, then
Lx)=L(x)+1<L(y)+1,

so that £(x) < £(y) < £(y).If x’ = y’, then necessarily x = s;, y’ = y by above and
£(x) = £(y). Thus the length of every element in this intersection is bounded above
by £(y), and hence y must be the unique of the maximal length element. ]

Note that by the definition of i, the phrase “the subword of i indexed by” in the
previous lemma can be replaced with “the terminal subword of i indexed by”.

Lemma 4.31. Let v, w € W. For every reduced wordi = (i, ...,im) of Wy such that
Vi = Siy -+« Sigguy) and v = Sij ... iy,

ivTIwo = (; feo)s i i )

< = Wlow)+1s - B Yeoy+1 + 0 Lmt-eow) —Lw)

for some indices £(v) + 1 < juw)+1 <+ = Jm+Lww)—Lw) < M.

Proof. Leti be areduced word of wg as in the statement of the lemma. To show that

1 1

=1 . . _ 1=l —
the wordi* " begins with a reduced word for v;" v, we show that (vw1 v) " tww,

Lwolz N [e, v~ wp]. By Lemma 4.30, this says

is the longest length element of [e, w™
that the length £(w™'wg) — £(vy,'v) terminal word of L'w_l"’o is a reduced word of
(v v)'w T wg. Butas wlwg = (v, 'v) - ((vy,'v) " 'wwy) is a reduced product,
this will imply the initial word of length £(vy,'v) of i w™'wo must be a reduced word

-1
for vy, v.

1

Claim 1. The longest length element of [e, w™ wo]z N[e, v wo] is (v v) 1wt wy.

Proof. Note that
x € [e,w twolr Nle. v wo] & x7! € e, wow]g N [e, wov].
The longest element in this intersection is the Demazure product
(wowwo) (wow ™" we) * (wov))

by Proposition 4.19. We want to show that this product is equal to wow (vy,'v).
By Proposition 4.17,

((wow_lwo) * (Wov)) = wow  wox,
where x is the maximal length element such that x < wov and (wow ™ 'wg) - x is
reduced. Recall that a — woawy is an automorphism of the weak and strong Bruhat
orders. Then
X S WV <= WoXWo =< VWy.
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Also, by Lemma 4.18,

(wow_lwo) -x isreduced <= x <R wow
= WoXWo <R WWo
— w ! (woxwy) is reduced.
Since £(x) = £(woxwp), then w™! x (vwg) = w™! (woxwp) by the maximality of x.
Thus
x = wow(w ™! * (vwe))wo
= wow((vwo) ™ * w) Twy

= wow (vy,' (vwo))wo = (wow)(vy,'v).
Hence, wow(v;1 v) is the longest length element in the intersection
[e, wow]g N [e, wov],

and so (v, 'v) 1w~ wy is the longest length element in

1

[e, wTwolr N [e, v wo. [

Now, by applying Lemma 4.30, the terminal subword of i w0 jpdexed by the
intersection of the indices of i w0 with {£(v) +1,...,m} is a reduced word of
(v v) w1 wg. Thus this intersection is of length

L(wo) + L(vy) — L(w) — L(v),
and is equal to { je(w)+1> Je@w)+25 - - - » Jm-+L(vy)—E(w) ) fOr some indices
L) + 1 = jewy+1 = = Jmttow)—tw) < M.
AS (ig(vy)+1s - - -+ i(v)) is a reduced word of v;'v, then the word

(lﬁ(vw)-i-l’ e @) gy pro e o ljm—e(w))

1

is a reduced word for w™ " wo and must be the rightmost such word. |

We will show that for any P € #,,, the Lusztig data of P with respect to the

.. . . w1
reduced word i will have zeros in the position of the subword i ™0,

Proposition 4.32. Leti = (iy,...,Iy) by any reduced word of wg. For any w € W

and any P € Py, the Lusztig data of P with respect to i will have zeros in the position
capn—1

of the subword i¥ "0,
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Proof. Fix a reduced word i = (i1, ..., ;) of wg. We proceed by induction on the
length of w1 wy.

When £(w™wp) = 1, theni® fwo — ij forsome j.If j =m,then (i1,...,im—1)
is a reduced word for w and by Lemma 4.5, ny, = 0.If j % m, then

oy, .. (b)EPy

8
I

—1
by Lemma 4.28, so the reduced word i’ = (i;+1’ e i i, ..., i) has i "0 in

the last position, hence n;; = 0 by above.

Assume for £(w™ wy) = k, the zeros of the Lusztig data ne are in the position
5’“’71“’0. Suppose w is such that £(w~'wg) = k + 1 and ny is the Lusztig data with
respect to . If i; is the final coordinate ofg'“’_1 WO then s, .. .S, & Dr(w™ wy),
so we can apply Lemma 4.28 j — 1 times so that the Lusztig data with respect to
(’]+1’ <oyl d1,...,i;) of the resulting polytope is (0,...,0,n1,...,n;). By the base
case,nj =0, and hence the Lusztig datum in the pos1t10n of the final term of i ¥ fwo i
zero. Now, applya % so the Lusztig data with respect to (lJ , J+1’ RV S0 SUURRN FE

of the resulting polytope is
(0,0,...,O,nl,...,nj_l).

By Corollary 4.27, this polytope is in P .w, where £(s; *w) = {(w) — 1. Thus, by
the induction assumption, the Lusztig data correspondmg to the rest of the coordinates
of {¥ w0 will be zero. [

Example 4.33. Continuing Example 4.11, we have

w = 5152853 and w_lwo = 515251 = §25192.
For a word i, the zeros in the Lusztig data are given by the rightmost appearance
of a word of w™!wyg. The location of these zeros in various reduced words of wg prove
the vertex equalities in Example 4.11, see Table 1.

Finally, we can prove that the Lusztig data will have zeros in the positions between
v, and w, for every Weyl group element v.

Theorem 4.34. Fix w € W. For every P € Py, with vertex data (jiy)yew, we have
Ky = Mo, foreveryv € W.

Proof. Consider P € Py,. For v € W, take a reduced word i of wg such that both
Uy and v are initial words, i.e. Vi = Sij - Sy, Sigy- Then by
Lemma 4.31 and Lemma 4.32, we know that the Lusztig data associated to i will

and v =5, ...

—1
. w=lwy _ ¢ N .
have zeros in the subword i = () +1r- - L) Ljgay1s + 2 Lim—ewy) - HENCE,
Koy = K- u
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Reduced word  Lusztig data Equality of vertices

(1,2,3,1,2,1) (n1,n2,n3,0,0,0) fy = fws, = Hws;s» = Hwg
(27 3,1,2,1, 3) (nls n3,0,0, 0,1’16) Msrs3 = Msys3sy = Msaszsisa = Hsrszsysasy
(1,3,2,1,3,2) (n1,n2,0,0,n5,0) Msis3 = Msis350 = Ms1s35251> Hwsos; — Mwg
(3.2.1,3,2,3) (n1,0,0,n4,0,n¢) Ms3 = Hszsy = Hs3so51»

Ms3so5153 = Ms3s2s15352
(1,2,1,3,2,1)  (n1,n2,0,n4,0,0) Msiso = Msysosys Hws; = MHwsyso = Mwg
(2,1,3,2,1,3)  (n1,0,n3,0,0,n6) sy = sysy>

/’LS2S153 = M5251S3sz = /~’L5251S352S1

Table 1. The zeros in the Lusztig data for A3 MV polytopes.

Corollary 4.35. Fix w € W. For every P € Py, with vertex data (jLy)yew, we have
P =conv{uy, : v < w}.

Remark 4.36. The description of $,, given by Corollary 4.35 suggests a relationship
between J, and extremal MV polytopes defined by [28]. Naito and Sagaki prove that
extremal MV polytopes can be explicitly described as

Py =conviv-A:v < w},

where A is a dominant coweight. Using the Lusztig data description of these extremal
MYV polytopes in that paper, we can see (up to a reflection by wy and a shift to make
e = 0), these polytopes are in P,.

In [9], Besson, Jeralds and Kiers study the weight polytopes of Demazure modules
and prove they are extremal MV polytopes. These polytopes can be described in the
following ways:

P’ =conv{g(v)A:v e W} =conv{vd :v < W} = ﬂ Cf(”)'l,
veWw

where g(v) = v(v™! * w). By Proposition 4.19 proved above, g(vwg) = vy,. Thus,

under the identification
po = g(wo)d — g(wo)d, P}’ € Py.

Another related concept are the polytopes defined in [31]. For w € S, the Bruhat
interval polytope Q. is the polytope with vertex data (i4y)y<w, Where p, is the
point (v(1),...,v(n)). By extending the vertex data to (Uy)vew DY 1y = Uy, WE
see this is a polytope of highest vertex w.
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4.5. The dual fan

A GGMS polytope can be characterized by its dual fan in relation to a standard fan,
called the Weyl fan. To describe this relationship, first we define fans and dual fans of
polytopes.

Let V be areal vector space and let V* be the dual space. A polyhedral cone in V
is an finite intersection of closed linear half spaces. A fan ¥ of V* is a collection of
polyhedral cones with the following properties:

(i) every non-empty face of a cone in ¥ is also a cone in ¥;
(i) the intersection of any two cones in ¥ is a face of both;
(iii) the union | J ¥ = V*.
A fan ¥ is a coarsening of ¥ if every cone of 7 is a union of cones in 5.
Define the Weyl fan W in ty as the fan generated by the maximal cones

cy :{aetf&:(w-aiv,a)zO,Vi el}.

For any convex polytope P C V, we can define the support function of P as
Yp:V* — R by ¥p(a) = minyep (x, ). Define the dual fan

N(P) ={Cy : F is aface of P}

in V*, where
Cp={aecV*: (v,a)=yp(a), Vv e F}

Corollary 4.37 ([21, Corollary A.4]). A GGMS polytope P is a polytope in QY
whose dual fan N (P) is a coarsening of the Weyl fan 'W.

The dual fan is a useful tool to study the vertices and hyperplanes of P. Maximal
cones of the dual fan correspond to vertices of the polytope. If N (P) is a coarsening
of ‘W, then there is an surjection from W to the set of vertices of P; in fact, this
surjection determines the choice of labelling on the vertices (Ly,.

Additionally, the defining rays of the maximal cones of the dual fan correspond
to the codimension 1 faces of P. This correspondence defines a surjection from the
chamber weights I to the defining rays of the maximal cones of N (P).

Using Theorem 4.34, we would like to study the dual fan of polytopes in P,.
Recall from Section 4.5 that the Weyl fan ‘W is the fan of t with maximal cones C,f
for v € W defined by

Cr={fety:(v-a,B)>0,Vi}.
Any GGMS polytope P with vertex data (i) is given by P = (), Co'"» Where

Clv={xetp:(x,v -wi) > (y. V- w;), Vi}.
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*
_ Hsysasy
Msisas1 = Hwo

Msiso

Msrs1 = Hisasisa

w2

w1

Figure 4. The dual fan of a B> polytope of highest vertex 515257 -

The dual fan of a GGMS polytope P is N (P) = {C;;’P : F is a face of P} such that
Crp=1{Bectg:(x.8) =vp(B). Vx € F},

where ¥p(f) = minyep(y, 8). By [21, Corollary A.4] (see Corollary 4.37), P is a
coarsening of the Weyl fan ‘W and the following corollary is immediate.

Corollary 4.38. For any GGMS polytope P with vertex data (jte), C;; < C :v, p for
everyv € W.

Definition 4.39. Fix w € W.Let #* be the fan of t defined by the maximal cones

forve W:
D} = U C,.

ueW
Uy =V

where D is indexed by v € W such that v < w. Clearly, ¥ is a coarsening of the
Weyl fan.

Proposition 4.40. Let w € W and suppose P is an MV polytope. P € Py, if and only
if N(P) is a coarsening of .

Proof. Consider a polytope P € J,, with vertex data (te) and v € W arbitrary. For
every B € tg, we have

(v, B) = (toy,» B),

s0 by definition Cj p = C/jjvw,P' By Corollary 4.38, it follows that C;} € C/fuw,P
for every v € W, hence
D} C C;fuw, P

and N (P) is a coarsening of F%.
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Msisas1 = Hwo

Msys2

Hsasy = Msasis2

W
M .

He

Figure 5. The hyperplanes of a B> polytope of highest vertex 515257 .

For the converse, consider an MV polytope P such that the dual fan is a coarsening
of ¥¥. By Corollary 4.38, C; < C;:w p- As N(P) is a coarsening of F%, then
Dy, € C; . paswell,soCy € Dy, implies Cy ) € C7  p. Thus forevery B € Cy
we have

(:va’,B) = (Mwov/%'

But this is only possible when Ly, = Ly, SO0 P € Py. |

As aresult of this correspondence, the cones of the dual fan of P correspond with
the vertices of P while the defining rays of the maximal cones of N (P) will corre-
spond with the codimension 1 faces of P. In the standard case, these codimension 1
faces are exactly the hyperplanes M, for every y € I'. When w # wy, some of the
hyperplanes M, of &, may have larger codimension and hence &, can have fewer
than |I"| codimension 1 faces. An interesting question would be to find exactly which
chamber weights label these codimension 1 faces in $,,.

Question 4.41. What are the defining rays of the maximal cones of ¥%*?

These rays will correspond to some subset of the chamber weights I'p, . This
subset will give us the defining hyperplanes of P, i.e.

P = {X : (X, V) = Mys V)’ € F:’f’w}

Example 4.42. For B, polytopes in 5, s,s, , the hyperplanes labelled by 5,511 and
s15251w1 are not defining hyperplanes of these polytopes. See Figure 4 for the dual
fan of such a polytope and see Figure 5 for the defining hyperplanes.

Remark 4.43. The normal cone of the Bruhat interval polytope Q. ,, was described
by [16] in type A as the equivalence class of all the linear extensions of the graphs
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I'y (1) associated to the polytope Q. .. Using both descriptions of the normal cone,
we expect that the set of linear extensions of the graph I'y, (1) will be exactly the set
of v € W such that v, = u.

5. Tropical geometry

In this section, we outline the basic theory of tropical geometry to describe the corre-
spondence between MV polytopes and the non-negative tropical points of the unipo-
tent subgroup N C G.

First, we recall the concepts of positive spaces and tropical points as in [14, Sec-
tion 1].

Definition 5.1. Let X be an irreducible variety. A positive atlas on X is a collection of
birational isomorphisms {«}qee, Over Q, where : T — X and T is a split algebraic
torus. These coordinate systems satisfy the following conditions:

(i) each « is regular on the complement of a positive divisor in 7" and is given by
a positive rational function;

(ii) for any pair «, B of coordinate systems, B! o « is a positive birational iso-
morphism of 7.

If X has a positive atlas, we call X a positive space.
On an algebraic torus 7, define the tropical points as the cocharacters of T, i.e.
T(Z"P) = X.(T).
Using a positive atlas, there is a unique way to define the Z-tropical points of the
variety X.

Definition 5.2. The tropical points of a positive space X is defined as

X(z"®) =|_|T(Z"")/(identifications (8~ o a)"™).
o
For a subtraction-free function F on T', we can tropicalize it to a function F"P on
the tropical points. To see how a tropical function is related to the original function,
consider the following example:

F(x,y,z)= % +2z+ F"P(x,y,z) = min{x + y — z, z}.

We will call a function F on X positive if it can be written as a subtraction-free
expression in the coordinates of a positive atlas of X. We will denote the tropical
function by F'P,
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5.1. MV polytopes as tropical points

For G a reductive complex algebraic group, let 7" be a torus of G, B a Borel subgroup
containing 7" and N its unipotent subgroup. Consider the map x;: C — N with image
in the Chevalley subgroup of «; by x;(a) = exp(a E;). For the tuple i = (i1, ..., k),
we define

xi(ar,...,ax) = xi (ar) -~ xi (ag).

We will show that the variety N is a positive space. For a reduced word i of wy,
define the Lusztig parametrization associated to i as the map x;: (C*)™ — N by
(@i,....am) = xj(ai,...,am), where m = £(wo). This map is a birational isomor-
phism by [25] and hence gives a coordinate system on N . In fact, the collection of the
charts (x;) form a positive atlas of N, called Lusztig’s positive atlas [25]. Thus the
tropical points of N are defined and N(Z"°P) = 7™,

Example 5.3. Let G = SLj3. Since wg = $152851 = 525152, we have the following two
coordinates on N:

_1 ay +asz ayap
xi(a)xa(az)xi(az) = |0 1 a, |,
0 0 1
(1 b, bobs
x2(b1)x1(b2)x2(b3) = |0 1 by + b3
0 0 1
The transition maps are subtraction-free:
—1 azas apaz
X X121(ai,az,as) = ,a az, ——— ).
212 © X121(a1, a2, az) (a1+a3 1t as a1+a3)

Thus N(ztrop) ~ C3(ztrop) — Z3.

In Section 3, we saw that the set of MV polytopes are in bijection with N by
fixing a reduced word i and considering the Lusztig data of P with respect to i.
We would like to show that the set of MV polytopes of G are in bijection with the
non-negative tropical points of N. First, we define a positive function to pick out the
“non-negative” points.

Define the potential function y: N — C by

X(xg(al, ceesam)) = Zak.
k=1

This function is subtraction-free in the Luzstig coordinates x;. In fact, y is indepen-
dent of i and thus positive on Lusztig’s positive atlas. Hence, we have a tropical
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function y"P acting on N (Z"P). Define the non-negative points as
N(Z™)> = {t € N(Z™) : ¥""({) = 0}.

Under the correspondence N(Z"P) = Z™, we can write a tropical point £ € N(Z"P)
asf = (Ay,..., Ay) for some A; € Z. Then

1"P(l) >0 < min{Ad;,..., Ay} >0 & A4, >0

for all i. Thus, N(Z"P)>
find a bijection N(Z"P)>

N"™. By the correspondence between P =~ N, we can
P.

e 1

Theorem 5.4 ([17, Theorem 5.4], [21, Theorem 4.5]). For G a reductive algebraic
group, there is a bijection between the non-negative tropical points N(Z")> and the
set of MV polytopes .

As Lusztig’s positive atlas consists of x; for all reduced words, this bijection is
independent of the reduced word used for the Lusztig data in the bijection » — N".
This bijection is also compatible with the hyperplane data, in the sense that there
exists positive functions &, such that following diagram commutes:

N(Z'"P)s > MV Poytopes

trop M
y V4

Zm

For a generic MV polytope, the highest vertex is labelled by the longest element
of the Weyl group, wy. In the next section, we will prove that Theorem 5.4 is also true
for this MV polytopes of highest vertex w, where N is replaced by a subvariety of N.

5.2. Tropical geometry of reduced double Bruhat cells

We will define functions M, on the tropical points of the reduced double Bruhat cell
L*™" that will send non-negative tropical points to the BZ data associated to MV
polytopes of highest vertex w. These functions will come from the tropicalization of
the generalized minors functions.

Recall we define the maps x;: C — N by x;(a) = exp(a E;). We similarly define
yi:C — N by yi(a) = exp(aF;). For i € I, we fix a representative of s; € G by
s;i = yi(D)x;(=1)y; (1), and thus for any w € W we can fix a representation for w € G
by w = s;, --S$i,,, where i = (i1,...,i;) is areduced word for w.

Definition 5.5. For u, v € W, the reduced double Bruhat cell is

L*Y := NuN N B_vB_.
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In particular, we are interested in the reduced double Bruhat cell
L =1 = NNB_w'B_.

Following [17, Section 5], we have a positive structure on L*~" which is described
as follows. Let x;: C* — L*"" be defined as in Section 5. For the reduced word
i = (i1, im) of w™!, define x;: (C*)" — L¥ "' by

xj(ar,....am) = xi (ar) ... xi, (am).

From the application of [15, Theorem 1.2], this is a coordinate system on L*~". Con-
sider the atlas given by the charts (x;), where i runs over all reduced words of w L,
This atlas gives a positive structure on L*~" which we will still call Lusztig’s positive
atlas. As in the case of N, define the potential function

x(xi(ay,....am)) = Zai.
i=1

The potential y is still independent of i and is positive on this atlas, so we can define
the non-negative tropical points

LY (Z"), = {a € LY ' (Z"P): 4 (a) = O}.

. -1 . .
To define the functions M,, on L™ ~(Z"°P), we need to introduce the generalized
minors.

Definition 5.6. Consider the highest weight representation V(1) of G. Let y and § be
an extremal weights of /(1) and let v, and vs be vectors in V(1) of weight A and §
respectively. Let (-, -) denote the Shapovalov form [30], i.e. (F;v,w) = (v, E;w). The
generalized minors are functions As ,,: G — C such that

Asy(8) = (g - vy, vs).
We use the shorthand A, when § = A.
Denote the subset of chamber weights
' ={vwj : j € I,ve Wsuchthatv <g w} CT.

By [6, Proposition 2.8], L*"" can be defined by the vanishing conditions of general-
ized minors:

—1
Lw = {g € N : Aw,‘,a)[(g) = 11 Awi,wwi (g) # 0’
Aw; ve; (8) = 0 for v, ¢ TV} (5.1)
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Example 5.7. Let G = SL3. The fundamental weights can be realized as w; =
(1,0,0) and w, = (1, 1, 0). We use the shorthand w; = 1 and w, = 12, where each
number indicates which coordinate is equal to 1. The simple reflections act as the
transposition s; = (12) and s, = (23) on the fundamental weights.

When w = 555, the reduced Bruhat cell is given by

]:a,ﬂe(CX}.

Note that I'S152 = {1,2, 12, 13,23} Indeed, Al = 1, A12 = 1, Az =, A23 = O{ﬂ,
A13 = B are all non-zero, but Az = Qas 3 & I'S152,

L5251 = {Xz(ﬂ)xl(“) - [ég

1=

Let x — x! be the Lie algebra anti-automorphism of g given by EiT = I,
FiT = FE; and HiT = H; for all i € I and let x — xT denote the corresponding
anti-automorphism of G. Let ¢ be the anti-automorphism sending

Xiy (ll) e Xy, (lm) = X, (lm) B (l‘l).

Define the map n,,—1 on L' by setting 7,,—1(x) to be the unique element in
NN B_w xT. By [7, Theorem 1.2, Proposition 1.3], ,,—1 is a regular automor-
phism of L* ™" and 77;1—1 (2) = (nw(zY))". Define the y-coordinates

Yi(be) := 1Ly (xi(be)) = t 0 My (x; (ba)"):;
these are the coordinates used in the proof of [21, Theorem 7.1] (see Theorem 3.9).

Remark 5.8. In the diagram following Theorem 5.4, the functions §, = (Ay o _,).

As the collection (A, o~ L), er satisfies the Pliicker relations, the tropical functions
y O Ny—1)y

((Ay o n;l, 1)"P), er automatically satisfy the tropical Pliicker relations.

For y € T", define M, = (A, on_L)™. Then (My)yerw is a collection of
functions on the tropical points of L

Example 5.9. Continuing Example 5.7, the y-coordinates on L*2°! are given by

1 ot 0
yal BT = i@)x@) =0 1 g7}
0 0 1

For (a, b) € L5251 (Z"°P), the functions M, take on the values

M (a,b) =0, Miz(a,b) =0,  Mj(a,b) = —a,
M23(a,b) =—a—b, M13(a,b) = —b.
Consider y ¢ I'. By (5.1), A,, = 0. We would like to redefine these generalized

. . . —1
minors so that we have functions which are non-zeroon LY .
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Definition 5.10. For v € W and s; € Dp(v), define AY7F = A=ty vy -

Example 5.11. Continuing 5.9, we redefine the minor
Agew = Aslwl,wowl == A2,3 = ﬁ

Note that this is the smallest row set which results is a non-zero minor with the column
set.

For y € T, define M, = (A} o n;l_, )P Note that M, = (A, o n;l_, )P for
y € I'”. We will show that for each £ € L (Z"°P)5, (M, (£))yer are the BZ data
of some P € $,. To do this, we need to show that (M, ({))yer is a BZ datum and
that the edge equalities in Lemma 4.7 (ii) hold.

First, we will show that this A}®™ is the “smallest” non-zero minor; this will imply
the edge equalities. We start with a technical lemma. Recall the partial ordering on X *
wherea <b < b—ac Q.

Lemma5.12. Forb e B, € X*, u € W, and A a dominant weight, if (v, buv,) # 0,
thena = ud + B for € Ay NuA_.

Proof. Consider the Lie algebra of G, g. Recall the root space decomposition of g =
h D, ca 8o, Where b is the Cartan subalgebra and

ge ={xegqg:[hx]=alh)x, Vh €b}.

Setb - h®a€A+ Qa-
For A a dominant weight, consider the representation V' (4). The Demazure mod-

ule is defined as V,, (1) = U(b) - v,,, where v, is a vector of weight uA in the
1-dimensional uA-weight space of V(1). We will show that the weights of V;,(4) is
the set uA + AL NuA_.

First, consider

n, = @ g and n_, = @ Qa-

a€A L NuA_ a€A NuA

Then b = un,, & nu_,, ® fh,so we have a PBW basis ACD, where A is a product of
vectors from m,, C is a product of vectors in n_,, and D is a product of vectors
from §.

Suppose that 8 € AL NuA . Thenu™'f € A, as well. Consider Xg € C. Then

Xg-vyy = Xgu-vy = u(u_lXBu)vA.

Note thatu™! Xgu = (ad, (X)) -v = X,—1p.Butas u~!(B) € Ay and vy is a highest
weight vector of V(), then X,,—15 - vy = 0.
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Thus for every ¢ € C with ¢ # 1, we have ¢ - v,, = 0. As D does not affect the
weight of v,3, then CDuv,, only has weights uA. Thus U(b) - v,y = ACD - vy has
weights uA — AL NuA_, as desired. ]

Lemma 5.13. Let A be a dominant weight and let g € LY Then Ay u(g) =0 for
any (L ¥ wul.

Proof. Take g € L ,then g = byw b, for by, by € B_. Let u € X* be a weight
of V(X), so Ay, (g) = (gvu,uvy) for vectors vy, v, € V(L) of weights A and p
respectively. By the definition of the Shapovalov form,

(o, uvz) = (W havy, bhuv) = (v, g'uvy),

where g* = biwbj.
Note that g'uv) = > weo(Va, g'uvy ) v, for weight vectors vy € V(L) of weight a.
In fact,

gluvy = Z (W™ byvy, Bluvy ).

aeX*
Let wlbyvy = Znex*(w_lbzva, Up)vy. Then

gluvy = Z (W bavg, vy) (vy, Bluvy v,
a,neX*

By Lemma 5.12, (vy, bluvy) #0 <= n=ur+ pforp e Ay NuA_. Since B_
always lowers the weights, (W™ 1hyvg,vy) #0 < wn=a —y forsome y € 0.
Thus

o =wur +wp +y.

By [7, Corollary 2.3], as wu is reduced, then Ay Nu~'(A_) € AL N (wu) 1(AL).
Note thatx € Ay N xy(A_) <= —x"!8 € yA; Nx~1(A_). Thus we also have
the inclusion

ArNu(A) Cw 'ALNu(AL).

Then B € w Ay Nu(A_) as well, so there exists § € A such that
B=wl6 < wp=34.
Thus wp € Ay and @ = wud + 8§ + y € wud + Q4. Hence,

gtuvl = Z (kul-i-yvgtuvl)ku/l—i—y»
yeQ 4

and so Ay, (g) = 0 for u 7 wuAl. [
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Corollary 5.14. Fix w € W and let u <p w™'wy. For every s; € S such that wus;
is a reduced product, then Ay, wus;0; = 0 on Lv

Proof. Since wus; is reduced, then wuo; € Ay. As s;w; = w; — «;, then
wus;w; = wuw; — wuo;,

and hence wus;w; < wuw;. By setting A = w; and u = wus;w;, we can apply
Lemma 5.13 to see that Ay, wus;w,; (§) = 0 for g € L [ ]

Conjecture 5.15. Fixw € W, letv € W. Setu = vy;'v and let s; ¢ Dr(v) such that
(v8i)w = Vy. Then Ayy, vs;w; = 0 o0n v

Remark 5.16. This conjecture is known for a few special cases. When vy, = w,

v is an initial word of w™!'wg and hence the conjecture is equivalent

then u = w™
to Corollary 5.14. On the other hand, when v,, = v then u = e so the generalized
minor of interest is of the form A, ys, ;- By assumption, v < w but s; is such that
(vsi)w = v and hence vs; £ w by maximality of (vs;),,. Thus the conjecture follows

from [6, Proposition 2.8] (see (5.1)).
These two results imply the edge equalities are satisfied for large enough y.

Proposition 5.17. The collection (My)ycr satisfy the edge equalities (ii) of Lem-
ma 4.7. In other words, for every v € W and s; & D g(v) such that fLys; = [Ly,

Mvwl» + MUS:‘(O[ = — Zaj,iMij .
J#i
Proof. By [8, Proposition 4.1], for every u, w such that £(us;) = €(u) + 1, £(wus;) =
L(w) + £(u) + 1, we have

aj',‘
Auw,-,wuw,-Aus,;w,-,wus,-w,- = Aus,—wi,wuwiAuw,-,wus,jw,- + | | Auwj,wuwj‘
J#i
—1 . .. .
By Corollary 5.14, Ayw, wus;0; = 00on LY~ and by tropicalizing, we obtain

Myuw; + Myus;0; = Z(_aj,i)Mwuw_,-,
JF#i
which are exactly the edge equalities.
For v € W arbitrary, set u = vy;'v. For s; such that £(vs;) = £(v) + 1 and
(vsi)w = vy, then by [8, Proposition 4.1],

new A new  __ | | new \—a;;
Avw, Avs, w; T Auszwuth Auwuvslwt + (A
J#i
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By Conjecture 5.15, Ay, vs;0; = 0 0n L , and hence by tropicalizing,

Mvw,j + Mvsiwf = Z(_aji)Mva)_i~
J#i
So we have proved that for every v € V such that pys, = fy = [y, , the edge equal-
ities Myw; + Mys;w; = 3 2;(—aji) My, are satisfied. m

Theorem 5.18. There is a bijection L (Z2"°P)> — Py by £ — (M) (£))yer.

Proof. First, we show is that the collection (M, ) er is the BZ datum of an MV poly-
tope in . The collection (M, ),erw satisfies the tropical Pliicker relations as A,
satisfies the Pliicker relations. The collection (M, ), cr satisfies the edge equalities (ii)
of Lemma 4.7 by Proposition 5.17 and thus we can recursively define these tropical
functions by the collection (M, ),erw using the relation (4.1). It is easy to see that
these (M, ), er\rw will also satisfy the tropical Pliicker relations, thus (M, ), cr is the
BZ datum of some MV polytope, P € &. Finally, by Lemma 4.7, P € J, and so this
map is well defined.

To show this map is a bijection, fix a reduced word i = (i1, ..., ;) of wy such
thata (iy,...,i¢w)) is a reduced word for w. The map
m—1
M, L =\ —-M ; —-M ; aji, M i
Ot (Mt Mt X e )
JFik41
5.2)

sends the BZ data of P to the Lusztig data of P with respect to the reduced word of .
By Proposition 4.32, ny = 0 for k > £(w) so by Theorem 3.9, (5.2) is a bijection from
Py — N By Lv™ (2P = N*®) 50 by composing these maps, the inverse
(M, (€))yer +— £ is a bijection. [
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