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On isometries of spectral triples associated to AF-algebras
and crossed products

Jacopo Bassi and Roberto Conti

Abstract. We examine the structure of two possible candidates of isometry groups for the spectral
triples on AF-algebras introduced by Christensen and Ivan. In particular, we completely determine
the isometry group introduced by Park and observe that these groups coincide in the case of the
Cantor set. We also show that the construction of spectral triples on crossed products given by
Hawkins, Skalski, White, and Zacharias is suitable for the purpose of lifting isometries.

1. Introduction

The reconstruction theorem by Connes is a smooth version of the Gelfand duality; it shows
that both the geodesic distance and the volume form on a compact Riemannian space are
encoded in a particular spectral triple [4]. The non-commutative differential geometry
paradigm is that spectral triples on C *-algebras should allow the investigation of geomet-
ric properties in the non-abelian setting.

Many authors studied the nature of such features in different specific cases; this leads,
for example, to the notion of compact quantum metric space, as defined by Rieffel [18].
Examples of non-commutative manifolds have been studied in the case of the reduced C *-
algebra of a discrete group [4], AF-algebras [3], crossed products [10], and many other
instances.

From the point of view of non-commutative geometry, a natural problem is to under-
stand what is the right notion of isometry for a non-commutative manifold. Such topic was
investigated in [5, 13—16], and at the time being, the two definitions of non-commutative
isometry appearing in these manuscripts are the only natural candidates known to the
authors. More precisely, these are the automorphisms implemented by unitaries commut-
ing with the Dirac operator and the automorphisms leading to preservation of the Connes
distance on the state space, giving rise to the two groups Iso and ISO, respectively.

In the present work, the authors investigate the properties of the Iso- and ISO-group
in some specific cases, namely, the spectral triples constructed by Christensen and Ivan
on AF-algebras and the spectral triples on the crossed product of a C *-algebra with a
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discrete group, as defined in [10]. A concrete description of the Iso-group is provided in
the case of the spectral triples for AF-algebras (under a natural nondegeneracy condition);
namely, its elements are the automorphisms which preserve the filtration and the given
reference faithful state. In the particular case of some natural spectral triple on the Can-
tor set, this group actually coincides with the ISO-group. Moreover, it is proved that, in
the case of UHF-algebras of type n®°, if the eigenvalues of the Dirac operator grow fast
enough, the ISO-group cannot contain all the switches of the tensor factors. In the case
of the CAR-algebra, we explicitly compute the Connes distance between certain states; as
a consequence, none of the switch automorphisms can appear in the ISO-group at all. In
Section 4 it is shown a procedure to lift the elements of the Iso-group of a spectral triple
for a C*-algebra endowed with an action of a countable discrete group to the Iso-group
of the spectral triple of the crossed product given in [10].

2. Preliminaries

2.1. The definition of a spectral triple

The geometric properties of a compact Riemannian spin manifold can be reconstructed
from the algebraic data contained in the way the Dirac operator and the measurable
bounded functions interact when acting on the Hilbert space of L2-spinors [4]. These
data are encoded in the notion of spectral triple, which we recall in the setting of arbitrary
unital C *-algebras.

Definition 2.1. Let A be a unital C *-algebra represented on a Hilbert space H and D be
an unbounded self-adjoint operator on H. Denote

Ap ={a € A|adom(D) C dom(D)}.

We say that (A, H, D) is a spectral triple if the following conditions are satisfied:
(i) the set {a € Ap | [D, a] extends to a bounded operator on H} is norm-dense
in 4;
(i)  the operator (1 + D?)~! is compact.
In this case, the operator D is a Dirac operator.

As observed by Connes, given a spectral triple (4, H, D), it is possible to define a
pseudo-metric dp on §(A), the state space of A, by the formula

dp(9.¥) = sup |p(a) — ¥ (a)l.
a€A:||[D,all=<1
In the case where the spectral triple is the natural one associated to a compact Riemannian
spin manifold, this formula gives back the geodesic distance [4, Chapter 6, Paragraph 1];
there are also examples of non-commutative C*-algebras admitting spectral triples for
which dp is a metric on the state space inducing the w*-topology (cf. [18]).
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2.2. Spectral triples on AF-algebras

We briefly recall the construction of spectral triples on AF-algebras given in [3]. Let A =
lim,, A, be a unital AF-algebra associated to a filtration of finite-dimensional C *-algebras
Ay, and assume that Ag = C1. Let ¢ be a faithful state on A, Hy the associated GNS-
Hilbert space, and £ the corresponding cyclic vector. For every n € N, let H, = A, & and
P, : Hy — H, be the associated orthogonal projection; we define K, = H, © H,_1,
0, = P, — P,_1. Given a sequence of positive real numbers A,, — oo, with g = 0, we
let D,y be the unbounded self-adjoint operator on Hy given by D = Y, 1,0, with
its natural domain; this is a Dirac operator for a spectral triple (4, Hg, Dy;,3) on A. The
elements of the dense subalgebra Un A, C Ap o) have bounded commutators with this
Dirac operator. Following [10], spectral triples constructed in this way will be referred
to as Christensen—Ivan spectral triples, and we will drop the suffix {4, } appearing in the
Dirac operator where no confusion is likely to arise. As shown in [3, Theorem 2.1], if the
sequence of eigenvalues {1, } grows rapidly enough, the pseudo-metric induced by Dy, .}
on the state space of A is actually a metric, and it induces the w*-topology. We will see
an application of this fact in Lemma 3.6.

2.3. Isometries of non-commutative spaces

Park introduced in [14] the concept of isometry in the non-commutative setting (see
also [13]). He showed that in the case of the spectral triple given by the continuous func-
tions on a compact Riemannian oriented manifold, the Hilbert space of complex L2-forms,
and the de Rham operator as Dirac, this concept coincides with the ordinary notion of
isometry. He also studied the group of such isometries in some non-commutative cases.

Definition 2.2 ([14]). Let (A, H, D) be a spectral triple. An element o € Aut(A4) belongs
to the group Iso(A, H, D) if « is implemented on H by a unitary operator which leaves
the domain of the Dirac operator D invariant and commutes with D.

In view of the possibility to characterize the distance between two points in a compact
Riemannian spin manifold M in terms of the metric dp on the state space of C(M),
another possible non-commutative generalization of isometry which is worth studying is
given by the following.

Definition 2.3 ([5]). Let (A, H, D) be a spectral triple. An element « € Aut(A4) belongs
to the group ISO(A, H, D) if dp(¢ o o, ¥ o) = dp(¢p, V) for every ¢, € S(A).

While it is always the case that Iso(A, H, D) C ISO(A, H, D), there are simple exam-
ples in which these two groups do not coincide.

Proposition 2.4. Let A = M,(C) and let D be a diagonal self-adjoint element of A with
two distinct eigenvalues. Then, Iso(A4, C2, D) # ISO(A4, CZ2, D).

Proof. The “flip” unitary U = (1 —§;, j)i j=1 does not commute with D, from which
it follows that ad(U) ¢ Iso(4, C2, D); we will see that U implements an element of
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I1SO(4, CZ2, D). Indeed, let ¢, ¥ € §(A), and note that

dp(¢ cad(U),y cad(U)) = sup [¢(UaU™) =y (UaU")|
aed: |[D.all<1

= sup l¢(a) =y (a)l.

a€A: |[D,U*aU]| <1

Hence, it is enough to show that ||[D, UaU*]|| = ||[D, a]|| for every a € A. This follows
from the equality [D, U*aU] = —U*[D, a]U for every a € A. L]

Remark 2.5. The fact that the automorphism induced by the flip unitary of Proposi-
tion 2.4 preserves the Connes distance between pure states already follows from the
computation in [11, Proposition 2].

Other comparison results concerning the two isometry groups for the case of Cuntz
algebras have been obtained in [5].

3. Isometries of Christensen—Ivan spectral triples

This section contains information about the isometry groups associated to spectral triples
on AF-algebras. We completely characterize the Iso-groups for the cases at hand and col-
lect some results concerning the “size” of the ISO-group.

Let A =, An be an AF algebra, ¢ a faithful state on 4 and (174, Hy, §4) the associ-
ated GNS triple. From now on, we identify A with its image under g and write £ for the
cyclic and separating vector £4. Let (A, Hg, D) be the Christensen—Ivan spectral triple
associated to the given generating family of finite-dimensional subalgebras A4, and the
diverging sequence of non-negative real numbers {1, } (here, A9 = CI and Ao = 0).

Theorem 3.1. Let (A, Hy, D) be as above and suppose that the sequence {A} satisfies
Ai # A foreveryi # j. Then,

Iso(A, Hy, D) = {a € Aut(A) | a(4;) = A; Vi, poa = ¢}.
In particular, if A = Qic o Mp,;, with My, = C, is a UHF-algebra, then
o0
Iso(A, Hg, D) = {oe € Aut(A) | o = ®ai, a; € Aut(My,), poa = ¢},
i=1
and if ¢ = Q; ¢i is a product state, then
Iso(A, Hy, D)

o0
a € Aut(d) |a = ®al~, a; € Aut(My,), ¢; oca; = ¢; foreveryi € N}

i=1

|
e

3

~ | [{ui € Uy, | ¢i cadu; = ¢; foreveryi € N}/S!.
i=1

14
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Proof. Leta € Iso(A, Hy, D) and U € U(Hgy) be such that @ = ad(U). Since the coeffi-
cients A, are pairwise different, the condition that [D, U] = 0 is equivalent, for U € U(H),
to the condition that UH; C H; forevery i € N, where H; is the finite-dimensional Hilbert
space A;&, and thus, UH; = H; for every i. In particular, U € C£ and, without loss of
generality, we may even assume that U§ = £. Anyway, it readily follows that ¢ o @ = ¢.
Moreover, note that if U € B(H) leaves every H; invariant, then for every i € N and
a € A; we have UaU*§ € H;. Since £ is separating, it follows that UaU* € A;; hence,
ad(U) respects the specified filtration of A. Hence,

Iso(A, Hy, D) C {o € Aut(A4) | a(A4;) = A; Vi, poa = ¢}.

Let now o be an automorphism of A which leaves every A; invariant and preserves the
faithful state ¢ under precomposition. Then, the linear map a§ — «(a)& defines a unitary
operator on H ; hence, « is unitarily implemented, and since the unitaries realizing o leave
every H; invariant, they commute with D.

Letnow A = ®?io M, be a UHF-algebra, and let « € Iso(A, Hg, D) be implemented
by U € B(Hy). Since for every i € N ad(U) leaves both M,,; and M,,; ® My, , invariant,
italso leaves M, , invariant, being the commutant of My, in M,; ® M,, ,,. Hence, every
a € Iso(A, Hy, D) decomposes as o = ®;’l°=1 a;, where o; € Aut(My,). On the other
hand, every automorphism of the form & = ®;2 | &; with o; € Aut(M,,,) which satisfies
¢ o = ¢ belongs to Iso(A, Hg, D). Now, the last statement easily follows. |

The above argument can be used to obtain similar results in the more general case of
spectral triples associated to non-decreasing sequences of real numbers.

Corollary 3.2. Let A = lim; A; be an AF-algebra, ¢ a faithful state on A, and A; a
monotone non-decreasing sequence associated to a Dirac operator on Hy implementing
a Christensen—Ivan spectral triple. For everyi € N, let n; := max{k > i | Ax = A;} and
ki :=min{k <i | Ay = A;}. Then,

Iso(A, Hy. D) = {a € Aut(A) | a(Ap;) = Ap, Vi € N, g o = ¢}.

If A = Q;2y My, is UHF, then

n;
Iso(A, Hy. D) = {oz € Aut(4) | o = ®01A,»7 ay, € Aut( Mj), poay = qb}.
Ai j=k;

J=ki

Proof. The Dirac operator reads D =}, c. Ai(Pn; — Px;), where for j € N,
P;j = Pg,. Hence, Iso(A, Hy, D) can be computed using Theorem 3.1 applied to the
AF-structure of A given by the filtration A = lim; A,,. The second statement follows
from the second part of the proof of Theorem 3.1. ]

Remark 3.3. In the particular case of a UHF-algebra A = )72, M, represented on the
GNS-Hilbert space associated to the unique trace 7, Corollary 3.2 gives, for a monotone
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non-decreasing sequence {1;},

Iso(A, He. Dpy) = [ | Un{jiljzki},,j/sl.
Ai

Remark 3.4. It is unlikely that Iso(A4, Hg, D) be normal in Aut(A). It is certainly not for
A=Q72, My, withn; = mF for some 2 < min{m, k}, foralli € N and ¢ = tr. In fact,
suppose that A = @5 ) M, and consider @ = id®/ ®a ® id™ for some j > 1, where

(a1 ®arx @ Qay) =a2®a; ®az ® - ® ag.
Then, foa o B! ¢ Iso(A, Hy, D) for B = id®V D @B ® id®*, with
Bla1® - ®ar) @ (b1 @ ®bp) = (a1 ® - Qax_ ®b1) ® (ar @by @--- R by,).

It was observed in [3] that, in the case of Christensen—Ivan spectral triples associated
to rapidly diverging sequences of real numbers, all the information about the w*-topology
on the state space of the AF-algebra is carried by the Dirac operator, namely, the topology
induced by the metric associated to D (see the discussion after Definition 2.1) on the
state space of A coincides with the w*-topology [3, Theorem 2.1 (i)]. The following is an
application of this fact.

Proposition 3.5. Let A be a UHF-algebra, tr the trace on A, and {A, }neN a diverging
sequence of positive real numbers such that the topology induced by the metric associated
to D,y on 8 (A) coincides with the w*-topology. Let (A, Hy, Dy,,y) be the Christensen—
Ivan spectral triple associated to this data. Then,

ISO(A, Hy, Dy;,3) & Aut(A).
Moreover, Aut(A)\ISO(A, Hy, Dy,,3y) contains ISO(A, Hy, Dyj,3) x N as a subset.

Proof. In virtue of [3, Theorem 2.1 (i)], the pseudo-metric dp ) induced by Dy, ) on the
state space of A is actually a metric, and it induces the w*-topology. By [17, Corollary
3.8], the action of Aut(A) on the pure states of A is transitive, and by [8, Theorem 2.8],
the set of pure states is w*-dense in the set of states. Hence, for every pure state ¥,
there is a sequence {,} C Aut(A) such that dp,, ,({ o By, tr) — 0. In particular, there
is a sequence of positive real numbers r, — 0, r,, # ry, for n # m such that the sets
Qn:=1{p € S(A) | dpy,, (tr,¢) = rn} # 0 for every n € N, and from the above, given
n # m € N, there is always an element o, ,, € Aut(A) such that o, ,, (2,) N Ry 7# O.
We claim that given n,m € N there is / € N such that o, ,, # o, 5 0 f forevery h > [,
B €1SO(A, Hy, Dy,,3); indeed, if this is not the case, then it is possible to find a sequence
¢ € Q5 such that oy, (¢r) — tr; by compactness, we can suppose that ¢ converges
to a state ¢, which satisfies oy, 1, (¢) = tr, which is impossible. It follows that for every
n € N there is a sequence m; such that the elements o, © B1 # ®n,m; © B> for every

(i.B1) # (J. B2) € N XISO(A, Hyr, Dyp,,})- u



On isometries of spectral triples 553

Letn € N and A = Q™ M, be a UHF-algebra. For i, j € N, let 0; ; be the auto-
morphism of A given by the permutation of the i-th and j-th tensor components. It
follows from Theorem 3.1 that, for every i # j, 0;,; does not belong to the Iso-group
of a Christensen—Ivan spectral triple for A with pairwise different eigenvalues.

Lemma 3.6. Let A = Q); My, be a UHF-algebra withn; = nj = n for every i, j, and
consider the setting as in the statement of Proposition 3.5. There exists i € N such that
Oii+1 ¢ ISO(A, H[r, D{an})~

Proof. Let a € M, be such that tr(a*a) = 1, w, the associated (vector) state, namely,
wq(x) = tr((a* ® 1)x(a ® 1)), and suppose that w, # tr; let ¢ : A — A be the shift
endomorphism: ¢(x) = 1 ® x. Then, w4k, — trin the w*-topology when k — oo. Since
this topology coincides with the topology induced by the metric dp,, ,, we have

dDW}(tr, a)¢ka) — 0, k— oco.

Hence, there is k € N such that dp,, ,(tr, w4k,) < dpy,,,(tr, @g). Since wyk, = wq ©
01 k+1 and

O1,k+1 = 01,200230+:-00k—1,k ©Ok,k+1°0k—1,k©*"-0023001,2,
the result follows. [

Remark 3.7. Let A = ®* M,, for some n € N and let {4;} be a strictly increasing
sequence of positive real numbers, with Dy, the associated Dirac operator. Then,
Iso(A, Hy, Dyy,y) satisfies the following:

(i) o0, ¢1Is0(A, Hy, Dyy,y) forevery i, j;
(ii)  0y,; is in the normalizer of Iso(A, Hy, Dyy,}) in Aut(A) for every i, j;
(iii) if @ € Aut(A), then a € Iso(A4, Hy, Dyy,y) if and only if

idM,, Qa € Iso(A4, Hy, D{li})'

We will see below how a stronger version of Lemma 3.6 can be deduced in the concrete
case of the CAR-algebra. Before specializing, we prove a result for the case of more
general UHF-algebras.

Let A = ®° M with connecting morphisms @ + a ® 1 be a UHF-algebra of type
k®°, and let H, be the GNS-Hilbert space associated to the unique trace tr; Hy is an
inductive limit of finite-dimensional Hilbert spaces H, associated to My», n € N. Let
(A, Hy, D) be the Christensen—Ivan spectral triple associated to an increasing sequence
of real numbers {A,}. If v € Hy is a unit vector, we denote by ¢, the associated vector
state on A. Denote A,, = Myn =~ ME’”.

Lemma 3.8. Keep the above notation, and letn € N, v € H,, with tr(v*v) = 1. Then,

dp (¢, tr) = sup |tr(x) — o (x)].
x€dn, |[D.x]]<1
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Proof. 1t is enough to show that for every X € |, A5 with ||[D, X]|| < 1 thereis x € A4,
such that ||[D, x]|| < 1 and |tr(x) — ¢ (x)| = |tr(¥) — ¢, (X)|. Hence, let X € | J,, Ay, and
consider the conditional expectation E, : | J, A, — A, given by

En(le ®X2® - ®Xp ® Xnt1 ®---)
= le X2 @ - @ Xy @U(Xp41) AU(Xpy2) ® -+ .

We claim that E,(X) € A, is the desired element. Note that for every vy, v, € Hy,, we
have

(v1, En(X)v2) = (v1, X02) (3.1)

and so, denoting by P, the orthogonal projection from H,; onto H,, we have
PyxXx Py = PyEy(X)Py.

Moreover, E,(X) leaves every Hy invariant for k > n. Hence,

[D, En(0)] =)k (Qk En(X) — En(%) Q1) = ) _ ak Pul Ok, En(¥)] Py = Py[D, %] Py,
k k=1

from which we obtain ||[D, E,(X)]|| < ||[D, X]||. Furthermore, it follows again from (3.1)
that

|tr(X) — ¢ (X)| = |tr(En (X)) — dpv(En(X))]. u

The above proposition is the key observation for the explicit computation of the dis-
tance between the trace and certain states in the case of the CAR-algebra. This com-
putation reveals the impossibility for the automorphisms o;,; (see the discussion before
Lemma 3.6) to belong to the ISO-group of a Christensen—Ivan spectral triple. We recall
that M, is linearly generated by the Pauli matrices

S (U S (I A W (10
Ylro) PTG o) P oo <) o)

In order to clarify the next result, we first illustrate a concrete basic example in which
the distance of the trace from a specific vector state in the case A4 is the CAR-algebra can
be computed. In the following, we fix a Christensen—Ivan spectral triple associated to a
sequence of diverging pairwise different eigenvalues for such algebra. Let

U:(o V2

0 0) €M2®1

be considered as a norm one vector in the GN S representation Hy.. We have ¢, (01) =
¢v(02) = 0 and ¢y (03) = ¢Py(04) = 1. We want to show that the sup appearing in the
definition of the distance between ¢, and tr can be computed on multiples of 03; in order
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to do so, we need to show that for every a1 = y, 0 = 8, a3 = 8, a4 = @ € C we have
4
I[D, > ;= eioi]l = [[[D, az03]||. Let

o+ —ié
X = ﬁ v eM,.
y+ié a—2p
Using the C*-identity, we see that the norm of the commutator [D, x] is given by

I[D. x]ll = Ay max{]|xo,1l. [lx1.0ll}.

where xo,1 = Pox(P1 — Po) and x1,0 = (P1 — Po)xPo. A computation shows that for
w € C we have
Bw (y —id)w
X1.0W = ,
1o (y +id)w —Bw

1 . .
Ix10l* = 1B + Sy +i8]2 + |y —i8*) = B>

from which we obtain

Note now that (803)o,; : C&- € Hy — C is given by

Wi,1 Wi1,2
(Bo3)o,1 ( ) = Bwy,1,

W21 —Wi,1
and so || (B03)0,1]| = |B|. Similarly, we have ||(B03)1,0]| = |8]. In particular,

[x1,0ll = max{[[(Bo3)1,oll, [(Bo3)o.ll},
and so ||[D, x]|| > ||[D, Bos]||. It follows from Lemma 3.8 that

dp (¢y. tr) = sup |tr(Bo3) — duv(Bo3)| = sup |BI-

BeC:||[D,Bas]lI<1 BeC:|[D,Bas]lI<1

In order to obtain this value, we only need the value of ||[D, Bos]||, which we already
computed and is given by |8|A1, and so

dp (¢ 1r) = AT
This specific example already contains all the ideas needed for the general case.
Proposition 3.9. Let A = @™ M,; forl € {1,2,3} denote
By :={v e M| ¢y(01) = dpv(04) = 1. ¢y(0) = Ofor j € {1.2,3}\{/}} C M>

(¢y is the vector state associated to v: ¢y(-) = tr(v*(-)v)), and let v € ad(U(M,))(By)
for some l. For everyn € N, we have

1
d(¢1®n®v,tr) = A{ +1.
n

The supremum for the distance is attained on the element 1" ® o;/||[D,1%®" ® o/]| €
1&n ® M, C An+1.
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Proof. First of all, note that we can suppose v € By, since
ad(1®" ® U(M,)) C Iso(A, D, Hy)

in virtue of Theorem 3.1. Let 0;,i = 1, ..., 4 be the Pauli matrices, and let v be as in the
statement. For every

4
X = E ail,iz,...,in+10i1 ® Oi, K- & Uin+1 € An+1,
i1,02,0ein+1=1
we denote
4
X=x-— E Qi in,nnin,40i; @0, @+ Q0;, ®1 € Apyy.

1,02, ,in=1

‘We want to show that

d($rengy, tr) = sup [pren gy (X) — tr(x)| = sup |p18n @y (¥)]
x€An+1,I[D,x]<1 x€An+1,[D,X]<1
= sup lotaa,.. a0l

X€An+1,lI[D,¥]<1

Note that
n
¢1®"®v(ai1 R0, @ Oin+1) = 1_[ 8ik,4(5in+lyl + 5in+1,4)
k=1

and

n+1
tr(o,-l ®op, ®--Q Ui,,+1) = 1_[ Sik54'
k=1

4

Hence, for every x = Zil foini =

1 Yitin,.sing10ip ® Oy & -+ @ 0y, , we have
|prengy(x) — tr(x)| = |aa a4l

We are then left to show that for every x € A,+1, ||[D, x]|| > ||[D, X]|- In order to do so,
let (iy,i2,...,in+1) € {1,2,3,4P" x {1,2,3} and w € Hy,. Then,

Puoi, ®0;, ® -+ ® 0i,, , W =0j, ® 04, Q-+ Q0w R tr(0oj,,,) =0,

and so P,0;, ® 05, @ -+ @ 0y, Pn = 0, which gives P,[D,0;, ® 05, @ -+ Q@ 0y, | Pn =
0 so that P,[D, X] P, = 0. On the other hand, x — X € A, commutes with Q. for every
k > n; it follows that [D, x — X]Qx = Qk[D, x — X] = 0 for each such k. Also, a direct
computation shows that

On+1[D. X]Qn+1 = Qn+1<ZO¢iQi5€ - ZaifCQi)Qnﬂ

= p+10n+1X0n+1 — An+1Qn+1X0n+1 = 0.
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Thus, [D, X] and [D, x — X] satisfy the following properties:

Py[D,X]P, =0, Pnpy1[D,X]Ppt1 =[D,X], Qn+1[D,X]Qn+1 =0,
[D,x —X]0r = Qk[D,x —X] =0 Vk >n.

Hence, we want to check that for every y,z € B(H,) with P, 41 yPy4+1 =y, PyyP, =
0n+1Y0n+1 =0,and zQp = Qrz = 0, forevery k > n, we have ||y|| < |y + z||. Under
these assumptions, we have ||y|k; || < [[(y + 2)|k;|| foreveryi = 0,1,...,n + 1. Now,
Y = PuyOQn+1 + Qnt1yPp, and so

VY = (On1Y " Pu + Puy* Qni1)(PnyQnt1 + Ont1YPn)
= On+1Y " PnyQn+1 + Pny* Qny1yPn

so that [|y[| = max{||PnyQn+1l. |Qnt+1yPull}. We have PnyQni1 = ylk,,. and so
| PryOn+1ll < Iy + z||. Now note that the above conditions for y and z are preserved

under taking adjoints and so || y* &, || < 1 4+ 2)* |k, | < (v +2)*] = ly + 2. But

again, y*|k,.; = Pny* Qn+1 = (Qnt+1yPn)*, which entails || y* |k, || = [|Qnt+1YPn|-
The next step is to show that for every x € A, 4+ as above we have

= -1
lota,a,. a0l < |PoXQni1ll < Ayiq-
The first inequality is obtained by evaluating PoX Q,+1 on the unit vector 1" ® o; €
K41, which gives, using the orthogonality relations for the Pauli matrices,
Pox(1®" ® 01) = 0ta .. 4.

For what concerns the second inequality, note that

[D,X] = An410n+1XPo + (An+1 — A1) On1X01 + -+ + (Ant1 — An) On1X0n
— A1 PoX Ont1 — (A1 =2 01X O0nt1 — -+ — (Ant1 — An) OnX Ont1-
Since ||[D, X]|| < 1, we get | PoX Q1] < A1,
We are left to prove that
p10n0(1%" @ 01/[[D. 18" @ 07]|) — r(1%" @ 07/[|[D. 1®" @ o] )| = A4
This follows from the fact that ||[D, 1®" ® 07]|| = An41. Note that
I[D, 12" & oy]]|
= max{[|An41Po(1%" ® 01) Ons1 + Any1 — An) Q1(1%" ® 01) Qn1 + -+
+ (Ant1 = An) @n(1®" ® 01) Ont1 I 1An 11 Qn 1 (1%" ® 07) Py
+ A1 = A1) Ont1(1®" ® 0) 01 + -+ + (Ang1 — An) Ont1 (1%" ® 07) Oal}
= [ An+1Po(1%" ® 07) Ont1 + (Ant1 —An) Q1(1%" ® 07) Oy + -+
+ A1 = An) @ (1%" @ 07) Ot |
= [ An+10n41(0%" ® 01) Py + (Ang1 — A1) On1(1®" ® 0) 01 + -+
+ (Ant1 = An) Qni1(1%" @ 071) Q.
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Leta @ v ®v2® - Dvy € Ho® K1 -+ ® K, with o] + Y7, Jvil|? = 1. We
have

|Ant1Qn+1(1%" @ 01) Po + (Mgt — A1) Q1 (1% ® 0) Q1 + -+

+ A1 = An) Qn11(1%" ® 01) Qn) (@ B v1 B -+ D Un)||2
=22 10?4+ g = 2020112 + -+ Gt — An)?lvnll?

n

2 2 2 2

< An+1(|a| + Y il ) = Aniis
i=1

which gives

|An+10n+1(1%" @ 01) Po + (Ant1 — A1) Qn41(1%" ® 07) 01 + -+
+ Ant1 = A) @ni1(1%" ® 01) O || = An1. L

Corollary 3.10. Let A = ® My, and suppose that the eigenvalues A, of the Dirac
operator are pairwise distinct. Let « € Aut(A) be given with the following property: there
existk #m e N, [,i € {1,2,3}, v e ad(U(M))(B) such that «(1®" @ v) € 19% ®
ad(U(M3))(B;). Then, a does not belong to 1ISO(A, Hy., D). In particular, this applies to
the automorphisms o; j given by permutation of the i-th and j-th tensor factors.

In the end of this section, we include a related result which, according to the authors,
is of independent interest.

Proposition 3.11. Denote by ¢ : |, An — U, An the endomorphism given by ¢(y) =
1 ® y. Foreveryn € N, c¢(n) > 0 such that (c(n) + 1)A, < A,4+1, we have

1D 1l < e 25 AIID. @™ ()]

for every x € Ay. In particular, if 211 < Ay, then ||[D, (x)]|| = M%{“H[D,x]”for every

Ar—Ay
> 1.

x € Ay, with

Proof. Let x € Ay and £ be the cyclic vector. First, we show that |[D, x]|| < A1||Q1x€|>.
Note that the C *-identity gives ||[D, x]|| = A1 max{|| PoxQ1||, | Q1xPo||}. Now, for every
v € Q1H, we have

Poxv = tr(xa)é = tr((x — tr(x))a)é,

where aé = v; hence,
| Pox Q1] < [|Q1x&]2.

Similarly, for @ € C, Q1xaé = a(x — tr(x))£, and so again ||Q1xPo| < ||Q1x&|>.
A direct computation gives P,[D, ¢" (x)] P, = 0; hence,

Pp[D. " ()" [D, ¢" ()] Pp = Pu[D, 9" (x)]" Qnt1[D, ¢" (x)] Py,

and we only need to show that

1PalD, ¢" ()" Qn41[D. ¢" (0)] Pull = c(n)?A7 ]| Q1 xE]13.
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The operator P,[D, 9" (x)]* Qn+1[D, ¢" (x)] Py is explicitly given by
Pu[D, 9" (X)]* Qn+1[D, 9" (x)] Py

D Gt = A) a1 = A Qi(1%" @ x*) 011 (1" ® X) Q;

i,j=0

> G = 22 0i(1%" ® %) Q041 (12" ® 1) Qs

i=0

+ Z(MH = 2)(Anr1 —A)N[Qi (1% @ x*) 00 11(1%" ® X) 0

i<j
+0;(1%" @ x*)0p11(1%" ® x) 0]
> c(0)* A2 (Pa(1%" ® X*) Qn11(1%" @ x) Py).
Explicit computations give, for v = a§ € H,,
Pr(1%" ® x*) 05 41(1%" ® X) Py (v) = a ® tr(x™ (x — r(x)))§ = a ® || Q1x&]3,
from which we obtain || P, (1%" ® x)*Qn11(1%" ® x) Py > c¢(n)?A2]Q1x£|)? and

ID. " CONZ = | PalD. ¢" ()] [D. " (x)] P
= ¢ 2301 Q1xE (3 = c(n)AzAT* D, ]| .

3.1. The case of the Cantor set

Let X be a (compact) Cantor set. There is a nested partition P = {P; } with
Pi ={U,j. j € L5}

of X consisting of clopen sets such that foreveryi € N, j € Zg we have

Ui,j = Uit1,je0 U Uit1,j@1

and every continuous function on X is the uniform limit of #-simple functions. If we
identify X with ]_[f’;l {0, 1} (with the product topology), an explicit description of such a
nested partition can be given in the following way: for every [ € N, let 77 be the projection
on the factor X; = ]_[j-=0{0, 1} of [—[_;’10{0, 1}; given a finite word w € X;, denote by Uy,
the clopen set given by Uy, := {x € X | m;(x) = w} and define $; = {Uy, | w € X;}. The
C*-algebra of continuous functions on X is the inductive limit of the sequence of finite-
dimensional C*-algebras C2' consisting of #;-simple functions, where the connecting
morphism C 2,2 given by considering a #;-simple function as a P 41-simple
function. This gives a concrete realization of C(X) as the AF-algebra lim; C2' with con-
necting morphisms

2! 2!
Gii+1 (@%) = @(ak @ ag).
k=1 k=1

Fix such a nested partition .
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Proposition 3.12. Let X be a (compact) Cantor set, and let yu be the uniform measure
on X, viewed as a faithful state on C(X). Let (C(X), Hy, D) be the Christensen—Ivan
spectral triple associated to a non-degenerate sequence {A,} and to the AF-structure
induced by . Then, denoting by Sy ~ 7., the group of permutations of the set {0, 1}, we
have

Iso(C(X), Hy, D) = x2, 827"

Proof. Leta €Iso(C(X), H,,, D). Since « respects the filtration of the algebra (by Theo-

rem 3.1), for every i €N, it induces an automorphism on (Czi which leaves @ziil(diag((C))
invariant; by Gelfand duality, |2 is an element of S5 27 % Gy, where G; is the group

of automorphisms of EB (dlag((C)) Wthh respects the filtration up to the (l — 1)-th
step. Hence, |, belongs to ]_[k L S k . Clearly, every element of [ [72; S2 2" induces
an automorphism « of C(X) which belongs to Iso(C(X), Hy, D). The group structure
follows at once. u

Proposition 3.13. Let X be a (compact) Cantor set, and consider the same setting as in
Proposition 3.12, in the particular case of a Dirac operator associated to a sequence of
real numbers {A,} with A, = y™"1 where 0 < y < (3 — +/5)/2. Then,

ISO(C(X), H,. D) = Iso(C(X), H,. D).

Proof. Let o be an automorphism of C(X) (by an abuse of notation, we will eventually
consider a as a homeomorphism of X') which leaves the metric d,, induced by D invariant.
Following [3], for x,y € X, let m(x, y) be the least integer n satisfying x(n) # y(n),
where we view x and y as elements of [] Z,. By [3, Theorem 4.1 (ii)], under the choice
of y as in the statement, if x, y € X satisfy m(ax, ay) # m(x, y), then dy, (ax, oy) #
d,, (x, ¥); hence, if o leaves dy invariant, then it also leaves m invariant. We will see that
this condition guarantees «(A,) C A, for every n. First of all, note that, since the image
under « of a clopen set is a clopen set, for every n € N the image of a minimal projection
p € A, under « is a finite sum of minimal projections in |_J; A;. Suppose now that there
are integers n < k such that the image of a4, contains an element b of Ax which is

not in A,. If we write b = @1_1(@ _. ai.;). the condition that b does not belong to

A, is equivalent to the existence of i € {I,...,2"} and ji, j» € {1,...,257"} such that
ai,j, # ai,j,; it follows that there are two characters x and y with m(x, y) > n and such
that x|4, = y|a, and x o a4, # y o a|4,, which gives m(ax,ay) < n. ]

4. Isometries of crossed products

In this section, we show that, under suitable hypothesis, given an action of a discrete
group on a C*-algebra, the crossed product automorphisms given in [6] are elements of
the Iso-group of the crossed product spectral triple introduced in [10].
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Let A be a unital C*-algebra, G a countable discrete group and @ : G — Aut(A) an
action. As in [6], let

ZY G, U(A)) :={c: G - U(A) | c(gh) = c(g)ag(c(h)) Vg, h € G}.
We consider the set

S(A,a) = {(C,ﬂ,o) | c € ZY(G,U(A)), B € Aut(A4), o € Aut(G),

Boag = adce(g) 0 to(g) © B}
C ZY(G,U(A4)) x Aut(4) x Aut(G),

endowed with the group structure (c, 8,0)(c’, 8’,0") = (B(c'oo™ 1) -c,Bop,000),
(c,B,0)™ ' = (B~ c*o0), B, 07") (see [6]). There is a group homomorphism @ :
9(A,a) > Aut(A %o G, A) explicitly given by

®(c, /3,0)( Z agkg) = Z Blag)ca(g)Aae)

geG geG

(the fact that this is actually an automorphism of the reduced crossed product follows
since it is continuous in the Ll-norm). As shown in [6], under suitable assumptions,
P(E(A,)) = Aut(A %, G, A).

If (A, H, D) is a spectral triple and +4 is a dense *-subalgebra of A such that [D, a]
extends to a bounded operator on H for every a € 4, we will say that (4, H, D) is a
spectral triple for A. This notion coincides with the notion of odd spectral triple considered
in [10, Definition 2.1]. In [10, Theorem 2.7], it is proved that if (s, H, D) is a spectral
triple for A and G is a discrete countable group acting on A equipped with a proper
translation bounded function / : G — Z [10, Example 2.4], then, under some additional
hypotheses (see the statement of Theorem 4.1 below), (C.(G, #4), (H ® [2(G))®2, D))
is a spectral triple for A %, G, where D; is given by

. 0 DR1—i®M,
""\pol+ieMm 0

and M; is the usual self-adjoint extension of the unbounded operator of multiplication by
[ on [%(G).

Theorem 4.1. Let A be a unital C*-algebra endowed with an action a of a countable
discrete group G, equipped with a proper translation bounded function | : G — 7. Sup-
pose that we are given a spectral triple (A, H, D) for A which satisfies the hypothesis
of [10, Theorem 2.7], namely, ag(A) C A for every g € G, sup,cq I[D, ag(a)]]| < oo
for every a € A. Let (¢, B,0) € §(A, ) be such that B € Iso(A, H, D), [ oo = [ and
cg € C -1y forevery g € G. Then,

®(c, B.0) €Is0(A 0, G, (H ® £7(G))®?, D)),

where Dy is the above Dirac operator.



J. Bassi and R. Conti 562

Proof. Let Ug € U(H) be a unitary implementing the automorphism f. Let Ucg ») be
the unitary operator in U(H ® £?(G)) given, for§ € H and g € G, by U(c g.0)(E ® 8¢) =
(c:(g_l)UBE) ® 85(q)- Fora € A, & € H,and g, h € G, we compute
CI)(C7 :37 O-)(akg)U(C,ﬂ,U)g ® Sh
= (ﬂ(a)co(g)ka(g))((cj;(h—l)UﬂE) (24 Sa(h))
= (g (gn)1 (B(@)Co(e))Cy4-1)UBE) ® So(gn)
= (G gny1 Byt (@))Co(ghy1 o (ghy (Co()) o)1 UpE) ® So(en)
= (C;(gh)flﬂ(a(gh)—l (a))co(h)—1 C;(h)—l Ug £ ® 8o(gh)
= (c;(gh)—lﬂ(a(gh)—l (a))UﬂE) & 50(gh)~
On the other hand,
Ue.p.0)arg (§ ® 8p) = Uc,p.0)(@(gn)-1(a)§) ® Sgn
= (G (eny1 Up(gn)—1 (@)€) ® Sogh)
= (€ gy B @1 (@) UpE) ® 8.
Hence, U(¢ g,5) implements the automorphism ®(c, f,0) in H ® {*(G). Note that in the
above computation, we did not use the fact that ¢ is a character. Represent now A xq , G
diagonally on (H ® £?(G))®?; then ®(c, B, 0) is unitarily implemented by U g,) ® 12
in this representation. Let {1z }ren be the eigenvalues of D and { Py} the corresponding
spectral projections. Under the identification H ® ¢2(G) ~ ¢?(G, H), we can write £ €

(H ® £2(G))®? as (§g)geq, With &g = (§1,62); € H @ H for every g € G, and the
domain of the unbounded operator D; is given by the set of vectors

£ = (51.6) € (H®1%(G)*?

which satisfy

_- 2
Peér + Mpkgz

12 4 I(e)? 1 AL +I(g)?
Z Z( e i) )4 Mt p e 4 Pk, =
¢€G keN TG .

Under the hypotheses that Ug commutes with the spectral projections of D, that ¢ is a
character, and that / o 0 = /, this relation is left invariant under U g ) ® 1. In order
to have that [D;, Ui g,5)] = 0, it is enough to check that [D, c;Ug] = 0 for every g € G
and that [1 ® M;, U g,o)] = 0; since ¢ is a character, these follow from [D, Ug] = 0 and
[ o 0 = I, respectively. [

Remark 4.2. Let A be a unital C *-algebra endowed with an action of a countable discrete
group G, and let/ : G — Z be a proper translation bounded function, and denote

Su.p,H)(A @) :={(c,B,0) € F(A,a) | loo =1, c € CharG, B €lso(A4, H, D)}.
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Let (A, H, D) be a spectral triple for A in the sense of [10, Definition 2.1], and sup-
pose that ag (A) C 4 forevery g € G, supgeg [|[D, my (g (a))]|| < oo for every a € A.
Theorem 4.1 states that the map

®:9,p,H)(A ) > Aut(A Xg r G, A)
sets up an injective group homomorphism
@ : 50 p.y(A @) = Is0(4 X, G, (H & £2(G))®2, D)).

Examples: (i) Let A be a unital C *-algebra endowed with the trivial action of a countable
discrete group G admitting a translation bounded function / : G — Z, and let (4, H, D)
be a spectral triple. In this case, the crossed product is just the spatial tensor product
A ® C}(G) and the Dirac operator D; is the (even) tensor product triple (cf. the para-
graph before Proposition 2.8 in [10]). Denoting by Aut;(G) the subgroup of Aut(G)
given by the automorphisms of G which preserve [, the map ® gives a bijection between
Char G x Iso(A4, H, D) x Aut;(G) and Iso(4, H, D) x Iso(C}*(G), M;,£*(G)) (see [13]).
This suggests that in general the product of Iso-groups should embed inside the Iso of
some tensor product of spectral triples.

(i) Let A be a separable unital C *-algebra and (+A, H, D) a spectral triple for A4 in the
sense of [10, Definition 2.1]. Let also « € Iso(A4, H, D) such that a(4) C # (this is always
the case if A is AF and the spectral triple is the one considered by Christensen and Ivan),
and let y € S! be a character of Z. Then, ®(yq4.,ia) € Is0(A4 X, Z, (H ® €*(Z))®2, D)),
where [ : Z — 7, [(n) = n. An example of this situation is given by the odometer actions
on the (compact) Cantor set, when we consider the spectral triple of Christensen and Ivan
associated to a faithful state. In this case, the associated crossed products are the Bunce—
Deddens algebras (cf. [10, Section 3.1]).

(iii) More generally, let (A, H, D) be a spectral triple for a unital C *-algebra A in the
sense of [10, Definition 2.1], and consider the subgroup Iso(+4, H, D) of Iso(A, H, D)
which consists of elements o such that a(4) C #. Then, for every countable discrete
subgroup G of Iso(+4, H, D) admitting a translation bounded function /, every « in the
normalizer subgroup of G in Iso(A, H, D) such that [ =/ o ad o and character y of G,
we have

®(y,a,ada) € Iso(A %, G, (H ® (*(G))®2, D)).

If @ € G, then O(y, «,ad ) = y(-) ad A4, but in general, A, will differ from the uni-
tary U(1,o,ade) cOmmuting with the Dirac operator D;. This procedure can be iterated in
different ways.

(iv) Let d € N and G = Z¢ or F;. Consider the length function on G given by a
choice of generators; this is a translation bounded function. Let o be an automorphism of
G induced by a permutation of the d generators. Let now (A, H, D) and « be as in exam-
ple (ii). Considering the action & of G on A induced from the “forgetful” homomorphism
G — 7 which sends every generator to the single generator of Z, we have that for every
character y € Char G, ®(y.3,) belongs to Iso(4 ¥z » G, (H ® £*(G))®?, D;).
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5. Postface

As pointed out by a referee, it is not unnatural to equip quantum spaces with some sort
of quantum symmetries. Indeed, in the literature, there is a notion of “quantum isometry
group” for spectral triples (as well as for metric spaces) in the setting of (compact) quan-
tum groups; see, e.g., the monography [9]. Loosely speaking, these quantum isometry
groups should be thought of as some sort of generalization of the Iso(A, H, D) consid-
ered in this paper, with groups replaced by quantum groups. Even more interestingly, such
quantum groups for the Christensen—Ivan spectral triples have been looked at in [2] (cf.
[9, Remark 5.2.2]). Therein, the authors recognize the existence of some inductive limit
structure on such quantum groups and present further considerations in the commuta-
tive case, notably for the algebra of continuous functions on the middle-third Cantor set.
In general, one would expect that the Iso-groups associated to Christensen—Ivan spectral
triples for AF-algebras considered in this work can be recovered as maximal classical
subgroups (see, e.g., [1, 12]) of the corresponding quantum isometry groups.

We stress out the connection between Proposition 3.12 and the computation of the
quantum isometry groups appearing in [2]. In [2], it is proved that the quantum isometry
group QISO™ of a Christensen—Ivan spectral triple associated to the uniform measure on
the Cantor set is an “inductive limit” of certain C *-algebras S, which are defined induc-
tively by

S1 =C(Z2), Sn+1 = (Su*Sn) D (Su * Sp).

Now, for every n € N, we let Iso,(C(X), Hy, D) denote the (finite) group of automor-
phisms of J,-simple functions which respect the filtration of the algebra in the chosen
direct limit decomposition. Then, as observed in the proof of Proposition 3.12,

Is0,(C(X). H,. D) ~ x'_, 52"

and Iso(C(X), H,, D) is the projective limit of such groups. Using the fact that the
abelianization of the free product of two groups is the direct product of the abelianizations,
one can check that for every n € N the maximal classical subgroup of S, corresponds to
Iso,(C(X), H,., D). The projective structure of Iso(C(X), H,, D) is obtained by dual-
izing the inductive structure of QISO™. Hence, Iso is the maximal classical subgroup of
QISO™ in the sense of [12] (cf. [7, Section 5]).
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