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Abstract. The vertex-reinforced jump process (VRIP), introduced by Davis and Volkov, is a
continuous-time process that tends to come back to already visited vertices. It is closely linked
to the edge-reinforced random walk (ERRW) introduced by Coppersmith and Diaconis in 1986
which is more likely to traverse edges it has already traversed. On 74 for d > 3, both models were
shown to be recurrent for small enough initial weights and transient for large enough initial weights.
We show through a coupling of VRIPs for different weights that the VRJP (and the ERRW) exhib-
its some monotonicity. In particular, we show that increasing the initial weights of the VRJP and
the ERRW makes them more transient, which means that the recurrence/transience phase transition
is necessarily unique. Furthermore, by making the weights go to infinity, we show that the recur-
rence of the ERRW and the VRIJP is implied by the recurrence of a random walk in a deterministic
electrical network.

Keywords. Vertex reinforced jump process, edge reinforced random walk, monotonicity,
coupling, phase transition

1. Introduction and results

1.1. Introduction

The edge-reinforced random walk (ERRW) was first introduced by Coppersmith and
Diaconis in 1986 [2]. In this model, the more often the walk traverses an edge, the like-
lier it is to traverse it again in the future. This model was shown to be a random walk
in random reversible environments [4, 10]. This representation led to several results on
this model: first, recurrence and transience on trees depending on the reinforcement [12],
then recurrence on the ladder [9] and Z x G [14] for large enough reinforcement and on a
modification of Z? for large enough reinforcement [11]. It was then shown by two differ-
ent techniques that the ERRW on Z¢ is recurrent for large enough reinforcement (in [1]
by Angel, Crawford and Kozma and in [16] by Sabot and Tarres). The technique used in
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[16] was based on a link between the ERRW, the vertex-reinforced jump process (VRIP,
introduced by Davis and Volkov [3]) and the super-symmetric hyperbolic sigma model
(introduced in the context of Anderson localization in [7, 19] by Zirnbauer, Disertori and
Spencer). This relation led to several other results for both the ERRW and the VRIJP:
the transience and a CLT in dimension 3 and higher for small enough reinforcements
[5,16,18], a 0-1 law for recurrence on Z? [18] and recurrence in dimension 2 [11, 15, 18].
This means that on the one hand, for d € {1, 2} the ERRW and the VRIP are recurrent
for any reinforcement. On the other hand, for d > 3 both the ERRW and the VRJP are
recurrent for large enough reinforcement and transient for small enough reinforcements.
We know that in-between, the VRJIP and the ERRW are recurrent or transient but it has
not been known whether there is a unique phase transition.

In this paper we show that we can couple VRIPs for different weights (more pre-
cisely, we couple the B-fields associated to the VRIPs that were introduced in [17]). This
coupling leads to a monotonicity for the VRJIP similar to the Rayleigh monotonicity for
electrical networks. This gives us the uniqueness of the recurrence/transience phase trans-
ition for the VRJP and the ERRW in dimension 3 and higher. This monotonicity can also
be used to show that the VRJP and the ERRW with constant weights are recurrent on
recurrent graphs by seeing random walks in electrical networks as VRJPs with infinite
weights.

1.2. Statement of the results

Let § = (V, E) be a locally finite, non-directed graph. For simplicity, when § is finite
with n vertices we will identify the set of vertices V' with the set of integers from 1 to n
that we will write as [1, n]. To every edge e € E we associate a positive weight a,. Let
xo € V be a vertex of §. The edge-reinforced random walk Y starting from xq is the
random process with values in V' defined by

Yo=x¢ as,
a{Yn’y} + Zn({Yn»y})
Zz~yn [a(Yn,z} + Z,({Yn, Z})]’

where the random variables (Z,),eN are defined by

P(Yn+1 = y|Y0,...,Yn) = 1y~Yn

n—1
Vee E, Zy(e) = Z Ly, ¥i1)=e-
i=0

This means that at each step, the process chooses an edge e to traverse with a probability
proportional to its initial weight a, plus the number of times it has already traversed that
undirected edge Z, (e). This means that the ERRW wants to go back through the edges it
has visited often in the past. The smaller the initial weights, the less the process is likely
to visit new edges and therefore the more it wants to go back through the already visited
edges. Because of this, if the graph is Z<, this process can exhibit different behaviours
depending on the initial weights. For small enough initial weights it is recurrent.
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Theorem ([1, Theorem 1] and [16, Corollary 2]). For any K there exists ag > 0 such
that if § is a graph with all degrees bounded by K, then the edge-reinforced random walk
on § with initial weights a € (0, ag) is a mixture of positive recurrent Markov chains.

For large enough initial weights, the process is transient.

Theorem ([5, Theorem 11). OnZ%, d > 3, there exists a.(d) > 0 such that, if a, > a.(d)
forall e € E, then the ERRW with initial weights (ae)ecE is transient a.s.

Note that the previous two theorems use results or ideas of [6,7]. The ERRW is linked
to another random process, the vertex-reinforced jump process (VRIP). The VRIP on
a locally finite graph ¢ = (V, E) with positive weights (W, ).cg is the continuous-time
process ( Y );er+ that starts at some vertex xo and that, conditionally on the past at time ¢,
ifY, = x, jumps to a neighbour y of x at rate

I/V{x,y}(l + Ky(l))v

where £, (¢) is the time already spent at y until time ¢:

t
£y (1) :=/ 13 _ds.
¥ 0 Yo=y

Similarly to the ERRW, the VRJP wants to go back to places it has visited before. The
VRIP is attracted to vertices it has already visited while the ERRW is attracted to edges
it has already traversed but the behaviours are quite similar. The larger the initial weights,
the less time it takes the process to jump and the less it feels the attraction to previously
visited vertices. And just like for the ERRW, on Z? the VRIP can exhibit different beha-
viours depending on the weights. The similarities in behaviour come from the following
link between the two processes.

Theorem ([16, Theorem 1]). The ERRW with weights (ae)ecE is equal in law to the
discrete time process associated with a VRJP with random independent weights W, ~
Gammal(a, 1).

In this article we show, through a coupling, that the VRIJP has a property similar to
Rayleigh’s monotonicity for electrical networks. This leads to several results for recur-
rence and transience. First, we show that the probability that the walk is recurrent is
decreasing in the parameters of the VRIJP. This is a corollary of our main theorem that
will be stated at the end because it is technical and needs a few additional definitions.

Theorem 1. Let § = (V, E) be an infinite, non-directed, connected graph without loops
or multiple edges and 0 € V a vertex in this graph. Let (W, )eeg and (W,V)eeE be two
families of positive weights such that for any e € E, 0 < W~ < W,. The probability that
the VRJIP with weights W™ is recurrent is greater than or equal to the probability that the
VRIP with weights W is recurrent.

It was already proved in [18] that the VRIP on Z¢ with constant weights or weights
invariant by translation is recurrent with probability O or 1. Together with our theorem
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this means that the VRJP and the ERRW are recurrent for small enough weights and then
transient for larger weights. This means that the VRJP and the ERRW exhibit a phase
transition for recurrence/transience on Z¢ when all the edges have the same weight.

Theorem 2. For d > 3 there exists wy € (0, 00) such that for any w € (0, 00), the VRJIP
on 22 with initial constant weight w (W, = w for all edges e) is recurrent if w < wg and
transient if w > wy.

Theorem 3. For d > 3 there exists ag € (0, 00) such that for any a € (0, c0), the ERRW
on 22 with constant initial weight a (a. = a for all edges e) is recurrent if a < az and
transient ifa > ag.

The link between the VRIP and electrical networks goes beyond this monotonicity
property. The following theorem shows that recurrence of electrical networks, VRJP and
ERRW are also closely linked.

Theorem 4. Let § = (V, E) be an infinite, locally finite graph and xo € V a vertex. Let
(We)ecE be a family of positive weights. If the random walk on § starting at x¢ with
deterministic conductances (ce)ecg = (We)ecE is recurrent then so are the ERRW and
the VRJP starting at xo and with initial weights (W) ecE.

To state our main technical theorem, we need some extra definitions and results related
to the VRJP and the ERRW. First we need to recall the 8-field (introduced in [17] by
Tarres, Sabot and Zeng), a random vector defined for weighted graphs. In the following,
M, 1 (R) will refer to real n x m matrices and M, (R) := M, ,(R).

Definition 1 (8-field). Letn be an integer, (7;)1<i<» a family of non-negative parameters
and W € M, (R) a symmetric matrix with non-negative coefficients. Let 1,, € R” be the
vector (1,...,1) and for any matrix X, let ‘X be its transpose. The measure v,‘,’V T on

(0, 00)™ is defined by the following density:

v (dBy ... dBn)

2 n2 1
a ( ) 3_7(1”H311n+nH; =2 1<i<n M)

lgg>0dBy1 ... dBy,
T

1
,/det(Hﬂ)

where for all i, j € [1,n],
Hyii) = 26 = WGi.i).  Hp(i.j) = —W(i.j) ifi# j,

and Hg > 0 means that Hpg is positive definite.

This family of measures is actually a family of probability measures, as was first
proved in [17, Theorem 1] for n = 0 and then in [18, Lemma 4] for general 7.

We write T)',I:V " for the distribution of Hg when (B;)1<i<n is distributed according
to v,

The link between the B-field and the VRIP is not obvious at first glance. It was shown
in [17] (based on previous results in [16]) that the VRIP with weights W can be seen
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as a random walk in a random electrical network whose conductances are given by the
weights W and the B-field. More precisely:

Theorem ([17, Theorem 3]). Let § = (V, E) be a non-directed finite graph and (We)ecE
weights on the edges. We will identify V with the set of integers [1, |V |]. Let Hg be distrib-
uted according to T)'lu;"o and let Gg be the inverse of Hg. For any xo € V the discrete path
of the VRIP (the sequence of vertices attained at successive jumps) on '§ with weights W,
starting at xo, is a random walk in a random electrical network where the conductances
(ce)ecE are given by

Cxyy = Wix,y3G(x0. X)Gg (X0, ¥).

The reason we look at the B-field instead of the conductances is that the §-field has
several interesting properties. First, the B-field does not depend on the starting point of
the VRIJP. Its Laplace transform has a simple expression and it is 1-dependent. But most
importantly, the family of laws v,I:V ' is stable by taking marginals or conditional distribu-
tions ([18, Lemma 5] and independently in [8]). More precisely:

Proposition 1.2.1. Let nq, ny be integers, and n := ny + ny. Let W € M,(R) be a
symmetric matrix with non-negative coefficients and (1;)ie[1,n,4n,] @ family of non-
negative coefficients. Let (,Bi)ie[[l,n 1 +n»] be random variables with v,ZV M distribution and
Hg € M, (R) the matrix as in Definition 1. We make the following bloc decompositions:

11 12 11 12 1
W = ($21 gzz)v Hp = (Zﬁn zgz) . = (’72)’
B B g
where W“,Hf}1 € My, (R), W12, Héz € My, n, R), W21,H§l € My, n, (R), W22, ng
€ My, (R), n' € R"! and n* € R"2. Then the family (Bi)1<i<n, is distributed according

Wll’A
to vy, " where

ny
AeR™ and Yie[l.m], fi:=n+ Y WGk

k=1

Conditionally on (Bi)i<i<n,, the family (Bi)n,+1<i<n,+n, is distributed according

fo v,‘g’ﬁ where

W — W22 + WZl(H‘;l)—lwlZ
and
7€R™ and 7=n"+ W' (Hg) "'n.
Definition 2. Let n be an integer and let H € M, (R) be a symmetric matrix. We say that

two integers 1 < i, j < n are H-connected if there exists a finite sequence (k1, ..., k)
suchthatky =i,k,, = jandforalll <a <m —1, H(kg,ka+1) # 0.

We can now state our (technical) main theorem which gives a coupling between
VRIPs of different weights and a simpler corollary that is the equivalent of Rayleigh
monotonicity for the VRIP.
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Theorem 5. Fixn € N. Let W € M, (R) be a symmetric matrix with non-negative off-
diagonal coefficients and null diagonal coefficients. Let W', W? € M, 1(R) be matrices
with non-negative coefficients and let W3 := W' + W2, Let w—, w € [0, co) with
w~ < wt. Define

woowl w2 woowt w2 3
wo=Ww! o0 w |, Wh=|W! 0o wt], W""::(WVII;3 ”(;)
W2 w- 0 w2 wt 0

If n = 0, we just have

- 0 wo + . 0 w+ o0 . __
e (O) wre (S ). v

For any vector X € R"?2 define X € R"*! by

Vie[l.,n], X; :==X;, Xpy1:= Xns1 + Xnio.

For any vector X' € [0, 00)" 12, we introduce the following coupling between ﬁ,‘f:z’o,
~Wt ~W . . _ P —
V;Z—z’o and v,‘:z_l 0 There exist random matrices H=, H* and H™ (with inverses G~

. . . ~W—,0 ~wt ~W
Gt and G respectively) that are distributed according to v,‘:[iz’o, VZ_Z’O and vz_l 0

respectively such that
IX1GX' = 'X'GTX' = 'X'G®X  almost surely,

H™(i,i)= H"(i,i) = H®(i,i) forall i € [1,n], and for any vector X? € [0, co)" 12
we have

E('X'GT X% |H®) = 'X1G®X?2,
ECX'G™X?|HY) = 'X'GTX? ifn+ landn + 2 are H™ -connected.

A special case of this theorem already appeared in [18], namely the case where
w~ = w™T and all the coefficients of X are 0 except for X,,+; = 1. This was used to
define a non-negative martingale (,,),en Which was applied to give a characterization
of recurrence and transience for the VRJP. More precisely, if the martingale converges
to O then the process is recurrent, and if it converges to any other value, the process is
transient. However, the case of w™ # w™ and more general X was not settled. The more
general result will allow us to compare the martingales (Y, ),en for different choices of
weights. Using this and the characterization of recurrence and transience for the VRJP
with (Y,)nen We will be able to show that the probability that the VRIP is transient is
non-decreasing in the weights.

In practice, we will use the following slightly weaker version of this theorem to prove
other results.

Theorem 6. Let n > 2 be an integer, and let W=, W+ € M, (R) be symmetric matrices
with null diagonal coefficients and non-negative off-diagonal coefficients such that for any
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i,jel,n], W=(i,j) <WT(i,j)andi and j are W~ -connected. Let H™ and H™ be
matrices distributed according to ﬁ,‘,}V % and D',I:V .0 respectively, and let their inverses be
G~ and G respectively. For any convex function f on [0, 00), any ig € [1,n] and any
deterministic vector X € [0, 00)",

Z?:l XjG~ (o, J) - Z?:l X./G+(i0,j)
]E(f( G_(lOle) )) - E(f( G+(10510) ))

1.3. Outline of the proof

There are two main steps of the proof. The first step (Section 2) is to show that if we prove
the main theorem for a graph with two vertices then we can extend it to any finite graph.
Fix a finite graph G = (V, E) with positive weights (W, ).ck on the edges. The main idea
is the following: for any edge {x, y} € E, the law of the §-field on V'\{x, y} does not
depend on the weight Wi, ;y. This means that we can set the -field on V\{x, y}, and
conditioned on this we can see how the modification of the weight Wi, ,) impacts the
B-field at the vertices x and y and in turn, how it affects the environment of the VRJP on
the whole graph. Because of the nice restriction properties of the S-field, understanding
this is exactly the same as understanding what happens when we modify the weight of the
edge on a graph with two vertices.

The second step is to show that the main theorem is true for a graph with two ver-
tices. This is the goal of Section 3, which is quite technical. We first make a change of
variable to simplify the problem (in Subsection 3.1) and then we exhibit the coupling (in
Subsection 3.2) used to prove our main theorem.

Finally, once we have proved our main theorem (in Section 4), we apply it to prove
other results (in Section 5). Here the idea is to use the characterization of recurrence/tran-
sience in [18]. This characterization says that a process is recurrent if some non-negative
martingale converges to 0. Our result tells us that if we decrease a weight, the probability
that this martingale converges to 0 increases, which in turn means that the probability that
the process is recurrent also increases. And therefore if we decrease weights, the probab-
ility that the process is recurrent increases. This is used jointly with a 0-1 law proved in
[18] to conclude that both the VRIP and the ERRW are recurrent with probability 1 below
some critical weight and transient with probability 1 above it.

2. A simplification

2.1. Schur’s lemma

We will apply Schur’s decomposition several times. It is useful because it behaves nicely

under the marginal and conditional laws of the family of laws v,‘,’V o,

Lemma 2.1.1 (Schur decomposition). Letn,m € N*. Let H € My, 1, (R) be a symmetric,
positive definite matrix. Let A € M, (R), B € M, ,(R) and C € M,,(R) be such that
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A B
ne(4 1)
Its inverse is

gt _ (AT ATB(C —'BAT'B) BATY —AT'B(C — 'BAT'B)”!
- —(C —'BA71B)"11BA~1 (C — 'BA™'B)™! '

H can be decomposed as

2.2. Reduction to two points

The goal of this section is essentially to show that if we can prove our main theorem
(Theorem 5) for a graph with two vertices then it is true for all finite graphs. First we need
to prove a minor lemma.

Lemma 2.2.1. Let n be an integer, and let H € M, (R) be a symmetric, positive def-
inite matrix with non-positive off-diagonal coefficients. For any integers 1 < i, j <n,
H7Y(i,j) > 0iffi and j are H-connected. In particular, for any integer 1 <i < n,
H™(G,i) > 0.

Proof. Since H is a symmetric, positive definite matrix, all the eigenvalues are positive
reals. Let A~ be the smallest eigenvalue of H and A ™ the largest one. Since H is sym-
metric, all its diagonal coefficients H (i, i) satisfy A~ < H(i,i) < A™. This means that
all the coefficients of I,, — ﬁH are non-negative and its eigenvalues are between 0 and
1 —A~/AT < 1. Consequently,

H—l—1 I I 1H _1—1 1 lHk
=g\ \m-m)) = n(l-awt)

k>0

Integers i and j are H-connected iff there exists m > 0 such that (I, — ﬁH )* >0
(since all the coefficients of [, — A%rH are non-negative). Hence H~!(i, j) > 0iff i and
j are H -connected. ]

We will use the following lemma to reduce our problem to the study of va T and v;V 0,

Lemma 2.2.2. Let n € N*. Let H'' € M, (R) be a symmetric, positive definite matrix
with non-positive off-diagonal coefficients. Let H'?> € M, »(R) be a matrix with non-
positive coefficients. Define H'?> € My, 1(R) by

g2 = g2 (1)
Nk

Let H € My »>(R) and H € M, 4 (R) be symmetric, positive definite matrices with non-
positive off-diagonal coefficients and with the following bloc decompositions:

Hll H12 _ Hll I__IIZ
H = (tle sz)’ H = (tﬁlZ 1_722)-
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Let G and G be the inverses of H and H respectively, with bloc decompositions
Gl G2 _ Gl G12
G = (tGIZ Gzz) , G = (z@lz 622)'

For any vector X € R"*2 we define the vector X € R"*1 by

Vie[l,n], X; :==X;, Xpy1:= Xns1 + Xnio.
For any vectors X', X? € [0, 00)" 2 there exist
o a1 (X1 > 0andor(X') > 0 that only depend on X', H'! and H'?,
o a1(X?) > 0and oy (X?) > 0 that only depend on X?, H'! and H'?,
o C(X', X?) > 0that only depends on X', X? and H'' (but not H'? or H??),
such that
tyloy2 1 y2 1 1 22 (@1(X?)
X'GX? =C(X' X)) + (e1(X) a2(X1))G (az(Xz) ,
X1GX? =C(XY, X?) + (a1 (XY) + a2(X 1) G?? (a1 (X?) + a2 (X ?)).

The previous lemma allows us to transform the expression ‘X1GX? into the form
A + 'Y1G?2Y?2. The properties of the family of laws v,I,/V " (defined in Proposition 1.2.1)
tell us that the study of G?2 knowing A, Y ! and Y? is the same as the study of v;V 0
for some parameter W. This means that if we get some monotonicity for the family of

laws v;V % we should be able to get it for v,I:V © for any 7.

Proof of Lemma 2.2.2. First we look at H. Let G be the inverse of H. We use the same
bloc decomposition as for H':
G 11 G 12
G = (GZI Gzz) )

where G!! € M, (R), G'2 € M, »,(R), G?*! € M, ,(R) and G?*?> € M,(R). By Schur
decomposition (Lemma 2.1.1) we have

(Hll)—l + (Hll)—1H12G22 tHIZ(Hll)—l _(Hll)—1H12G22
o= )

_G22 tH12(H11)—1 G22

B In _(Hll)—lHIZ (Hll)—l 0 In 0
- (O 12 ) ( 0 GZZ) (_HZI(HII)—I 12) .

Now we need to introduce the notion of M-matrices. There are multiple equivalent
definitions (see [13]). According to one, an M-matrix is a matrix with non-negative off-
diagonal coefficients and such that either all its principal minors are positive (which is the
case of H'1) or its inverse only has non-negative coefficients. This means that (H'1)~!
is an M-matrix and therefore all its coefficients are non-negative. Since all the coeffi-
cients of —H '2 are also non-negative by definition, this means that all the coefficients of
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—(H')~1H'2 are non-negative. Let X', X2 € R"*2 be two vectors with bloc decom-

positions
Xll XZ]
Xl = (Xlz)s X2 = (X22)9

where X111, X2l e R? and X!2, X22 e R2. Let M := —HZI(H“)_l. We have

X1Gx?

; , In _ Hll —1H12 Hll -1 0 In 0 X21

= ( X' Xlz) (O ( ])2 ) (( 0) Gzz) (_HZI(HII)—I 12) (Xzz)
I, 'M HH=1 o I, 0 Xx2!
s ) 25 ) ()

(Hll)—l 0 X21
— (tXll txlltM + tX12)( 0 G22 Mle N X22

— txll(Hll)—Ile +(tX11lM + tle)GZZ(Mle +X22)
— txll(Hll)—lx2l + t(MXII +X12)G22(MX21 +X22).

Now we can define oy (X 1), a2 (X1), o1 (X ?) and a2 (X ?) by

X! X2
(Z;EXI;) = Mx" 4+ X", (Z;E)ﬂ;) = MX? 4+ X7,

We also define C(X!, X?) := ‘X' (H')~1 X2 We get

X'GX? = C(X' X7) + (i (XY ax (X)) G? ("“(XZ)) .

@2 (X?)
Similarly,
'X'GXx*?
— U E X (A EY) XY X2)GR (A (H) X 4 £
=CX" X% + (1 (X1 + a2 (X )G (1 (X?) + a2(X?)). n

3. The coupling

3.1. A change of variables

When we look at v;V 0 instead of looking at the B-field (B1, B2) we will look at two
other variables that will make our coupling and various calculations more explicit. In the
following lemma we state this change of variables and some relevant properties of the
new variables.



Monotonicity and phase transition for the VRJP and the ERRW 799

Lemma 3.1.1. Let A € [0, 1] and w > 0 be such that if w = 0 then L € {0, 1}. Let W :=
(3) w ) Let (B1, B2) be distributed according to U;V’O. Define

— ! _ 4B1B2 — w?

(A 1-2) E,s";)_l(lfx) T 2wA(l = A) + 28222 +28,(1 — A)?’
2B — A%y
w4+ A1 =)y’

Set wy, := w + A(1 — A)y. Then both Z and y are positive and

1
281 =A%y +w,Z, 2B, =(1-1)%y + wy -

The random variable y is the only random variable such that

281 —w 22 a1-2)
(—w 2/32)_V(x(1—x) (1—1)2)

is of rank 1. The law of y is Gamma(1/2, 1/2). The law of Z, knowing y, is

_1\2
L

This law is a mixture of an inverse Gaussian law and its inverse.
IfU ;=7 — %7, then its density, knowing y, is

Sl 2o )
mexp wy2 1-QA 1)\/m du.

This law is similar to a Gaussian, in particular the law of |U | is that of the absolute value
of a Gaussian.
We also have the following equality:

2,31 —Ww 2 )L 2
det =4 —w” = 1-MW)VZ+—] .
e (_w 252) BiBa—w? = wyy| 1 —D)VZ + 75
The random variable y is a generalization of the random variable y defined in [17], in
which it is only defined for A € {0, 1}. It is used to make a link between the S-field and
the VRJP starting at a specific point.

Proof of Lemma 3.1.1. In the proof, when talking about densities, ¢, z and b; will corres-
pond to the random variables y, Z and B; respectively. We also set, for any ¢ € [0, 00),
we := w + A(1 — A)c (it represents w,, when talking about densities).

Define
_ 2. (21 —w
J = {(bl,bz) € (0,00)" : (_w 2b, > 0p-
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Let f : (0,00)? — R? be defined by

f(C,Z) = (A’zc 42_ ch’ (1 —A,)ZZC + wcé)

The first step is to show that £ is a bijection from (0, 00)? to H.

: 2 - AZetw, (1-M)2c+wed
We start by checking that f((0,00)%) C #. First, =5*< > 0 and ————= > 0.
Then ) .
A2 L—A)*c + we=
4 ¢ +wez ( ) 2 _w? > wzw-—w?=0.
2 2 z
This means that f((0, 00)?) C K.
Now we need a minor result on matrices that will make calculations with f simpler.
Let Y := (,*,).Forany (a1,a,) € ¥ and s € R, we have

207 —w 2a —w 207 —w !
det ! —sYY ) =det ! det( 1, —s (! Yy ).
—w  2ap —w  2ap —w  2ap

2a1 —w
—w 2as

) L —wh—1
equal to its trace, which is s Y ( 2_“1; > a"; ) Y. Therefore

The matrix s( )_1 Y 'Y is of rank 1 and its only non-zero eigenvalue is therefore

1 -1

det( L—s (2 7P) vo)=1-—sw (? V) vy
—w 2a, —w 2a
-1

det( (20 TVY sy oy ) =dee (P90 WY (15t (P9 7Y v,
—w  2ap —w  2ap —w 2ap

This means that

- 1
det((zal “’) —sY’Y) =0 &= 5= —— .
—w 2ap ty(zal —w) Y

—w 2ajp

and thus

Now we notice that if (b1, by) := f(c, z) then

2by —w vy = WeZ —w1C 7

—w  2by —We Wey,
which is of rank 1, and the eigenvector for the non-zero eigenvalue is (_;/ﬁ ﬁ) Therefore
if we know that (b, b;) = f(c, z) then

o 1 _ 4b1b2 — w2
Ty (2 ow)Tly 26222 4 2bi(1- A2 + 22(1 - Dw’
“w 2bs
2b1 — A2c We
z =

we  2bs—(1—A)2c
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This means that as a function from (0, 00)? to J#, f is injective and its inverse is the one
we want. Conversely, f is surjective (as a function from (0, 00)? to #) by using the same
formula. Hence f is indeed a bijection from (0, 00)? to .

We also have

281 = A%y + wyZ,
1
2, =(1-21)7%y + Wy >

and y is the only random variable such that
21 —w\ A2 A(1—21)
—w 28,) " Y\aa=n) a-x2
is of rank 1.

Now, for the second step, we can deduce the law of y, Z from that of 81, B, by a

simple change of variable. The law of (81, B2) is v2W 0 (see Definition 1), with density

2 1
v?/’o(dﬁl, dﬂZ) e _e—%(2131+2/52—2w)

T V4p1B2 — w?

L 2,31 —w
me= (0 ).

The Jacobian J; of the change of variables f is

lHg>0dpf1dpa,

where

A +A1-D2)L (=12 +20 - A)%)%)

e = ((w FA=DAy A=)z

and its determinant is

Dy(c.z) = —%((1 — 12+ A1 —/\)% + Azziz LA — A)%)

Now we can change variables (81, B2) such that Hg = (2_‘?; 2, ﬁ"; ) > 0 into variables (y, z)
defined by
__ 4B1B2 — w?
VT 0A (= A) 1 2BaA% + 2B (1 — A2
281 =A%y

T wr ANy
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We need to make a few calculations before we can express the law of (y, Z). First, for any
(c,z) € (0,00)%, with (b1, b2) := f(c,z),

4b1by — w? = (wez + A%c) (wcé +(1- )L)Zc) —w?
= w2 + w, ()ch% +(1— /\)zcz) +A2(1 = 1)%c? —w?
= A1 —=1)c)® + 2wA(l — A)c + w, (ﬁc% +(1— A)zcz) + A2(1 — 1)3%c?
=2cA(1 = A)(w + A(1 — A)e) + wcc(kzé +(1 - A)Zz)
21 2 A 2
= wcc()\ —+(1=-21)72%z+2101 —/\)) = wcc((l —M)Vz + —) ) (3.1)
z vz

Therefore
[Dr(c,2)| Jw+A(l—2A)c 1
vV 4b1b2 —w? 4\/E z

We also have the following equality:

((1 — Mz + %)

1
by + by —w :Azg+wcg+(l—k)2%+wCZ—(wC—A(1—A)c)
1 1
= (A2+(1—A)2+2A(1—A))%+§wc(z+——2)
z

c 1 1
E + Ewc;(z — 1)2

Hence we get the following joint law for y and Z (c represents y and z represents Z):
2 Jwe 1 A c (z—-1)?
— s — —_ = dzdc.
T 44/c z(( )ﬁ+ﬁ)eXp( 2 Ty e
In particular, the law of Z, knowing v, is
/W, (z—1>\1 A
—wy———— |- (1 -2 — | dz.
N exp| —wy —— . ( Wz + 7 z

It is indeed a density since it is a mixture of an inverse Gaussian and the inverse of an

inverse Gaussian.
By (3.1) we also have

det 261 —w =4B1fr —w? =w (1—)&)\/2+L2
—w 2B, = 1P2 = WyYy ﬁ .

Now, for the third and final step, we can look at the law of U, knowing y. By

definition, U = v/Z — %7 This means that v/Z = —“/UT;‘“FU and \/;7 — «/UT;AFU'
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. The density of U, knowing y, is thus

1 2 /W 2
5(214 + VuZ+4+ u—) Y exp(—wyu?)

2 /172
Therefore Z = W

uz +4) /2n
2 244 2 14—
9 ((1_”\/24 + +u+)L u? + u)du
u? +2 +uvu? + 4 2 2

2u\/u2 4422 +4 Jw Y ool —w u?
WoeEw A p 1’2

2 Ju? +4 214
y ((1—/1) e Y Ao ”)du
u? +2+uvu2+4 2 2
= expl —w,— J[1—(2A — 1) —— | du. [ ]
N2 P "2 ( )«/u2+4

3.2. The tilted Gaussian law
Definition 3. For any (K, §) € (0,00) x [—1, 1] we define the tilted Gaussian law N (K,$)

by the following density:
K Ku?
— exp 20 (4 +8—u du.
2w 2 u2 + 4

It is indeed a density since it is the density of a Gaussian plus an antisymmetric term that
is smaller than the Gaussian term.

Lemma 3.2.1. Let K > 0 and 8,8 € [—1,1]. Let U be a random variable distributed

according to N~(K, 8). Then
I
E(M—U“) -1
14+6—-Y

VUZ+4

Proof. We have

146 14682
(1) = [R5 (o ) ()
146 w2 +4)\ 1 +6——2—

JU2+4 Ju2+4

E ) g

Lemma 3.2.2. Let0 < K~ < J( Tand$ e [—l, 1]. There exist random variables U~ and
U™ distributed according to N (K~,8) and N (K™, 8) respectively such that

1+8 U l+8 U

8 el-1,1] E(—V Wt U+) - YO
1], T ,

NV U)2+4 I+34 WV U+)2+4
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and
K- (U )?=K"U"? as.
Proof. LetK := Ilg—f Let U be a random variable distributed according to N (KT, §).
First we define
g Ut _ KUt

Joores T VRw

We notice that 0 < |V+| < |V ™| < 1. Let p1, p» € R be defined by

n 1 VN1 48V~ _ 1 VN 1-68V~
p i =\1l+— )7 p ==(1- _
2 V-)14+68V+ 2 V- |

Both p* and p~ are non-negative. We also have

Lo VEN1+6V- 1 VY 1—8V-
rrr = e s T

2 V= )1+6vT V= )1+48v+
LSVl sy 148y 24 Ylosy
N 2(1+68VT) - 2(1+8V+)

Now, let U™ be the random variable such that, knowing U +,
U- KU™  with probability p*,
" | =KU™ with probability p~.

We want to show that U~ is distributed according to N (K™, ). For any test function f
we have

E(f(UT) =EE(fU7)|U)

1 VN1 48V 1 v+ sV~
=E(=(1+— ) ———— f(KU") + = - f(-KU")).
(2( +V—)1+8V+f( v )+2( V- )1+8V+f( v ))

First, we get

1 VE\1£8V™ N
E(—(li = )Wf(j:KU ))

= o555 (1 )

2,2 1+6K
x(%(lj: K +4) mf(j:Ku))

K~/u?+4 1—}-8~/74
T 4.2 K22
_ / ,/K—exp(—K u )(I:I:SK;)(l(I:I:M)f(:I:Ku)) du
RV 27w 2 VEK2u2+4/\2 KVu2+4
K

-/ @e@(_

—v? v 1 Ju+
)(1+5 v2+4)(5(1i\/ 2+4K)f(v)) a
with v = £ Ku.
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If we put both equalities together, we get, for any test function f,

_ K- K~u? u
E(f(U )):/R”EGXP(_T)(I—FS«/W:H)]{(M)du'

This means that U ~ is indeed distributed according to N (K—,9).
Now we only need to show that U™ and U~ satisfy the equality we want. First we
notice that, for any x € (—1, 1),

14+ 8x
— =1+ -
1+ 6x Gy 1+ 5
This means that we only need to show that
U- U+t
( JU)2+4 U+) _ JwhHs
1+ 6——L— 1462t
Ju 4 O U
which is the same as showing
vz
()t
+

( (U~)2+4 U+)
1+5L
~U™)2+4
KUt —KUt
1 1_|_V+ 1+8V- JKUT)2+4 +1 - VIN1-8V™  JCkUT)?+4
2 V=) 1+8V+t | Ls—_KUE "2 V=) 148V+ |15 KU+
V(KUT)2+4 N (KUt)2+4
1 | VN 1+8V—- V™ +1 | VN 1-8V- -V~
) V=148Vt 148V- "2 V=) 148V+ 1=6V-
_11 v+ V- 1 vty -v- vt .
2 V- 1+8v+ V=) 14+8V+ — 148V+

Lemma 3.2.3. Let w>0and W := (9%). FixA,0 €[0,1]. Let (B1. B2) be distributed
according to v2 O Let H g be the random matrix defined by

(281 —w
Hy = (_w 252).

Let Gg be the inverse of Hg. As in Lemma 3.1.1, set
4B1B2 — w? ) 281 —

= 7. ==Y
VT 0A( = &) 1 28222 + 2B (1 — A2 w+ A(1l—2)y
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Then

(= MVZ + A=)

6-L +(1-0)VZ
()k I_A)Gﬂ (139) Z
Proof. First, by Lemma 3.1.1 we have
281 = (w+A(1=DNZ + A%,
2% = (w+ 201~ D) + (=17,
w=(w+ A1 —1)y) —A(1 —A)y.

To simplify notation, let W := w + A(1 — A)y. A quantity that will be important in the
following is the determinant of Hg, 4818, — w?. By Lemma 3.1.1, we have

2
48182 — w? = @V((l _A)«/f+/\%) :
We know that
_ 26 _ 2k
Gg(1,1) = BBy —w? Gp(2,2) = 461 Bs — w2’
Gp(1,2) =Gp(2,1) = 4%/31:—_102

Therefore

0 A28, + (A1 =0)+ (1 =1)0)w + (1 —A)(1 —6)2
(r I_A)Gﬂ(l—e): B2 + (A( )4(/31/321;112)( )(1-6)21

Now we also have
028, + (A1 —6) + (1 = 1)0)w + (1 — A)(1 —60)28,
= w(w% +(1— )L)zy) + (A0 =60+ A —1)0) (@ —A(1—A)y)
+ (1 =01 - 0)(TZ + A%y)
= ww% + (A1 =0+ A =1)0)T + (1 -A)(1—0)TZ

= w(x% +(1 —x)ﬁ) (9% +(1 —e)ﬁ).

We therefore get

0 Tz + (1= MVZ) (07 + (1 -OVZ)
(A 1—A)G3(1_9)= ~ 1 \2
Dy (1= MVZ +175)
_ 9%2+(1—9)«/7
V((A=DVZ+22)
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4. Main theorem

Some of the results are based on manipulations on graphs; mostly we will use restriction
of graphs with wired boundary condition.

Definition 4. Let § = (V, E) be a locally finite, non-directed graph. Let (W, ).cg be
a family of weights on the edges of § = (V, E). Let A be a finite subset of V. The
restriction with wired boundary condition (17‘4, E A), WA of the weighted graph §, W to
the subset A of vertices is defined by

VA= AU {x4),
EA:={{x,yy e E:x,y e A} U {{xa,y} CVA:3x e V\A, {x,y} € E},
V{X,y} € EAvx’y € A7 I/V{‘;:,y} = VV{x»y}’

Vx € I7A\{xA} such that {x4, x} € EA, W{ﬁA’a) = Z Lix,yyeE Wix,y}-
yev\A4

We can now prove our main theorem.

Proof of Theorem 5. According to Proposition 1.2.1, the marginal law of (8;)1<;<x is the
— + oo .
same under vmz’o, vmz’o and v,?;l © and is equal to v,I,/V’" for some n € R”. Let H be

distributed according to ﬂ,I;V 7. Let K € [0, 00) be the random variable defined by
K = tW2H_1 Wl

and K the random matrix defined by

1)

Let X! € [0,00)"*2. Let a; (X!) and a2(X ') be the numbers defined in Lemma 2.2.2
and a(X1) := a1 (X1) + az(X1). Let A € [0, 1] be the random variable defined by
1 .
2= al(X(ﬁl)(—i)-(az)(Xl) 1fa1(X1)+a2(X1) 750’
0 otherwise,

and § € [—1, 1] the random variable defined by § := 1 — 2.

Ifn 4+ 1 and n + 2 are H ™ -connected then K 4+ w™ > 0. Let y be a random variable
distributed according to a Gamma(1/2, 1/2) distribution and independent of H. Now,

knowing H,let U™ and U * be random variables distributed according to N (K +w™,6)
and N (K + w™, §) respectively and such that

1 l Ut
NN

U+)=—
14 §——Ut

L+
V8 e [-1,1], E(#
AV (UT)2+4

1+ 68—

V(UT)2+4
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Such random variables exist by Lemma 3.2.2. We define the positive random variables
Z  and ZT by

1 1
U =vZ-———, Ut=+vZ+- )
VZ— NV

Now, we define the random variables ,gn_H, ,g;+2, B:H and [37;,:2 by

21 = (K +w™ +A(1=1)y)Z~ + A%y,
2rir = (K +w™ +A(1=N)y)/Z7 + (1-1)2y,
285 = (K +w + 21 -1)y)ZT + 2%y,
26, = (K+wr + 21 —=1)y)/Z7 + (1 -21)2y.

Let N
S 0 w- + K S 0 wt + K
K '_(w+K 0 ) K '_(w++K 0 )

By Lemma 3.1.1, knowing K and 4, (E;H, E;H) and (E;H, B;+2) are distributed

. K=,0 K*,0 .
according to v, and v, respectively. Now we can define

H —wl —W?
+ 2 _
H* =|-"W' 285, + W'H'W! —w* :
_lw2 _w:I: Zﬂr:ttJrZ 4 tw2H—lw2

o — H -wl—w?
- _twl _ tw2 Y + (twl + tWZ)H—l(Wl + WZ) .
By Proposition 1.2.1 and Lemma 2.1.1, H™, H * and H are distributed according to
TJ,Z;’O, 5::1:;,0 and TJK:IO’O respectively. Let G, G and G be the inverses of H~, H
and H *° respectively. Let

G2t — GEfm+1l,n+1) GE*n+1,n+2)

TA\GTm+2,n+1) GEm+2,n+2))°
G?*>® .= (G®(m+1n+1).

Notice that by Schur’s lemma (Lemma 2.1.1), G®(n + 1,n + 1) = 1/y.

For any X2 € [0, 00)"*2, by Lemma 2.2.2 there exist non-negative random variables
C(X', X?),01(X?) and a» (X ?) that only depend on H, W! and W? such that

X'GTX? = C(X', X?) + (e (X)) (X)) G (Z;gi;) »

2
X'GTX?=C(X" X?) + (an(XY) en(X1) G2F (Z;gz;) 7
X1G®X? = C(X', X?) + (01(X ") + a2(X 1) G?® (a1 (X?) + a2(X ).
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Let a(X?) := a1 (X?) + a3(X?) and let § € [0, 1] be the random variable defined by

2 .
g = al(xo;l)gaz)(xf) if o1 (X?) + aa(X?) # 0,
0 otherwise.

‘We have

X1G7X% = C(X', X?) + a(XHa(X?)(A 1—A)G22’_(139)’

X'GTX? =C(X' X?) + a(Xa(X?) (2 1—A)G22’+(1€9),
X'GPX? = C(X', X?) + a(X Na(X?)G?>.

By Lemma 3.2.3, we have

o— +(1-0)VZ*
22, 0 \/_
(A 1-4)¢ jE(1—9) YO WVZE)

Define §' := 1 — 26. By definition of Z~ and Z ™, we also have

D VA VR
(A 1—A)G22’i( 6 )= AU
1-6 (1+5—-L=—)

NV (U*)2+4

Finally, by definition of U~ and U T, we have

]E(()t l—A)GZZ’_(lfQ)‘H+)=(A 1—A)G22’+(139)

and therefore
E('X'G™X? | H") = 'X'GT X2

Similarly, by Lemma 3.2.1,
E('X'GtX? | H®) = 'X1G®X?2.
We also have
X'GTx'=Ccx' XY + (1 (XY JrOtz(X‘))21
= 'X'G*X!' = X1G™X1. ' n

Proof of Theorem 6. Let i € [1,n]. We will only show this result when W~ and W+
differ by only two symmetric coefficients (i.e. one edge): (k,/) and (/, k). We can assume
that W~ (n — 1,n) < W (n — 1,n) because of the symmetries of the family of laws vWO.
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For any ji, j» € [1,n], j1 and j, are W™ -connected. This means that by the main theorem
(where X! is defined by X il =land X ].1 = 0for j # i), there exist matrices H~ and H T

. . ~W— ~WTt . s _
distributed according to U,I;V % and U,I:V 0 respectively, with inverses G~ and G respect-
ively, and such that

e G—(i,i) = G*(i,i) almost surely,
* VX €[0,00)", EQ I, X;G7 (0, j) | HY) = X 7_, X;GT (0, )).

This means that for any convex function f and any vector X € [0, 00)",
g f(Zm NG CDN) L g( (L X)) .
G™(i.i) - G*(i.i) '

5. Proofs of Theorems 1-3

5.1. Proof of Theorem 1

Let dg (-, -) be the graph distance on §. Let G, be the restriction with wired boundary
condition of the graph & to the vertices at distance less than n from the origin (see Defin-
ition 4) . This means that §, = (V},, E,) with

w={x €V :dg(0,x)<n}U{s,},
En={{x.y}€E:(x,y)€V;}}
U {x,8,) 1dg(0,x) =n — 1,3y €V\Vy, dg(x,y) = 1}.

Let |V | be the number of vertices in V,,. Let W, € My, |(R) and W,;" € M}y, (R) be the
symmetric matrices defined by:

e forany x,y € V, such that {x,y} & E,, W, (x,y) = Wn+(x,y) =0,

o forany x,y € Vu\{8,}, W, (x,y) := W, and W, (x,y) = W{;Ly},

x,y}

forany x € Vi \{8n}, W, (x.8n) = W, (6n. %) := 2 yeviinpyer Wi py Logvas
o forany x € V,\{8x}, W,F (x,82) = W,F (80, X) = X evpenyer Wik L
This means that for any x,y € Vy,, W, (x,y) < W, (x,y). Let H; and H,' be ran-

. . . . ~W,;,0 ~Wn+,0 . _ +
dom matrices distributed according to A and O respectively. Let G, and G, be
the inverses of H, and H,' respectively. By [18, Theorem 1], there exist non-negative
random variables ¥~ (0) and ¥+ (0) such that

G, (0,6 G (0,8
n ©.9) ¥ (0) in law, r ©.3) ¥ (0) in law.
G, (8n,8y) n—oo Gy (On,8n) no
Furthermore, still by [18, Theorem 1], we have

P (VRIP with weights W™ is recurrent) = P (3~ (0) = 0),
PP (VRJIP with weights W is recurrent) = P (7 (0) = 0).
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Let f : [0, 00) — R be a continuous, bounded, convex function. By Theorem 6, for any

n>1, .
G, (0,8,) G,7(0,8,)
E(f(G;(sn,sn))) ZE(f(GJ(Sn,sn)))'
This means that E( f(¥~(0))) > E(f(¥*(0))). For any n > 1, let f, : [0, 00) — R be
defined by
l—nx if0<x<1/n,

f”(x):{o ifx > 1/n,

For any n > 1, the function f, is continuous, bounded and convex, so E( f, (¥ ~(0))) >
E( (¥ *(0))). We notice that

E(fa(@™(0) —=PY~(0) =0). E(f(y7(0)) ——= Py (0) =0).

This means that P (¢~ (0) = 0) > P(y¥*(0) = 0) and therefore the probability that the
VRIJP with weights w™ is recurrent is greater than the probability that the VRJP with
weights w is recurrent. |

5.2. Proof of Theorem 2

Fix d > 3. By [18, Proposition 3], for any w € (0, o), the VRIP on Z? is either almost
surely recurrent or almost surely transient. Furthermore, by Theorem 1, the probability
that the VRIJP is recurrent is non-increasing in the initial weight. Therefore, there exists
wy € [0, 00] such that the VRIP on Z¢ with initial weight w € (0, o) is recurrent if
w < wy and transient if w > w,. Since the VRIJP is recurrent in dimension 3 for small
enough weights [16, Corollary 3], we have wy # 0, and since it is transient for large
enough weights [18, Lemma 9], wy # oo. ]

5.3. Proof of Theorem 3

Fix d > 3. Let E9 be the set of vertices in Z%. Let 0 < a~ < at. Let (W, )ecE be
iid random Gamma variables with parameter ¢~ and let (W)).cg be iid random Gamma
variables with parameter a™ — a~, independent of (W, )eeE- By [16, Theorem 1], the
ERRW on Z¢ with initial weight a~ € (0, o0) is a mixture of VRIPs on Z¢ where the
weights are (W, )ceg, and the ERRW on 74 with initial weight a € (0, 00) is a mixture
of VRIPs on Z¢ where the weights are (W,” + W.).cg. Now, by Theorem 6, the VRIP
with weights (W, ).cg has a higher probability of being recurrent than the VRIP with
weights (W, + W)).ck. Therefore the probability that the ERRW with constant weight
equal to a is recurrent is non-increasing in a. By [18, Proposition 5], the ERRW with
initial weight a is either almost surely transient or almost surely recurrent. Therefore,
there exists ag € [0, oo] such that the ERRW on Z¢ with initial weight a € (0, 00) is
recurrent if a < ayz and transient if @ > a4. Since the ERRW is recurrent in dimension 3
for small enough weights, we have a4 # 0, and since it is transient for large enough
weights, ag # oo. [
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6. Proof of Theorem 4

6.1. Preliminaries

Definition 5. Let § = (V, E) be a finite graph and (W, ).c£ be positive weights. Let Hg
be the random matrix distributed according to '17,?/ 0 and Gg its inverse. Let x, y € V be
distinct vertices of §. The effective weight between x and y, wfcf’fy, is the random variable
defined by

eff ._ Gp(x, )

BT Gp(x.x)Gp(y.y) — Gplx, y)?

Remark 1. Let § = (V, E) be a finite graph and (W,).cg be positive weights. Let
(Bi)iey be random variables distributed according to v,fV O H p the corresponding matrix
(distributed according to 5,?/ ’O) and Gg its inverse. Let x, y € V be distinct vertices of §
and w*!" the effective weight between x and y. Let V; := V\{x, y} and V5 := {x, y} be
two subsets of V. The corresponding decomposition of Hg is

HVl _WVl,Vz
Hg = A :
_tWVl,Vz H'BVZ

w

By Lemma 2.1.1,

welf = Wiy + (’WVI’VZ(H;‘)_IWV“VZ)(X, y). 6.1)
Furthermore, by Lemmas 1.2.1 and 2.1.1, the law of % knowing the B-field on V;

eff

G ,
Gpz1:22) o o two-vertex graph {z1, z»} where Wz = weil.

Gg(z2,22)
Lemma 6.1.1. Let § = (V, E) be a finite graph and x¢,8 € V two distinct vertices.
Let (Ce)eck be a family of random (not necessarily independent) positive conductances.
Let ¢ be the (random) effective conductance between xo and § for the electrical net-
work with initial conductances (ce)eck. Let ¢ be the equivalent conductance between
xo and § if we set conductances (Ce)ecg defined by ¢ := E(ce) on'§. Then

is the same as the law of

]E(ceff) < Eeff.

Proof. Let (Vx)xev be the (random) potential with V,, = 1 and Vs = 0 that minimizes
the energy
1
€= o (Ve = W)
{x.y}eE
This potential is harmonic on V\{x¢, 8} by the Dirichlet principle and therefore
(Vx = V3)(x,y)ek is the flow that minimizes the energy and we get

& = lceff
=5 .
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Now let (I7x) xev be the potential with on = 1and 175 = 0 that minimizes the energy

— 1 o
€= D (Ve =)
{x,y}eE
We have 1
T = _goff
2c

Now since V minimizes &, we have

€<= Y celVa—T)2

{x,y}€E

N —

By taking the expectation we get

1 _ _
EE) =5 > Ele)(Vx—)

{x.,y}eE
Therefore 1E o . . o
SEE™ < 5 {x’y}énﬂ (ce) (Ve = 73)%.
Thus, $E(c°) < %Eeff, so E(c) < ¢°ff, n

Proposition 6.1.2. Let § = (V, E) be a finite graph and x, 6 € V two distinct vertices.
Let (W,) be a family of random (not necessarily independent) positive weights. Let w
be the (random) effective weight between xy and § for the VRIP with weights (We)ecE.
Let ¢ be the effective conductance between xq and § if we set conductances (Ce)ecE
defined by c, := E(W,) on §. We have the following inequality:

E (weff) < Ceff

Proof. We will show the result by induction on the number of vertices of the graph. If the
graph has two vertices {x¢, §} (and therefore only one edge) the result is obvious.

Now we assume that the result is true for all graphs with n vertices or fewer, and we
will show it for any graph with n + 1 vertices.

Let 9,41 = (Vu+1, En+1) be a finite graph with exactly n + 1 vertices, including x¢
and §. Let (We"'H)eE E,, be random weights on Ej, 1. Let Hg be a random matrix dis-
tributed according to ﬁ,‘,}V O Let wffil be the (random) effective weight between xq and 6.
Let (¢} ')ecE, ., be the deterministic conductances defined by ¢! = E(W*!). We
define two effective conductances between xo and 6 on §,1: one for random conduct-
ances W”“(Eﬁ;fil) and the other for deterministic conductances (ce)ecE (c,‘;ffrl). By
Lemma 6.1.1,

E(cl ) < E@Yy). (6.2)
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Now, let y € V},+1 be a vertex that is neither x( nor §. Let g = (Vny ,E}) be the complete
graph with n elements with ¥, = V,,11\{y}. We can decompose V}, 1 into V) and {y};
the corresponding decomposition of Hyg is given by

H"  —whw
H,g = ﬁV .
—_why 2By
By Lemma 2.1.1, wflfil knowing Hpg is equal to the effective weight w
for weights and the S-field given by the matrix H g/”y — ﬁWVIy ¥ V1Y This mat-

eff
n

on the graph §;

rix knowing By and W"*1 is distributed according to v}’ with Wy . = Witl 4
I/I/')?l-~_VlI'Vynjc—z1 T4 3 n+1 :
—5 By Proposition 1.2.1, if K, := Zx’{x,y}eE”H W', the expectation of

ﬁ knowing W"*1 is given by
1 °°1\/7 1 1 K2
E(— —.J= ——(2b+ = 2K, || db
(m) /0 2b ﬂ«/_zbexp( 2( T y))
1 [~ 1 [2 1 (K2 K3
= —/ —\/jexp(——(—y+2s—2Ky))ds (withs = —y)

Ky Jo VasVr 2\ 2s 4b
1

= — by definition of "%
Ky

Therefore for any x1,x, € V7,

n+lwn+1

| Wn-‘rl) — Wn+1 + X1,y " Y,X2

E(W)é X1,X2 Z Wn+1 :
x TTY.x

1,X2

Similarly the effective conductance Eff_fH between xg and § on §,; with conductances
W+ is equal to the effective conductance Efff between xg and § on &, with conduct-

+1 Wn+IWn+I y
¢ = Wn MESIMART I, W
ances ¢ = Wyt + S oW, This means that, for any e € Ej,

EW, | W =¢,

so by the inductive hypothesis
E(wgh < B@ET),
which implies that
E(wyi1) < Elei). "

6.2. Proof of Theorem 4

Once we can compare the effective weight for the VRIJP to effective conductance for an
electrical network, the proof is quite straightforward. Let W, be weights and let ¢, :=
E(We) be conductances. For any n > 0 we define S, to be the vertices of V at distance n
or more from xo. Then §G,,, wn (with G, := (V},, Ey,)) is the restriction with wired bound-
ary condition of the weighted graph &, W to V\S, (see Definition 4) and §,, is the point
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obtained by fusing all points of S, into one. For any n, let H, be distributed accord-

ing to D‘l?,/’:ll’o and let G, be its inverse. By [18, Theorem 1], to show that the VRJP with

weights W, is recurrent, we only need to show that % — 0 in probability. By

Remark 1, the law of % is entirely determined by the law of the effective weight.

Since the effective conductive converges to 0, the effective weights converges to 0 in prob-
ability by Lemma 6.1.2. Then, by Remark 1, the law of % knowing the effective
weight is the same as if the graph had only two points x and §, with a weight equal to the
effective weight between them. Now let (81, 82) be distributed according to v,’ "0 The

law of % is the same as the law of

weff
By _ W
284 281

By taking A = 1 in Lemma 3.1.1, we get
weft wett
281 - Weffg -

where the law of Z (knowing w®™) is given by

welf 1 weff 1\?

——exp| — z— — 1 dz.
(T () )
Gn(x0,8n)

If we goes to 0 then Z converges to 0 in probability and therefore GG, 5y converges
to 0 in probability and we get the result we want. ]
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