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Abstract. The geometric Satake correspondence can be regarded as a geometric construction of
rational representations of a complex connected reductive group G. In their study of this corres-
pondence, Mirkovi¢ and Vilonen introduced algebraic cycles that provide a linear basis in each
irreducible representation. Generalizing this construction, Goncharov and Shen define a linear basis
in each tensor product of irreducible representations. We investigate these bases and show that they
share many properties with the dual canonical bases of Lusztig.
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1. Introduction

Let G be a connected reductive group over the field of complex numbers, endowed with
a Borel subgroup and a maximal torus. Let AT be the set of dominant weights relative
to these data. Given A € AT, denote by V(1) the irreducible rational representation of G
with highest weight A. Given a finite sequence A = (A1,...,,) in AT, define

V) =V(A) ® & V(ky).

A construction due to Mirkovi¢ and Vilonen [39] in the context of the geometric Satake
correspondence endows the spaces V(1) with linear bases. Specifically, V(1) is identified
with the intersection homology of a parabolic affine Schubert variety Gr*, while (after an
ingenious use of hyperbolic localization) the fundamental classes of so-called “Mirkovi¢—
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Vilonen cycles” contained in Gr* form a basis of this intersection homology. In [22],
Goncharov and Shen extend this construction to the tensor products V(4). In the present
paper, we investigate the properties of these bases, which we call MV bases.

We show that the MV basis of a representation V(4) is compatible with the isotypic
filtration of this representation. This basis is also compatible with the action of the Che-
valley generators of the Lie algebra g of G, in the sense that the leading terms of the
action define on the basis the structure of a crystal in the sense of Kashiwara. (Forn =1,
this fact is due to Braverman and Gaitsgory [9].) Let us transport this crystal structure
onto the set 2°(A) of MV cycles, which naturally indexes the MV basis of V(4). Then,
with the help of the path model [33], we prove that there is a natural crystal isomorphism

FA) = ZA)® - ® Z(An).

(For n = 2, this isomorphism is again due to Braverman and Gaitsgory.)

We study the transition matrix between the MV basis of a tensor product V(A1) and
the tensor product of the MV bases of the different factors V(11), ..., V(4,). Using the
fusion product in the sense of Beilinson and Drinfeld [6], we explain that the entries of
this transition matrix can be computed as intersection multiplicities. As a consequence,
the transition matrix is unitriangular with nonnegative integral entries.

The properties stated above are analogues of results obtained by Lusztig about the dual
canonical bases. To be specific, Lusztig [37] defines a notion of based module (module
endowed with a basis enjoying certain specific properties) over the quantized enveloping
algebra U, (g) and shows the following facts:

e A simple module over U, (g), endowed with its canonical basis, is a based module.

e The tensor product of finitely many based modules can be endowed with a basis that
makes it a based module. This basis is constructed from the tensor product of the bases
of the factors by adding corrective terms in a unitriangular fashion.

e The basis of a based module is compatible with the decreasing isotypic filtration of
the module. Each subquotient in this filtration, endowed with the induced basis, is iso-
morphic as a based module to the direct sum of copies of a simple module endowed
with its canonical basis.

The dual canonical bases for the representations V' (4) (see [14]) can then be defined by
dualizing Lusztig’s construction and specializing the quantum parameter at v = 1.
Because of its compatibility with the isotypic filtration, the dual canonical basis of
a tensor product V(L) yields a linear basis of the invariant subspace V(A)C. Just as
well, the MV basis provides a linear basis (sometimes called the Satake basis) of V(1)¢.
The Satake basis and the dual canonical basis of V(A)€ generally differ (the paper [13]
provides a counterexample); nonetheless we show that the Satake basis enjoys the first two
items in Khovanov and Kuperberg’s list of properties for the dual canonical basis [30]. In
particular, after restriction to the fixed-point subspaces, the signed permutation

VA1) ®V(A2) ® - ® V(A) = V(A2) ® - ® V(An) ® V(A1)

maps the Satake basis of the domain to that of the codomain.
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As explained in [3], the MV bases of the irreducible representations V(1) can be glued
together to produce a basis of the algebra C[N] of regular functions on the unipotent rad-
ical N of B. Of particular interest would be any relation to the cluster algebra structure
on C[N] [7,21]. The methods developed in the present paper allow for explicit computa-
tions. For instance, we show that the cluster monomials attached to certain seeds belong
to the MV basis. However, C[N] is not of finite cluster type in general, which means
that the cluster monomials do not span the whole space. We compute in type D4 the MV
basis element at a specific position not covered by cluster monomials; at this spot, the MV
basis, the dual canonical basis and the dual semicanonical basis pairwise differ.

2. Mirkovi¢-Vilonen cycles and bases

In the whole paper G is a connected reductive group over C, endowed with a Borel sub-
group B and a maximal torus 7 C B. We denote by A the character lattice of 7, by ® C A
the root system of (G, T'), by @V the coroot system, and by W the Weyl group. The datum
of B determines a set of positive roots in ®. We denote the dominance order on A by <
and the cone of dominant weights by A*. We denote the half-sum of the positive coroots
by p and regard it as a linear form p : A — Q; then p(«) = 1 for each simple root . The
Langlands dual of G is the connected reductive group G over C built from the dual torus
TV = A ®z Gy, and the root system ®". The positive coroots define a Borel subgroup
BY C GV.

2.1. Recollection on the geometric Satake correspondence

The geometric Satake correspondence was devised by Lusztig [36] and given its definitive
shape by Beilinson and Drinfeld [6] and Mirkovi¢ and Vilonen [39]. Additional references
for the material presented in this section are [46] and [4].

As recalled in the introduction of [41], loop groups appear under several guises across
mathematics: there is the differential-geometric variant, the algebraic-geometric one, etc.
We adopt the framework of Lie theory and Kac—Moody groups [31]. For instance, though
the affine Grassmannian is a (generally nonreduced) ind-scheme, we will only look at its
complex ind-variety structure.

Let @ = C[[z]] be the ring of formal power series in z with complex coefficients and let
K = C((2)) be the fraction field of O. The affine Grassmannian of the Langlands dual GY
is the homogeneous space Gr = GV (K)/GY (). This space, a partial flag variety for an
affine Kac—-Moody group, is endowed with the structure of an ind-variety.

Each weight A € A gives a point z% in TV (K), whose image in Gr is denoted by L ;.
The GV (O)-orbit through L) in Gr, denoted by Gr?, is a smooth connected simply-
connected variety of dimension 2p(4). The Cartan decomposition implies that

Gr = |_| Gr*: moreover @ = |_| Gr*.

AeAT weAt
H=<A
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Let Perv(Gr) be the category of GV (()-equivariant perverse sheaves on Gr (for the
middle perversity) supported on finitely many GV (©9)-orbits, with coefficients in C. This
is an abelian semisimple category. The simple objects in Perv(Gr) are the intersection
cohomology sheaves

), =1C(Gr*, C).

(By convention, IC sheaves are shifted so as to be perverse.)
Let 6 € A be a dominant and regular weight. The embedding

c* % V() > GV(X)

gives rise to an action of C* on Gr. For each € A, the point L, is fixed by this action;
we denote its stable and unstable sets by

S,L:{xeGr’clig})G(c)-x:Lu} and T,Lz{xeGr CE,I&G(C)'XZLM}

and denote the inclusion maps by s;, : S;, — Grand ¢, : T, — Gr.
Given u € A and o7 € Perv(Gr), Mirkovi¢ and Vilonen [39, Theorem 3.5] identify
the homology groups

He(Su, (su)*<7) and  H(Ty, (1) <)

via Braden’s hyperbolic localization, show that these groups are concentrated in degree
2p(u), and define

Fu(s/) = H*W(T,. (1)) and F(o/) = @) Fu().
HEA

Then F is an exact and faithful functor from Perv(Gr) to the category of finite-
dimensional A-graded C-vector spaces. Mirkovi¢ and Vilonen prove that F induces an
equivalence F from Perv(Gr) to the category Rep(G) of finite-dimensional rational rep-
resentations of G, the A-grading on F (<) giving rise to the decomposition of F () into
weight subspaces. In the course of the proof, it is shown that F maps .#}, to the irreducible
highest weight representation V(1).

The map GV (K) — Gr is a principal GV (©)-bundle. From the G" (9)-space Gr, we
form the associated bundle

Gr, = GV (XK) x¢7©@ Gr,

This space is called the 2-fold convolution variety and has the structure of an ind-variety.
The action of GV (K) on Gr defines a map m : Gr, — Gr of ind-varieties. Let p : G (K)
— Grand ¢ : GY(XK) x Gr — Gr, be the quotient maps. Given two equivariant perverse
sheaves <) and % on Gr, there is a unique equivariant perverse sheaf .} & .o/ on Gr;
such that

prA B o = q" (o & o)



Bases of tensor products and geometric Satake correspondence 923

in the equivariant derived category of constructible sheaves on G (K) x Gr. We then
define the convolution product of 27 and % to be

A x o = my () R D).

Using Beilinson and Drinfeld’s fusion product, one defines associativity and commutativ-
ity constraints and obtains a monoidal structure on Perv(Gr). Then F is a tensor functor; in
particular, the fusion product imparts an explicit identification of A-graded vector spaces

F(d x o) = F() @ F()
for any (<7, 2%) € Perv(Gr)2.

2.2. Mirkovi¢-Vilonen cycles

In this paper we study tensor products V(L) = V(A1) ® --- ® V(A,), where A =
(A1,...,Ap) is a sequence of dominant weights. Accordingly, we want to consider con-
volution products

=, k% I,

and therefore need the n-fold convolution variety
Grp, = GV(K) x7© ...xG7 O GV(K) /GY(0O).

n factors GV (K)

As is customary, we denote elements in Gr;, as classes [g1, .. ., g»] of tuples of elements
in GV (X). Plainly Gr; = Gr; hence, we write the quotient map G (K) — Gras g > [g].
We define a map m,, : Gr, — Gr by setting m, ([g1,---,&n]) = [g1--- &nl-

Given GV (0O)-stable subsets K1, ..., K, of Gr, we define

Ki X XK, ={lg1,....81n] €Gry, | [g1] € K1,....[gn] € Ku}.
Alternatively, K; X -+ X K, can be defined as
Ky xG7©@ ... GO g /GV(0)

where each K ; is the preimage of K; under the quotient map G (X) — Gr.
For A = (A1,...,A,) in (AT)", we set

Gr* = GrM % ... X G,

Viewing Grﬁ as an iterated fibration with base Gr*! and successive fibers Gr’b, e Gr’» s
we infer that it is a smooth connected simply-connected variety of dimension 2p(|A|),
where

Al =A1 + -+ An.

Also

Gr, = |_| Gr} and Gr* =GrM' %... X Gr* = |_| Gr¥.
Ae(At)n pe(At)n
W1 SAT e hn SAn
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Proposition 2.1. Let A € (A1)". Then .9y is the direct image by m,, of the intersection

cohomology sheaf of Grﬁ with trivial local system, to wit

I3 = (mn)« IC(Gr*, C),

and the cohomology sheaves % IC(Grﬁ , C) vanish unless k and 2p(|A|) have the same
parity.
Proof. We content ourselves with the case n = 2; the proof is the same in the general case

but requires more notation. Working out the technicalities explained in [4, §1.16.4], we
get

IC(Gr$**?, €) = IC(Gr*1, C) & IC(Gr*?, C).

Applying (m5)« then gives the desired equality, while the parity property follows from
[36, Sect. 11]. [

A key argument in Mirkovi¢ and Vilonen’s proof of the geometric Satake corres-
pondence is the fact that for any L € At and u € A, all the irreducible components of

G*ns 1 (respectively, Gr* N T,.) have dimension p(A + p) (respectively, p(A — p))
(see [39, Theorem 3.2]). We need a similar result for the intersections Grﬁ N (mn)~1(Sy)

and Grﬁ N (m,)~'(T},) inside the n-fold convolution variety.

Let NV be the unipotent radical of BY. Then S, is the NV (K)-orbit through L,;
this well-known fact follows from the easily proved inclusion NV (X)L, < S, and the
Iwasawa decomposition

GY(K) = || NV(K)z*G¥(0). (1)
HeA

We record that
S =NY(K)L, = (NY(K)z*NY(0)/NY(0) = (NY(K)z*)/NY(0)

and that for each A € AT, the intersection Gr* NS w 1s stable under the action of the
connected subgroup NV (), hence so is each irreducible component of this intersection.

The construction of the n-fold convolution variety is functorial in the group GV.
Applied to the inclusion BY — GV, this remark provides a natural map

v L] VY (@x)zi) <N @ N O (NY(K)zn) /N Y () — Gy
(1505 ) EAT

Using (1), we easily see that W is bijective.
Given weights (i1, ..., ity and N (O)-stable subsets Z; € Sy,,..., Z, S Sy, We
define
Ziw X Zy = Zy xNVO L NTO) 7 NV (9)

where each Z j is the preimage of Z; under the quotient map NV (K)z*/ — S),;. If
Z1,...,Z, are varieties, then Z; X --- X Z, is an iterated fibration with base Z; and
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successive fibers Zs, ..., Z, and W induces a homeomorphism from Z; x --- x Z, onto
its image. The bijectivity of W implies that
Gr, = |_| W(Sy, X% Sy,).
(11 5eees b )EAT

We use Irr(—) to designate the set of irreducible components of its argument. For
Ae AT, A e (AT, and u € A, we define

«Z M) =Tr(Gr'N'S,) and L Z(A), = Ir(Grr N (ma) " (Sp)).
Proposition 2.2. Let A = (A1,...,A,) in (AT)" and let u € A.
(1) All the irreducible components ofG_r,’} N (M)~ (S,,) have dimension p(|A| + ).
(i) The map (Z1,...,Zy) > VY(Zy x -+- X Z,) induces a bijection

L] «Z00u X Z Gy = +Z Ay

ptet i =

(The bar above W(Z1 -+ x Z,) means closure in (m,)~1(S,,).)

Proof. One easily checks that (m, o W)(S,, x - x S,,) € Sy, +-+u,, Whence

m) 'S = || WS xxSu,)
(11 5eeesbbn ) EAT
Hitet i =p

for any u € A. Adding A = (A4, ..., Ay) to the mix, we see that

Ginem)'S0 = || (@M ns,) Kk (Grrns,))
(11 5eees b )EAT
it =

is the disjoint union over (i1, ..., iy) of an iterated fibration with base Gr'' N Su

and successive fibers Gr*2 N Sias oo Gr*n n Sy.,,- The proposition then follows from
Mirkovi¢ and Vilonen’s dimension estimates. m

ForA € AT, A € (AY)", and u € A, we similarly define
F(), =Te(Gr* N T,) and Z(A), = (G N (m,) " (T,,)).

Then all cycles in 2°(4),, have dimension p(|A| — ) and there is a natural bijection

L] 200w x - x ZQp, = ZR). )
(W15 ln) EAT
Wrtt i =

Elements in + Z°(A) 1, Z (M), « Z (L), or Z(A),, are called Mirkovic—Vilonen (MV)
cycles. For future use, we note that the map Z +— Z N Grﬁ provides a bijection from
Z (1), onto the set of irreducible components of Grﬁ N (mn)~Y(T,). (Bach Z € Z'(1),,

meets the open subset Gr% of Grﬁ, because the dimension of (Grﬁ \ Grﬁ) N (my)~N(T,)
is smaller than the dimension of Z.)
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2.3. Mirkovi¢-Vilonen bases

Following Goncharov and Shen [22, Sect. 2.4], we now define the MV basis of the tensor
product representation

V(A) = F(A2) = €D Fu(A).

HeEA

Let A € (A1)" and let u € A. By base change in the Cartesian square

Gr* N (mn)"N(T,) —L— Gr*

lmn

T, Gr

we compute

Fu(2) = H**9(T,, (1) (mn)« IC(Gr*, C))

— p2ew (Grf[ N (mn)_l(TM), f! IC(GI?{,Q)).

Letj: Grf‘l — G_r;} and g : Grf, N (mp) N (Ty) — Gr;} be the inclusion maps. We can
then look at the sequence of maps

Fu(A2) — H*W (Grr 0 (my) " (T,). f'juj* 1C(Gr2, C))
= H>%(Gry N (mn) ™ (Ty), g'Cea [dim Gry])
N[Gr}]

A _
H?/%IAI—M) (Grn n (mn) 1(Tu))-

Here the first two maps carry out the restriction to Grﬁ (technically, an adjunction fol-
lowed by a base change) and the last map is the Alexander duality.'

We claim that these maps are isomorphisms. For the Alexander duality, this comes
from the smoothness of Gr?*. For the restriction, consider a stratum Gr? C Gr* with 5 # A;
denoting the inclusion map by i and using the perversity condition, the parity property in
Proposition 2.1, and the dimension estimate for G_rz N (my)~'(T},), one checks that

H¥(Gr2 0 (my)N(T), fliei' IC(Gr*, C))

vanishes if k < 2p(u) + 2; therefore the stratum Gr)! does not contribute to F,(.%}).
To sum up there is a natural isomorphism

Fu(F3) = HEN L o (Grr 0 (ma) TN (T,0). (3)

The irreducible components Grﬁ N (m,)~'(T},) all have dimension p(JA| — 1) and their
fundamental classes provide a basis of the Borel-Moore homology group above. Gather-
ing these bases for all weights € A produces what we call the MV basis of V().

ISpecifically, the generalization presented in [15, Sect. 19.1, equation (3)] or in [24, The-
orem 1X.4.7].
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3. L-perfect bases

In this section we consider a general setup, which captures properties shared by both the
MYV bases and the dual canonical bases. As before, G is a connected reductive group
over C endowed with a Borel subgroup B and a maximal torus 7 C B, A is the character
lattice of 7', and ® and ®V are the root and coroot systems of (G, T)). We denote by
{a; | i € I} the set of simple roots defined by B and by {o;" | i € I'} the set of simple
coroots. Again, < is the dominance order on A and At is the cone of dominant weights.
We regard the Weyl group W as a subgroup of Aut(A); for i € I, we denote by s; the
simple reflection along the root «;. When needed, we choose simple root vectors e; and f;
\

of weights £q; in the Lie algebra of G in such a way that [¢;, f;] = —«;’.

3.1. Seminormal crystals

We start by recalling the following definitions due to Kashiwara [28]. A seminormal crys-
tal is a set B endowed with a map wt : B — A and, for each “color” i € I, a partition
into a collection of finite oriented strings. This latter structure is recorded by the datum of
operators
¢ :B—BU{0} and f;:B — BU{0}

which move an element of b € B upwards and downwards, respectively, along the string
of color i to which b belongs. The special value 0 is assigned to ¢; (b) or ﬁ (b) when b is
at the upper or lower end of a string of color i. For convenience one usually further sets
¢; (0) = f, (0) = 0. The position of b in its string of color i is recorded by functions &;
and ¢; which are defined as follows:

si(b) = max{n > 0| &(b) #0}, ¢;(b) = max{n > 0] f;(b) # 0}.

Two compatibility conditions between the weight map wt and the datum of the parti-
tions into oriented strings are required: first, wt(d) increases by o; when b moves upwards
the string of color i to which it belongs; second, ¢; (b) — &;(b) = (@;’, wt(b)) for any
b € B and any i € I. These conditions imply that the image of a string of color i by the
map wt is stable under the action of the simple reflection s;. As a consequence, the set
{wt(b) | b € B} is stable under the action of the Weyl group W.

The direct sum of two seminormal crystals B; and B; is defined to be just the disjoint
union of the underlying sets. The tensor product B; ® B, is defined to be the Cartesian
product of the sets endowed with the maps given in [28, §7.3]. Notably, for each color, the
strings in B; ® B, are created from the strings contained in B; and in B, by the process
illustrated by the picture below.

O—0—>0—>0—>0 C B,

O—»0O0—>»0O
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A morphism f : B — C between two seminormal crystals is a map that preserves
the weight and that commutes with all the operators ¢; and f;. (In contrast with the more
general definition given in [26], morphisms between seminormal crystals are necessarily
strict.)

3.2. L-perfect bases
To a subset J C I we attach the standard Levi subgroup M of G, the cone
A} ={AeA|Vjel (af.1) =0}
of dominant weights for M, and the J -dominance order <; on A defined by
W=<; A < A—pespanyi{e;|jeJ}
Given A € A;r we denote by V(L) the irreducible rational representation of My with
highest weight A. Given a finite sequence A = (Aq,...,4,) in A'JF we define
Vid) =Vi(A1) ® -+~ @ Vy(An).

For J = I we recover the conventions previously used by dropping the decoration J
in the notation A}', <yorVy Q).

Let V be arational representation of G. With respect to the action of My the space V
can be uniquely written as a direct sum of isotypic components

V=@ Viu

+
neh;

where Vj ,, is the sum of all subrepresentations of resfh (V') isomorphic to Vy(u). We

define
Vi<u= @ Vi

+
VEA;
V= M1

We say that a linear basis B of V' is L-peifect2 if for each J C I and each u € AT,
(P1) the subspace Vy <, is spanned by a subset of B;

(P2) the induced basis on the quotient Vj < S / Vi< g = Vj,u is compatible with a
decomposition of the isotypic component as a direct sum of irreducible representa-
tions.

Taking J = @, we see that an L-perfect basis of V' consists of weight vectors (note
that <g is the trivial order on A). Now leti € I, and for each nonnegative integer £, define

Viiy,<t = @ Vit

HEA
0<({a, )<t

2L stands for Levi. This notion of L-perfect basis appears unnamed (and in a dual form) in
Braverman and Gaitsgory’s paper [9, Sect. 4.3].
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the sum of all irreducible subrepresentations of res$ My (V) of dimension at most £ + 1. If
B satisfies conditions (P1) and (P2) for J = {i}, then Viiy,<¢ is spanned by B N Vi;y <4
and the induced basis on Vi3 <¢/ Vi), <¢—1 is compatible with a decomposition as a direct
sum of irreducible representations. Therefore (B N Vi3, <¢) \ (B N Vijy,<¢—1) decom-
poses as the disjoint union of oriented strings of length £, in such a way that the simple
root vector e; or f; acts on a basis vector of Vi3 <¢/ Vi3, <¢—1 by moving it upwards or
downwards along the string that contains it, up to a scalar.

We can sum up the discussion in the previous paragraph as follows: if B satisfies (P1)
and (P2) for all J of cardinality < 1, then B is endowed with the structure of crystal and
is perfect in the sense of Berenstein and Kazhdan [8, Definition 5.30].

Lemma 3.1. Let B be an L-perfect basis of a rational representation V of G and let
B’ C B. Assume that the linear space V' spanned by B’ is a subrepresentation of V.
Then B’ is an L-perfect basis of V' and (the image of) B \ B’ is an L-perfect basis of
the quotient V/V'.

Proof. LetJ € I and u € A7. Then
Vig=V' NViu and Vi =V 0V

Now both spaces V' and Vj < , u are spanned by a subset of the basis B, so their intersec-
tion V; _ » is spanned by a subset of B, namely B’ N Vy < .

Let C be the image of (B N Vy,<, ) \ (B N Vy,<, ) inthe quotient Vy < 1/ Vs <,y
2 V.. Then C can be viewed as a basis of Vy , and it can be partitioned into disjoint
subsets Cy, ..., Cy, so that each Cy spans an irreducible subrepresentation. By construc-
tion, the subspace VJ" ., 1s spanned by a subset C " € C. Each subset Cy can be either
contained in C’ or disjoint from C’, depending on whether the subrepresentation that it
spans is contained in VJ’, . OF meets VJ’, " trivially. Therefore C’ is the disjoint union of
some Cy, which means that C’ is compatible with a decomposition of V}, pasa direct
sum of irreducible subrepresentations.

Thus, B’ satisfies both conditions (P1) and (P2), and is therefore an L-perfect basis
of V’'. The proof that B \ B’ yields an L-perfect basis of the quotient V/ V"’ rests on
similar arguments and is left to the reader. |

Under the assumptions of Lemma 3.1, the subset B’ is a subcrystal of B. In other
words, the crystal structure on B is the direct sum of the crystal structures on B’ and
B\ B’

Proposition 3.2. Let V be a rational representation of G. Up to isomorphism, the crystal
of an L-perfect basis of V depends only on V', and not on the basis.

Proof. Let B be an L-perfect basis of V. The conditions imposed on B with the choice
J =1 imply the existence in V' of a composition series compatible with B. By Lemma 3.1,
the crystal B is the direct sum of the crystals of the L-perfect bases induced by B on the
subquotients. It thus suffices to prove the desired uniqueness property in the particular
case where V' is an irreducible representation, which in fact is just Theorem 5.37in [8]. m
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In particular, the crystal of an L-perfect basis of an irreducible representation V(1) is
unique. We use henceforth the notation B(A) for the associated crystal.

Remark 3.3. The crystal B(A) of an irreducible representation V(1) was introduced by
Kashiwara in the context of representations of quantum groups. The definition via crys-
tallization at ¢ = 0 and the definition via the combinatorics of L-perfect bases yield the
same crystal; this follows from [27, Sect. 5].

Fortunately, this nice little theory is not empty. As mentioned in the introduction,
any tensor product of irreducible representations has an L-perfect basis, namely its dual
canonical basis. Another example of an L-perfect basis: it can be shown, in the case where
G is simply laced, that the dual semicanonical basis of an irreducible representation is
L-perfect.

Theorem 3.4. The MV basis of a tensor product of irreducible representations is
L-perfect.

The end of Sect. 3 is devoted to the proof of this result. The case of an irreducible
representation is handled in [9, Proposition 4.1]. The proof for an arbitrary tensor product
follows the same lines. It is only sketched in loc. cit., and we add quite a few details to
Braverman and Gaitsgory’s exposition.

3.3. Geometric Satake and restriction to a standard Levi subgroup

Consider a subset J C [. In this section we recall Beilinson and Drinfeld’s geometric
construction of the restriction functor resf,lj (see [6, Sect. 5.3]). Additional details can be
found in [38, Sect. 8.6] and [4, Sect. 1.15].

Define the root and coroot systems

®; = ®dNspang {a; | j € J} and &7 = Y Nspang {o) | j € J}

and denote by p; : A — Q the half-sum of the positive coroots in @Y. Then p — p;s
vanishes on Z®, so induces a linear form p; y : A/ZD; — Q.

To J we also attach the standard Levi subgroup M of GV. Choose a dominant
6y € A such that (e, 6,) = 0 for each j € J and (&, ;) > 0 foreachi € I\ J.

The embedding
0y

C* = TY(C) - GY(X)
gives rise to an action of C* on Gr. Then the set Gr; of fixed points under this action can
be identified with the affine Grassmannian for M . We denote by Perv(Gr ) the category
of M (0)-equivariant sheaves on Gr; supported on finitely many M y (9)-orbits.

Let{ € A/Z®; be acoset. All the points L, for 1 € { belong to the same connected
component of Gry, which we denote by Gry¢. The map { — Gry ¢ is a bijection from
A/Z®; onto mo(Gry). We denote the stable and unstable sets of Gry ¢ with respect to
the C*-action by Gr}“’ ¢ and Grj ¢ and form the diagram
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Gr
i/ \<
Grt

Gry ¢ “)

J.Z
P./K‘ /‘IJ,Z

GI'J,;-

where s { and tZJ are the inclusion maps and the maps py ¢ and g ¢ are defined by
pre(x) =1lim6;(c)-x and qje(x) = lim 6;(c)-x.
c—>0 c—>00
Given ¢ € A/Z®; and of € Perv(Gr), Beilinson and Drinfeld identify the two sheaves

(@r.0x) o and  (pron(si) s

on Gry ¢ via Braden’s hyperbolic localization and show that they live in perverse degree
2p1,7(£). Then they define a functor r} : Perv(Gr) — Perv(Gry) by

ri )= P (@« A 2p150)

LeN/ZDy

For n € A, let Ty, be the analog of the unstable subset 7, for the affine Grass-
mannian Gry. Let { be the coset of u modulo Z®; and let ¢, : Ty, — Gry ¢ be the
inclusion map. Using the Iwasawa decomposition, one checks that 7, € Gr; ¢ and

Ty =(qs.0)" (Trp)- 5)
Performing base change as indicated in the diagram

tu

T, /G$Gr

T

T‘],u —_— Grj ¢
1y ’

we obtain, for any sheaf &7 € Perv(Gr), a canonical isomorphism
H>P (T, (1) o) = H* (T 0, (17,0)' 1 (). 6)
For # € Perv(Gry), define

Fru(#) = H*/W(Ty . (17,)'B) and  F;(B) = @ Fru(B).
MEA

Then (6) can be rewritten as Fy, = Fj , or ; This equality can be refined in the following
statement: the functor F; induces an equivalence F; from Perv(Gry) to the category
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Rep(M j) of finite-dimensional rational representations of M and the following diagram
commutes:

Perv(Gr) L Rep(G)

1 G
rjl lreSMJ
Fy

Perv(Gry) ——— Rep(My)

3.4. The J-decomposition of an MV cycle

We fix a subset J C /. We denote by P;’v the parabolic subgroup of G containing My’
and the negative root subgroups.

The group PJ_’V(JC ) certainly acts on Gr; it also acts on Gry via the quotient morph-
ism PJ_’V(JC) — My (X). Given j1 € AT, we denote by Gr’; the orbit of L, under the
action of M} (O) (or PJ_’V((9)) on Gry. Noting that

lim 0;(a)gbs(a) ! =1

for all g in the unipotent radical of PJ_’V, we see that for any ¢ € A/Z®, the connected
component Gry ¢ of Gry and the unstable subset Gry . in Gr are stable under the action
of PJ_’V (O) and that the map g ¢ is equivariant.

LetAd € (AN, letpu € A}r and let ¢ be the coset of  modulo Z® ;. We consider the
diagram

_ _ n _ d7.¢
(ma) ™ (Gry o) — ™ Gry , —— 3 Gryg
Gry — ™ Gr

The group GV (K) acts on Gry, by left multiplication on the first factor and the action of
the subgroup GV (0O) leaves Grﬁ stable. Let H be the stabilizer of L, with respect to the

action of PJ_’V((D) on Gry.Itactson £ = GrflL N (g, ©omy) ' (Ly). Since gy ¢ o my is
equivariant under the action of PJ_’V((9), we can make the identification

PV (O) xH E—=— G} N (q7.6 omn)~N(Gr))

J/ Jq‘/‘éomn

PV (0)/H = Gry

where the left vertical arrow is the projection along the first factor. We thereby see that
the right vertical arrow is a locally trivial fibration.

In particular, all the fibers Grﬁ N (g6 omy)~(x) withx € Gr‘; are isomorphic vari-
eties. Recalling that (¢,¢) "' (L) € T}, we find the following bound for their dimension:

dim(Gr} N (g7,¢ 0 mn) ' (x)) = dim E < dim(Gry N (m,) "1 (Ty)) = p(JA] — p).
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Therefore

dim(Gr} N(gs.coma) ™ (Gr)) < dim Grs +p(|A|—p1) = 2p7 (W) +p(Al ). (7)

Since Gr’; is connected and simply-connected, the fibration induces a bijection between
the set of irreducible components of Grﬁ N(qreom n) ! (Gr’; ) and the set of irreducible

components of any fiber Gr N (¢7.¢ o m,) ™' (x).
We define

27 M) = {Z €In(Grk N (qs6 0 ma) ™ (Gr)) | dim Z = 207 () + p(IA] - ).

For v € A, we define

25wy = Irr(Grly N Ty,).
As we saw in Sect. 2.2, the map Z — Z N Gr‘j is a bijection from 27 (i), onto the set
of irreducible components of Gr’; NTyy.

Fix now A € (AT)" and v € A. Following Braverman and Gaitsgory, we define a
bijection

A= || 27 W) x 25w
MeAj
The union above can be restricted to those weights p such that u — v € Z®, for other-
wise Z7()y is empty. Let ¢ denote the coset of v modulo Z® .

First choose u € AT N ¢ and a pair (Z7,Z;) € 27 (A),, x Z7(u),. Using (5) and
the fibration above, we see that Z7 N (g Jeomy) N(ZyN Gr‘;) is an irreducible subset
of o o

Grﬁ N(gqszco my) "N Tyy) = Grﬁ N (m,)~Y(T))

of dimension
dim Z7 —dimGr'} +dim Z; = p(|A| — p) + ps(t —v) = p(JA| —v).

Therefore there is a unique Z € Z'(A), that contains Z7 N (qreomy) Y (ZsN Gr’;) as
a dense subset.

Conversely, start from Z € Z°(1),. Then Z C T, C Gr;, ¢ We can thus partition Z
into locally closed subsets as follows:

z= || (Zn(gszomn) ' (Gr)).
uEAjﬂE

Since Z is irreducible, there is a unique u € AJJr N ¢ suchthat Z N (g © m,,)_l(Gr‘j)
is open dense in Z. That subset is certainly irreducible, hence contained in an irreducible
component Z”7 of Gr} N (g7.¢ o my)~"(Gry). Also, the composition ¢¢ © m, maps
ZN(qyeo my) ! (Gr’; ) to an irreducible subset of Gr‘; N Ty, which in turn is contained
in an irreducible component Z; € % (u),. Then

Z N (qreomn) (Gr) € 27 N (qre omn) N (Z)).
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The left-hand side has dimension p(J]A| — v) and the right-hand side has dimension
dim Z7 —2p;(n) + dim Z; = dim Z7 —2p; (1) + p(p — v).
Combining this with the bound (7) we get
dim Z7 = p(|A| = ) + 2p; (1)

and therefore Z7 € 27 (1),,.
These two constructions define mutually inverse bijections; in particular,

Z' N (qreom) ™ (Zs N Gr'y) = Z N (gt omy) ' (GrY).

We record that to each MV cycle Z € Z(4), is assigned a weight y € A}L charac-
terized by the conditions

(@rg oma)(Z) S Gy and (g6 o ma)(Z) N Grly # 0.

This weight will be denoted by w7 (Z2).

3.5. MV bases are L-perfect

We now give the proof of Theorem 3.4, properly speaking. We fix a positive integer n
and a tuple A € (AT)". We need two ingredients besides the constructions explained in
Sects. 2.3 and 3.3.

(A) Take «7 € Perv(Gr) and write the sheaf

B=ri( )= P (@) 720150
CEN/ZDy

in Perv(Gry) as a direct sum of isotypic components,

%= P 1C(Gr}. 2. ®)

+
MEA

The local systems .Z), on Gr’; that appear in (8) can be expressed as %}, = ¢ k' % where
h: Gr’; — Gry is the inclusion map and k = —dim Gr/j =—2py(u). Withe : {x} — Gr’;
the inclusion of a point and ¢ the coset of 1 modulo Z®, the fiber of .Z), is

(ZL)x = ' Z,[2dimGry] = H*7 W ({x}, e'h' B).
For the specific case
o = I3 = (my) 1C(Gr}. C),
noting the equality ps (1) + pr,7({) = p(n), we get

(Lu)x = H*® ((qy ¢ omy) ™" (x), f11C(Gr2, C))
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where f is the injection map depicted in the Cartesian diagram

f

(QJ,L‘ omn)_l(x) Gry
: _
@7.0)7 (%) Gi, Gr

| 2

h
{x} - Gry Gry¢

The same reasoning as in Sect. 2.3 proves that only the stratum Grﬁ contributes to this
cohomology group. Denoting by g : Grﬁ N(qs.e omp) 1 (x) > Grﬁ the inclusion map,
this observation leads to an isomorphism

(XM)X = HZPJ(IL)+201,J(§) (GI‘; a (qJ,;. ° mn)_l (x)9g!QGrf~, [dlmGrﬁ])

A
QL v (Ger A (g 0 ma) ()
2p(|A|—p) P J.8 n .

Thus the local systems .Z}, appearing in (8) have a natural basis, namely the set 2’ T(A) w-
We record the following consequence of this discussion: given (A, u, v) € (AT)" x
A‘J" X A such that u —v € Z®;, we have

dim H?*7O)(Ty,, (t7,,)' IC(Gr'y, £,))
= rank .%,, x dim Hz"f(")(TJ,v, (trv)' IC(G_r’;, Q))
= Card 27 (A),, x Card 27 (w),
=Card{Z € Z(A), | ns(Z) = pu}. ©)]

(B) Now let us start with a sheaf & in Perv(Gry) and a weight u € AJJF. Let us denote
byi: Gr’; — Gry the inclusion map. By [5, Amplification 1.4.17.1], the largest subobject
of 2 in Perv(Gry) supported on Gr; is B< o ="r<0ixi "%, where P 1 is the truncation
functor for the perverse ¢-structure. From the distinguished triangle

.. .o .o +
Progini B — ixi' B — Propini' B —

in the bounded derived category of constructible sheaves on Gry, we deduce the long
exact sequence

H?PI O Ty (17,0) P tooisi' B) — HP ATy, (17.)' P T20ini' B)
= H2P7 0N (T, (11.) i B) — H?07 V(T 0. (11,0)' P T0ini' B).
Theorem 3.5 in [39] implies that the two extreme terms vanish, and therefore

Fro(B<,u) = H* O (Ty,, (t1,) isi' B).
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Let us patch all these pieces together. We take (A, i, v) € (AT)" x A‘}' x A such that
w and v belong to the same coset ¢ € Z/Z ®; and we consider

Sy = (mp)« IC(Grﬁ,Q) and £ = r}(f;y).
Composing the isomorphisms given in (6) and (3), we get
H>7 0N (T (17.0)' B) = HPOU(T,, (1) 72)
= HyN(a 1) (Gry 0 (ma) ™1 (T). (10)

To save space we set S = (g J,;)_l(G_r’;) N T, and denote by s : S — T, the inclusion
map. Chasing in the three-dimensional figure

Gr+—" Gr, Gr,’}
g
q7. - _ -
Gry ¢ Grj ; Grﬁﬂ(mn) I(GrJ,Z)

- T 7 - an

Gy ¢——————(q7.£) " (Gr'y) «— Gr*N(qs.com,) " (Gr'y)

Ty T, — Gr*n(m,)~U(Ty)

o e

GrinTy, S Grr N(my)~1(S)

we complete (10) to the following commutative diagram:

H271OX(Ty,, (t7,0) ixi' B) = H*OU(S, (1,5)' 73) = HP, L (GryN(my)7(S)

J l |

H21 0Ty, (17,)'B) =5 H2O)(T,,, (1) 92) S HBY, (G 0(m) ™ (T)

As explained in (B), the left vertical arrow of this diagram is the inclusion map
Frv(PB<, 1) > Fro(B).
If an MV cycle Z € Z' (1), satisfies
ni(Z) <; w,

then it is contained in (m,)~1(S), so the fundamental class of Z N Grﬁ belongs to
Fyv(%<, ). Looking at equation (9), we see that there are just enough such MV cycles
to span this subspace. Going through the geometric Satake correspondence, we conclude
that the MV basis of V(A) satisfies condition (P1) for being L-perfect.
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Turning now to condition (P2), we consider the diagram below, consisting of inclusion
maps:

G_r’j\Gr’; s G_r’j £ Gt
IJ«/
h
GI'J’;

For any sheaf .% € Perv(Gr,) supported on G_r’; \ Gr‘;, we have
Hom(Z, Pt<o(h«h' #)) = Hom(Z, hyh'B) = Hom(h*.Z, h' B) = 0

in the bounded derived category of constructible sheaves over Gry (the first two equalities
by adjunction, the last one because 4*.% = 0). Since h.h' % is concentrated in nonneg-
ative perverse degrees (see [5, Proposition 1.4.16]), the sheaf 7 t<o(h«h'2) is perverse,
and from the semisimplicity of Perv(Gry) we conclude that

Hom(P t<o(h«h' B), F) = 0.
Again, in the distinguished triangle
. 1.1 .o . 1.1 +
Ixfo 1B — ixi' B — ixgug'i B —

all sheaves are concentrated in nonnegative perverse degrees. Denoting by ? H! the first
homology group for the perverse z-structure, we obtain the exact sequence

0 — Preg(is fu f1i' B) — Preolisi' B) — Preo(huh' B) — PH (is fo f1i' B).

The perverse sheaf on the right is supported on Gr‘; \ Gr’;, so the right arrow is zero by
the previous step. The resulting short exact sequence can be identified with

0 e %<JM — %511" d %5‘]“/%<Jﬂ — O.
With the same arguments as in point (B) above, we deduce that

Fro(B<,u]/PB<, 1) = Fro(Proha' B) = H**7 )Ty, (17,) haht' B).

In (11), we replace G_r’; by Gr’; ; the same chasing as before now leads to the iso-
morphism

H27ON Ty, (t7.0) el B)
= HEM (G N (grg 0omy) NG N (ma) (). (12)

Now point (A) at the beginning of this section explains that X h' 2, where k =—2p; (1),
is the local system .7}, and it comes with a natural basis, namely 2 T(A) w- This basis
induces a decomposition of B< /%< ;. into a sum of simple objects in Perv(Gry). On
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the one hand, this decomposition can be followed through the geometric Satake corres-
pondence, where it gives a decomposition of the subquotient of the isotypic filtration of
resﬁj V(1) into a direct sum of irreducible representations. On the other hand, it can also

be tracked through the isomorphism (12):

Fro(B<,u/B<,)= @  Hppaj—(Gray NY N (my) " (T).  (13)
Yezr/ (M),

From Sect. 3.4, we see that the irreducible components of
Grﬁ N (CIJ,Z o mn)_l(GrlJL) N (mn)_l(Tv)

of dimension p(|A| — v) are the cycles Z/ N (qreomp) N (Zy N Gr’j) with (Z7,Z;) €
27 (A) x Z7(w)y. The basis of the right-hand side of (12) afforded by the fundamental
classes of these irreducible components is thus compatible with the decomposition (13).
Therefore, the MV basis of V(1) satisfies condition (P2) for being L-perfect.

The proof of Theorem 3.4 is now complete.

Remark 3.5. The proof establishes that the MV basis of V(4) satisfies a stronger prop-
erty than (P2): there exists an isomorphism of the isotypic component V(4), , with a
direct sum of copies of the irreducible representation V() such that the induced basis
on V(L) ,, matches the direct sum of the MV bases of the summands.

3.6. Crystal structure on MV cycles

Let A € (A*)". The MV basis of V(1) defined in Sect. 2.3 is indexed by

M) =[] zm,

veA

and is L-perfect. Thus, the set Z°(A) is endowed with the structure of a crystal, as
explained in Sect. 3.2. Obviously the weight of an MV cycle Z € Z'(X), is simply
wt(Z) = v. The aim of this section is to characterize the action on .Z’(1) of the oper-
ators ¢; and f,

In semisimple rank 1, one can give an explicit analytical description of the MV cycles,
as follows.

Proposition 3.6. Assume that G has semisimple rank 1 and denote by a and " the
positive root and coroot. Let y : G, — G be the additive one-parameter subgroup for
the root —aV. Let (u,v) € AT x A and set r = (", ). Then Gr™* N T, is nonempty
if and only if there exists p € {0, 1,...,r} such that v = p — pa;, in this case, the map
a v+ y(azP7")L, induces an isomorphism of algebraic varieties

/270 > G*NT,,

so Gr* N T, is an affine space of dimension p and % (), is a singleton.
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We skip the proof since this proposition is well-known; compare for instance with [2,
Proposition 3.10]. We can now describe the crystal structure on 2°(A), which extends
[2, Proposition 4.2].

Proposition 3.7. Let (A, v) € (AT)" x A, leti € I andlet Z € Z(A),.
(i) We have w(Z) = v, &/(Z) = 3 (o), piy(Z) — v) and ¢;(Z) = 5 (o). iy (Z) + v).
(ii) LetY € Z(A)vta;- ThenY = é;Z ifand only if Y C Z and wiiy(Y) = uuy(2).

Proof. Let A, v, i, Z as in the statement and set u = puy;y(Z). By definition, the MV
cycles é; Z and f, Z (if nonzero) are obtained by letting the Chevalley generators e; and
fi act on (the basis element indexed by) Z in the appropriate subquotient of the isotypic
filtration of resflm V(A). According to (13), this entails that

iy (Z2) = iy (@ Z) = py(iZ) and ZW = (2)% = (f;2)",

In addition, 2%;)(14)v+e; and 2y (1)y—q, are empty or singletons, and the MV cycles
(éiZ)yg; and ( f: Z)¢;y in the affine Grassmannian Gry;) are uniquely determined by weight

considerations.
The statements can be deduced from these facts by using the explicit description
provided by Proposition 3.6 and the construction of the map (Z”, Z;) + Z in Sect. 3.4.
|

4. The path model and MV cycles

In the previous section, we defined the structure of a crystal on the set Z°(4). In this
section, we turn to Littelmann’s path model [33] to study this structure. This combinatorial
device can be used to effectively assemble MV cycles. Our construction is inspired by the
results presented in [17] but is more flexible, for it relaxes the restriction to minimal
galleries.

In this paper, piecewise linear means continuous piecewise linear. We keep the nota-
tion set up at the opening of Sect. 3.

4.1. Recollections on the path model

Let AR = A ®z R be the real vector space spanned by the weight lattice and let A]E be
the dominant cone inside AR.

A path is a piecewise linear map 7 : [0, 1] — AR such that 7(0) = 0 and (1) € A.
We denote by I the set of all paths. The concatenation 7 * 1 of two paths is defined in
the usual way: 7 * n(t) = 7 (2t) for 0 <t < 1/2,and 7w * n(t) = n(2t — 1) + =(1) for
1/2<t<1.

In [33], the third author associates to each simple root & of ® a pair (ey, fy) of “root
operators” from I to I U {0} and shows that the construction yields a seminormal crystal
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structure on I1. Here the weight map is given by wt(r) = (1). To agree with the notation
in Sect. 3.1, we will write ¢; and f, instead of eq; and f,, foreachi € /.

Let £ : [0, 1] — R be a piecewise linear function. We say that p € R is a local absolute
minimum of £ if there exists a compact interval [a, b] C [0, 1] over which £ takes the
value p, and there exists an € > 0 such that £(x) > p for all x € (¢ —€,a) N[0, 1] and
allx € (b,b +¢€)N[0,1].

Given 7 € II, we denote by A the set of all paths ne I that can be obtained
from 7 by applying a finite sequence of root operators é; or f, We say that a path 7w € 3l
is integral if for each n € Am and each i € I, all local absolute minima of the function
t — (&, n(t)) are integers.

We denote the set of all integral paths by IT. Obviously, IT is a subcrystal of m.
Moreover, the general definition of the root operators in [33, Sect. 1] simplifies in the
case of integral paths, which only need to be cut into three parts: the initial part is left
invariant, the second part is reflected, and the third part is translated. Specifically, given
(,n) € 1% and i € I, we have n = ¢; 7 if and only if there exist a negative integer p € Z
and two reals ¢ and b with 0 < a < b < 1 such that the function # — (o, (¢)) is weakly
decreasing on [a, b], and for each ¢ € [0, 1],

e ift <a,then (o), 7(t)) = p + 1 and n(t) = n(t);

o ift =a,then (o), 7(t)) = p+ 1;

o ifa <t <b,then p < (o, 7(t)) < p+land nt) = n(t) — (o), 7(t)) — p — D3
e ift = b, then (o, 7(¢)) = p;

o ift > b, then (), (¢)) = pand n(t) = 7(t) + ;.

We say that an integral path & € II is dominant if its image is contained in Aﬁg .

Remark 4.1. Let I" be the group of all strictly increasing piecewise linear maps from
[0, 1] onto itself, the product being the composition of functions. This group acts on the
set of all paths by right composition: 7 > 7 o y forapath 7w and y € I'. We say that w o y
is obtained from 7 by a piecewise linear reparameterization. Visibly, the set IT of integral
paths is stable under this action, the weight map wt is invariant, and the root operators
are equivariant. We can thus safely consider all our previous constructions modulo this
action. We will sometimes implicitly assume that this quotient has been taken, i.e. among
the possible parameterizations we choose one which is appropriate for the application in
view.

The first two items in the following proposition ensure that there is an abundance of
integral paths.

Proposition 4.2. (i) A dominant path w is integral whenever for eachi € I, the function
t (&), 7(t)) is weakly increasing.

(ii) The set I1 is stable under concatenation of paths and the map 1 @ N+ mw * nisa
morphism of crystals from T1 ® TI to TI.

(iii) Let w € Il. Then Am contains a unique dominant path 1 and is isomorphic as a
crystal to B(wt(n)).
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Proposition 4.2 follows from the results in [35]. Two lemmas will help us bridge the
gap.

We fix a scalar product (-,-) on Agr and let d(-, -) be the corresponding distance func-
tion. We fix a basis B of A and let L.y C Ag be the associated unit cube, i.e. the set of
points in Ar which can be written as a linear combination of B with coefficients in the
interval [0, 1]. Let M be the maximal distance between two points in IL;. Let P € Aa be
a dominant rational point and let S(P, 1) be the sphere with center P and radius 1. Let
g be a ray starting at P and let g; be the intersection point of this ray with the sphere
S(P,1).

Lemma 4.3. For any € > 0 there is a ray f starting at P such that (f \{P}) N A # 0,
and for{f1} = f N S(P,1) we have d(g1, f1) < €.

Proof. Parameterize g by g(t) = P + (g1 — P) for t > 0. Choose 7, > 0 and pick
A € A suchthat g(f;) € A + Ly. Let f be the ray starting at P passing through A. Let f;
be the intersection point of this ray with S(P, 1); then f(¢) = P +t(fy — P) fort >0
is a parameterization of f. Set g, = g(#2) and f>, = f(t2). Noting that d(P, f) =1, =
d(P, g>) and using the triangular inequality, we get

d(f2.A) = |d(P, ) —d(P.1)| = |d(P.,g2) —d(P.1)| = d(g2.4) = M,

whence d (g3, f2) <2M . By the intercept theorem d ( f1,g1)/d (g2, f2) = 1/, and hence
d(f1,g1) <2M/t,. For t, large enough we obtain d(g1, f1) < €. L]

In [35], a seemingly complicated definition of locally integral concatenation is intro-
duced; it is a generalization of the concept of LS-paths [33]. This notion provides a
sufficient condition for a path to be integral. Let us review it in the case of a rather special
class of paths for which the property of being a locally integral concatenation reduces to
condition () below.

We extend the concatenation operation * to paths that do not necessarily end at an
integral weight. For i € AR, let 7, be the map [0, 1] = AR, — tju. Apath w € I is
said to be dominant rational if it is of the form w = 7, *--- * 7, , where (1t1,..., s) €
(Aa)s and p; + -+ + pg € AT, For such a path, being a locally integral concatenation
(see [35, Definition 5.3]) means:

(x) Foreach j € {1,...,s} such that uu; # 0, the affine line passing through p; +--- +
j—1 and 1 + --- + @, meets at least two lattice points.

An equivalent formulation: the affine line meets at least one rational point and one lattice
point.

Lemma 4.4. A dominant rational path can be approximated by a locally integral concat-
enation.

Proof. Letw = my, *--- * m,, be a dominant rational path ending in 1« € A™. We define
the support of an element ;1 € AR as the set of indices i € I such that (&, ) # 0.
We can assume that the support of each p; is the same as the support of u; otherwise
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we approximate m by a path we get by slightly perturbing 14, ..., s, for instance by
replacing each pt; by u; + €(p/s — ;) for some rational 0 < € < 1. We can also assume
the support of y is I, otherwise we work within the subspace (), T\supp() Ker ).
Under these assumptions, each weight w; is regular dominant. Then small perturba-
tions p}, ..., us_, of the directions 1, ..., ts—1 remain dominant, and so does u; =
w—(uy + -+ ;). By Lemma 4.3, one can perturb in such a way that the new path
=Ty kK Ty is a dominant rational path and the first s — 1 line segments of n
satisfy the affine line condition (x). The last line segment of n meets the lattice point p
and a rational point, and thus satisfies () too. Hence 7 is a locally integral concatenation,
approximating the dominant rational path 7. ]

Proof of Proposition 4.2. A path in statement (i) is of the form w = 7, * --- * 7,
where ((1,...,Us) € (AE{J )* are dominant. Such a path can be approximated by a domin-
ant rational path without altering pq + - -+ 4 [s. In turn, a rational dominant path can be
approximated by a locally integral concatenation by Lemma 4.4. Lastly, a locally integral
concatenation is an integral path by [35, Lemma 5.6] and Proposition 5.9. The integral-
ity property in (i) follows now by the continuity of the root operators [35, property (v)
CONTINUITY].

It remains to prove the other two statements. The endpoint of a path is by definition an
element of the lattice, so the concatenation of integral paths is an integral path. Moreover,
by [35, Lemma 6.12], concatenation defines a morphism of crystals IT ® IT — II. This
shows (ii). Statement (iii) follows by [35, Lemma 6.11]. [

4.2. From paths to MV cycles

We need additional terminology before we proceed to the main construction of this sec-
tion.

To each coroot oY € ®V corresponds an additive one-parameter subgroup xqv :
G, — GV. Given additionally an integer p € Z, we define a map

X@v,p): C = GY(K), aw> xqv(az?).

An affine coroot is a pair (@, p) consisting of a coroot ¥ € ®" and an integer p.
The direction of an affine coroot (¢, p) is «¥. An affine coroot is said to be positive if
its direction is so. We denote the set of affine coroots by @ and the set of positive affine
coroots by &, s

To an affine coroot 8, besides the map xg defined above, we attach a hyperplane Hg
and a negative closed half-space H 5 in AR as follows:

H(av,p) = {x € Ar | (ozv,x) = p}, H(;v’p) = {x € Ar | (avvx) = p}'
Let sg be the reflection across the hyperplane Hg; concretely,
S@v,p)(¥) = x — ((a”, x) — p)a

for any x € Ag. In addition, we denote by t, the translation x — x + A by the element
A € A. The subgroup of Aut(Ag) generated by all the reflections sg is the affine Weyl
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group W,. When we add the translations 7, , we obtain the extended affine Weyl group W,.
Then ), € W, if and only if A € Z®.
The group W, acts on the set @ of affine roots: one demands that w(H 5 )=H,

for each element w € W, and each affine coroot f € @Y. Then for each € ®Y and each
A € A, wehave x;, g(a) = zAxﬁ (a)z* foralla € C.

We denote by $ the arrangement formed by the hyperplanes Hg, where € @, . It
divides the vector space AR into faces. The closure of a face is the disjoint union of faces
of smaller dimension. Endowed with the set of all faces, Ar becomes a polysimplicial
complex, called the affine Coxeter complex.

For each face f of the affine Coxeter complex, we denote by NV (f) the subgroup of
NVY(XK) generated by the elements xqv (az?), where a € O and (", p) is a positive affine
coroot such that f € H ., . We note that NY(t1f) = 22NV (f)z=* for each face f and
each A € A and that NV (f) € NV(0) if f € A§.

For x € AR, we denote by f, the face in the affine Coxeter complex that contains the
point x. We use the symbol [] to denote the restricted product of groups, consisting of
families involving only finitely many nontrivial terms.

Using these conventions and the notation introduced in Sect. 2.2, given (1, ..., 7,)

€ I1", we define 2(111 ® --- ® 7y,) as the subset of Gr, of all elements

[( 1_[ vl,tl)ZWt(nl)""’( 1_[ Un,t,,)ZWt(ﬂ")]

11 €[0,1] t,€[0,1]
with
! /
(1)) € [T NYEma) xox [T NYFrnien))-
11 €[0,1] t,€[0,1]
Proposition 4.5. Let (7q,...,7m,) € I1".

(1) The set 2(711 ® -+ ® my,) is stable under left multiplication by NV (O).
(ii) Let u = wt(my) + - -+ + wt(mwy). Then the set 2(7{1 ® +-+ ® 7y) is an irreducible
constructible subset of (my)~1(S,,).
(iii) We have
Z(ri @+ ® m,) = W(Z(m) x -+ x L(mn),
Ly %k 100) = (L1 ® -+ @ ).
(iv) Let i € I and compute 11 @ -+ ®@ 0, = &;(m1 @ -+ ® my,) in the crystal T1®7",

provided that this operation is defined. Then 2(711 ® --- ® 1y) is contained in the
closure of (11 ® -+ ® ny) in Gry,.

Proof. Assertion (i) is a direct consequence of the equality NV (fz, (o)) = NV (fo) =
NY(0).

Assertion (ii) comes from general principles once we have replaced the restricted
infinite product by a finite one.
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The first equation in (iii) is tautological. In the second one, we view the concatenation
T = my % - % T, as a map from [0, n] to AR, each path my, ..., 7, being travelled
at nominal speed. We set vo = 0, and for j € {2,...,n} weset v;_; = wt(m) + -+ +
wt(mwj—1). Thenfor j € {1,...,n}andt €[0,1], wehave (¢t + (j — 1)) = vj_1 + 7; (¢),
and accordingly NV (fz(+(j-1)) = 2% ~'NY(fz;)z~"/~'. A banal calculation then
yields the desired result.

The proof of (iv) is much more involved. We defer its presentation to Sect. 4.5. ]

For (71,...,m,) € I1", we denote by Z(r; ® - - - ® 7, the closure ofi(m Q- Qmy)
in (m,)~1(S,), where u = wt(m1) + - -+ + wt(7p).

Theorem 4.6. Let (7, ..., m,) € 11", set u = wt(my) + -+ + wt(mry) and for j €
{1,...,n}, let A; be the weight of the unique dominant path in Amw;. Then Z(m ®- - - Q1p)
is an MV cycle; specifically, Z(mwy @ -+ @ mp) € + Z (A1, ..., Ay

Proof. We start with the particular case n = 1. Let & € I, let n be the unique dominant
path in A, set A = wt(n) and u = wt(x), and set p = 2p(A) and k = p(A + u). By
Proposition 4.2 (iii), the crystal +z is isomorphic to B(4), so it contains a unique lowest
weight element £. Then 7 can be reached by applying a sequence of root operators f, ton
or by applying a sequence of root operators ¢; to £. Thus, there exists a finite sequence
(7o, ..., mp) of elements in A such that mp = &, mp = 7, 1, = n and each mj4 is
obtained from 7; by applying a root operator ¢€;.

Since 7 is dominant, each face f,() is contained in A, so each group N V(fn) is
contained in NV (@). Then by construction i(n) C NY(O)L,, and therefore Z(n) (the

closure of Z(#) in Gr) is contained in Gr*. Also, Proposition 4.5 (iv) implies that

Z(mo) € Z(my) S -+ C L(7p). (14)

These inclusions are strict because Z(rj) is contained in the closure of Gr* n Swi(r;)»
which is disjoint from Syi(z, ) by [39, Proposition 3.1 (a)], while Z(7;+1) is contained

in Syi(z; ). Thus (14) is a strictly increasing chain of closed irreducible subsets of @
As Gr* has dimension D, we see that each Z(7r;) has dimension ;.

In particular, Z(rr) has dimension k. But Z () is locally closed, because it is a closed
subset of S, which is locally closed. So Z(7r) has dimension k. At this point, we know that

Z(7) is a closed irreducible subset of Gr* n S,, of dimension k = p(A + w). Therefore
Z(rr) belongs to Z'(1) .

The reasoning above establishes the case n = 1 of the theorem. The general case then
follows from Propositions 2.2 (ii) and 4.5 (iii). [

4.3. A more economical definition

For the proofs in the following sections, it will be convenient to have a more economical
o
presentation of the sets Z(mr; ® --- ® 7). We need a few additional pieces of notation.
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When { and {’ are two faces of the affine Coxeter complex such that { is contained in
the closure f/ of f/, we denote by ®; ’+(f, ') the set of all positive affine coroots 8 such
that f € Hg and f* Z Hy. We denote by AV (F, ) the subgroup of NV (K) generated
by the elements xg(a) with B € &1 (f,§)anda € C.

We recall that a group T is the (internal) Zappa—Szép product of two subgroups I''
and I'” if the product in T" induces a bijection IV x I'" — T'. We indicate this situation
with the notation T' = T b T,

The following result is Proposition 19 (ii) in [2].

Lemma 4.7. Let § and §' be two faces of the affine Coxeter complex such that T C .
Then NY(f) = /V(f,1') > NY(§), and the map

V.+ ’
Cc® B VEF). @) [ xsap).
Bedy T (F.1)

is bijective, whichever order on ®, ’+(f, 1) is used to compute the product.

Given € [T and € [0, 1[, we denote by f(;+0) the face in the affine Coxeter complex
that contains the points 7 (¢ + &) for all small enough & > 0. Obviously, its closure meets,
hence contains, the face f (). We set ot (1) = <I>Z’+(f,,(,), fr(e+o0y) and A (7, 1) =
N (Fr@)» Tre+0))-

Concretely, @, (7, 1) is the set of all B € @, such that 7 quits the half-space H 5
at time # and .47V (7, t) is the subgroup of NV (X) generated by the elements xg (a) with
B e ®, " (x,1)and a € C. Note that & (. 1) is empty save for finitely many ¢.

Proposition 4.8. Let (r1,...,7m,) € [1". Then i(m ® -+ ® 1y) is the set of all elements
( 1—[ vlm)zwt(m), o ( H vn,tn)zwt(ﬂn)il
11 €[0,1] 1 €[0,1]
with

(i) ug) € ] AV xx ] AV (n.ta)-

t1€[0,1] tn€[0,1]

Proof. Letw € I1. Let (¢4, ..., ;) be the ordered list of all elements ¢ € [0, 1] such that
<I>Z’+(7r,t) # @ and set t,;,4+1 = 1.

Pick £ € {1,...,m}; between the times #; and #y, the path & never quits the half-
space H 5 of a positive affine coroot f; as a consequence, the map ¢ = NV (fr()) is
nondecreasing on |tg, tg41]. It is also nondecreasing on [0, #1] if #; > 0. However, when
t goes past the point #;, the group NV (fr()) loses the first factor of the Zappa—Szép
product NV (fr()) = A (7, 1) > NY (Frp+0))-

It follows that for any family (u;) in ]—I;E[%MH] NY(fr(@)), there exists (v, u) €
NV (7, 1) X NY (Fa(eeqr)) such that [, e, 4, ur = vu. To see this, one decomposes
uz, as vu’ according to the Zappa—Szép product and one defines u as the product of u’
and of the u, for ¢ € Jt;,#741]. Assembling these pieces (and an analogous statement over
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the interval [0, 7;] if ; > 0) from left to right, and noting that NV (f (1)) stabilizes L (),
we deduce that i(n) is the image of the map

1_[ NV(m, t) = Gr, (v;) > ( 1_[ v,)LWl(n).

tefo,1] tel0,1[

This proves our statement in the case of just one path. The general case then follows from
Proposition 4.5 (iii). ]

4.4. Isomorphisms of crystals

In the previous section we explained how to build elements in «2°(4),, while in Sect. 3
we were dealing with MV cycles in Z(4). This clumsiness is due to a mismatch between
the definition of the path model and the conventions in [3,39]. To mitigate the disagree-
ment, we define a crystal structure on

ZA) = | [ «ZA),
MEA

Recall the setup of Sect. 3.3: we consider a subset J C I, define an action of C*
on Gr given by a special dominant weight 6, and get the diagram (4). Now let (A, v) €
(A™)" x A, let ¢ be the coset of v modulo Z®, and let Z € 2 (),. Then m,(Z) C
Sy € Grj’ ¢ and there is a unique weight u € AJJr characterized by the conditions

(prgomn)(Z) SGYy and (pggomy)(Z) NG # 0.

We denote this weight by 1 (Z).
By analogy with Proposition 3.7, we can then claim the existence of a crystal structure
on 2 (A) suchthatforallv e A,i € I and Z € Z(1),,

o we have Wi(Z) = v, &(Z) = 4o, sy (Z) — v) and ¢;(Z) = Lo iy (Z) + v);
o if Y €, 2(A)yta;.then Y = ¢;Z ifand only if Y D Z and iy (Y) = pgy(2).
Theorem 4.9. Let (A1,...,A,) € (AT)", and for each j € {1,...,n} choose a subcrys-

tal I1; of T isomorphic to B(A;). Then the map (wy, ..., 7,) = L(m @ -+ ® my) is an
isomorphism of crystals

I, - 1I1, i*p@p(ll,.--,)tn)-

Proof. Leti € I and let (mq,...,7m,) € [11 x--- x I1,. Set v = wt(my) + - - - + wt(7wp),
let £ be the coset of v modulo Za;, and set w7 = 7wy * - -+ % 71,

p=min{{e). 7)) |1 €[0.1} and ¢ = (e.v) = (& (D).

i
For any a € C[z,z!] and any positive coroot &V, we have

. _ xev(a) ifaY =a,
lim O3y (c)xgv (@)0y(c) ™ = % o
c—=>0 1 otherwise.
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Using Proposition 4.8, we see that p{i},;(i(n)) is the set of all elements of the form

lim H( I1 9<i}(0)xﬂ(at,ﬂ)Q{i}(C)_‘)Lu

c—>0
1€l0AL peay ()
where a, g are complex numbers. All factors in the product disappear in the limit ¢ —
0, except those for the affine roots B of direction «’. Let (;’, p1), ..., (@), ps) be
these affine roots. Since the function ¢ + (a,”, 7(t)) assumes the value p and there-
after reaches the value ¢, the path 7 must, at some point, quit each half-space H

Higo pyryeee H

- (;tfv,p)’
@’ .q-1)" 5O
Pp+1,...q=1Cipio....psy Sip.p+1,..
We conclude that
P{i},;(i(m) = {xqv(az”)L, |a € 0/z97P0}.
Proposition 4.5 (iii) and a variant of Proposition 3.6 then jointly imply
(P o)1 & -+ & 710)) = iy (Em) = Gy, 1S,

where 4 = v — pa;. Thus,

iy (Z(y ® -+ @ ) = v — pay (15)
and
c(L(m ®--®my) =—p and @i(Z(m Q-+ Q7)) =q — p.
These equations show that the map (7q, ..., 7,) — Z(7; ® - -+ ® 7,) is compatible

with the functions &; and ¢;.
Now compute
Mme:-@ny =¢éi(m @ & 1n)

in the crystal [T} ® -+ ® I, assuming this is doable. By Proposition 4.5 (iv),
Zm® - @) 2L(m @+ @ ). (16)
Letn =1y *--- * n,. Then n = ¢&;w by Proposition 4.2 (ii), and therefore
wt(n) =v+o; and min{{e;’,n()) |t €[0,1]} = p+ 1.
Repeating the arguments above, we get
wiiy(Z(m ® -+ ®@ny)) = (v + ;) — (p+ Da; = v — pa;.
Together with (15) and (16), this gives
Z(m @ ®@np) = &L(m Q-+ @ my).

We conclude that the map (7y, ..., 7,) — Z(71 ® - -+ ® 7,) has the required compatib-
ility with the operations é;. L]



P. Baumann, S. Gaussent, P. Littelmann 948

Corollary 4.10. Let (A, ..., Ay) € (AT)". Then the map (Zy, ..., Zy) —
W(Zy X -+ X Zy) from Proposition 2.2 (ii) is an isomorphism of crystals

FOD)® @ L (M) = L (A ).

The crystals Z°(A) enjoy a factorization property analogous to Corollary 4.10; one
must however use the opposite tensor product on crystals.

Remark 4.11. The plactic algebra [32] is an algebraic combinatorial tool invented by
Lascoux and Schiitzenberger long before the notion of a crystal basis of a representation
was introduced. Loosely speaking, for a complex reductive algebraic group, the plactic
algebra is the algebra having as basis the union | J; <o+ B(A) of the crystal bases B(A) for
all irreducible representations, the product being given by the tensor product of crystals.
For G = SL, (C), Lascoux and Schiitzenberger give a description of such an algebra in
terms of the word algebra modulo the Knuth relations, and it was shown later that this
algebra is isomorphic to the one given by the crystal basis. A combinatorial Lascoux—
Schiitzenberger type description for the other types was given in [34]; this description
uses the path model.

It is natural to ask whether it is possible to do the same with MV cycles: endow the set
of all MV cycles for all dominant weights A € AT with the structure of a crystal and define
(in a geometric way) a multiplication on the cycles which mimics the plactic algebra. For
G = SL,(C), a positive answer was given in [18]. This approach was adapted to the
symplectic case in [44].

The results in this section can be naturally viewed as a generalization of [18] to arbit-
rary connected reductive groups. Using [34] and Proposition 4.2, one can use the set IT to
construct the plactic algebra so that it has as basis equivalence classes (generalized Knuth
relations) of elements in IT. The sets 2(711 ® -+ ® my,) (Proposition 4.5) replace in the
general setting the Biatynicki-Birula cells in [18]. By combining Proposition 4.5 (iii) and
Theorem 4.9, we see that the closure of m,, (i(nl ® -+ ® my,)) is an MV cycle which
depends only on the class of the path mq * --- % m, modulo the generalized Knuth rela-
tions. In particular, the main result of [18] follows as a special case.

A different approach to this problem was taken by Xiao and Zhu [45]. They define
a set of ‘elementary Littelmann paths’, modeled over minuscule or quasi-minuscule rep-
resentations, use the methods from [40] to assign an MV cycle to each concatenation
of elementary Littelmann paths, and show that the resulting map factorizes through the
generalized Knuth relations.

4.5. Proof of Proposition 4.5 (iv)

This section can be skipped without substantial loss of appreciation of our main storyline.
We follow the same method as in [2, proof of Proposition 5.11].

The group GV (C) is generated by elements x,v () and ¢*, where (a,a") € C x ®V
and (c, 1) € C* x A, which obey the following relations:
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e Forany (a,a) € C x ®¥ and any (c,1) € C* x A,

A

xov (@)™ = xgv (¢ M a).

o Given two linearly independent elements «* and " in ®V, there exist constants C; ;
such that

Xov(@)xpy (b)xav (@) xpv (0)7" = [ Xiav4jpv (Cija'b?) a7
@)
for any (a,b) € C2. The product on the right-hand side is taken over all pairs of positive
integers (i, j) for which ia™ + jBY € ®VY, in the order of increasing i + j.
Further, the one-parameter subgroups x,v can be normalized so that for any root o € P,
o for any (a,b) € C?suchthat 1 —ab # 0,

Xqv (a)X—qv (D) = X—gv (b/(1 —ab))(1 — ab)*xqv(a/(1 — ab)); (18)
e there exists an element 5, € G (C) such that for any a € C*,
Xav (@) X—qv (@™ Xy (@) = X_qv (@ Hxgv(@)x_ov(@a™!) = a5g =5ga . (19)

This element 54 lifts to the normalizer of TV (C) the reflection s, € W along the root a.
All the above relations also hold for scalars b, ¢ in K, provided of course that we regard
them in GV (K).

The Chevalley commutation relation (17) implies the following easy lemma.

Lemma 4.12. Let § be a face of the affine Coxeter complex, let (a", p) and (BY, q) be
two positive affine coroots, and let (a,b) € 92. Assume that a" is simple, o™ # B, and

fs H(_*av,*p) n H(?fv,q)'
Then
X—av(az P)xgv(bz?)x_gv(—az™?) € NY(f).

Proof. We consider the situation set forth in the statement of the lemma. Using (17), we
write

X_gV (azfp)x,gv (bz¥)x_gv (—azfp)x/gv (—bz?) = 1_[ X_jgV+jBV (Ci’jaib'iZiip+jq)
@@.) (20)
where the product on the right-hand side is taken over all pairs of positive integers (i, j)
for which —ia¥ + jBY is a coroot.
Consider such a pair (i, j). In view of our assumptions, the coroot —ia™ + jB" is
necessarily positive. Moreover, for any x € f we have

(—iaY + jBY.x) =i(—aV.x) + j(BY.x) <i(—p) + jq.

sof C H_—iaV+j/3V,—ip+jq)‘ It follows that the right-hand side of (20) lies in A"V(f),

which readily implies the statement. |



P. Baumann, S. Gaussent, P. Littelmann 950

Given g € NV (X), there is a unique tuple (a;) € K such that

g = [ [ xay (@) mod (NY (). NY ()):
iel
looking at a specific i € I, we denote by a; ,(g) the coefficient of z? in the Laurent

series a;. This procedure defines a morphism of groups a; , : NV (K) — C for each pair
(i,p)elxZ.

Lemma 4.13. Let w € I and let (t1, . .., ty) be the ordered list of all elements t € [0, 1]
such that ® (x,t) # 0. Set tymy1 = 1. Leti € I and set

p =min{{e;’, 7 (1)) | t €[0,1]}.

Letr € {1,....,m + 1} and let (v¢) € ), N (7, t¢).

(i) Let r* be the smallest element in
{telr,....m} } (). p) € DT (. 10)},

assuming that this set is nonempty. Then for any u € NV (fr(,)) there exists (v;) €
[Tr=, A (1) such that

U+ Uy L) = UVr -+ U Ly(m)

and
’ a;p(u) +a;,(ve) ifl=rT,
a;,p(vy) =
a;,p(vp) for all other £ € {r,...,m}.
(ii) Foranyc € 1 + zO and any A € A, there exists (vé) € ]_[Z":r NN (7, tg) such that

A
v+ Uy Ly = €™ 0p -+ U L)

and a; p(vy) = a; p(v¢) forall L € {r,... ,m}.

(iii) Forany b € C not in
{0} U {ai,p(v,) +--4a; (v | Ledrn,... m}}
there exists (v;) € [Ty, A (7, 1) such that
.+ Uy Lyw(r) = x(_aiv,_p)(l/b)vr “++ U L) -

Proof. The lemma is trivial for r = m + 1. Proceeding by decreasing induction, we
choose r € {1, ..., m}, assume that statements (i)—(iii) hold for r 4+ 1, and show that
they also hold for r. We recall (see the proof of Proposition 4.8) that

NY (fry)) = AV (0.1:) <A NY (Fr40)  and NV (Fri40) € N (Friyh)-

Let (vg) € [T72, AV (. 10).
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We start with (i). Let u € NV (fz(,)). We can write uv, € NV (fr(,)) as a product
viu' with (v, u’) € /Y (m, 1) X NV (Fr(, +0))- Then

a; (1) +a; p(v,) = a; p(v)) + a; ,(u).

Noting that u" € NV (fr(,,,)). we make use of the inductive assumption: there exists
(vy) € [Tj=, 41 A (7, 1) such that

! ! !/
Vpy1 Uy Lt(m) = U Vr 41+ U L)

and
ai,p(u’) + ai,p(U[) if £ = (r + 1)+’
a;,p(ve) for all other £ € {r + 1,...,m}.

ai,p(vy) = {
We distinguish two cases. If (a;”, p) € &y " (7, 1,), then fr,+0) € H(;v e
a; p(u’) = 0;alsort = r in this case. If (¢}’, p) ¢ ®Y " (7, 1,), then a,-,p(v,l),z a; p(v))
= 0; here v+ = (r + 1)*. In both cases, routine checks conclude the proof of (i).
We now turn to statement (ii). Let ¢ € 1 + z@ and let A € A. One easily checks that
any subgroup of the form NV (), in particular NV (f-(,)), is stable under conjugation
by ¢*. Additionally, for any v € N Y (fr(,)) when we write

whence

v =[] ey (@) mod (NY(X), NY(X)),
iel
the Laurent series a; has valuation at least p. This series is multiplied by {4 when one
conjugates v by ¢*. Looking at the coefficient of z? then gives a; ,(v) =a;, (ctve™H).
Write c*v,c™ € NV(fr(,)) as a product viu with (v.,u) € AV(m, t,) x
Nv(fﬂ(tr+0))~ Then

a; ,(v;) = ai,p(cxvrc_l) = ai,p(U;) +a; ,(u).

By induction, there exists (v)) € [Tj=, , 4" (7, t¢) such that

/ / A
Uy i g Upy L) = UC Vpi1 -+ U L)

and
a; ,(u) +a;,(vy) ifl=+DT,
a; p(vy) for all other £ € {r + 1,...,m}.

a;,p(vy) = {
Again we distinguish two cases. If (o;’, p) € CD,\;’+(7T, 1), then T, o) & H(;_v,p)
and therefore a; ,(u) = 0. If («’, p) ¢ ®Y " (7, t,), then a; p(v,) = a; ,(v)) = 0'and
anew a; ,(u) = 0. Thus, a; ,(#) = 0 holds unconditionally, which concludes the proof
of (ii).
Lastly, let us deal with statement (iii). We distinguish three cases.
Suppose first that (o', p) € <I>Z’+(n, t;). We write v, = X(@y,p) (a)v, where a =

a; »(v,) and ¥, is a product of elements xg(ag) with B € <I>Z’+(n, tr) \ {(e), p)} and
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ag € C. From (18) we get

Xy —p)(1/D)xX@y py(@) = (1 = a/b) ™ x(gv py(a(l —a/b))xay —p)(1/(b—a)).
By Lemma 4.12,

x(—a;/,—p)(l/(b - a))arx(—a;’,—p)(_l/(b —a))
belongs to NV (fr¢,)). We write it as a product U.u with (V)., u) € A"V (x, t;) X
N (fx(,+0))- By induction, there exists (v}) € [Ty, 4" (. 1¢) such that
v;-i-] te v;ant(:'t) = ux(—aiv,—p)(l/(b - a))vr-i-l ce mewt(:'t)-

Then

X(—ay =) (1/D)Vr - O Loy = (1=a/b) " [x (g py(a(1=a /b)) T, 1v; 1y - Uy L) -

Denoting the element in square brackets by v)., we get the desired expression, up to the
inconsequential left multiplication by (1 —a/b)™%.

Suppose now that there exists ¢ > p such that (¢, ¢) € oyt (7, t); then a; ,(v,) =0.
We write v, = x(aiv,q)(a)'ﬁr where a € C and ¥, is a product of elements xg(ag) with €

o (1) \ {(o),q)} and ag € C. Let ¢ be a square root in 1 + ¢ of 1 — (a/b)t177.
From (18) we get

X(_al}/,_p)(l/b))((a[_\/’q) (a) =c % X(aiv’q) (a)x(_aiv,_p)(l/b)c_“i .
By Lemma 4.12,

X(—ay,—p) (/D)™ 0¥ )X gy —p) (—1/D)

belongs to NV (fr(,)); we write it as a product U,u with (V) u) € AV (x, 1) X
N (fx(, +0))- By induction, there exists (v;) € [Ty, 4" (7. ;) such that

v;+1 e v;ant(n) = ux(—aiv,—p)(l/b)c_ai Vr41*** Um L(r)-

Then

X—ay =p) (1/D)Vr -+ Vm L) = ¢~ [X(ay ) (@07 41 Vg L) -

Denoting the element in square brackets by v,., we get the desired expression, up to the
inopportune left multiplication by ¢~% . The latter can however be wiped off by a further
use of the inductive assumption.

Last, suppose that no affine coroot of direction ;" occurs in oyt (m,t); then a; p(vr)
= (0. By Lemma 4.12,

x(—otly,—p)(1/b)vrx(—a;/,—p)(_l/b)

belongs to NV (fr¢,)). We write it as a product v,.u with (v}, u) € AV (x, ;) X
N (fr(, +0))- By induction, there exists (v;) € [Ty, 4" (. ;) such that

Vyyq - U L) = UX(—qy —p)(1/D)0r 41+ U L) -
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Then
X(ay —p)(1/D)Vr =+ Vm Loy = V305 41+ Uy L)
as desired, which concludes the proof of (iii). [ ]

Let us now consider i € I and two integral paths 7 and 7 related by the equation
n = &;. We denote by p the minimum of the function ¢ — («;’, 77 (¢)) over the interval
[0, 1] and by a and b the two points in time where 7 is bent to produce 7. Noting that
the conditions spelled out in Sect. 4.1 do not uniquely determine b, we choose it to be the
largest possible: either b = 1 or («;, w(b + h)) > p for all small enough & > 0.

Let (#1, ..., tn) be the ordered list of all elements in [0, 1] such that CIDZ’Jr(n, t) # 0.
We set tp41 = 1. The set D (7, a) may be empty; if this happens, we insert a in the list
(t1,...,tm), for it will simplify the notation hereafter. On the contrary, the above condition
imposed on b ensures that either b = 1 or (¢, p) € o) (. b), so b automatically
appears in the list (¢1, . .., f;+1). We denote by r and s the indices in {1,...,m + 1} such
thata = t, and b = t;. By designt, = a <t,41 <t; = b.

Lemma 4.14. Adopt the setting described in the preceding two paragraphs. Choose
(ve) € [Trmy A (. tg) such that a; p(vs) + + -+ + a; p(vg) # 0 foreach £ € {s, ..., m}.
Then for any h € C*, there exists (wg) € [1jey A (1. t¢) such that

V1 V1 X gy = p—1) (W) Vr - U L) = W1 -+ Win L) -
Proof. Let (vy) be as in the statement and let 7 € C*. We set
A=v1--v,—1 and B = v, - vy.

We note that f¢,) C H(aly,p-i-l)v ) x(aiv’pﬂ)(—l/h) € NV (fre))-
Using Lemma 4.13 (i), we find (v}, ..., v},) € [Tf=, A" (7. t¢) such that

x(aly,erl)(_l/h)BLwt(n) = v; T v;ant(n)

and a; ,(vy) = a; p(ve) for all £ € {r,...,m}. We set ¢ = a; ,(vs) and write vy =
x(aiv,p)(c)i?;. Then ¥, € A7V (7, t5) and a; , (V%) = 0. We also set

C=v.---v,_; and D =Ty vy,
Using Lemma 4.13 (iii), we find (03, vy, ,,...,vy,) € ]_[2":3 NV (m, 1) such that
X(—ay =) (1) DLyn(wy = Vgvg s+ U Luncr)-
Last, we set

E= x(a;’,p)(c)x(—a;’,—p)(I/C)x(a;/,p)(c)v
F = x(wiv’p)(—c)'ﬁ;/v;/+1 ey,

K = X(—aiv,—p—l)(h)x(aiv,p+1)(1/h)-
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Then
AX(,QI}/’,p,l)(h)BLwt(ﬂ) = AKCEFLM(”). (21)
Observing that
O " (7, 1¢) if1<0<r,
O+ (. 1g) = . p+ 1)v}+u S p+1)(Pa T (1, 17)) ife=r,
Sy, p+1)(Pa”" (7. 1¢)) ifr <t<s,
Ty (057 (. 10)) ifs <€ <m,

we check that the sequence

(01, e Ure1, x(aiv,p+1)(_h)(z(p+l)aiE)U;(Z(p—i_l)ais_i)_l,
(Z(p+l)“is_i)v;+l(Z(p+l)ai§)_l, o (Z(P+1)ai§)v;_1(Z(P‘f‘l)aig)_l,
2% Xy p) (=O)T 2T 2N v 2T L 2 2T (22)

belongs to [Tj—, -4 (n, t). In addition, the product of the elements in this sequence is
Ax(ey piy ()P E) C (2P H D) T % Foe

We now apply two transformations to the sequence (22): we conjugate the last
m — s + 1 terms by (—c) ™%, and we conjugate the last m — r 4+ 1 by h~% . The resulting
sequence, denoted by (wy), still belongs to [Ty, -4 (1, 1), because all our constructions
are TV (C)-equivariant.

Observing that

K = Wy pany (D EPT4E) and  E = 0HDe5) 7 () 2

(see (19)), we obtain
Wy Wy = AKCEFz™% (—ch)%,

and a comparison with (21) yields
Ax(_a;/’_p_l)(h)BLwt(,,) = AKCEFz™® Ly = W1+ Wy Ly(n),
as desired. |
We can now prove Proposition 4.5 (iv). We consider the situation
M - ®n =ei(m ®: & my)

in the crystal T1®”, and our aim is to show that i(m ® --- ® m,) is contained in the
closure of i(m ® -+ ® ny) in Gry.

As in the proof of Proposition 4.5 (iii), we regard the concatenation & = 7y * - -+ % 7,
as a map from [0, n] to Ag, each path my, ..., 7, being travelled at nominal speed, and
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the same for n = n * --- *x n,. Thus, for each j € {1, ..., n} the restriction of 7 to the
interval [j — 1, j] is 7}, up to the obvious shifts in time and space.

By Proposition 4.2 (ii), we have n = ¢; . We denote by a and b the two points in time
where 7 is bent to produce 7. Let (¢1, ..., t;;) be the ordered list of all elements in [0, n|
such that ®) " (7, 1) # @. We insert a in this list if it does not already appear there. We
set to = 0 and #,,4+1 = n. We denote by r and s the indices in {1, ..., m + 1} such that
a=tand b = 4.

There is a unique integer k € {1,...,n} such that a and b both belong to [k — 1, k].
Plainly, nx = é;mx and n; = m; forall j € {1,...,n}\ {k}. Werecord that n; *--- % n; =
éi(m x---xm;)if j e {k,...,n}.

For j € {1,...,n}, we set v; = wt(mr;) + --- + wt(sr;) and denote by m; the largest
£ €{0,...,m}suchthatz; € [0, j[. Then i(nl ® -+ @ my) is the set of all elements

my mp mp

[(H Ug)z”l Lzv1 ( 1_[ vz)sz, L zve ( l_[ UE)ZU,,] 23)

=1 {=m|+1 {=my_1+1

with (vg) € H?:l NV (7w, tg).

Now assume that (vy) is chosen so that a; ,(vs) + --- + a; p(v¢) 7 0 for each £ €
{s,...,m} and pick h € C*. Lemma 4.14 provides a sequence (w¢) € [[j—; AV (1, %)
such that

V1 "'Ur—lx(_aiv,—p—l)(h)vr < U Lyr) = W1+ Wi L) -

However, (wy) satisfies more equations: for j € {1,...,n}, we have
ViV Ly, = Wiy Lo lfj <k (24)
V1 ---vr_lx(_aiv,_p_l)(h)vr---vmjL,,j =Wy Wm; Ly 4o, ifj >k,

in the first case because wy = vy for all £ € {1,...,m_1}, in the second case because
Lemma 4.14 would have returned the subsequence (w()lﬁgﬁmj if we had fed it with the
paths 771 * -+ % 7r; and 11 * -+ % 7; and the datum (v¢)1<¢<m; and .

The system (24) translates to a single equation in Gr,, which demonstrates that
the element obtained by inserting x(,aiv’,p,l)(h) just before v, in (23) belongs to

the set 2(n1 ® -+ ® ny). Letting h tend to 0, we conclude that (23) lies in the clos-
ure of this set. To be sure, this conclusion has been reached under the assumption that
a; p,(vs) +---+a; ,(vy) # O0foreach £ € {s,...,m}, but this restriction can be removed
by a small perturbation of a; , (vs).

Thus, Proposition 4.5 (iv) is, at last, fully proven.

5. Comparison with the tensor product basis

We keep the notation from Sect. 2. Let A = (A1,...,A,) in (A1)". The tensor product
V(A) can be endowed on the one hand with its MV basis (Sect. 2.3), on the other hand
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with the tensor product of the MV bases of the factors V(11), ..., V(4,). In this section,
we compare these two bases through the explicit identification

F(j/ll *---*f/\n)é F(f,{J@"'@F(f)L")

afforded by Beilinson and Drinfeld’s fusion product. We show that the transition matrix
is upper unitriangular and that its entries are intersection multiplicities. The order relation
needed to convey the triangularity involves the inclusion of cycles.

5.1. Deformations

The Beilinson—Drinfeld Grassmannian §r5P is a relative version of the affine Grassman-
nian where the base is the space of effective divisors on a smooth curve. The choice of the
affine line amply satisfies our needs and offers three advantages: there is a natural global
coordinate on A!, every G-torsor on A! is trivializable, and the monodromy of any local
system is trivial. Rather than looking for more generality, we will pragmatically stick with
this choice. Consistent with Sect. 2, the coordinate on A! is denoted by z.

Formally, the Beilinson-Drinfeld Grassmannian §rpP is defined as the functor on the
category of commutative C-algebras that assigns to an algebra R the set of isomorphism
classes of triples (x1, ..., x,; %, B), where (x1,...,x,) € A"(R), ¥ is a G -torsor over
A}Q and B is a trivialization of ¥ away from the points x1, ..., x, ([6, Sect. 5.3.10];
[43, Definition 3.3]; [46, Definition 3.1.1]). We denote by 7 : §rBP — A" the morphism
to the base which forgets ¥ and B. It is known that §rPP is representable by an ind-
scheme and 7 is ind-proper.

We are only interested in the set of C-points, endowed with its ind-variety structure.
Using a trivialization of ¥, we can thus adopt the following simplified definition: §r2P
is the set of pairs (x1, ..., X,; [B]), where (x1,...,x,) € C" and [B] belongs to the
homogeneous space

GY(Clz,z=x1) 7., (2 = x2) ']/ GY(C[2)).
This set is endowed with the structure of an ind-variety.

Example 5.1 ([6, Remark in Sect. 5.3.10]). We consider the case G = GLy. Here
the datum of [B] is equivalent to the datum of the C|[z]-lattice B(L¢) in C(z)", where
Ly = C[Z]N is the standard lattice. Let us write x for the point (x1, ..., x,) and set
fx=(z—x1)---(z — xp). Then a lattice L is of this form S(L¢) if and only if there exists
a positive integer k such that f¥Lo C L C f.%L,. For each positive integer k, define
(&r2P), to be the subset of §rP consisting of all pairs (x; L) with fkLocLc f7kL,.
We identify C[z]/( fXZk ) with the vector space V' of polynomials of degree strictly less
than 2kn, and subsequently identify Lo/ f2* Loy with VV. The space (§rEP) « can then
be realized as a Zariski-closed subset of

2knN
C"x ) Ga(v™)
d=0
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where G4 (V) denotes the Grassmannian of d-planes in V. In this way, §rEP is the
inductive limit of a system of algebraic varieties and closed embeddings, in other words,
an ind-variety.

We also want to deform the n-fold convolution variety Gr,. Accordingly, we define
gr, asthe set of pairs (x1,...,x,;[B1,--.,Bn]), where (x1,...,x,) € C" and [B1,. . ., Bx]
belongs to

GY(Clz, (z — x1) 7)) xG €D .. GV (CLED GV(C[z, (z — x,) ')/ G (Clz])

(see [43, Definition 3.8] or [46, (3.1.21)]). The set §r,, is endowed with the structure of
an ind-variety; it comes with a map my, : §r, — §r2P defined by

Mu (X1, Xn By -5 Bul) = X1y oo X3 [B1 -+ Bul)-

Example 5.2. We again consider the case GY = GLy. Then an element in §r,, is the
datum of a point (xq,...,x,) € C" and a sequence (Ly, ..., L,) of C[z]-lattices in
C(z)" for which there exists a positive integer k such that

(z —)Cj)ij_l CL;C (z —Xj)_ij_l

for all j € {1,...,n}; here again Ly = C[z]V is the standard lattice and L; =

(B Bj)(Lo).

In the above example, we can partition §r, into cells by specifying the relative posi-
tions of the pairs of lattices (L;j_1, L) in terms of invariant factors. This construction can
be generalized to an arbitrary group G as follows: given A = (A1,...,A,) in (A1), we
define ﬁri as the subset of §r,, consisting of all pairs (x1, ..., Xx;[B1,- .., Bx]) With

Bj € GY(Clz])(z — x)* G¥(C[2])

for j € {1,...,n}. The Cartan decomposition
GV(Clz.c—x)™ D= || GY(CEDE-x)"GY(CE)
Aj eAT
yields
gr, = |_| ﬁrﬁ
re(at)n
and it can be checked that
grt = || grk. (25)
neaty
P1ZA L eestbn SAn

In addition, the maps (x1,...,x;;[B1.....B;]) = (x1, ..., xj—1; [B1..-.. Bji-1])
exhibit ﬁriL as the total space of an iterated fibration with base ﬁr'}‘ and successive
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fibers ﬁr'}z, cee ﬁr?". It follows that §r# is a smooth connected variety of dimension
2p(|A]) +n.

Let us now investigate the fibers of the map = om,, : §r, — C". Given x € C, we set
Oy = C[z — x] and Ky = C((z — x)). We identify @ and K with O, and K, by means
of the map z > z — x.

We fix x = (x1,...,x,) in C”. Let supp(x) be the set of values y € C that appear
in the tuple x. For y € supp(x), denote by m, the number of indices j € {1,...,n} such
that x; = y and choose an increasing sequence (po = 0, p1, pa2,..., DPm, = n) in such a
way that each interval [pr_; + 1, px] contains exactly one index j such that x; = y. For
B =[B1....,Bx] in the fiber

(Frn)x = GV (C[z, (z—x1) P x G CED..x G CED GV(C[z, (z—x,) ')/ GV (C[2)),
we define ©(B)y as the point [(B1+++ Bp,). (Bpy+1+*Bp). -+ (Bpyy—i 1+ Bu)l in

GV (Ky) xC O .G O GV (K,) /GY(0)) = Grm,

my factors GV (Ky)
(note that ®(f), does not depend on this choice, because 8; € G¥(O9,) if x; # y).
Proposition 5.3. The map B — (O(B),) is a bijection
(Ern)x 5 l_[ Grp,, .

¥ €supp(x)

Proof. Combining the Iwasawa decomposition (1) with the easily proven equality
NY(Kx) = NY(Clz,(z = x)T'DNY(Ox), (26)
we obtain the well-known equality
GY(Kx) = GY(Clz, (z = x) "G (0x),

for each x € C.

The case n = 1 of the proposition is banal. Assume that n > 2, and for y € supp(x),
pick yy € Gry,,. Set X' = (x1,...,Xp—1) and m = my,,, and write yx, = [y1,...,Vm]-
Reasoning by induction on n, we know that there is a unique B’ = [B;,..., By—1] in
(§r,—1)x such that

o)y =1 pn 7
d Y1, s Ym=—1] ifx, = y.

The elements y1, . . ., ym belong to G (K'), which we identify with GV (K, ). We choose
Bn € GV(Clz, (z — x,)~"]) such that

Bi-- - Bn=1)"' 1. ¥m) € BuGY (Ox,).

Then [B1, ..., Bu—1, Bx] is the unique element B in (§r,)x such that ©(B), = y, for
all y. ]
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Keep the notation above for x and the integers my, and let A = (Ay,...,4,) in (A1)".
For each y € supp(x), define A,, € (A*)™> as the ordered tuple formed by the weights A;
for j € {1,...,n} such that x; = y. Then, under the bijection given in Proposition 5.3,
the fiber (§r2), identifies with

l_[ Grfnyy.

Y €supp(x)

5.2. Global cycles
Recall our notation NV for the unipotent radical of BY. For i € A and x € C, we define
Sulx = G =0)*NY(Clz,z =0)7']) = NV(Clz, (2 =) Dz — 0"
Equation (26) expresses that the natural map
NY(Clz, (z = x)"'D/NY(C[z]) = NY(Kx)/N"(0x)
is bijective; composing with the natural map N (K)/NY (@) — Gr, we obtain, after left
multiplication by (z — x)*, a bijection
Sux/NY(Clz]) = Sy

For (p1,...,pun) € A", let Sy, o<+ - ¢S, be the set of all pairs (x1,...,x,;[B1.. .., Bul)
with (xq,...,x,)in C" and [By, ..., Bxn] in

Surpey XN CEV L NTCED S, L INY(CL2D.
Rewriting the Iwasawa decomposition as

GY(Clz, (z =)' = || NV(Clz. =)' D = 0)*GV(C[2)).

HEA
we then see that the natural map
Y |_| Sy xSy, > gry
(U150 ln) EAT

is bijective. Here V¥ is regarded as the calligraphic variant of the letter ¥ used in Sect. 2.2;
these two glyphs may be hard to distinguish, but hopefully this choice will not lead to any
confusion.

More generally, given (i1, ..., 4n) € A" and NV (O9)-stable subsets Z; € Sy, ...,
Z, C Sy, wedefine Z o< - o< Z, to be the subset of all pairs (X1, ..., X [B1.....Bx])
with (x1,...,x,) € C" and

[Bi.....Bu] € Zlm < NY(ClzD .., (NY(C[z]D anxn /NV((C[Z])

where each Z jlx, 1s the preimage of Z; under the map S wilx; = Su;-
For u € A, we define

Su=|J  W(Su x-Sy,

(1 5meesin ) EAT
Hittin=p
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Proposition 5.4. Let A = (A1,...,A,) in (AT)" and let i € A.

(i) All the irreducible components ofﬁr,)lL N Su have dimension p(|A| + p) + n.

(i) The map (Zy,...,2Zy) —> Y(Z; o« --- x Z,) induces a bijection

I_l « Z A1)y XX Z ) i)h‘r(ﬁriﬂsu).
(11 5eeesbbn ) ENT
ey
(The bar above Y(Z1 -+ X Z,) means closure in Su-)

Proof. Let (i1,..., n) € A" be such that ;g + -+ + p, = pandlet (Z4,...,2Z,) €
+Z A1), X %+ Z(An)y, - Then the set W(Z; o --- o« Z,,) is irreducible. By Proposi-
tion 5.3 and its proof, the fiber of this set over a point x € C” is isomorphic to the product,
over all y € supp(x), of cycles

W(Z; x---x Zj, ) C Grp

where ji,. .., jm are the indices j € {1,...,n} such that x; = y. We remark that if we set
Ay = (Aj,.... Aj,) and wy = wj; + -+ + W, then this cycle belongs to « Z'(4y) .
By Proposition 2.2 (i), the dimension of the fiber of ¥(Z; o --- &< Z,) over x is therefore

D p(Ay ]+ ) = p(A] + p)
¥ €supp(x)

and we conclude that W(Z; o .-+ x Z,) has dimension p(|]A| + @) + n.

To finish the proof, we observe that the sets W(Z; o --- o Z,) cover §r> N S,, and
are not redundant. m

Our MYV bases are defined with the help of the unstable subsets 7}, instead of the
stable subsets S,,. We can easily adapt the constructions of this subsection to this case
by replacing the Borel subgroup BY with its opposite with respect to T, and replacing
similarly its unipotent radical N¥. We shall do this while keeping the notation o and Y.
Note that when we replace S w by

Ty = U W(Thy oo Ty,)
(5 mn)EA"
p1ttun=p

in Proposition 5.4, p(|A| + @) + n must be replaced by p(|A| — u) + n and the sets
#Z (A;); must be replaced by their unstarred counterparts.

5.3. The fusion product

For any x € C, the fibers of ﬁr,‘?D and §r, over (x, ..., x) are isomorphic to Gr and Gry,,
respectively. Thus,

§r3D|A = AxGr and Gru|a SA x Gry,
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where A is the small diagonal, defined as the image of the map x — (x, ..., x) from C
to C™. At the other extreme, the morphism m, : §r, — §rEP is an isomorphism after
restriction to the open locus U € C” of points with pairwise different coordinates (see
[46, Lemma 3.1.23]), and by Proposition 5.3, §r,|y is isomorphic to U x (Gr)"”. We
define maps 7, i, j and ¢ according to the diagram

Gry e A x Gry — s Grp +—— U x (G —— (Gr)"
TR
A x Gr grpP griP|y
| | |
A Cn U

LetA € (AY)" and u € A, set
BA) =1C(grk,C), d =dim&r} =2p(A]) +n, k=2p(n)—n

and denote the inclusion 7}, — §r, by i,. The next statement is due to Mirkovi¢ and
Vilonen.

Proposition 5.5. (i) There are natural isomorphisms
i'B(A)[n] = ' 1C(Gr*, C)

and . _
J BN = ¢ (IC(Gr*, C) m - - m IC(Gr', €)).

(i1) Each cohomology sheaf of (7t o my)«%A(A) is a local system on C",

(iii) The complex of sheaves (7 o my o iu)*(iu«)!% (A) is concentrated in degree k and
its k-th cohomology sheaf'is a local system on C".

Proof. To prove statement (i), one follows the reasoning in [4, Sect. 1.7.5], noting
that Z(A) and IC(Grﬁ, C) are the sheaves denoted by (°.%;,) ®--- & (¢°.%),) and
S, B R F, in loc. cit. Statement (ii) is [39, (6.4)]. Statement (iii) is contained in
the proof of [39, Proposition 6.4], up to a base change in the Cartesian square

. {
T — " g,

Lk

k
T, (A") —2— grBP "

Combining Propositions 2.1 and 5.5 (i), we see that the total cohomology of the
stalk of the complex (7 o m,)«Z(A) identifies with F(.#,) at any point in A, and with
F(A,) Q- ® F(H,) atany point in U. Statement (ii) in Proposition 5.5 thus provides
the identification

F(A) = F(A,) Q- Q F(A,,)
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required to compare the two bases of V(A). Statement (iii) further identifies the weight
spaces

Fu) = P Fu(4) 8 ®Fu(s,).

(W1 5eees b )EAT
w1t pn=pn

5.4. Intersection multiplicities
We keep the setup introduced in the previous section. In addition, we denote by
L) = %k(” O Mp O tu)*(tp«)'%(l)

the local system appearing in Proposition 5.5 (iii).
For each point x € C”, we define maps as indicated below:

Gry N Ty — (T,

hx‘ "LX:

g’ ﬁrﬁ N7, ———T,

., |8 fu
Gy | — (Fr) —|— (%)

" N N

gr} —— Gy cr

j momy

where for instance (ﬁrf[)x is the fiber of ﬁr;} over X. (The notation i and j does not
designate the same maps as in the previous subsection.) We then construct the following
diagram, referred to as (O) below:

.. ~ . NEgri .
HX(Ty, () BA) —— Hk"'d(grﬁﬂTM,g!Qgr%) ——— " HM (grhTy)

:‘ l J/(g*ux)m
N[Egra)y

H¥(Tx. 0} 1* B(R)) 5 HEH(SrinT )y 8"C g0 ) ———2 HPY _, (SrinTu)y)

The left vertical arrow in (Q) is the restriction of the cohomology with support in TM
from §r, to (9r,)x. In other words, it is the image by the functor Hk(TM, (iu)!_) of
the adjunction morphism Z(A) — i«i*%(A). Lemma 5.7 below implies that it is an
isomorphism. Likewise, the middle vertical arrow is the restriction from ﬁri to (§ rﬁ)x,
afforded by the adjunction morphism j*Z(A) — h.h* j*B(A).

On the top line, the left arrow is the restriction from §r, to ﬁrﬁ, fulfilled by the
adjunction morphism B(1) — j«j*#(A) = j«Cg, [d]. On the bottom line, it is the
restriction from (§r,)x to (ﬁrﬁ)x, achieved by i*Z(X) — (j)«(j)*i*%#(A). Mirkovi¢
and Vilonen’s argument (reproduced in Sect. 2.3) shows that these two arrows are iso-
morphisms.
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The two paths around the left square in (Q) are two different expressions for the
restriction from §r, to (§ ”2),& therefore this square commutes.

In both lines of (Q) the right arrow is Alexander duality. We note that
Hgﬁ’[k (ﬁrﬁ n Tu) and H(?E’Ik_z n((ﬁrﬁ N T,L)x) are the top-dimensional Borel-Moore
homology groups.

The map # is a regular embedding of codimension #. Its orientation class (generalized
Thom class) is an element

p) !
uy € H((9r3) h'C ).
The right vertical arrow in (Q) is the cap product with

gfuy € HZ"((ﬁr,’} N T, (h/)!ggrﬁmm)’

the restriction of uy to 72 N 7},.
Lemma 5.6. In the diagram (Q), the square on the right commutes.

Proof. Applying formula IX.4.9 in [24], we get ux N [§ ri] =[(g ri)x].
Formula (8) in [15, Sect. 19.1] (or formula IX.3.4 in [24]) asserts that given a topolo-
gical manifold X and inclusions of closed subsetsa : A — X and b : B — X, for any

o€ H*(A,a'Cy), B e H®*(B.b'Cy), C e HIMX)

one has
b*a)N(BNC)=(@UB)NC. 7

Using the six operations formalism, one checks without much trouble that this result is
also valid if A and B are only locally closed.
Now pick
k+d A r !
ge H* (ry,; N Tu,gggr%).

Applying (27) twice and using the fact that ux has even degree, we compute
(1§ N (ux N [Fry) = (EVux) N[Fr3] = (ux UE) N[Fry] = (¢ux) N (€ N [F77)).

This equality means precisely that £ has the same image under the two paths in (Q) that
circumscribe the square on the right. ]

Lemma 5.7. There are natural isomorphisms

HY(T,, (4,)' B()) = HO(C", £,(A))  and  H*((Tp)s, (0})'i*BQA)) = (L.(L),
and the left vertical arrow in (Q) is the stalk map H®(C", %, (1)) = (ZLu(X)),

Proof. The first isomorphism is

H(C", Z,(A)) = HY(C™, (7w o mu)u (i) (i) B(A)) = H¥(T,0. (i)' B(X)).
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The second one requires the notion of a universally locally acyclic complex (see [10,
Sect. 5.1]). Specifically, Z(A) is (; o m,)-ULA ([42, proof of Proposition 1V.3.4] or
[43, Lemma 3.20]), so there is an isomorphism

i*BA) — i’ BA)[2n].
Then
H*(T))x (1)) '1*BA)) = H*((T))x. (i],)'i' B(A)[2n)
= H*({x}, (T o mn)« (£} (i) 'i' Z(A)[2n])
= H¥({x}, (r 0 my)u(i])«i" (i) B(A)[2n])
= H*({x}, (i0) (7t 0 mp) (i) (i)' B(1)[2n]).

the last step being proper base change. Now (7 0 my,)« (f,,) « (i,,)’%’(l) is the local system
Z,,(A) shifted by —k, and therefore

H*((T)x. (i)'i* 2(A)) = H°({x}, (i0)' Zu(A)[2n]) = HO({x}, (i0)*Z. (X))
= (ZuA))x
as desired. [

By Proposition 5.4, the irreducible components of ﬁrﬁ N Tu are all top-dimensional
and can be indexed by

L] 2G0u xx Z0m)u,: (28)

namely, to atuple Z = (Z4, ..., Z,) is assigned the component

X(Z) =V(Z, - X Zp) N Er,

the bar denoting closure in pr From now on, to simplify the writing, we will substitute
Z (L), for the cumbersome compound (28), using implicitly the bijection (2).

The proof of Proposition 5.4 shows that for any x € C”, the irreducible components
of the fiber (ﬁrﬁ N Tu)x all have the same dimension and can be indexed by Z°(4),,. Let
us look more closely at two particular cases.

If x € C” lies in the open locus U of points with pairwise different coordinates, then,
under the bijection (§r,)x = (Gr)” from Proposition 5.3, the irreducible components of
(&r} N T,), are identified with the sets

X(Z)x = (Zy NGrM) x -+ x (Zy N Gr*) (29)

withZ = (Zy,....Z,) in Z(A).
On the other hand, recalling that an element Z € Z°(4),, is a subset of Grf,, we may
consider the preimage ¥(Z) of A x (Z N Grﬁ) under the isomorphism §r,|a S Ax Gry,.
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Then for any x € A, the irreducible components of the fiber (ﬁrﬁ N T,), are the sets
YZ)xforZ € Z(X),.

Let us introduce a last piece of notation before stating the next theorem. In Sect. 2.3,
we explained the construction of the MV basis of the p-weight space of V(4). This basis
is in bijection with Z(41), and we denote by (Z) the element indexed by Z. On the
other hand, given Z = (Zy,...,Zy) in Z (A1) x --- x Z(A,), we can look at (Z)) =
(Z1) ® --- ® (Z,), another element in V().

Theorem 5.8. Let (Z/,Z") € (Z°(A) ). The coefficient az; zy in the expansion

(= > azz(Z)

ZeZ (M),

is the multiplicity of Y(Z') in the intersection product X (Z") - (§r2)| A computed in the
ambient space r?.

Proof. Taking into account Lemma 5.7, the diagram (Q) can be rewritten as follows:

HO(C", £, (L)) ——— HBM(gr* N T),)

top

:J/ l(g*ux)m

(L)) —=— Hp'(§r N Ty
The fundamental classes of the irreducible components of €r* N T, and (§r* N T},),
provide bases of the two Borel-Moore homology groups, both indexed by Z(4),. In
these bases, the right vertical arrow can be regarded as a matrix, say Qy. This matrix can
be computed by intersection theory: applying [15, Theorem 19.2], we see that if x € U
(respectively, x € A), then the entry in Qy at position (Z', Z") is the multiplicity of X (Z')x
(respectively, Y(Z)y) in the intersection product

X(@")- (Grh),

computed in the ambient space ﬁrﬁ. Identifying §r,|y with U x (Gr)" by virtue of
Proposition 5.3 and using the description over U of X (Z’) and X (Z") afforded by (29),
we see that Oy is the identity matrix for each pointx € U.

According to the discussion at the end of Sect. 5.3, the geometric Satake correspond-
ence identifies V(4), with each fiber of the local system £}, (4). The basis element (Z)
is the fundamental class of X (Z)x when x € A, and the basis element {(Z)) is the fun-
damental class of X (Z)x when x € U. Therefore, the coefficient az/ z~ in the statement
of the theorem is the entry at position (Z’, Z”) in the product Qx, X (Qx, )}, for any
choice of (xa,Xxy) € A x U. ]

In particular, the entries az z~ of the transition matrix between our two bases are
nonnegative integers.

Proposition 5.9. In the setup of Theorem 5.8, the diagonal entry azy z» is equal to 1.
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Proof. WriteZ' = (Z1,...,Zy) in Z (A1) x --- X Z(A,). By the slice theorem applied
to the quotient map GV (C|[z, z~!]) — Gr (or, in this concrete situation, using [17,
Remark 15 and Corollary 5]), we can find, for each j € {1,...,n}, an affine variety U;
and amap ¢; : U; — GV(C[z,z7']) such that u > [¢; (u)] sends U; isomorphically to
an open subset of Gr"/ which meets Z -

For x € C and u € Uj, let ¢; (1) denote the result of substituting z — x for z in ¢; (u).
We can then define an open embedding ¢ as in the diagram

C" x (Uy x---xUn)L)ﬁrﬁ

-

cr cr

by setting

Sxr, . Xni U, Ug) = (XL X [P () g P (Un)x,])-

Since intersection multiplicities are of local nature, az~ z~ can be computed after restric-
tion to the image of ¢, where the situation is that of a trivial bundle. ]

5.5. An example

It is possible to put coordinates on ﬁr,’} and to effectively compute the intersection mul-
tiplicities mentioned in Theorem 5.8. In this section, we look at the case of the group
G = SL3. We adopt the usual description

A= (Ze, ®Zey, ® 283)/2(81 + &3 + €3)

of the weight lattice, so that V(e;) is the defining representation of G and V(—e3) is its
dual.

We consider the sequence of dominant weights A = (g1, —e3). The basic MV cycles
are Z; = Gr’' NT,; and Z_; = Gr ® N T, fori € {1,2,3}, and with this notation

FA) = {(Zi. Z-) | (i) € (1.2,3)%).

To abbreviate, we set Z; _; = (Z;, Z_;). For weight reasons, ((Z; —;)) = (Z; —j)if i # j.
The rest of the transition matrix between the two bases is given as follows:

(Z3,-3) = (Z3,-3) + (Z3,—2).

From these relations, we get (Z3,—3) = ((Z3,—3)) — ((Z2,—2)) + {(Z1,—1)). This allows one
to check that (Z3 _3) is G-invariant, which in truth is a consequence of the compatibility
of the MV basis of V(A) with the isotypic filtration (Theorem 3.4).

As an example, let us sketch out a computation which justifies that (Z; ;) appears
with coefficient 1 in ((Z, —»)). We consider two charts on § r%, both with C® as domain:
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[ [(z—x1 a b 1 0 0
b1 0 (x1,x2,a,b,¢c,d) — | x1,x2; 0 1 0],lc z—x3 0 ,
0 0 1 d 0 Z—Xo
/1 0 0 z—xp ¢ 0 7]
Gs: (x1,x0,a' b, d) > | xi,x0: | |a z—x1 D), 0 1 0
R 0 1 0 d z—x

(The matrices here belong to the group PGL3(C[z — x1, z — x3].) One easily computes
the transition map between these two charts:

a =1/a, b =-bja, ¢ =—a(ac+bd +x,—x1), d =—ad.

In the chart ¢, the cycle ¥(Z;, ) is defined by the equationsa = b = x, — x; = 0.
In the chart ¢», the cycle X (Z,,—») is defined by the equations 5’ = ¢’ = 0. Thus, the
ideals in R = C|[xy, x2,a, b, ¢, d] of the subvarieties

V=07'¥(Zi1-1) and X =7 (X (Z2.-2))
are respectively

p=(a,b,x—x1) and g = (b,ac + x2 — x1).

Since g C p, we have V' C X; in fact, V is a subvariety of X of codimension 1. The local
ring A = Oy,x of X along V is the localization of R/q at the ideal p/g. Observing that
¢ is not in p, we see that its image in A is invertible, and then that x, — x; generates the
maximal ideal of A. As a consequence, the order of vanishing of x, — x; along V' (see
[15, Sect. 1.2]) is 1. By definition, this is the multiplicity of ¥(Z; ;) in the intersection
product X (Z5,—2) -ﬁr% [A.

5.6. Factorizations

A nice feature of the Beilinson—Drinfeld Grassmannian is its factorizable structure (see for
instance [42, Proposition II.1.13]). On the other side of the geometric Satake equivalence,
this corresponds to associativity properties of partial tensor products.

Letn= (ny,...,n,) be acomposition of n with r parts. We define the partial diagonal
Apn={(x1,.... %1, Xpseo Xp) | (x1,...,x,) € CT}L
N’ N——————
n1 times ny times

We write A as a concatenation (A (q), ..., A()), where each A ;) belongs to (A*)"/, and

similarly we write each Z € 2°(1), as (Z, . . ., L)) with Z(;y € Z(A(jy). Then
VA) =VRAw) ®---®V(Ap) and (Z)) € V(A())-

Further, define

X(Z,n) =V(Z; o< Zy)|a, N Gr}
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where the bar means closure in (7},)|a,. The X (Z, n) generalize the set X (Z) defined in
Sect. 5.4, as the latter corresponds to the composition (1, ..., 1).

Theorem 5.8 can then be extended to this context in a straightforward fashion, as
demonstrated by the following statement.

Proposition 5.10. Let (Z',Z") € (Z°(A),)?. The coefficient bz; 7 in the expansion

(Z() ® - (L(y) = > brz(Z)
ZeX (M),

is the multiplicity of Y(Z') in the intersection product X (Z",n) - (ﬁrflL )|a computed in
the ambient space ﬁr,); [A,-

The proof does not require any new ingredient and is left to the reader.

5.7. Triangularity

In this section, we show that the transition matrix described in Theorem 5.8 is unitriangu-
lar with respect to a suitable order on Z°(1),,.

Proposition 5.11. Let (u1,...,Un) and (vq,...,vy) in A" and let § be a stratum for the
ind-structure of §ry. If Y(T,,, o<--- o T, ) meets the closure of § NW(T},, oc--- o< Ty,),
then

Vi = f1, Vi+tva=prt+ M2, oo, VitV = U+ Une
Proof. Given atuple § = ({1,...,¢,) in (A/ZD)", we set
Grpe = I_l ﬁrﬁ.
Ae(atyr
/\16{'1 ..... /1,,6{',,

From (25), we deduce that each §r, ¢ is closed and connected in the ind-topology. As
these subsets form a finite partition of the space §r,, they are its connected components.
We easily verify that a subset of the form W(7),, o--- o< T},,) is contained in §r, ¢
if each ; is the coset of u; modulo Z®. Therefore, a necessary condition for the set
Y(T,, -+ T,,) to meet the closure of § N W(T},, -+ T, )isthat u; —v; € Zd
foreach j € {1,...,n}.

Let AY € Homgz (A, Z) be a dominant integral weight for the group GV and let V
be the finite-dimensional irreducible representation of GV of highest weight AY. Then
GY(C(z)) acts on V ® C(z). The standard lattice Ly = V ® C|[z] is left stable by
GV (C[z]).

We choose a nonzero linear form p : V' — C that vanishes on all weight subspaces
of V' but the highest weight subspace. Extending the scalars, we regard p as a linear form
V®C(z) > C(2).

Forx = (x1,...,x,)inC",weset fy =(z—x1)---(z —xp). Let § be a stratum for the
ind-structure of §r,. There exists a positive integer k such that ka Lo C By Bu(Lp) <
fx_kLo for each (x1,...,xu:;[B1,...,B8x]) € 8.
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Now we take (u1,...,un) € A" and (x1,...,X,;[B1, ..., Bx]) in the intersection
SNY(T,, o<+ xTy,). Then p(Bi1 - Bn(Lo)) is the fractional ideal

(z —x)®) (z — ) I C ],
and therefore

dim(p(B1 -+ Bn(L0))/fXCz]) = kn — AV, g + -+ + fan).

If the point (x1, ..., Xs; [B1, ..., Bn]) degenerates to

015y lyn - vn) e W0, oo Ty,

then
dim(p(y1 -+ yu(Lo))/£FCl2]) < dim(p(B1 -+ Bn(L0))/ fEC[2])

which translates to
AV vr 4 dvn) = A A A ).

This inequality holds for any dominant coweight AV, hence vy +---+v, > 1 +--+ tn.

This proves the last of the stated inequalities. The other ones can be obtained in a
similar way, by taking the image under the obvious truncation map §r, — §r; for each
je{l,...,n}. |

Corollary 5.12. In the setup of Theorem 5.8, let (i1, ..., un) and (v1,...,vy) in A"
be such that ' € A1)y, X -+ X Z(An)y, and 2" € Z A1)y, X -+ X ZAn) -
A necessary condition for azs z» # 0 is that

Vi = M1, Vit+Vva= g1+ f2, ..., Vit tVp—1 =1+t Up-ts

We can obtain more stringent conditions regarding the transition matrix by look-
ing at the associativity properties from Sect. 5.6. The sharpest result is obtained with a
composition (1, n;) of n with two parts. Accordingly, we write A as a concatenation
(A1), A(2)) and similarly write each Z € () as (Z1), Z(2)). Here Zy) is an element in
Z (A1) x -+ x Z(Ay,), but owing to the bijection (2) it can also be regarded as a cycle

. A
in Grnl(”.

Theorem 5.13. Let (Z',Z") € (Z (L)) Consider the expansion

(Z(1)) ® (Z() = Z bz,2(Z).

ZeF (),

If by 77 # 0, then either 7/ = 7" or Z’(l) - Z’(’l) as cycles in Gril(”. In addition, bz 7y
=1.

Proof. LetZ' = (Z1,...,Z})and Z" = (Z7,...,Z)) in Z(A),.
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For j € {1,....n}, let u; be the weight such that Z7 € Z°(4;),,;. Using the gallery
models from [17] (or Theorem 4.6 and Proposition 4.8), we find a nonnegative integer d;
and construct a map ¢; : C4% — N™V(C[z,z™']) such that {[¢;(@)z"*]|ae C%}isa
dense subset of Z7. Then

$:(xan,....a,) > (X [p1@D)x, (2 —x)" L. dn(@n))x, (2 — x0)"])

maps C” x C¥1 x ... x C% onto a dense subset of W(Z/ oc--- o Z}'), where the notation
(.. .)|x means the result of substituting z — x for z in (...).

Assume that by 7z # 0. By Proposition 5.10, ¥(Z’) is contained in X(Z", (ny, ny)),
hence in the closure of W(Z o<+ X Z1)|A¢,, 1y

Take a point in Z) N Gr:\,f”, written as [gi1, ..., gn,] Where each g; is in
GV (C[z,z7]). We can complete this datum to get an element

r'=1(,...,0;[g1,...,&n))

of ¥(Z'). Working in the analytic topology for expositional simplicity, we see that I is the
limit of a sequence (¢ (Xp;a1,p, ..., 85, p))peN WithX, € A, 4, and (a1,p,...,a,,p) €
C1 x ... x C9 . We write

Xp = (X1,p,--., X1,p. X2,p, ..., X2,p) With of course pli)ngoxl,p :pangoxz,p =0.
nq times no times
(30)
Then
g1,-.. vgnl] = pli)n;o[gbl(5'1,1))ZM1 vees Pny (al,nl)Z'unl]lxl,,,
= p]l)n;o[gbl (al,P)ZM1 seees ¢n1 (al,n1)z'unl]

is the limit of a sequence of points in Z/(/l). Therefore Z’(l) N Grif” C Z’(’l), whence the
. . ’ 2728
inclusion Z(l) C Z(l).

In addition to bz z» # 0, assume that the last inclusion is an equality. Then we
have Z/(l) = Z’(/l) because these two MV cycles are irreducible components of the same

) _ .
Grp” N (mp,) " (Ty,,), with indeed 1y = p1 + - -+ + n, . We regard Z{, and Z, as

cycles in Grif). Take a point in Z/(z) N Grif), written as [g,,+1. - - . . §»] Where each g;
isin GV(C[z,z7']). We can then look at the element

F=(0,...,0;[z"",....2"" [ gn 41, ..., &n))

of ¥(Z'). Again T is the limit of a sequence (¢ (Xp;a1,p.. ... n,p))peN WithX, € Ay 1)
and (a1 p,...,8,,,) € C9 x .. x C% We set

By = z7 MW g1 (ay,p)z!t - duy (an,,p)z" 1.
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Writing again (30), we have

LM(]) = pli)n;o[zml)Bp]lxl,p = pango[ZM])Bp] 31
and
M0 [gn 410 .. gnl
= pli)n;o(zml)Bp)lxl,p [Py +1(@n,+1,p) 2" ¢n(an,p)zun]|x2,p- (32)

Let K be the kernel of the evaluation map N~V (C[z!]) = N=V(C) at z = oo. The
multiplication induces a bijection

K x N™Y(C[z]) = N~Y(C[z,z71]).

We decompose B), as a product B_ , B , according to this bijection. Using (31) and
identifying the ind-variety Ty with K, we find that B_ , — 1 as p — oo. Inserting this
information in (32), we obtain

[gn1+15 -+, gn] = lim By pldn,+1(@n,+1,p)2" 1L Pu(@n, p)z""],
p—>00
SO [gn,+1, .-, &n] is the limit of a sequence of points in Z/(/z)- We conclude that

Zl(z) C Z'(’z), and since these two cycles have the same dimension, actually Z/(z) = Z,(/z)'
To sum up: if bz 7z # 0, then Zh) c Z’(’l), and in case Z’(l) = Z'(’l), we additionally

have Zl(z) = Z’(’z). This proves the first statement in the theorem. The second one is proved

in the same manner as Proposition 5.9. |

Remark 5.14. Using Theorem 5.13, one easily sharpens Corollary 5.12: with the notation
of the latter, if azs z» # 0, then either Z' = Z” or one of the displayed inequalities is strict.
The proof is left to the reader.

Application to standard monomial theory. Let A € AT and let £ C V(L)* be the line
spanned by a highest weight vector. The group G acts on the projective space P (V(1)*);
let Q be the stabilizer of £, a parabolic subgroup of G. The map g + g induces an
embedding of the partial flag variety X = G/Q in P(V(1)*). We denote by . the pull-
back of the line bundle &(1) by this embedding. Then the homogeneous coordinate ring
of X is
Ry = HO (X, 2%™);
m=>0

here H?(X, £®™) is isomorphic to V(mA) and the multiplication in R} is given by the
projection onto the Cartan component

V(imA) @ V(nd) — V((m + n)A).

The algebra R, is endowed with an MV basis, obtained by gathering the MV bases of the
summands V(mA).
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Each MV cycle Z € 2 (1) defines a basis element (Z) € V(A). Given an m-tuple
7 = (Z:,...,Zy) of elements of Z (1), the product (Z;) ---(Z,,) in the algebra R, is
the image of (Z)) = (Z1) ® --- ® (Z,,) under the projection V(1)®™ — V(mA). This
product is called standard if Z lies in the Cartan component of the crystal 2(1)®™.

Remark 3.5 implies that the MV basis element (Z) € V(1)®™ goes, under the projec-
tion V(1)®™ — V(mA), either to an element in the MV basis of V(mA) or to 0, depending
on whether Z lies or not in the Cartan component of 2 (1)®"™.

Using Corollary 5.12 and Remark 5.14, we can then endow, for each degree m, the
Cartan component of 2(1)®™ with an order, so that the transition matrix expressing the
standard monomials in the MV basis of R is unitriangular. In particular, the standard
monomials form a basis for the algebra R too, and straightening laws can be obtained
from Theorem 5.8.

The dual of the MV basis is compatible with the Demazure modules contained in
V(mA)*; this property is recorded in [3, Remark 2.6 (ii)] but the crux of the argument is
due to Kashiwara [26]. This implies that for any Schubert variety ¥ C X, the kernel of
the restriction map

P HOx. 2% —~ P HO(Y. £°™)

m>0 m>0
is spanned by a subset of the MV basis of Rj. Therefore the homogeneous coordinate
ring of Y is also endowed with an MV basis.

These observations suggest that the MV basis could be a relevant tool for the study of
the standard monomial theory.

5.8. A conjectural symmetry

Recall the notation set up in Sects. 3.1-3.2. Given L € A", we set A* = —wpA, where
as usual wo denotes the longest element in the Weyl group W. As is well-known, there
exists a unique bijection o : B(A) — B(A*) which for each i € I exchanges the actions
of ¢; and f, In our context, we will regard o as a bijection 2 (1) — 2/ (A*) and may
define it by means of [33, Lemma 2.1 (e)] and Theorem 4.9.

Now letn > 1 and let A = (A1,...,A,) in (AT)". We set A* = (A%, ..., A}) and
define a bijection

0:ZA) XX ZL(Ay) > Z(Ay) X+ x Z(A])

by o(Z1,...,Zy) = (0(Z,),...,0(Z1)). (Using the same symbol o to denote different
bijections is certainly abusive, but adding extra indices to disambiguate would overload
the notation without clear benefit.) The Cartesian products above are in fact tensor product
of crystals, and here again o exchanges the actions of ¢; and f, for each i € I [23,
Theorem 2].

Let u € A and choose (Z',Z") € (Z°(X),)?; we then obtain o(Z') and o(Z") in
Z (A*)—,. Recall the notation introduced in Theorem 5.8 to denote the entries of the
transition matrix between the two bases of V(1) and adopt a similar notation for V(1*).
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Conjecture 5.15. The equality az/ 77 = a¢z),6(z7) holds.

In type Ay, this conjecture follows from the results in [1]. Its general validity would
have two interesting consequences.

Firstly, one could then strengthen Theorem 5.13. Indeed, bz/,z» # 0 would imply not
only Z’(l) - %, but also o(Z’(Z)) - o(Z/(’Z)), restoring the symmetry between the two
tensor factors.

Secondly, the MV basis of an irreducible representation V(1) would then satisfy the
analogue of [37, Proposition 21.1.2]. In fact, one easily verifies that the MV basis enjoys
this property if A is minuscule or quasi-minuscule. Our conjecture would allow one to
deduce the general case by taking suitable tensor products, mimicking the strategy of

proof from [40].

6. The basis of the invariant subspace

Let n > 1 and let A € (A*)". The MV basis of V(4) is compatible with the isotypic
filtration, hence provides a basis of the fixed-point subspace V(1)C, called the Satake
basis in [13]. In this section we study two properties of this basis.

6.1. Cyclic permutations

Let us write A = (A1, ..., A,) and consider the rotated sequence Al = Az, ..oy An, A1),
Thus,

VA =VA)®--®V(A,) and VAN =V @ - @ V(i,)  V(Ay).
The signed cyclic permutation
X1® ® Xy > ()PP, @ ® x, @ 1,

defines an isomorphism of G-modules R : V(A) — V(A[). In particular, R induces a
linear bijection between the invariant subspaces.

Theorem 6.1. The signed cyclic permutation R maps the Satake basis of V(A)C to the
Satake basis of V(A11)C.

Theorem 6.1 replicates a similar result for the dual canonical basis due to Lusztig
[37, 28.2.9], and our proof below mirrors Lusztig’s argument. In the case where all the
weights A; are minuscule, Theorem 6.1 has been proved by Fontaine, Kamnitzer and
Kuperberg [13, Theorem 4.5]. The bijection induced by R between the two Satake bases
has a nice interpretation, both in terms of crystals (see [12]) and in terms of cluster com-
binatorics (see [22, Sect. 2.1.6]).

The rest of this section is devoted to the proof of Theorem 6.1.

As in Sect. 3, we denote by {¢; | i € I} the set of simple roots and choose simple root
vectors e; and f; in the Lie algebra of G of weights d-a; such that [e;, f;] = —;’. The
Weyl group W is generated by the simple reflections s; and contains a longest element wy.
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Given A € AT and w € W, we can pick a reduced word (i1, ...,i¢) of w and form
the product of divided powers

Q(w,k) = flfnl)f(nl)’ where nj = <o{i\;’sij+] "'sigk)'

e

This element does not depend on the choice of (iy, ..., i) (see [37, Proposition 28.1.2]),
which legitimizes the notation. We note that 6(wg, A) acts on V(A1) by mapping highest
weight vectors to lowest weight vectors.

We set A = A1, the first element in the sequence A. With the notation of Sect. 5.4, the
highest and lowest weight elements in the MV basis of V(1) are

va = ({L3}) and vy = (Grh).

Under suitable normalizations in the geometric Satake equivalence, these two elements
are related by vy,,1 = 0(wo, A) - v) (see [3, Theorem 5.2 and Remark 2.10]). We define
v} to be the linear form on V(A) such that (v}, v;) = 1 and v} vanishes on all weight
subspaces of weight different from A. Similarly, we define U:JO ) to be the linear form
on V() such that (vl";0 2> Vwoa) = 1 and v:)o ,, vanishes on all weight subspaces of weight
different from woA.

Let M be a representation of G. The assignment v ® m — (—1)2*®m @ v defines
an isomorphism P : VIA) @ M — M ® V(A).

We set A* = —woA. Let M° be the isotypic component of M corresponding to the
highest weight 1*, namely, the sum of all subrepresentations isomorphic to V(1*). Given
a weight u € A, we denote by M,, the corresponding weight subspace of M and set
M ; =M°NM,. Then M )‘C* is the set of all vectors in M« that are annihilated by all
the root vectors e;, and M 130 A is the set of all vectors in M, + that are annihilated by
all the root vectors f;.

Lemma 6.2. The following diagram commutes and consists of isomorphisms of vector
spaces:

V) ® M)° —L (M & V(L)°

v:’O)L ®idps idas ®vK (33)
0 (wo,A™)
o o
- -
M/l* M oA*

Proof. By additivity, we can reduce to the case where M is a simple representation. If
M is not isomorphic to the dual of V(A), then all four spaces are zero and the statement
is banal. We therefore assume that M =~ V(1*); in this case, all four spaces are one-
dimensional.

Let m « be a highest weight vector in M and set my, 3« = 6(wo, A*) - my«. There
exists a unique G-invariant bilinear form ® : V(A) x M — C such that ®(vy,a, mp*)

= 1. This form @ is nondegenerate and a standard computation gives @ (v, My *)
- (_1)2;)(1).
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The assignment v ® m +— ®(v, ?)m defines a G-equivariant isomorphism V(1) ® M
— End(M). The preimage x of idy by this bijection spans the vector space
(V(A) ® M)®. By construction, (1)1";0)L ® idp)(x) = my+ and (v ® idy)(x) =
(—I)ZP(A)mwOA*. Thus, both paths around the diagram map x to 71y, +. ]

We take M = V(A2) ® --- ® V(A,). We define M*® to be the step in the isotypic
filtration of M where the component M ° is appended to smaller ones. There is a natural
quotient map p : M* — M°.

We set 4 = Z(Ay) X -+ x Z(Ay). Using the notation introduced in Sect. 5.4, the
MYV basis of M consists of elements (Z) for Z € .#. Let #*° be the setof all Z € .#
such that (Z) € M *; since MV bases are L-perfect, {{(Z) | Z € .#*} is a basis of M*. Let
A ° be the set of all Z € .#*® such that (Z) ¢ ker p; then {p({(Z)) | Z € .#°} is a basis
of M°. In consequence, each weight subspace of M ° is endowed with a basis.

As a crystal, .Z decomposes as the disjoint union (direct sum) of its connected com-
ponents, and .#° is the union of the connected components of .# that are isomorphic
to Z(1*). For each connected component 4 C .#°, the subspace of M° spanned by
By = {p((Z)) | Z € €} is a subrepresentation isomorphic to V(1*), and by Remark 3.5,
B identifies with the MV basis of V(1*). The action of 8(wq, A*) therefore maps the
highest weight element in By to the lowest element in B. We conclude that the bottom
horizontal arrow in (33) maps the basis of M, to the basis of M ;’)0 1

Each element in the MV basis of V(A1) = M ® V(1) is of the form (Z) with Z in
ANy = 4 x Z()). Let V(L) be the sum of all the weight subspaces of V(1) other
than the higher weight subspace. Theorem 5.13 implies that for each Z ;) € .#,

(Zy) ® ({L2}) = ((Z@),{L2})) (modM ® V(X)x4).

Thus, for Z(1) € 4 and Z = (Z1),{L1}), we have (idy ® v})((Z)) = (Z)).

As evidenced by the crystal structure on .#Z ® 2°(A), the Satake basis of the space
(M ® V(X))C consists of the vectors (Z) for the pairs Z = (Zy, {L;}) such that
Zy € //4;0)&*' Noting that (Z)) € M;;o)t* for those Z;), we conclude that the right
vertical arrow in (33) maps basis elements to basis elements.

Similarly, the left vertical arrow in (33) maps the Satake basis of (V(1) ® M) to the

basis of M f* Lemma 6.2 then concludes the proof of Theorem 6.1.

6.2. Tensor product with an invariant element

Let (n’,n"") be a composition of n with two parts. Correspondingly, we write A € (A1)"
as a concatenation (A’, A”) and view each element in (1) as a pair (Z',Z") €
Z(A)yx Z@A").

The following proposition implies that the Satake basis of the invariant subspace
of V() satisfies the second item in Khovanov and Kuperberg’s list of properties for the
dual canonical basis (see the introduction of [30]).

Proposition 6.3. Let (Z/,Z") € Z(A). If (Z') € V(A')C, then (Z)) @ (Z") = (Z/,Z")).
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Proof. Let Z € % (A). Recall the map m, : Gr,y — Gr defined in Sect. 2.2 and the

notation yi7 from Sect. 3.4 and set j = 7 (Z). Then m,(Z') € Gr* and (Z') appear in

the isotypic filtration of V(1’) at the step where the component of type V(1) is appended.
If (Z') € V(1) then . = 0, accordingly Gr** = {L,}, and as a result

Z' < (mw)"'({Lo}) S (mr) ™' (To).

This implies that no MV cycle in 2°(A’) can be strictly contained in Z/. (Such a cycle

would be contained in (m,/)~!(T}), so would be an irreducible component of Grf“l,/ N
(mn)~1(Tp), and would end up having dimension p(|A’|), the same as Z'.) The desired
result now directly follows from Theorem 5.13. ]

7. Applications to the MV basis of C[/V]

We adopt the notation set up in the preamble of Sect. 3. Let N be the unipotent radical
of the Borel subgroup B and let C[N] be the algebra of regular functions on N. At the
expense of an isogeny, which does not alter N, we can assume that G is simply-connected.

For each dominant weight A € AT, we can choose a highest weight vector v, in the
representation V(1) and define the linear form vy : V(1) — C such that (v}, v;) =1
and (v}, v) = 0 for all weight vectors v of weight other than A. This yields an embedding
V; tv > (v, ?v) of V(A) into C[N], where (v}, ?v) stands for the function n > (v}, nv).
The MV bases of the representations V(1) can be transported to C[N] through these
maps V,, and they glue together to form a basis of C[N], which we call the MV basis
of C[N] (see [3]).

The algebra C[N] comes with several remarkable bases: the MV basis, subject of our
current investigation, but also the dual canonical basis of Lusztig also konwn as the upper
global basis of Kashiwara, and (in simply laced type) the dual semicanonical basis. The
theory of cluster algebras was developed in order to compute effectively these bases (or
at least, the dual canonical basis). Concretely, the cluster structure of C[N] allows one
to define specific elements, called cluster monomials, which are linearly independent and
easily amenable to calculations. It is known that both the dual canonical and the dual
semicanonical bases contain all the cluster monomials [20, 25], but also that these bases
differ (except when cluster monomials span C[N]).

The methods developed in Sect. 5 allow us to effectively compute products of ele-
ments of the MV basis of C[N]. This allows us to prove that this basis contains quite a
few cluster monomials (Proposition 7.2) and that it generally differs from both the dual
canonical and the dual semicanonical bases (Proposition 7.3).

7.1. Cluster monomials

As explained in [21, Sect. 4.3], each reduced word (i1, ..., i¢) of the longest element
wop in the Weyl group W yields a seed of the cluster structure of C[N]. The main result
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of this section, Proposition 7.2, presents a sufficient condition for the cluster monomials
built from one of these seeds to belong to the MV basis of C[N].

Setty = Homgz(A,R)andlet C ={x ety | Vi €I, (x,a;) > 0} be the Weyl chamber
in tﬂ\é. We consider the following condition on a reduced word (i1, ..., i¢):

(A) There exist xq €53, (C), X2 € (8i;5i,)(C), ..., xg € (i, -+ 5i,)(C) such that xx — x4
€ C foreachk € {1,...,£ —1}.

For instance, choose (x, y) € C? in such a way that the straight line joining x to —y
avoids all the two-codimensional faces of the Weyl fan in t. List in order the chambers
successively crossed by this line: C, s;, C, (s, 5i,)(C), . . .. The word (i1, 2, . . .) produced
in this manner is then reduced and obviously satisfies condition (A).

Let Q C A be the root lattice. We denote by Q. the positive cone in Q with respect
to the dominance order, that is, the set of all linear combinations of the simple roots «;
with nonnegative integral coefficients. We set 0 = —Q ;.

Lemma 7.1. Let (i1, ...,i¢) be a reduced word, set wy = s;, -~ s;, fork € {1,...,{},
and let (vq,...,v¢) € w1(Q-) X -+ X we(Q-). Assume that vi + -+ + vx € Q4 forall
ke{l,....£—1},and vy +---+ vy =0, and (i1, ..., i) satisfies condition (A). Then
vy =---=vp =0.

Proof. Weset o =0and g = vy + -+ vg fork € {1,...,£}. We pick x1,...,x¢ as
stated in condition (A). Then

o~

-1

¢
Z (Xk Vi) = Y (ks e — Jkm1) = )Xk — Xkg 1. k)
k=1 k=1 k=1

From x; € wi (C) and vg € wi(Q-), we deduce that (xj,vr) <Oforeachk € {1,...,£{}.
On the other hand, from x; — xx4+1 € C and ug € Q4+, we deduce that (x; — Xg4+1, Lk)
> 0 for each k € {1,...,£ — 1}. We conclude that each (xg, vg) is indeed zero, which
implies v = 0. ]

In Sect. 6.1, we defined, for each (A, w) € AT x W, a product (A, w) of divided
powers of the root vectors f;. We can then set vy, = 6(A, w) - vy; this is a vector of
weight wA in V(4). We define A 1, = Wi (vya), usually called a flag minor it A is
minuscule. We denote by {w; | i € I} the set of fundamental weights.

Proposition 7.2. Let (i1, ..., i) be a reduced word and define xj, = Awik Sy Siy T for
eachk € {1,...,L}. If (i1,...,ig) satisfies condition (A), then any monomial in X1, . .., Xy
belongs to the MV basis of C[N].

Proof. We choose A = (A1,...,Ay)in (AT)E. Fork e {1,...,£}, we set wg = Siy et Sip.
The extremal weight vector vy, 3, € V(Ar) belongs to the MV basis [3, Remark 2.10

and Theorem 5.2], s0 vy, 2, = {Zk) where Zj is the cycle Gr*+ N Twyay - We set =
wiAr + -+ wedp and Z = (Z4, ..., Zy). We adopt the convention of Sect. 5.4 and
regard Z as an element of 2°(4),; then ((Z)) = vy, 2, ® -+* @ Uy, 4, -
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Let us expand this element relative to the MV basis of V(1). As in Theorem 5.8, we
write
(Z) = > awz(@). (34)
ZeZ(A)u
Suppose Z' € Z(A),, satisfies az/z # 0. Let (v1,...,v¢) € A* be the tuple of weights
suchthat Z' € Z'(A1),, x---x Z(A¢)y,.Foreachk € {1,... £}, we have 2 (Ag),, # 9,
SO w,:lvk is a weight of V(1;), whence (vy — wgAy) € wip(Q-). From vy +---+ vy =,
we deduce that (v — wiAq) + -+ + (v¢ — weAy) = 0. And by Corollary 5.12, we get

(1 —widy) + -+ (v —wrdy) € O+

for each k € {1,...,£ — 1}. Then, assuming that (i, ..., iy) satisfies condition (A) and
applying Lemma 7.1, we find vy = wg Ay foreach k € {1,...,£ — 1}. In other words, none
of the inequalities given in Corollary 5.12 is strict. By Remark 5.14, this forces Z' = Z.
Thus, the expansion (34) contains a single term, namely (Z).

SetA =41+ -+ Agandlet p : V(L) — V(L) be the unique morphism that maps
vy, ® -+ ® vy, to vy. Noting that p is the quotient map to the top factor in the isotypic
filtration of V(A) and applying Remark 3.5, we find that p({Z)) belongs to the MV basis
of V(A). From the equality vy, 1, ® -+ ® vy,1, = (Z), we deduce that

Al],wlll "'Akg,we}% = (U:, p(?<Z>)) = ‘IJA(p((Z)))

belongs to the MV basis of C[N]. The claim in the proposition is the particular case where
each Ay is a multiple of w;, . L]

7.2. A computation in type D4

In [29], Kashiwara and Saito found an example in type As where the singular support of
a simple perverse sheaf related to the canonical basis is not irreducible. Looking again
at this situation, Geil3, Leclerc and Schréer [19] computed the dual canonical and dual
semicanonical elements and found that they were different. They also observed that a
similar phenomenon occurs in type Dy4. In [3, Sect. 2.7], this setting in type D4 was
examined anew: the MV basis is a third basis, different from the other ones. In an appendix
to [3], Dranowski, Kamnitzer and Morton-Ferguson extended this observation to the spot
in type A5 not covered by Kashiwara and Saito.

Let us have a closer look at the D4 case. As usual, we label the vertices of the Dynkin
diagram from 1 to 4, with 2 for the central node. Our three bases are indexed by the
crystal B(oo): given b € B(c0), we denote the corresponding dual semicanonical basis
element by C(b), the dual canonical basis element by C’(b), and the MV basis element
by C”(b). Letting bg be the highest weight element in B(c0), we set

bi = (L(fifsaf) o)bo and bis = (5)*(f1 /3 /a)* (/) bo.
Proposition 7.3. The basis elements are related by the equations

C(b12) = C"(b12) +2C(b1) and C'(b12) = C"(b12) + C(b1).
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The proof is given in [3], except for one justification left to the present paper. We here
fill the gap.

The fundamental weight > is the highest root o1 + 2a2 + a3 + a4. The crystal of
the representation V(@) (the adjoint representation) is pictured below. Highest weights
are towards the left, vertices are represented as keys f; with p, ¢ in {1,2, 3,4, 1,2,3, 4_1},
and operators fl f~2 f3 and f~4 are indicated by dashed, solid, dotted and dash-dotted
arrows, respectively.

[
1
1 >1/ \43 , 4
A4 A3 S BN BN
2 S 2,3 L 3- g N
// /’/ \N L T3 3 2 0N N —
1 >1 2 -7 N N 3 4 4 >3 2
% — - \ — — }7
2 3 40 L d 2. L1 o1 1
\\ \\/‘/ >\3 >4 >4/€ \// //
\N //\ /7 Z Z § \4 //\‘\‘J //

N
(NI
N W

2
3 >4\)
3

N
W A

- = — =

If we endow the weight lattice A with its usual basis (g1, €2, €3, £4), then the weight
of the element f; is simply €, + &4, with the convention that e; = —¢; fori € {1,2,3,4}.
The crystal contains four elements of weight zero, namely ;, ;, ; and : .

We set A = (w5, w») and look at the tensor square V(1) = V(w,)®2. As in Sect. 5.4,
its MV basis consists of symbols (Z), where Z = (Zy, Z,) is a pair in £ (w3) X Z (w>).
In addition, V(1) is endowed with the tensor product basis. To keep the notation straight-
forward, we indicate MV cycles by the keys Z , making use of the isomorphism between
% (w,) and the crystal pictured above.

We claim that

Gle(3) =20 0 +(G- DN +G DN+ D)
GG DN HE DG DG 69

Let p : V(w2)®? — V(2w>) be the unique morphism that maps vz, ® Vg, 10 V2, -
Applying W54, o p to (35), we obtain the equality

8
C"(b13)C"(b14) = 2C"(b1) + Z C"(b;) + C"(b12)

i=2

asserted without proof in [3]. Establishing (35) will therefore complete the proof of Pro-
position 7.3. Actually, an inspection of the proof in loc. cit. reveals that it is enough to
justify that the coefficient of (( )) is strictly larger than 1.

We will use Theorem 5.8 to prove this fact. Here the group GV is SOg. For (i, j) €
{1,...,8}, we denote by E; ; the 8 x 8 matrix with zeros everywhere except for a 1
at position (i, j). For each coroot «¥ € ®V, we define a subgroup x,v : C — GV by
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the following formulas, where 7 is the identity matrix, a € C, and i, j are elements in
{1,2,3,4} such thati < j:

Xe—ev(@) =1 +a(Eij — Eo—joi), X +e)v(a) =1 +a(Eio—; — Ejo-i).
Xej—eyv(@) =1 +a(Eo—jo—j — Eji), X(g—e)v(@) =1 +a(Eo—i,;j — Eo—j;).

For each root o, we define a map yq : C!© — GV (C|z,z7!]) by the formula
8
Y@ (@) = (T x4 @0) e (@5 + za10)z"
k=1

where a stands for the tuple (ay,...,a19) € C 10 and where ,3}’ e, ,Bg/ are the coroots
BY such that (8, a) = 1. We specify the enumeration in our cases of interest as follows.

o By By By By B3 B By By

e1tezr  (e1—e3)Y  (e1—e4)Y (e1+eq)Y (e1+e3)Y  (e2—e3)Y  (e2—e4)Y (e2+e4)Y (e2+e3)Y
—e1—e2 (—e2—€3)Y (—e2—e4)Y (e4—e2)Y (e3—€2)Y (—e1—€3)Y (—e1—€4)Y (ea—e1)Y (e3—&1)Y
ex—e3  (e2—€1)Y  (e2—e4)Y (e2+e4)Y (e1+e2)Y (—e1—63)Y (—e3—e4)Y (s4—e3)Y (e1—&3)Y

e3—ex  (e3—e1)Y  (e3—e4)Y (e3+e4)Y (e1+e3)Y (—e1—82)Y (—s2—e4)Y (s4—62)Y (e1—€2)Y

We now define two charts on ﬁr%, both with C22 as domain:

b1 1 (x1,x2,3,b) 5 (X1, X2 [Xey +e, (A) (2 = X1), Y=g -6, (D) (2 — X2)]),
d2 1 (x1,x2,8", D) > (1, %25 [Xer—e, (@) (2 — X1), Xe3—e> (D) (2 — X2)]).

One can then compute the transition map between these two charts. (The calculations
were actually carried out with SINGULAR [11].) One finds the variables a7, ..., b}, as
rational functions in X — x1,4a1,...,b19. We denote by f the l.c.m. of the denominators.

Recall the notation used in Sect. 5.4. In the chart ¢y, the cycle Zy(;, %) is defined by
the equations a1 = --- = a9 = xo — x1; = 0, so the ideal in R = C|[xy, x3,4a1,...,d10,
b],...,b]o]of _

V=07 (¥(}.2))
is
p=(ai,...,a10,x2 — X1).

In the chart ¢ 5, the cycle X(%, %) is defined by the equations a), = a3 =a), = ag =
ay = a'yy = by = b} = by = bg = 0. Since the zero locus of f contains the locus where
the transition map between the charts is not defined, the ideal g of the subvariety

X =" (X(3.2)
is the preimage in R of the ideal a5 = (a5, a%, a}. ag. ay,a},, by, bs, by, by) of the local-
ized ring Ry. SINGULAR gives the following expression:



Bases of tensor products and geometric Satake correspondence 981

q = (a1a4 + azxas,a1a6 — a2as,a3de + Aaas,a1a7 — a3ds, d2Aa7 + dads,a1ag — d4ds,

a2a3 — a4d6,A3dg — A4d7,dsdg + Aed7,d9, 10, A1bs + azbs + azby + asb;,
asbstachbs+aiby+aghy, azbe+asbs+a1ba+agh1—(x2—x1), azb7—aszbe+achs—a7ba,
aibs + asbe + asbsy + azby, a2bg — asbe + acbs —agby, azbg — asby + a7bs — aghs).

We observe that ¢ € p, hence V' C X.

Let a and x be two indeterminates. Let B be the field C(x, by, ..., b1o). Extract the
last seven equations from g and remove the term x; — x; in the third one; we then deal
with seven linear equations with coefficients in B in the eight variables ay, ..., ag. This

system has a nonzero solution (c1, . . .,cg) € B%. We can then define an algebra morphism
u: R/q — Bla]/(a®) by

u(xy) =ulx) =x, u;)=>b forie{l,..., 10},
u(ag) = u(ayp) =0, u(a;) =ca fori €{l,...,8}.

The ring B[a]/(a?) is local with maximal ideal (a) and the preimage of this ideal by u is
the ideal p/q of R/qg.

Let A be the localization of R/q at p/q. Then u extends to an algebra morphism
u : A — Bla]/(a®). By construction, the kernel of % contains x, — x; but not all of
ai, ..., ag. Therefore x, — x| does not generate the maximal ideal of A. Since A is
the local ring Oy x of X along V, this means that the order of vanishing of x5 — x;

along V is larger than 1. In other words, the multiplicity of i_’/( ; %) in the intersection
product X (; %) -§r% | islarger than 1. Applying Theorem 5.8, we conclude that in (35)
the coefficient of ((

2 T)) is strictly larger than 1.
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