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Abstract. The problem of generating random samples of high-dimensional posterior distributions
is considered. The main results consist of non-asymptotic computational guarantees for Langevin-
type MCMC algorithms which scale polynomially in key quantities such as the dimension of the
model, the desired precision level, and the number of available statistical measurements. As a direct
consequence, it is shown that posterior mean vectors as well as optimisation based maximum a
posteriori (MAP) estimates are computable in polynomial time, with high probability under the
distribution of the data. These results are complemented by statistical guarantees for recovery of the
ground truth parameter generating the data.

Our results are derived in a general high-dimensional non-linear regression setting (with Gaus-
sian process priors) where posterior measures are not necessarily log-concave, employing a set of
local ‘geometric’ assumptions on the parameter space, and assuming that a good initialiser of the
algorithm is available. The theory is applied to a representative non-linear example from PDEs
involving a steady-state Schrodinger equation.
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1. Introduction

Markov chain Monte Carlo (MCMC) type algorithms are a key methodology in compu-
tational mathematics and statistics. The main idea is to generate a Markov chain (3 :
k € N) whose laws £ (%) on R? approximate its invariant measure. In Bayesian infer-
ence the relevant invariant measure has a probability density of the form

70 ZM™) x VO (9), 6 eRP. (1)

Here 7 is a prior density function for a parameter § € R? and the map £y : R? — R
is the ‘data-log-likelihood” based on N observations Z™) from some statistical model,
so that 77(- | ZM)) is the density of the Bayesian posterior probability distribution on R?
arising from the observations.

It can be challenging to give performance guarantees for MCMC algorithms in the
increasingly complex and high-dimensional statistical models relevant in contemporary
data science. By ‘high-dimensional’ we mean that the model dimension D may be large
(e.g., proportional to a power of N). Without any further assumptions accurate sampling
from 7 (-| Z¥?) in high dimensions can then be expected to be intractable (see below for
more discussion). For MCMC methods the computational hardness typically manifests
itself in an exponential (or worse) dependence on D or N of the ‘mixing time’ of the
Markov chain (¥ : k € N) towards its equilibrium measure (1).

In this work we develop mathematical techniques which allow one to overcome such
computational hardness barriers. We consider diffusion-based MCMC algorithms tar-
geting the Gibbs-type measure with density (- | Z™)) from (1) in a non-linear and
high-dimensional setting. The prior 7 will be assumed to be Gaussian—the main chal-
lenge thus arises from the non-convexity of —fy. We will show how local geometric
properties of the statistical model can be combined with recent developments in Bayesian
non-parametric statistics [74,77] and the non-asymptotic theory of Langevin algorithms
[32,36,37] to justify the polynomial time feasibility of such sampling methods.

While the approach is general, it crucially takes advantage of the particular geometric
structure of the statistical model at hand. In a large class of high-dimensional non-linear
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inference problems arising throughout applied mathematics, such structure is described
by partial differential equations (PDEs). Examples that come to mind are inverse and data
assimilation problems, and in particular since influential work by A. Stuart [92], MCMC-
based Bayesian methodology has been frequently used in such settings, especially for the
task of uncertainty quantification. We refer the reader to [3,8,13,22,23,29-31,34,47,48,
56,57,63,72,88,90,92] and the references therein. A main contribution of this paper is
to demonstrate the feasibility of our proof strategy in a prototypical non-linear example
where the parameter 6 models the potential in a steady-state Schrodinger equation. This
PDE arises in various applications such as photo-acoustics (e.g., [6, 7]), and provides a
suitable framework to lay out the main mathematical ideas underpinning our proofs.

1.1. Basic setting and contributions

To summarise our key results we now introduce a more concrete setting. For @ a bounded
subset of R?, d € N, and © some parameter space, consider a family {§(6) : 6 € O}
of real-valued bounded ‘regression’ functions defined on (. If L2(©9) denotes the usual
space of square Lebesgue-integrable functions, this induces a ‘forward map’

g:0 — L?*0), 2
and we suppose that N observations ZWN) = (Y;,X; :i =1,...,N) arising via
Yi=80)X;)+¢e, i=1,...,N, 3)

are given, where &; ~ N(0, 1) are independent noise variables, and design variables X;
are drawn uniformly at random from the domain @ (independently of ¢;). While natural
parameter spaces ® can be infinite-dimensional, in numerical practice a D-dimensional
discretisation of ® is employed, where D can possibly be large. The log-likelihood func-
tion of the data (Y;, X;) then equals, up to additive constants, the usual least squares

criterion
N

N ) = S SO, 0 € R @
The aim is to recover the unknown 6 from Z™). A widespread practice in statistical
science is to employ Gaussian (process) priors IT with multivariate normal probability
densities 7 on R?; from a numerical point of view the Bayesian approach to inference in
such problems is then precisely concerned with (approximate) evaluation of the posterior
measure (1).

As discussed above, in important physical applications the forward map ¥ is described
by a partial differential equation. For example suppose that §(0) = uy, arises as
the unique solution u = uy, to the following elliptic boundary value problem for a
Schrodinger equation (with A the Laplacian):

{ %Au — fou=0 on0, 5)

u=g ond0o,
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with a suitable parameterisation 6 — f3 > 0, § € R? (see (17) below for details). In
such cases, the map § is non-linear and —¢x (0) is not convex. The probability meas-
ure with density 7(- | Z®™)) given in (1) may then be highly complex to evaluate in a
high-dimensional setting, with computational cost scaling exponentially as D — oo. For
instance, complexity theory for high-dimensional numerical integration (see [82, 83] for
general references) implies that computing the integral of a D-dimensional real-valued
Lipschitz function—such as the normalising factor implicit in (1)—by a deterministic
algorithm has worst case cost scaling as DP/5 [52,93]. Relaxing a worst case analysis,
Monte Carlo methods can in principle obtain dimension-free guarantees (with high prob-
ability under the randomisation scheme). However, a curse of dimensionality may persist
as one typically is only able to sample approximately from the target measure, and since
the approximation error incurred, e.g., by the mixing time of a Markov chain, could scale
exponentially in dimension. The references [9-12, 14,71, 87, 105] discuss this issue in a
variety of contexts. In addition, since the distribution becomes increasingly ‘spiked’ as
the statistical information increases (i.e., N — 00), commonly used iterative algorithms
can take an exponential in N time to exit neighbourhoods of local optima of the posterior
surface (- | ZM)) (e.g., [38], Example 4).

In light of the preceding discussion one may ask whether the approximate calcula-
tion of basic aspects of (-] Z™))—such as its mean vector (expected value), real-valued
functionals [pp H(0)7(0|Z () 46, or mode—is feasible at a computational cost which
grows at most polynomially in D, N and the desired (inverse) precision level. While
answering this question in the affirmative may not directly identify a practical algorithm,
it clarifies a fundamental aspect of the computational complexity of the problem at hand.
Very few rigorous results providing even just partial such guarantees appear to be avail-
able in PDE settings. The notable exception of Hairer, Stuart and Vollmer [50] along with
some other important references will be discussed below.

Let us describe the scope of the methods to be developed in this article in the problem
of approximate computation of the high-dimensional posterior mean vector in the PDE
model (5) with the Schrodinger equation. We will require mild regularity assumptions
on D, IT and on the ground truth 6y generating the data (3)—full details can be found
in Section 2. If IT is a D-dimensional Gaussian process prior with covariance equal to
a rescaled inverse Laplacian raised to some large enough power o € N, if the model
dimension grows at most as D < N4/¢+d) and if 6, is sufficiently well-approximated
by its ‘discretisation’ in R? (see (28)), we obtain the following main result.

Theorem 1.1. Suppose that data ZWN) = (Y;, X; 1i = 1,..., N) arise through (3) in the
Schrodinger model (5) and let P > 0. Then, for any precision level s > N~F there exists
a (randomised) algorithm whose output 0, € RP can be computed with computational
cost

O(Nb' DP25753) (b, by, b3 > 0), (6)

and such that with high probability (under the joint law of ZN) and the randomisation
mechanism),
16 = ETO1ZMN|zp <.
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where

ENg|zM] = / EACAVASRYL:
RD

denotes the mean vector of the posterior distribution T1(-| ZM)) with density (1).

We further show in Theorem 2.6 that és also recovers the ground truth 6y, within
precision &. The method underlying Theorem 1.1 consists of an initialisation step which
requires solving a standard convex optimisation problem, followed by iterations () of
a discretised gradient based Langevin-type MCMC algorithm, at each step requiring a
single evaluation of V£ (which itself amounts to solving a standard linear elliptic bound-
ary value problem). In particular, our results will imply that the posterior mean can be
computed by ergodic averages (1/J) Y ;. ; Ux along the MCMC chain (after some burn-
in time); see Theorem 2.5 (which implies_ Theorem 1.1). The laws £ () of the iterates
(V%) in fact provide a global approximation

Wa(L W) . TI¢ 1 ZM)) < e k = kinix.

of the high-dimensional posterior measure on R? in Wasserstein distance W,. Our
explicit convergence guarantees will ensure that both the ‘mixing time’ kp;x and the
number J of required iterations to reach precision level ¢ scales polynomially in
D, N, ¢ L. Similar statements hold true for the computation of real-valued functionals
Jgp H(O)7 (6| ZN') d6 for Lipschitz maps H : R? — R and of maximum a posteriori
(MAP) estimates. See Theorems 2.7, 2.8 as well as Proposition 2.4 for precise statements.
The main ideas of this article can be summarised as follows. We first demonstrate
that, with high probability under the law generating the data Z®), the target measure
(- | Z™) from (1) is locally log-concave on a region in R where most of its mass con-
centrates. Then we show that a ‘localised’ Langevin-type algorithm, when initialised into
the region of log-concavity, possesses polynomial time convergence guarantees in ‘mod-
erately’ high-dimensional models. That sufficiently precise initialisation is possible has
to be shown in each problem individually (for the Schrodinger model, see Section B.3).
Our proofs provide a template (outlined in Section 3) that can be used in principle also in
general settings as long as the linearisation Vg§(6y) of § at the ground truth parameter
O satisfies a suitable stability estimate (i.e., a quantitative injectivity property related to
the ‘information’ operator of the statistical model). We note that this ‘gradient stability’
hypothesis remains entirely ‘local’ and is hence weaker than the ‘Polyak—tojasiewicz’
gradient condition used in non-convex optimisation [67,86] (see also [59]). We verify our
local stability property for the Schrodinger equation using elliptic PDE techniques (see
Lemma 4.7) but our approach may succeed in a variety of other non-linear forward mod-
els arising in inverse problems [60,76,92,98], integral X -ray geometry [54,74,84,85], and
also in the context of data assimilation and filtering [29,72,88]. In fact, the very recent ref-
erence [ 16] achieves this for the non-linear inverse problem considered in [74,84]. Further
advancing our understanding of the computational complexity of such PDE-constrained
high-dimensional inference problems poses a formidable challenge for future research.
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1.2. Discussion of related literature

Both the statistical and computational aspects of high-dimensional Bayes procedures have
been a subject of great interest in recent years. Frequentist convergence properties of high-
and infinite-dimensional Bayes procedures were intensively studied in the last two dec-
ades. For ‘direct’ statistical models we refer to the recent monograph [42] (and references
therein), and in the non-linear (PDE) setting relevant here to [1,2,15,16,18,45,61,74,75,
77,79-81,91].

We now discuss a variety of mixing time results of MCMC algorithms in high-dimen-
sional settings, and refer to the references cited in these articles for further important
results.

1.2.1. Mixing times for pCN-type algorithms. The important contribution [50] by Hairer,
Stuart and Vollmer derives dimension-independent convergence guarantees for the pre-
conditioned Crank—Nicolson (pCN) algorithm, using ergodicity results for infinite-dimen-
sional Markov chains from Hairer, Mattingly and Scheutzow [49]. The task of sampling
from a general measure arising from a Gaussian process prior and a general likelihood
function exp(—®(#)) is considered there. Their results are hence naturally compatible
with the setting considered in this paper, where @ is given by (4), i.e. ® = &y = —Lly
and it is natural to ask (a) whether the bounds from [50] apply to this class of problems
and (b) if they apply, how they quantitatively depend on N and model dimension.

The key Assumptions 2.10, 2.11, and 2.13 made in [50] can be summarised as

(A) a global lower bound on the acceptance probability of the pCN, and
(B) a (local) Lipschitz continuity requirement on ®.

In PDE models, part (B) can usually be verified (e.g., [81]), while part (A) is more chal-
lenging: due to the global nature of the assumption, it seems that verification of (A) will
typically require bounds for likelihood ratios exp(®(6) — ®(6)) with 0, 6 arbitrarily far
apart. Of course, in some specific problems an initial bound may be obtained by invoking
inequalities like (18) below. However the resulting lower bounds on the acceptance prob-
abilities in the pCN scheme will decrease exponentially in N. We also note that though
dimension-independent, the main Theorems 2.12 and 2.14 from [50] remain implicit (non-
quantitative) in the relevant quantities from assumptions (A) and (B); this seems to stem
both from the utilised proof techniques, such as considerations regarding level sets of Lya-
punov functions (cf. [50, p. 2474]), and from the qualitative nature of the key underlying
probabilistic weak Harris theorem proved in [49].

Summarising, while it would be very exciting to see the results of [50] extended to
yield quantitative bounds which are polynomial in both N, D, serious technical and con-
ceptual innovations seem to be required. These remarks apply as well to recent dimension-
free mixing time bounds on Hamiltonian Monte Carlo (HMC) methods in [19, 20, 46],
which scale exponentially in N via the Lipschitz constant of £y . In our context, when
exploiting local average curvature of the likelihood surface arising from PDE structure, it
is initially more promising to use diffusion-based methods.
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1.2.2. Computational guarantees for Langevin-type algorithms. For the important
gradient-based class of Langevin Monte Carlo (LMC) algorithms, non-asymptotic con-
vergence guarantees which are suited for high-dimensional settings were obtained by
Dalalyan [32] for log-concave densities, and extended shortly after by Durmus and Mou-
lines [36,37] to closely related cases. Our proofs rely substantially on these convergence
results for the strongly log-concave case (see Appendix A for a review). We emphasise
that the fundamental ideas underpinning the fast mixing of ‘hypercontractive’ Langevin
diffusions in high dimensions go back to earlier seminal work [4,55]; see also the mono-
graph [5].

Very recently further extensions have emerged, notably [27,70,71, 103], which estab-
lish convergence guarantees assuming that either the density to be sampled from is con-
vex outside of some region, or the target measure satisfies functional inequalities of
log-Sobolev and Poincaré type. However, it appears that both of these results, when
applied to (4) without any further substantial work, yield bounds that scale exponen-
tially in N. Indeed, the bound in [71, Theorem 1] evidently depends exponentially on
the Lipschitz constant of the gradient V£ ; and ad hoc verification of assumptions from
[103] would utilise the Holley—Stroock perturbation principle [53] (and (18)), exhibiting
the same exponential dependence. Alternative, more elaborate ways of verifying func-
tional inequalities in this context would be highly interesting, but this is not the approach
we take here.

1.2.3. Relationship to Bernstein—von Mises theorems. A key idea in our proofs is to use
approximate curvature of £ (0) ‘near’ the ground truth 6. On a deeper level this idea is
related to the possibility of a Bernstein—von Mises theorem which would establish precise
Gaussian (‘Laplace’) approximations to posterior distributions; see [62, 64, 101] for the
classical versions of such results in ‘low-dimensional’ statistical models, and [24-26,41]
for high- or infinite-dimensional versions.

Such an approach is taken by [9] who attempt to exploit the asymptotic ‘normality’ of
the posterior measure to establish bounds on the computation time of MCMC-based pos-
terior sampling, building on seminal work by Lovdsz, Simonovits and Vempala [68, 69]
on the complexity of general Metropolis—Hastings schemes. While [9] potentially allows
for moderately high-dimensional situations (by appealing to high-dimensional Bernstein—
von Mises theorems from [41]), their sampling guarantees hold for rescaled posterior
measures arising as laws of v/N (6 — é) | ZM) where 6 = é(Z(N)) is an initial ‘semi-
parametrically efficient centring’ of the posterior draws 6 | Z®)_ In our setting such a
centring is not generally available (in fact, to show that one can compute such centrings,
such as the posterior mode or mean, in polynomial time, is one of the main aims of our
analysis). The setting in [9] thus appears somewhat unnatural for the problems studied
here, also because the conditions there do not appear to permit Gaussian priors.

For the Schrodinger equation example considered in the present paper, Bernstein—von
Mises theorems were obtained in [77]—see also the more recent paper [75]. While we
follow [77] in using elliptic PDE theory to quantify the amount of curvature expressed in
the ‘limiting information operator’ arising from the Schrodinger model, our proofs are in
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fact not based on an asymptotic Gaussian approximation of the posterior distribution (via
Le Cam theory, as in [75, 77]). Rather we use tools from high-dimensional probability
to deduce local curvature bounds directly for the likelihood surface, and then show that
the posterior measure is approximated, in Wasserstein distance, by a globally log-concave
measure that concentrates around the posterior mode (see Theorem 4.14). While one can
think of this as a ‘non-asymptotic’ version of a Bernstein—von Mises theorem, the under-
lying techniques do not require the full inversion of the information operator (as in [77] or
in [73,75,80]), but solely rely on a ‘stability estimate’ for the local linearisation of the for-
ward map, and hence are likely to apply to a larger class of PDEs (a PDE model where this
difference matters is discussed in [78]). A further key advantage of our approach is that
we do not require the initialiser for the algorithm to be a ‘semi-parametrically efficient’
estimator (as [9] does), instead only a sufficiently fast ‘non-parametric’ convergence rate
is required, which substantially increases the class of admissible initialisation strategies.

1.2.4. Regularisation/optimisation literature. Regularisation-driven optimisation meth-
ods have been studied for a long time in applied mathematics; see for instance the mono-
graphs [39,58]. In the setting of non-linear operator equations in Hilbert spaces and with
deterministic noise, ‘local’ convergence guarantees for iterative (gradient or ‘Landweber’)
methods have been obtained in [51, 58], assuming that optimisation is performed over
a (sufficiently small) neighbourhood of a maximum. The proof techniques underlying
our main results allow one as well to derive guarantees for gradient descent algorithms
targeting, for instance, maximum a posteriori (MAP) estimates; see Section 2.2.5. Spe-
cifically, in Theorem 2.8, global convergence guarantees for the computation of MAP
estimates over a high-dimensional discretisation space are given, in our statistical frame-
work, paralleling our main results for Langevin sampling methods, which can be regarded
as randomised versions of classical gradient methods. A main attraction of studying such
randomised algorithms, and more generally of solving the problem of Bayesian compu-
tation, is of course that one can access entire posterior distributions, which is required for
quantifying the statistical uncertainty in the reconstruction provided by point estimates
such as posterior mean or mode.

1.3. Notations and conventions

Throughout, N will denote the number of observations in (3) and D will denote the
dimension of the model from (4). For a real-valued function f : R? — R, its gradient
and Hessian are denoted by V f and V2 f, respectively, while A = V'V denotes the
Laplace operator. For any matrix A € RP*P | we denote the operator norm by

[Allop == sup  [[AY|[gp.
Vi ¥lgp <1

If A is positive definite and symmetric, then we denote the minimal and maximal eigen-
values of A by Apin(A) and Ap.(A) respectively, with condition number k(A) :=
Amax(A)/Amin(A). The Euclidean norm on R? will be denoted by || - |gp. The space
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£2(N) is the usual space of square-summable sequences (a, : n € N), normed by || - || 2.
For any a € R, we write a4 = min {a, 0}. Throughout, <, =, >~ will denote (in-)equalities
up to multiplicative constants.

For a Borel subset @ C R4, d € N, let L? = L?(0O) be the usual spaces of func-
tions endowed with the norm || - [|7, = Jo |h(x)|? dx, where dx is Lebesgue measure.
The L?(©) inner product is denoted by (-, -) 12(0)- If O is a smooth domain in R, then
C(0) denotes the space of bounded continuous functions / : @ — R equipped with the
supremum norm || - ||oo and C%(0), « € N, are the usual spaces of a-times continuously
differentiable functions on (9 with bounded derivatives. Likewise we denote by H%(O)
the usual order-a Sobolev spaces of weakly differentiable functions with square integ-
rable partial derivatives up to order « € N, and this definition extends to positive o ¢ N
by interpolation [95]. We also define (HZ(O))* as the topological dual space of

(H3(0) = {h € H*(0) : uw(h) = O}, | - | z2(0))-

where tr(-) denotes the usual trace operator acting on functions on . We will repeatedly
use the inequalities

lghlme < c(. O)l|gllee |hllge. a>d/2, (7
hllgs < c(Ba. O RIS P nEE, 0<B <a ®)

for g, h € H%; see, e.g., [66]. For Borel probability measures /i1, > on R? with finite
second moments we define the Wasserstein distance

Wi (1, p2) = inf / 0 — 32, dv(6,9), 9)
Py = ot | 0= 915 dv(6.9) (
where I'(t1, u2) is the set of all ‘couplings’ of @1 and u; (see, e.g., [104]). Finally, we
say that amap H : R? — R is Lipschitz if it has finite Lipschitz norm

Hx)— H
| H ||Lip := sup M (10)

x#y,x,yeRD ”x_y“]RD

2. Main results for the Schrodinger model

Our object of study in this section is a non-linear forward model arising from a (steady
state) Schrodinger equation. Throughout, let @ C R? be a bounded domain with smooth
boundary d@. For convenience, we restrict ourselves throughout to d < 3; dimensions
d > 4 could be considered as well at the expense of further technicalities. Moreover,
without loss of generality we assume vol(() = 1.

Suppose that g € C°°(d0) is a given function prescribing boundary values g > guin
> 0 on d0. For an ‘attenuation potential’ f € H*(0), consider solutions ¥ = uy of the
PDE

{%Au—fu:O on 0, (11

u=g ond0O.
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If « > d/2 and f > O then standard theory for elliptic PDEs (see [43, Chapter 6] or
[28, Chapter 4]) implies that a unique classical solution us € C?(©) to the Schrodinger
equation (11) exists. The non-linearity of the map f + uy becomes apparent from the
classical Feynman—Kac formula (e.g., [28, Theorem 4.7])

ur(x) =usg(x) = Ex[g(XT@)e_f(:(q f(XS)dS], x €0, (12)

where (X : s > 0) is a d-dimensional Brownian motion started at x with exit time g
from @. This PDE appears in various applications, for example in photo-acoustics [7,
Section 3].

2.1. Bayesian inference with Gaussian process priors

2.1.1. The Dirichlet-Laplacian and Gaussian random fields. In Bayesian statistics pop-
ular choices of prior probability measures arise from Gaussian random fields whose cov-
ariance kernels are related to the Laplace operator A; see, e.g., [92, Section 2.4] and
also [42, Example 11.8] (where the closely related ‘“Whittle-Matérn’ processes are con-
sidered).

For ¥ € L?(0), let v = V[y] denote the (unique) solution in HE to the Poisson
equation Av/2 = ¥ on . By standard results [95, Section 5.A] the compact (-, *)12(@)-
self-adjoint operator V has eigenfunctions (ex : kK € N) forming an orthonormal basis
of L?(0) such that V[y] = Y72, p (e, V) 12(0)¢k-> With (negative) eigenvalues i
satisfying the Weyl asymptotics (e.g., [96, Corollary 8.3.5])

o= K ak 0<Ar<A keN 13

k e as k — oo, <Ak < Ak+1, € N. (13)

The ‘spectrally defined’ Sobolev-type spaces #* = {F € L*(0) : Y o, A(F, ek)zz(o)
< oo} are isomorphic to the corresponding Hilbert sequence spaces

e = {9 e CN): 0]3. = D AL67 < oo}, RO =: 2(N).

k=1
One shows that #¢ is a closed subspace of H%(O) and the sequence norm || - ||z« is
equivalent to || - || e (@) on H*. For a even, this follows from the usual isomorphism

theorems for the «/2-fold application of the inverse Dirichlet-Laplacian, and extends to
general « by interpolation; see [95, Section 5.A]. One also shows that any F € H*(O)
supported strictly inside of @ belongs to #%.

A centred Gaussian random field M, on @ can be defined by the infinite random
series

Mo() = D A Pgrer(x). xe€0, g = NO.1). (14)
k=1

For a > d/2 one shows that M, defines a Gaussian Borel random variable in C(O) N
{h uniformly continuous, # = 0 on d@} with reproducing kernel Hilbert space equal
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to K (see [44, Example 2.6.15]), thus providing natural priors for a-regular functions
vanishing at 0. Such Dirichlet boundary conditions could be replaced by Neumann con-
ditions at the expense of minor changes (see [95, p. 473]). Our techniques in principle
may extend to other classes of priors such as exponential Besov-type priors considered in
[2,63], but we focus our development here on the most commonly used class of a-regular
Gaussian process priors.

2.1.2. Re-parameterisation, regular link functions, and forward map. To use Gaussian
random fields such as M, to model a potential f > 0 featuring in the Schrodinger equa-
tion (11), we need to enforce positivity by use of a ‘link function’ ®. While ® = exp is
common, for technical convenience (following [81]) we choose a function that is globally
Lipschitz.

Definition 2.1 (Regular link function). Let K, € [0, 00). We say that @ : R — (Kyyin, 00)
is a regular link function if it is bijective, smooth, strictly increasing (i.e. ® > 0 on R)
and if for any k > 1, the k-th derivative of ® satisfies sup, g |&®) (x)| < oo.

For a simple example of a regular link function ®, see [81, Example 3.2]. We denote
the composition operator associated to ¢ by

®* : L2(9) — L*(0), F+> ®oF = &*(F). (15)

Now to describe a natural parameter space for f, we will first expand functions F €
L?(0) in the orthonormal basis from Section 2.1.1,

o0
F=Fy=>) brer. (6 :k=12..)el?N), (16)
k=1

and denote by W(6) = Fp the map ¥ : £?>(N) — L2?(O) that associates to the vec-
tor 6 the ‘Fourier’ series of Fy. We then apply a regular link function ® to Fy and set
fo := ® o Fy. For a > d/2, one shows (see (176) below) that Fg € H*(O) implies
fo € H*(O) and hence solutions of the Schrodinger equation (11) exist for such f. If we
denote the solution map f + ur from (11) by G, then the overall forward map describing
our parametrisation is given by

G :h* —> L*(0), §(0) =uy, =[G od* o W](®H). (17)

We shall frequently regard § as a map on the closed linear subspace R? of 7% consisting
of the first D coefficients (6q,...,0p) of 6 € h*, and suppress the dependence of §
on @ in the notation. We also note that the solutions of (11) are uniformly bounded by a
constant independent of 8 € h*, specifically

1F (@)oo = llus,lloo =< llElloos (18)

as follows from (12) and fy > 0. This ‘bounded range’ property of § is relative to the
norm employed; for instance the ||uf, || y«-norms are not uniformly bounded in 6 € h®
for general o.
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2.1.3. Measurement model, prior, likelihood and posterior. For the forward map § from
(17), we now consider the measurement model

Yi =850)(X;)+e&., i=1...N,

iid iid (19)
g ~ N(0,1), X; <~ Uniform(O).

The i.i.d. random vectors
zZW = (ZH, = . X)L, (20)

are drawn from a product measure on (R x ©)¥ that we denote by PéN = ®lN=1 Py. The
coordinate (Lebesgue) densities py of the joint probability density pév = ]_[1N=1 po of PGN
are of the form

po(y,x) = \/%7 exp{—1y — $OWP). yeR.xeO, 1)

(recalling vol(@) = 1) and we can define the log-likelihood function as

N
Uy () =log p) + Nlog v2r = —% > = 5(0) (X)) (22)

i=1

When using Gaussian process prior models in Bayesian statistics, a common discret-
isation approach is to truncate the (‘Karhunen—-Loeve’ type) expansion of the prior in a
suitable basis [33, 50, 63, 92]. In our context this will mean that we truncate the series
defining the random field My in (14) at some finite dimension D to be specified. For
integer « to be chosen, and recalling the eigenvalues (Ax : k € N) of the Dirichlet Lapla-
cian from (13), we thus consider priors

O~ =Ty~ NO N VCHDAT) A, = diag(AY,....1%),  (23)

supported in the subspace R? of h® consisting of its first D coordinates. The Lebesgue
density dTT of TT on R? will be denoted by 7. The posterior measure I1(-| Z‘™)) on R?
then arises from data Z @) in (19) via Bayes’ formula, with probability density function

701 ZM) o VO 7 (9)
d/a+d)

1 N
scexpf=3 S0~ O -

||9||ia}, 0 e RP. (24)
i=1

2.2. Polynomial time guarantees for Bayesian posterior computation

2.2.1. Description of the algorithm. We now describe the Langevin-type algorithm tar-
geting the posterior measure T1(-| Z®)). It requires the choice of an initialiser 6y and
of constants €, K, y. Our goal is merely to exhibit its polynomial runtime and we do not
attempt to optimize the constants involved.
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Throughout, we use the initialiser Oy, = 6 (Z W )) € RP constructed in Theorem
B.6 in Section B.3 (computable in O(N®0) polynomially many steps, for some by > 0).
For € > 0 to be chosen we define the high-dimensional region

B=1{0 R : |6 —bOlrp <eD~*4/2}. (25)

We then construct a proxy function Iy : RP? - R which agrees on B with the log-
likelihood function £ from (22). Specifically, take the cut-off function & = «, from (53)
and the convex function g = g, from (52) with choice n = eD™4 and |- |y = | - |Igp-
Note that o is compactly supported and identically 1 on B and that g vanishes on B.
Then for K to be chosen, { N takes the form

In(0) := a(0)ln(9) — Kg(0), 6 eRP. (26)

This induces a proxy probability measure, correspondingly denoted by II(- | ZM), with
log-density

log #(0] ZM)) = Iy (0) — NVCH D912, /2 4 const, 6 € RP. (27)

Note that 7 (- | Z®™)) coincides with the posterior density (- | Z™)) on the set B up
to a (random) normalising constant. The MCMC scheme we consider is then given in
Algorithm 1 and the law of the resulting Markov chain (9% ) € R? will be denoted by Py,

init *

Algorithm 1

Input: Initialiser jn;; € RP, convexification parameters €, K > 0, step size y > 0, i.i.d. sequence

Output: Markov chain 91, ..., Ok,... € RD.

1: initialise %9 = Ojn;

2: fork =0,...do

3: D1 = 0% +yViega (% | ZM) + V27 &1
4: return (% :k=1,...)

While the algorithm is related to stochastic optimisation methods based on gradient
descent, the diffusivity term is of constant order in k, allowing (¥ ) to explore the entire
support of the target measure. It coincides with the unadjusted Langevin algorithm (see
Appendlx A) targeting (- | ZN)) as long as the iterates (%) stay within the region
B C RP we have initialised to. When (V) exits B, the Markov chain is forced by the

‘proxy’ function Iy to eventually return to $B. This procedure is justified since most of
the posterior mass will be shown to concentrate on B with high probability under the law
of Z™)_[In fact, a key step of our proofs is to control the Wasserstein distance between
the measures induced by the densities 7(- | ZN)), 7(- | ZM); cf. Theorem 4.14.] Note
that while the ball in (25) shrinks as D — oo, relative to the step sizes y permitted below,
B has asymptotically growing diameter. The results that follow show that the Markov
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chain (%) mixes sufficiently fast to reconstruct the posterior surface on B with arbitrary
precision after a polynomial runtime.

To demonstrate the performance of Algorithm [ in a large N, D scenario, we now
make the following specific choices of the key algorithm parameters €, K, y.

Condition 2.2. Let Oy be the initialiser from Theorem B.6 and suppose that

1

K:=ND¥4(logN)®, y<—
(log N)" ¥ = N D/ (1og N)?

€= log N’

2.2.2. Conditions involving 6y. The convergence guarantees obtained below hold for
high-dimensional models where D is permitted to grow polynomially in N, and under
the frequentist assumption that the data Z™) from (19) is generated from a fixed ground
truth 6y inducing the law PGIZ . Note that we do not assume that 8y € R?, but rather that
6o € h* is sufficiently well approximated by its £2(N)-projection 8y p onto R?. The pre-
cise condition, which is discussed in more detail in Remark 2.9 below, reads as follows.

Condition 2.3. For integers d < 3 and o > 6, suppose data Z™N) from (20) arise in the
Schrodinger model (19) for some fixed 6y € h*. Moreover, suppose that D € N is such
that for some constants ¢y > 0,0 < ¢ < 1/2, and 69.p = ((6o)1, ..., (60)D),

D < coNY*FD 11609, p) — 9 (00) 120 < coN /x4, (28)

Though it will be left implicit, the results we obtain in this section depend on 6, only
through ¢;, and an upper bound S > ||6||pe.

2.2.3. Computational guarantees for ergodic MCMC averages. We first present a con-
centration inequality for ergodic averages along the Markov chain (). Proposition 2.4
is non-asymptotic in nature; hence its statement necessarily involves various constants
whose dependence on D and N is tracked. Theorems 2.5 and 2.6 then demonstrate
how the desired polynomial time computation guarantees, including Theorem 1.1, can
be deduced from it.

For ‘burn-in’ time J;, € N and MCMC samples (% : k = Jiu + 1,..., Jiy + J) from
Algorithm 1, define

Jin+J
fr,’i(h{)=7 > H®)., H:RP >R
k=Jn+1

We also set, for ¢; > 0 to be chosen,

B(y) = e1[yD T2/ (log N)® + y2ND @49/ (1og N)'2] 4 2exp(~N ~(/2a+d),
(29)

The quantity B(y) is an upper bound for the error incurred by the discretisation of the
Langevin dynamics (see (162) below) and by the ‘proxy’ construction (27).
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Proposition 2.4. Assume Condition 2.3 is satisfied and consider iterates Oy of the
Markov chain from Algorithm 1 with Oy, €, K, y satisfying Condition 2.2. Then there exist
constants ¢y, . ..,cs5 > 0 such that for all N € N, any Lipschitz function H : R?P > R,
any burn-in period

log N

o= NDad

xlog(D + B(y)™), (30)

any J €N, anyt > 2||H||Lip v/ B(y) and on events &y (measurable subsets of (R x O)N)
of probability Pég (En) = 1 — ¢y exp(—c3 N4/ Catd))

t2N2J
P, (175, — EN[H | 2] > 1) < cs exp(— 4 )

c
DY HIZ,(1+ D4/ (NTy)
The next result concerns computation of the posterior mean vector
ENg|ZzM] = / EICAVASRYL:
RD

by ergodic averages

_ 1 Jin+J

07,=5 2. %o JwJEN,

k=Jin+1

within prescribed precision level &. For convenience we assume & > N ~% for some P > 0,

which is natural in view of the statistical error to be considered in Theorem 2.6 below. To
this end, we make an explicit choice for the step size parameter

2 g

. & 1
Y =Y =m1n(D(d+24)/d, JN D@2+d/2/d’ ND¥/

) x (log N)™7. @31

Theorem 2.5. Assume Condition 2.3 is satisfied. Fix P > 0 and let ¢ > N =P Consider
iterates ¥y of the Markov chain from Algorithm 1 with Oy, €, K satisfying Condition 2.2
and with y = ye as in (31). Then there exist cg, c7,cg > 0 and at most polynomially
growing constants

gD,N;s = O(DE1 N528_53), by,by, b3 > 0, (32)

such thatforall N € N, Jiy > gp N, J € N, and on events €y of probability Pelg (En) >
1 — ¢7 exp(—cg N4/t dD)),

- J
Py (107 — EMO| ZM|lgp > &) < CGD‘”‘P(‘gDN ) (33)
,IV,E

Theorem 2.5 implies that for Ji, A J > gp, n,e x log D, one can compute the posterior
mean vector within precision ¢ > 0 with probability as close to 1 as desired. Using this
and Theorem B.6 (whose hypotheses are implied by those of Theorem 2.5), we have in
particular also proven Theorem 1.1. Similar bounds for computation of ET[H | Z(M)]
can be obtained as long as || H ||Lip grows at most polynomially in D.



R. Nickl, S. Wang 1046

We conclude this subsection with a result concerning recovery of the actual target of
statistical inference, that is, the ground truth 6y. It combines Theorem 2.5 with a statistical
rate of convergence of ET[6 | Z™)] to 6, obtained by adapting recent results from [74]
to the present situation.

Theorem 2.6. Consider the setting of Theorem 2.5 with P = o? /(2o + d)(a + 2)).
There exist further constants cg, C19, C11, C12 > 0 such that for all N € N, all ¢ >
cllN_ﬁ %H, with gp n,e from (32) and on events Ex of probability Pég(@N) >
1 — coexp(—cio N9/ @etd)),

~ J
Py, (167 — 6ol = &) < ClzeXP(_ . ) (34)
LIV, E

While the statistical minimax-optimal rate towards 6y € 2% in this problem can be
expected to be faster than N =P (see [77]), it appears unclear how to obtain this rate when
Fy is discretised by means of the (for the purposes of the present paper essential) spectral
decomposition of the Dirichlet-Laplacian from Section 2.1.1. The difficulty arises with
the approximation theory of the space HZ¥(O) (equal to the completion of C°(0) in
H*(0)) and is not discussed further here.

2.2.4. Global bounds for posterior approximation in Wasserstein distance. The previous
theorems concern the computation of specific posterior characteristics; one may also be
interested in global mixing properties of the laws &£ () induced by the Markov chain
(O : k € N) towards the target TI(- | Z™), for instance in the Wasserstein distance
from (9).

Theorem 2.7. Assume Condition 2.3 is satisfied, let £(Vy) denote the law of the k-th
iterate Uy, of the Markov chain from Algorithm 1 with Oy, €, K, y satisfying Condition 2.2,
and let B(y),c1 be as in (29). For any P > 0 there exist constants c1,¢13,C14,C15,C16 > 0
such that on events &y of probability POIX (En) = 1 —c13 exp(—c1a N @+ DYy and for
all N € N, the following holds:

(i) Foranyk > 1,
WHE@). TI(| ZW) < e1sD** (1 =i NDTp)E + B(y).  (35)
(ii) For any ‘precision level’ ¢ > N~ and for y = vy, from (31), there exists
kix = O(NP1 DP26703) 1 by by > 0, (36)
such that for any k > ki,
Wa(£(i). (| ZW)) <.

The first term on the right hand side of (35) characterises the rate of geometric conver-
gence towards equilibrium of (9 ); the factor ND~*/y can be thought of as a spectral
gap of the Markov chain (related to the ‘average local curvature’ of £y (-) near 6 in the
Schrodinger model). Choosing y = y, as in (31), part (ii) further establishes ‘polynomial-
time’ mixing of the MCMC scheme towards the posterior measure.
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2.2.5. Computation of the MAP estimate. Our techniques also imply the following guar-
antees for the computation of maximum a posteriori (MAP) estimates

éMAp € argmax 7 (6 | Z(N))
feRP

by a classical gradient (ascent) method applied to the ‘proxy’ posterior surface (27).

Theorem 2.8. Assume Condition 2.3 is satisfied and let 0,y denote the initialiser from
Theorem B.6. Fork = 0,1,2, ..., consider the gradient algorithm

1

90 = Onit.  Vkp1 = 0% + yVioga (9 | ZM)), y= ———————.

There exist constants c17,C1s,C19, C20, C21 > 0 such that for all N € N and on events &y
of probability at least PGIX (En) = 1 — c17exp(—c1g N4/ et D) we have the following:

(1) There exists a unique maximiser Ovap of 10| Z™)) over RP.

(ii) For all k > 1, we have the geometric convergence

k

A C20
D — 6 2 <cpD¥i(1—- —22 ) .
(%73 MAP”RD = C19 Dlz/d(logN)“ .

(iii) Finally, we can choose k = O(D2/4 (log N)%) such that
9% — Oollgz < coy N~ ZaFa a2,

Remark 2.9 (about Condition 2.3). In principle the upper bound for D required in Con-
dition 2.3 could be replaced by general conditions on D (like those from Lemma 3.4)
which do not become more stringent as « increases. From a statistical point of view, how-
ever, a choice D < c¢oN d/(2e+d) i natural as it corresponds to the optimal ‘bias-variance’
tradeoff underpinning the convergence rate towards 6y € 7% from Theorem 2.6. [In fact,
the second requirement in (28) can be checked for 8y € 7% and D ~ N d/Qa+d) gince §
is £2(N)-L?(0) Lipschitz.] Moreover, combined with o > 6, such a choice of D provides
a convenient sufficient condition throughout our proofs: It is used critically when showing
(in Theorem 4.14) that the proxy posterior measure I1(-| Z®™)) contracts about a || - |g » -
neighbourhood of @y of radius D~*/¢ on which the information in the Schrédinger model
has a stable behaviour (see (115)). It is also required for our initialiser G to lie in this
neighbourhood (Theorem B.6). While it is conceivable that the condition on ¢« could be
weakened (as discussed, e.g., in the next remark), it would come at the expense of con-
siderable further technicalities that we wish to avoid here.

3. General theory for random design regression

In proving the results from Section 2, we will first develop some theory which applies to
general non-linear regression models. We thus consider in this section the measurement
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model (3) for a general forward model § that satisfies a set of analytic conditions to
be detailed below. Let ® be a (measurable) linear subspace of £2(N) which itself has a
subspace RP € ®, D € N. Let O be a Borel subset of RY,d > 1, and consider a model of
regression functions {§(0) : 8 € ®} via a Borel-measurable forward map § : ® — C(0O).
While we regard each §(6) as a continuous real-valued function, the results of this section
readily extend to vector or matrix fields over manifolds @; see Remark 3.11. Our data is
given by Z; = (Y;, X;) arising from

Y, =§0)X;))+¢e, i=1,...,N, (37)

where X; g PX, PX aBorel probability measure on (9, and where ¢&; R N(0, 1), inde-
pendently of the X;’s. We write Z®M) = (Z,,..., Zy) for the full data vector with joint
distribution P}’ = ®lN:1 Py on (R x @)V and expectation operator E} = ®5V:1 Ey.
Then the log-likelihood functions of the data Z®) and of a single observation Z =

(Y, X) ~ Py are given by

N
N 0) = (8. 2) = = S~ 5O X
i=1 (38)

tO) =£0.2) = —%[Y —9(O) (X)),

respectively. If we regard these maps as being defined on R? C ©, and if IT is a Gaus-
sian prior IT supported in R, then we obtain the posterior measure IT(- | Z™)) with
probability density 77(-| Z)) on RP as in (24).

The main results of this section are Theorems 3.7 and 3.8, providing convergence
guarantees for a Langevin sampling method for the posterior distribution that depend
polynomially on the model dimension D and the number N of measurements, and which
hold on an event (i.e., a measurable subset & of the sample space (R x @)V supporting
the data Z™)) of the form

&= 8conv N 8init N gwass'

On &y the negative log-likelihood —¢y (8) will be strongly convex in some region
B C RP, while &, is the event that allows one to initialise the method at some (data-
driven) Gipie = Oinic(Z™)) in that set B. Finally, intersection with &y, further guaran-
tees that the posterior measure I1(- | Z®)) is close in Wasserstein distance to a glob-
ally log-concave surrogate probability measure I1(- | Z®)) which locally coincides with
TI1(- | Z™) up to proportionality factors. In applying the results of this section to a con-
crete sampling problem, one needs to show that all the events Econy, Einit, Ewass have
sufficiently high frequentist Pel(\)’ -probability, where 6y is the ground truth parameter gen-
erating data (37). For the event &, we provide a generic method in Lemma 3.4, based
on a stability estimate for the linearisation of the map § combined with high-dimensional
concentration of measure techniques. Techniques for controlling the respective probabil-
ities of &, and &y, are discussed in Remark 3.10.
We will assume that the set 8 € R? of local convexity is of ellipsoidal form.
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Definition 3.1. A norm |- | on R? is called ellipsoidal if there exists a positive definite,
symmetric matrix M € RP>*P such that |6|> = 8T M6 for any 6 € RP.

Throughout this section, for some centring 8* € R?, scalar > 0 and ellipsoidal norm
| - |1 with associated matrix M, let B denote the open subset of R? given by

B:={0ecRP:10-0* <n). (39)

One may think of §* as the projection of §, onto R?, but at this stage this is not necessary.
While for the Schrodinger model with d < 3 we can choose |- |; = || - |gp, in general
(e.g., when d > 4 or in other non-linear problems) it may be convenient to consider other
(ellipsoidal) localisation regions.

3.1. Local curvature bounds for the likelihood function

In what follows, 6y € ® is an arbitrary ‘ground truth’ and the gradient operator V = Vg
will always act on €, £, £y viewed as maps on the subspace R? C ©. Specifically we
shall write (VE(0)(x) : x € @) and (V2§ (0)(x) : x € O) for the vector and matrix fields

VE(©): 09 - RP, V?8(): 0 - RP*P,

respectively. The following assumption summarises some quantitative regularity condi-
tions on the map ¥. These have to hold locally on the set B (and are satisfied, for
instance, for any smooth ). To formulate them we equip R? and R?*? with the Euc-
lidean norm || - [g» and the operator norm || - [lop = || - [gp g (for linear maps from
RP — RP) respectively, and the functional norms of R?- or R?*P_valued fields are
understood relative to these norms. [So for instance, in (40), one requires a bound k, for
sup,co V29 (0)(x)||gp_gp thatis uniformin 6 € B.]

Assumption 3.2 (Local regularity). Let B be given in (39).
(1) Forany x € O, the map 6 — §(0)(x) is twice continuously differentiable on B.

(ii) For some ko, k1,k, > 0,

sup [[§(0) —§(6o) e =< ko,
0eB

sup [|[VE(0)|LorP) < ki1,
0eB

sup [|V25(0) |l oo (0 rOxD) < ka. (40)
0B

(iii) For some my,my,mp > 0 and any 9,@ € B, we have
16(6) = §(0)lloo < mol6 — 011,
V& (0) — Vﬁ(é)HLoow,RD) <my|0 -0l
IV26(8) — V*§(8) |l oo rox0) < m2l6 — 0.
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We now turn to the central condition underlying the results in this section in terms of a
local curvature bound on Eg,[—V2£(6, Z)], with £(9) : RP? — R from (38). To motivate
it, notice that

—V2U(0,Z) = [VI@O)(XIVEO) (X)) + [S(0)(X) - YIVIS(O)(X)]. (D)

If the design distribution PX is uniform on a bounded domain @ (say, of unit volume)
then at 8 = 6y, the E gg -expectation of the last expression can be represented as

vl Ego[-V?L(00, Z)]v = |VE(60) vl|72(g) v € RP. (42)

Therefore, if a suitable ‘L2((9)-stability estimate’ for the linearisation Vg of § at 6y is
available, the key condition (43) below holds at 6y; by regularity of € this should extend
to @ sufficiently close to . In the example with the Schrodinger equation studied in Sec-
tion 2, such a stability estimate indeed follows from elliptic PDE theory (see Lemma 4.7),
and the recent reference [16] verifies this condition for the non-Abelian X -ray transform
considered in [74].

Note that the Hessian Eq [—V?{(6, Z)] is symmetric (by (41) and Assumption 3.2 (i)),
and recall that A,,;,(A) denotes the smallest eigenvalue of a symmetric matrix A.

Assumption 3.3 (Local curvature). Let B be given in (39) and let £ : RP? — R be as
in (38).

(i) For some cyin > 0, we have

inf Amin(Egy[—VZE(0, Z)]) > Camin- (43)
0eB

(i1) For some Cmax = Cmin > 0, we have

gug[lEeo[Z(& DN + | Ego[VE®, 2)]llrp + | Ego [V, 2)]llop] < Cmax.  (44)

The following lemma, which is based on concentration of measure arguments, shows
that the local ‘average’ curvature bound in (43) carries over to the ‘observed’ log-like-
lihood function, with high frequentist Pelg -probability, and whenever D < Ry, where
the dimension constraint is explicitly quantified in terms of the constants featuring in the
previous hypotheses. The expression for Ry substantially simplifies in concrete settings,
but, in this general form, reflects the various non-asymptotic stochastic regimes of the
log-likelihood function and its derivatives.

Lemma 3.4. Suppose that the data arises from (37) with £y : R? — R given by (38).
Suppose Assumptions 3.2 and 3.3 are satisfied. There exists a universal constant C > 0
such that if

2 2 2 2
. Chi Cmin Chjp Cmin € Cmax € Cmax
RN = CN min min , , min , , max , , max , , (45)
Con? Cgn' CZ " ka " CPn2 Cgn” CZ% ko + ki
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where

Cg :=komo + kimy + komg + mo, C;g = k12 + koko + ko,

46

Cg = komy + kimg +my + komo +mo, Cy = kok1 + k1 + k3 + ko, (#0)
then for any D, N > 1 satisfying D < Ry, we have

Pgy (nf 2minl=V2En (8. ZM)] < {Newn ) < 86PN, @7)

as well as
Py (Gsup[va(e, Z) |+ (VN (0, ZMN) g + VN (0. ZN) [lop] > N(Scmax + 1))

eB
<24e RN L NE (48)

Inspection of the proof (given in Section 3.4) shows that for the first inequality (47),
the terms involving ¢, can be removed from the definition of Ry . In what follows, we
will restrict considerations to the event

N B R v )
8conv = {912’% kmm[ \% EN(Q)] > Ncmm/z}

0 {suplEn (O)] +IVEN ©)lzo +1V2En ) lg] = NGena D). (49)
(S

whose PGN -probability is controlled by Lemma 3.4.
0

3.2. Construction of the likelihood surrogate function

For Bayesian computation via Langevin-type algorithms one needs to ensure recurrence
of the underlying diffusion process, a sufficient condition for which is global (strong)
log-concavity (on RP) of the target measure to be sampled from; see Appendix A. To this
end we now construct a ‘surrogate log-likelihood function’ l ~ : RP — R for the log-
likelihood £ such that £y = £y identically on the subset {§ € R? : |§ — 6*|; < 35/8}
of B from (39), and which will be shown to be globally log-concave on the event &
from (60) below.
In order to perform the convexification of —¢y, one needs to identify the region B.
In what follows, we denote by 6, = Gnir(Z W )) eRP a (data-driven) point estimator
where the sampling algorithm is initialised; and we define the event &;,; (a measurable
subset of (R x ©)V) by
Einit 1= {|Omic — 0™ [1 < n/8}, (50)

where 6y, belongs to the region $B. That such initialisation is possible (i.e., &y has
sufficiently high PGI(\)' -probability for appropriate n > 0) is proved for the Schrodinger
model in Theorem B.6.

We require two auxiliary functions, g, (globally convex) and o, (a cut-off function):
For some smooth and symmetric (about 0) function ¢ : R — [0, co) satisfying supp(¢) <
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[—1.1]and [ ¢(x)dx = 1, let us define the mollifiers ¢, (x) := h=Y¢(x/h),h > 0. Then
we define the functions y,, v, : R — R by

. 0 ift <5n/8, .
t) = t) = * 1), 51)
Vo (1) {(Z—Sn/8)2 it1 > 598, Yn (1) := [@ny8 * yyl(1) (
where x denotes convolution, and
gy i RP —10,00), ,(8):= yy(|10 — Binic]1). (52)

Finally, for some smooth « : [0, c0) — [0, 1] which satisfies «(t) = 1 for ¢ € [0, 3/4] and
a(t) = 0fort € [7/8,00), we define the ‘cut-off” function

ay i RP? = 00,1],  ay(0) = (|0 — Ouicl1 /7). (53)

Definition 3.5. For the auxiliary functions g, o from (52), (53) and K > 0, we define
the surrogate likelihood function £ by

In:RP SR, In(0) := ay(0)ln(0) — Kg,(6). (54)

When the choice of the constant K > 0 is large enough relative to ¢, from Assump-
tion 3.2, the following global convexity property can be proved for £ (see Appendix B
for a proof).

Proposition 3.6. On the event E oy N Einic (cf- (49), (50)), when In from (54) is defined
with any constant K satisfying

2
K> CN(emax + 1) - % (55)

(C > 1 depending only on the function o« above), we have
(n(0) =N (0)  forall & € RP with |§ — 6|, < 3n/8.
Moreover, Ly € C%(RP) and

inf Amin(—=VZLy (6)) > Nemin/2, (56)
6eRD

as well as

IVin () — ViN@) gD < TK Anax(M)||0 —O|gp, 6,0 € RP. (57)

3.3. Non-asymptotic bounds for Bayesian posterior computation

We now consider the problem of generating random samples from the posterior measure

v @2 gr1(0
e
fB ©) C RP measurable,

Ny —
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arising from data (37) with log-likelihood (38) and Gaussian N (0, ) prior IT of density 7
on RP, with positive definite covariance matrix X € RD*D

We use the stochastic gradient method obtained from an Euler discretisation of the
D-dimensional Langevin diffusion (see Appendix A) with drift vector field V(Z N +logm)
based on the surrogate likelihood function. More precisely, for stepsize y > 0 and auxiliary

variables & R N(0, Ipxp), define a Markov chain as
o = Ounit
ket = Ok + y[VENK) = 7' 0] + 2y Eer. k=01,

Probabilities and expectations with respect to the law of this Markov chain (random only
through the &, conditional on the data Z ™)) will be denoted by Py, ., Eg, . respectively.
The invariant measure of the underlying continuous time Langevin diffusion equals the
surrogate posterior distribution given by

(58)

[z eV @2 g1(0)

= s C R? measurable.
Jrp €V @2 dT1(6)

(B|zM) .=

In the following results we assume that the Wasserstein distance W, between
TI(- | ZM) and TI(- | ZM)) can be controlled; specifically, for any p > 0, let us define
the event

Buass(p) 1= {WF (| ZM). 11| ZM)) < p/2}. (59)

For the Schrodinger model this is achieved in Theorem 4.14, for p decaying exponentially
in N, using that most of the posterior mass (and its mode) concentrates on the set B
from (39), and the ideas underlying this proof extend to general settings; see Remark 3.10.

Our first result consists of a global Wasserstein approximation of TI(-| Z‘™)) by the
law £ (%) on RP of the k-th iterate ¥ arising from (58).

Theorem 3.7 (Non-asymptotic Wasserstein mixing). Suppose that the model given by
(37)—(38) fulfills Assumptions 3.2 and 3.3 for some 0 < n < 1, let D, N € N be such that
D < Ry with Ry from (45), and let K be as in (55). Further define the constants

m = ]\]Cmin/2 + A'min(z_l)’ A= 7KA'de(M) + A'max(z_l)~

Then for any 0 < y < 1/A and any p > 0 the algorithm (Uy : k > 0) from (58) satisfies,
on the event (i.e., measurable subset of (R x 9)N)

€ 1= Econy N Einit N Evass(p), (60)
(with Econy, Einit, Ewass(p) defined in (49), (50), (59), respectively), and all k > 0,
WL ICZM) < p +b(y) + 4(2(S. M. R) + D/m)(1 — ym/2)*.  (61)
where, for some universal constants c1,c; > 0, any R > ||0*|gp and (%) =
Amax(2)/ Amin (),
2

n

yDA? " y2DA*
Amin(ju)

by) = cl[ o

}, (2, M, R)=C2K(2)|:1+ +R2}. (62)

m3
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From the previous theorem we can obtain the following bound on the computation of
posterior functionals by ergodic averages of ¥y collected after some burn-in time Ji, € N.
Specifically, if we define, for any H : RP? — R integrable with respect to TI(-| Z™)), the

random variable
Jin+J

~J _
iz, (H) =+ Y H@%), (63)
k:Jin+1
we obtain the following non-asymptotic concentration bound.

Theorem 3.8 (Lipschitz functionals). In the setting of the previous theorem, there exist
further constants c3, cq4 > 0 such that for any p > 0, any burn-in period

1 D
Jinzc—3xlog(l+—+r(E,M,R)+—), (64)
my p+b(y) m
any J € N, any Lipschitz function H : RP? — R, any
t = V8| Hllipy/p + b(y) (65)
and on the event & from (60), we have
t2m2Jy
Py, (177, (H)— EM[H|ZM]| = 1) < 2exp(—c4 ) (66)
(13, ) IHI2,(1+ 1/(mJ y))

From the last theorem one can obtain as a direct consequence the following guarantee
for computation of the posterior mean ET1[6 | Z™)] by the ergodic average accrued along
the Markov chain.

Corollary 3.9. In the setting of Theorem 3.8, if we define

Jin+.]

_ 1
07, =5 2 Y%
k=Jn+1

then on the event & and for t > ~/8 \/p + b(y) we have, for some constant c¢s > 0,

Py (107 — EM[0| ZM]|gp > 1) <2D exp(—c ﬂ) (67)
A rE=1= DA+ 1/(my))

The previous two results imply that one can compute the posterior mean (or
ET[H | ZM] with | H ||Lip < 1) within precision & > 0 as long as € 2 ,/p: For instance
if y is chosen as
e2m?  em3/?

DA2’ D122 }

then the overall number of required MCMC iterations Ji, + J depends polynomially on
the quantities N, D, m~L, A,e~1. When the last three constants exhibit at most polynomial
growth in N, D (as is the case for the Schrodinger equation treated in Section 2), we can
deduce that polynomial-time computation of such posterior characteristics is feasible, on
the event & from (60) at computational cost Ji, + J = O(Nb1 Dbzs_b3), b1,by, b5 >0,
with Py, . -probability as close to 1 as desired.

y:min{
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Remark 3.10 (about the events &in, Ewass). Controlling the probability of the events
Einit> Gwass (featuring in the definition of & in (60)) on which the preceding bounds hold
may pose a formidable challenge in its own right when considering a concrete ‘forward
map’ §. For our prototypical example of the Schrodinger equation from Section 2, this
is achieved in Sections B.3 and 4.2, respectively. The proofs there give some guidance
for how to proceed in other settings, too. In essence one can expect that in bounding the
Pejg -probability of the events &jni, Ewass, global ‘stability’ and ‘range’ properties of the
map § will play a role. In contrast, Assumptions 3.2, 3.3 employed in this section are
‘local’ in the sense that they concern properties of ¥ on B from (39) only. Discerning
local from global requirements on § in this way appears helpful both in the proofs and in
the exposition of the main ideas of this paper. Following the ideas in Section 4.2 below,
the recent contribution [16] provides a set of conditions on ¥ under which a log-concave
approximation of the posterior measure similar to Theorem 4.14 holds true.

Remark 3.11 (Extensions to vector-valued data). The key results of this section apply
to other settings (e.g. in [74, 85]) where the ‘forward’ map §(0) defines an element of
the space of continuous maps C(M — V') from a d-dimensional compact manifold M
(possibly with boundary) into a finite-dimensional inner product space V' of fixed finite
dimension dim(V') < oco. If we assume that the statistical errors (¢; : i = 1,...,N) in
equation (37) are i.i.d. N(0,Idy) in V, then the log-likelihood function of the model is
not given by (38) but instead of the form

1< 1
N @) =—3 > I¥Yi = O Xl £0) =Y 5O X7,

i=1

where the X;, X are drawn i.i.d. from a Borel measure P¥ on M. Imposing Assumption
3.2 with the obvious modification of the norms there for V' -valued maps, and if Assump-
tion 3.3 holds for the preceding definition of £(6), then the conclusion of Lemma 3.4
remains valid as stated (see also [16, proof of Lemma 5.6]).

3.4. Proof of Lemma 3.4

It suffices to prove the assertion for Ry > 1. We first need some more notation: For any
x € O, we denote the point evaluation map by

g0 >R, 0 80)x).

For Z = (Y, X)) ~ Pg,, we will frequently use the following identities in the proofs below
(where we recall that V and V2 act on the f-variable):

—(0.Z) = 3[Y =X (O = 3[§%(6o) + e — ¥ (O))°
—VI0,Z) = [8%(0) — 8% (6y) — €]VEX(6),
—V20(0,2) = VEX(O)VEX ()T + [8X(0) — €% (hy) — €] VZEX (6),
—Eg[L(0,2)] = 5 + SEX[($%(60) — % (0))°),

(68)
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where we note that by Assumption 3.2, the Hessian V2{(6, Z) is a symmetric D x D
matrix field. When no confusion can arise, we will suppress the second argument Z and
write £(6) for £(0, Z).

Throughout, Py := N~} Z;N=1 8z, denotes the empirical measure induced by Z ),
which acts on measurable functions 2 : R x @ — R via

1 N
PN(h)z/R othN:NZh(Z")‘

i=1
3.4.1. Proof of (47). Let us write Iy =Ly /N. Then, by a standard inequality due to
Weyl as well as Assumption 3.3, we see that for any 8 € B,
Amin[=VZEN (0)] = Amin(Egy[=VZE(O)]) — [V*En (8) — Ego [V£(0)][lop
> cmin — [[V2En (0) = Egy[V*£(6)]lop- (69)

Hence we deduce

Pgy (Jnf Aol V2EN (8. 2)] < Newn/2)
< Pég(ﬂvzzN (0) — Egy[VZ£(0)]llop > Cmin/2 for some 6 € B)
<Py (sup sup  |v7 (V2En (0) — Egy[V2E(O)])0] > cmm/Z)

0eB v: vllgp =1

= Py (Sup sup PN (gv.e)l = cmin/2), (70)

0eB v: vllxp <1

where
gu.0() := v (V20(0,) — Eg,[VZ(O)])v, veRP,

The next step is to reduce the supremum over {v : ||v||gp < 1} to a suitable finite max-
imum over grid points v; by a contraction argument (commonly used in high-dimensional
probability). For p > 0, let N(p) denote the minimal number of balls of || - ||gp-radius p
required to cover {v : |[v||[gp < 1}, and let v; with ||v;||[gp < 1 be the centre points of a
minimal covering. Thus for any such v € RP there exists an index i such that

v —villgp < p.
Hence, with shorthand
My = VN (0) — Eq [V?U(0)], 0 € B,
by the Cauchy—Schwarz inequality and the symmetry of the matrix My we have

v Mgv = viTMgvi + (—v)T Mgy + viTMg(v — ;)

IA

T
vi Movi + [[v —villgp [Mpvllgo + v —villgo [Mevi|lro

IA

viTMgv,- +2p  sup v Myv.

v:llvllgp <1
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Choosing p = i and taking suprema it follows that for any 6 € B,

sup ‘UTMQU <2 max viTMOUi~ (71)
vilvllgp <1 i=1,..,N(1/4)

Since the covering (v;) is independent of 6, we can further estimate the right hand side of
(70) by a union bound to the effect that

Pég(sup sup  |vT Mgv| > Cmin/2)
0eB v: |vlgp <1

<N(/4)- sup POIZ (sup lvT Mgv| > cmm/4>

vivllgp =1 0eB
= N({1/4)
sup [P (sup 1Py (80,6 —80.00)] = min/8) + P2 (1 Pr (80.0°)] = cuin/9)]
v: ol p <1 6B

(72)

where we recall that 6* is the centre point of the set B from (39). For the rest of the proof,
we fix any v € R? with ||v||gp < 1. Next, we use (68) to decompose the ‘uncentred” part
of gy 6 as

— 0TV, Z)v
=T [VEX(O)VEX(0)T + [§%(0) — 9% (60)]VZEX (0) v — evT VZEX (O)v
= éfg(X) + 8g5,10(X),

such that
0.6(2) = gh 9(x) + eglly (x).

where we have defined the centred version of gi g as

g06(x) = &1 g(x) — Egolg) (X)), x€0.

- Cmm)

+P90( nge*( | =

cmm)
i=1
min Cmin
Zgl(gve gv@* (X)‘— 16)+ 6‘0( Zslva* = 16 ):|

(Z)-(l +ii +iii +1iv).

We can therefore bound the right hand side of (72) by

1
N(—) - sup [PN(sup (g!
4) viwlgp <t peB Z w0

+ PQIX (sup
0B

We now use empirical process techniques (Lemma 3.12 and also Hoeffding’s inequality)
to bound the preceding probabilities.



R. Nickl, S. Wang 1058

Terms i and ii. In order to apply Lemma 3.12 to term i, we require some preparations.
By the definition of gi ¢ and of the operator norm || - ||op, using the elementary identity

vT (aaT —bbT v = vT(a 4+ b)(a —b)Tv for any v,a,b € RP and Assumption 3.2, we
find that for any 0, 6 € B,

1256 — &5 5llo0 = [[VEOVEO) +[5(8) — §(60)]V>5(6)]
—[VEO)VEO) +[5(6) — 5 (6)IVZED)]|
< [V4(0) — VE@DIIVE©®) + VED [l Lo rD=P)
+ [[E(6) = S(@)IV*I(O) Lo (0,r0%D)
+ [[8(6) — §(00)][V>E(6) — V*E ()]l oo, rD*D)
<2mik]|0 — 0|1 + mok2|0 — 0|1 + m2ko|0 — 0]y
<2Cg|0 —0);. (73)

Loo((g’RDxD)

In particular, by (39) we obtain the uniform bound
sup g1 g — g1 g+ lloo < 2sup 18] 9(X) = &1 g« oo < 4C5|0 — 6%|1 < 4Cgn.  (74)
0eB 6eB

We introduce the rescaled function class

I I
8v0o ~ 8y.o*
b= 208 ZvBT gl —pl g e B,
16Cgn
which has envelope and variance proxy bounded as

sup |hhllee < 1/4=U, sup (Eg [hb(X)*)'/? < 1/4=0. (75)
0B 0eB
Next, if
d3(6,6) = Egy[(hg(X) —h5(X))?],  doo(8,0) = |1 —hlll, 6.6 € B,
then using (73) we have
dx(0.0) < doo(0.0) <160 — 61 /n. 6.6 € B.
Thus for any p € (0, 1), using [44, Proposition 4.3.34], we obtain
N(ngvd2s P) E N(%lvdoo’ p) E N(£v | : |1/777/)) S (3/)0)D (76)

For any A > 2 we have
1
/ log(A/x)dx =log A+ 1,
0

1
/ Viog(A/x)dx < &\/logA
0

2logA—1
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(see [44, p. 190] for the latter inequality), and hence, using this for A = 3, we can respect-
ively bound the L* and L? metric entropy integrals of #! by

4U
Joo(ET) = [0 log N(J . dwo. p) dp < D.

40
LTy = /0 Jog N(#1 . dy. p)dp < VD

Now, an application of Lemma 3.12 below implies that for any x > 1 and some universal
constant L’ > 0, we have

Peo(sup f‘Zh (X;) >L[«/_+\/_+(D+x)/«/_><2e_x. (77)

i=1
By the definition of glf g+ We also have
gl gelloo < 21181 gelloo < 2(kF + koks),

and hence by Hoeffding’s inequality [44, Theorem 3.1.2],

i < 2exp(— 2Nep, ) < 2€xp(—Nc—§‘i“). (78)
- 256 - 4(k? + kok2)? ) ~ 512C2

Now if we define

Cr%nn Cmin Cr%nn
,RN —Clen{C2 2 Con’ C’2} (79)

then for any D < fR%;I and choosing x = 43?12\,’1 we have

cmm\/ﬁ »1 _ N2
L D s < min ,
WD+ Vx4 D+ 0[N = 50050 ARy = 512C2

whenever C > 0 is small enough. Therefore, combining (77) and (78), and using the
definitions of the term i and of hé, we obtain

R I Cmin VN —4R%!
’l+’<264N+Peo(supf‘Zh ’)‘—glgc n)§4e4N' 50

Terms iii and iv. Letus now treat the empirical process indexed by the functions { gﬁ 19 :
6 € B). Since ||v||gp < 1, forany 6,6 € B we have

g% — &' Llloo < IV?8(0) = V2G(0) | pos(o 02y < malf — 011,
which also yields the envelope bound

11 17
sup [[g, — &yo+lloo < m2 sup [0 — 0% |1 < man.
0eB 0eB
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Now the rescaled function class

II gg,le _gi,le* II II
hy' = ———, H'' ={hy :0 € B},
4mayn

admits envelopes

IA

sup [hlle < 1/4=U, sup (Eg[hl}y(X)’D? <1/4=0.
0esB 0eB
Thus defining
d3(6.0) := Egy[(hylg(X) = h15(X))?],  doo(8.6) = Ihyly —hllco. 6.6 € B,

we have . . ) )

d2(0,0) < doo(6,0) < |0 —0|1/n, 6.0 € B.
Therefore, just as with the bounds obtained for term i, we have N(K!! d,, p) <
N(H, dw, p) < (3/p)P and thus, by Lemma 3.12 below,

N
1
Pe0 (sup ¥ )Z sihél
i=1

0eB

> L'[VD + /x+ (D +x)/ﬁ]) <27*, x=1
(81)

Moreover, by the hypotheses, || gv g+ lloo < k2, and hence, invoking the Bernstein inequal-
ity (96) with U = 0 = k,, we deduce

—X
90( Zs,gv - > ka/2x )<2e , x>0, (82
1—1 N
‘We can now set ) 5
€5 Cmin €2 Cmi
e(RZ,II -— CN min min , mln, mm7 min ,
N min? man’ k3 ko

and choosing x = 43?12\,’” in the preceding displays, we deduce that for C > 0 small

enough and any D < Ri,’”,

Cmm“/_
iii +iv < Peo(sup \/_‘Zslh”(X)) Z edman )
Cmin\/ﬁ
+P90(f;81gv9* 16 )
< 44BN (83)

Combining the terms. By combining the bounds (70), (72), (80), (83) and using
N(1/4) < 9P < e3P (cf. [44, Proposition 4.3.34]) we find that since D < Ry <
min {Rz’l, 3212\,’”} from (45),

P (eing Amin(—V2ly (6, Z)) < Ncmm/2) < N(1/4)-(i +ii +iii +iv)
€
< 4e3D—ARY | g 3D—4RY _ g ~RN

completing the proof of (47).
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3.4.2. Proof of (48). We derive probability bounds for each of the three terms in (48)
separately. The general scheme of proof for each of the three bounds is similar to the
proof of (47), and we condense some of the steps to follow.

Second order term. Using cp.x > Cmin, We can replace (70) by

Pég (;up Amax[— V2N (0, Z)] Z3Ncmax/2> < Pég(sup sup | Pn(gv.0)l zcmm/z)_
eB

0eBv:|lvllgp =<1

From here onwards, this term can be treated exactly as in the proof of (47) and thus, for
D < R, from (45), we deduce

P (sup A [=V2En (6, Z)] > 3Ncmax/2> < 8e RN, (84)
0eB

First order term. First, let us denote
Jo.0(2) = vT(Vﬁ(Q,z) — Eg,[VL(0, Z)]), lvllgp <1, 0 € B,

and let (v; :7 = 1,..., N(1/2)) be the centre points of a || - ||gp-covering of the unit
ball {6 : ||0]|lgp < 1} with balls of radius 1/2. Then for any v there exists v; such that
lv —vi|lgp < 1/2, so that by the Cauchy—Schwarz inequality,

| PN (fo,0)| < |PN(fo,0 — fo;.0) + PN (fo;.0)]

lv = villgp [ VEN (6) — Egy[VEO)]Irp + PN (fuy6)]
< 31VEN(0) = Ego[VEO)]IrD + | Pn (fo;.0)l-

IA

A

Therefore, since ||u||gp = sup,,. Iollg p <1 |vTu| for any u € R?, we deduce for any 6 € B,

sup  |Pn(fop)l =2 max |Pn(fy,0)l (85)
villvllgp <1 1<i=N(1/2)

We can hence estimate

Piy (sup Ve )1z = 3ema/2)
" \ges _
= Pg(sup  sup |07 [VEn(O) = Egy[VEON]| = cmur/2)

0eB v: |vllgp <1

SNA/D-sup P (sup 1P ()] 2 /). (86)
€

v vl p <1

We fix v € R with ||v||gp < 1. Using (68), by decomposing the ‘uncentred’ part of f,, g
into

vIVL©O. Z2) = vTVEX(0)[9% () — §% (00)] — v VEX (0) = flo(X) —ef]E(X).

we can then write

fos (@) = fla00) + ef,[ ().
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where we have further defined va p(x) = fvle(x) — Eq| vae(X )] (and still write
Py ( fU’ ) =N -1 vazl va o (Xi) to simplify notation). We then estimate the probabil-
ity on the right hand side of (86) as follows:

PUY (sup 1PN ()] = Coun/4)
0eB
< Pezg(;zg PN (Sl = flgn)l = cmax/16> + P (1PN (fg0)] = cmax/16)

+PY (gsgg PN = 1151 = cnan/16) + Phe (1PN (/4] = s /16)
=i +ii+iii +iv. (87)
We first treat the terms i and ii. By the definition of fv I o and Assumption 3.2, for any
0,0 € B we have
||f;){9_f;){§||oo < IIVE(©) = V(D)5 (6) — & (00)]+ VE(O)[(0) = F ()]l Lo (0.rD)
< (komy +kymo)|6—6];.
Again using Assumption 3.2, we also have

sup 1£)g = flgelloo < (komy + kimo)n.
€

Moreover, using || fUI g+ lloo < 2kok1, Hoeffding’s inequality yields

Nc?
ii <2exp —% .
512kgk;
Therefore, by using Lemma 3.12 in the same manner as in (77), we find that the rescaled
process

3 3
h] — fU,9 _fv,e*
VO 8(komy 4 kimo)n

satisfies

0eB

N
ng(sup ﬁ‘Zhﬂ’e(X,-)‘ zL’[JB+ﬁ+(D+x)/JN]) <2¢™*, x>1. (88)
i=1

Thus, setting

c2 c c2
RLL._ CN min{ (UL , = , = },
N (komy + kimo)?n?" (komy + kimo)n’ kgki

and choosing x = 33211\;1 in (88), we find that for C > 0 small enough and any D < JR]l\}I,

N A/
1.1 1 Cmax VN v
ji4i< 26_33’\’ + PN(‘_ hl (X; ' > max ) < 4e_3<RN .
o \| /N ; 0.0 (Xi) 128(kom1 + kimo)n

(89)
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We now treat the terms iii and iv. As ||[v||[gp < 1, for any 6,0 € B we have

11 11
1158 = )5 loo <mil6 =011, 1405 = £l lloo < mun. I flgxlloo < k.

Therefore, by utilising Lemma 3.12 below as well as Bernstein’s inequality (96) in pre-
cisely the same manner as in the derivations of (81) and (82) respectively, we obtain the
two inequalities

N II(X_)

11
ZE‘ v,0 \21) T Jy.6
i
N dman

1
Peo (sup
i=1

> UIWD + 5+ (D + x)/m)

0eB

<27, x>1,

and

d(

Thus, if we set

Zet

klx
> kiv2x + )§2e_x, x > 0.
! 3N

2 2
1II Cmax Cmax cmax Cmax
Ry =CN mln{
N 2.2’ » 20
min? min’ k¥ ky

1,11 1,11

then for C > 0 small enough, for any D < 3Ry in the

preceding displays, we obtain

and choosing x = 3Ry,

iii +iv < de RN (90)
By combining (86), (87), (89), (90), using N(1/2) < e2D (cf. [44, Proposition 4.3.34])
and since D < Ry < min {RIIVI R ”} we conclude that
P;g(sup IVin O)llgp > 3cmax/2) < N(1/2)- (i +ii +iii +iv)
0eB
< 4e?P3RN 4 42D 3R < gAY (1)

Order zero term. As with the previous terms, we introduce a decomposition

—£(0.Z) = 3[8% (60) — 8% (0)]> — e[% (60) — 5% (0)] + £2/2
(X)) el (X) + €22,

and therefore, defining
11 (x) =1 I} (x) — Eg I} (X)], x€0,

we have
—(0,Z) + Eg[L(0)] = I (X) + el} 1 (X) + £%/2.

Then, using Assumption 3.3, we can estimate
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PA (sup Ex (6. 2)] = 2 + 1)
0eB
< i (sup 1En/(0.2) = Eaglt0, 2)]] = cous +1)
0eB
< PgN(sup |Pn(f —100)] > cmax/4) + P9N<sup | Py (13)] > Cmax/4)
? \pes 0 \pes

+ PR (sup [PN (3T = 1511 = e /4) + PG (sup PN (U3D)] = can/4)
0eB 0eB

N
1
+P(5X(ﬁ;e,?z 1) =i +ii+iii +iv+o.
To bound the preceding terms, we use Assumption 3.2 to deduce that for all 6, 0 e B,
115 = Hlloo < 2075 — L lloo = 1-28(60)[5(8) — §(O)] + §(6)> — §(6) [0
= [(5(6) — §(60)) + (§(0) — E(Bo)IE () — & (D)]lloo
< 2komo|0 — 01,

as well as

sup 1§ = Ig-lloo < 2komon,  llxlloo < k3.
0eB

Moreover, again by Assumption 3.2 we have, for all 8, e B,

15" = 15" lloo < 2mol60 =611, sup (115" = 15! lloo < 2mon.  15¥ oo < 2ko.
0eB

Next, similarly to the second and first order terms, in order to control terms i and iii we
now apply Lemma 3.12 to the rescaled empirical processes
ll I _ lI 1

I _ g1
ly — g+ II ._ 6

h] P ~z v
8komon™ ¢ - 8mon

0
and in order to control terms i7 and i v, we respectively apply Hoeffding’s inequality and
Bernstein’s inequality (96) in the same manner as before. Overall, if we set

2

c2 c
eRO,I -— CN min max max max
N {kzmonz kom()?’} k

92)

2 2
0, II cmax Cmax Cpax  Cmax
Ry = CN min
N m 772 mon’ k2 ko

then for C > 0 small enough we obtain, forany D < Ry < mln(ﬁN ,R?V”)

> Cmax\/ﬁ +26Xp _chiax

+ Py (sup f‘zh”(x )( > c;“;in_) + 20 RV

0eB

l+ll+lll+lU<P90(Sup f‘Zh (X)) =

_R01

0.11
<4e RN 4 4e7 RN < ge RN,
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Finally, we estimate the term v by a standard tail inequality (see [44, Theorem 3.1.9]),

N
v=PR (Y -1z N) e,

i=1

and thus obtain
PéZ(sup 1 (6, Z)| > 2ma + 1) <idiitiii+ivtv<8 RN LN (93
feB

Conclusion. By combining (84), (91) and (93), the proof of (48) is completed.

3.5. A chaining lemma for empirical processes

The following key technical lemma is based on a chaining argument for stochastic pro-
cesses with a mixed tail (cf. [94, Theorem 2.2.28] and [35, Theorem 3.5]). For us it will
be sufficient to control the ‘generic chaining’ functionals employed in these references by
suitable metric entropy integrals. For any (semi)metric d on a metric space 7', we denote
by N = N(T,d, p) the minimal cardinality of a covering of 7' by balls with centres
(ti ;i =1,...,N) C T such that for all t € T there exists i such that d(¢,t;) < p. Below
we require the index set ® to be countable (to avoid measurability issues). Whenever
we apply Lemma 3.12 in this article with an uncountable set ®, one can show that the
supremum can be realised as one over a countable subset of it.

Lemma 3.12. Let © be a countable set. Suppose a class of real-valued measurable func-
tions
H =1{hg: X >R, 0B}

defined on a probability space (X, 4, PX) is uniformly bounded by U > supy ||hg|lco
and has variance envelope 6% > supg EX [hé (X)] where X ~ PX. Define metric entropy
integrals

40

120 = [ Vg NG o p)dp. do(6.0) =\ EX[(ho(X) — oy (X))?],
4U

Joo ) = [ log Nt dou ) dp. dio(8.6') = g = o

For X1, ..., XN drawn i.id. from PX and ¢ R N(0, 1) independent of all the X;’s,
consider empirical processes arising either as

N
1
Zn() = Wi Y he(Xi)ei. 6€0,
i=1

or as

N
Zy(0) = = Yo = Elhg(X)). 0 < ©.
i=1
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Then, for some universal constant L > 0 and all x > 1,

P(mpuNwﬂszﬂﬂ)+a¢E+u®ua+meJND525&
6@

Proof. We only prove the case where Zn(0) = ), ho(X;)ei/ VN , the simpler case
without Gaussian multipliers is proved in the same way. We will apply Theorem 3.5
of [35], whose condition (3.8) we need to verify. First notice that for |A| < 1/||hg — kg’ || o,
and E? denoting the expectation with respect to &,

E*[|e[*]EX [lhg — ho'[* (X)]

0 g1k
Elexplre(hs — hg) (X)) <14 3 2

= k!
2 X 2 > E8[|8|k] k—2
<1 R2EX [ ()~ hor P TV g — o)
k=2 '
22d2(6.6))
= e"p{l T ldoa(@. 9/)} O

where we have used the basic fact £%[|¢|¥]/k! < 1. By the i.i.d. hypothesis we then also
have

A2d2(0,0") }
1= [A|doo(6.6") /N |

An application of the exponential Chebyshev inequality (and optimisation in A, as in
[44, proof of Proposition 3.1.8]) then implies that condition (3.8) in [35] holds for the
stochastic process Z y (6) with metrics dr =2dy and d; = doo / VN .In particular, the
c?z—diameter Ay (H) of H is at most 40 and the cfl -diameter A1 (J) of J is bounded
by 4U/~/N . [These bounds are chosen so that they remain valid for the process without
Gaussian multipliers as well.] Theorem 3.5 in [35] now implies, for some universal con-
stant M and any 6+ € ©, that

Elexpld(Zy (6) — Zy (0)}] < exp{

Pr(;ug 1ZN(0) = Z (61)] = M (12(J) + 11 (H) + 0 VX + (U/VN)x)) < ™

where the ‘generic chaining’ functionals y, y» are upper bounded by the respective metric
entropy integrals of the metric spaces (#,d;), i = 1,2, up to universal constants (see
[35, (2.3)]). For y; also notice that a simple substitution p’ = p+/N implies that

4U/N _ 1 4U
/ loz N(3.dv.p) dp = [0 log N(J. doo. ') dp.

and we hence deduce that

Pr(sup | Zw (6) = Zw (01)] = LI (H) +03/x + (Joo(H) + Ux)[VN]) < €™ (95)
6e®

for some universal constant L.
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The preceding argument also implies the classical Bernstein inequality
Pr(|zN(9)| > ov/2x + i) <2¢7F, x>0 (96)
—_ 3\/N — 9 9

for any fixed 6 € ©,U > ||hglloo and 062 = EX[h3(X)], proved [44, (3.24)], using (94).
Applying this with 6; and using (95), the final result follows now from

Pr(sup |Zn(0)] > ZT(X))
0c®

< Pr(;ug |ZN(0) — Zn(64)] > t(x)) + Pr(|ZN(9T)| > t(x)) <2e7%,

for any x > 1, where t(x) = L[J2(#) 4+ 0 /X + (Joo(#) + Ux)/~/N]and L > 2L > 0
is large enough. u

3.6. Proofs for Section 3.3
We apply the results from Appendix A to o = II(-| ZM).
Proof of Theorem 3.7]. For any 6, 6 € RP, for the log-prior density we have

IViog 7(8) — Vg w(0)llgp = |27 (0 — O)llgp < Amax(EH)6 — Ollgn.
Amin(—=V?1og 7(6)) > Amin(Z71),

and for the likelihood surrogate { N, by Proposition 3.6 and on the event & from (60),
IVEN (©) = ViN O)lrp < TK Amax(M)]|6 = 0o,
Ainin(=V2En (8)) = Nemin/2.

Combining the last two displays, and on the event &, we can verify Assumption A.1 below
for —log dT1(- | Z™)) with constants

m = Nepin/2 4 Aain(Z71), A = TK Amax (M) + Amax (7).
We may thus apply Proposition A.4 to obtain
W (L), TI(-| ZMN)) < 2WZ (T | Z™), T1(-| ZM)) + 2WF (2 W), TT(-| ZH))
< p+b(y) + 401 = my/2)*[[|6init — Omax | o + D/m],

where O, denotes the unique maximiser of log d TI(-| Z™)) over RP (which exists on
the event &.ony, by virtue of strong concavity).

We conclude by an estimate for ||Ginit — Omax |g p - To start, notice that for any 6 € RP
we have

10 = G|} = (0 = Oui)” M(0 = Onic) = Ammine(M) |0 — Ol - o7
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Thus, for any § € R? with ||§ — Oi,m”]ib > 4n? /Amin(M), we have |6 — Oy,i|1 > 271, and
therefore also g,(0) > (|60 — Oinic1 — n)? > %|9 — Qimtﬁ- Thus, for C from (55) and any
0 € RP satisfying
20 4n?
0~ Oulp = = +
107 Onile = & 3ot
using (97), (55) as well as the upper bound for |£ ()] in the definition of &y, We obtain

1+ Amax(ju)/n2 X |'9 - einilﬁ
Amin(M) 4

~IN(0) = Kgy(8) = CN(Cnax + 1)

C
= ZN(Cmax + 1)”9 - einil”]lng
e SN(Cmax + 1) > _ZN (einit)~

This implies that necessarily the unique maximiser 957 of the (on & oyy) strongly concave
map £ over R? satisfies || 07 — 91nit||f{p <20/C + 452/ Amin(M). Moreover, in view of
the definition of B and the hypotheses on 6* we have

[Oinic — 0|1

n
———+R<———+R,
vV Amin(}w) vV Amin(M)

[6nitllRp < 16inic — 6% lgp + 10%|[gp <

which also allows us to deduce

3
||92||RD < ”92_ Onitlr> + [|Onitllgp < v20/C + #(1\/[) + R

We further have 61 ¥710,,, < OZT 716; (otherwise Omax would not maximise

log dT1(-| ZM))), and thus, for k() the condition number of X,

_ 1 _
||9max||]12y) . mer@xx Mmax < mggx 19@ = K(E)HQZHHZQD’

Combining the preceding displays, the proof is now completed as follows:

||9max - Qinil”@ZRD S ||9max||@2RD + ”@nit”%D
"
Amin(ju)
2

< K(z)[l + A"—(M) + RZ].

S kDN0l5 + + R?

Proof of Theorem 3.8. For any ¢t > 0 and any Lipschitz function H : R? — R we have

Py, (
=Py, (

7y (H)— EM[H | 2™ > 1)
77 (H) —Eg, [7] (H)]| =t — |Eq, [#] ()] — ET[H | Z™M]]).  (98)
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To further estimate the right side, note that for c3 large enough and any k& > Ji,, by (64)
and Theorem 3.7, we have

W (L), TI(-| ZM)) < 2(p + b(y)).

Noting that (165) below in fact holds for any probability measure p and thus in particular
for = T1(-| ZM)), it follows that for any Lipschitz function H : R? — R,

(Eq,[77 () — EM[H | Z™M)? < 2| H|2, (0 + b(y)).

Thus if ¢ > 0 satisfies (65), then applying Proposition A.3 to both H and —H shows that
the r.h.s. in (98) is further bounded by

2m?Jy )
IH Iz, (1 4+ 1/mJy)) )

Proof of Corollary 3.9. We first estimate the probability to be bounded by

Py, (177 (H) — Eg, [#] ()] = 1/2) < 2exp(—c

Py, (107 —Eeq,.[07 llgp >t — |Ee,, 107 1— ET[0| Z™]|gn).

init

Next, for any k > 1, let v denote an optimal coupling between £ (%) and TI(-| Z®))
(cf. [104, Theorem 4.1]). Then by Jensen’s inequality and the definition of W, from (9),

Jint+J 2
_ 1
Eq [07 1— ET[0 | ZM)? =”— / 0—0)dvi (6,60
| Eq,,, [0 ] [0 ] 1[92 Jkgnjﬂ RDxRD( ) dvg( )RD
D ] Jint+J 2
=>(- X / (ej—e;)duk(e,e’))
j=l(Jk=Jin+1 RD xRD
1 Jin+J/ D
<— > > (6 —6)* dvi(6.6)
Jk:Jin"l‘l ROXRP ;=4
1 Jin+J
= > W@ ZM).
k=Jin+1

Thus from (61), (64) (as after (98)) we obtain
1E6,,107,]1 = EMO1 ZMIrp < V2Vp +b(y).

Now forany j = 1,...,d, let us write H; : R? — R, 6 + 6;, for the j-th coordinate
projection map, of Lipschitz constant 1. Then in the notation (63) we can write

071, =#) (H)., j=1.....D.

Fort > /8(p + b(y)) and applying Proposition A.3 as in the proof of Theorem 3.8, as
well as a union bound, gives
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Pginil(”éjjin - En[e | Z(N)]”]RD = t) =< Peini[(”é}in _Eeini[[é_]]in]
D

=Py, (Z[ﬁ.{m (Hj) —Eg,,; [ﬁJJm (HJ)]]2 = t2/4)
=1

gD = 1/2)

D

A A 2 12
= Z P9ini1 ([T[.{in (Hj) _Eeinit [nJJin (Hj)]] = E)
Jj=1

2m2J
§2Dexp(—c my )

D[1+1/(mJy)]

4. Proofs for the Schrodinger model

In this section, we will show how the results from Section 3 can be applied to the non-
linear problem for the Schrodinger equation (17). Recalling the notation of Sections 2
and 3, we will set 0* = 6y p, thenorm |- |; := || - |[gp as well as n := eD™4/4 (for € to
be chosen), such that the region B from (39) equals the Euclidean ball

Be:={0eRP: |0 —byplgp < eD™*4}, (99)

The first key observation is the following result on the local log-concavity of the like-
lihood function on B¢, which will be proved by a combination of the concentration result
of Lemma 3.4 with the PDE estimates below, notably the ‘average curvature’ bound from
Lemma 4.7.

Proposition 4.1. Let 0y € h? satisfy ||0o]l2 < S for some S > 0 and consider Ly from
(22) with forward map € : RP — R from (17). Then there exist constants 0 < €5 =
€s(0,g,®) < 1andcy,ca,c3,c4 > 0such that for any € < €5 and all D, N satisfying
D < czNﬁ as well as [|§(80) — 9 (00,p)lL2(0) < c1D™*? the event

Euon(€) = { Inf Anin(=V2Ly (8)) > caND ™1,
€be
S0 1Ly O)] + 190w @lgo + [V Ly @llap) < csN |
€be

satisfies

— ey N/ d+12)

Py (Econv(€)) = 1 —33e (100)

Proof. For any 6 € RP, Fy as in (16), by a Sobolev embedding and (13), we have
[ Folloo < 110llp2 < D?¢||0||gp. This and Lemmas 4.4—4.6 verify Assumption 3.2 in
the present setting, with constants

ko ~ ki >~ const, ky, ~mg>~m; ~ D?4 gy ~ D4,
whence the constants from (46) satisfy

Cg ~ D*4, Cy ~ D/4 Cy ~ D/4 Cy' =~ const.
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Moreover, using (28) and (107), Lemmas 4.7 and 4.8 verify Assumption 3.3 for our choice
of n with
Cmin = D_4/d, Cmax 2> const. (101)

Then the minimum (45) is dominated by the third term, yielding
RN = RnDpD = cim/C;f ~ ND~1?/4

Therefore, we can choose ¢ > 0 small enough such that for any D, N € N satisfying
D < ¢N4/E@+12) 'we also have D < Ry.p. Lemma 3.4 then implies that for all such
D, N, we have

—eNA/d+12)

conv u

Pyl (E5,) < 32e7 RN 4 e7N/8 < 33¢

Next, if 6;y;; is the estimator from Theorem B.6, then in the present setting with € =
1/log N, the event (50) equals

1
Einit = {||9inn —bo,pllrp = W}-

Proposition 4.2. Assuming Condition 2.3, there exist constants cs, ce¢ > 0 such that for

0, init I —_ ?—Cf 2a+d
PI(Y(EJ . ) 2 CS Nd/( )'

Proof. Using Theorem B.6 and o > 6, we see that with sufficiently high probability,
16 = 60,0 llgp S N™@2/CED = o((log N) D), .
Next, denoting by TT1(-| Z®)) the ‘surrogate’ posterior measure with density (27), and
if
Euas = (W7 (¢ ZW). 11(-| ZM)) < exp(-N4/Co+D),

is given by (59) with p = 2 exp(—N4/@*+4)) then Theorem 4.14 implies the following
approximation result in Wasserstein distance.

Proposition 4.3. Assume Conditions 2.2 and 2.3. Then there exist constants c¢7,cg > 0
such that for all N € N,

N —eo N/ Ca+d)
P90 (Ewass) = 1 —cq7e™ 8 .

The preceding propositions imply that the events

8N = 8conv N ginit n gwass (102)

satisfy the probability bound Pelg (Ex) =1 —cle "N ¢/ D 1 what follows, the

events &y will be tacitly further intersected with events which have probability 1 for
all N large enough, ensuring that the non-asymptotic conditions required in the results of
Section 3 are eventually verified.
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Proof of Theorem 2.7. We will prove Theorem 2.7 by applying Theorem 3.7 with
the choices B8 = B from (99), € = 1/log N and K from Condition 2.2, p =
2exp(—N4/Cet+d)y and M = Ipxp generating the ellipsoidal norm | - ||g». Using (13),
the prior covariance X from (23) satisfies

Apin(E71) ~ N4/Qad) 351y o Nd/Qatd) pojd
Then using Condition 2.2, we first have
K 2 ND¥4(log N)? ~ Nema - (1 + 772,

verifying the lower bound (55), and then also m, A > 0 from Theorem 3.7 satisfy

m~ ND~4d 4 N¥/@atd) A ~ ND3/d(1og N)? 4 N9/Cat+d) p2a/d
The dimension condition (28) and the condition on « further imply

ND—4/d > Nd/(2a+d)7 Nd/(2a+d)D2a/d <N,
whence we further obtain
m~ ND™*4 A~ ND¥?(1ogN)>. (103)

Noting that also y = o(A~!) with our choices, Theorem 3.7 implies that on the event &
from (102), the Markov chain (%) satisfies the Wasserstein bound (61) with

DA? 2DA*
Y . + Y = < yD(d+24)/d(logN)6 + yzND(d+44)/d(logN)12,

(104)

b(y) <

as well as
©(Z, M, [[60.plrp) S k(E) ~ D>*/4.

Using also D/m < const, the first part of Theorem 2.7 follows.
For the choice of y = y, from (31), straightforward calculation yields (for N large
enough)
B(ys) = o(2 + N72F), (105)

which proves the second part of Theorem 2.7. ]

Proof of Proposition 2.4 and of Theorems 2.5, 2.6. Proposition 2.4 now follows directly
from Theorem 3.8 and the preceding computations. Noting that for all N large enough
we have B(y) < N~F, Theorem 2.5 follows from Corollary 3.9, (105) as well as (67),
for Jiy > (log N)3/(y. ND~*/?). Finally, intersecting further with the event

Enean = {|EM0| 2N = byl 2 < LN Fa 2}, L >0,
Theorem 2.6 follows from the triangle inequality and (151). ]

Proof of Theorem 2.8. In the proof we intersect &y from (102) further with the event
on which the conclusion of Theorem 4.12 holds. Part (iii) then follows from part (ii) and
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straightforward calculations. Part (i) follows from the arguments following (157) below,
where it is proved in particular that éMAp is the unique maximiser of the proxy posterior
density 77 (-| Z™)) over RP. We can now apply Proposition A.2 with m, A from (103),
using also

llog 7 (Ginic | Z™) — log 7 (Buar | ZN)|

< sup [y ()] + NYCAFD |Gy )2 + NYCED| 6,012
0€B1 /(8105 N)

5 N + Nd/(2(x+d)(1 + D2a/d) 5 N,

in view of £ = {x on B1/810g N) the definition of &y, (13) and since Oy € h¥. [ ]

4.1. Analytical properties of the Schrodinger forward map

This section is devoted to proving the four auxiliary Lemmas 4.5-4.8 used in the proof
of Proposition 4.1. Throughout we consider the forward map § : R? — L%(0), § =
G o ®* o W, given by (17) and assume the hypotheses of Proposition 4.1, where the set B¢
was defined in (99).

For any f € C(O) with f > 0, by standard theory for elliptic PDEs (see e.g. [40,
Chapter 6.3]) there exists a linear, continuous operator Vy : L?*(0) — HO2 (O9) describing
(weak) solutions Vy[y] = w € Ho2 of the (inhomogeneous) Schrodinger equation

é — =
{2w fw=v¢v on0, (106)

w=0 ond0.

Lemma 4.4. For any x € O, the map 6 — §(0)(x) is twice continuously differentiable
on RP. The vector field V& : O — RP is given by

vIVEy(x) = Vy, [uy, (&' o Fo)¥(v)](x), x €0, veRP.

Moreover; for any vi,vs € RP and x € O, the matrix field V*8y : O — RP*P s given
by

v V28 (x)v2 = Vi, [ug, ¥ (v1) W (v2)(®” 0 Fp)](x)
+ Vi, [(® 0 Fg)W(v1)Vy, [z, (P 0 Fo)¥(v2)]](x)
+ V5, [(®" 0 Fo)W(v2)Vy, [us, (¥ 0 Fo)¥(v1)]](x).

Proof. In the notation from (17), the map 6 — & (6)(x) can be represented as the compos-
ition §x o G o ®* o W, where §, : w > w(x) denotes point evaluation. We first show that
each of these four operators is twice differentiable. The continuous linear maps ¥ : R? —
C(O) and 8, : C(O) — R are infinitely differentiable (in the Fréchet sense). Moreover,
the maps G : C(O) N {f > 0} —» C(O) and ®* : C(O) — C(O) N {f > 0} are twice
Fréchet differentiable with derivatives DG, D?G and D ®*, D?®* given by Lemma B.2
and (175) respectively. By the chain rule for Fréchet derivatives (see Lemma B.3), we
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deduce that x — §(0)(x) is twice differentiable, with the desired expressions for the
vector and matrix fields. The continuity of the second partial derivatives follows from
inspection of the expression for the matrix field, and by applying the regularity results for
V¢, G and ®* from Appendix B. [

Now since ||0|,2 < S and by the definition (99) of the set B;, we see from (13) that
sup [|0]l52 < [160.pll52 + sup 16 = bo.pllp2 < S + D> sup |6 — 6o,pIro
0eB, feB, 0eB,

SS+1L

It follows further from the Sobolev embedding and regularity of the link function ®
(Appendix B.1.1) that there exists a constant B = B(S, ®, O) < oo such that

Sup 1Folloo + 1 Follm2 + | follm2 + | folloo] < B. (107)
€b

In particular, this estimate implies that the constants appearing in the inequalities from
Lemma B.1 can be chosen independently of 6 € 8B, which we use frequently below.
For notational convenience we also introduce the spaces

Ep :=span(e;,...,ep) € L?>(0), D eN, (108)

spanned by the first D eigenfunctions of A on @ (cf. Section 2.1.1).
We first verify the boundedness property required in Assumption 3.2 (ii).

Lemma 4.5. There exists a constant C > 0 such that
sup [[§(0)[lL~ < C,
6eB

sup [[VE ()| poo,rr) < C,
6eB

sup [[V2G(0) || poo(@rpxny < CD4.
9631

Proof. The estimate for |§(0)|o follows immediately from (18). To estimate
[VE(0)l Lo rD)» We first note that by Lemma 4.4,

IVE@)llL@roy=sup [ VE(©O)|Lo
v vl p <1
< sup Vi, [y, (@ 0 Fg) H]loo-

HeEp:|H| 21

Thus by the Sobolev embedding || - |loo < || - || 72, Lemma B.1 and boundedness of @',
we deduce that for any 6 € 8; and any H € Ep,

1V, L, (" 0 Fo) Hllloo < 1V, lugy (9 0 Fo) Hll g2 < llug, (0 Fo) H| 2
< Mgy llooll @ 0 Follooll H |2 < I1H |2
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Again using Lemma 4.4, we can similarly estimate || V2§ (0)|| 00 (o g D) by
IV @)l o@rry < sup 0T VZE(0)v] 1
v lollgp <1

< sup (2015, [H(®' 0 Fy) V5, [H(® o Fp)ug,llloo

HeEp:|H|;2=<1 2

+ ”er [H (QD o FQ)ufe]”oo)

— sup (I +11). (109)

HeEp:|H|;2=<1

Arguing as in the estimate for ||V (0)||p o9 rpr), We find that for any 6 € B; and

H € Ep,
I S |[H(® o Fg)Vs, [H(P o Fo)uy,]llp2

SIH| 219" 0 Fllool| Ve [H(®" o Fus]lloo
SIHI 2 H(@ o Fyugll2 S [HIZ2,
as well as
1T S [[H*(®" 0 Fa)ug, llL> < lug, llool|®” © Fllool Hll 2 [l H lloo
SIH| 2| Hlgz £ DN H|3
where we have used the basic norm estimate on Ep € L?((9) from Lemma 4.9. By com-
bining the last three displays, the proof is completed. ]

Next, we verify the increment bound needed in Assumption 3.2 (iii).

Lemma 4.6. There exists a constant C > 0 such that for any D € N and any 6,6’ € RP,

I5(0) =9 @)oo < Cl1Fo = Fzlloo,  [9(8) = §(O)ll2> < CllFg = Fyll2,  (110)

as well as, for any 0,0 € 8B4,

IVE(8) = VIOl L(.rP) < ClIFo — Fjlloo, (111)

IV25(6) = V*G(0) | oo (o rrx 2y < CD?| Fy — Fjlloo. (112)

Proof. The estim_ate (110) follows immediately from (171) and (177) in Appendix B.
Now fix any 6, 6 € B;. To_simplify notation, in what follows we write F = W(6),

F=W(), f =doFand f = ®o F.For(l11), arguing as in the proof of Lemma 4.5,
we first have

IVE(0) = VE D) 10.rP) < ” s”up " (VE(6) = VE(6))lloo
v:||v RDsl

< sup IV [H(® o Fyus] — Vi [H(® o Fuf]|loo
HeEp:|H|l;2=<1

= o (107 = VUH(@' © Fuglles + IVFH(® o F =& 0 Pzl
o +IVAH@ o F)uy —up)]lo)

=: sup g+ 1p + 1.).
HeEp:|H| 2<1
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Now, we fix H € Ep for the rest of the proof. The term /, can be estimated by repeatedly
using the Sobolev embedding || - ||oo < || - || g2, Lemma B.1 as well as (107) and (177):

Lo = Vi l(f = DVilup(® o F)H oo S IVFI(f = )V [uf (@ o F)H]|| g2

SIS = AWVilup@ 0 FYH2 < 1f = Flloolluf (@ o FYH]| 2

SIF = Fllool H 2. (113)
Similarly, I} is estimated as follows:

Iy S| H(® o F =& o F)ugzllp2 £ |90 F — @ o Fllog|luzllcoll H 2

SIF = Fllool Hll >

Finally, we can similarly estimate
Ie < llup —up)(@® o F)H| 2 < lluy —tfllol|® 0 Flloo| Hllr2 S I1F = Fllooll H 2.

where we have also used (110). By combining the estimates for /,, I, and /., we have
completed the proof of (111).

It remains to prove (112). In analogy to (109), we may fix any v € RP, and it suffices
to derive a bound for vT (V2 (6) — V2§ (0))v. To simplify notation, let us write H =
Wy € Ep = RP,aswellash = H(® o F) and h = H(® o F). Then by Lemma 4 4,
we have the following decomposition into eight terms:

vT(V28(0) — V2E(0))v
= 2V [hVilhuz]] = 2Ve[RVylhug]] + Vi[u s H*(@" 0 F)) = Vi[us H*(®" o F)]
= 2(V; = Vo) [hVilhug]] + 2V [(h — h)Vi[huz]]
+2Vy [h(Vy = Ve)lhug]] + 2V [AVe[(h — hyuf]] + 2V [h Ve [h(u; —uy)]]
+ (Vf — Vf)[uf-Hz(CD" o F)] + Vf[(uf- — uf)Hz(qD" o I*:)]
+ Vilup H*(@" o F — @" o F)]
=1l + 11+ 1.+ 11y + 11, + 11+ 11 + 11 (114)

To estimate these terms, we will again repeatedly use (107), the regularity estim-
ates from Lemmas B.1-B.2 below, the estimates |[h|z2, [|2].2 < [|H |72 together with
I/ = flloo £ IIF — Flloo, which all hold uniformly in 6 € 8;.

Using Lemma B.1, including the estimate (169) with = hV7 [hu f], we obtain

Hlalloo S 1f = FlloolltVilhufdlizz S 1F = Flloollhll 2Vl o
SIS = FloolHll2lhugll2 S 1S = fllool HIZ2 N1 lloo
SIF = Fllool Hl72-
Similarly, we have
Il S (k= W)Vilhugllp2 S |1H(@ o F =@ o F)|2l|Vlhuz]|loo
S luslloolH N2 |1 F = FlloollhufllL2 S NHIZ2IF = F oo,
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and, again using (169),

11 Telloo < 1A(V7 = V) lhuAlle < 10021 (Ve = Vol lloo
<NHIF = fllooliuglle < NHIZIF — Floo.

For 11, by following similar steps to those for I I, we see that
1 Lalloo S NH L2 1V7[(h = hyufllloo S IH 71 F = Flloos
and similarly, using also (110), we obtain

1 1elloo S 1H |22l [f[h(u_ uf)]”oo < ||H ”]%2””‘ uf”oo
f f
< |H ”iz”l_ Flloo-

For 11y, we note that by the Sobolev embedding,

/@ww'suwnu sup W lloo < Jwlr. weLM(O).

||w||(H2)* = sup
0 Yyl y2st

Vil <1

and consequently by Lemma B.1,

1 Iflloo = IVFI(f = NIVluz H*(@" 0 F)]llloo
SIS = FlloollVilup H*(@" 0 F)llz2 S 1S = flloollf H?(@" 0 F)ll g2y«
SIS = fllooluz H*(@" 0 F)p1 S IF = Fllooll HIIZ .

For Il, and I}, by similar steps and additionally using the fact that by Lemma 4.9,
1H lloo < |Hll g2 < D*4||H||p2 forany H € Ep, we obtain

1 Tglloo S lluf = s llooll H* [ 219" 0 Flloo S I1f = flloo H ll22 [ H lloo
< D F — Fllo|HI?..

as well as

1 Ihlloo < llug H*(@" 0 F = ®" 0 F)12 < [ H 2| Hllooll F — Flloo

< DY F ~ FllollH |7
By combining (114) with the estimates for /1,—1 Iy, the proof of (112) is complete. m

We now turn to the key ‘geometric’ bound from the first part of Assumption 3.3,
which quantifies the average curvature of the likelihood function £ 5 near 6y, p in a high-
dimensional setting (when PX is uniform on ). The curvature deteriorates with rate
D~*/4 a5 D — oo, which is in line with the (local) ill-posedness of the Schrodinger
model, and the related fact that the associated ‘information operator’ is of the form 12,
with I being the inverse of a second order (elliptic Schrodinger-type) operator (cf. also
[77, Section 4]).
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Lemma 4.7. Let £(0) be as in (38) with § : RP — R from (17), and let B¢ be as in (99).
Let 0y € h? satisfy ||0o||,2 < S for some S > 0. Then there exist constants 0 < €5 < 1
and cy, ¢y > 0 such that if also |9 (60) — 9 (60.p) || 2(0) < 1D~ then forall D € N
and all € < €g,

Anf Aumin(Ego[=V2€(0)]) = e D744, (115)

Proof. We begin by noting that for any Z = (Y, X) € R x @, we have
—V200,2) = VEX(O)VEX ()T — (¥ —8X(0))V>§%X(9).
Using this and Lemma 4.4, we find that for any v € R, with the previous notation H =
W(w)and h = (¥’ o Fy)H,
o7 Egy[=V20(0. 2)]v = [[Vy, [uy, (¥’ o Fo)H]|22 6,
- <”f90 — g, 2Vy, [hVy, [h”fe]]>L2((9)
— (upy, =ty Viplug, H2(®" 0 Fo)l) 12(0)
=1 +1I1+1II (116)

We next derive a lower bound on / and upper bounds for /7 and /11, for any fixed
v eRP,

Lower bound for 1. Writing ag := uy, (®’ o Fy), using the elliptic L2-(HZ)* coercivity
estimate (168) from Lemma B.1 below as well as (107), we have

llag H ||(H§)*

I+ (1 /6lloo

The next step is to lower bound ag. By [28, Theorem 1.17], the expected exit time 7o fea-
turing in the Feynman-Kac formula (12) satisfies the uniform estimate sup, .9 E*7¢9 <

K(vol(0),d) < co. Therefore, using also Jensen’s inequality and g > g, > 0, we obtain,
with B from (107),

VI =V, lagHlllz20) 2 2 lagHll gz € B (A17)

S inf up, (x) 2 gmine BECANOD-D =y > 0. (118)

Also, since @ is a regular link function, for some k = k(B) > 0 we have

inf inf [®' o Fl(x) > inf ®(r) >0,
o, Ampl® © Folln) = nl @) >

and therefore for some amin = Amin(P, B, O, gmin) > 0,

inf inf > Amin > 0. 119
i, i) 2 a )

We thus find, by definition of (HOZ)* and the multiplication inequality (7), that for some
¢ = ¢(Amin) > 0,

1H L rzy- = lasaz" Hll gy < llag a2 llao Hll sz

< c(l + llagllF2)llae H Il g2y (120)
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where in the last inequality we have used (176) for the function x — 1/x. Using again
(107), regularity of @', the chain rule as well as the elliptic regularity estimate (173), we
obtain

sup [lagllgz < sup |lug,llg2 sup @' o Fpllg2 < C(g,S,0,®) <oco.  (121)
0eB 0eB 0eB
Therefore, combining the displays (117), (120), (121), we have proved that, uniformly in
0 e £1,
||H||(H2)*

2 llagH 122y, 2
H™ ™ 2 suppeg, (1 + llaglF)?

~

> DM H|Z,, (122

where we have used Lemma 4.9 below in the last inequality.

Upper bound for 11 and I111. Using the self-adjointness of Vz, on L?(0), a Sobolev
embedding, Lemma B.1, (107), the Lipschitz estimate (171) as well as (18), we have,
uniformly in 6 € Bj,

1] <

/0 sy, = use) Ve, [1V5, Thug,]] /0 Vi ligyy = us)[1Vy, [hug,]]
S Wi lugy, —upelllooll2Vey [hug, Iy < gy, —ugp, 212122 1V, [hug, ]l 2
< lugy, —ugll2IH 75 (123)
Similarly, for 711, using also |®" || < 00, we estimate
IT| = [(ug,, —ugy. Vy, [ug, H*(®" o Fo)])12(e)|
= |(Vf9 [ufgo - ufg]’ Ufy Hz(qJ// © F@))L2(0)|
< Wz lugy, = tsyllloollig, llool|®” © Follool| H 1
< gy, — sy 2l H 75 (124)

Combining the displays (116), (122), (123) and (124), we have proved that for any
6 € By, any v € R? and some constants ¢’, ¢” > 0,

vl Eg [V, Z)]v = (/D™ — " gy —ug, lIL2) | HIIZ2-
Using (110) and the hypotheses, we see that for some cg > 0,
Ity =1y ll2 < 1(60) = §(B0,0)ll2 + cgllfo,0 — Ollrp < (c1 + cges) D44

Thus for all ¢1, &g > 0 small enough and taking the infimum over v € R? with ||v||gp =
|¥(v)|lz2 = ||H| |2 = 1, we conclude that for any 6 € B¢ and some ¢ > 0,

Amin(EQ() [_VZK(Q, Z)]) > C'///D_4/d,

which completes the proof. ]
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Finally, we prove the upper bound required for Assumption 3.3 (ii).

Lemma 4.8 (Upper bound). For every S > 0, there exists a constant ¢ > 0 such that for
16ollp2 < S and all D € N, we have

Sup [ E6o[£(0. 2)]| + 1| Eeo [VL(D. Z)]llrp + [ Eeo[VZE(O, Z)]llop] =< c-

Proof. For the first term, using Lemma 4.5, we see that for some Ko > 0 and any 6 € By,
|Ego[LO]] = 1/24+ (1/)1§(0) =5 Oo)|I7> S T+ 812 + lugllZ < Ko.

For the first derivative, similarly by Lemma 4.5 there exists some K; > 0 such that for
any 0 € 8By,

[ Eao[=VEO)]llrp < 1{E(00) —&(0), VE(0))12(0)llr
S G (0o) —F(O) ool VE(O) | Lo (0,rP) < Ki-
For the second derivative, we recall the decomposition

Amax(Egy[=VZ(0)]) =  sup vl Eg,[-V2L(0)]v

vi[vllg p <1

= sup [[+I1I+1II],

v [ollgp <1

where the terms /—111 were defined in (116). Suitable uniform upper bounds for /7 and
111 have already been shown in (123) and (124) respectively, whence it suffices to upper
bound the term /. We do this by using (107) and Lemma B.1: for any 6 € $8; and any
H = V¥(v),veRP,

VT = Vi, lug, (¥ 0 Fo)Hll > < g, (¥ 0 Fo)H ||,
< g, lool| @ 0 Follooll H 2 < [[v]lgp- =

We conclude with the following basic comparison lemma for Sobolev norms on the
subspaces Ep C L2(©) from (108).

Lemma 4.9. There exists C > 0 such that for any D € N and any H € Ep,

IH 5> < CD* || H 2. ||HIl2 < CDXOH]| g2 (125)

Proof. Fix D € N. By the isomorphism property of A between the spaces H(% and L?
(see e.g. [66, Theorem I1.5.4]), we first have the norm equivalence

IAH 2 S 1H gz S |AHlL2,  H € Ep.

It follows by Wey!’s law (13) that

D
IHIZ S D0 [(H. ee)12PA3 5 DY HIZ.
k=1
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Thus, combining the above display with the following duality argument completes the
proof:

I H |2 = sup [(H,¥) 2]
VEEp: Iyl 2=<1

DY sup [(H.y)e] = DY H | gy
IIfEEDillilflngSl

4.2. Wasserstein approximation of the posterior measure

The main purpose of this section is to prove Theorem 4.14, which provides a bound on
the Wasserstein distance between the posterior measure I1(: | Z Ny from (24) and the
surrogate posterior I1(-| Z™)) from (27) in the Schrédinger model. The idea behind the
proof is to show that both TI(-| Z™)) and TI(- | Z™)) concentrate most of their mass
on the region (99) where the log-likelihood function £ is strongly concave (with high
POIZ -probability, cf. Proposition 4.1). We achieve this by a careful study of the mode
(maximiser) of the posterior density, given in Theorem 4.12. Our derivations reveal that
both (-] Z™)) and 7 (- | ZM)) possess a unigue mode, with high frequentist probability
(see after (157)).

4.2.1. Convergence rate of MAP estimates. For (Y;, Xi)fvzl arising from (19) with g :
RP — R from (17), we now study maximisers

N

A 1 _

eMApeargmax[—— Z(Yi—ﬁ(@)(Xi))z—(é%v)/zlle||ia], Sy=N"2%a,  (126)
fecRDP 2N i=1

of the posterior density (24). For A, from (23) we will write 1(0) := % |6 ”ia = %OTAOLQ

for & € RP. We denote the empirical measure on R x @ induced by the Z; = (¥;, X;)’s

as

N N
1
Py = E S(Yi,Xi)’ so that /thN = N E h(Y;, X;) (127)
i=1

i=1

1
N
for any measurable map /2 : R x @ — R. Recall also that pg : R x @ — [0, 0c0) denotes

the marginal probability densities of PON defined in (21).

Lemma 4.10. Let éMAp be any maximiser in (126), and denote by 0y p the projection
of B onto RP. We have (Pé(\)’ -a.s.)

219 Brar) — 9 (0122 + 63 T(Oniap)

o
< / log 288 4Py — Pao) + 83 1(60.0) + 116 (60.0) — §(00)|1%».

Pbo.p

Proof. By the definitions,

En (Buap) — En (60,0) — N83 1(Buiap) = —N821(60,p),
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which is the same as
N f log —uar Pouso d(PN Pg,) + N8%1(60.p)

> N(SNI(QMAP) N / IOg bure dP (128)
0 D
The last term can be decomposed as

/log Braae dPg, = /log Bruar dPg, —i—/log fo.0 dPg,
p90 D 6o ()

= 319 Bwar) = 5 (00) 329, — 315 (60.0) — §(60) 72

where we have used a standard computation of likelihood ratios (see also [45, Lem-
ma 23]). The result follows from the last two displays after dividing by N. ]

The following result can be proved by adapting techniques from M -estimation [100]
(see also [81,99]) to the present situation. We will make crucial use of the concentration
Lemma 3.12.

Proposition 4.11. Let « > d. Suppose that |0p|pe < co and D is such that
I (6o) — §(6o.p) |12 < c18n for some co,c1 > 0. Then for any ¢ > 1 we can choose
C = C(c, cg, c1) large enough so that every Oyap maximising (126) satisfies

PY (116 (Brar) — §(00)|125 + 8% 1(Byar) > C8%) S e~"NN. (129)
Proof. We define functionals
1(0.0") = L15(0) — 502, + 83 1(0). 6 €RP, 0 eh®,

and empirical processes

v (®) = [1og L (P = Puy). Wivol®) = [1og 2 d(py — Py, 0 €RP.

90! D 90

so that
Wy (0) = Wy.0(0) — Wno(fop), 6 €RP.

Using the previous lemma it suffices to bound

PQI(\), (T(éMAE 00) > C8%,
Wi (Byiap) = T(Omar, 00) — 83 1(0,p) — I1€(B0.p) — §(60)1172/2).
Since
1(60,p) = 100,03 /2 < 16013 /2 < c2/2

and
16 (60,0) — 9 (00) 1125 < 6%
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by hypothesis, we can choose C large enough so that the last probability is bounded by
Pejg (T(éMAP, 60) > C8%. |Wn (Buiar)| = T(Buap, 60)/2)

oo
=> P sup Wio(0)] = 2°C83%/8)
s=1 OeRD:25—1C63, <7(0,00)<25C83,

+ P4y (IWn0(B0,0)| = C8%/4)

oo
<2y pY (9335 Wio(6)] = 2°C8%,/8), (130)
s=1 s

where, for s € N,
Oy :=1{0 e RP : 1(0,6p) < 2°C83}

={0 eRP : 9(0) — G007, + S 1015 <2°F'C8%}. (131)

and where we have used the fact that 6y p € ®; for C large enough by the hypotheses.
To proceed, notice that

NWno(0) =Lty (0) — Ly (o) — Egy[ln(0) — Ly (60)]

and that, for (Y. X;) "% Py,

N
En(0) ~ L (@) = —5 S SO~ HO)(X0) + ) — ]
i=1

N N
= =D (F(00)(Xi) — () (Xi))ei — % ;(5(90)(?(1') —-9(0)(X;))?,  (132)

i=1

so that we have to deal with two empirical processes separately. We first bound
o0
3 ng( sup |Zy (0)] = Wz%s}ms) (133)
O \g
s=1 €0y
where
N
Zy = : Zhg(X)s hg =9(0))—9(0), 0e®=0;,seN
N — —— [ i s - - ) - ) )
\/N — 13 1 N

is as in Lemma 3.12. We will apply that lemma with bounds (recalling vol(9) = 1)

EX[hG(X)] = [9(0) = (60)|]. < 2°+'CY =107

K
I6lloc < 25up [[§(B)loo < U < 00 (134)
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uniformly in all § € Oy, for some fixed constant U = U(g, O) (cf. (18)). For the entropy
bounds, we use the fact that on each slice supgeg, [ Follge < +/2C 25/2, which for o > d
implies (using [44, (4.184)] and standard extension properties of Sobolev norms)

log N({Fg : 0 € O}, || - oo, p) < K(V/C 2/2/p)4® p >0,

for some constant K = K(«, d). Since the map Fy — §(6) is Lipschitz for the | - ||oo-
norm (Lemma 4.6) we deduce that also

log N (thg = §(6) = §(60) : 0 € O}, || - o, p) < K'(VC 22 /p)%, p>0, (135)

and as a consequence, for @ > d and J,(H), Joo () defined in Lemma 3.12,

405 /2 420
o (ﬁ 25 ) dp < €U/ )sd/(4e) 5 1-d/ (20

U 2\ d/a
(ﬁzs/ ) dp S Cd/(Za)zsd/(Za)Ul—d/ot.

12(3) < /
0 (136)

Joo(9) < [

0

The sum in (133) can now be bounded by Lemma 3.12 with x = ¢2 N 25§%; and the choices
of o, U in (134) for C > 0 large enough:

o0
Z Pég( sup |Zn(0)] = WUSZ/:‘EZ) <2 Z o2 NS, < o—¢2N8% (137
s=1 0€B5 =

since then, by definition of 8, for « > d and C large enough, the quantities

F2(30) < Y G0pd/ G (2312 /C 8N)1—d/(2“>s%ﬁ o} or=—=VNol.

(138)
and
1 C4/(2a)psd/(2a) 1 5 X c2? 5
Ty IO 3 N < Cd/(za)_ﬁ/ﬁ% Nidn seVNal 139

are all of the correct order of magnitude compared to v N 052.
We now turn to the process corresponding to the second term in (132), which is
bounded by
3 ng( sup |Z)y(0)] = VN 2SC812V/16) (140)
seN 0eBy

where Z/, is now the centred empirical process

N
Zy () = ﬁ S (g — EX[hp (X))
i=1

with
H = {hg = (§(0) — §(6))? : 6 € Oy},
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to which we will again apply Lemma 3.12. Just as in (134) the envelopes of this pro-
cess are uniformly bounded by a fixed constant, again denoted by U, which implies in
particular that the bounds (136) also apply to J as then, for some constant ¢y > 0,

lho — o lloo < cullE(0) —E(0)]loo-
Moreover, on each slice ®; the weak variances are bounded by

EXhg(X)] < cyy19(8) = §(B0) 17 < cyyo?

S

with o as in (134) and some cb > (0. We see that all bounds required to obtain (133) apply
to the process Z fv as well, and hence the series in (130) is indeed bounded as required in
the proposition, completing the proof. ]

From a stability estimate for 6 — & (6) we now obtain the following convergence rate
for ||Omap — 6ol g2 Which in turn also bounds ||&yvap — 6o,p gD -

Theorem 4.12. Let ZW) ~ Pelg be as in (20) where 6y € h*, o > d, d < 3. Define

o

Sy :=NT@ yp = —_—
N where 1() et datn

Suppose ||0o|lpe < co and that D is such that ||§(60) —§(6o,p)|l12 < c18n for some

constants co, c1 > 0. Then given ¢ > 1 we can choose C, ¢ large enough (depending on
¢, co,C1,, ) so that for all N and any maximiser Oyap satisfying (126), one has

A =3 A = — _¢2N§2
Pyl (I6map — boll2 < Con. [1Omapllpe < C) = 1 —ce < N, (141)

Proof. By Proposition 4.11 we can restrict to events
Ty = {[§Buar) = §(00) |22 < 2C8%. | Fy, llme = [Buarllne < V2C}  (142)

of sufficiently high Pelg -probability. If we write f =doF Buiap for @ from (17) then by

(176), on the events Ty we also have || f||zra < C’ and || f|loo < C’, for some C’ > 0.
We write u ;= ﬁ(éMAp) for the unique solution of the Schrodinger equation (11) corres-
ponding to f We then necessarily have f = Auy/(2uy) both for f = f and f = fo,
where we also use the fact that the denominator u s is bounded away from zero by a con-
stant C” > 0 depending only on || f |leo. @, g (see (118)). Then using the multiplication
and interpolation inequalities (7), (8), and the regularity estimate from (174) and (176),
we have, fort = /(o + 2),

1 = folle S I p —ugy g2 < 116 Buiar) — SO0 llu p —ugy s
f f
<81 F lme + | follme) S 8y (143)

on the event T . From a Sobolev imbedding (for some x > 0) and applying (8) again we
further deduce || f — folloo < 81(\7_d/ 270/@*+2) _, as N — oo, hence using the fact that

~
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infy fo(x) > Ky, we also have inf,, f(x) > Kmin + k for some k > 0 (on Ty, for all N
large enough). We deduce

A -1,/ _ g1
[Omap — Ooll2 < |1Fy, , — FopllL2 = [®7 o f =@ o foll.2

SIS = follez < 8y

on the events 7, where in the last inequality we have used regularity of the inverse link
function @1 : [K i + k, 00) — R and (177). This completes the proof. [ ]

4.2.2. Posterior contraction rates. We now study the full posterior distribution (24)
arising from the Gaussian prior IT for 6 from (23). The result we shall prove parallels
Theorem 4.12 but holds for most of the ‘mass’ of the posterior measure instead of just
for its ‘mode’ éMAp. This requires very different techniques and we rely on ideas from
Bayesian nonparametrics [42, 102], specifically recent progress [74] that allows one to
deal with non-linear settings (see also [45]).

In the proof of Theorem 4.14 to follow we will require control of the posterior ‘norm-
alising factors’, expressed via sets

€y =Cnk

={/ ezN(g)_[N(BO)dH(Q)2H(B(éN))exp{—(l—i—K)NS]zv}}, (144)
RD

for some K > 0, where §y = N~%/@e+d) apq
B(n) ={0 € RP : [5(0) — 9 (00)llL2(0) < SN}

This is achieved in the course of the proof of our next result. We denote by c, the global
Lipschitz constant of the map 6 +— §(0) from £2(N) — L2(0O) (see (110)).

Theorem 4.13. Let ZWN) 6y, a, d, SN be as in Theorem 4.12 and let TI(: | Z(N)) denote
the posterior distribution from (24). Suppose that ||6o||p« < co and D < ¢, N8% is such
that

6 (60) — G (0o,0)lIL2(0) < 18N (145)
for some finite constants cg,c3; > 0 and 0 < ¢y < 1/2. Then for any a > 0 there exist
¢’ ¢ such that for K, L = L(a, co, 2, cg,a, O) large enough,

- _ 2
PR (IO 10— O0.0ll = Loy, [Blle = L1Z0) = 1 =R )y )
>1—ce="N% . (146)

Proof. We initially establish some auxiliary results that will allow us to apply a standard
contraction theorem from Bayesian non-parametrics, specifically in a form given in [45,
Theorem 13]. By [45, Lemma 23] and (18) we can lower bound ITy (8By) in (AS) in [45]
by our Iy (B(8y)) (after adjusting the choice of 8y in [45] by a multiplicative constant).
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Then using (145), [44, Corollary 2.6.18], and ultimately [65, Theorem 1.2] combined with
[44, (4.184)] we have, for 6’ ~ N(0, A;l),

Ny (15(8) = F(00)lL20) < 8n) = TIn(15(6) — F(6o,0)llL2(0) < On/2)
=N (10 = Oo.pllrp < Sn/(2¢4))
> e NS00 G /2 pr(||0/ | e o < VN 82 /(2¢g)) = e 4Nk (147)

for some d > 0. From this we deduce further from Borell’s Gaussian isoperimetric
inequality [17] (in the form of [44, Theorem 2.6.12]), arguing just as in [45, Lemma 17]
(and invoking the remark after that lemma with ¥ = 0 there) that given B > 0 we can find
M large enough (depending on d ., B) such that

(0 =01+ 6, € R : |01]lgo < MSn, [6allse < M) > 1 — 27BN,

Next the eigenvalue growth A < k22/4 from (13) and the hypothesis on D imply that for
L large enough we have

161l < D/4)|61lIgo < (2N83)*/“Méy < L/2 (148)

and then also
My (AS) <207 BV3%  where Ay =1{0 € RD : |0l < L}.  (149)
The || - ||co-covering numbers of the implied set of regression functions §(0) satisfy the

bounds

logN({§(0) : 0 € AN}, || loo. On) STog N({Fg : 6 € AN}, | - loos cON)
Slog N{F : | Fllae@) < L}, || - lloo, ¢88) < N8%.

for some ¢ > 0, using the fact that the map Fy — §(60) is globally Lipschitz for the
|| - lloo-norm (Lemma 4.6) and also the bound in [44, (4.184)]. By (18) and [45, Lemma
22] the previous metric entropy inequality also holds for the Hellinger distance replacing
| - lco-distance on the Lh.s. in the last display. Theorem 13 and again Lemma 22 in [45]
now imply that for any a > 0 there exists L large enough,

Pay (IO : 18(6) = 96012 > Lo} U A5 | ZV) < =) 0 (150)

as N — oo. The convergence in probability to zero obtained in [45, proof of Theorem 13]
is in fact exponentially fast, as required in (146): This is true by virtue of the bound to
follow in the next display (which forms part of the proof in [45] as well), and since the
type-one testing errors in [45, (39)] are controlled at the required exponential rate (via
[44, Theorem 7.1.4]). The inequality

PQN (/ eeN(e)—eN(g()) dl_[(e) = H(B(SN)) eXp{—(l + K)NS]ZV}) < C,e_C//N(gle’
B@GnN)

0
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bounding Pel(\)' (€x k) as required in the theorem follows from Lemma 4.15 below for
large enough K and C = 1/2.
Now to conclude, we can define subsets of R? as

On ={0:5(6) —5(60)llr> < LN} N Ax
={0:115(6) —§00)lr2 = Lon. | Follze = 10]lne = L}

parallelling the events T from (142) above. Then arguing as in and after (143), one
shows that

On CON ={0:1160 —bgllgp < LNT"@_||0]lp < L},

increasing also the constant L if necessary, and hence the posterior probability of this
event is also lower bounded by [T(Oy | ZM)) > 1 — =N 5% , with the desired PGI(\)' -prob-
ability, proving the theorem, since ||6 — g2 < ||6 — Oo,p ||rD- [

Moreover, a quantitative uniform integrability argument from [74, Section 5.4.5] (see
the proof of Theorem 4.14, term III, below) then also gives a convergence rate for the pos-
terior mean ET1[6 | Z™)] towards 6y, namely that for L large enough there exist ¢, ¢” > 0
such that

PYUIE™O | ZM] = o)l > Liy) < &e ViR (151)

4.2.3. Globally log-concave approximation of the posterior in Wasserstein distance.
Recall the surrogate posterior measure I1(- | Z™)) from (27) with log-density

. N§2
log 7 (8) = const + £ () — 2N 012«, 6 eRP, (152)

with 6y, and parameters €, K chosen as in Condition 2.2, and with 5y = N —a/Qa+td),

We now prove the main result of this section.

Theorem 4.14. Assume Condition 2.3 and let T1(-| ZN)) be the probability measure of
density given in (27) with K, ¢ > 0 chosen as in Condition 2.2. Then for some ay,a > 0
and all N € N,

PY(WR(T(| ZW). 11| ZM)) > eNV) < ayem@2Nox,
Proof. In the proof we will require a new sequence

Sy = NCot2/Catd) floe' N (153)

describing the ‘rate of contraction’ of the surrogate posterior obtained below. We first
notice that the definitions of §y (from Theorem 4.12) and of §y imply by straightforward
calculations and using D < Né2,,a > 6, the asymptotic relations as N — oo,

< , < 1
SnD?? /logN = O(8y), SNy <8y <8y < WD—“/d, (154)
og
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which we shall use in the proof. We will prove the bound for all N large enough, which
is sufficient to prove the desired inequality after adjusting the constant in < (since prob-
abilities are always bounded by 1).

Geometry of the surrogate posterior. To set things up, consider MAP estimates éMAp
from (126). In view of (18), the function g to be maximised over R in (126) satisfies
gn (0) < gn(0) for all 8 such that |8z« exceeds some positive constant k. Then on the
compact set M = {# € R? :||0||p« <k} the function g is continuous (as & is continuous
from R? to L*°(0), by Lemma 4.6), and hence attains its maximum at some éM eM,
which must be a global maximiser of gy since gy (éM) > gn(0) > infgepre gn(6). We
conclude that a maximiser éMAP exists (one shows that it can be taken to be measurable,
[44, Exercise 7.2.3]).

In view of Proposition 4.1, Theorem 4.12, Theorem B.6 (and the remark before it) and
o > 6, we may restrict ourselves in the rest of the proof to the event

1
Sn = 3 (|6 — 6 < - m{ inf A (—V2ey (0)) > ND—‘W}
wim {10 0pllnn = gkl i V@) 2

N sup (v @)+ VEn©O)Igo +IV2en O)llg] <N}
0€B1 /1og N

A . A . 1 ~c
N {any Omap satisfies ||Oyap —6o,p |gp < min {W, CSN}},

where B, was defined in (99), where C is from (141) and where ¢ =3, ¢’ = ¢4 from
Proposition 4.1. On S we have the following properties of £ . First, from (26),

3

{n(0) =Ln(0) forany 0 with |6 — GO,D lgp < m (155)
Moreover, by Proposition 3.6, log 7 (- | Z®™)) is strongly concave in view of
sup T [V2 log 7w (0)]0
0€81/10g N s 9ERD, ¥l p =1
< sup BT [V2iN(0)]9 < —cND™?.  (156)
0€8B1/10g N> PERD, Bl p =1
Finally, any éMAp satisfies
0 = Vlog m(byiap | Z™N) = Vlog 7 (Buap). (157)

from which we conclude that éM ap necessarily equals the unigue global maximiser of the
strongly concave function log 7 (- | Z®™)) over RP.

Decomposition of the Wasserstein distance. Now let us write

;é(r) ={0 e RD : |6 — éMAP"]RD =r}
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for the Euclidean ball of radius r > 0 centred at éMAp. Then using [104, Theorem 6.15]
with xg = fyap we obtain, for any m > 0

WE(II(-| ZW), TI(- | zWy)

<2 [ 18— bsrlfy d] 11 Z) = TIC 20

SZ/A 10— byaplZp 4|1 Z) — TIC | Z) | (6)
Bmby)

+2/ 10— el d[TIC | ZM) —TIC | Z)(6)
RP\B(mén)

< 2m?8% /;@( : )d|H(-|Z(N))—fl(-|Z(N))|(9)
moyN

+2/ A 16— sl dTIB] ZV)
160—6mapllg D >md N

v2f 10— BanelZp dT1(6] 20
160—6mapllg D >md N
=]+11+111,
and we now bound [, I, I 11 in separate steps.
Term II: We can write the surrogate posterior density as

In O—En Ouar) 7(9)

_ i , 0eRP,
f]RD etn O)—ty Omar) 77(8) dO

7] Z(N)) —

and will first lower bound the normalising factor. From (154) we have for any ¢ > 0 the
set inclusion

3
By ={||0 -6 <cdn}yCql0—6 <—
v =010~ oplo < cin} € {19~ b llan = ]
whenever N is large enough. Since £y (0) = in (0) on the last set, we have on an event
of large enough PGIX -probability,

/ IV O-In ) g11(g) > / IV O-InGune) g11(9)
RD By

— / efN(O)—ZN(éMAP) dv(0) x TI(By)
By

> o—CN8%
for some ¢ = ¢ (J ,¢), where we have used Lemma 4.15 for our choice of By (permitted
for an appropriate choice of ¢ > 0 by (28) and since ¢ : R? — L2 is Lipschitz, see
Appendix B) with v = TI(-)/ TI(By), C = 1/2; as well as the small ball estimate for TT
in (147).



Computation of posterior measures by Langevin algorithms 1091

Now recall the prior (23) and define scaling constants

Vi = 1) P2 [det(N8% Ay) x eV |

Then on the preceding events the term II can be bounded, using a second order Taylor
expansion of log 77 (- | Z™)) around its maximum Ayap combined with (156), (157), as

[ 10— fuelZ (61 20 db
10—6mapllg D >mé N
< N8y

< 16 —6uiap | p e @O~ En Gurw) 7 (9) a6

/”e—éMAP”]RD >mén

Va / A 10—bunrlZ e
10—6mapllg D >mé N

VN/ N _ ||9_QMAP”]%{DelogﬁN(e)_logﬁN(GMAP) do
16—6mapllg D >md N

- N§Z = A N8%, |
En ()= 16170 —En Ovar)+— [10uar 70 do

IA

A —eND=/4|19—Byiapl 1 /2
<Vy / A 10—byaplpe NPT 6Bl 52 4
160—6mapllg D >mdN

4 b/2 5

where we have used x2e~¢*’ < 207¢X%/2 for all x € R, ¢ > 1 (and N such that

cND / > 1) and where
Z N[O —Il) D
~ ) cD 4/ ,N X .

Now by D < C()N812V and (154),

E|Z|go < \JEIZ|%, < /2D/(cD~*/4N) < (2co/c)'?85 D*'? < (m/2)dn

for m large enough, so that
Pr(| Zllgp > mdn) < Pr(|Zllgp — ENZ|lgp > (m/2)8y) < e ™ NP~ 5% /16

by a concentration inequality for Lipschitz functionals of D-dimensional Gaussian ran-
dom vectors (e.g., [44, Theorem 2.5.7] applied to (¢ ND 4/ /2)1/2Z ~ N(0, Ipxp) and
F = | -|lgp). By (13) and since D < N§% we have, for some ¢’ > 0,

Vy < ec’N8/2V log N
so that for m large enough and using (154), the last term in the displayed array above, and
hence 11/2 is bounded by
e NN

=

D/2
47 2. p—4/d NF2 2 —4/d N§2
ZVN( m*cD Néy /16 <e m=D Né§x /32 %

£ND—4/d
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Term III: We first note that Theorem 4.13 and (154) imply that for every a > 0 we can
find m large enough such that
M6 ~ bapllro > méy | ZW)
< T(|6 = 600> > m8y — |yar — bo.pllg> | Z™)

< I(||0 — Oo,pllrp > mSN/z | Z(N)) < e—aN8y

on events §y C Sy of sufficiently high probability. Moreover, again by Theorem 4.13,
we can further restrict the argument that follows to the event €y g from (144) for
some K > 0. Now using the Cauchy-Schwarz and Markov inequalities as well as
EGN0 etn(©@)—Etn () = 1 and the small ball estimate for IT in (147), we have

A ns2
ng(rfN,Kms;v, [ 16— baelp dTIO | ZW) > ¢ NSN/s)
10—6mapllg D >mé N

< Pelg('C’N’K NSy,
A ~ A _ 2
([0 — Ovapllge > mén | ZN)VEN60 — Ouarll o | Z0V] > e 2NN /64)

P 5 R B
< Pej(\)l (S;v,e(l-‘rK-'rd-f—Z a)NSN AD ”9 _eMAP”?RDeZN(e) L (6p) dl—[(e) - 1/64)
s etk T oni [ g6l anie) < eV
RD

whenever m and then a are large enough, since IT has uniformly bounded fourth moments
and since ||Omap||gp is uniformly bounded by a constant depending only on ||6g||,2 on
the events Sy .

Term I: On the events Sy we have from (154) that for fixed m > 0 and all N large
enough ~
B(mdyn) S {6 : 1160 —bo.pllgp < 3/(8D*9log N)}.

On the latter set, by (155), the probability measures I1(-| Z®™)) and TI(- | Z®™)) coincide
up to a normalising factor, and thus we can represent their Lebesgue densities as

7O ZM) = pya(@1ZMN)), 0 € B(mdy),

for some 0 < py < co. Moreover, by the preceding estimates for terms II and III (which
hold just as well without the integrating factors |6 — Oyap ”112{ p), we have both

pnTH(Bmby) | ZM) = T BmSy) | ZM) > 1—e N /8, s0 1—e N3N /8 < py,
P T BmiN) | ZM) =TI BmEy) | ZM)) > 1—e VR /8, so 1—e V3N /8 <1/py

on events of sufficiently high Pég -probability. On these events necessarily

2 1
N eE|l—e NN 8,—i|
P [ / l—e’N‘g/zV/S
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and so for N large enough

/A AN Z™) — i 2| 6)
Bmdn)

=1—pnl | _ 7O]ZM)do <|1— py| < e NN /a4,
Bmy)

which is obvious for py < 1 and follows from the mean value theorem applied to f(x) =
(1 —x)~! near x = 0 also for py > 1. Collecting the bounds for 7, I1, 11 completes
the proof. ]

4.2.4. An ‘exponential’ small ball lemma.

Lemma 4.15. Let § be as in (17) and let v be a probability measure on some ({>(N)-
measurable) set

By {0 € h*: |§(0) — G (bo)|l7, <2C8%} forsome C > 0. (158)

Then for £y from (22) there exists b > 0 such that for every K > 0 large enough,

Pel(\)’ (f eZN(g)—EN(éMAP) dv(9) < e—(1+K)C'2N812\,) < o ONY (159)
By

The same conclusion holds true with £ 5 (éMAp) replaced by £ (0p).

Proof. We proceed as in [44, Lemma 7.3.2] to deduce from Jensen’s inequality (applied
to log and [(-) dv) that, for Py the empirical measure from (127), the probability in
question is bounded by

P(;N(// log 22— dv(6) d(Py — Pgy)
(0] A~
By )4

Omap

Omap

<—(1+K)C283 — // log 22— av(6) dPgO).
By
Now just as in the proof of Lemma 4.10 we see that for all € By,

—/log P dPy, = —/log;—edPgo —/log Péo d Py,

éM AP 00 éMAP

= 119(0) — 9(00) 12> — 1119 (Buar) — §(00)|3, < C?6%

so that using also Fubini’s theorem the last probability can be bounded by

PeJZ(W// log%dv(G)d(PN—Pgo)zKézﬁgfv/z)
By 6

+ Py (ﬁ/ log Powre d(Py — Pgy) > KC‘zx/ﬁéf\,/Z).
Py
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For the first probability we decompose as in (132) and consider Zy as in Lemma 3.12 for
fixed hg equal to either i; or hy, where

7 (x) = fB (0)(x) — §(00)(x)) dv (D),
ho(x) = /B (£(0)(x) — §(60)(x)) dv ().

To each of these we apply Bernstein’s inequality (96) with x = No? and K large enough
to obtain the desired exponential bound, using uniform boundedness ||§(0) — € (6o)|co
< 2U from (18) and Jensen’s inequality in the variance estimates

EX[h3(X)] < 2C?8% = o>
in the first case and

EX[h3(X)] < 4U2/ 16(0) —5(0)l7.dv(0) <8U>CS} = o>

By

for the second case. [This already proves the case where éMAp is replaced by 6j.]

For the second probability, restricting to the event in the supremum below, which has
sufficiently high PGIZ -probability in view of Proposition 4.11, it suffices to bound for some
C >0,

PGIX( sup vN‘/logﬁd(PN—Pgo) zKC_'z«/NSf\,/Z).
1911ne <2C. 19(6)~F(B0)II7 , <2C53, Poo

This term corresponds to the empirical process bounded in and after (130) for s = 1.
Choosing K large enough the proof there now applies directly, giving the desired expo-
nential bound. ]

Appendix A. Review of convergence guarantees for ULA

In this section we collect some key results (that were used in our proofs) about con-
vergence guarantees for an Unadjusted Langevin Algorithm (ULA) for sampling from
strongly log-concave target measures; see [32,36,37] and also the classical reference
[89]. Our presentation follows the recent article [37].

Suppose that j is a Borel probability measure on R? which has a Lebesgue density
proportional to e =Y for some potential U : RP? — R, specifically

-U(0) 4o
fB ¢ B € RP measurable. (160)

) A——
H’( ) fRD €_U(6) do =

Following [37, H1, H2] we will assume that the potential U has a A-Lipschitz gradient
and is m-strongly convex.
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Assumption A.1. (1) The function U : RP — R is continuously differentiable and there
exists a constant A > 0 such that for all 0,0 € RP,

IVU®) = VU@®)|gp < A6 —0lgo.
(2) There exists a constant 0 < m < A such that for all 0, e R2, we have

U@) > UB) + (VU®), 8 — O)gp + %ne — 020,

Under Assumption A.1, the potential U has a unique minimiser over R, which we
shall denote by 6. For the computation of 8y via gradient descent methods, we have the
following standard result from convex optimisation (see [32, Theorem 1] and [21, (9.18)]).

Proposition A.2. Suppose U : RP — R satisfies Assumption A.1. Then the gradient
descent algorithm given by

1
] =% — —VU} k=0,1,2,...
k41 k= 5x (D), 1,200,

satisfies

19 = buligp <

2(UW0) — UB) (1 m
m 2A

k
) , k=0,1,2,....

The results presented below establish corresponding geometric convergence bounds
for stochastic gradient methods which target the entire probability measure p (instead of
just its mode 0y). Define the continuous time Langevin diffusion process as the unique
strong solution (L, : ¢ > 0) of the stochastic differential equation

dL; = —VU(L;)dt + N2dW,, t>0,L; € RP, (161)

where (W; : t > 0) is a D-dimensional standard Brownian motion. It is well known that
the Markov process (L, : t > 0) has u from (160) as its invariant measure. The Euler—
Maruyama discretisation of the dynamics (161) gives rise to the discrete-time Markov
chain (¥ : k > 0),

Vev1 = 0 —yVUk) + V2V §k41, k=0, (162)

where (& : kK > 1) form an ii.d. sequence of D-dimensional standard Gaussian
N(0, Ipxp) vectors, and y > 0 is some fixed step size. We will refer to (J%) as the
unadjusted Langevin algorithm (ULA) in what follows. We denote by Py, ., Eg
and expectation operator, respectively, of the Markov chain (J : k > 1) when started at a
deterministic point g = 6,,;;. We also write &£ () for the (marginal) distribution of the
k-th iterate 9.

For any measurable function H : R? — R and any J;,, J > 0, let us define the average
of H along an ULA trajectory after ‘burn-in’ period Ji, by

the law

init

1 Jin+J
g, (H) =~ 3 H).

k=Jin+1
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Proposition A.3. Suppose that U satisfies Assumption A.1 and suppose y <2/(m + A).
Then for all J, Jiy = 1, x > 0 and any Lipschitz function H : RP — R, we have the
concentration inequality

Jyx2m? )

Peinil /:LJ (H) - Eginix [/lj (H)] 2 * E exp (_
(7, Jin ) 16| H I, (1 +2/(mJy))

Proof. The statement follows directly from [37, Theorem 17], noting that k =
2mA/(m + A) € [m,2m] and that the constant vy ,(y) from [37, (28)] can be upper
bounded by

m ' +2/(m+ A)

1
+ V7

<1+42/(myJ). ]

Proposition A.4. Suppose that U satisfies Assumption A.1 and let y, Jin, J and H be as
in Proposition A.3. Then for p as in (160) we have

WL W), 1) < 2(1 —my/2)*[[|0mic — Ou |26 + D/m] +b(y)/2. k>0, (163)

where 5 5 .
DA DA
by) = 367—— + 12—, (164)
m m
as well as
) Jin+J
(o (27, ()] = EJ[H)" < 1 HIZy 5 D0 WR(E@e). ). (165)
k=Jn+1

Proof. The display (165) is derived in [37, (27)]. The bound (163) follows from an applic-
ation of [37, Theorem 5] with fixed step size y > 0, where in our case, noting again that x €
[m, 2m], the expression ugl)(y) there is upper bounded by 2(1 — my/2)¥ and the expres-
sion uﬁz)(y) there is upper bounded by (using y < min{2/A,1/m} <min{2/A,2/k})

2.2\ k

A? A .
A*Dy?* (k! + y)(2 + 7’/ + 6” ) > (A —ky/2)k
i=1

A? A%y 2 2A2
<A*Dy*(k”' + V)(2 FR AN L 4 )— < A2Dy(;<2 + Z) (6 + y)
m 6 Ky K m
6A2
< A2Dym_2(18 + y),
m

which equals (164). [ ]

Appendix B. Auxiliary results

B.1. Analytical properties of Schrodinger operators and link functions

Recall the inverse Schrodinger operators Vy from (106).
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Lemma B.1. There exists a constant C > 0 such that for any f € C(O) with f > 0, the
following holds:

(i) We have the estimates

IVrwlliee < Clylle. v € L2(0),

1V Wloe < Clv e ¥ € CO). (169
(ii) For any ¥ € L2(0), we have
Vel illgz = CA+ 11 f o) ¥ lL2, (167)
as well as
ca iV laps <1Vl < CA+ 1Sl gy (168)
(iii) Ifalsod <3, then for any ¥ € L*(O) and any f, f € C(O) with f, f > 0, we have

Vel = Vilvllloo < (L + 1L Tl N2l f = Flloo- (169)

Proof. Part (i) is a direct consequence of the Feynman—Kac formula for V¢ [y] from [28]
(see also [81, Lemma 25]). The upper bounds in (ii) likewise are proved by standard
arguments for elliptic PDE:s (see, e.g., [§1, Lemma 26]). In order to prove the lower bound
in (168), let us denote the Schrodinger operator by Sy[w] = %Aw — fw. Since Sy :
HZ — L? satisfies Sy Vy[y] = ¥, it suffices to show that

ISfwlgzye < A+ 1f o)Wz, w e Hg.

Using the divergence theorem we have, for such w,

oo
/@waw

and the term on the right hand side is further estimated by

||wa||(1-1§)* = sup
veHg: IVl 21

= sup
VeHg: IVl 2 <1

= wlz- sup I1Srvrllz>
VeHg: IVl 2 <1

ISfvlice S 1AV L2 + 1/ ¥lle ST+ 1 looll¥ iz < T4 11f lleo-

which proves (168). Finally, (169) is proved by using a Sobolev embedding as well as
(166) and (167):

IVl = Velwllloo < Ve [(f = DV o < A+ 1F le) IS = HVrW]L2
SA+ 1SS = flloolllz2- u
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For any normed vector spaces (V. || - ||[y) and (W, || - ||w) let L(V, W), denote the space
of bounded linear operators V' — W, equipped with the operator norm. For g € C*°(90)
and any f € C(O) with f > 0, there exists a unique (weak) solution G(f) € C(O)
of (11) (see [28, Theorem 4.7]. We define the operators DG, € L(C(0), C(09)) and
DGy € L(C(0), L(C(0),C(0))) as

DGy[h] = Vylhuy],

2 (170)
(DG )Dha] = Vi[hi DGslha]] 4+ Vi [haDGylh1]].  hi.hy € C(O).

The next lemma establishes that these operators are suitable Fréchet derivatives of G on
the open subset { f € C(O) : f > 0} of C(O).

Lemma B.2. (i) Forany f € C(O) with f >0, we have G(f) € C(O). Moreover there
exists C > 0 such that for any f, f € C(O) with f, f > 0,

IG(f) = G(lloo < CILf = flloor (171)

as well as
IG(f) = G(f) = DGsLf = fllloo < CILf = flZ,
IDG; — DGy — D*Grlf — fllLc@).coy < CILf = £l

(ii) For any integer a > d /2 there exists a constant C > 0 such that for all f € H® with
infyco f(x) > 0, we have

IG(H) iz < CULf N2 + Igllc2poy)- (173)
IG(Mgatz < CA+ 1142 gl cat200)- (174)

Proof. The estimate (171) follows from the identity G(f) — G(f) = Vs [(f — f)G(/)],
(166) and (18). Arguing similarly and using (171), we further obtain
IG(f) = G(f) = DGslf = flllso = IVFI(f = F)G() = G(fNloo
SN = DG =G Do SIf = flIZ.

which proves the first part of (172). For the second part of (172) we have, for any / €
(),

(172)

DGlh) — DGylh] = Vylhuz] — Vg [hug]
= Vilh(uz —up)] + (V7 = Vy)lhuy]
= Vs [hDG/[f — f1] + Ry + Vi [(f — /)Vslhus]] + Ra
= (D2Gs[f — fDIh] + Ry + R2,

with remainder terms R, R, given by
Ry = [V7 = Vrllh(uf —up)] + Ve [h(uz —uy — DG[h])],
Ry = [V7 = Vil (huy) = Ve [(f = f)Vylhuyl].
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Using the identity (Vf- Vi)Y = Vf[(f_ -1 Vf-[W]] with ¢ = h(uf- —uy), Lemma B.1
as well as the first part of (172), we have
IR lloo S 11Lf = flloollCu; —1up)lloo + 2llcollttr i — us — DG [A]lloo
SIF = f 1l

and arguing similarly,

IR2ll0 = | Ve[ (f - Nz - Volhug]]| o < If - Sllooll(Vy = Ve)lhus]lloo
S = F3 Al
This completes the proof of (172).
To prove (173), we use the fact that (A, tr) : H2(0) — L2 x H32(30) [where tr

denotes the boundary trace operator for the domain (9] is a topological isomorphism (see
[66, Theorem I1.5.4]) such that in particular

IG(Nla2 < I furllez +lglic2pe) = 112 + glc2p0)-

where we have also used (18). Finally, (174) is proved in [81, Lemma 27]. [

B.1.1. Properties of the map ®*. We summarise some properties of ‘regular’ link func-
tions from Definition 2.1. We recall the notation ®* for the associated composition
operator from (15). For any F' € C(0), define the operators D®% € L(C(0), C(0O)),
D2d% € L(C(09). L(C(0).C(0))) by

DOL[H]| = HY o F, (D?*®%[H))[J]=HJ® oF, H.,JcC(O). (175

Then for any F, H, J € C(O) and x € O, a Taylor expansion immediately implies that,
with {, {x denoting intermediate points between F(x) and (F + H)(x),
[(@*(F + H) — ®*(F) = DOR[H])(x)| = |[H*(x)®"((x) /2|
< [H % sup |®" ()],
teR

(D@} g — DOy — D2OLHDII()] = |V () H? ()" (8x) /2]
< sl H % Su£|<1>/”(t)l,

whence D ®*, D2®* are the Fréchet derivatives of ®* : C(0) — C(0O).
We also need the basic fact that for any integer o« > d /2 there exists C > 0 such that
forall F € H*(0),
[®o Fllge =CA+ [P0 FlFea) (176)

(see [81, Lemma 29]). Finally, note that by the definition of @, there exists C’ > 0 such
that for any F.F e C(0),

|[®0F —®0 Flloo < CIF = Flloo. |®0F —®o Fllp> < C|[F —Fll2. (177)
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B.1.2. Chain rule for Fréchet derivatives. Let U,V be normed vector spaces and D € U
an open subset. For a map 7 : & — V we denote by DTy € L(U, V) and D?Ty €
LU, L(U,V)) the first and second order Fréchet derivatives at 6 € D, respectively,
whenever they exist. The following basic lemma then follows directly from the chain
rule.

Lemma B.3. Suppose U, V, W are (open subsets of ) normed vector spaces, and suppose
that A: U — V and B : V — W are both twice differentiable in the Fréchet sense. Then
forany 8 € U and H\, H, € U, we have D(B o A)g = DByg) o DAy and
(D*(B o A)g[H1])[H2] = (D?Bag)[ DAg[H:1]])[ DA H2]]
+ DBae)[(D* A [H1])[Ho]]. (178)

B.2. Proof of Proposition 3.6
We first record the following basic lemma without proof.

Lemma B.4. Let | - | be an ellipsoidal norm on R with associated matrix M, |0]? =
0T M6 and define the function n : @ — |6|. Then for any 6 # 0, we have

M MOMHT

M6
Vi) = —, V2n() = AT

(179)
1]

as well as the norm estimates

[Va@)lgp = v Amax(M), (180)

1921 8) lop < 2Amax(M)/16]1. (181)
Using Lemma B .4, we prove the following bounds on the cut-off function «;.

Lemma B.5. If |- | is an ellipsoidal norm with associated matrix M, |0|7 = 6T Mo,
then the function o, from (53) satisfies, for all 6 € RP?,

< ”a”C1 V Amax(M)

40| 2 e (M)
IV () rp < - IV (0)[lop = — S

772

Proof. We may assume without loss of generality that 6, = 0 and we write n(0) = |0|;.
The gradient bound is obtained by the chain rule and (180):

Vot (@) lgo = lln~ @’ (1011/mVn@) g < 07" etlle, v Ama(M).

For the Hessian, we similarly employ the chain rule, (180), (181) as well as the fact that
a’(t) = 0whent € (0,3/4):

1V2en () llop < 12 llet” 1611/ m V@) V(0)  llop + 0"l (1611/m)V>1.(8) [l
2A max (M)

1011
<4l 2 Amax (M). u

< llellc2IVr@) Iz s + 1 lele, Lozsn/4y -
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We now turn to the proof of Proposition 3.6. Throughout, we work on the event
Econv N Einie defined by (49), (50); moreover, we assume without loss of generality that
Oinic = 0.

Proof of Proposition 3.6. We divide the proof into five steps.
1. Local lower bound for o, 5. For the set
V=10 :10]1 < 3n/4]},

by definition of &y, we have V' C $B. Thus using the definitions of &cony and of o, we
obtain
Jnf Ain(=V2[oy EN](8)) = Nemin/2. (182)
€

2. Upper bound for «,{y. By the chain rule, Lemma B.5, the definition of &cony and
using [la||c2 > 1, we deduce that for any § € R? and some ¢ = c(a),

”Vz[anzN](e)”op
< [N (O] V2 () llop + 2l Vay O)Irp VEN (O) Irp + lotn ()] [[V2En () llop
< 2;“%([|an(9)| + IV (0) g + [V2en(@)llopl[[€n (0)] + VLN (0) IR0

+ V2N () [lop))
<c(1 + Amax(M)/7%) - N(Cmax + 1). (183)

3. Global lower bound for V2g,. First we note that g, is convex on all of R?: Indeed,
this follows from the identity y; = p, * ¢@;/s, the convexity of the functions n : 6 — |0],
¥ and the fact that convolution with the positive function ¢, /g preserves convexity. As
gy has C? regularity, it follows that V2g, > 0 on all of RP.

We next prove a quantitative lower bound for V2g, on the set V¢. By the chain rule
and Lemma B.4, for any 6 € RD, writing v = Vn(6), we have

V2gy(0) = 7, (1011)VR(O)Vn(©)" + y,(101)V?n(6)

(16
=y,;/<|9|1)va+%(M—va)
1
Y J/,'7(|9|1)) . va(01)
= (y76]1) - by
(om0~ g oo™ + P
=: A(16]1)vvT + B(0]) M. (184)

To derive lower bounds for the functions B(-) and A(-), we first observe that by the sym-
metry of ¢, /g around 0, for any ¢ > 31/4 we have

Yt = / ouss(0) 20—y —Sn/8)dy = 2t —57/8).  (185)
[-n/8,n/8]

Thus the function B(t) = y,; (t)/1 strictly increases on (37/4, 00), and for any t > 31n/4,

we obtain ' Gn/4) ) )
_ rGn/4) _ 3n/4—5n/8 1
B(1) = B(3n/4) = 4 2 w3 (186)




R. Nickl, S. Wang 1102

For the term A(-), we note that for any ¢ > 37/4, using y, (1) = 2 as well as (185), we

have ) 5078
l‘ —
A(z):2—%’7/)20. (187)
Combining the displays (184), (186), (187), we have proved the lower bound
Anf Amin (V225 (6)) = Amin(M)/3. (188)
eyec

4. Global upper bound for V2g,. We note that the functions A(-), B(-) from (184)
satisfy

sup [A(D)| < sup (ly,@)/t|+ |y, (O]) <4, sup [B()|< S(UP)IV,;(l)/IIEZ
€(0,00

t€(0,00) t€(0,00) t€(0,00) te(0
Hence, by (184) and Lemma B.4, we obtain

1V2€0(0)llop < 41007 lop + 2 M [lop < 6Amax(M), 6 € RP. (189)
5. Combining the bounds. Combining the estimates (182), (183) and (188), we obtain
that

inf Amin(—=V?{n (6)) = Nemin/2,

(25174 ; (190)

OinIf Amin(_vng(e)) = Kvkmin(]w)/3 - C(l + Amax(1‘4)/7]2)]\](6'“1)( + 1)
I c

In particular, there exists C > 3 such that for any K satisfying (55), we have

inf Amin(=V?{n (8)) = min {Nemin/2, K Amin(M)/6} = Newin/2,
feR

which completes_ the proof of (56). To prove (57), we use (183), (189) and (55) to find
that for all 0 # 6 € RP,

Vin(0) — Viy (0 7
IVEnO) = VENOlRe o 19274 0) oy

16— 6llgo 9eRD
= CH‘XHCZ(] + )Lmax(M)/nz)N(Cmax + 1) + 6K A (M)
< TKAmax(M). |

B.3. Initialisation

In this section we prove the existence of a polynomial time ‘initialiser’ Oy =
Oimic(ZN)) € RP (that lies in the region Bz v from (99) of strong log-concavity of
the posterior measure with high Pel(\)' -probability, when o > 6) in the Schrédinger model.

Theorem B.6. Suppose 6y € h*(0O) for some a > 2 + d /2 with d < 3. Then there exists
a measurable function Oy, € RP of the data Z ) from (20) and large enough M’ > 0
such that for all N, D € N and some ¢ > 0,

(o — _aNd/QRa+d)
P (16mic — B0.p |lgp > M/N~@2/Cetd)y < p=eN .
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Moreover, Oy is the output of a polynomial time algorithm involving O(N0), by > 0,
iterations of gradient descent (each requiring a multiplication with a fixed D’ x D’ mat-
rix, D' < N4/@e+d)),

Proof. Step L. To start, consider the wavelet frame
{¢r,:1<r <N.leN}, N 527
of L?(O) constructed in [97, Theorem 5.51]. Then for data arising from (19), choosing

2.] ~ Nl/(ZDt"rd) — (N8]2v)1/d, SN — N—d/(2(¥+d)’ ny= ZNI s 2.](1’
I<J

and for multiscale vectors (4;,,) € R"/, define

N
A T1 2 .
A=a@mm{ﬁ§joy—§jxm@Jun)-+&mMﬁ4,|Mﬁa=§jﬁlgw

AER™7 i=1 I<J,r Ir
(191)
noting that the arg min set is a singleton due to strong convexity. Next we set

i=0ZM) = > Airdrr. ups =Y rosrdrr

I<J,r I<J,r

where the Ag;, € h®*t2 are frame coefficients of u o =9(0) € H @+2 furnished by
[97, Theorem 5.51] and the elliptic regularity estimate (174). In particular, by the Sobolev
embedding h%*2 C b%  (d < 4) and again [97, Theorem 5.51] we can prove

gy —up.alle < gy — g rlloo <277 < 8. (192)

We now apply a standard result from M estimation [99, 100], with empirical norms

N
1
lulifny = 5 2w (X,
i=1

conditional on the design X1, ..., X}, to obtain the following bound.

Proposition B.7. For o > d /2, all N and some constant ¢ > 0, we have

A ~ _ 2
PR (18 =g IFny + SX Ao > ltgy — s s 12y + 8% NAosr el (X)y) < e™NoN.
(193)

Proof. We apply [99, Theorem 2.1]. We can bound the || - ||« and then also || - || (x)-metric
entropy of the class of functions

fusu="3" A MG <mp. m>o0,
I<J,r

by the metric entropy of a ball of radius m in an H*-Sobolev space, which by [44, (4.184)]
is of order H(t) < (m/7)%/* for every m > 0. Then arguing as in [99, Section 3.1.1] (the
only notational difference being that here d > 1), the result follows. [
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This implies in particular, using [[u||(x) < [uloo, (192), X1 € h*? and [97, The-
orem 5.51], that for some C, C’ > 0,

PR (i)} > C) = PE(IM30 > C') < exp{—cN&3}. (194)
as well as
Pyl (i —ugy, g [13yy > C8%) < exp{—cNGy}. (195)

In Step IV below we establish the following restricted isometry type bound:

A 2
ng( I =uporllony | _ l) > 1 - e N (196)
N —up sl 172/

for some constants ¢’, ¢” > 0 so that in particular

. 2
Pég(l _ i —up sty g)

” —c’N812v
27 i —up sz, 2

>1-—c"e

On the event 4y in the last probability we can write, using again (192) and (195), for M
large enough,

Py (i —ug 72 > M%) < Pgy (10 —ugy s 172 > (M/2)83)

I1d —up 7.

N i =g s 2y, > (M/2)83. AN) N

= £y, (—2
ot — gy ”(N)
< Pég(”ft - ufO,J”%N) > (M/4)8%) + "e=¢' N} < e~CN& 4 g/ NS}

Overall what precedes implies that we can find M large enough such that for some con-
stants ¢, ¢’ > 0,

P (it —ugy |2, < M8% and || 3e < M) = 1 —&e™Nok, (197)

Step II. By definition of the || - ||« -norm, the objective function minimised in (191)
over R"/ is m-strongly convex with convexity bound m > 812\/- Moreover, noting that the
sum-of-squares term Q y appearing in (191) satisfies

aQN 2 il / /
W) === Y[V D At (X0 |gr (X0, 1= 120 <N
i=1

a)”/’r/ I<J,r

we can deduce that the gradient of the objective function is globally Lipschitz with con-
stant at most of order 0(27%) = O(N 512\/)’ using standard properties of the wavelet frame
from [97, Definition 5.25]. Using (18), (96) and a standard tail inequality for y2-random
variables [44, Theorem 3.1.9], one shows further that for some C > 0 and on events of
sufficiently high POI(\)' -probability,

N
ON(O) = 1 D26 + 26z, (Xp) + 2, (X0) = €.

i=1
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By Proposition A.2 and using the standard sequence norm inequality
lwlipe <27 vl $ NPICHD|u|l2, v eR™, >0,

we deduce that on preceding events and for any fixed p > 0 there exists by > 0 such that
the output Ajp; € R®/ from O(N bO) iterations of gradient descent satisfies || Ajpx — A || per
< N 72 _In particular, we can choose p such that, denoting

Uinjg 1= § Ainit,,r Pl r»

I<J,r

we have || — upit|| g S ||i — Amitllre = 0(8x); hence by virtue of (197), we may restrict
the rest of the proof to an event of sufficiently high probability where u;,;; satisfies

[tinic — 7 |17 5 + 83 [iniel|Fra < @M + 1)8%,. (198)

Step III. From the interpolation inequality for Sobolev norms from Section 1.3 and (198)
we now obtain, with sufficiently high Pég -probability,

[ttinit — 1 g, || g2 < M N~@72)/Co+d) (199)

and the Sobolev imbedding (d < 4) further implies ||uisic — Ul = 0 as N — 00 so
that we deduce from (118) that & > uy,/2 > ¢ > 0 with sufficiently high Pé,g -probability.
So on these events we can define a new estimator

Aumi Aufo

fnit = —=,  noting that  fp =
2Uinit

. 200
2uy, (200)

For Fiyyy = @' o finit» using also the regularity of the inverse link function (177), we then
see

| Finit = Foo ll2 < |l finie — follz2 < ltinie — upy [l 2.
and hence for some M’ > 0,
ngg(llan — Foyllp2 < M/N—(a—z)/(2a+d)) >1— &eeN%
We finally define 6,,; as
Omit = ((Fini-ex)p2 :k < D)eRP, DeN,

the vector of the first D ‘Fourier coefficients’ of Fi,;;. Then we deduce from Parseval’s
identity that ||inic — 0o, |2 =< || Finit — Fo, || 2, which combined with the last probability
inequality establishes convergence rate desired in Theorem B.6.

Step IV. Proof of (196). Let us introduce the symmetricny x ny,ny <27 4 matrices

N
A 1
Funaan = 5 S br XKD, Tanarn = [ o0 aP¥ ),

i=1
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and vectors (i = ;Xl,r), (Ao = Ao,1,r) € R"7. Then we can write
1 = gos By = 1 = s 22y = (& = A0)T (F = D) = A0)
and hence (one minus the) probability relevant in (196) can be bounded as

Pr(‘ (h=2)T(C =T)(A = 1)
(A —20)TT (L — Ao)

> 1/2) < Pr( sup |vT(f — Dy > 1/2).

veR”J :vTTwv<l1

We also note that by the frame property of the {¢; ,}, specifically from [97, (5.252)] with
s =0,p=q =2, forany u, = le],r vy, r¢1,» we have the norm equivalence

Wligns > luolfo = > vevreTanaey =v To=:|v|, (201)
Li'<J,rr’

with the constants implied by ~ independent of J. Next for any x > 0 let
{ovmem=1,.... My}, Mj, < B/,

denote the centres of balls of || - ||r-radius « covering the unit ball Vr of (R*/, || - |Ir)
(e.g., as in [44, Prop. 4.3.34] and using (201)). Then by the Cauchy—Schwarz inequality,

T (= T)o| = [(v = Vi + V) T (T = D)W = Vg + V)|
< |lv = vm|% sup [T (T = T)v| +2][v = vu e (T = D)v|Ir + oI (T = D)o

velVr
< (k? + 2k) sup |vT(f —Dv| + |v£(f* —Dvml,
veVr

so choosing « small enough so that k2 + 2k < 1/4 we obtain

sup |vT(f‘ —T)v| <(4/3) max |v£(f‘ —Dvw|, Mj=My,. (202)
UGV[‘ m=1,..., M_]

In particular, using also My < ec02”? < eIV 812\/, the last probability is thus bounded by

Pr( max |v£(f —D)vy| > 1/4) 56611\,8%/ maxPr(|v,€(f —D)vy| > 1/4). (203)
m

m=1,..., My

Each of the last probabilities can be bounded by Bernstein’s inequality [44, Prop. 3.1.7]
applied to

N
A 1
vp(F = Dyom = > (Zi = EZ)),

i=1
with i.i.d. variables Z; = Z; ,, given by
Z; = Z Vn 1r Um, i’ v Pl r (Xi)¢l’,r’(Xi)
L'<J,r,r’

= Z Um,l,r¢l,r(Xi) Z Um,l’,r’¢l/,r/(Xi)v (204)

I<J,r '<J,r’
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with vectors vy, all satisfying ||v,|lr < 1. For these variables we have, by the Cauchy—
Schwarz inequality,

|Zi| = ‘ Z vm,l,rd’l,r(')‘2 = "vm”]%vj Z (¢l,r('))2 = CZJd =U

I<J,r I<J,r

where the constant ¢ depends only on the wavelet frame (cf. (201) and also [97, Definition
5.25]). Similarly, using the previous estimate, we can bound

E1Z2 = E[( X master (%) | <U [ [ vmastis (0] dx = Ulunl <v.
I<J,r I<J,r

Now Proposition 3.1.7 in [44] implies, for some constant ¢y > O,

Pr(N [V (F = T)vm| > N/4) < 2exp{— NZ/16 < 2e—c0/%,
" " = 2NU + 2/I2)NU | =

since U = ¢2/9 ~ N§%. Now since a > d/2 we have §3, = o(1/+/N) and thus

1/ 512\/ > N§2,, which means that the r.h.s. in (203) is bounded by a constant multiple

of e=¢'N% for some ¢’ > 0, completing the proof. .
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