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Abstract. In this paper, over an arbitrary number field, we prove subconvexity bounds for self-
dual GL3 L-functions in the ¢-aspect and for self-dual GL3 x GL, L-functions in the GLp
Archimedean aspect.
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1. Introduction

There is a great interest in upper bounds for the central values of L-functions. The sub-
convexity problem is concerned with improving over their convexity bound resulting from
the Phragmén-Lindelof convexity principle.

The subconvexity problem for GL; and GL, over arbitrary number fields was com-
pletely solved in the seminal work of Michel and Venkatesh [39]. More recent work on
the subconvexity for GL, over number fields may be found in [7,35,36,46,66,67].

Xiaoqing Li [30] made the first progress on the subconvexity problem for GL3 in the
t-aspect and GL3 x GL, in the GL; spectral aspect. For a self-dual Hecke—Maass form
for SL3(Z) and the family 98 given by an orthonormal basis of even Hecke—Maass cusp
forms for SL;(Z), she established the averaged Lindelof hypothesis for the first moment:

E T ) )
= T JR (1.1)

for 73/8%¢ < M < T2, where § + t7 is the Laplace eigenvalue for /. As a consequence

of (1.1) and the non-negativity of L(1,7 ® f) due to the self-dual assumption, she
obtained the subconvexity bounds

LA +it,m) <pe L+ ()" L3 ® f) <me L+ lte DA (12)

In a similar framework, Blomer [5] proved the subconvexity for twisted GL3 and GL3 x
GL, L-functions in the g-aspect:

LA +itn® 1) <eme 7%, LE.7® £ ®X) <pme ¢*/*F, (13)

where y is a quadratic Dirichlet character of prime modulus g. The work of Blomer clearly
stems from the remarkable paper of Conrey and Iwaniec [12] on the cubic moment of
twisted GL, L-functions. A recent advance on the path of Conrey and Iwaniec is the
work of Young [68], in which he introduced new analytic techniques, which are quite
different from those of Xiaoqing Li, to prove the hybrid Weyl-type subconvexity bound

LA +it x) <e (@U+ eV, L f®x) < (@1 + [te )T (1.4

Later, in the spirit of Blomer and Young, Nunes [47] improved Xiaoging Li’s exponent 1

in (1.2) to Blomer’s 3 in (1.3). '

In this paper, we shall prove subconvexity results in the #-aspect for GL3 and the GL,
Archimedean aspect for GL3 x GL; over arbitrary number fields. The Voronoi summation
formula for GL3 of Ichino and Templier [20] is used in its full generality, with the aid of
the asymptotic formulae of Bessel functions for GL3 in [57].
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As explained in §9, there are technical issues to generalize the analysis of Xiaoqing
Li to number fields other than Q, so, instead, our approach is inspired by the works of
Blomer, Young, and Nunes. As for the strategy, briefly speaking, Xiaoqing Li uses the
Voronoi summation twice, while we use the Voronoi summation once, followed by the
large sieve.

For other related works, see for example [18,21,38,51-54,56].

For subconvexity results for GL3 over Q without the self-dual assumption, we refer
the reader to the papers of Munshi, Holowinsky, Nelson, Yongxiao Lin et al. [2,16,31,32,
42-45,58,59,63].

1.1. Statement of results

Let F be a fixed number field of degree N. Let So, denote the set of Archimedean places
of F. As usual, write v | 0o in place of v € Soo. For v| 0o, let N, be the degree of F,/R.

Let = be a fixed self-dual spherical automorphic cuspidal representation of PGL;
over F. Let 9 be an orthonormal basis consisting of Hecke—Maass cusp forms for
the spherical cuspidal spectrum for PGL, over F. For f € 98, let vy € CISel be its
Archimedean parameter such that either v, isreal orivy,, € (—%, %) for every v | co; we
may readily assume that vz, € [0, 00) U i [0, %).

We are concerned with the GL3 x GL, Rankin-Selberg L-functions L(s, 7 ® f)
for f in the family 98 and the GL; L-function L(s, 7). The following is our main the-
orem.

Theorem 1.1. Let notation be as above. Let € > 0. Let T, M € Rl_f""l be such that 1 <
Ty <M, < T, foreveryv|oo. Set N(T) = [, 100 TN and NY (M) = [ )00 My Assume
that T, = N(T)¢ for every v| co. Define Bt p to be the collection of f € B satisfying
[ve, — Tyl < M, for all v| oo, and define Rt ar to be the intersection of the intervals
[T, — M,, T, + M,] forallv|occ. Then

Y L f) +/ IL(L +it,7)[” df <emr NUOMON(T)/4F2, (15)
SEBT.M Rr.m

with the implied constant depending only on €, &, and F.

Remark 1.2. The assumption 7, = N(T") (v| oo) is used to make the contribution from
exceptional forms negligible and to address some issues with the infinitude of units.

For f € 9, define its Archimedean conductor Coo(f) = C(vf)? by
Coo(f) = N(1 + [vs)? = [0 + |vz,h*™.
v|oo

Since 7 is self-dual, by the non-negativity theorem of Lapid [29], we have
L(3.7® f)=0. (1.6)

As a consequence of (1.6), we derive from (1.5) the following subconvexity bounds by
taking M = T*.
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Corollary 1.3. Let notation be as above. We have
L(3+it,m) <emp (1+]1|V)7/8, (1.7)
and
L(3.7 ® f) <em.r Coolf)¥/*F¢ (1.8)
if vl = Coo(f) forallv| oo.

1.2. Subconvexity for GL,

With the Archimedean analysis of this paper, following Young, one should be able to
establish the Weyl-type bound (or even the hybrid Weyl-type bound)

L(3. f) <eF Coo(f)V0Fe. (1.9)

For F = Q, this is a result of Ivi¢ [21]. For arbitrary F, Han Wu [67] has a uniform
subconvexity bound with a weaker exponent.

Let ¢ be a fixed spherical Hecke—Maass cusp form for PGL, over F. By combining
(1.8) and (1.9), with T = Sym2 ¢, we obtain

L(3.¢ ® ¢ ® f) <ep,r Cool /) /247, (1.10)
For comparison, when F = Q, Bernstein and Reznikov [4] proved
L(3.9©¢'® f) <cops ltrIH. (1.11)

1.3. Remarks on hybrid subconvexity

Let y be a quadratic Hecke character for F' of prime conductor q. In light of the works of
Young [68] and Blomer [5] in the case F' = Q, the following hybrid subconvexity bounds
should hold:

L(% +it, Tt ® )() <e . N(@)(1 + |t|N))5/g+£7

L7 ® [ ® 1) <ok (N@)P(1+ Caol(1)*F,

at least when |¢|, Coo(f) = N(g)®. This is believed by Nunes [47] for F = Q, and has
been confirmed by the author for F = Q or Q(i) (unpublished). It seems that (1.12) can
be verified whenever the class number A f is 1, though the group of units might cause
some trouble. In general, one has to compute certain non-Archimedean local integrals
which should be transformed eventually into the character sums studied by Conrey and
Iwaniec. The transformation could be quite intricate in view of Blomer’s computations in
[5, §6]. Recently, Nelson [46] generalized Conrey—Iwaniec to general number fields, and
his work might provide some hint for this problem.

(1.12)

1.4. Features of analysis over complex numbers

The main difficulty in the analysis over C is the lack of suitable stationary phase res-
ults in two dimensions. Considerably more efforts are needed particularly for the Hankel
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transform and the Mellin transform. We would rather not discuss the technical details—it
is more worthwhile and interesting to present here the features of certain trigonometric-
hyperbolic functions arising in the phases.

To start with, the function trh(r, w) = p(r, )e!?">®) that occurs in the GL, Bessel
integral on C is given by

h2 2
p(r,w) = \/w, tan 6(r, w) = tanhr tan .

Since trh(r, 0) = coshr and trh(r, 7/2) = i sinhr, one expects that the r-integral behaves
like the Bessel integral on R or R_ when sin w or cos w is small, respectively.
After performing the GL3 Hankel transform, we obtain a new function trh” (r,w) =

o' (r, )e'®" @) defined by
cosh2r — cos 2w sin 2w

sinh 2r

o(r, ) = ., tan(0%(r, w)/2) =

~ cosh2r + cos 2w
It is certainly a pleasure to see the square-root sign gone. More important is the symmetry
in trh (1, ) reflected by the identities
92 log p" B 92 log p" _ 926" 026" . 026" _ 92 log p"
a2 w2 rde’ arr e 9rdw
which play a critical role in our analysis after applying the Mellin technique.
Finally, we remark that, at the stage of the Mellin technique, new phenomena emerge

in our analysis for cos 2w in the vicinity of 0 (for |sin w| and |cos w| nearly equal).

Notation

By writing X < Y or X = O(Y) we mean that | X| < ¢Y for some constant ¢ > 0, and by
the implied constant ¢ depends on P, Q,.... Throughout this article N(7") > 1 and each
T, = N(T)? > 1 will be large, and we say that X is negligibly small if X = O4(N(T)~4)
(or O4 (TU_A)) for arbitrarily large but fixed A > 0.

We adopt the usual e-convention of analytic number theory: the value of £ may differ
from one occurrence to another.

Part I. Number-theoretic preliminaries

2. Notation over number fields

Basic notions

Let F be a number field of degree N. Let O be its ring of integers and O be the group
of units. Let ® be the different ideal of F'. Let N and Tr denote the norm and the trace
for F, respectively. Let dr be the discriminant of F. Denote by A the adele ring of F
and by A* the idele group of F.
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For any place v of F, we denote by F, the corresponding local field. When v is non-
Archimedean, let p, be the corresponding prime ideal of © and let ord, or v itself denote
the additive valuation; occasionally, p, also stands for the prime ideal in ©,. Denote by D,
the local different ideal. Let N, be the local degree of F,; in particular, N, = 1 if F, = R
and N, =2 if F, = C. Let | |, denote the normalized absolute value on F,. We have
| |, =||if F,=Rand]| |, =| |?if F, = C, where | | is the usual absolute value. Let r;
and r, be the number of real and complex places of F, respectively.

Let Soo and Sy denote the sets of Archimedean and non-Archimedean places of F,
respectively. Write v | oo and v 4 0o as an abbreviation for v € S, and v € Sy, respectively.
For a finite set S of places, denote by AS, respectively Fg, the subring of adeles with
trivial component above S, respectively above the complement of S. The absolute values
on A*S and Fs will be denoted by | | and | |s respectively. For brevity, write A F= ASeo
and Foo = Fs_,.

Additive characters and Haar measures

Fix the (non-trivial) standard additive character ¥ = ®, ¥, on A/ F as in [28, §XIV.1]
such that ¥, (x) = e(—x) if F, =R, ¥,(z) = e(—(z + 2)) if F, = C, and ¥, has conductor
D! for any non-Archimedean F,. For a finite set S of places, denote VS = ]_[U¢ s ¥, and
Vs = [les Yo We split = Yoo ¥r s0 that Yoo (x) = e(—Trry, (X)) (x € Foo).

We choose the Haar measure dx of F, self-dual with respect to v, as in [28, §XIV.1];
the Haar measure is the ordinary Lebesgue measure on the real line if F, = R, twice
the ordinary Lebesgue measure on the complex plane if F, = C, and the measure for
which 0, has measure N(D,)~/2 if F, is non-Archimedean. We slightly modify the
Haar measure d*x of F,* defined in [28, §XIV.2]: d*x = dx/|x|, if v| 0o, and d*x =
N(D,)/2N(p,)/(N(p,) — 1) - dx/|x|, if v 4 o0, so that 6, has mass 1 (it is N(D,)"1/2
in [28]).

We remark that the absolute value, measure and additive character on F, = Hvl 0o Fo
are chosen differently in [9]. For example, they use | | for both real and complex v, their
additive measure differs from ours by a factor of 1/ or 1/2m if v is real or complex,
respectively, and their additive character is e(Trr, (x)) instead of e(—Trr, (x)).

Ideals

In general, we use Gothic letters a, b, ¢, ... to denote non-zero fractional ideals of F,
while we reserve m, 1, D, f, g, and r for non-zero integral ideals of F. Let p always
stand for a prime ideal. Let N(a) denote the norm of a. If @ € F*, we denote by («) the
corresponding principal ideal. If a is a fractional ideal, we shall often write just ca for the
product (a)a.

Given 0 € R‘jf“’l with 3, N8, = 1, for each principal fractional ideal a we choose
once and for all a generator, which we denote [a], so that

l[a]l, < N(@)™%, o] oc; 2.1)
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such a choice is guaranteed by Dirichlet’s units theorem (see [28, §V.1]). Later, we shall
set 6, = log T,/logN(T).

For each non-zero fractional ideal a, we fix a corresponding 7z, € A}( so that ord, (a) =
ord,(mq,,) for all v } co. Set § = wo. For brevity, write a, = a®,.

Let Cr be the class group and A be the class number of F. We shall write a ~ b
when a and b are in the same ideal class. We choose a set Cr of integral ideals that
represent the class group.

Characters and Mellin transforms

For v Archimedean, define the (unitary) character y;,m(x) = |x|""(x/|x[)™ (x € F)) for
veRandm € {0,1} (= Z/2Z)if F isreal,and m € Z if F is complex. Let a, denote the
unitary dual of F*. We shall identify a, with R x {0, 1} or R x Z according as v is real or
complex. Let du(v, m) denote the usual Lebesgue measure on R x {0, 1} or R x Z. For
notational simplicity, we shall write summation on {0, 1} or Z as integration.

For f € LY (F)X) N L%(F)), define its (local) Mellin transform f (v, m) by

Foum = [ f@ im0 ¢ @2
The Mellin inversion formula reads
1 o R
16 = 5o [ [ F0um ) datvm). @3
wey J Ja,

where ¢, = 2 if v is real and ¢, = 27 if v is complex. Moreover, by Plancherel’s theorem,

[ reras= s [ 17 em auem. 4

2me,

Leta = | a, be the unitary dual of F. For (v, m) € a, define x;y,m to be the
product of y;y, m,. Let diu(v, m) be the Lebesgue measure on a. In an obvious way, for-
mulae (2.2)-(2.4) extend to FZ and a.

3. Automorphic forms on GL,

In this section, we briefly recollect some notation and preliminaries, mostly for the state-
ment of the Kuznetsov formula of Bruggeman and Miatello for PGL,. For simplicity,
only spherical automorphic forms on PGL,(F)\PGL,(A) are considered. The reader is
referred to [64] for further discussions.

Define N={(1 :)} A:{(x ])} p:{(x ;)}

We denote by K = Ky K the standard maximal compact subgroup of PGL,(A).
For each non-Archimedean v, let K, = PGL,(0,). Note that PGL,(F) N Ky = PGL,(0)
(the intersection is taken in GL,(Ay)). Let K, = O(R)/{£1,} if v is real, and K, =
U, (C)/{x1,} if v is complex.
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We identify N(F) with Foo and A(Fso) with FZ, and define their measures accord-
ingly. For v | co, we normalize the Haar measure on K, so that K,/A(F,) N K, has
measure 1. Thus the measure of K, is 2 or 27 according as v is real or complex. The
Haar measure on PGL,(Fs) is defined via the Iwasawa decomposition PGL,(F) =
N(Foo)A(Foo) K. Again, our measure on the hyperbolic space PGL,(F,)/ K, is differ-
ent from that in [9] or [64].

3.1. Archimedean representations

In this paper, we shall be concerned only with spherical representations of PGL; (Fy).

Let a be the vector space R"1 172, We usually identify R with its image under the
diagonal embedding R < a. Let ac be the complexification of a. Let Y C ac be the set
of v = (V,)yjo0 Such that v, € Roriv, € (—%, %). We associate to v in Y a unique spherical
unitary irreducible representation 77 (iv) of PGL;(F ). Namely, v determines a character
of the diagonal torus A(F) via

(x ]) > 1_[ x|, x e FJk,
v|oo
and we let w(iv) be the irreducible spherical constituent of the representation unitarily
induced from this character. The spherical 7(iv) is tempered if and only if v € a. Let
dv be the usual Lebesgue measure on a. We equip a with the Plancherel measure du(v)
defined as the product of

vy tanh(zrv,) dv, if visreal,
du(v) =1 . 3.1)
vy dy, if v is complex.
Moreover, we define the function P1(v) to be the product of
h(mv, if v i 1,
Iy, = | OO v e (3.2)
sinh(2zv,)/v, if vis complex.

Note that 22771 - Pl(v) du(v) is the measure used in [9, 64].
We must fix, once and for all, a spherical Whittaker vector corresponding to each
7 (iv), with respect to the character Yo, on N(Fx). We choose W;, to be the product

of W;,, with
w (% ) %2 Kiy, @ |x,|)  if vis real, 33
ivy - 1/2 . . ( . )
1 %1/ Kaiy, (47| x,|)  if v is complex.
Finally, for V € ay = R? 172 we define
NV) =[]V N@)=]]W. (3.4)

v|oo v|oo
We define the conductor of v € Y to be C(v) = N(1 + |v|), that is,
Cw = [a+mh™. (35)

v]oo
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3.2. Automorphic forms

We shall be interested in the space of spherical automorphic forms, that is, functions in
L?(PGL,(F)\PGL;(A)) that are (right) invariant under K.

We fix an orthonormal basis 98 for the cuspidal subspace that consists of eigenforms
for the Hecke algebra as well as the Laplacian operators (Hecke—Maass cusp forms). Each
Jf € 9B transforms under a certain representation 7 (i vy ) of PGL,(Fw), for some vy € Y.
We have the Kim—Sarnak bound [6] over the field F':

Im(vs,)| < 64, v|oo. (3.6)

The Fourier coefficients ar (a, o) are indexed by pairs consisting of an ideal class and an
element of F'. To be precise, ar (a, ) are defined so that

o ar(a,a) (( ) )
f(( ) ) QEX\/N((T@ b )82 ) 8w €CLa(Foo). (3.7

where 7, € A}‘ is a representative of a. It should be kept in mind that ar (a, o) vanishes
unless & € a~! D~ and only depends on the ideal «a. We therefore setas(m) = ar (a, &)
if m = ¢a®. These ay (1) may be interpreted in terms of the non-Archimedean spherical
Whittaker function with respect to the additive character ¥y on N(Ay). We denote by
A (m) the m-th Hecke eigenvalue of f. We normalize in such a way that the Ramanujan
conjecture corresponds to |y (p)| < 2. As usual, there is a constant Cy such that

af(m) = Cf)\f(m) (3.8)

for any non-zero integral ideal m. See [64, §2.5] for more details.
For s € C, define via the Iwasawa decomposition the function

fs((x ;) k) = |x/yI*tV2, x,yeA*.reA kek,
and define the Eisenstein series £ (g;s) by

E(g:is)= Y. f(yg). geGLy(A),
y€P(F)\GL2(F)
for Re(s) > % and by a process of meromorphic continuation in general. For our pur-
pose, we only need the knowledge of its Fourier coefficients ag ) (m) = ag ) (a, o)

(m = aa®) for m non-zero. More precisely, we have

ag(s)(m) = Cgyts(m), (3.9

where P(s)
_ —2\s _ S
z(m) = » N@mb?)°, Cgg) = @ TNy (3.10)

bjm
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CF (s) is the Dedekind ¢ function for F, and P(s) is the product of

() = {2ns+1/2/F(s + %) if v is real, 3.11)

2(2m)?s T /T (25 + 1) if vis complex.

See for example [11, §§3.7, 4.6]. A subtle issue is that the results in [11, §4.6] are proven
for v, of conductor ©,, but this may be easily addressed by re-scaling the character ¥, (x,)
and the Haar measure dx, (say, ¥,(x,) = w,ﬁ (8,x,) and dx, = \/m d"x,). Moreover, the
P,(s) in (3.11) arises from a computation of Jacquet’s integral. Note that the definition
of P may be extended from C to ac = C"1 %72 and that

|P(iv)|> = 221132272 PI(v), vea. (3.12)

3.3. Kuznetsov—-Bruggeman—Miatello formula
We first make a preliminary definition.

Definition 3.1. Let b, g be fractional ideals with b | ¢. We set (b/q)* to be those elements
x € b/q which generate b/q as an ©-module. For x € (b/q)* define x ! to be the unique
class y € (b71/qb=2)* such that xy € 1 + gb~ L.

We now define the Kloosterman sum. Here, we must include ideal classes as paramet-
ers.

Definition 3.2 (Kloosterman sum). Let a;, a, be non-zero fractional ideals of F, and
¢ be any ideal such that > ~ ajas. Letc € ¢!, 0y € a7' D7 and oz € a1c 2D We
define the Kloosterman sum

—1
KS(ay,a1;a2,az2;¢,¢) = Z Yoo (M) (3.13)
C

xe€(are=!/ar(e))*
where (ajc™!/ay(c))* and x7! € (aylc/ay!(c)c?)* are defined as in Definition 3.1.

We should view the ideals oja; and aza; as the parameters of this Kloosterman sum,
and the ideal cc as the modulus. However, KS does depend on the choice of generator; it
is not invariant under the substitution « — e« if € € O is a unit. To relate the definition
to the usual Kloosterman sum, we note if a; = a, = ¢ = 0, then for a;, p € D~ ! and
¢ € © we have

arx + Olzx_l
. .

KS(a1,a;@2, a25¢,¢) = ) woo(

xe€(G/c)*

‘We have the Weil bound for Kloosterman sums:
KS(ay,a1;00,az;¢,¢) < N((oelali),azal_lc’S),cc))l/ZN(cc)l/HE, (3.14)

where (-, -, -) denotes greatest common divisor (of ideals).
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Definition 3.3 (Space of test functions). Let S > %.1 We set 7(S) to be the space of
functions 4 : a — C of the form h(v) = Hvloo h,(v,), where each h, : R — C extends to
an even holomorphic function on the strip {s : [Im(s)| < S} such that, on the horizontal
line Im(s) = o (Jo| < S), we have uniformly

ho(t +io) < e ™(e) + 1)  for some N > 6.
Next, we define the Bessel kernel.

Definition 3.4 (Bessel kernel). Letv € ac.
(1) When F, = R, for x € R} we define

sm( Vu) (J—Zvu (47T \/_) JZVU (47T \/;))»

Bv,, (—X) ( v ) (I 2vy (47[ \/_) 12\/,, (47T \/;))
= 4cos(nv,,)K2VU (47 /).
(2) When F, = C, for z € C* we define

2

2w
sin(27v,) (

By, (x) =

B, (z) = J 2y, (470 /2) T2y, (A NZ) — Sy, (470 /Z) Ty, (47 V/T)).

For x € FZ, we define

By(x) = [ | By, (x0).
vjoo
Note that the 7-Bessel functions in [9] or [64] should be changed to J-Bessel func-
tions in the complex case. Moreover, according to [57], we have normalized the Bessel
kernel by a factor of 7 or 272 for real or complex v, respectively.

Proposition 3.5 (Kuznetsov formula). Let h be a test function on ac belonging to 7€ (S)
(see Definition 3.3) and define

H = /h(v)du(v), H(x) = /h(v)@iy(x) du(v), x e FX, (3.15)

where B,(x) is the Bessel kernel defined in Definition 3.4 and du(v) is the Plancherel
measure in (3.1). Let B be an orthonormal basis of the spherical cuspidal spectrum on
PGL,(F)\PGL2(A)/K, so that each f € 9B has Archimedean parameter vy €Y (f
transforms under the GL,(Foo)-representation mw(ivy)) and Hecke eigenvalues hy(m).
Let ay, ap be fractional ideals. Let ay € al_lfi)_l, oy € a;li)_l. Set m; = w1019,
my = 062(12@, and

B = Beaja, = [Cz(a1a2)_l] (3.16)

IThe condition S > i is borrowed from [9], while [64] requires S > 2 for some convergence
issues. Note that the space of test functions in [10,27,34] is much larger.
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for every c € Cr with 2 ~ aja, (here [c2(ajaz)~ Y] is a chosen generator for this prin-
cipal ideal). We have

oo

3 wrhlohy (s (wa) + o [ @O0 () (wa)ar
fe® e

KS(ay.ai;eaz/B,azic,c) _ (€ajon
ZCISml,ngg"i'CZ Z Z Z N(co) i Be? ,

ceCr €€6*/6*2 cec™!
2

¢>~ajaz (3.17)
where | |2 i3
Cf 2 r r27-[r2
wf = , oit)= ———— 3.18
77 Pl(vy) ® 1Cr (1 + 2i1)|? (3-18)

(see (3.2) and (3.8) for the definitions of Pl(vy) and Cy), ts(m) is defined in (3.10),
8, ,m, is the Kronecker § that detects m; = wmy, KS is the Kloosterman sum as in Defin-
ition 3.2, and the constants co, c1 and c, are given by

oo = 2@ RE - o 22YldE| 27 10
’ wr |dF| 7 ! 2”2r1+2r2]’lF ’ 2 47'[2r1+2r2hF ' ’

in which wr, dr, RF and h g are the number of roots of unity in F, the discriminant, the
regulator and the class number of F, respectively.

Formula (3.17) is just a rewriting of (15) in [64] in the fashion of [12, (3.17)]. Some
remarks are in order. The test function in [64] has been modified here by Pl(v) (see (3.2)
and (3.12)). The 1/4x in the first line of (3.17) is adopted from [23, (7.15)], and in the
adelic setting it also arises from applying [15, (5.16)] to [15, (4.21), (4.25)] . The constant
co accounts for the translation of the spectral decomposition from the adelic to the clas-
sical setting. The constants ¢; and ¢, are adapted from [64, (16)], with extra factors due
to our normalization of measures, absolute values and Bessel kernels.

Lemma 3.6. Let f be a Hecke—Maass cusp form whose L? norm is 1. Let wr and w(t)
be defined as in (3.18). Then

wr > Cop) ™ () > (1 + i)™ (320
where C(vy) is the conductor of vy as defined in (3.5), and the implied constants depend
onlyon e and F.

By the Rankin—Selberg method, wy is a multiple of 1/L(1, Sym? f):

22r1+3r2ﬂr2

e S 21
2L(1,Sym? f) 321)

wf

Then (3.20) follows from [41, Theorem 1]. For F' = Q, the lower bound for wy was first
proven by Iwaniec [22].
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4. Voronoi summation for GL3

The purpose of this section is to derive a Voronoi summation formula for GL3 in the
classical terms from the formula of Ichino and Templier [20] in the adelic setting (see
Appendix A).

Notation in the adelic setting

We first recollect some notation from [20]. Let # = ®, 7, be an irreducible cuspidal auto-
morphic representation of GL3(A). Let 7 = ®, 7, be the contragradient representation
of . Let @ denote the central character of .

Let S be a finite set of places of F including the ramified places of 7 and all the
Archimedean places. Denote by WOS = ]_[U¢ s Wou the normalized unramified Whittaker
function of 75 = ®,¢s 7, above the complement of S. Let WS = [lgs Wao be the
unramified (spherical) Whittaker function of 75 = @S Ty

For any place v of F, to a smooth compactly supported function w, € C°(F)) is
associated a dual function w, of w, such that

/};X vT/U(x))((x)_1|x|i_1 Fx=y(1—-s,7,Q 1 ¥) /Fx we(X) x(x)|x[Fd*x  (4.1)

for all s of real part sufficiently large and all unitary multiplicative characters y of F*.
The equality (4.1) is independent of the chosen Haar measure d*x on F,* and defines w,
uniquely in terms of 7, ¥, and w,. For S as above, we put ws = [[,cg Wy, Ws = [ [,c5 Wo-

Let v be an unramified place of z. It should be kept in mind that, since the additive
character v, has conductor @;1, Wyy(a(xy, x2)) vanishes unless both x1, x5 are in @U_l,

where
X1X2

a(xy, xz) = X1
1
Definition 4.1 (Kloosterman sum on a local field). Let v be non-Archimedean. For
a,1/v € 6, and B € V2D, 2, define the local Kloosterman sum

Kl(a.fiv) = Y Ylex+px), (42)
8,x€v0} /6,

In the quotient vO’ /O, above, the group 6, acts additively on vO) if |v|, > 1, and
V0’ /6, = {1} if |v|, = 1 so that the Kloosterman sum is equal to 1.

Let R be a finite set of places where 7 is unramified. We define W,g = [Ler Wos
and Klg(a, B;v) = [[,eg Klo(ay, B; 1) for o, B, v € Fg satisfying |a|, < 1 < |v], and
1Bl, < |v/8|? forallv € R.

4.1. Adelic Voronoi summation for GL3

Note that it is required in [20] that S contains the ramified places of . In order to make
their Voronoi summation useful when the class number / ¢ is not 1 (or when ® is not prin-
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cipal), one has to relax this condition. For this, we shall outline a proof of the following
Voronoi summation for GL3 in Appendix A.

Proposition 4.2. Let notation be as above. Let ¢ € AS and a € A*S. Let R be the set of
places v such that |{/a|, > 1. Let w, € CS°(F)) for allv € S. Then we have the identity

S VS @OWS a(1/8, ay)ws(y)
yeFX*
o SUR L
_ wR(é/a)|§|R|a| Z KR(V, é’, WoR)WOSUR(Cl(l/S, J/5/Ol))17/s()/), (4'3)

SEVEP 5

where Kgr(y, ¢, WOR) is defined to be the sum

> Wor(a(a/8,y8/v?0) Kir(l,—y/¢:v), (4.4)
vEF /0%
with v subject to
1< ], <|¢/al,,  |y/Cl < |v/8)> forallve R. 4.5)

Notation in the classical setting

Henceforth, we shall assume that 7 is unramified (spherical) at every non-Archimedean
place and that its central character w is trivial. We may thus choose S = S.
For non-zero integral ideals ny, n,, we define the Fourier coefficient

niny D2
Ay, np) = N(myn, ©7?) WOS°° m 7! . (4.6)
1

Normalize the Fourier coefficients so that A(1, 1) = 1. We have the multiplicative relation
A(nlml,nzmz) = A(nl,nz)A(ml,mz), (Hlnz,l‘t’[lmz) = (1), (47)
and the Hecke relation

Ampmg) = Y u(d)Amd ™ DAL mpd ™), (4.8)

bluy,dlnz

where u is the Mobius function for F. Moreover, it is known that A (1, 1) = A(uz,1q)
if Al (u1, np) are the Fourier coefficients for 7.

It is known from [57, §17] that for each v| oo, f,(y) = |y|; ' W,(—y) is the Hankel
integral transform of f,(x) = |x|; 'w,(x) integrated against the Bessel kernel Jy, (xy)
attached to 7, (see [57, (17.20)]):

Fi) = [ Ao e . 49)

The asymptotic expansion for J,(x) will be given in §4.4.
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Remark 4.3. When v is real, w,(y) = |y|vﬁ(—y) is equal to the F(y) in [40, Theorem
1.18] (if f,(x) is their f(x)). The reason for our normalization of Hankel transforms is to
get the Fourier transform and the classical Hankel transform in the GL; and GL, settings,
respectively.

Definition 4.4 (Bessel kernel and Hankel transform). For x € F,, we define the Bessel
kernel

9@) =[] Im(x0).

vjoo

Let €°(F%) denote the space of compactly supported smooth functions f : FZ — C
that are of the product form f(x) = [[, o, fo(x,). For f € €2°(Fg,), we define its Hankel

transform f by
Fo = [ g v e Fs .10)

Definition 4.5. For b C ©, define the ring
Fp={ae F:ac0O,forall p,|b}.

Define Y5 = [],,,5 ¥» and ap = (a, b®) = [T, |5 p0*®.

Definition 4.6 (Kloosterman sum). Let b C ¢ C 6. For « € Fy and B € (¢ ®Dp) 2 Fp,
define the Kloosterman sum

Klp(a, ) = > Yo (ox + pxh), @.11)

xe((aDp)~1/DFH*

where ((qS)B)_l/fE)gl)X and x~! € (¢Dp/q2Dp)* are defined as in Definition 3.1.

We have Yy, = ¥g and Klg (o, 8;q) = Klg (e, B;v) if R is the set of primes dividing b
and q is the integral ideal generated by 1/v. Moreover, it will be convenient to write
Klp (a, B: @) as an integral on a certain compact homogeneous subspace of F.

Lemma 4.7. Let notation be as above. Define the Euler totient function ¢(a) as usual by

o(@) = N@[ [0 -Nm™. (4.12)

pla

Define 6; =[1p,p Oy. Let m(q )1 € A; be the chosen generator for (¢ D)~ ). Then

Kls (@, B 0) = ¢(q) _ Yelex + px7h) dx, (4.13)

7(qD)0p

Proof. With our choice of Haar measure, the space (g S))_lég (= (qDp) ! 6%‘) has total
mass 1. On the other hand, the x-sum in (4.11) ranges over a set of size ¢(g). Then (4.13)
follows from the definitions. ]
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4.2. Classical Voronoi summation for GL3

In practice, we shall let ¢ € AS> = A # be the diagonal embedding of a fractiona/c € F,
and it is preferable to have a classical formulation of the Voronoi summation in terms of
Fourier coefficients, exponential factors, Kloosterman sums, and Hankel transforms.

Proposition 4.8. Let notation be as above. Let a € F, ¢ € F*, and a C 0. Let R =
{v} o0 :ord,(a/c) < ord,(aD 1)}, and set b = [,cx pgrd“((c/“)“g_l) (it is understood

that b = O if R = @). For [ € €°(F}) let its Hankel transform f be given by (4.10)
in Definition 4.4. Then

> Voo (-F) At an) f()

y€a—l
_ N(a) 1
- 3/2
N(®)¥ beaco N(bA)
> A 'bg?D’y.bg ) Kip(l.yc/aiq) f(y).  (4.14)
yea(bq2D3)~1

Proof. Let{ € AS> = A # be the diagonal embedding of a/c € F. Leto € A; generate
the ideal a©® ™. In the above settings, the left-hand side of (4.3) is translated into that of
(4.14) up to the constant N(a~!D?). Note that s (ay/c) = Yoo(—ay/c) as ¥ is trivial
on F. For the right-hand side of (4.3), we set g to be the ideal generated by 1/v, then
the conditions in (4.5) amountto b C ¢ C © and ya ™ 'b®D C ¢~ 2D~2. The Kloosterman
sum is Klp (1, yc/a; q) as defined in Definition 4.6. After changing y to —y, we arrive at
the right-hand side of (4.14). [ ]

Remark 4.9. When ir = 1, we may choose a € © and ¢ € © ~ {0} such that (a,c) = (1)
andlet a = D, b = (¢), and g = (¢/d) with d | ¢. In this way, upon changing y to n
or d?n/c? on the left or right, respectively, we obtain the classical Voronoi summation
formula as in [40].

4.3. Averages of Fourier coefficients

We recollect here some results from [55, §4]. First, as a consequence of the Rankin—
Selberg theory [25], it is well-known that for X > 1,

S @) P = 0x(X). (4.15)

N(l‘l%l‘lz)ﬁX

As a consequence (see [55, (4.4)]), for 0 < ¢ < 1 we have

yo Mowm)l_ g N@x i), (4.16)
N(unp)<X N(nZ)C

Moreover, we have the following lemma for the average over y € a~! ~ {0}.



Subconvexity for L-functions on GL3 over number fields 1129

Lemma 4.10. ForV € ay and S C Seo, define |V|s = [],cs V.N* and

FS(V)={x€ Foo:|x|y> VN forallve S, |x|, < VN forallve Soo ~S}.  (4.17)
Let0 <c <1 <d.Thenforany 0 < e <d — 1 we have

v Mol (N(n)N(a)HEN(ml-c“)
Nylelyig= — Vige

(4.18)

ye FXNFS (V)
yaCcO

Proof. When N(a)N(V) = 1 is assumed, (4.18) follows from Lemma 4.2 or 4.3 in [55]
in the case S = @ or S # O, respectively. However, this assumption may be safely
and conveniently removed. For example, the sum in (4.18) has no terms if S = @ and
N(@)N((V) < 1. L]

The next lemma is a generalization of [5, (10)].

Lemma 4.11. Let 6 < % be an exponent such that
| A(n1.12)] < N(uymp) . (4.19)
Define F2 (V) as in (4.17). For f C 0, we have

Yo A@y)P <ex N(F)?HN(af ) +N(V). (4.20)

ye FXNF2 (V)
ya Cf

Proof. First of all, one can apply [55, Lemma 4.1] with (4.15) to prove

Y ALy <ex N(@)'FEN(V):; 4.21)

ye FXNFL (V)
yaCcO

the proof is similar to that of [55, Lemma 4.2]. The left-hand side of (4.20) is bounded by

> > A, ya)l?

m|(fn)>° e FXnF2 (V)
yaCfm
(ya(Fm) =1, fmm)=(1)

< >0 A fwP Y A yam)THP,
| (fn)>® ye FXNF2 (V)
ya(fm)~! co

and (4.20) then follows from (4.19) and (4.21). [

4.4. Asymptotics for GL3-Bessel kernels

Assume further that mo, is a spherical representation of PGL3(F) so that its
Archimedean Langlands parameter is given by a triple g = (1, 42, 3) in a?c, with
p1 + p2 + 3 = 0. For each v | oo, the Bessel kernel Jy, (x) = J,, (x) depends only
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on ft,. A main result of [57] is the following asymptotic expansions for J, (x) when x is
large (see [57, Theorems 14.1, 16.6]).

Lemma 4.12. Let K be a non-negative integer.

(1) Whenv is real, for x >k 1 we have the asymptotic expansion

e(:|:3x1/3)K \ Bf 1
Ju,(£x) = i Z k3 + Ok, ul,( (K+1)/3) (4.22)

with the coefficients Bki depending only on i,

(2) When v is complex, for |z| >k, u, 1 we have the asymptotic expansion

e(3(62!3 + £21/3)) By By 1
JMU(Z) = Z |Z|2/3 ZZ Ek l,k/371/3 + OK""“ |Z|(K+2)/3 ’

£3=1 k+I<K-1

(4.23)
with the coefficients By depending only on ..

The self-dual assumption

Subsequently, we shall assume that 7 is a self-dual spherical automorphic cuspidal rep-
resentation of PGL3(A). In particular, we have A(ny, 1) = A(n,111) (= A(ng, n2)) and
= (u,0,—p) withu €i¥Y Cac (u, €iRorpu, € (—%, %) for every v | oo; see §3.1
for the definitions).

It is known by [14] that 7 comes from the symmetric square lift of a Hecke—Maass
form for GL;. Thus the Kim—Sarnak bound [6] for GL; implies that

|A(n1, 12)] < N(uym,p)7/32Fe, (4.24)

and
IRe(p,)| < 55, 0] oo. (4.25)

5. Preliminaries on L-functions

Let f be a spherical Hecke-Maass cusp form on PGL, (F)\PGL,(A) with Hecke eigen-
values As(n) and Archimedean parameter vy € Y. Let E(s) be the spherical Eisenstein
series on PGL,(F)\PGL,(A). Let 7 be a fixed self-dual spherical automorphic cuspidal
representation of PGL3(A) with Fourier coefficients A(n;, n,) and Archimedean para-
meter (u,0, —u) (n €iY).

5.1. L-functions L(s, ), L(s,7 ® f), and L(s,7 ® E(it))

The L-function attached to 7 is defined by

A(l,n)
L(s,7) = —. (35.1)
2N
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The Rankin—Selberg L-function L(s, 7 ® f) is defined by

A(nr, 1))
Len® f) = ZZ% (5.2)
ny,nC0O 112

The completed L-function for 7 is A(s, ) = N(D)>/2y (s, w)L(s, ), where y (s, 7) =
y(s) is the product of

Vols) = (an)—SNUS/ZF(M)F(%)F(M)_ (5.3)

Recall that N, = 1 if vis real and N, = 2 if v is complex. It is known that A (s, 7r) is entire
and has the functional equation

A(s, ) = Al —s,m).
We define y (s, v) to be the product of
Yo(s,vo) = Vols —iv)yu(s + iwy). (5.4

Let y(s, 7 ® f) = y(s,vs). Then A(s, 7 ® f) = N(D)¥y(s, 7 ® f)L(s, 7 ® f) is
also entire and satisfies the functional equation

At ) =Al—-s5,71Q® f).

Similar to (5.2), we define

. Ay, 1) 73, (112)
L(s,7 ® E(it)) = 20, m2)he2) (5.5)
;g N(n?n,)s

where 75 (1) is defined as in (3.10). We have
L(s,m ® E(it)) = L(s +it,m)L(s —it,m), (5.6)

and hence
Lt 7@ EGn) = |L(L +it, 7). (5.7)

5.2. Approximate functional equations for L(s, 7 @ f) and L(s, )

Following Blomer [5], for a large even integer A’ > 0, we introduce the polynomial p(s, v)
as the product of p,(s,v,) (v| oco) defined by

N,A’/2—1
[T (G+2k/Ny = p)® +2) (s + 2k/N)* +2) (s + 2k/ Ny + 11)* + v7)

k=0
(5.8)

so that p,(s, v,) annihilates the rightmost N,A4’/2 poles of each of the gamma factors in
Vu(s, v,) defined by (5.3)—(5.4). This polynomial will eventually be used to overcome the
obstacle posed by the presence of an infinite group of units.
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We have the following approximate functional equation for L(s, 7 ® f) (see [24,
Theorem 5.3]):

Ay, np)h _
L(3.7® f) = ZZ ZWWN(H%HZD ) vr) (5.9)
ny,n2CO

with
| d
V(yiv) = —/ G,y yso, (5.10)
2mi 3) u

in which G (u, v) is the product of

vz +un) Pz ) puls —u v)eN N

vo(3. %) po(3.7)°

Note that the second quotient in (5.11) is even in # and is equal to 1 when u = 0. Similarly,
the approximate functional equation for L(s, w ® E(it)), along with (5.7), yields

G,(u,v,) = (5.11)

. 2 Ay, np) 7 (n12) —3\.
|L( +it,7)] =ZZZWV(N(nfn2® 3:1). (5.12)
ny,nyCO 172

Properties of V(y;v) and G (u, v) are given in the following lemma (see [5, Lemma 1]
and [56, Lemma 3.7]).

LemmaS5.1. Let U > 1, A > 0, and € > 0. Suppose that v € Y satisfies the Kim—Sarnak
bounds (3.6). Let C(v) be defined as in (3.5).

(1) We have
—A
y
V(y; 1T+ == 5.13
(yiv) <4,4 ( +C(V)3) (5.13)
and

(5.14)

1 e+iU _du C(y)3s
V(y;v):E./ - G(u,v)y “74—08,,4/( )
E£—1

yseU2/2
(2) When Re(u) > 0, the function H,(u,v,) = G,(u, vv)pv(%, v)? is even and holo-

morphic on the region [Im(v,)| < A’ + 39—2 =A+ % — 37—2 (see (4.25)), and it satisfies
in this region the uniform bound

H,y(u, ) <ar requy (14 |v,]) 3N Re0I+24), (5.15)

and, more generally,

37 N .
57 o) e (1F [y, [PNe®RCOTZIT (4 L Imu))/. (5.16)
it

Proof. The estimate in (5.13) may be found in [24, Proposition 5.4]. The expression
of V(y;v) in (5.14) is essentially due to Blomer [5, Lemma 1]. The bounds in (5.15)
and (5.16) follow readily from Stirling’s formulae for log I' and its derivatives (see for
example [37, §§1.1, 1.2]). [
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6. Choice of the test function

Definition 6.1. Let 7, M € ay be such that I < T¢ < M, < T,!~* for each v | 0. Define
the function k(v) = kr,a (v) to be the product of

kv(vv) — e_(Vv_Tu)z/Myz + e_(Vu+Tv)2/Muz . (6' 1)
We modify k(v) slightly, and let k" (v) = knT, (V) be the product of

2 ’
Ky = k() po(3.v0) "/ TN (6.2)
with p,(%,v,) defined as in (5.8). For v € a, we have k(v) > 0, and k*(v) > 1if |v, — T,
< M, for all v | co. Note also that kE(vv) = o(e_Tvz/Mvz) ifiv, € —%, %).
For Re(u) = &, the function

h() = hra (V) = G v)k] 5 (V) (6.3)

lies in the space #°(S) of Definition 3.3 with § = A’ + 3%. It is clear that A(v) is the
product of

ho(v) = ko(v) Hy(u, ) TENA (6.4)
and it follows from Lemma 5.1 (2) that
hy(vy) <are (1 + W))ky(vy), v € R. (6.5)

Henceforth, in view of (5.14), we shall assume that Re(x) = € and [Im(u)| < logN(T).

Appendix A. Proof of the adelic Voronoi summation for GL3

The purpose of this appendix is to prove the adelic Voronoi summation for GL3 in Pro-
position 4.2 without the condition in [20] that S contains the ramified places of . By
directly modifying [20, Theorem 1], such a Voronoi summation for GL, and GL3; was
formulated in [55, §3.1], but it is not entirely correct in the GL3 case. A particular issue
with the direct modification is that the identity (2.4) in their proof,

1

/ W |l (Y x 1 dx = W, [V , (A.1)
Funfz 1n—1 1 1n—l

is no longer valid if n = 3 and ©, # O, (though this is always true if n = 2 as the
integration would disappear). To rectify this, one must replace the

WS (V ) = WS (a(l,y)
I,
in the left-hand side of [20, (1.2)] (for n = 3) by

/8
WS 1/8 = WS(a(1/8.y))

o
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and thus resort to [20, Theorem 3] rather than [20, Theorem 1]. Nevertheless, the main
results in [55] are not invalidated, for only several changes involving O or § are needed.

Proof of Proposition 4.2

We retain the adelic notation of §4. Let

1
n(x) = 1 , nT(x)=|x 1
1 1

By abuse of notation, we shall denote by y, ¢, §, « their local components y,, &,, §,, o,
respectively. According to the proof of [20, Theorem 3], the local integral at a place v ¢ S
that we need to consider is

1) = [ Wataltpn ouln™(~0a(1/8.0) ™)
Fv
while at the places in S we have the transform defined by (4.1),

I (y) = W(y); (A2)
see [20, §§2.7, 5.3]. Our goal is to prove that the sum over y € F* of the product of / U” (v)
is equal to the right-hand side of (4.3).
Forv ¢ S U R, we have |{/a|, < 1. It follows that
a(1/8,a)w’" - w'n™(=a(1/8,0)™" = n~(=¢/a) € GL3(6,).
Thus
1 5/

If(y)=/ W, (7’ 1) x 1 1 dx
F 2 1 8

y/a 1
:av(5)|a/5|0/ Wo, 1/8 x 1 dx.
F, 1 1

For |x|, > 1, we have the Iwasawa decomposition

1 1 1/x 1/x -1
x 1 = 1 by 1 1/x
1 1 1 1

Therefore the integrand above is equal to

y/ax
U (y8/ox) W, x/8 ,
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and it vanishes as |x/§|, > 1/|§],. Then we infer that the integrand is non-zero only if
x € 0,. Consequently,

QI e 1/8 ) (A.3)

,—|8|U ov |

Note that (A.3) is reduced to (A.1)if § = a = 1.

Now let v € R with |{/a|, > 1. It is the second case in the proof of [20, Theorem 3].
We adapt their computations for the GL3 case as follows.

We start by rewriting

1) =

1) =17l / Wou(n™ () a (1, y)n™ (=0)a(1/8.0)7") dx.

v

The Iwasawa decomposition of n~(—¢/a) yields

Ify) = I)/Iu/ Wou(n™ ()w'a (8, y/an(—a/)a(t/a,o® /7)) dx

v

" /F W (0™ (1) (—p /) (€8 t, yer /) dix.

From
1 -y/¢
n~(x)w'n(—y/Hw = I —xy/t|n"(x),
1
we have
1*p) = Iyl fF To(—xy /O W™ (O)w'a(£5 /. ya/£2)) dox.
Since

n= () wa(Cs/a, ya/L?) = won(x)ww'a(t8/a, ya/L?)
1
=w; v8/¢ n(xys/fwaw
L8/

and wow’ € GL3(0), we have

1
1) = 1¢/8l, [F /&Y [wa | 8/ Y P
: ¢8)a

To compute the Kloosterman integral in (A.4), we invoke the following result adopted
from [20, §6] in the GL3 setting (see in particular (6.3) and Corollary 6.7 there).
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Lemma A.l1. Let , be unramified and ) be trivial on ©,. Let W, be a V- Whittaker
function invariant under GL3(0,). Let dx be the Haar measure self-dual with respect to
Y, (the measure of ©, is 1). Let B,¢ € FX. Then

1 B/v

[womfu( 5 |aw|e= ¥ om0 v | Kgiw.
: ST f
BPieN (A.5)
with [Blo=<|vl;
KIB:vivu ¥) = D Yl ¥u(—B/x).
x€v0} /0,

It is required that v, is unramified in Lemma A.1. To remove this condition, we have
to re-scale v, W,, and dx so that ¥,(x) = ¥/ (8x), Wo,(g) = Wouv(a(& 8)g) and dx =
V18], d%x. Applying Lemma A.1, we may transform (A.4) into

— y/v¢
v @, (8 ~
% Wep v/§ Kl,(1,—y/¢,v), (A.6)
v EF)/0f o
1s|:|v<|§/ala2|v é—/
ly/o lo<|v/8)?

IHy) =

where K, («, 8; v) is the local Kloosterman sum defined in Definition 4.1.
Finally, our proof is completed by combining (A.2), (A.3) and (A.6).

Part II. Analysis over Archimedean fields

In the following sections, we shall do analysis over a local Archimedean field F,
(v] 00). For simplicity, we shall suppress v from our notation. Accordingly, F will be
an Archimedean local field, and N = [F : R]. Henceforth, x, y will always stand for real
variables, while z, u for complex variables; in the complex setting, we shall usually use
the polar coordinates z = xe’? and u = ye'?.

7. Stationary phase lemmas

For later use, we collect here some useful stationary phase lemmas in one dimension or
two dimensions.

7.1. The one-dimensional case

Consider one-dimensional oscillatory integrals of the form

b
/ ()W) d.
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In practice, the phase function f(x) = f(x;X,...) usually contains some (real) paramet-
ers. It is convenient to transform the phase into the form A f(x) by change of variables,
but clearly this cannot always be done. For instance, one may consider a phase of the form
A/3x2 — x3 or x — Mlog x.

Firstly, we record [3, Lemma A.1], which is an improved version of [8, Lemma 8.1].

Lemma 7.1. Let w(x) be a smooth function with support in (a,b) and f(x) be a real
smooth function on [a, b]. Suppose that there are parameters P, Q, R, S, Z > 0 such that

O < 2/0, wP(x) <; S/PY,

fori =2and j =0, and
/()] > R.

Then for any A = 0 we have

b z 1 1\
j e(f(x)w(x)dx <4 (b—a)S Rz—Qz + E + 7P )
Secondly, the second derivative test as follows is usually sufficient for our purpose—it
is as strong as the stationary phase estimate in most of the cases. See [19, Lemma 5.1.3].

Lemma 7.2. Let f(x) be a real smooth function on (a,b) with f”(x) = X > 0. Let w(x)
be a real smooth function on [a, b], and let V be its total variation plus its maximum

modulus. Then
/  e(Feomin ax| <« 2L
a v N)\

Finally, when the phase is of the form A f(x), we record here a generalization of the
stationary phase estimate in [60, Theorem 1.1.1] (X = 1 in [60]). See [56, §2.4].

Lemma 7.3. Let S > 0 and /A = X = 1. Let w(x; \) be a smooth function with sup-
port in (a,b) for all \, and f(x) be a real smooth function on [a, b]. Suppose that
ML w(xsN) <i; SX'FV and that f(xo) = f'(xo) = 0 at a point xo € (a,b), with
f"(x9) Z0and f'(x) # 0 forall x € [a,b] ~ {xo}. Then

4/ rb SX/
= / eOnf (ENwix: W) dx < 7o

We have deliberately avoided here the use of [68, Lemma 6.3] (or the asymptotic
expansion in [8, Proposition 8.2]) with an arbitrary phase function, because it does not
currently have a generalization in two dimensions.

7.2. The two-dimensional case

Next, we turn to two-dimensional oscillatory integrals of the form

/ /D e(f (. y)w(x. y) dx dy.

Firstly, we have the two-dimensional generalization of Lemma 7.1 as follows.
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Lemma 7.4. Let D C R? be a bounded domain. Let w(x, y) be a smooth function with

support on D and f(x,y) be a real smooth function on the closure D. Suppose that there
are parameters P, Q,7,®, R, S, Z > 0 such that

(3/0x)' (3/3y)’ f(x.y)<i; Z/Q @7, (3/dx)F(3/0y) w(x.y) <y S/PFY, (1.1)

fori,j, k,l =0withi + j =2, and

£/ )P = @F (e ) /03 + (0F (6, 9) /09 > 2. (12)
Then
[ etremmipaxay
<4 Area(D)S - { ] ( L1, 1] ) + Z—z(L + L)}A (7.3)
rto RP\o® o3
forany A = 0.
Proof. We start with a useful simple lemma.

Lemma 7.5. Let f(x, y) be a smooth function. Let i, j,n = 0. Then 3;85 (f(x,y)")isa
linear combination of products in the form

SOy E R T @04 £ (x, y))eoe,
v,

koo = 0, kamzi, Zﬂku—l’ ka\

v,

For brevity, we write g(x, y) = | f/(x, y)|?. By Lemma 7.5 along with (7.1) and the
trivial inequalities |dx f(x, ¥)[, |9y f(x, ¥)| < y/g(x, y), we infer that

2 2
8’ 81g(x y) < ((g + g) glx,y)+ (% + Z—)) Ql.lq)j (7.4)

fori + j = 1. Our idea is to repeatedly apply Hormander’s elaborate partial integration
(see [17, Theorem 7.7.1]) as follows. Define the differential operator

_ 0 fy) 0 3 fxy) 9
gx,y) oax = glx.y) 0y’
so that D(e( f(x, y))) = 2ni - e(f(x, y)). Consequently,

L(i 3xf<x,y>+gayf<x,y))
2mi \ox g(x,y)  dy g(x,y)

D* = —

is the adjoint of (1/27i) - D and

b d b d
/ / e(f (. ). ) dx dy = / [ e(f(x. y))D™w(x. y) dx dy
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for any integer n = 0. By a straightforward inductive argument, it may be shown that
D**w(x, y) is a linear combination of all the terms occurring in the product-rule expan-
sions of

907 {(Bx £ (x. ) By f(x, ) g (x. y) ' w(x, y)} /g (x. )", i+ j =n.

Now letiy,ip <1 and ji, jo < j. It follows from Lemma 7.5 along with (7.1), (7.2), and
the trivial inequalities |dx f(x, y)[, [0y f(x, y)| < /g(x, y) that

o A _ 771 1 i1+/1 ) @i+j)/2
Bt o e < {1 2 g ) e

Similarly, Lemma 7.5, (7.2), and (7.4) yield

23 VAN 1\ )22 g(x. y)"
I202(g(x. y)") < {1 + ﬁ(_Jr_)} g )"

02 @2 Q22
Thus
D*"w(x,y)
S 1 pittiayiitiz 71 1 )i t/1t+2i2+2)2
<— Y — Y N+ =+
Rn 4~ PiTJ 4=  Qutiagiitiz R\O o
i+j=n i1+ix<i
J1+j2s)
<Sll+1+1+1+221+1 g
¢ [ T T T Z
R\ P T 0 e} R3\ Q3 @3 ’
as desired. |

Secondly, we need a two-dimensional generalization of the second derivative test
in Lemma 7.2. A very useful version in the literature is [42, Lemma 4] (see also [62,
Lemma 5]), in which it is assumed that

102 f/0x2| > X >0, [3%f/3y%| > p>0,

7.
|det | = 8% f/9x? - 8% f/3y* — (9° f/3x8Y)?| > p, 7

on the integration domain D = [a, b] X [c, d]. However, their bound 1/ \/X_p would not be
desirable if (0% f/9x0y)? is very large compared to 9% f/dx? - 3% f/9y? so that the former
dominates in det f”. This is because the choice of coordinates is not quite appropriate. In
general, it seems that some work is required to find the optimal coordinates. Fortunately,
in our application, we shall have 82 f/9x2 = —92 f/9y? (see (13.24)) and the change of
coordinates may be simply chosen to be

V2x=x"+y, 2y=x'—y.

As in [42], we first suppose that w(x, y) = 1. Let f(x, y) be a real smooth function
on the rectangle [a, b] X [c, d] such that

92 f/0x% = —92 f/dy? (7.6)
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with
max {|02 f/9x2|,10% f/dxdy|} > k> 0. (71.7)

We would like to prove
b rd 1
|| etreomaray < .
a c >\’

with an absolute implied constant. Note that |det f”| > A2, so this is in essence the expec-
ted stationary phase estimate.

For |02 f/0x?| = |0? f/dxdy|, Lemma 4 in [61] (with D = [a, b] x [c, d]) gives us
the bound 1/ as expected. Now assume that |32 f/dx2| < |02 f/dxdy|. Let x’, y’ be
as above. Then 9% f/0x"?> = —3% f/0y'? = 0% f/0xdy and 3% f/0x'dy’ = 9% f/0x>. By
applying [61, Lemma 4] (with D the rotated rectangle) again to the integral after the
change of variables, we also obtain the bound 1/X.

To extend the result to smooth w(x, y) with support in (a, b) x (¢, d), we apply partial
integration once in each variable.

Lemma 7.6. Suppose that f, w, and \ are as above satisfying (7.6) and (7.7). Let

=[5

b pd %4
| et mardy <5

with an absolute implied constant.

2
9 W(X Y) dxdy.

Then

Finally, we remark that the generalization of Lemma 7.3 in two (or higher) dimensions
asin [60, Theorem 1.1.4] is not sufficient for our purpose because of the angular argument.
We refer the reader to [56, §§2.4, 6.1] for discussions in this regard.

8. Analysis of Bessel integrals

Let B,(x) and B,(z) be the Bessel kernels for F = R and F = C as in Definition 3.4,
respectively. For 1 < T¢ < M < T'7¢,let h(v) be (a local component of) the test function
as defined in §6. Let #£(x) and #(z) be the corresponding Bessel integrals,

[e.o]

H(x) = /_00 h(v)B;,(x)vtanh(zv)dv, &H(z) = / h(v)Bi,(z)v* dv; 8.1

o0 —00

see (3.15).

8.1. Analytic properties of Bessel integrals

We collect here estimates and integral representations for the Bessel integrals. Our attempt
is to have a unified presentation, so several results are not necessarily optimal. For the
details, we refer the reader to [33] (and also [30, 68] for the real case).
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Lemma 8.1. We have the following estimates for Bessel integrals of small argument:

(1) When F is real, for |x| < 1 we have

H(x) <are M|x|V2)T2471, (8.2)
(2) When F is complex, for |z| < 1 we have
H(z) <are M|z|/T*4 72, (8.3)

Proof. These estimates may be derived from modifying the proofs of [33, Lemma 3.2,
A.4, and A.6] by shifting the integral contour far right to Im(v) = A’ + &.> In view of
Lemma 5.1 (2) and (6.4), the test function 4 (v) is holomorphic for [Im(v)| < A" + %,
and, along with the bound

=
r(v+3)
one may estimate the residues and the integral after the contour shift. To be explicit, one
has

1/(2)] <

|z| < 4,

A'—1
H(x) < e_MZ/T2|x|1/2 Z |x|k + MT1+S(|x|1/2/T)2A/+28 < M|x|l/2/T2A’—l,
k=0
24'—1
G(z) < M2 3 |2k b MT2e(|2)/ T4+ < Mz| T2, .
k=0

Lemma 8.2. There exists a Schwartz function g(r) satisfying g (r) <A e
(1 + |r|)= for any j, A = 0, and such that

(1) if F is real, then #(x) = H(x) + FH_(x) + O(T~4) for |x| > 1, with
Me/M

Hi(x?) = MT'*e / g(Mr)e(Tr/m F 2x coshr)dr, (8.4)
e/M

Me/M
FHi(—x?) = MT”S/ g(Mr)e(Tr/m & 2x sinhr)dr, (8.5)
— s/M
for x > 1;
(2) if F is complex, then #(z) = #H,(z) + H_(z) + O(T~4) for |z| > 1, with
_ T MM
Fy(x2e??) = MT2+£f [ gMr)e(2Tr/m F 4x trh(r, w; ¢)) dr dw,
0o J-Me/m 6
(8.

for x > 1, where trh(r, w; @) is the “trigonometric-hyperbolic” function defined by
trh(r, w; ¢) = coshr cosw cos ¢ — sinh r sin w sin ¢. (8.7)
Furthermore,

(3) for real x with 1 < |x| < T2, we have #(x) = O(T~4);
(4) for complex z with 1 < |z| < T?, we have #(z) = O(T~4).

2In the notation of [33], t = v, Hr 3 (v/Z) = #(z), and H%M(ﬁ) = F(*x).
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Proof. See [33, (3.2), (3.3), (A.16), and (A.21)]? for the integral representations in (1)
and (2). The important point is that the Fourier transform of g(wr/N) is equal to e
(for real v) up to a harmless factor; although the factor involves 7" and M, one may
easily verify that it is bounded by <47 (1 + |[v))V (64’+1)+¢ with the implied constant
independent on 7" and M, and so are its derivatives (see (5.15) and (5.16)).

The statements in (3) and (4) follow from simple applications of (one-dimensional)
stationary phase to the integrals in (1) and (2); see [33, Lemmas 3.5, A.5, and A.8].

For the real case, we also refer to [30, §§4, 5] and [68, §7]. [

Remark 8.3. In the real case, it is easy to prove that #(x?) or #/(—x?) is negligibly
small unless x > TM !¢ or x =< T, respectively. See [30].

Corollary 8.4. We have uniform estimates for Bessel integrals as follows:

(1) When F is real, we have

T1+£ lf |X| > TZ,
H(x) <a, , (8.8)
() < {M|x|1/2/T2A 1 if x| < T2
(2) When F is complex, we have
T2+s lf |Z| > T2,
H(z) <u, , (8.9)
() <ue {M|z|/T4A 2 if|z| < T2

8.2. Preliminary analysis of the trigonometric-hyperbolic function

Let trh(r, w; ¢) be the trigonometric-hyperbolic function (8.7). Since trh(r, w; ¢ + 7)
= trth(r, v + 7; ¢) = —trh(r, w; ¢), we may restrict ourselves to ¢, w € [0, 7). When
(r,w) # (0, 7/2), trh(r, w; ¢) can be written in a unique way as

trth(r, w; @) = p(r, ) cos(¢p + O(r, w)), (8.10)

where p(r, w) > 0 is defined by

cosh2r + cos2w

p(r,w) = \/sinh2 r+cos2w = \/cosh2 F—sinw = \/ > ,  (8.11)
and 0(r, w) is determined by
coshr cos w . sinh 7 sin w
cosf(r,w) = ——, sinf(r,w) = ——. (8.12)
p(r,w) p(r,w)

By defining trh(r, ) = p(r, w)e!?">®)  the function x trh(r, w; ¢) in (8.6) is Re(z trh(r, w))
for z = xe'?.

3Strictly speaking, the test function in [33] is like the k(v) in (6.1), while our test function 4(v)
has extra factors (see (6.4)). However, these factors do not play an essential role.
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Remark 8.5. Since
trh(r, 0; 0) = trh(r,0) = coshr, trh(r,w/2;7/2) =i tth(r, w/2) = —sinhr,

the reader should observe the resemblance between the r-integral in (8.6) for¢p = w =0
or ¢ = w = /2 and the integral in (8.4) or (8.5) respectively.
Lemma 8.6. Suppose that (r,w) # (0,7/2) and |r| < 1.

(1) We have
d0(r,w)  sin2w d0(r,w)  sinh2r

o 2p(r,w)?’ do  2p(r,w)?’

(2) We have

gty 1 1
- - Kj V115"
aridw’ \ p(r, w)? p(r,w)i+ti+2
(3) Consequently, fori + j = 1, we have

FHo(r,w) 1
ridw/ " p(r, w)its

Proof. By (8.12), we have tan 8(r, w) = tanh r tan w, so

0(r, ) sin @ cos @ sin 2w

ar cosh? r cos2 w + sinh?rsin?w  cosh2r + cos2w

and similarly

0(r,) sinh r cosh r sinh 2r

ow cosh? r cos2 w + sinh? r sin? @ cosh2r + cos2w

The estimates for p(r, ) in (2) readily follow from an inductive argument by using
the identity obtained from applying the i-th r-derivative and the j-th w-derivative to

cosh2r + cos2w
p(r, w)?

3

along with the inequalities

sinh 2r,sin2w < p(r,w), cosh2r,cos2w < 1,

where the expression p(r, w) = v/sinh? r 4 cos2 w is used.

Finally, combining the foregoing results, it is straightforward to bound the derivatives
of 8(r, w) as in (3). |

9. Remarks on Xiaoqing Li’s analysis
We briefly recall several aspects of Xiaoqing Li’s analysis in [30], and explain the issues

for its generalization to the complex setting or the case when the number field has multiple
infinite places.
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In the real setting of [30], 73/8F¢ < M < TV2 and TM'~¢ < x < T3/2%¢ < M*,
By expanding cosh r in a Taylor series, and disregarding the non-oscillatory factors from
the terms of order > 4, the integral #+ (x?) in (8.4) essentially turns into

M</M
MT e (F2x) g(Mr)e(Tr/m F xr?)dr.
—M:/M
Xiaoqing Li’s next step is to complete the square, getting

14 r? MEM T \2
MT el F2x = gMr)el Fx (r + —) dr;
4n2x Me/M 2w x

by Parseval, the integral is seen to be a non-oscillatory function of x. The secondary
exponential factor e(£72 /4% x) plays an important role in her second application of
Voronoi summation.

In the complex setting, however, the corresponding conditions are 73/4t¢ < M < T
and T < x < T3/2+t¢ < M2. After expanding cosh r and sinh r in Taylor series, only the
factors of order 0 and 1 are oscillatory, and the integral #+ (x2e?'?) in (8.6) is essentially

T MM
MT?>te / / ! g(Mr)e(2Tr/n F 4x(coswcos¢p —rsinw sin¢)) dr dw.
0o J-Me/m

Hence, we are unable to produce a secondary exponential factor. Even if there were such
a factor, the analysis would be conceivably difficult, because cos w cos ¢ would go down
to the denominator together with x.

Moreover, when the number field has more than one infinite place, a more serious
issue is that the condition x < T'3/2%¢ is not necessarily valid for every infinite place.

At any rate, it is better not to expand cosh r or sinh r in Taylor series at this stage, and
to allow M be a small power of T'.

10. Stationary phase for the Hankel transforms

In this section, we consider certain integrals that will arise from the Hankel transforms
over R and C. For the real case, it is simply a matter of applying the method of stationary
phase in one dimension. For the complex case, the double integral has already been invest-
igated in [56, §6.1], but there are certain difficulties in two dimensions—Lemma 7.4 is
not applicable for the particular phase function, and [60, Theorem 1.1.4] is not sufficient
as we also need to differentiate the angular argument.

10.1. The one-dimensional case

First, in the real setting, we need to consider the integral

I\ = /_oo e(M3x% = 2x3))w(x; \) dx. (10.1)

oo
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Fix A > 1. Let p, S > 0 and X > 1. Suppose that the function w(x; \) is supported in
{x :|x| € [p, AV®p]} and its derivatives satisfy

XM wxih) < SXH.
Define
I1'0) = e(=N)I(N). (10.2)
Lemma 10.1. Let A and j be non-negative integers.

(1) For either p = /A or p < 1/+/A, we have

I°(0) <4 Sp(L)A.
IMp2(p + 1)

(2) Assume that X < \/|\|. For 1/A < p < A, we have
. d/ SXx/
M1 <5 ——.

o ) < 0

Proof. Note that the phase function 3x2 — 2x3 has a unique non-zero stationary point at
xo = 1. The estimates in (1) readily follow from Lemma 7.1; in the case p > /A, choose
P=p/X,0 =p,Z =]|\p> R =|\|p? and in the case p < 1/+/A, choose P = p/ X,
0 =1,Z = |\A|, R = |\|p. The estimates in (2) essentially follow from Lemma 7.3. =

10.2. The two-dimensional case

Second, consider the following double integral that will arise from the complex Hankel
transform

2w o]
10, = [ [ e@nstegimmie i v avag, (10.3)
o Jo
with
f(x, ;%) = 3x2cos(2p + V) — 2x3 cos 3¢p. (10.4)

Fix A > 1. Let p, S > 0 and X > 1. Suppose that w(x, ¢; A, ¥) is supported in {(x, ¢) :
x € [p, AY®p]} and its derivatives satisfy

XKL 0K 0, wx, g M W) < jag SXTHITREL

Define
I%On ¥) = e(=2hcos 3y ) (A, ). (10.5)

Results from [56, Lemmas 6.1 and 6.3] are quoted in the following lemma with slightly
altered notation.

Lemma 10.2. Let A, k, [ be non-negative integers.

(1) For either p = A or p < 1/+/A, we have

10 y) <4 Sp(L)A
’ M2p+1))
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(2) Assume that X < /N For 1/A < p < A, we have

k+1 k+1
, Okt Sxk+

A I&I0N
8>\kawl ( vW) <k,l N

11. Analysis of the Hankel transforms, I
Let w(x) be a smooth function supported on [1, A] satisfying w® (x) <; log’ T for all
i = 0.For |A| > T?, define

w(x, A) = w(|x|)H(Ax) (11.1)

if F isreal, and
w(z, A) = w(|z]|)#H(Az) (11.2)

if F is complex. Let w(y, A) and w(u, A) be their Hankel transforms (see Definition 4.4)
defined by

w(y, A) = fw(x,A).l,,(xy) dx, w(u,A) = f/ w(z, A)Jy(zu)dz, (11.3)
and modify w(y, A) and w(u, A) by exponential factors as follows:
Wy, A) = e(—y /AWy, A), W u, A) = e(=2Re(u/A))w(u, A). (11.4)
Roughly speaking, our wish is to transform #(y, A) and #"(u, A) into the shape

MT1+5 MT2+s
%(y/4),

Vvl Ju|
with 0 = 0, —, 4, b in various circumstances. It turns out that the analytic properties of
®%(x) or ®°(z) depend only mildly on A and M, so, for brevity, this dependence will be
suppressed from our notation.

D (u/A),

11.1. The small-argument case

We first consider the case when the Hankel transforms have relatively small argument.
However, this case arises only when there are infinitely many units in the number field.

The following lemma is essentially due to [5, Lemma 7] and [56, Lemma 6.4] (as
indicated in Remark 4.3, Blomer has a slightly different normalization).

Lemma 11.1. For w € C°(F™) define ||w| Lo to be its sup-norm. If w is supported in a
fixed compact set K C F*, then its Hankel transform w has the following estimates:

(1) when F is real,

YA/ dy)(y) <ix IIwlee - (Y3 4+ D/ |p]'3;
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(2) when F is complex,
w'u! (9/9u)' 8/ () <i,jk Iwllzee - (ul'/ + 1)1 /ju?/3.

As a consequence of Corollary 8.4 and Lemma 11.1, for |y| < T° we have

do 14+G+1)e 14+@+1)e
yldw(y?A) <iT - <MT ’
dy! 1Y VIl
and in polar coordinates,
i8i+j\/7/(yei9,/\) T2+(i+j+l)e MT2+(i+j+l)e

<

dyia07 Si.j y2/3 y

Corollary 11.2. Let |A| > T?2. Artificially define ®°(x) and ®°(z) by

MT1+e MT2+e
Wy, A) = 7ol O(y/A), W, A) = /), (11.5)
y u
withx = y/Aandz =u/A.
(1) When F is real, for |x| < T*/|A| we have
;d @0 ;
REAACIPL (11.6)
dx?
(2) When F is complex, for x < T¢/|A| we have
it J Ho i¢ L
lm < TE+De, (11.7)

dxidgp/

11.2. Application of stationary phase

Our next goal is to deduce integral representations of w!(y, A) and W' (u, A) from those of
the GL,-Bessel integrals #((x) and #((z) in Lemma 8.2 (1, 2) along with the asymptotic
formulae for the GL3-Bessel kernels J, (x) and J,(z) in Lemma 4.12.

Proposition 11.3. Suppose that |y| > T¢ and | A| > T?. Define hyp (r) to be the hyper-
bolic function
hyp, (r) = coshr, hyp_(r) = —sinhr. (11.8)

There are smooth functions Vi (r; y, A) with support in the region defined by
(1/2) - 1y /1A1'2 < Ihypo ()] < A~ [y /1412, (1.9
satisfying

(9/0r)' Vi(r;y, A) <; log' T,

i iV (e o (11.10)
r'(0/0r) V_(r;y, A) <; log' T,
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such that
1+4+¢

o) = M @ (. A) + o_(r. A+ OTH). (L1

Vvl

with
Mé/M :
Di(y,A) = / ) e(Tr/m)g(Mr)e(—y hypi(r)z/A)Vi(r; y, A)ydr, (11.12)
—-M&/M
in which g is a Schwartz function, and

hypli|r (r) = tanhr, hyp”_ (r) = cothr. (11.13)

The reader may find the integral ®(y, A) in [68, (8.16)] and [18, (4.20)]. Our ana-
lysis is slightly different, however, as our strategy is to first transform the x-integral into
I(\) as in (10.1) with phase A(2x3 — 3x?) and then use the stationary phase results in
Lemma 10.1, while Young and Binrong Huang directly apply general stationary phase
results [68, Lemma 6.3] with phase in an arbitrary form. A technical remark is that, in
view of (11.10), V4 (r; y, A) is more than an “inert” function in the sense of Young [68].

Proof of Proposition 11.3. To start with, let us assume A > 0, for Wi(y, —A) =
W=y, A).

By Lemma 4.12 (1), the contribution to w(y, A) from the leading term in (4.22) is the
following integral:

dx
lxy[t/3”
the contributions from lower-order terms are similar and may be handled in the same
manner. Also, it follows from Corollary 8.4 (1) that the error term in (4.22) yields an
O(T'+e/|y|K+D/3) = O(T~4) for | y| > T* if we choose K large, say K > 3(4 + 1)/e.
Next, we change the variables x and y to £x° and y?3 so that

163, 4) = f e(3(ry) P) A Ax)w(lx])

1 o0
IG. A=Y — +3x2y)H (£ Ax° dx,
(. A) ;y'/o e(£3x%)7(+ Ax®)a(x) dx

where a(x) = 6x3w(x®) is supported on [1, A'/6] and satisfies a”(x) <; log’ T. By
formulae (8.4) and (8.5) in Lemma 8.2, we infer that /(y, A) may be written as

Me/M
I(y,A) = MT'*¢ Z/M . e(Tr/m)g(Mr)l+(r;y, A)dr + O(T™4),
:l: — £

where
1 o0
I (r;y, A) = ﬂ/ e(£3x2y F 2+ A x> hyp(r))a(|x]|) dx.
Y1 J—oo

On changing x to xy/v/A hyp. (r) (which needs r # 0 to guarantee hyp_(r) # 0), the
inner integral /4 (r; y, A) turns into

1 o0 y3 ) 3) ( lxy| )
[ +——  Bx° -2 —|d
ﬂmypi(rn/_of( Anype 2 )N Ty )
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and it is exactly the integral /()\) defined as in (10.1) if one lets A = £y3/ A hyp_ (r)?,
p = VAlhyp(r)l/Iy] (= VIy/), and

w(x:h) = VN3 -a(x|VIM D),

with
XM wxih) <0 INY3] - logt T
Let I%(\) = e(—=\)I()\) be as in (10.2). We introduce a smooth function v(x) such
that v(x) = 1 on [1/+/A, VA] and v(x) = 0 on (0, 1/A] U [A, 00). According to Lemma
10.1 (1), if p = /|y/A| is not in the interval (1/+/A, v/A), then

1 log T K JogkT
oy < () < e
VIV3/A 4+ [yl |yl

¥l
and hence 7%(\)(1 — v(\/y)) only contributes to the error term. By Lemma 10.1 (2),

d/ log/ T
J f <7
W 5 (P9I yD) < P

Finally, let*

Vae(r;y*, A) = VIyPI'"Ov(M/yD),  Ov=+y*/(Ahypy(r)*)),
then, after changing y into y'/3, the expression of W!(y, A) (defined in (11.4)) given by

(11.11) and (11.12) readily follow from the arguments above, along with the identity

1

—hypi(r)z =-1+ hypi—(r)z’

and, to deduce (11.10) one needs the estimates’

d’ 1 1
hyp (0—( ) < -
=dri \hypy(r)) 7 |hypy(r))

for |r| < 1. ]

Proposition 11.4. Suppose that |u| > T¢ and |A| > T?. Recall the definition of p(r, w)
in (8.11). There is a smooth function V (r, w; u, A) with support in the region defined by

(1/4) - [u'3/|AI"? < p(r,0) < A-u]'3/1A]V2, (11.14)

satisfying
p(r, ) (3/0r) (3/0w)’ V(r, w;u, A) <;,; log' t/ T, (11.15)

4This V. function is only from the leading term in (4.22), so, to be strict, one must also include
those V4 functions constructed from the lower-order terms in (4.22).
5We also need Faa di Bruno’s formula for higher derivatives of composite functions (see [26]).
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such that
2+¢

W, A) =
|ue]

D(u, A) + O(T~4) (11.16)

with

Me/M
D(u, A) = / / e(Tr/m)g(Mr)e(—2Re(u trh”(r, w)/ AV (r,w;u, A)dr dw,
0 J-Me/M (11.17)

in which g is a Schwartz function, and trhu(r, w) = pi(r, a))eien(r’“’) is defined by

cosh2r — cos 2w sin 2w

orw) = ————""" tan(A'(r,w)/2) =

cosh2r + cos2w

. 11.18
sinh 2r ( )

It is remarkable that the square-root signs in the formulae of p(r, w) in (8.11) are no
longer in the formula of p!(r, ) in (11.18). This makes our life easier in polar coordinates.

Proof of Proposition 11.4. The first stage of proof will be similar to that of Proposition
11.3.
Let us assume without loss of generality that A > 0 and consider the integral

104 = 3 [ [ etoRetet P patazzh s,

£3=1

which is the contribution from the three leading terms in (4.23) in Lemma 4.12 (2). Sub-
stituting the variables z and u by z® and u3, we have

1
H )= oo [ eoReGu)HA5a(z) 82/ )
[ul? J Jox i1y
where a(x) = 36x7w(x®) is supported on [1, A'/6] and satisfies a® (x) <; log’ T.

Let z = xe'? and u = ye'?. By formula (8.6) in Lemma 8.2, we infer that 7(ye'?, A)
may be written as

. ME/M .
I(ye'?, A) = T2+E/ / eQTr/m)g(Mr)I(r,w; ye'?, A)dr dw + O(T™4),
in which
. 2 2w poo
I(r,w;ye'?, A) = = / / e(6x%y cos(2¢ + 0) — 4/ A x> trh(r, w; 3¢))a(x) dx dg.
Y=Jo Jo
At this point, we assume (7, w) # (0, 7/2) and invoke the expression of trh(r, w; 3¢)

as in (8.10). On changing the variables x and ¢ to xy/~/A p(r, w) and ¢ — 8(r, w)/3,
respectively, the integral /(r, w; yeie, A) turns into

2w 3 xy
v AR v R ) o ) B2
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According to the notation in §10.2, the phase function f(x, ¢; V) is defined by (10.4),
and the integral above is of the form I(\, ¥) as in (10.3) if one lets A = y3/Ap(r, )2,
v =0—20(r,w)/3,and p = /A p(r,w)/y (= /y/)\); the weight function

w(x;N) = 2y/A/y% -a(xy/A/y)

has bounds

xR K w(xsh) <k VA ySlog TR T
Next, we apply Lemma 10.2 to I%(\, ) = e(—2\cos3y¥) I (A, ) asin (10.5). Let v(x) be
a smooth function such that v(x) = 1 on [1/+/A, v/A] and v(x) = 0on (0,1/A] U [A, 00).
Lemma 10.2 (1) implies that 7%(\, ¥)(1 — v(X/y)) only contributes an error term, while
Lemma 10.2 (2) yields the estimates

ak+l lo k+1
T (1 (n V(L Y)) < gT

MKy
Keeping in mind that v = 6 — 20(r,w)/3 and A = y3/ Ap(r, w)?, the estimates above
along with those for 1/p(r, w)? and 0(r, ») in Lemma 8.6 imply that®
p(r, ) w(d/3r) (8/dw) V(r, w; y3e38, A) <5 1,
with
Virwiy*e® 4) = > I'OLy)v(r/y),

supported in the region y/A/A < p(r,w) < Ay//A.
In view of (10.5) and (11.4), we need to compute the exponential factor e (2\ cos 3y —
2y3 cos 30/ A), in which

2y3 cos(30 — 20(r, w))
Ap(r,w)?

2hcos3y =

After reverting y3e3? to ye??, the proof is completed if we can prove (11.18) for p(r, w)
and 0%(r, w) given by

B cos(6 —26(r, w))

0
cos )’

= pn(r, w) cos(8 + 0 (r, w)).

5We need to use here the simple fact: For a composite function f(A(r, ), 0(r, ®)) in general,
its derivative aiag) f(OM(r,w), 8(r, ®)) is a linear combination of

k !

3o, FOr ). 0 0)) [ 8 ol Mrw) [] 870000, ).
v=1 n=1

DAY =i Y vty L=

This is a two-dimensional Faa di Bruno’s formula in a less precise form.
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We have
2 . >
i _ 1 o8 20(r, ») sin 20(r, w)
pi(r,w) \/( )’ + o )
cos 0 (r, ) = : cos29(r, ©) sin 0%(r, ) = sin 26(r. »)

Pi(r,w)  pi(r,w)p(r,w)?’ i (r, w)p(r, @)
By the definitions of p(r, w) and 6(r, w) in (8.11) and (8.12), we have

| cos 2600n0) 4(cosh? r cos? w — sinh? r sin’ w)
o(r, w)? (cosh2r + cos 2w)?
2(cosh2rcos2w + 1) cosh? 2r + cos? 2w — 2
"~ (cosh2r +cos2w)2  (cosh2r + cos2w)?

_ sinh? 2r — sin? 2w
"~ (cosh2r + cos2w)?’

and similarly
sin20(r,w)  2sinh2r -sin2w

p(r,w)®>  (cosh2r + cos2w)?’

We conclude that

tl( ) sinh? 2r + sin? 2w cosh2r — cos 2w
rw) = = ,
P (cosh2r + cos2w)?2  cosh2r + cos2w
sinh? 2r — sin? 2 2sinh 2r - sin 2
cos 0'(r, ) = —— " sinbl(rw) = TR
sinh” 2r + sin” 2w sinh” 2r + sin“ 2w
and hence in2
sin 2w
tan(%(r, w)/2) = — . L]
sinh 2r

Corollary 11.5. We have w(y, A), w(u, A) = O(T~4) for |y|, [u| > | A|>/, respectively.

Proof. This is clear from (11.9) and (11.14). [

11.3. Analysis of the new trigonometric-hyperbolic function

For later use, we record here some results concerning the trigonometric-hyperbolic func-
tion trh” (r, w) that arose in Proposition 11.4. By (11.18), we have

A" (r, ) _ 4 sinh 2r cos 2w ol (r, w) _ 4 cosh 2r sin 2w (11.19)
or (cosh2r + cos2w)?’ dw (cosh2r + cos2w)? '
360 (r, w) _ 4 cosh 2r sin 2w 30" (r, ) _ 4 sinh 2r cos 2w (11.20)
or cosh? 2r — cos? 2w’ ow cosh? 2r — cos? 2w ’

Note that sinh? 2r + sin? 2w = cosh? 2r — cos? 2w.
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Lemma 11.6. Define trh'(r, w; @) = pl(r, ) cos(¢p + 0%(r, w)). For |r| < 1, we have

o+ uh'(r. w1 9) Pr.o)
- - <i.j .
oridw/ " (cosh? 2r — cos2 2w) i +1)/2

Proof. Sety = ¢ + 0%(r, w). From (11.19) and (11.20) we deduce that

3 trh! (r,w; 9) 4 sinh 2r cos 2w 4 cosh 2r sin 2w .
= cos v + siny,
or (cosh2r + cos2w)? (cosh2r + cos2w)?
9 trh® (r,w; ) 4 cosh 2r sin 2w 4 sinh 2r cos 2w .
= cosy — sin .
dw (cosh2r + cos2w)? (cosh2r + cos2w)?

For i + j = 1, we may prove by induction that '/ tth'(r, w; $)/3r'dw’ is a linear
combination of

sinh’! 2r cosh’ 2r sin’! 2w cos’2 2w cos Y
(cosh2r + cos 2w)k1+!+2(cosh 2r — cos 2w)k2t! | siny )’

with

ki +hkr+l<i+j—1, 2(i+ka+D)<i+j+ir+ -2,
iW+iz+ji+j=ki+ka+204+2, ir<i+1l, ja<j+1

Such a fraction is bounded by

(sinh? 2r + sin? 2w) @1 +/D/2
(cosh2r + cos 2w)*1+1+2(cosh 2r — cos 2w)k2+!
1
™ (cosh 2r + cos 2w)K1H—+HiD/242 (cosh 2 — cos 2w)k2H-(1FiD/2
1
< — _
) (cosh 2r + cos 2w)E+)/2=k2+1(cosh 2r — cos 2w) G +7)/2=k1-1
< I -
(cosh 2r + cos 2w)+/)/2+1 (cosh 2r — cos 2w) i +/)/2-1

as desired. Note that 2(ky + ko + 1) <i 4+ j + i1 + j1 — 2 is used here for the first
inequality. ]

By (11.19) and (11.20), we have

dlog pl(r, w) _ 30" (r, ) _ 4sinh2r cos 2w

= , 11.21
ar dw sinh? 2r + sin? 2w ¢ )
30" (r, ) _dlog Pl (r, ») _ 4cosh2rsin2w (11.22)
ar dw ~ sinh?2r +sin? 20 '

Similar to Lemma 11.6, one can establish the following lemma.
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Lemma 11.7. For |r| < 1, we have

37 log p(r,w) TN (r, w) 1
f - 5 - n Li,j N -
aridw’ aridw’ "/ (sinh2 2r + sin? 2w)G+1)/2
fori+j =1
Furthermore, it follows from (11.21) and (11.22) that
9% log pt _ 326" _ Plog o __ 8cosh2r cos 20 (sinh? 2r — sin® 2w) (1123)
or2 rdw dw? (sinh? 2r + sin? 2w)?2 7 '
320" _ 0%log o _ 926" _ 8sinh2rsin 2w (cosh?2r + cos? 2w) (11.24)
o2 Irde  dw? (sinh? 2r + sin? 2w)2 . .
Notation

For simplicity of exposition, we introduce some non-standard notation.
Notation 11.8. For A > 1 and X > 0, let x ~4 X stand for x € [X, AX].

Notation 11.9. Let A > 1. We write X ~4 Y if 1/cpo < X/Y < cx for some cq > 1
suchthatcp — las A — 1. We write X <4 Y if |[X| < §4Y for some §4 > 0 such that
6p—~>0as A — 1.

11.4. Preliminary analysis of the ®-integrals

For convenience of the further analysis by the Mellin technique in §13, we introduce
certain partitions of ®-integrals.

For the real case, the partition for @ (y, A) is hidden in the proof of [68, Lemma
8.2], but the case of CD(‘," (y/A) seems to be missing there.

Corollary 11.10. Let A > 1 be fixed. Let A = 1. Let |y| ~a Y. Suppose that Y > T* and
|A| > T2. Define ®1(y, A) by (11.12) and (11.13). We have

D1 (y.4) = 0¥ (y/A) + 0T (11.25)

for Y23 a5 | A|, where ®t (x) is supported on |x| > M'~T and

q)+ : Ml—sT TZ—S’
oty =T 7 < Il < (11.26)
OF () if x| > T2,
where <I>1+(x) is given by
+ _ 2 +
o7 (x) = /e(Tr/n—xtanh r)VT(r)dr (11.27)

with V¥ (r) supported in r ~ T/2mx and satisfying r*(d/ dr)'V*(r) <; log T, and
where @g (x) satisfies

x'(d/ dx) dF (x) <; TEHDe//]x], (11.28)
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while
O_(y, A) = 0 (y/4) (11.29)

for Y2/3 < |A|/ M3, with
O (x) = /e(Tr/n—xcothzr)V_(r)dr, (11.30)

where V= (r) is supported in |r| ~a Y3 /| A|M2 with r(d/dr)' V= (r) <; log' T.

Proof. The case of ®_(y, A) is obvious, while ®4 (y, A) requires some discussion. The
nature of the integral ®, (y, A) changes when x = y/A moves beyond 727¢. For |x| <
T?7¢ or |x| > T?7¢, respectively, the integral ®(y, A) will be turned into &} (x) or
CID(')Ir (x) by smoothly truncating the r-integration near 7/2mwx or at £7°¢/T.

Let x = y/A. The phase function 7r/7 — x tanh? r has a unique stationary point
ro ~a T/2mx. For |ro| < M¢/M, it is necessary that |x| > M !7¢T, because otherwise
®,4 (v, A) is negligible by Lemma 7.1 with Z = |x|, 0 =1, R=T,and P = 1/M.
When |x| < T?7¢, we have |x|/T? < 1/T¢, and hence Lemma 7.1 (now P = T/|x|)
implies that only a negligibly small error is lost if we restrict the integration to the interval
r =~ T/2mx via a smooth partition of unity, giving CI>1+(x).

Next assume |x| > T27¢ so that |rg| < T¢/AT. On applying Lemma 7.1 again with
R = |x|/T'"¢ and P = T¢/T, we are left to consider the integral CI>6F (x) restricted
to |[r| < T¢/T. The factor e(Tr/m) is no longer oscillatory and may be absorbed into
the weight function. To prove the estimates in (11.28) for the derivatives of CI>(')F (x), we
differentiate the integral and then confine the integration to |r| < T¢/ \/m ; Lemma 7.1 is
used for the last time with R = \/m Téand P =T¢/ \/m . Alternatively, one can also
use Lemma 7.2.

Note that the fact that V4 (r; y, A) has almost bounded derivatives (see (11.10)) is
used implicitly to determine the P’s. ]

Corollary 11.11. Let A > 1 be fixed. Let A = 1. Let |u| ~4 Y. Suppose that Y > T¢ and
|A| > T?. Define ®(u, A) by (11.17) and (11.18). We have

d(u, A) = Yo o /) + @f (u/A)
Te/T<p<1/+/24
p~AT/27|AV/?
+ Y @ /A + /) + 0T, (11.31)
p<1/42A

prAY! 31412

where p = AKI2 for integers k, ®"(u/ A) exists only when |A| ~ T?/27% and Y ~4
T3/873, CD;‘ (2), @, (2), and ®°(z2) are integrals of the form

[/ e(2Tr/m —2Re(z trh?(r, w)))g(Mr)V(r,w)dr do (11.32)
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. . . _ + — b .
with weight functions V = Vp s Vp , V? supported in

cos>w ~pa Y23 /IAl, V2 +sino ~a p. (11.33)
VrZ+cos2w ~4 p, (11.34)
|cos2w| < A—1, (11.35)

respectively, satisfying

8i+j Vpi(r, a)) logi+j T ai+j Vb(r, w)

P 0ol
ridw’ NoJ piti 71 de) <, log"™ ' T, (11.36)
and q)('," (2) has bounds
T DF (xe'?) T+j+De
l P i . (11.37)
dx’ d¢p7 7 max {T2-¢, x}

Clearly, the integral ®"(z) has no counterpart in the real case. A similar partition on
®"(z) will be needed, but it seems more appropriate to introduce it when we apply the
Mellin technique in §13.

Proof of Corollary 11.11. We start by dividing the w-integral via a smooth partition of
[0, ] into the union of three regions where the inequalities
sinw <

|cosw| < [cos2w| < A -1,

1 1
V24° V24’
are valid, respectively.

The second integral turns into the sum of @ (u/A) after employing a A-adic par-
tition with respect to /72 + cos? w. Note that (11.14) amounts to the condition p &
Y13/ A|Y2 in (11.31), and (11.15) is required to deduce the estimates for V, (r,®) in
(11.36).

It remains to analyze the first and the third integrals. Keep in mind that because of
(11.14) we necessarily have cos? w a4 Y2/3 /| A| in the first case and Y2/3 ~4 |A|/2 in
the third case. Moreover, (11.15) shows that the weight functions have almost bounded
derivatives as p(r, w) > 1 for both cases.

Let z = u/ A and write z = xe’?. The phase function in (11.17) or (11.32) is equal to

f(rw:x.¢) = Tr/m = xp'(r.0) cos(@ + 0°(r. ).
Set ¥ = ¢ + 01(r, w) for brevity. In view of (11.19) and (11.20), we have
af Jor = T/m + x(Acosy + Bsiny), df/dw = x(Bcosy — Asinyr),
where

_ 4sinh2r cos2w _ 4cosh2rsin2w
" (cosh2r + cos2w)?’ "~ (cosh2r + cos2w)?’
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It is clear that

0f /3r)* + (3f Jdw)? = (T/m — xv/ A% + B2)?, (11.38)

in which
16(cosh2r —cos2w) 4(sinh? r + sin’ w)
(cosh2r + cos2w)®  (cosh®r — sin® )3’

In the first case, (11.38) and (11.39) imply that

A%+ B? = (11.39)

|/ (r,o;x,0)> > T? + x*(r* + sin® ),

except for r2 4 sin® w ~p T?/4n2|A| (since cos? w ~4 Y?/3/|A] and x ~5 Y/|A|).
By Lemma 11.6, we have
O f(r,w:x,0) X
<. .
aridw’ " (r2 4 sin? ) G +)/2-1

for i + j > 2. We truncate smoothly the first integral at v/r2 + sin>w = T¢/T and
apply a A-adic partition of unity with respect to the value of v/r2 + sin>w over
(T¢/T,1/+/2A). In this way, the integral splits into Y 0 <I>; (z) + @g (z). On applying
Lemma 7.4 with Q = ® =71 = p, P = min{p,1/M}, Z = xp?, and R = T + xp,
we infer that the integral @; (z) is negligibly small unless p ~4 T/ 271\/W (oT >T¢
is required). When x < T27¢, the estimates for <I>3' (xei¢) in (11.37) follow from trivial
estimation. When x > T'27¢, we may further restrict the integration to v/72 + sin® w <
T¢//x. To see this, we absorb e(2T'r/7) into the weight function, and apply Lemma 7.4
withQ =0 =P =7 =T¢//x,Z =T¢ and R = /x T¢. Again, (11.37) follows
trivially.

For the third case, it remains to prove that the integral restricted to |cos2w| < A — 1 s
negligible unless x a4 T/47w. To this end, observe that v/ 42 + B2 x4 4, and it follows
from (11.38) that

|f'(rooix,¢)” > T? + x?

unless x &~ T/4m. By Lemma 11.6, we have

Ot f(r,w;x,0) <
oridw’ hy ¥

for i + j = 2. The proof is completed by applying Lemma 7.4 with Q = @ = 1,
P=1/M,T=1,Z=x,andR=T + x. [
12. Stationary phase for the Mellin transforms

In this section, we fix a smooth function v(x) such that v(x) = 1on [1/2,2] and v(x) =0
on (0,1/3] U3, c0).



Z. Qi 1158

12.1. The real case

As in §2, let @ = R x {0, 1} and define y;, n(x) = |x|"(x/|x|)™ for (v,m) € a. The
Mellin transform of f € C2°(R™) is defined by

Foum = [ 1@ m0 ¢,
and the Mellin inversion reads
1 o -
10 = o [ [ Fm Gy dutrm.
T a

Lemma 12.1. Ler R, S > 0 and X = 1. Suppose that w(x) is smooth and x'w® (x)
<;i SX' for |x| € [R/3,3R)]. We have

wx) = / f (v ) Zivn () dia (v, m)

whenever |x| € [R/2,2R), with the function & (v, m) satisfying £(v,m) < S and £(v,m) =
O(RST~4) if|v| > T¢X.

Proof. Let £(v, m) be the Mellin transform of 4w v(|x|/R)w(x). The first estimate for
€(v, m) is trivial. The second is an easy consequence of Lemma 7.1 with phase function
v(log|x|)/2m. L]

Lemma 12.2. Let R > 1. We have
) = [ [ 6r0m g dpr.m)
a

whenever |x| € [R/2,2R)], where Eg(v,m) = O((R + |v|)™*4) unless |v| < R, in which
case Eg(v,m) < 1/+/R.

Proof. Let Eg(v, m) be the Mellin transform of 47 v(|x|/R)e(x). To derive the estimates
for £ r(v, m), apply Lemmas 7.1 and 7.2 (the second derivative test) with phase function
x + (vlog|x|)/2m. L]

12.2. The complex case

Asin §2,leta = R x Z and define y;,m(z) = |z|?¥(z/|z])™ for (v, m) € Q. The Mellin
transform of f € C2°(C™) is defined by

Fv.m) = [C £ inm(5) &2,
and the Mellin inversion reads

16 = 5 [ [ Fom @ aucm)
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In polar coordinates,

0o 27
flv.m) = 2/ F(xei®)x2iveims dgdx
o Jo

X

Lemma 12.3. Let R, S > 0 and X = 1. Let w(z) be smooth with x' 9", Béw(xe""’) <,j
SX*J for x € [R/3,3R]. We have

w@) = [ [ @rmtem @ dpm)
a
whenever |z| € [R/2,2R], with the function & (v, m) satisfying £(v,m) < S and &(v,m) =
O(R2ST=A)if Vv2 + m? > T¢X.

Proof. Let £(2v, m) be the Mellin transform of 472v(|z|/R)w(z). In polar coordinates,
apply Lemma 7.1 to the x- or ¢-integral with phase function (vlog x)/2m or me /27w,
respectively. |

The complex analogue of Lemma 12.2 is as follows. However, its proof requires con-
siderably more work.

Lemma 12.4. Let R > 1. We have
¢(2Re(2)) = / / £ R (2V. 1) Zivn (2) dju (v, m)
a

whenever |z| € [R/2,2R], where Er(v,m) = O((R + |v| + |m|)™4) unless /v + m2
< R, in which case Egr(v,m) < (log R)/R.

Let £r(2v, m) = £(2v, m) be the Mellin transform of 472v(|z|/R)e(2Re(z)). Write

0o 2w
E(v,m) = 8n2RiV/ / v(x)e(f(x,p;v,m)) de dx
o Jo X
with
f(x,¢) = f(x,¢;v,m) =2Rxcos¢ + (vlogx + m¢p)/2m.
We have

f'(x,¢) = 2Rcos¢ + v/2mx,—2Rx sing + m/2w), (12.1)
and hence there is a unique stationary point (xg, ¢9) given by
V2 + m? v ) m
——, COS¢pg = —————, Singpg = ——.
4nR V2 +m? V2 + m?
12.2.1. Applying Hérmander’s partial integration. First, we prove £(v,m) = O((R + |v|

+ |m|)=4) for any A > 1 unless xo € [1/4, 4], say. The arguments below are similar to
those in [56, §6.1]. Our idea is to modify Hormander’s elaborate partial integration. To

Xo =
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this end, we introduce

g(x.¢) = x(3x f(x.9))* + (1/x)(3x f(x.$))

/2 2\2 2R
= (ZRﬁ—V—m) + — W2+ m2+vcosgp —msing). (12.2)
2 /X 7
It is clear that
gx, ) > Rex if x > dxo/3, (12.3)
’ (2 +m?)/x ifx <3x0/4. .

Define the differential operator
— xaxf(X,¢) i + a¢f(x’¢) i
glx.¢) dx = xg(x.¢) 99
so that D(e(f(x, ¢))) = 2ni - e(f(x, ¢)); its adjoint operator is given by

Do g (L el 0 dar0d))
27 \ dx g(x,9) ¢ xg(x.¢) )’

and .

SJTZRIV
T Q@uin
For integer n = 0, D*"(v(x)/x) is a linear combination of all the terms occurring in the
expansions of

0,05 { (X0 £ (x, 9)) (3 f (X, 9) /%) g(x, )" (v(x)/X)} /g (x, )", i+ j =n.

Moreover, we have

§(v.m)

o0 27
/0 /0 D (v(x)/x)e(f(x. $)) dg dx.

X0 f(x, @) < Rx + V], 357 (x0x f(x,9)) < R, 9x05(x0x f(x. ) < R,
3g f(x.$)/X <R+1|m|/x, ¥V (g f(x. $)/x) < |m|/x'+2, 95713y f(x.¢)/x) <R,
x20xg(x, ) < RZx2+v2+m?, x'T3912g(x, ¢) <V +m?, Béﬂg(x, ) <A/ V2+m2,
3 (xdx f(x,9)) =0, 0x04(3p f(x,¢)/x) =0, dxdpg(x,¢) =0,
fori, j = 0. Now assume that x € [1/3, 3] and x¢ ¢ [1/4, 4]. Then (12.3) yields
g(x.¢) > R*> +v* + m>.

Letiy,i» <iand j, jo» < j.From the estimates above, it is straightforward to prove that

3100 (x5 £ (x, ) (3 f (x, $)/x)} < (R + ) (R + |ml)/

and

aicza.izg(x P)" (R2+v2+m2)k‘(v2+m2)k2+l/2
sk D DD

g S glx, gyrthithatt
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Combining these, we conclude that

27 R+ vl + |m n+2(k1+ko)+1
om< Y [/3/ (R + ] + ) war

k1 okatl<n g(x, pyrthkitiat

<
2 (R + IVI + [m|)n+!

I<n
1
SRy
as desired.

12.2.2. Applying Olver’s uniform asymptotic formula. Next, we need to prove the bound
E(v,m) < (log R)/R when x¢ € [1/4, 4]. This may be easily deduced from the same
bound for the unweighted integrals as follows.

Lemma 12.5. Suppose that x¢ € [1/4,4]. For b > a > 0, define

b p2m
I(a,b) = / / e(2Rx cos ¢)e™®x "1 dgp dx.
a 0

Then for any b > a = 1/8, we have 1(a,b) < (log R)/R, where the implied constant is
absolute.

Firstly, we write

b 2 d d
1(a,b)://0 e(fx. ) P,

and apply Hormander’s elaborate partial integration once, obtaining

L2 0 £ (b6 0. f(a.9)
o (We(f(bm)—(—@e(f(a,@)) ap

(0 (5].9) ref.0)))
27”/ / (3x( g(x. ) )+x2 8¢( g(x. ) e(f(x.¢))dxdg.

Fora = 2x¢ (= 1/2), one uses (12.1), (12.2), and the first lower bound in (12.3) to bound
this by 1/aR < 1/R. The case when b < x/2 is similar: we use the second lower bound
in (12.3).

The problem is thus reduced to the case when 2x¢9 = b > a = x¢/2. Assume m = 0
for simplicity. We invoke Bessel’s integral representation for J,,(z) (see [65, 2.2 (1)]):

2 .
Jm(Z) — / elZCOS¢+1m¢ d¢,
0

2mwim
and hence

b
I(a,b) = 27i™ / Jm (4 Rx)x" 1 dx. (12.4)
a
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According to [50, §7.13.1],

2\'/? mm 7 m? + 1
Jm(x):(;) COS(X—T—Z)—FO(W), x>>m2+1.

It follows that if m < R4, then I(a,b) = O(l/\/m) = O(1/R) by Lemma 7.2.

For m > R4, we employ Olver’s uniform asymptotic formula, in particular,
Lemma B.1 in Appendix B.

Recall that xo = +/v? + m?2/4xR. For brevity, set ¢ = 4nR/m, x; = m/2nxR, and
xg' = (m +m'/?)/4nR.

When RY* < m < mRxg, so that 2 < cx < m? for all x € [xo/2, 2xo], by
Lemma B.1 (4), the integral in (12.4) turns into

b
Ha.b) = Y [ etfuto)/2mma o) dx + 0(1/R)
+ a

with

f+(x) = my(cx) + vlog x,
Wi (my(cx))

- sm
wi(x) = 22 wi M2 ((ex)2 — 1)1y

in which y(x) = v/x2 — 1 — arc sec x. We have

Vx2 -1 1
YY) =—— V'(x)= :
X x24/x2 =1

Therefore

1 [ T 1
fj/:(x) = ;(im (Cx)z -1+ V)’ :I/:/(x) = ﬁ(i—'(c.:;T_l —V).

Moreover,

w0 Wa) <
note that y(x) = x + O(1) for x = 2 (see (B.6)). If £v > 0, then | f (x)| > m + |v| > R,
and the integral is O(1/R>?) by partial integration (the first derivative test). If £v < 0,
then | £}(x)| > m + |v| > R, and the integral is O(1/R) by the second derivative test in
Lemma 7.2.

Suppose now xo/2 < x; so that necessarily m =< R. When max {xo/2, x0+} <a<
b < x;, we apply Lemma B.1 (3) and then divide the integral in (12.4) by a dyadic partition
with respect to cx — 1; the error term is O(1/m) = O(1/R), and the resulting integrals
can be treated in a manner similar to the above. We just need to notice that m//(cx)? — 1
would dominate v in f}'(x) when cx — 1 is small, in which case only Lemma 7.2 is
applied. However, by doing the dyadic partition, we might lose a log R.
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Finally, assume that x¢/2 < x(')|r , and consider the case when x¢/2 <a <b < x('f . We
use Lemma B.1 (1, 2) to bound the integral /(a, b) as in (12.4) by

< : /xgd + : /l/c (—im@2 —2¢cx)%?)d
< —— X+ —— exp(—zm(2 —2cx X
ml/3 ml/3 1/2¢ P{=3

1 l/m2/3 1 1 . 3/2
< m/o dy + m/(; exp(—gmy )dy

Remark 12.6. The log R in Lemma 12.4 or 12.5 could be removed on applying the sta-
tionary phase method ([19, Lemma 5.5.6] for example) instead of the second derivative
test, as revealed by the formula

2

1(0,0)| = ——
1002l VmZ +v?

for m # 0; this may be seen from

ni"”'l"(%ﬂml + iv))
@rR)"T(3(m| —iv) + 1)’

0o 2w . )
1(0,00) = / / e(2Rx cos p)e'™Px" "L dp dx =
o Jo

which is a consequence of Weber’s integral formula in [65, 13.24 (1)].

13. Analysis of the Hankel transforms, I1

In this final analytic section, our primary object is to use the Mellin technique and the
stationary phase method to analyze the ®-integrals in §11.4. We remind the reader that
the expressions of these ®-integrals depend only mildly on M and A.

Definition 13.1. Let U > 1 and (k,n) € Q. Define
all) ={(vim)ea:v/v2+m2<U)},
a'(U)={(v.m)ea: 2+ m?2=<U)},
aen(U)={v,m)ea: J/(v—«)2+(m—-n)2<U}. (13.2)

(13.1)

For convenience, we shall not distinguish €g (v, m) and £y (v, m) when R =< U; see
Lemmas 12.2 and 12.4.

13.1. The real case

Lemma 13.2. Fix a constant A > 1 with log A small. Let |A| > T?. Let |x| ~5 X. Let
®O(x), ®~(x) and ®T(x) be given as in Corollaries 11.2 and 11.10. For 6 = 0, —, +,
we have

TS

P (x) = oG

[ etmpm@dnmm + o= a3y
a(Uo)
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for
X < T¢/|A| ifo =0,
T¢/|Al < X < JIA]/M*™ ifo = —, (13.4)
X ~a 1Al > MTCT if o =+,
with
T, 1, if o =0,
U% =9 |XA|'3, A° =1 |A] ifo=—, (13.5)
max {T2/X, T¢}, max {T27¢ X}, if o =+,

and \°(v,m) < 1 for all 0.

Firstly, note that, according to Corollaries 11.2 and 11.10, ®°(x) vanishes unless X
satisfies (13.4) in various cases.

For ®°(x) and ®*(x) = @ (x), it is easy to establish (13.3) by Lemma 12.1, along
with (11.6) and (11.28). This settles the case 0 = 0 and partially the case 0 = + for
X > T«

Next, we consider the integral ®; (x) as defined in (11.27) for M17¢T < |x| < T?7¢.
Since |x tanh? r| ~p T2/4n2X for |r| &4 T/27X, up to a negligible error, we can
rewrite ‘:ID;r (x) using Lemma 12.2 as follows:

// Er2,x (v, m) Yiv,m(X) / e(Tr/n))(iV,,,,(tanh2 PV () drdu(v, m)
a(T2/%)

with 72/ x (v, m) = O(+/X/T). Write the inner integral as an exponential integral with
phase f1(r) = (Tr + vlog|tanh r|)/m. Note that f}(r) = v(tanh? r — coth? r))/m
is of size |v|/r? < X. By the second derivative test (Lemma 7.2), the r-integral is
O((logT)/~/X), and %Tz/X(v,m)/«/Y = 0(1/T), leading to VAT =T for X <T*
as claimed.

Finally, let ®~(x) be as defined in (11.30). Note that |r| &~ Y/3/|A|'/2 there
amounts to |r| ~4 X'/3/|A|Y/® for X = Y/|A|, and hence |x coth® r| ~4 | XA|'/3. By
Lemma 12.2, up to a negligible error, the integral ®~(x) can be rewritten as

/[/ €1x)1/3 (Vs 1) Yiv,m () [ e(Tr/m) xiv.m (coth? )V~ (r) dr di(v, m).
a'(1xal1/3)

with § x 4173 (v, m) = O(1/|XA|"/%). Now the phase function of the inner integral is
f=(r)=(Tr + vlog|cothr|)/x. Since f”(r) (= —f(r))is of size |v|/r? < | A2/ X |13,
by the second derivative test the r-integral is O(X '/ (log ') /| A]'/3), and € xap/3(v.m)-
X6/ AIV3 = 0(1/ /| A]), as desired.

Remark 13.3. In the case 6 = —, f_(r) has a stationary point at |v|/T =< |XA|'/3/T,
while V~(r) is supported on |r| < X1/3/|A|'/®, so a consistency check shows that
|A| < T?2. However, this would have been implied at an early stage when analyzing the
Bessel integral #(—x2) (see Remark 8.3).
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13.2. The complex case

Lemma 13.4. Fix a constant A > 1 with log A small. Let |A| > T?. Let |z| ~5 X. Let
®0(2), @ (2), CD;f (2), and @g (z) be as in Corollaries 11.2 and 11.11. Set

Ot (z) = > dr () + OF(2), D (2) = > P, (2).
T¢/T<p<1/+2A p<1//24
p~AT/2m| AN/ pAX1/3]|A|V/6

Foro = 0,—, 4+, we have

P°(z) = e f / Ao (v m) fiv.m(2) dp(v,m) + O(T™4), (13.6)
A° J Jawo
for
X < T¢/|A ifo =0,
T¢/|A < X < /]A| ifo=—, (13.7)
X = \/W if o =+,
with
Te, 1, ifo=0,
U% =1 |XA'3, A% = 1Al ifo=—, (13.8)
max {T2/X, T?)}, max {T27¢, X}, if o =+,

and \°(v,m) < 1 for all 0.

Lemma 13.5. Fix a constant A > 1 with log A small. Let |A| ~a T?/27?% and X ~,
T/47. For |z| ~4 X, let ®(2) be as in Corollary 11.11. We have

P'(z) = Yo )+ Dh(z) + 0T
Te/KP<p<A—1

with K? = min {(T/M)/2, T4},

TE
oo -3 [/ N ) i () dpp (), (13.9)
Ap S Jao 1r W) Uae -1 WD)
where p = A™%/2 or 0,
Up)=Tp*, A =T2p, (13.10)
T1/2+€, T5/3, lfTS <M< T1/3,
Ub = {rt2te Ab = L prizpsiz T3 < o< T2, (13.11)
MTS, M1/2T3/2, lf T1/2 <M< Tl—s’

and )\;(v,m), )\'(’,(v, m) < 1.
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Remark 13.6. It is important that  and @ play symmetric roles in the arguments below.
Note that the restriction |r| < M¢/M does not apply to the w-variable. Nevertheless, we
could let M = T'* so that not much symmetry is lost. This symmetry seems unique for the
first moment of GL3 x GL; or the cubic moment of GL,—it does not occur, for example,
in the case of the second moment of GL,.

For ®°(z) and q)(')" (z), it is easy to establish (13.6) by Lemma 12.3, along with (11.7)
and (11.37). This settles the case 0 = 0 and partially the case 0 = + for X > T27¢.
In view of (11.18),

' o) sinh?r +sin?@  cosh?>r —cos?w  cosh2r — cos 2w
IO r’ w) = - = - =

cosh?r —sinw  sinh?r +cos2w  cosh2r + cos2w

From (11.33)—(11.35) and the conditions for the p-sums in (11.31), we deduce that

|XA|V3p% < T?/X ifo =+,

Ur,w) ~a 3 X(1—p2)/p* =< |XA|'? ifo =—
xpi(r, @) ~a y X(1—p7)/p” < [ XA ifo =—,
X m~p T/dn ifo =b.

Applying Lemma 12.4 to the exponential factor e(—2 Re(z trh“(r, ®))) in the integral
(11.32), we have

oF e = [ [ B @) 3 ) )+ O(T ),
(13.12)

q)b(xeid’) = // §T(2v,m)1|’(2v, m))(,-v,m(xei'p) du(v,m) + o(T™), (13.13)
a(T)

where £+ (v, m) = O((log T)/U%),er(v,m) = O((logT)/T), and

I;—L(v,m) = [/ e(f(r,a);v,m)/Zn)g(Mr)Vpi(r, w)drdo, (13.14)
Ib(v,m) = // e(f(r,w;v, m)/27r)g(Mr)Vb(r, w)dr dw, (13.15)
f(r,w;v,m) =4Tr + vlogpu(r, w) + mGH(r, ). (13.16)

Analysis of f(r,w;v,m). By (11.21) and (11.22), we have

af Jor = 4(T +vA; —mBy), 0df/dw = 4(mA; + vBy), (13.17)
with
A, = sinh 2r cos 2w B, — cosh 2r sin 2w (13.18)
e sinh? 2r + sin? 2w’ ' sinh? 2r + sin? 2w '
Since

sinh? 2r cos? 2w + cosh? 2r sin? 2w = sinh? 2r + sin? 2w,
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the stationary point (rg, wg) is given by the equations
sinh 2rg cos2wg = v/ T, cosh2rgsin2wg = —m/T. (13.19)

Also note that )

sinh? 2r + sin? 2w

A2+ B = (13.20)

It follows from (13.17) that

(f [9r)? + (f /30)? =16(T = \/02 +m?)(43 + BY))®

n 32T(\/(v2 +m2)(A2 + B2) + vA, —mB,).
From this, it is easy to prove the following lemma.

Lemma 13.7. We have

V2 + m?
'(r,w;v,m)|* > T? + 13.21
7 ) sinh? 2r + sin? 20 ( )
unless
[sinh2r cos 2w - T — v|, |cosh2r sin2w - T + m| <A Vv? + m?2. (13.22)
Note that the conditions in (13.22) imply
2 2
ve+m 2
~p T, 13.23
sinh? 2r + sin? 2w 4 ( )
and they describe a small neighborhood of (rg, wy).
By (11.23) and (11.24), we have
A, —mBy mA, +vB,
"= g2 13.24
f (mA2 +vBy, —vA,+mB, ( )
with
A — cosh 2r cos 2w (sinh? 2r — sin? 2w) __sinh2r sin 2w (cosh? 2r + cos? 2w)
2= (sinh? 2r + sin? 2w)? LT (sinh? 2r + sin? 2w)?
(13.25)
It is clear that for |r| < 1 we have
V/sinh? 2r + cos? 2w
Ay, By < . 13.26
272 sinh? 2r + sin? 2w ( :
Some computations show that
(o w0: vom) = — 8T sinh 2rg cosh 2rg sin 2wq cos 2wy
0050 sinh? 2r¢ + sin? 2wp \ Sin2wg cos 2wy —sinh2rg cosh2rg )

In light of this, we have the following lemma.



Z. Qi 1168

Lemma 13.8. For any (r, o) satisfying (13.22), we have

T sinh 2r cosh 2r V2 + m2+/sinh? 2r + cos? 2w
yAs —mBy — —s L, f uh . (13.27)
sinh“ 2r + sin” 2w sinh“ 2r + sin“ 2w
T sin 2w cos 2w V2 + m2+/sinh? 2r + cos? 2w
mAs + vBs — DA v + . (13.28)

sinh? 2r + sin? 2w A sinh? 2r + sin? 2w

Proof. (13.27) is a consequence of (13.22) and (13.26), since its left hand side may be
written as
(v —sinh2r cos2w - T)Ap — (m + cosh 2r sin2w - T) By,

and similarly for (13.28). [

Moreover, by Lemma 11.7,

O f(r,w;v, m) Vv + m? (13.29)
ekl < i )
ridw’ " (sinh? 2r + sin? 20)(+)/2

fori +j = 2.

The case 0 = +. For Lemma 13.4 it remains to prove the bounds
1} (v.m) < (o T)/X. 1, (v.m) < X'/*(log® T)/| A3,

Recall from (11.33) and (11.34) that V7 (r, ») is supported on

V2 4+sin2w~ap or Vr2+4cos2w~ap (13.30)

according as 0 = + or —, and from (11.36) we have
0.0,V (r.w) <i.; ((logT)/p)'*/. (13.31)
In view of Lemma 13.7, (13.23), and (13.30), together with the identity
sinh? 2r + sin? 2w = 4(sinh? r + sin® w)(sinh? r + cos? w),
one would expect the integral /7 (v, m) to be negligibly small unless
V2 +m?
472 -

To see this, we apply Lemma 7.4 with Q = & =7 = p, P = min{p,1/M}, Z =
Vv2+m2, and R = T + +/v2 + m2/p, which are determined by (13.21), (13.29), and
(13.31). For 6 = +, the condition p > T*/T is required here. For 6 = —, it is slightly
easier because R < /v2 + m?2/p in view of V2 + m2/p < \/|A| > T.

Next, some remarks on (13.32) are in order. For 6 = +, it is pleasant to check that
(13.32) is consistent with p ~4 T/27|A|Y2, V2 +m? =< T?/X, and X =< /|A]. For
6 = —, since p &4 X/3/|A|Y® and V2 + m? =< |XA|'/3, (13.32) would imply that

(1—p*)p” ~a (13.32)
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|A| < T?. We remark that the condition |A| < T2 for 0 = — also arose in the real case
(see Remark 13.3).
Consider rectangular regions of the form

|[£2r(1 —=2p%) - T —v|,|sin2w - T 4+ m| <4 vv? + m2. (13.33)

Given (13.30) (and |r| < M*/M), the regions defined by (13.22) and (13.33) contain one

another if we choose the implied constants suitably. By Lemma 7.4, we infer that only a

negligibly small error is lost if the integral is restricted to the region (13.33). Next, Lemma

13.8, along with (13.30) and (13.32), implies that, when log A > 0 is a small constant (now

we use Notation 11.9), |[vA; —mB,| > T/pif [r| > |sin2w]| and |mA, + vBy| > T/pif

|sin2w| > |r|. Now we exploit the second derivative test as in Lemma 7.6 to deduce
1F(v.m) < p(log>T)/T.

Finally, since

1/|A1V? < 1/X ifo =+,

T <
o/ {X1/3/T|A|1/6 < X1/3/|A|2/3 ifo = —,

we arrive at the desired estimates. Recall here that X < /|A|ifo = + and T < /|A|
ifo =—.

The case o = b. Set K = min {(T/M)'/2, T'/3}. We introduce a smooth partition to the
integral 1°(v, m) in (13.15) according to the value of v/r2 + cos? 2w,

Poymy= > Iv.m) + 15 (v.m)
Te/K<p<A-—1

with

Iﬁ(v, m) = // e(f(r,w;v, m)/271)g(Mr)V£(r, w) dr dw,
where p = A%/2 or 0, Vp" (r,w) or VOb (r, ) is supported on
\/m~A 0, r2 4 cos22w < T¢/K,
respectively, and
004V, (r.w) < ((logT)/p) ™. 8,.9,V5(r.0) <ij (K/T)*.
Consequently, we have a partition of ®”(xe’?) (see (13.13)) in the same fashion:

Svomy= Y O (v.m)+ Oh(v.m). (13.34)
Té/K<p<A—1

with

(IDZ(xei‘/’) = //A’(T) Er(2v, m)Ig(Zv, m))(iv,m(xei‘p)du(v, m). (13.35)



Z. Qi 1170

An obvious distinction between the cases 0 = 4 and b is the scale of sinh?2r +
sin? 2w which arose ubiquitously in the denominators of the derivatives of f(r, w; v, m).
Its scale grows from p? to 1 when o changes from % to b. As a consequence, we lose 1/ p?
in the stationary-phase bound for / E (v, m) (it could be even worse than the trivial bound
if p were very close to 0). Fortunately, however, we shall be able to recover the loss by
shrinking the integral domain a’(7’) to the union of @, 7| (U);) and Qg (77 (U/'Z).

Now we return to the analysis of the integral / g (v, m).

Similar to the case 0 = =4, we deduce from the second derivative test (Lemma 7.6)
that

Il'j(v, m) < (log®> T)/Tp.
On the other hand, we have the trivial bound
10(v,m) < T /max{(MT)"2, 7?3},

Recall that +/v2 + m2 < T. Note that sinh 2r, cos 2w < +/r? + cos? 2w < p and
sinh? 2r 4 sin? 2w = 1 4+ O(p?). It follows from (13.18) and (13.20) that A;, B; 1 =
O(p?). Consequently, in view of (13.17) and (13.18),

Af Jor = 4(T Fm) + O(Tp?), f Jdw = +4v + O(Tp?).
Moreover, (13.29) now reads
I frartde’ <i; T

for i + j = 2. Set U = max {Tp?, TV?*¢} = max {Tp?, TV/?*¢, MT¢}. Then
|0f /dw| > U for |v| > U, and |0f /dr| > U for |T F m| > U. On applying Lemma 7.1
to the w- or r-integral, with P = p or min{p, 1/M}, Q =1, Z =T, and R = U,
we find that [/ E(v, m) is negligibly small for such v or m (it is important here that
T/U? M/U < 1/T*®). Similarly, if we put Uy = max {T'/2*¢ M T¢}, then I}(v, m)
is negligibly small unless v = O(Up) and m = £T + O(Uy).

Lemma 13.5 follows if we truncate the p-sum in (13.34) at p = T¢/T'/* in the case
M < T2 and absorb the sum of CIDZ (v, m) over smaller p’s into @} (v, m).

Appendix B. Olver’s uniform asymptotic formula for Bessel functions

In this appendix, we recollect Olver’s uniform asymptotic formula for Bessel functions of
large order and prove some of its implications that will be useful in §12.2.2 for our study
of certain Mellin integrals over C. For our purpose, we only consider here J,, (mx) with
large integer order m and positive real variable x.

According to the works of Olver [48,49], we have

—x m2s m5/3 m2s

+0( (exp(—§m§3/2)| )} (B.1)

m2k+1(1 +m1/6|§|1/4)

1/4 . 2/3 g 2)3
Iy (mx) = (] 4¢ 2) {A1(m1/3 9 Z As ({) AT'(m?/30) & Z B, (2)
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where Ai(y) is the Airy function,

2 14+ +1—x2
§§3/2=10g¥—«/1—x2, 0<x<l1,
X

(B.2)
2
5(—§)3/2:vx2—1—arcsecx, x> 1,
and
2s ' 2s+1 '
A =) b PUs (), CVPB(O) == ) a8V PUs 11 (), (B3)
J=0 Jj=0
in which ag = by = 1,
poo ] r(3s+3) _ s+l
U3 r@d) 07t es—1”

and U;(v) are polynomials in v = 1/+/1 — x2, with the first three found to be
Up=1, U =QBv—5%/24, U, = 81v* —4620* + 3850°)/1152; (B.4)

see [48, §4] and [49, Theorem B] for the expansion and the error term as in (B.1), and
[48, §6] for the coefficients A;(¢) and Bs({) as in (B.3). By [48, (4.13), (4.14)],

x—1—i+i+0(§3) gl <1 (B.5)
S 213 7 10-22/3 ’ ’ '
x=2(=0%*+ 0(), —t> 1. (B.6)

As for the Airy function, if we set y = 2y3/2 for y > 0, then it is well-known (see
[1,(10.4.14)—(10.4.17)]) that

Ai(y) = %Klm()’), A=) = 2 (s + Laps0),
Ail(y) = — jgn Kys(y). Ai'(=y) = %(szy) — J23(7)).-

For |y| < 1, we have Ai(y) = O(1) (see [1, (10.4.2)]). For y > 1, it follows from [65,
7.21(1, 3),7.23 (1), §7.3] that

Ai(y) = 0(6";’5;”), A(5) =0 exp(—y)),  (B)
Ai-y) =Y e""yﬂ#ww, A(—y) = 014, (B.3)
+

with y W (y) < 1.

LemmaB.1. Letm > 1 and x > 0. For x > 1, define y(x) = v/x2 — 1 — arcsec x.
(1) For |x — 1| < 1/m?/3, we have J,n(mx) = O(1/m'/3).

2) For% <x<1-— 1/m2/3, we have

exp(—%m(Z — 2x)3/2)
m1/2(1 _ x)1/4

Jm(mx) = O( (B.9)
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(3) Forl+ l/mz/3 < x <2, we have

exp(Limy(x)) 1

Jm(mx) \/_Z 1/2( 2 )1/4W:|:(m)/()€))+0 m s (BlO)
in which )’in(:)(V) < 1fory > 1.

(4) For2 < x <m"'/3, the asymptotic formula (B.10) holds with an error term O(1/mx).

Proof. First let k = 0 in (B.1). The estimate in (1) is clear. For 0 < x < 1, it is easy to
prove (compare with (B.5))

1+ v/1—x2
log T VITY A 1a—2x)%2.
X

Then (B.9) is a direct consequence of (B.1), (B.5), and (B.7).” The asymptotic formula
(B.10) in (3) is obvious in view of (B.1), (B.5), and (B.8). As for (4), we let k = 1
in (B.1). For x = 2, it follows from (B.3), (B.4), and (B.6) that By({) = O(1/¢?) and
A1(¢) = 0(1/&3). By (B.6) and (B.8), the two lower-order main terms and the error
term in (B.1) are O(1/(mx)3/2), O(1/(mx)5/2), and O(1/m"/6x1/2), respectively; all

of these are O(1/mx) provided x < m'3/3. n

Part III. Proof of Theorem 1.1

14. Setup

We start by introducing the spectral mean of L-values

o0

Z wrk'(ve)L(3. 7 ® f) + :—0/ ok t)|L(5 + it,n)|2dt,
fEB T /oo
in which k%(v) is the test function defined in §6. Recall that k¥(v) > 0 for v € a, and that
k'(v) > 1if |v, — T,| < M, for all v]| co. When f € B is exceptional in the sense that
vy, is not real for some v | co, the weight k! (vr) would be negligibly small (although not
necessarily positive), for at this place v we have k”(Vﬁ ) = o(e_Tvz/Mvz) and T, = N(T)*
by assumption. Thus, in view of (3.20) in Lemma 3.6, along with the non-negativity of the
L-values, Theorem 1.1 follows if we are able to prove that the spectral mean is bounded
by NI (M)N(T)5/4+¢,

Applying the approximate functional equations (5.9) and (5.12), the above spectral
mean may be written as

ZZ A(ng, ) {Zwfkﬂ(yf)xf(nz)V(N(n%H2©_3);Vf)

1/2
ny,nCO (1’1 n ) fER

* :_701/_: ‘”(’)kn(f)fiz(ﬂz)V(N(n%n2©_3);t)dt}.

"Note that (B.9) would also follow from Nicholson’s asymptotic formula in [37, §3.14.3].
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By (5.13) in Lemma 5.1 (1), we may truncate the sum over ny, 1 at N(n3np) < N(7)3*¢.
We then apply (5.14) in Lemma 5.1 (1), in which we choose U = 1log N(T'). The error term
is again negligible, and we need to prove

A(nl, 112)
Z Z W{ Z wrh(ve)hr(nz)
N(m2n5)<N(T)3+e 1 =
oo
+ 46—7(_)[ / Cl)(t)h(t)fjt(nz) dt} < NH(M)N(T)5/4+€

uniformly in u € [¢ — i logN(T), e 4+ i logN(T")]. By the Hecke relation (4.8), the left-
hand side is equal to

D) A(ny, DAL,
222 M(N)(b3(2%n2))l/(2+;l 2 { > 0rh(p)hy (bn2)

N(b3n3mo)<N(T)3+¢ feR

oo

+ a)(t)h(t)ri,(bnz)dt}.
4

—00
We now apply the Kuznetsov trace formula (3.17) of Proposition 3.5, with iy = bn,
and m, = O, obtaining a diagonal sum

A(u, 1)
a1t Z NODED (14.1)
N()<SN(T)3/2+e
and an off-diagonal sum
p(d) A, DAL ya)
c YY Y Yy Mhahas
N(03n2)<N(T)3+¢ ceCr ee6*/6*2 yea—1/06

N(y)<N(T)3+¢/N(ab3n?)

KS(ey, adb®D71;1/B5, D7 ¢, 0) €y
3 N(co) %(ﬂbﬂ)’ (142

in which a € Cp is determined by a ~ (¢®)*d7!, and By = Beapo-1.2-1 =
[(cD)*(ad)™"].

Lemma 14.1. For the test function h(v) defined as in (6.1)—(6.4) (see also (5.8), (5.11)),
we have the following estimate for # (defined by (3.1), (3.15)):

cec!

F < NY(M)N(T) . (14.3)
Proof. In view of (3.1) and (3.15), the integral # splits into the product of
o
[ h,(v) tanh(zrv)vdy
—00

if v is real, and

/ hy(v)v? dv
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if v is complex, which, in view of (6.5), are bounded by
oo —(—Ty)2/M2 1+ —A 1+
/ e VT ey T Ay + T <« MT,) T8,
0

and ~
/ ef(VfTu)z/Mvzv2+£ dV+ vaA < MUTU2+83
0

respectively. Then (14.3) follows immediately. ]

It follows from Cauchy—Schwarz, (4.15), and (14.3) that the diagonal sum in (14.1) is
bounded by N¥(M)N(T)'*¢, as expected.

For the off-diagonal sum, our aim is to execute Voronoi summation in the y-variable,
so we must unfold the €y-sum from a sum over a=!/ 62 to a sum over a~ . For this, we
set @ = cc and fold the c-sum into a g-sum over ideals. Thus (14.2) is rewritten as

(®)A(w, 1)
26 ZZ Z Nl(Lab3n2)nl/2+u

N(312)<N(T)3+¢ ce
1 A1, ya) o
NG > Ney)i72e K80 a0 D71/, D7V cq. 0| c2
q~c yea—!
N(y)<SN(T)3+¢/N(ad3u?) (14.4)

where ¢, = [¢"!q], and a, By are defined after (14.2). In view of (2.1), it will be conveni-
ent to introduce V(b) € a4 for every non-zero ideal b with

V(6), = N(6)?, 6, =logT,/logN(T), (14.5)

so that
1/1Bol < VDY, eglo < V(@) (14.6)

for each v | oo. The main actors are g and y, so we shall be concerned with the last two
summations in the second line of (14.4).

15. First reductions

Next, we need to do a smooth A-adic partition of unity in |y|, for each v | co, where
A > 1 is a fixed constant with log A small. However, when F is neither rational nor
imaginary quadratic, an issue with the infinitude of units is that one has |y|, — 0 when
y ranges in a~! ~ {0}. This may be addressed by proving that if |y|,V(d)Ne/V(q)?N
< TN (so that |y/,3z,c§|v < T2Ne by (14.6)) for any given v | oo, then the contribution is
negligibly small; critical are the second estimates for Bessel integrals in Corollary 8.4 and
the assumption that 7, is large (7, = N(T')¢) for every v | co. To this end, we use Weil’s
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bound for Kloosterman sums (3.14) and the estimates for Bessel integrals in Corollary 8.4
to bound the contribution by

Z I\In(l‘/l)l\l(T)H_‘E Z Z Z |A(n, 1)
|T 24’ N(b3n2)1/2+£
5SSeo Soo~S N(3n2)<N(T)3+¢ ceCr

! AL yo)|
D ey nw——T 2 ORI

1/2
S N@YV VO s s rareetazy NIV
N()<N(T)3+¢/N(d3u?)

where F3 (V) C Fuo is defined in (4.17). Because of the occurrence of |T|§’:; s~ this
sum is negligibly small on choosing A’ to be large. Note that if (4.18) in Lemma 4.10 is
applied to bound the y-sum by

N(T)?/*+ 3 AL yo)
N(b*n?)>/4 NP/l

N(T) 1 1/4+3N(q)1/2—s
|T|sN(D)5/2N(m)3/2|V (6-1q2)[ >

YEFS(T2V (5~ 1q2))

<

then |V(b_1q2)|}g/oi\s and |I/(b_1c;2)|§/2 are combined into N(d~1g2)!/2, and the g-
sum is convergent.

We may therefore impose the condition |y|,V(d)No/V(g)?Ne > T2V for all v | cc.
Note that necessarily |y|, > T,1~9 for all v| oo, since N(b) < N(T')!*¢. By a smooth
partition of unity on the y-sum, the problem can be reduced to proving the following

proposition.
Proposition 15.1. Let © be a square-free integral ideal with N(d) < N(T)'*¢. Let
a,c € Cr satisfy ab ~ (¢D)2. Set By = [(cD)?(ad)™]. Let R € a be such that

N(R) < N(T)>*¢/N(b)3. (15.1)

Fix A > 1 with log A sufficiently small. For each v| oo, let f,(r) be a smooth function
supported on [R,, AR,] satisfying £ P (r) <; (logN(T)/R,)" forall i > 0. Suppose that
#(x) is the Bessel transform of h(v) given in (3.15), with h(v) defined as in (6.1)—(6.3).
Define

Ss(T, R) = Z ( ) Z A, ya)KS(y,adD 7 111/B5, D ;cq,c)f(y, ,Bb;cé)’

g~c yea—l
(15.2)

where cq = [c™1q], the q-sum is finite, subject to the conditions

V(b '¢%), < R/T? vloo, (15.3)
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with V(5 1q2) € a4 defined as in (14.5), and f(x, l/ﬁbcg) is the product of

1 .
fu(xu, W) = fu(|xul)&€u(#), v oo, (15.4)

G G

Then

N(M)N(R)N(d)

ST B) < r NMONCT) V5 (NCRING)) ™+ =T

(15.5)

To deduce Theorem 1.1 from Proposition 15.1, we use (15.5) to bound the sum in
(14.4) by the sum of

en 1/4
NYMON(T) /2 Z Z |[A(n, 1)] (N(T)3+ ) < NU(M)N(T)5/ 4+

3/4 312
N(b3n2)$N(T)3+f N(b) N(n) N(b n )
and
NU(M)N(T)S |[A(n, 1) (N(T):H-g)l/Z
NN < NN(M)N(T)NG-’_S,
1/3 Z Z 1/2 3.2 <
N(T) N(b3n2)$N(T)3+e N(b) N(l’l) N(b n )

16. Application of the Voronoi summation

By Definition 3.2, we open the Kloosterman sum as follows:

-1
KS(y,adb® 1 1/Bs, D71 cq,0) = Z Woo(ﬁ-i- X )

re@bE a0y gx @ Poca

where x™1 € ((ad)"1c®/(ad) 1eDq)* is as defined in Definition 3.1. On applying the
Voronoi summation formula in Proposition 4.8, up to the constant N(a)/ N(S))3/ 2 the
y-sum in 85 (7, R) is transformed into

. B ~ ~ 1
3 NGo > A(a 'pg2 D3y, bqll)Tb(y;q,ql)f(% Boc? cz)’
bCq1CO ! yea(bg?D3)~1{0} e
(16.1)

where b = (d,¢) g, the function f(y, 1/Byc?) is the Hankel transform of f(x,1/Bc?)
(x,y € FX) as in Definition 4.4, with

Fia /o) = [ 51702 I (530 s (162)
and the exponential sum
x*l
Tp(yia.q1) = > woo(ﬁbc )Kls(l,—ycq/x;ql)- (16.3)
G

x€(abd(cD)~!/ad(cD)~Lq)*
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To see b = (b, q)7 g, use x/cq € (@D 1dg7!/aD71d)* to deduce R = {v :
ord,(bg™) < 0} = {v : p,|(d, 9)7'q} and ord,((cq/x)aD™) = ord, (b7 'gq) =
ord,((d, q)"'q) forevery v € R.

‘We conclude that, up to a constant,

Sp(T, R)

1 - _ ~ 1
=222 N(bara) >, A IBQ%SSV’bQII)TD(V;C%CH)]{(%W),
g1/b,blg, g~c ! yea(ba?D3)~! bCq

(6,0bg=1)=(1) (16.4)

where the g-sum is subject to the conditions in (15.3), and so are the g- and b-sums.

17. Transformation of exponential sums

Next, we need to compute the exponential sum T3 (y; g, g1) as in (16.3).

17.1. The special case F = Q

For purely expository purposes, we first compute the exponential sum in the case when
F = Q. For this, Nunes [47] quoted a result of Blomer [5] for the corresponding char-
acter sum and then set the character y = 1. However, when y = 1, some of Blomer’s
manipulations become unnecessary, so it is easier to just compute in a direct manner.

More precisely, in the notation of [5,47],leta=c=¢; =D = (1), d = (4), B =1/,
g = (¢), b =(c1) (= (c/(c.9))), a1 = (c1/n1) (n1|c1), ¢qg = ¢, cq, = c1/n1, and
y = n3ny/c}. After suitable changes, the exponential sum in (16.3) turns into

> oS )sta.fimicr/n, (17.1)
d (mod ¢) ¢

where §; = 8/(c,8), and ¢ or n, could have signs. For simplicity, set f; = c¢1/n1. Opening
the Kloosterman sum, we obtain

=) ) 5 () ()

d (mod c) a (mod f1) a (mod f1) d (mod c)

The d-sum is a Ramanujan sum, and it may be evaluated with the aid of Mobius inversion.

We then arrive at _
* 81an
Sancle Y o252).

cale a (mod f1)
ac/fi=—1 (modcy)

We necessarily have (cz, ¢/f1) = 1, and hence ¢, | f1. Moreover, we may assume that
¢/c, is square-free. By introducing the new variable b = (@ + ¢/ f1)/c2, the sum above
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is transformed into

§1(c n §1bn
e(—#) Z cap(c/ca) Z e(fl/cz).
! ealfi b (mod f1 /c2) /2
(c2,¢/f1)=1 (bea—c/ f1, f1)=1

Finally, M6bius inversion turns the innermost sum into

glbnz
Suth Y e(f/c )
flh b (mod fi/c2) 1752
ber=c/ f1 (mod f2)

As bey, = ¢/ fi(mod f,), it is easy to see that if p | f>, then p } ¢2 and p || ¢ (recall that
(c2,¢/f1) = 1 and c¢/c; is square-free). Let f; denote the square-free part of f;. Then
f2| f1 and (f2,c2) = 1; in particular, f, divides f;/c,. Consequently, the sum above is

equal to B
Si §1¢2(c/ fi)nz
f22|f;1 Eu(ﬁ)e( fi/ez )

(f2,¢2)=1
(f1/e2f2)In2

in which ¢3¢, = 1 (mod f>). We conclude that the exponential sum in (17.1) is equal to

e(_‘g‘(cﬁ,#) >y %M(C/Cz)u(fz)e(%) (172)
elfi, L2l A

(c2,¢/f1)=(c2, f2)=1
c2 foana=fin)

17.2. The general case

By Lemma 4.7, the Kloosterman sum in (16.3) is

Cq¥
Klp(1, —ycq/x;q1) = ¢(q1) R %(y—q—) d*y.
T(q,0) 05 Xy
Let 6% = I, Yoo ©,". We may also transform the x-sum in (16.3) into an integral over

Tap(eD)—! ©*. More precisely,

To(y:a.q1) = e(@)e(a)l(y:a.q1), (17.3)

where

1 CqY
Ib(y;q,ql)=/ . / ~ wf(— )wb(y—“—)dxydxx.
Tap (D) 0% (g, )1 0F IBDqu Xy

On changing y into —1/85xy and then x into —1/85x, we obtain

Iz,(y;q,ql)zf _ Yn(Bacary) ) wf(i)wb(g) dxd*y.

Te-1q,0p T(eD)10% Cq
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It is clear that I5(y; g, g1) may be factored into a product of local integrals 7,(y; a,, G1,)
(the b is suppressed from the subscript for brevity). For non-Archimedean v, define d, =
ord, (D), r, = ord,(c), s, = ord,(q), and 51, = ord,(q1). For p, t b, the local integral is

I(y:4,,6,) = /

v(x)=—r,—

wu(i) d*x. (17.4)
d,

Cq

For p, | b, the local integral is

Iv(y; Gos CHu) = /

v(y)=s1,~ Ty

11
Vu(Bocqyy) N I/fu(x(— + —)) d*x d*y.

The following lemma is standard.

Lemma 17.1. We have

N(p,) —1 ifov(a) =,
(N(pv) - 1) %(ax) d*x ={ —1 if v(a) =r—1,
v(x)=—r—d, i ‘
0 if otherwise.
For p, } b, Lemma 17.1 implies that the integral in (17.4) is just p1(q,)/¢(q.)-
For p, | b, we first observe that

U(,BquV) =T, — 2slv - dUa

for (By) = (¢D)?*(ad)™', (cq) =g, y € a(bg?®D?)~!, and b = (,q) ' q. Hence the
integral in (17.5) is reduced to that in (17.4) if 51, = 0, and one may henceforth assume
S1, = 1.

Keep in mind that v(cq) = s, — 7, and v(y) = s1, — 1,. On applying Lemma 17.1 to
the x-integral in (17.5), we obtain

(=1)"N(p,)'™

L(y:0, q10) = Z N(p,) — 1

v=0,1

1) (V5 Qs G 10) (17.6)

with

1) (y: 6o, q10) = / Vo(Bocgyy)dy (v =0.1). 7.7

v(y)=s1,—T1y

v(y+cg)=s,+s1,—r,—v
First, consider the case when s, > v. For 51, < s5,, we have v(y + ¢q) = v(y) =51, — 1, <
8y + 81, — 1, — v, and hence 1 (¥; g, q1,) = 0 as the integration is on an empty set. For
S1p, = Sy, we introduce the new variable w = y 4 ¢4 so that the resulting w-integral is on
p2S="e=Y (since v(w) > v(y) by the condition s, > v):

N(D,) /2N (p,)s "+
N(pv) - 1

1)(iua,) = VBocp) [ WlBacay) .
Pu
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Recall that 1, has conductor ;! and p?* """ has measure N(D,) " V2N(p,)rTv—25,
It follows that 1" (y; Gv, q») = O unless v(Bpcqy) = 1, — 25, — d, + v, in which case

N(p,)”
o(a,)

Ivv()/; Gos CFU) = Wu(—ﬁbciy)

Next, we consider the remaining case when s, = §1, = v = 1. Then the second condition
in the integration domain in (17.7) reads v(y + ¢4) = 1 —r,, and it can be dropped because
it is implied by the first condition v(y) = 1 — r,, along with v(cq) = 1 — r,.. Thus

1 (yipo.py) = / Vu(Bocgyy)d™y.
v(y)=1-r,
By Lemma 17.1,

(=D*N(p,)'™*
> —

1Ny p0) =
N(pv) -1

n=0,1
v(Bpcay)Zr,—1—dy—p

Lemma 17.2. We have the following formulae for I,(v; ay, G1,):

(D) 1,(y: 605, 00) = u(a.)/e(a0).
(2) Forord,(q) > 1, we have I,(y; a,, q1,) = 0 if ord,(q) > ord,(q1), and

N(p,) 1
1,(y: g0, q0) = %(—ﬁbcéy)ﬁ @) > =D".
v v v=0,1

v(Bocdy D)=v—u(q)
(3) We have

. _ _ 2 N(pv) (_I)V-HL 2
L,(y5 o Po) = Yio( ﬂbcq)/) (N(p,) — 1)2 0§$§1 N(p,)~ WU(ﬁDCqV)M-

v(BpcyD)zv—p—1

As a consequence of (17.3) and Lemma 17.2, it is straightforward to deduce the fol-
lowing formula for Ty (y; ¢, ¢1). The reader may compare (17.8) with (17.2).

Corollary 17.3. Let G denote the square-free part of q1. We have Ty(y; g, 1) =0
unless (a1, qa7") = (1), in which case

Ty(y;a,91)
_ plaraz Hu(f)
= ys(—Bocgy)n(aa; NG D> W‘//f(ﬂbciyl
azla1, flg1
(g2,997 D=(a2,)=(1)
yea(bggq2fD3)~! (17.8)

where Yrp and s are defined in Definition 4.5.
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18. Further reductions

Set r = (b, q)"!'d. Note that v(ﬁbcqyi)) 0 and hence %(,BDC y) =1if p, 4 vb. It
follows that the g (— ﬂbcqy) in (17.8) can be written as

Vb (—Brcay) = Voo (Bocqy)Vr(Bocly). (18.1)

where we have used the fact that ¥ is trivial on F'.
Next, in view of (15.4), (16.2), and (11.1)—(11.3), we have

1 X R, - 1 - R,
fv(-xm _) = Wu(_a )7 fv(ym _) = RuWu(Rva, _)
Boc? R, Byc? Boc2 Boc2

We combine the woo(ﬂbcgy) that occurred in (18.1) with fN(y, l/ﬂbcg) to form

1 1
f“(y, ) Voo (Boc y)f(y, ) (18.2)
Bocl N(R) et Bocs
so that, according to (11.4),
1 R,
f:”(yu, 2) ~“(Rvyu, 2). (18.3)
Bocg Boc?
In light of our analysis in §11, it is very natural to introduce ®(x) such that
D(ociy) = SINR)_q(, 1Y), (18.4)
¢ NO(M)N(T)! +e " Bocd

Set bg = (D,q), b = b1q1,and g1 = T1g2. By (17.8), (18.1), (18.2), and (18.4), we
can now reorganize the sum Sy (7, R) in (16.4) as follows:

Db
NYM)N(T) '+ N(R) Z ( . >y (Do 1)M(f1)2§g; hlflf(T’R)

N(b; ;)2
b=bor 61.F)=(1) (bif)* o=
(61F1,)=(1)
(18.5)
with
S (TR
oo f (7 R)
A(a™'b1(f162D)%y,b1)
= > NG SN Ui (Boc2y) D(Boc2y).
(@2.0b1)=(1) yea(b; Ff24303)~! (@2)*VN(y)
q=bob1f1q2~c (18.6)

where the sums over by, f1, and g, must be subject to the conditions (see (15.3))

V(bi1f192)0 < VR V(D),/T,V(Do)y, v]o00. (18.7)
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Letcy € GF be such that Db f; - c2 ~ ¢. Setcq, = [c;lqz] and b, = (bobl)_lrflczfi).
By (2.1) and (14.5), we have

caslo = Vig2)Ye,  v]oo. (18.8)

Substituting y by y/B bcécqz, up to a harmless factor, we have

Dob A(yb,, b
Ser,4(T. Ry = NOobit) > > AGD2. 00 ) 1/ ca) B fcas)-

\/ N(b) G2~Cp ybchlf—l \/ N(qu)

(g2,0b17)=(1) (18.9)

By Corollary 11.5, (14.6), and (18.8), for each v| co we have ®,(y/c,,) = O(T, %)
when |y|}/Ne > \/R,V(9),/V(qq; '), Arguing as in §15, we can impose the condition
y € Fg(‘/RV(b)/V(qqgl)) (see (4.17)) with a negligible error. Since we also have
N(y) > N(bob1)/N(rf) > 1/N(dg) > 1/N(T)/?*2 due to (15.1) and (15.3), |y|, > 7,4
for each y, so there is no issue with a A-adic partition in the y-sum as we had in §15.
Again, the assumption that 7, = N(T')¢ for all v | 00 is required here.

Definition 18.1. For V € a; and A > 1, define
FA(V) ={x € Foo : |x,| € [Vs. V/AV,) forall v € Seo}. (18.10)

Leto € {0, —, +,b}S<! (5, = b only if v is complex). As we have seen in §§11 and 13,
each local @, equals (the sum of) ®° for o, = 0, —, +, b in various circumstances; with
abuse of notation, ®” = CI>'; or CD'(’,. The product of such ®%(x,) will be denoted by ®°(x).

Lemma 18.2. Let notation be as above. Fix A > 1 asin §13. Let C,I" € a4 satisfy

JRRON®  N(doby) JNRN®)
L<NO) < gNGeb ). NeD )= Rgbrry - Y
1<C, < _VRV@®), 1 <T, < VRV(D), (18.12)

T,V(bobif1),” TA V(bob1f1),

Define

A(yby, b
S(T.R:IC)= > > A2 00 (5 /0) 7 (vcay). (18.13)

42~C2  yhycfy -1V N(yq2)

(62,001D)=() ,cpa ()
ca, €FA(C)

Then
N(b)5/4N(f)57/64 N(T)SN(R)1/4
N(Do)2N(b1)37/64N(f,)25/64  N(T)1/2

N(b)3/2N(f)57/64 N(T)SN(R)I/Z
N(DO)S/ZN(B1)89/64N(f1)57/64 N(T)4/3

S°(T,R; T,C) <

(18.14)
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Granted that Lemma 8.2 holds, we can now finish the proof of Proposition 15.1. By
the discussions above Lemma 18.2, the bound in (18.14) applies to the double sum in
(18.9), and hence

N(b)3/4N(b1)7/64N(f1)39/64N(f)57/64 N(T)SN(R) 1/4
N(bo) N(T)1/2
N(®)N(F1)”/**N(f)*"/%* N(T)*N(R)"/?
N(b0)3/2N(bl)25/64 N(T)4/3
Applying this to (18.5) leads to the estimate in (15.5).

o,r
SB] Sf1.f (T R) <

19. Completion: Proof of Lemma 18.2

For each o, € {0, —, +, b}, we first apply Lemmas 13.2, 13.4, and 13.5 to the local
®%(y/cq,), so that the sum 8°(T, R; I', C) is expressed in a form which is ready for
the hybrid large sieve in Corollary C.5. Then, after applying Corollary C.5, we infer that

S°(T,R; T, C) < VI(T, R)\/OJG(T, R;T,C) (19.1)
with
TR =N X AGe b, (19.2
ybaCff~!
yEFLQ(I)
JOT.R:I.C) = o @)( o ﬂ)
J(T,R; T, C) = NG (N(U )+ NG N(U°) + Neows ) (19.3)

Recall that p or 0 is suppressed from subscripts when ¢ = b. By Lemma 4.11, with the
Kim—Sarnak exponent § = 3—72 as in (4.24),

N()*N(f1)/N(f)*7/*2

J(T,R) < N(T) N(bg)N(b; )25/ (19.9)
Set VAX = I'/C. We have
51 gy < MU NCU) N(C2X)
J°(T,R; I,C) < N(A%) + N(A°) (1+N(X)) + N(AT) (19.5)
For the three summands in (19.5), we claim that
N(Uc)z .
NGy <N (19.6)
N(CU?) N(T)e /N(R)N(D)
—— (1 +N(X)) < , 19.7
nean N S NG ) (57
2
N(C*X) N(R)N(d) (19.8)

N(49) = N(T)3/3N(bob;f1)?’
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Lemma 18.2 readily follows from (19.1), (19.4)—(19.8), with the observation that (19.6)
can be absorbed into (19.7).
Clearly, (19.6)—(19.8) follow from the local inequalities

U . U% . C*X, RZ?
m < Tl) 5 AUU (1 + XU) < TU N W < TU8/3 N (199)
in which Z, = \/V(d),/ V(Dob1T1), so that the range of C, in (18.12) reads
1<C, <R, Z,/T,. (19.10)
Note that the third inequality in (19.9) can be deduced from
X, 1
e < m (19.11)
Moreover, if we define A, = RU/,Bbcg (see (18.3)), then
|A,| < R,ZZ/C2. (19.12)

It remains to verify (19.9) for various cases (alternatively, (19.11) for all the cases other
than o = +).

19.1. The casec =0

In this case, we have U® = T¢, A° = 1, and X, < T¢/|A,| < T#/T?. Thus (19.9) and
(19.11) are obvious.

19.2. The case o6 = —

In this case, we have U~ = | X,A,|'/3, A~ = |A,|, and X, < /|A,|. Therefore

U~ X3 <1 U‘(1+X)< X3 <1 XU< 1 < 1
—_— < _— v < < , —_— << < -,
VA= |AE T A | A,|1/6 A7 Al T

as desired.
19.3. The case o6 = +
In this case, we always have X, < /|A,|, and, by (19.12),
C, X, <R, Z,. (19.13)

ForT, < X, < T? ¢, wehave UT = T?/X,, At = T>"¢. Consequently,

U+ Tvl+s . U+ .
— =4 <T7 S (+X) < Ty
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and it follows from (19.13) that
C?X, TUSCUZXU TUSR,)ZU2 < TUSR,)ZU2
— - < )

v

At T2 T T2X, T3

For X, > T>¢,wehave Ut = T¢, AT = X,. Consequently,

U+ Te  TE U+
= =< (X)) < Ty

Var o VX, T
and it follows from (19.13) that
C2X, 2= R,Z? . TER,Z?
At 0T x2 T4

19.4. The case o = b

In this case, we always have |A,| < T? and X, < T,.
Firstly, for Tlf/min{(T,)/M,,)l/z, Tvl/“} < p < 1, we have A;’) = T?pand Ug =T,p%.
Therefore

Ut Ut X, 1 1
o _ 32 “p A b
= p*? <1, Abp(1+Xv)<p<1, A3,<Tup<ru3/4+€'

o

Secondly, it follows from (13.11) that

Ug s U(',’(l LX) < X 1
= —0, _— L —, —_— <L
Ay T oag T e oAy P
if T8 < M < T3
Uy T¢ Uy T¢ X, 1 1
= b LA+ X)<—L, < <
A(b) (M,T,)1/* A*(’) le/z A% (M,T,)1/2 Tu2/3

if T3 < M, < T,/?; and

Uy MPATe Ug(l LX) < MM2TE X, g 1 !
= y T o) KX —————, — <L
A'(’) Tv3/4 A'(’) T,,l/z Al(’) (MUTU)I/Z Tv3/4

if T,'/2 < M, < T!~¢, all of which are satisfactory.

Appendix C. Gallagher’s hybrid large sieve over number fields

In this appendix, we establish Gallagher’s hybrid large sieve [13, §1] over number fields.
Let notation be as in §2. Recall that @ =[], @, is the unitary dual of FJ: here
a, =R x {0, 1} if vis real and @, = R x Z if v is complex.
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Leta = RIS~landa, = ]R‘jf“". For U € a4, define
aU) ={(v,m) € a:|v|, |m,| < U, forall v|oo}. (C.1)
Fory € FZ and § € a4, with §, < 7 for each v | 0o, define

FX(y;8) = {x € FX: NU|10g |x|, —log |y,

, larg(x,) — arg(y,)| < 6, forall v | oo},

(C.2)
where arg(x,) lies on the circle R/2nZ (arg(x,) = 0 or x if v is real).
Let a be a fractional ideal of F. Consider an absolutely convergent series
Sa(v.m) =" ayfivm(y). ay€C. (C.3)

y€a~{0}

Proposition C.1. Let U € ay be such that U, = 1 for all v| co. We have
2

//;(U) |Sa(v,m)|?du(v,m) <F N(U)Z/ § ’ Z ay‘ d*y. (C.4)

°° yeFS(y;1/U)Na
Proof. Set§ = 1/U. The right-hand side of (C.4) may be written as
1
[cimrey do-g5 ¥ e
FX N(3)

> YEFS(y;:8)Na

Put Fs(x) = 1/N(8) or 0 according as x € F(1;4) or not. Then

Cl = Y. aFs(/7).
y€a~{0}

Taking the Mellin transform (see (2.2)), we get C’g = Sa- Fg. Since the series (C.3)
converges absolutely, Cf is a bounded integrable function, and hence is square-integrable.
By Plancherel’s theorem (see (2.4)),

/FOXQ CE )Py = %// [Sa(vom) Fs (v, m)P dps(vom),

for a certain constant ¢ (explicitly, ¢ = 22711272 771+272) Since Fs(v, m) is the product
of

2 sin(8,v,) .
R — if v is real,
SyVy
2sin(8,v,) 2sin(8,m,) .. .
if v is complex,
SUVU SUmU
we have Fs(v,m) > 1 for (v,m) € a(1/8), and the result follows. L]

We shall apply (C.4) to sums of the form

Sa(vom) = D ayx(¥) Aivm(¥)- (C.5)
yea~{0}

where y € (/(17\(1n)X is induced from a character y : (6/n)* — C* via a (fixed) isomor-
phism (a/an)* — (©/u)* (see Definition 3.1), and y(y) = yx(y + an) or 0 according as
y + an € (a/an)> or not.
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Lemma C.2. We have

> ‘ > ayx(y)(2<p (N(n)+%f)(8)) Yo laylA (€6

ye(@jan)x YEFS(:8)Na YEFS (y:86)Na

where

E@) = [T —e?@s)™!

v|oo

so that N(y)E(8) is the area of FX(y;6).

Proof. By the orthogonality relations, the left-hand side of (C.6) is equal to

2

o Y| Y ]

x€(a/an)* yeFZ (y;8)N(x+an)
and, by the Cauchy—Schwarz inequality, this is bounded by
N(»)E(5)
o) Y (o ——+1 3 lay 2. -
N(an)
x€(a/an)* yeFZ (y;8)N(x+an)
Proposition C.3. Let U € ay be such that U, = 1 for all v| co. We have

o / Sativm P durm) <53 (NQUN@) + N(ya~)lay 2.

)(E(a/cm)x y€a~{0}

(C.7
Proof. Using (C.4) and (C.6), the left-hand side of (C.7) is bounded by

N(U)Z/X Z > ayx(y)lzdxy

)(E(a/an)x yeFS(y:1/U)Na

< N(U)z/ (N(n) + w) > la, |>d*y.

F N yeF%(y:1/U)Na

The coefficient of |ay |* here is

, . N(U)?E(1/U)
N(U)*N(n) //;"g;(y;l/U) R N(a) //oo(y,l/U)

N(U)?E(1/U)*N(y)

N@) <N(U)N@m) +N(ya™!). =m

= NQU)N(n) +

C.1. A corollary of Gallagher’s large sieve
Definition C.4. Let U € a4 and (x, n) € a. Define

aen(U) ={(v,m)ea: /(v,—«)*+ (m,—n,)? < U, forall v]| co}. (C.9)
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Note that ag,0(U) = a(U) if we slightly modify the definition of a(U) in (C.1). See
also Definition 13.1.

Corollary C.5. Let c € Cr. For g ~ c, define cq = [c71q]. Let a and u be ideals with
1 C O and (ac®)y = n! (see Definition 4.5). Let C,I" € ay and F£(C), F£(F)
be defined as in Definition 18.1. Let a,, and by be sequences of complex numbers for
y € Fo%(F) and g ~ ¢ with cq € FOAO(C). Define

Sa(C, I;v,m;a,b) = Z Z ayba¥a(y/cq) Xiv.m(Y/Cq)- (C9

q~c Y€a
(@.m)=>1) yeFA(I)
g €FL(C)

Let U € a4 be such that U, > 1 for all v| cc. For k,n € a, define a,,(U) as in (C.8).
Then

// |Su(C, I";v,m;a,b)|du(v,m)

Qe (U)

< N2 (N(U) + N(C)/N(@) /> (N(U) + N(I")/N(aw))* a2 |b[l2,  (C.10)
where |lal3 =3, lay|* and [b]5 = 3, |bg|*.

Proof. By changing a, and bq to ay yixn(y) and bg xic,n(cq) if necessary, we may
assume with no loss of generality that a, ,(U) = a(U). Moreover, we set a, = by =0
ify ¢ F£(F) or cq ¢ F(f)(C). It will be convenient to view the g-sum as a sum over

{cqg :q~c}Cc
Next, we reformulate Sy (C, I"; v, m;a,b) in (C.9) as

> X S bV (y/ca) xivm(v/co):

mln  g~¢ y€anm—1
(@1)=(1) (D) =11

For x € (D) "' /D)%, define the Gauss sum

w(y) = > X ()Y (x).

xe(MDm)~ /D!

It is well-known that |7(y)| < 4/N(m). By the orthogonality relation,

Ym(y/cq) = Z x(y/ea)T ().

—
xe((mDw) /D1

o
@(m)

for (q, m) = (1) and (yc¢®)w = m~ L. From these, we deduce that the left-hand side of
(C.10) is bounded by

VN(u) S
Scmm*1 e Sc*1 2V, d s s
2 2 //a(u) | v, m)Se—1 (v, m)| du(v, m)

p(m)

min K@D~ /Do)
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where

Saum—l(){;v? m) = Z ayX(V)Xiv,m(y)’

yeanm—!
(yeD)m=m~!

Se1Gvim) = Y~ bax(cq) Xivm(cq)-

q~c
(q,m)=(1)

Finally, the bound in (C.10) readily follows from Cauchy—Schwarz and Proposition C.3.
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