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Abstract. This paper is devoted to the local null-controllability of the nonlinear KdV equation
equipped the Dirichlet boundary conditions using the Neumann boundary control on the right.
Rosier proved that this KdV system is small-time locally controllable for all noncritical lengths
and that the uncontrollable space of the linearized system is of finite dimension when the length is
critical. Concerning critical lengths, Coron and Crépeau showed that the same result holds when
the uncontrollable space of the linearized system is of dimension 1; later Cerpa, and then Cerpa
and Crépeau, established that the local controllability holds at a finite time for all other critical
lengths. In this paper, we prove that, for a class of critical lengths, the nonlinear KdV system is not
small-time locally controllable.
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1. Introduction

We are concerned with the local null-controllability of the (nonlinear) KdV equation
equipped the Dirichlet boundary conditions using the Neumann boundary control on the
right. More precisely, given L > 0 and T > 0, we consider the following control system:

yl(l»x) +Yx(lvx) +yxxx(lvx) +y(t7x)yx([7x) = O fort € (07 T)9 X € (Os L),

yit,x=0=yt,x=L)=0 fort € (0,7),
yx(t,x =L)=u() fort € (0,7),
(1.1)
and
y(t =0,x) = yo(x) forx e (0,L). (1.2)

Here y is the state, yg is the initial datum, and u is the control. More precisely, we are
interested in the small-time local controllability of this system.

The KdV equation has been introduced by Boussinesq [15] and Korteweg and de Vries
[30] as a model for propagation of surface water waves along a channel. This equation also
furnishes a very useful nonlinear approximation model including a balance between weak
nonlinearity and weak dispersive effects. The KdV equation has been intensively studied
from various aspects, including well-posedness, existence and stability of solitary waves,
integrability, long-time behavior, etc.; see e.g. [29,31,33,44,46].

1.1. History

The controllability properties of system (1.1)—(1.2) (or of its variants) have been studied
intensively; see e.g. the surveys [19,40] and the references therein. Let us briefly review
the existing results on (1.1) and (1.2). For the initial and final datum in L2(0, L) and
controls in L2(0, T'), Rosier [38] proved that the system is small-time locally controllable
around O provided that the length L is not critical, i.e., L ¢ N, where

K2kl 112
N o= {m,/%;k,z eN*}. (1.3)

To this end, he studied the controllability of the linearized system using the Hilbert
Uniqueness Method and compactness-uniqueness arguments. Rosier also showed that the
linearized system is controllable if L ¢ V. Moreover, he established that when L € N,
the linearized system is not controllable. More precisely, he showed that there exists a
nontrivial finite-dimensional subspace M of L2(0, L) such that its orthogonal space is
reachable from 0 whereas M is not.
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To tackle the control problem for the critical length L € N with initial and final
datum in L?(0, L) and controls in L?(0, T'), Coron and Crépeau introduced the power
series expansion method [24]. The idea is to take into account the effect of the nonlinear
term yy, absent in the linearized system. Using this method, they showed [24] (see also
[22, Section 8.2]) that system (1.1)—(1.2) is small-time locally controllable if L = m2x
for m € N, satisfying

Ak, 1) € Ny x Ny with k% + kI +[*> = 3m* and k # 1. (1.4)

In this case, dim M = 1 and M is spanned by 1 — cos x. Cerpa [18] developed the analysis
in [24] to prove that system (1.1)—(1.2) is locally controllable in a finite time in the case
dim M = 2. This corresponds to the case where

2 2
[ <27 [k +1;l+l

for some k, ! € N, with k > [, and there are no m,n € Ny with m > n and m? + mn + n?
= k? + kil + [?. Later, Crépeau and Cerpa [20] succeeded in extending the ideas in [18]
to obtain local controllability for all other critical lengths in a finite time. To summarize,
concerning the critical lengths with initial and final datum in L2(0, L) and controls in
L2(0, T), small-time local controllability is valid when dim M = 1 and local controllab-
ility in large enough time holds when dim M > 2.

1.2. Statement of the result

The control properties of KAV equations have been intensively studied previously but the
following natural question remains open (see [23, Open problem 10], [18, Remark 1.7]):

Open Problem 1.1. Is system (1.1)—(1.2) small-time locally controllable for all L € N?

In this paper we give a negative answer to this question. We show that system (1.1)-
(1.2) is not small-time locally controllable for a class of critical lengths. More precisely,
we have

Theorem 1.2. Let k, | € Ny be such that 2k + | & 3N.. Assume that

[k2 + ki + 12
L =2 %

Then system (1.1)—=(1.2) is not small-time locally null-controllable with controls in H'
and initial and final datum in H>(0, L) N H{ (0, L), i.e., there exist Ty > 0 and g9 > 0
such that, for all § > 0, there is yo € H>(0, L) N H (0, L) with || yollg30,1) < 8 such
that for allu € H'(0, To) with |[ul g1 (0.1 < €0 and u(0) = y;(L), we have

y(To.-) #0,

where y € C([0, To]; H3(0, L)) N L2([0, Tol; H*(0, L)) is the unique solution of
(1.1)=(1.2).
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Open Problem 1.3. We have not been able to establish that the control system (1.1)—(1.2)
is not small-time locally controllable with initial and final datum in L2(0, L) and control
in L2(0, T) for a critical length as in Theorem 1.2. It would be interesting to extend the
method in the paper to deal with this problem. It would also be interesting to know what
is the smallest s such that system (1.1)—(1.2) is not small-time locally controllable with
controls in H*(0, T"), and initial and final datum in D(+4%), 4 being defined in Lemma 2.1
below.

Remark 1.4. Concerning Open Problem 1.3, maybe the smallest s is not an integer, as
in the nonlinear parabolic equation studied in [8], a phenomenon which is specific to the
infinite dimension as shown in [7]. Note that in [32] a noninteger s already appears for
an obstruction to small-time local controllability; however, it is not known if this s is the
optimal one.

Open Problem 1.5. It would also be interesting to know what is the optimal time for
local null controllability. In particular, one may ask if for 7 < T, with T~ defined in
[20, p. 463], the control system (1.1)—(1.2) is not locally null controllable in time 7 (for
example with initial and final datum in H>(0, L) N H{ (0, L) and control in H'(0, T))
for critical lengths L as in the above theorem.

Open Problem 1.6. Finally, it would be interesting to know if the assumption
2k + [ € 3N, can be replaced by the weaker assumption dim M > 1. In other words,
is it true that the control system (1.1)—(1.2) is not small-time locally controllable when
dim M > 1?

In Theorem 1.2, we deal with controls in H1(0, Tp) and initial and final datum in
H3*0,L)N HO1 (0, L), instead of controls in L2(0, Tp) and initial and final datum in
L2(0, L) as considered in [18,20,24,38]. For a subclass of critical lengths considered in
Theorem 1.2, we prove later (see Theorem 6.1) that system (1.1)—(1.2) is locally control-
lable with initial and final datum in H3(0, L) N H(} (0, L) and controls in H'(0, T). It
is worth noting that even though the propagation speed of the KdV equation is infinite,
some time is needed to reach the zero state.

We emphasize that there are other types of boundary controls for the KdV equations
for which there is no critical length: see [19,28,38,39]. There are also results on internal
controllability for KdV equations: see [42], [17] and references therein.

A minimal time of null-controllability is also required for some linear partial differ-
ential equations. This is obviously the case for equations with finite speed of propaga-
tion, such as the transport equation [22, Theorem. 2.6], or the wave equation [3, 16], or
hyperbolic systems [25]. But this can also happen for equations with infinite speed of
propagation, such as some parabolic systems [2, 11], Grushin-type equations [4, 9, 26],
Kolmogorov-type equations [5] or parabolic-transport coupled systems [6] (see also the
references in those papers). Nevertheless, to our knowledge, a minimal time required for
KdV equations using boundary controls is established for the first time in this work. This
fact is surprising when compared with known results on internal controls for the KdV
system (1.1) with ¥ = 0. It is known (see [17,36,37]) that the KdV system (1.1) with
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u = 0 is locally controllable using internal controls whenever the control region contains
an arbitrary open subset of (0, L).

However, our obstruction to small-time local controllability of our KdV control sys-
tem is of a different nature than these obstructions to small-time null controllability for
linear partial differential equations. It comes from a phenomenon which already appears
in finite dimensions for nonlinear control systems. Note that in finite dimensions, in con-
trast to the case of partial differential equations as just pointed above, a linear control
system which is controllable in large time is controllable in arbitrarily small time. This is
no longer the case for nonlinear control systems in finite dimensions: There are nonlinear
control systems in finite dimensions which are locally controllable in large enough time
but are not locally controllable in small time. A typical example is the control system

Yi=u, Yy=y3, Y3z=—y2+2yu, (L.5)

where the state is (y1, y2, y3)" € R3 and the control is u € R. There are many power-
ful necessary conditions for small-time local controllability of nonlinear control systems
in finite dimensions. Let us mention in particular the Sussmann condition [43, Propos-
ition 6.3]. See also [7] by Beauchard and Marbach for further results, in particular for
controls in the Sobolev spaces H¥ (0, T), and a different approach. The Sussmann condi-
tion [43, Proposition 6.3] tells us that the nonlinear control system (1.5) is not small-time
locally controllable (see [22, Example 3.38]): it gives a precise direction, given by an
explicit iterated Lie bracket, in which one cannot move in small time. For partial differ-
ential equations iterated Lie brackets can sometimes be defined, at least heuristically, for
interior controls but are not well understood for boundary controls (see [22, Chapter 5]),
which is the type of controls considered here. However, for the simple control system
(1.5), an obstruction to small-time local controllability can be obtained by pointing out
that if (y,u) : [0, T] — R3 x R is a trajectory of the control system (1.5) such that
y(0) = 0, then

T
Va(T) = / cos(T — 1)y1 (1) d, (1.6)
0
T
¥3(T) = y(T)? — /0 sin(T — 1)y1 (1) d. (L.7)
Hence,
yo(T)>0 ifT €[0,7/2], (1.8)
y3(T) <0 if T € [0, 7] and y,(T) = 0, (1.9)

which also shows that the control system (1.5) is not small-time locally controllable and
more precisely, using (1.9), is not locally controllable in time 7" € [0, r] ((1.8) gives only
an obstruction for T € [0, r/2]). Note that condition (1.8), at least for 7 > 0 small enough,
is the obstruction to small-time local controllability given by [43, Proposition 6.3], while
(1.9) is not related to this proposition. For the control system (1.5) one knows that it is
locally controllable in large enough time and the optimal time for local controllability is
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also known: this control system is locally controllable in time 7 if and only if 7 > m; see
[22, Example 6.4]. Moreover, if there are higher order perturbations (with respect to the
weight (r1, r2,r3) = (1,2,2) for the state and 1 for the control; see [22, Section 12.3])
one can still get an obstruction to small-time local controllability by pointing out that (1.6)
and (1.7) respectively imply

for every T' € (0, 7r/2) there exists § > 0 such that y,(7T) > 8|u|z,1(0 Ty (1.10)
for every T' € (0, 7] there exists § > 0 such that
if y1(T) = 0, then y3(T) < —8|u|12q_2(0,T). (1.11)

Assertion (1.11) follows from the following facts:

/OT(/O e ds)zdt - /oTt/ot v dsdr < T/OT(T —$)i(s)? ds,
/OT(/tTy(S) ds)zdt < /()T(T—s)y(s)2 ds.

and since y; = u and y;(0) = 0,

T t 2 T 2
W0m <€ [ ([ nwas) arvc( [ noas).

Note that (1.10) does not require any condition on the control, while (1.11) requires that
the control is such that y;(7) = 0. On the other hand, it is (1.11) that gives the largest
time for the obstruction to local controllability in time 7": (1.10) gives an obstruction for
T € [0,7/2), while (1.11) gives an obstruction for 7' € [0, r], which in fact is optimal as
mentioned above.

There are nonlinear partial differential equations where related inequalities giving
an obstruction to small-time local controllability were already proved, namely nonlinear
Schrodinger control systems considered by Coron [21] and by Beauchard and Morancey
[10], a viscous Burgers equation considered by Marbach [32], and a nonlinear parabolic
equation considered by Beauchard and Marbach [8]. Our obstruction to small-time local
controllability is also in the same spirit (see in particular Corollary 3.7). Let us briefly
explain some of the main ingredients of these previous works.

e In [10,21], the control is interior and one can compute, at least formally, the iterated
Lie bracket [43] in which one could not move in small time (see [22, Section 9.3.1])
if the control systems were in finite dimensions. Then one checks by suitable compu-
tations that it is indeed impossible to move in small time in this direction by proving
an inequality analogous to (1.11). The computations are rather explicit due to the fact
that the drift' of the linearized control system is skew-adjoint with explicit and simple
eigenvalues and eigenfunctions.

UIf the linearized control system is written in the form y = Ay + Bu, the driff term is the map
y = Ay.
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In [32] the control is again interior. However, the iterated Lie bracket [43] in the direc-
tion of which one could not move in small time turns out to be 0. Hence it does not pro-
duce any obstruction to small-time local controllability. However, an inequality analog-
ous to (1.10) is proved, but with a fractional (noninteger) Sobolev norm. An important
tool of the proof is a change of time-scale which allows one to take an expansion with
respect to a new parameter. In the framework of (1.5), this leads to a boundary layer
which is analyzed thanks to the maximum principle. Here the drift term of the linearized
control system is self-adjoint with explicit and simple eigenvalues and eigenfunctions.

In [8] the control is again an interior control. Two cases are considered: a case [8, The-
orem 3] related to [10,21] (already analyzed above) and a case [8, Theorem 4] where
classical obstructions relying on iterated Lie brackets fail. Concerning [8, Theorem 4]
the proof relies on an inequality of type (1.11); its proof can be performed by explicit
computations due to some special structure of the quadratic form one wants to analyze:
roughly speaking, it corresponds to the case (see [8, (4.17)]) where (3.6) below would
be replaced by

L ptoo L
/ / |y (t, x)|P@x(x)e™ P dt dx = / ﬁ(z)m/ B(z,x)dxdz, (1.12)
0o Jo R 0

which simplifies the analysis of the left hand side (in (3.6) one has i (z)7(z — p) instead
of 7i(z)1i(z)). The computations are also simplified by the fact that the drift term of the
linearized control system is self-adjoint with, again, explicit eigenvalues and eigen-
functions.

In this article we prove an estimate of type (1.11), instead of (1.10), expecting that with
more precise estimates one might get the optimal time for local controllability as for the
control system (1.5). The main differences between our study and the previous articles
are the following:

This is the first case dealing with boundary controls. In our case one does not know what
are the iterated Lie brackets even heuristically. Let us take this opportunity to point out
that even if they are expected not to live in the state space (see [22, pp. 181-182]), it
would be very interesting to understand what are these iterated Lie brackets.

It seems difficult to perform the change of time-scale introduced in [32] in our situation.
Indeed, this change will also lead to a boundary layer. However, one can no longer use
the maximum principle to study this boundary layer. Moreover, if the change of time-
scale, if justified, allows simpler computations,” the advantage of not using it might be
to get better or more explicit time for the obstruction to small-time local controllability.

The linear drift term of the linearized control system (i.e. the operator 4 defined in
Lemma 2.1) is neither self-adjoint nor skew-adjoint. Moreover, its eigenvalues and
eigenfunctions are not explicit.

Finally, (1.12) does not hold.

2This is in particular due to the fact that for the limit problem one again has (1.12).
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1.3. Ideas of the analysis

Our approach is inspired by the power series expansion method introduced by Coron and
Crépeau [24]. The idea of this method is to search/understand a control u of the form

u=eup +e*uy+---.
The corresponding solution then formally has the form

y=eyi+eyat-e,
and the nonlinear term yy, can be written as

Yyx =2 V1yix + o

One then obtains the following systems:

Y1e(t,x) + y1,x(t, %) + y1xxx(t,x) =0 forz € (0,7), x € (0,L),
yit,x=0)=y1(t, x =L)=0 fort € (0,7), (1.13)
Yix(t,x =L) =ui(t) fort € (0,7),
V2,6 (8, %) + y2x (. x) + y2,50xx (1, %) + y1(2, X)y1,x(2,x) =0

fort € (0,T), x € (0, L),
ya(t,x =0) = yo(t,x =L) =0 fort € (0,7),
Yax(t,x = L) = us(t) fort € (0, 7).

(1.14)

The idea in [18,20], with its root in [24], is then to find u; and u, such that if y;(0,-) =
¥2(0,+) = 0, then y{(T,-) = 0 and the L?(0, L)-orthogonal projection of y,(7T') on M
is a given (nonzero) element in M. In [24], the authors needed to make an expansion up
to order 3 since y, belongs to the orthogonal space of M in this case. To this end, in
[18,20,24], the authors used delicate contradiction arguments to capture the structure of
KdV systems.

The analysis in this paper has the same roots as the ones mentioned above. Never-
theless, instead of using a contradiction argument, our strategy is to characterize all pos-
sible 1 which steer O at time O to O at time 7 (see Proposition 2.8). This is done by taking
the Fourier transform with respect to time of the solution y; and applying Paley—Wiener’s
theorem. Surprisingly, in the case 2k + [ # 3N,, if the time T is sufficiently small, there
are directions in M which cannot be reached via y, (see Corollary 3.7 and Lemma 5.3).
This is one of the crucial observations in this paper. Using this observation, we then imple-
ment a method to prove the obstruction to small-time local null-controllability of the KdV
system; see Theorem 5.1. The idea is to bring the nonlinear context to the one based on the
power series expansion approach, where the new phenomenon is observed (the context of
Corollary 3.7). To be able to reach the result of Theorem 1.2, we establish several new
estimates for linear and nonlinear KdV systems using low regularity data (see Section 4.2
for the linear and Lemma 5.4 for the nonlinear settings). Their proofs partly involve a
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connection between linear KdV equations and linear KdV-Burgers equations as previ-
ously used by Bona et al. [13] and inspired by the work of Bourgain [14] and Molinet
and Ribaud [34]. To establish local controllability for a subclass of critical lengths in a
finite time (Theorem 6.1), we again apply the power series method and use a fixed point
argument. The key point here is to first obtain controls in H (0, T') to control directions
which can be reached via the linearized system, and then to obtain controls in H 1 0,7)
for y; and y, mentioned above. The first part is based on a modification of the Hilbert
Uniqueness Method, and the second part is again based on the information obtained in
Corollary 3.7 and Lemma 5.3. Our fixed point argument is inspired by [18,24] but is dif-
ferent, somewhat simpler, and, more importantly, relies on the usual Banach fixed point
theorem instead of the Brouwer fixed point theorem, which might be interesting for hand-
ling nonlinear partial differential equations such that M is of infinite dimension, as, for
example, in [32].

1.4. Structure of the paper

The paper is organized as follows. Section 2 is devoted to the study of controls which
steer 0 to O (motivated by the system of y;). In Section 3, we study attainable direc-
tions for small time via the power series approach (motivated by the system of y,). The
main result in this section is Proposition 3.6 whose consequence (Corollary 3.7) is cru-
cial to the proof of Theorem 1.2. In Section 4, we establish several useful estimates for
linear KdV systems. In Section 5, we give the proof of Theorem 1.2. In fact, we estab-
lish a result (Theorem 5.1) which implies Theorem 1.2 and reveals a connection with
unreachable directions via the power series expansion method. In Section 6, we establish
local controllability for the nonlinear KdV system (1.1) with initial and final datum in
H30,L)N HO1 (0, L) and controls in H1(0, 1) for some critical lengths (Theorem 6.1).
In the appendix, we establish various results used in Sections 2 to 4.

2. Properties of controls steering 0 at time 0 to 0 at time T

In this section, we characterize the controls that steer O to O for the linearized KdV sys-
tem at a given time. This is done by considering the Fourier transform in the f-variable
and the characterization written in terms of Paley—Wiener’s conditions. The resolvent of
d3 + 0, hence naturally appears during this analysis. We begin with the discreteness of
the spectrum of this operator.

Lemma 2.1. Set D(4) = {v € H3(0,L); v(0) = v(L) = v/(L) = 0} and let 4 be the

unbounded operator on L*(0, L) with domain D(A) and defined by Av = v 4+ v’ for
v € D(A). The spectrum of 4 is discrete.

Proof. Since 4 is closed, we only have to prove that there exists a discrete set D C C
such that for z € C \ O and for f € L?(0, L), there exists a unique solution v € H3(0, L)
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of the system
n /! — s O, L ,
{v +v4+zv=f in(0,L) @.1)

v(0) =v(L) =v'(L) =0.

Step 1: An auxiliary shooting problem. Foreach z € C,let U(;) € C3(R;C) be the unique
solution of the Cauchy problem

ULy + Ul + 20U = 0in (0.L), Ul (L) = Ugy(L) =0, Ul (L)=1. (22)

Let 6: C — C be defined by 6(z) = U;)(0). Then 0 is an entire function. We claim
that this function does not vanish identically, and therefore £ := 6~1(0) is a discrete set.
Indeed, let us assume that U(;)(0) = 6(1) = 0. Multiplying (2.2) for z = 1 (the equation
of U(yy) by the (real) function Uy and integrating by parts on [0, L], one gets

L, L
;U (07 +/0 Uy (x)* dx =0, (2.3)

which implies U(;y = 0 in [0, L]. This contradicts U(’i)(L) =1

Step 2: Uniqueness. Letz ¢ D, i.e., 0(z) = U(;)(0) # 0. Assume that vy, v, € H3(0, L)
are two solutions of (2.1). Set U = v; — vy. Then U"” + U’ + zU = 0 and U(L) =
U'(L) = 0. It follows that U = U"(L)U;) in [0, L]. So U(0) = U"(L)U(;(0) =
U"(L)0(z). Since 6(z) # 0 and U(0) = v1(0) — v2(0) = 0, we conclude that U"” (L) = 0.
Hence U = 0in [0, L], which implies uniqueness.

Step 3: Existence. Letz ¢ D and f € L?(0,L).Let V € H3(0, L) be the unique solution
of the Cauchy problem

(2.4)

V" +V' +zV=f in(0,L),
V(L)y=V'(L)y=V"(L)=0.

Set v =V — V(0)(6(2))"'U(,) in [0, L]. Then v belongs to H3(0, L) and satisfies the
differential equation v’ 4+ v’ + zv = f, and the boundary conditions v(L) = 0, v'(L) =
0, and v(0) = V(0) — VV(0) = 0. Thus v is a solution of (2.1). |

Before characterizing controls steering 0 at time O to O at time 7, we introduce

Definition 2.2. Forz € C, let (A;)1<j<3 = (4;(2))1<,<3 be the three solutions, repeated
with multiplicity, of

M+ A+iz=0. (2.5)
Set
1 1 1
Q0=0(@) = ML  ehl Al | (2.6)



On the small-time local controllability of KdV equations 1203

3 1 1 1
P =P(z) = Z)Lj(e’lf“L — Mty = det [ eML A2l A3l | 2.7)
j=1 A Ao A3
1 1 1
E=E(2):=—-(A—A2)A3—A2)(A1 —A3) =det [ A1 A2 A3 ], (2.8)
A2 A2 A2
1 A2 A3

with the convention A; 13 = A; for j > 1.

Remark 2.3. The matrix Q and the quantities P and & are antisymmetric with respect
toA; (j =1,2,3), and their definitions depend on the order of (11, A2, A3). Nevertheless,
we later consider a product of either P, E, or det Q with another antisymmetric function
of (A;), or deal with |det Q|, and therefore these quantities make sense (see e.g. (2.11),
(2.12)). The definitions of P, E, and Q are only understood in these contexts.

In what follows, for an appropriate function v defined on R x (0, L), we extend v
by 0 on R_ x (0, L) and we denote by v its Fourier transform with respect to ¢, i.e., for
zeC,

1 +o00 -
0(z,x) = — v(t, x)e "*t dt.
V2 /0
Lemma 2.4. Letu € L?(0, +-00) and let

y € C([0, +00); L*(0, L)) N L2 ([0, +-00); H'(0, L))
be the unique solution of

yr(t»x)+J’x(tvx)+J’xxx(t,x)=O ln(07+oo)X(O7L)7

yit,x =0 =y(t,x=L)=0 in (0, +00), (2.9)
Vx(t,x = L) =u(t) in (0, 4+00),
with
y@t=0,)=0 in(0,L). (2.10)

Then, outside of a discrete set z € R, we have

. 3

(. x) = d I:Q E (eMi+2L — A1y ehiX forae x € (0,L), (2.11)
e
j=1
and in particular
. u(z)P(z)

d ,0) = ———. 2.12
xV(z,0) det O(2) ( )

Remark 2.5. Assume that ii(z, -) is well-defined for z € C (e.g. when u has a compact
support). Then the conclusions of Lemma 2.4 hold outside of a discrete set of z € C.
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Proof of Lemma 2.4. From the system of y, we have

izy(z,x) + Yx(z,x) + Prxx(z,x) =0 inR x (0, L),
y(iz,x=0)=39(z,x=L)=0 in R, (2.13)
Yx(z,x = L) =1(z) inR.

Taking into account the equation of y, we search for the solution of the form
3
Py =) ajeh,
J=1

where A; = A;j(z) with j = 1,2, 3 are defined in Definition 2.2.

According to the theory of ordinary differential equations with constant coefficients,
this is possible if the equation A3 + A 4 iz = 0 has three distinct solutions, i.e., if the
discriminant —4 + 2722 is not 0. Moreover, if —i z ¢ Sp(+), this solution is unique. Thus,
by Lemma 2.1, outside a discrete set in R, y(z, -) can be written in this form in a unique
way. Using the boundary conditions for y, we require that

3 —
Zj:laj =0,

3 AjL, .
2 j=1€""a; =0,
Z;":l AjeA/Laj =1u.

This implies, with Q = Q(z) defined in Definition 2.2,

Q(ai,az,a3)" = (0,0,0)". (2.14)
It follows that .
u Ajqal _ AjiiL
aj = detQ(e J+2 —e J+1 )
This yields
.3
y(z,x) = g ?Q Z(eAJ'*ZL — eMirilyehix, (2.15)
etQ =
We thus obtain 1) P(2)
u(z)P(z
0xy(z,0) = ———=. 2.16
xy(2,0) e 00) ( :

As mentioned in Remark 2.3, the maps P and det Q are antisymmetric functions with
respect to A;. It is hence convenient to write dxy(z, 0) in the form

. _ u(z)G(2)
dxy(z,0) = “HG) (2.17)
where, with E defined in (2.8),
G(z) = P(2)/E(z) and H(z) =detQ(z)/E(z). (2.18)

Concerning the functions G and H, we have



On the small-time local controllability of KdV equations 1205

Lemma 2.6. The functions G and H defined in (2.18) are entire functions.

Proof. Note that the maps z > E(z) P(z), z — E(z)det Q(z) and z > E(z)? are sym-
metric functions of the A; and are thus well-defined, and even entire functions (see
Lemma A.1 in Appendix A). According to the definition of 2, E(z¢) = 0 if and only
if X3 4+ X + iz has a double root, i.e. zo = #2/(3+/3). Simple computations prove that
when € is small,

M(zo+ &) = ?% + §ﬁ+ O(e).
Aazo +6) = :F% - ﬁ«/@r 0(e). 2.19)
A3(z0 + ) = :I:% + g + 0.

Indeed, the behavior of A3 follows immediately from the expansion of A3 near £ f/—% The

behavior of A; and A, can then be verified using, with A = —3)t§ — 4,

A3+ VA —3— VA
=——— and Ap=——.

A
! 2 2

It follows that that E(z¢ + €)% = c+e + O(&?) for some c4 # 0. This in turn implies
that zog = +2/(3+/3) are simple zeros of £2. When X3 + X + iz has a double root, the
definitions of P and det Q (in (2.6) and (2.7)) imply

|P(z0)| = |det Q(z0)| =0 for zg = +2/(3+/3).
The conclusion follows. [

Remark 2.7. It is interesting to note that
(1) (H(z) =0and z # +2/(3+/3)) if and only if —iz € Sp(s);

(2) iz € Sp(+A) and z is real if and only if L = 274/ w, and

2k + D)k — DI + k)
- , 220
BN YR 220

forsome k,/ € N, with1 <[ <k.

Indeed, if L = 21/ ICZL;HZ and z is given by the RHS of (2.20), then, from [38],
iz € Sp(+). On the other hand, if z is real and iz € Sp(+), then, by an integration by
parts, the corresponding eigenfunction w also satisfies the condition wy (0) = 0. It follows

from [38] that L = 274/ w and z is given by (2.20) for some k,/ € N, with 1 <

I < k. We finally note that for z # +2/(3+/3), the solutions of the ordinary differential
equation u” + u’ + izu = 0 are of the form u(x) = 213-:1 aje**. This implies that
O(ay.a2,a3)" = (0,0,0)Tif u(0) = u(L) = u’(L) = 0. Therefore, for z # +2/(3+/3),

—iz is an eigenvalue of +4 if and only if |[det Q(z)| = 0, i.e., H(z) = 0. We finally note
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that +2i /(3+/3) is not a purely imaginary eigenvalue of # since, fork > [ > 1,

o< Gk+Dlk—D@L+k) _ 2k + D)(k? + k1 —21?) B 2k +1)
T 33 (k2 4kl +12)3/2 3V3 (k2 4+ kI +12)32 33 (k2 +kl +12)1/2
2

< —.
3V3
We are ready to give the characterization of the controls steering O to 0, which is the
starting point of our analysis.

Proposition 2.8. Let L, T >0, and u € L?(0,4+00). Assume that u has a compact support
in [0, T], and u steers O at time 0 to 0 at time T, i.e., the unique solution y of (2.9)-
(2.10) satisfies y(T,-) = 0in (0, L). Then 1t and uG/H satisfy the assumptions of Paley—
Wiener’s theorem concerning the support in [T, T], i.e.,

u and uG/H are entire functions,

and
uG(z)

< CeTR@)
Hz) |~ ¢

| (2)] +

for some positive constant C.

Here and in what follows, for a complex number z, f(z), J(z), and Z denote the real
part, the imaginary part, and the conjugate of z, respectively.

Proof of Proposition 2.8. Proposition 2.8 is a consequence of Lemma 2.4 and Paley—
Wiener’s theorem (see e.g. [41, 19.3 Theorem]). The proof is clear from the analysis
above in this section and left to the reader. ]

3. Attainable directions for small time

In this section, we investigate controls which steer a linear KdV equation from 0 to 0 in
some time 7', and a quantity related to the quadratic order in the power expansion of a
nonlinear KdV equation. Let u € L?(0, +o00) and denote by y the corresponding solution
of the linear KdV equation (2.9). We assume that the initial condition is 0 and y satisfies
y(t,-) =01in (0, L) for t > T. We have, by Lemma 2.4 (and also Remark 2.5), for z € C
outside a discrete set,

Z;=1(ekj+]L _ e/\jL)eAjJrzx

y(z,x) = u(z) . (3.1
S (g1 — Aj)e il
Recall that A; = A;(z) for j = 1, 2, 3 are the three solutions of the equation
x>+ x=—iz forzeC. (3.2)
Let n1,m2,n3 € iR, ie., n; € C with f(n;) = 0for j = 1,2, 3. Define
3
9(x) =Y (nj+1—nj)eV+2* forx €[0,L], (3.3)

j=1
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with the convention 7;43 = n; for j > 1. The following assumption on 7; is used
repeatedly throughout the paper:

eMb = el = sl (3.4)

which is equivalent to 73 — 12,72 — 11 € ZT’”Z. The definition of ¢ in (3.3) and the
assumption on 7; in (3.4) are motivated by the structure of M [18,20] and will be clear
in Section 5.

We have

Lemma 3.1. Let p € R and let ¢ be defined by (3.3). Set, for (z,x) € C x [0, L],
Zj?zl(eleL —etilyehivax Z}?zl(eXHlL Y L)ex/+zx

B(z,x) = . _ S,
31y = Apehiat S (Rjgr — Aj)eHitak

“@x(X),

(3.5)
where Aj = Aj(z) (j = 1,2,3) denotes the conjugate of the roots of (3.2) with z replaced
by z — p and with the use of the convention Aj+3 = Aj for j > 1. Let u € L*(0, +00)
and let y € C([0, +00); LZ(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of

loc

(2.9)—(2.10). Assume that u(t) = 0 and y(t,-) = 0 for large t. Then

L +o00 L
/ / |y (t, x)|?@x(x)e™ P dt dx = / u(z)u(z — p)/ B(z,x)dxdz. (3.6)
o Jo R 0

Remark 3.2. The LHS of (3.6) is a multiple of the L2(0, L)-projection of the solution
y(T, ) into the space spanned by the conjugate of the vector ¢(x)e*?T whose real and
imaginary parts are in M for appropriate choices of 1; and p when the initial data is
orthogonal to M (see [18,20,24], and also (5.18)).

Proof of Lemma 3.1. We have

L oo
L[ beoremetr aras
o Jo
L o L N
:\/27r/ (px(x)|y|2(p,x)dx=/ ox(x)y * y(p, x)dx
0 0

L L _
=/0 (px(x)/R)?(z,x)}_\(p—z,x)dzdx=/0 (px(x)/Rﬁ(z,x))?(z—p,x)dzdx.

Using Fubini’s theorem, we deduce from (3.1) that

L (o) ___rL
/ / |y(l,x)|2(px(x)e_ip’ dtdx = / ﬁ(z)ﬁ(z—p)/ B(z,x)dxdz,
o Jo R 0
which is (3.6). [

We next state the behaviors of A; and X j given in Lemma 3.1 for “large positive” z,
which will be used repeatedly in this section and in Section 4. These asymptotics are
direct consequences of equation (2.5) satisfied by the A;.
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Lemma 3.3. For p € R and z in a small enough conic neighborhood of R 1, let A; and Z,-
with j =1,2,3 be given in Lemma 3.1. Consider the convention (A1) < R(A;) < R(A3)
and similarly for A ;. We have, in the limit |z| — oo,

1 . iy

Aj = pizt? - WZ_IB + 0@z723) with pj = e™im/672i7/3, (3.7)
j

~ 1 . ..

)Lj — ﬁj21/3 _ ﬁz_l/?’ + 0(2—2/3) with ﬁ] — el:'r/6+21j7r/3 (3.8)
J

(see Figure | for the geometry of u; and jij). Here z1/3 denotes the cube root of z with

the real part positive.

w2

H1 3
Fig. 1. The roots A; of A3 + A +iz = 0satisfy, when z > 0

is large, A; ~ ;szl/3 where ,u; = —i. When z < 0 and |z|
Qi w3 is large, the corresponding roots /A\j satisfy /Alj ~ [ij |Z|1/3
with i; = jz;. We also have Aj ~ A;.
R2

We are ready to establish the behavior of

L
/ B(z,x)dx
0

for z € R with large |z|, which is one of the main ingredients for the analysis in this
section.

Lemma 3.4. Let p € R, and let ¢ be defined by (3.3). Assume that (3.4) holds and n; # 0
for j = 1,2,3. Let B be defined by (3.5). We have

L
E
/ B(z,x)dx = BOE + 0(z|7%3)  for z € R with large |z, (3.9)
0 zZ
where E is defined by
1 2 ST
. +1 —
E = —(eMmE — 1)(—- > Mt —n) —ipy ;) (3.10)
3 3/_21 = Nj+2

Proof. We first deal with the case where z is positive and large. We use the convention in
Lemma 3.3 for A; and A ;. Consider the denominator of B(z, x). We have, by Lemma 3.3,

1 1
2.13'=1(AJ'+1 —Aj)etital 213‘=1(Xj+1 —Ij)e—AjJrzL
e,l]LeLL

B (k3 —A2) (A3 — A2)

(1+ 0@ €%y, @1
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We next deal with the numerator of B(z, x). Set,’ for (z,x) € R x (0, L),
3 3 B B
fzox) =) (Mt —etityehina® g(zx) = ) (Mt — ettt (312)
j=1 j=1

fm(Z,X) — _ek3Le/12x + elzLel:;x + eA3Le/\1x’
gm(Z,X) — _eA3Le/12x + ekzLe}gx + e/l3Le)u|x'

We have
L
/0 F(z.20)g(z. )y (x) dx
L L
- /0 Fonz2 ) gz )2 () dx + /0 (f = fon) (2. X) g (2. X)px () dix

L L
*:/ ﬁuzxXg—ngwaaﬁﬂdx+/"(f—jhﬂzxﬂg—gmﬂzxwk@)dx
0 0

It is clear from Lemma 3.3 that
L L
/0 (f = fun) 2o ) gm (22 ) () dx + /0 (f = fi) @308 — &) (2. X)) dix

L -
+/ | fin (2, 2)(8 = gm) (2, X)gx (x)| dx < Cle@P3+4Le=CIzIV? (3 13)
0

‘We next estimate

/Lf (x,2)gm(x,2)@x(x) =/Lf (x,2)gm(x Z)<23:’7' (n; —'7')‘3""+2x> dx
o m\As, m\A, x 0 m\A, m\A, j+2\Ulj+1 j .

Jj=1
(3.14)
We first have, by (3.4) and Lemma 3.3,
L - - - - - -
/ (_el3Le/\2xelzLel3x _ e)LzLe/lg,xelg;Le)sz + e/\zLelg,xe)LzLe/\g,X)
0
> 1 1 1/3
x (Z Nj+2(Mj+1 — "j)en”zx) dx = eWathatiatidb (el (2) + 0(e~CFIT)),
Jj=1
(3.15)
where
T1(z)

3
= Z’?j+2(7)j+1 — ;) ( 1 1 l ) .

o A3+ A3 +mjsa As+Az+njsa Ao+ Az 4o
(3.16)

3The index m stands for the main part.



J.-M. Coron, A. Koenig, H.-M. Nguyen 1210

Let us now deal with the terms of (3.14) that contain both eA3L+X3L and either e*1%
or e*1*, We obtain, by (3.4) and Lemma 3.3,

L - - -~ ~ ~ ~
/ (ePLerixghal hix _ ghaLghixghal ax _ ghaLghaxphal ghix)
0

3

x (X ma(nper = e dx = (AT (o) + 0 ). 3a7)
j=1

where

T2 (Z)

> 1 1 1
= Zﬂj+2(77j+1 —Uj)( + + )

et 11+11+le+2 M+Xz+ﬂj+2 lz+11+77j+2
(3.18)

We have, by (3.4),

3

L L -
/ e*3behax phsl phox (Z Ni+2(Mj+1 — Uj)enj“x) dx = eMTILTy(2) (3.19)

0 =1

where

~ 3 . . —_ .
T3(z) i= (P2Lthabaml _ ) §° W21 = 1) (3.20)
j=1 Ay + A2+ 142

The other terms of (3.14) are negligible, because we have

L _ _ ~ ~ 3
‘/ (eA3Le}u]xe/'{2LeA3x + eA2LeA3xel3Le}qX)(Z n]—‘,-Z(r’]-‘rl _ nj)en_j+2x) dx‘
0

=1
— [e®3+ AL o€ ) (321)

Using Lemma 3.3, we have

MAA 4+ A+ Ao+ s+ A3 = 0(z71/3),
M4+ A3+ Az = 0(z71/3), (3.22)
(A3 = A2)(As = A2) = 322/3(1 + 07112,
We claim that
|T1(2)| + |T2(2)| + |T5(2)| = 0(z"2?) for large positive z. (3.23)
Assuming (3.23), and combining (3.11), (3.15), (3.17), (3.19), (3.21), and (3.22)
yields

L
/O B(z,x)dz = ﬁ(emn(z) + Ta(2) + T3(2) + O(z7Y)). (3.24)
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We next derive the asymptotic behaviors of T (z), T>(z), and T5(z), which in partic-
ular imply (3.23). We first deal with 77 (z) given in (3.16). Since

3
D 2@ — 1) =0, (3.25)
j=1

we obtain

3
! 1
Ti(z) = n-+2(n~+1—n~)( _ - ~)
ZJ ’ ’ A3t Az +mit2 Azt A3

j=1
3 1 1
+ Ni+2(Mj+1 — 771')(— = + = )
jzzjl A3+12+r’j+2 )L3 +)L2
3 1 1
+ 2 nj+2(mj+1 — 771')(— = + = )
jz=:1 Ay + A3+ 1nj42 Az + A3

Using Lemma 3.3, we get

1 1
(A3 47132 (A3 +42)2  (Aa + A3)2

3
T1(Z)=—Zﬂjz'+z(n_i+1—flj)( ) +0@E™.

Jj=1
Moreover, from Lemma 3.3 we derive

1 1 1

(s +13)2 (34222 (Ao + 432
=223 (s + i3) 72— (U3 + F2) 2 — (2 + i) 2) + 0z

— .23 (l s iv3 _ -l _i“/g) + 0= 22—2/3 +0iE™h.  (3.26)

3 6 6
We deduce that
2 3
Ti(s) = =322 ) o (npen —0j) + OGTH. (327)
j=1

We next consider T, (z) given in (3.18). We have, by (3.25),

3
1 1
Ta(z) = ) nj+2(nj+1 — 71')(— = + = )
; ’ ! ’ AM+Ai+ni42 AL+ A

> 1 1
+ Y njr2(nj11 —’Ij)( )

i=1 A +12 +nj4+2 AL+ 12

> 1 1
+ Y 211 —’Ij)( )

=1 /\2+11 + nj+2 A2+Il
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Using Lemma 3.3, we obtain

1 1

— — - — o@iz™h,
o +30)? O+ d2)? (xz+xl)2)+ ¢

3

Tz(z) = Z’I?-;—z(’?j-i—l - 71/’)(
j=1

and
1 1 1

A1 +A0)?  (+2a2)? (Aot Ay
=273 (4 )72 = (1 + )2 = (2 + 1)) + 0.

By Lemma 3.3, we have

(14 1)° = (u3 + 13)> (w1 + F2)” = (s + pn2)® (B + p2)’ = (us + f12)°.
Combining this with (3.26), we then have
3
2 _ _
To(s) = 32727 ) Jifa (i —nj) + 07, (3.28)

j=1
We finally consider 75(z) given in (3.20). We have, by (2.5),
B+ +h+A=—iz4i(z—p)=—
This yields .
~ i
12 + Az = —%.
)&% + A% + ArAo
From Lemma 3.3, we have
o+ A =ipz 2P+ 0E).

It follows that

Z Nj+2(Mj+1 — Z Nj+2(Mj+1 — )+ o(lzI- 1)

1 A2+ )Lz +nj42 5 ipz=2/3 4+ ;4
ipz=2/3 1
- Z(nm 1 (1 —— ) L o(z
_ Nj+1=7j _—2/3 -1
=—ip Z HT V2B o). (3.29)
=1 i+2
We deduce from (3.29) and Lemma 3.3 that
Ty = —ip(eml — 1) Z '7’;1—”’ 23 4o, (3.30)
j+2

j=1
Using (3.27), (3.28), and (3.30), we infer from (3.24) that

L
/ B(z,x)dx = Ez %3 4 0(2_5/3),
0

which is the conclusion for large positive z.
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The conclusion in the case where z is large and negative can be derived from the case
where z is positive and large as follows. Define, for (z, x) € R x (0, L) with large |z|,

Zile(gMHL — ehiLyehi+2x

M(z,x) =
&0 iy — Aj)e M2l

Then
B(z,x) = M(z,x)M(z — p, x)px(x).

It is clear from the definition of M that
M(—z,x) = M(z,x).

We then have

B(=z,x) = M(=z,x)M(=z — p. x)px(x) = M(z, X)M(z + p. x) ¢x (x).

We thus obtain the result in the case where z is negative and large by taking the conjugate
of the corresponding expression for large positive z in which n; and p are replaced by
—n; and — p. The conclusion follows. ]

As a consequence of Lemmas 3.1 and 3.4, we obtain

Lemma 3.5. Let p € R and let ¢ be defined by (3.3). Assume that (3.4) holds and
nj #0 for j =1,2,3. Let u € L*(0, +00) and let y € C([0, +o0); L2(0, L)) N
L2 ([0, 400); H'(0, L)) be the unique solution of (2.9)~(2.10). Assume that u(t) = 0
and y(t,-) = 0 for large t. We have

+o0o L
/ / |y(t,x)|2<px(x)e7""t dxdt = / u(z)u(z — p)(i + 0(|Z|5/3)) dz.
0 0 R |z|4/3 331)

Using Lemma 3.5, we will establish the following result which is the key ingredient
in the analysis of the non-null-controllability for small time of the KdV system (1.1).

Proposition 3.6. Let p € R and let ¢ be defined by (3.3). Assume that (3.4) holds
and nj # 0 for j =1,2,3. Let u € L*(0, +00) and let y € C([0, +00); L*(0, L)) N
L2 ([0, +00); H'(0, L)) be the unique solution of (2.9)~(2.10). Assume that u # 0,
u()=0fort > T, and y(t,-) = 0 for large t. Then there exists a real number N(u) > 0
such that C~Y|u|| g—2/3 < N(u) < C ||u|| g-2/3 for some constant C > 1 depending only
on L, and'

0o L
/ / ly(t, x)|2e P gy (x) dx dt = Nu)*(E + O(1)T%). (3.32)
0 0

4The map u — N(u) is actually a norm, which is (somewhat indirectly) given in the proof, by
Nw)? = ||uv||iz, where w is defined in (3.46).
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Here we use the following definition, for s < 0 and for u € L2(R):

sy = /R AP+ ER) de.

where # is the Fourier transform of the extension of u by 0 for z < 0.
Before giving the proof of Proposition 3.6, we present one of its direct consequences.
Denote &1 (, x) = R{@(x)e P!} and & (¢, x) = I{p(x)e~*P'}. Then

E1(6,x) +i62(t, %) = g(x)e P (3.33)
Denote E; = N(FE) and E; = J(F), and set
W(t,x) = E1€1(2, x) + Ex6a(2, x). (3.34)

Multiplying (3.32) by E and normalizing appropriately, we have

Corollary 3.7. Let p € R and let ¢ be defined by (3.3). Assume that (3.4) holds, nj # 0
for j =1,2,3, and E # 0. There exists Ty > 0 such that, for any (real) u € L?(0, +00)
with u(t) = 0 fort > Tx and y(t,-) = 0O for large t where y is the unique solution of
(2.9)—(2.10), we have

0 +o0
/O /0 Y@, x)? W (t, x) dx dt = Cllullfy 2/ - (3.35)
Proof of Proposition 3.6. By Proposition 2.8,
uG/H is an entire function.

By Lemma 2.6, G and H are entire functions. The same holds for # since u(¢) = 0 for
large ¢. One can show that the number of common roots of G and H in C is finite, see

Lemma B.2. Let zq, ..., zx be the distinct common roots of G and H in C. There exist
my,...,mg € N, such that,’ with
k
Iz =]]¢e-z)" inC,
j=1

the following two functions are entire:

§(z) = % and H(z):= Ir-{((zz)),

(3.36)

and ¥ and J¢ have no common roots. Since

08/ = iG/H

50ne can prove that mj =1for1 < j <k by Lemma B.1, but this is not important at this stage.
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which is an entire function, it follows that the function v defined by

I'(z)E
v(z) = i(z)/ H(z) = a(z)% in C (3.37)
is also an entire function.
It is clear that
u(z) =v(z)#(z) inC. (3.38)

We consider the holomorphic function v restricted to £,, := {z € C; |N(z)| < cm,
—(2m + 1)/(v/3L))? <3(z) < (2m + 1)/(+/3 L))?} with large m € N,. Using Pro-
position 2.8 to bound #, and Lemma B.3 to bound (det Q(z))~!, we can bound v on &,
(and thus also in the interior of &£,,) by

0(2)] < CoeTHe/D@mAD/BLY 4 (3.39)
for all € > 0, since, for large |z|,
|2(2)] = Clz|.
Note that the constant C, can be chosen independently of m. Here we use the fact
[i(z)] < CeTR@N forz e C.
On the other hand, applying Lemmas 3.3 and B.3 (2), we have
[v(z)] < Cee T+ (3.40)

in {z € C; [R()| = em, —(2m + 1)/(V3L))* <3(2) < (2m + 1)/(v/3 1))}
Combining (3.39) and (3.40) yields

lv(z)| < Ce T2l in C. (3.41)
Since J is a non-constant entire function, there exists y > 0 such that
H'(z+iy)#0 forallz € R. (3.42)

Fix such a y and denote #,,(z) = #H(z +iy) forz € C.
Let us prove some asymptotics for J,,. Since 213:1 A; =0, it follows from (2.6) that

det O = (A —Ap)e ™™ 4+ (A3 — Ap)e ™M E + (A — A3)e *2L,

We use the convention in Lemma 3.3. Thus, by Lemma 3.3, for fixed 8 > 0,

detQ(z +iy)
Ez+iy)l(z+iy)
= kz 23 Tiaimj gmmLz P (4 (7113, (343)

H(z+if) =
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where
1

(2 — 1) (1 — p3)’
We can also compute the asymptotic expansion of J’(z + if8), either by explicitly com-
puting the asymptotic behavior of )L} (z + iB) for large positive z (formally, one just needs
to take the derivative of (3.43) with respect to z), or by using the Cauchy integral formula
on the contour dD(z, r) for some fixed r to justify differentiating (3.43). We get

H'(z +if) = ——“;L 2Bz 3N L (1 g (271,

We then get
lim <>o<%’(Z)|z|_2/3/=}l€1',(z) = =3¢/

zeR,z—>+

Similarly, we obtain

lim  J(2)|z|723/ 3} (z) = —a.
o0

zeR, z——
Moreover, we have

|7 (2)|z] 72 — adt)(2)| < C|H(2)]|z| ™!

< C|¥#,(2)] |z|7Y3  for large positive z, (3.44)
and
|9(2)|z77 + @ty (2)| = ClH @) 2|
< C|J€}’,(z)| |Z|_1/3 for large negative z. (3.45)
Set
W(z) = v(2)H,(2) = ii(z)H, (2)H (2) . (3.46)

Then w is an entire function and satisfies Paley—Wiener’s conditions for the interval
(=T — &, T + ¢) for all £ > 0 (see e.g. [41, 19.3 Theorem]). Indeed, this follows from
the facts [ (z)| < Ci|v(z)|e®?! for z € C by Lemma 3.3, |v(z)| < CoeT+92l for z € C
by (3.41), [H,,(z)v(z)| = |]€)/,(Z)]€(Z)_lﬁ(2)| < |ti(z)] for real z with large |z|, so that
Jg 10> < +oo0.

We claim that®

L C
/ B(z,x)dx| < forz € R. (3.47)
0

~ (zl + D3

In fact, this inequality follows from Lemma 3.4 for large z, and from Lemma B.1 other-

wise, since if z is a real solution of the equation H(z) = 0, which is simple by Lemma B.1,
we have, by Lemma B.1 again,

3
Z(eMHL —eMilyehivax (2,
—

6Recall that B was defined in (3.5).
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From (3.42), (3.44), (3.45), and (3.47), we derive

L
u(z)u(z — p)/ B(z,x)dx| < Clw(z)||w(z — p)| forzeR. (3.48)
0

Note that, form > 1,

L
’/|Z|>mﬁ(z)ﬁ(z—p)/0 B(z,x)dx dz — E|a|? /|Z|>m w(z)w(z — p)dz

L
< / i(z)i(z — p) (/ B(z,x)dx — E|z|4/3)
|z|>m 0

+ |E]|

dz

|2 (2)(z — p) — |z|7*30(z)i(z — p)|dz.

|z|>m

Using (3.44), (3.45), and Lemmas 3.1 and 3.4, we derive

L
’/|z|>m Het = p)/o Bla.x) dx dz = Elof” /|z|>m w(z)w(z — p)dz

< c/ lib(2)] |z — p)||z| /3 dz.
|z|>m

We deduce from (3.42) and (3.48) that

— L —
’/ u(z)u(z — p)/ B(z,x)dxdz — E|Ol|2/ w(z)w(z — p)dz
R 0 R

h Wz =) -1/3 N o
SC/25m|w(z)||w(z p)ldz+ Cm / [ (2)| |0(z — p)| dz.

|z|>m

Since, for z € R,
[0(2)| < Cllwlzr = Cllwllpicrry < CTY? w2y

we derive

— L —
‘/ u(z)u(z —p)/ B(z,x)dxdz — E|a|2/ w(z)w(z — p)dz
R 0 R

T
< C/ (Tm +m~="3)|w?.
-T

Using the fact that

T

N g 2,—itp g, 2,~itp
/Rw(z)w(z p)dz /R|w(t)| e dt /_T|w(t)| e dt,

we obtain, by choosing m = 1/ T3/4,

L T
/ h(z)i(z — p)/ B(z,x)dxdz = E|oz|2/ lw(?)]2(1 + O()TY*) ds.
R 0 -T
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The conclusion follows by noting that

2 g, A 2 |ﬁ(2)|2

The proof is complete. ]

4. Useful estimates for linear KdV equations

In this section, we establish several results for linear KdV equations which will be used
in the proof of Theorem 1.2. Our study of inhomogeneous KdV equations is based on
three elements. The first one is the information on KdV equations explored previously.
The second one is a connection between KdV equations and KdV-Burgers equations, as
previously suggested in [13, 29]. The third one is estimates for KdV-Burgers equations
with periodic boundary condition. This section contains two subsections: on inhomogen-
eous KdV-Burgers equations with periodic boundary condition and on inhomogeneous
KdV equations.

4.1. On linear KdV-Burgers equations

In this section, we derive several estimates for solutions of linear KdV-Burgers equations
using low regular data information. The main result of this section is the following result:

Lemma 4.1. Let L > 0 and f; € L'(R4; L'(0, L)) and f> € LY(R4; WbH1(0, L)) be
such that

L
/ filt,x)dx =0 forae.t >0, 4.1
0

and

f2(t,0) = f2(t,L) =0 foraet >0. 4.2)
Set f = f1 + fax and assume that f € L'(Ry; L?(0, L)). Let y be the unique solution
in C([0, +00); L2(0, L)) N L2 ([0, +00); H'(0, L)), which is periodic in space, of the
system

Ve(t,x) +4yx(t,X) + Yxax(t.X) = 3yxx(t,x) = f(t,x) in(0,4+00) x (0, L), 4.3)

and
yt=0,)=0 in(0,L). 4.4)

We have, for x € [0, L],
IyCoOlz@yy + <G a-13®) = ClF LT @4 x0,0))- (4.5)

and

||J’(',X)||H—1/3(R) + ||Yx('vx)||H—2/3(R) + ||y||L2(]R+;H—'(O,L))
=Cl(f1. 2N wyxo,Ly. (4.6
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Assume that f(t,-) = 0fort > T. We have, forall § > 0andallt > T + 4,

lye (@, ) + [y (€. )| = Csl|(f1. 2Ly =,y SJorx €[0,L]. 4.7

Here C (resp. Cs) denotes a positive constant depending only on L (resp. L and §).

Remark 4.2. Using the standard energy method, as for KdV equations, one can prove
that if £ € L'(Ry, L?(0, L)) with fOL f(t,x)dx = 0 for a.e. t > 0 (this holds by
(4.1) and (4.2)), then (4.3)—(4.4) has a unique solution in C([0, +00); L2(0, L)) N
L?([0, +00); H'(0, L)) which is periodic in space.

In the proof of Lemma 4.1, we use the following elementary estimate, which has its
root in the work of Bourgain [14].

Lemma 4.3. There exists a positive constant C such that, for j = 0,1 and z € R,’

)3 |n|’ _ Cin(z|+2) “8)
= |z +an =m0 T (2| 2@ '

Proof. For z € R, letk € Z be such that k3 < z < (k 4+ 1)3. It is clear that

Z |n|’ _ Z Im + k|/ 4.9)
_ 3 2 = _ 3 2" :
n¢0|z+4n n3| +n m+k#0|z+4(m+k) (m+k)3|+ @m+k)

We split the sum into two parts, for [m| < 2|k| + 2 and for |m| > 2|k| + 2. Since k3 <
z < (k 4+ 1)3, one can check that, form € Z, m + k # 0, and |m| < 2|k| + 2,

|z +4m + k) — (m+k)?| + |m + k|?> = C(Im| + D (k| + 2)2,
and for |m| > 2|k| + 2,
|z 4+ 4(m +k)— (m+k)*| + |m + k> = C|m|?

(by considering |k| > 10 and |k| < 10). We deduce that

Z |m + k|’
|m|<2k|+2, m+k#£0 |z +40m + k) = (m + k)*| + (m + k)2

1
<C 2 Ty D

|m|<2|k|+2
_ Cnk| +2)

Ukl +2) 4.1
= k+277 10

7We recall that an absolutely convergent sum is none other than an integral with respect to the
counting measure which is o-finite. In the following, we will often exchange sums and integrals
without comments, the justification being by the use of Fubini’s theorem.
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and
» Im + k|’
_ 3 2
et ea 17 T 40 8 = (m 4 )3+ (m + k)
1 C
<Cc ) - < . (411)
3— 2—
i 1P T (kI +2)27
Combining (4.9)—(4.11) yields (4.8). -

In what follows, for an appropriate function ¢ defined in Ry x (0, L), we denote
2 1 (L. .
l(z,n) = Z/ t(z,x)e 7L gx  for (z,n) € R x Z.
0

Recall that to define E (z,x), we extend ¢ by O for ¢t < 0.

Proof of Lemma 4.1. For simplicity of notations we will assume that L = 2. We estab-
lish (4.5)—(4.7) in Steps 1-3 below.

Step 1: Proof of (4.5). We first estimate ||y (-, x)| L2, ) for x € [0, L]. From (4.3) and
(4.4), we have

s fz.m)
y(z,n) = (C o dn—n) 132 for (z,n) € R x (Z \ {0}), (4.12)
and .
y(z,00=0 forzeR (4.13)

since fOL f(t,x)dx =0fort > 0by (4.1) and (4.2). By Plancherel’s theorem, we obtain

. Ifeml P
ly(t, x)|* dt = / [$(z, x)|? dz < C/ ‘ dz. (4.14)
/]R+ R R};|Z+4n—”3|+n2
Since .
| fz.m)| = CllflLi®yxo.L): (4.15)
it follows from (4.14) that
2 2 1 2
t,x)|°dt < C / dz. 4.16
/]R+ 1y(t.x)| 10 e [, '; PR (4.16)

Applying Lemma 4.3 with j = 0, we deduce from (4.16) that

In?(|z| +2)
t, 2dt<C 2 ——dz,
/R+ @0 dt = ClfIZ R xo,L)) R (2] +2)43 °

which yields
[yC. )Nz = Clf L@y x,L))- (4.17)
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We next estimate || yx (-, x)|lg-1/3® ) for x € [0, L]. By (4.12), (4.13), and (4.15),
we have

||yx('7x)||12v.171/3(R+) )

1
dz. (4.18)

2

>
hrd |z + 4n — n3| + n?

Applying Lemma 4.3 with j = 1, we deduce from (4.18) that
In?(|z| +2)
2 2
1y G -1y = CI L1 @ 0,0 R (2] +2)43

which yields

[yxCo ) g-13@) = ClILf Lt @y x.0))- (4.19)
Assertion (4.5) now follows from (4.17) and (4.19).
Step 2: Proof of (4.6). By Step 1, without loss of generality, one might assume that
f1 = 0. The proof of the inequality ||y(-, X)| g—-1/3 < Cll f2llL1® | x(0,L)) is similar to

the one of (4.19) and is omitted.
To prove

[yxC. ) g—=23@) = Cllf2lL1 ®y x,1))- (4.20)

we proceed as follows. For z € R,

1 [E n2ein(x—=8
Ve(z,X) = —— z, dE. 421
e == [ heOY e @
n#0
We have, for some large positive constant ¢,
n2ein(x—§) ein(x—§) 1
> st 2 =C Y
i(z+4n—n3)+ 3n ]
[n]=c(z|+1) [n|=c(lz]+1) [n|=c(lz|+1)
C
= ,
lz] +1
ein(x—E)
> < Cn(|z| +2),
0<|n|=<c(|z|+1)
and, as in (4.10) in the proof of Lemma 4.3,
nzein(x—é)
<Cln(|z 2).
Z i(z+4n—n3)+3n2| ~ (121 +2)

0<|n|<c(|z|+1)
It follows that
n2ein(x—6) ein(x—§)

C
‘Z. et . ‘SH -
n¢ol(z+ n—n3)+3n "o in z| +

+Cn(z]+2). (422
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Since
ing

Z e. =—§+n forg €(0,2n),
= in

and N 2
2 _ |Yx(Z»x)|
||yx("x)||H—2/3(]R) - r (1+ |Z|2)2/3 =

assertion (4.20) follows from (4.21) and (4.22).
We next find that the estimate
IVlee@y;m-100,0)) < Cl 2l @y x©,0))
follows from
2

fa(z.n)
li(z +4n —n3)| + 3n2

2
Iz 100,20 = C/ >
Rnyéo

and Lemma 4.3. The proof of Step 2 is complete.

Step 3: Proof of (4.7). For simplicity of presentation, we will assume that f; = 0. We
have the following representation for the solution:

t : L
y(t,x) — Zeinx/ e—(i(4n—n3)+3n2)(t—r) (%/ fZ(T» S)e—iné‘ dé) dr. (4.23)
! 0 0

Let 14 denote the characteristic function of a set A in R. Assertion (4.7) then follows
easily from (4.23) by noting that, fort > T + 4§,

t

Z/ |n|10€_3n2(t_r)]l{r<T}dl’ < Cs.
0

n#0

The proof is complete. |

4.2. On linear KdV equations

In this section, we derive various results on linear KdV equations using low regularity
data information. These result will be used in the proof of Theorem 1.2. We begin with

Lemma 4.4. Let h = (hy, hy, h3) € HY3(R;) x HY3(R,) x L>(Ry), and let y €
C([0, +00); L*(0, L)) N LE ([0, +00); H'(0, L)) be the unique solution of the system
Ve(t, x) + yx(t, x) + Vxxx(t, x)=0 in (0, +00) x (0, L),
y(t.x=0)=hy(1), y(t, x =L)=ha(t), yx(t.x=L)=h3(t) in(0,+00),
(4.24)
and
y@¢=0,)=0 in(0,L). (4.25)
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We have, for T > 0,

I¥ll2 (0, 7)x 0.y = Cr.Ll(hi, h2)llL2wyy + 1Al g—1/3@®))- (4.26)
I¥Ilz2¢0,7):-10,0)) < Cr.LUl(h1, )| g-1/3w) + A3l —2/3R)) (4.27)

for some positive constant Cr,1, independent of h.

Here and in what follows, H~1(0, L) is the dual space of HJ (0, L) with the corres-
ponding norm.

Proof. By the linearity of the system and the uniqueness of solutions, it suffices to con-
sider the three cases (h1, hz, h3) = (0,0, h3), (hy, ha, h3) = (h1,0,0), and (hq, hp, h3) =
(0, hy, 0) separately.

We first consider the case (h1, h2, h3) = (0,0, h3). Making a truncation, without loss
of generality, one can assume that h3 = 0 for ¢t > 27T. Let g3 € C'(R) be such that
supp g3 C [T,3T1], and if z is a real solution of the equation det Q (z) E(z) = 0 of order m
then z is also a real zero of order m of ﬁ3(z) — &3(z), and

lgsllg—1/3@®) < Cr.Llh3llg—2/3R)-

The construction of g3, inspired by the moment method (see e.g. [45]), can be done as
follows. Set n(t) = e_l/(’z_(T)z)]l\,kT fort € R. Assume that zq,. . ., z; are real, distinct
solutions of the equation det Q(z)E(z) = 0, and m, ..., my are their respective orders
(the number of real solutions of the equation det Q(z) E(z) = 0 is finite by Lemma B.1
and in fact they are simple; nevertheless, we ignore this point and present a proof without
using this information). Set, for z € C,

(@) = Xk:(ﬁ(z ~z) f[(z — )" (%c,-,l(z -2)')),
i=1 j=1 =0

J#i
where ¢; ; € C is chosen such that

1

dl -
= —h3(z;) forO<!<m;, 1<i<k.

dl iTz
S @T(2)) o

dz!

Z=2Zj

This can be done because 7(0) # 0. Since
7(2)| < CeTRE,
and, by [45, Lemma 4.3],
(2)| < Cie €271 forz e R,

using Paley—Wiener’s theorem one can prove that ¢ is the Fourier transform of a function
¥ of class C'; moreover, ¥ has support in [T, T]. Set, for z € C,

g3(t) = ¥ (t +27).
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Using the fact g3(z) = e277¢(z), one can check that g3 — ﬁ3 has zeros zi, ...,z of
respective orders my, ..., my. One can check that
k m;
¥ lic <CTLZZ h3(Zl
i=1[/=0
which yields

[Viicr < CrLllhsllg—23m)-

The required properties of g3 follow.

By considering the solution corresponding to 43 — g3, without loss of generality one
can assume that if z is a real solution of order m of the equation det Q(z)Z(z) = 0 then
z is also a real zero of order at least m of l;3(z). This fact is assumed from now on.

We now establish (4.26). We have, by Lemma 2.4,

3(2)

y(z,x) = detQ Z( A2l _ oAty ehi® forae. x € (0, L). (4.28)

From the assumption on %3, we have, for z € R and |z| < y,

h
3(2) ) Z( Ajao2L j+1L)e)L x < CT,y||h3||H_2/3(]R)’ (429)

det Q(z

and, by Lemma 3.3, for z € R with |z| > y with sufficiently large y,

(4.30)

3
1 Aival  AjarLy,hi c
j+2L oA +1 <
g 2D = G

Combining (4.29) and (4.30) yields

19 2®xc0,L)) < Crllhsllg—1/3w)

which is (4.26) when (h1, ha, h3) = (0,0, h3).
We next deal with (4.27). The proof of (4.27) is similar to the one of (4.26). One just
notes that, instead of (4.30), for z € R with |z| > y with sufficiently large y, we have

The details are omitted.
The proof in the case (h1, ha, h3) = (h1,0,0) or in the case (hy, ha, h3) = (0, hy,0)
is similar. We only mention here that the solution corresponding to (1, 0, 0) is given by

C
<
10, 1+ |z)2/3

431

Z(e jr2l _ ohjrilyohix

det Q

hi(z) <
det Q

Pex) = Z( j+2 = A1)t OTE forae x € (0. L),
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and the solution corresponding to (0, /15, 0) is given by

h
y(z, dzt(ZQ) Z(A eritil _ /’\,j+2e;{j+2L)eij for a.e. x € (0, L).
The details are left to the reader. [

Remark 4.5. The estimates in Lemma 4.4 are in the spirit of the well-posedness results
due to Bona et al. [13] (see also [12]) but quite different. The setting of Lemma 4.4 is
below the limiting case in [13], which was not investigated in their work.

We next establish a variant of Lemma 4.4 for inhomogeneous KdV systems.

Lemma 4.6. Let L > 0and T > 0. Let h = (hy, ha, h3) € H'3(R4) x HY3(Ry) x
L%(R,), fi € LY((0,T) x (0, L)), and f» € L*((0, T); W1(0, L)) with

f2(2,0) = f(t, L) = 0. (4.32)
Set f = f1 + fo.x and assume that f € LY(R; L?(0,L)). Let y € C([0,+00); L%(0, L))

N Lﬁ)c([O, +00); H'(0, L)) be the unique solution of the system
yt(ta-x) + J’x(t,x) + J’xxx(t,x)zf(t,x) ln (07 +OO) X (05 L))
y(tvx:O) =l’l1(l), J’(f»x ZL)ZhZ(Z‘)7 Yx(t’x:L)=h3(t) in (07 +OO)’
(4.33)
and
y@t=0,)=0 in(0,L).
We have

I¥ll2(0, %0,y < Cr (101, ) |2y + B3l -13@) + 1 It @4 x(0,20))
(4.34)

and
I 2(0,1):5-100,L))
< Cr(I(he, k) | =13y + 3l 23y + 1(f1 1@y xo,Ly)-  (4.35)

Assume in addition that h(t,-) = 0and f(t,-) = 0fort > T} for some 0 < Ty < T. Then,
forany§ >0and Ty + 6 <t < T, we have
[ye(t, )| + [yx(2, x)|

< Crry s(10h k)l 13wy + 1hsllg—23@) + 1AL 2l ®oxo,Ly)-  (4:36)
Here Ct and Cr,1, s denote positive constants independent of h and f .

Proof. The proof is based on a connection between KdV equations and KdV-Burgers
equations. Set v(t, x) = e 2***y(¢, x), which is equivalent to y(z, x) = e* ~*v(t, x).
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Then

ye(t,x) = Qu(t, x) + v, (t, x))e* %,
J’x(t,x) = (—v(t,x) + Ux([,x))EZZ_x,

Yxxx (. X) = (Vaxx (£, X) — 3vxx (£, X) + 3vx (2, x) — v(t,x))eZt_x.

Hence, if y satisfies the equation
Yie(t,x) + yx(t.X) + yxxx(t. x) = f(z,x) inRy x(0,L),

then

V: (8, X) + 40 (£, X) 4 Vaxx (£, X) = 30xx (£, X) = f(£,x)e 2T inRy x (0, L).

Set,in R4 x (0, L),

1 L
VO =¥ 0i= [ FOHdE and g = f0e -y ).
0

4.37)
Then

L
/ gt,x)dx =0.
0

Let y; € C([0, +00); L?(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution which
is periodic in space of the system

yl,t(tvx) + 4Y1,x(t’x) + yl,xxx(tax) - 3yl,xx(t7x) = g(t?x) in (0’ +OO) X (O’ L)a

(4.38)
yi(t =0,-) =0 in (0, L). (4.39)
We have, by (4.32),
g(t,x) = filt,x)e > + fo o (1, x)e™ ¥ —y (1, x), (4.40)
1 (L 1 (L
ven = [CAcoeT a1 [ pepettas @a
L Jo L Jo
Applying Lemma 4.1, we have
IniCo)l2@y) + 1yixC)lg-13®) = CliglliLi®yxo.L))
which yields, by (4.37),
G0 2@y) + 1yixCOla—13@) < Clf L@y xo,L))- (4.42)

Similarly, by noting f3 x(f, x)e™2't* = (fa(t, x)e 2! *), — fo(t, x)e 2", we get

IniC ) g-13@) + 1y1xC ) g—23@) < CIfL 2@ x©,0))- (4.43)
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Applying Lemma 4.1 again, we obtain

|y (@ X))+ [y, )| = Crry sl (Frs 2wy xo,yy forTi+68/2<t <T.
(4.44)
if f =0fort>Tj.
Fix ¢ € C(R) such that ¢ =1 for |¢| < T and ¢ = 0 for |t| > 2T. Let y, €
C([0, 400); L2(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of the system

loc

yz,t(tv X) + YZ,x(L x) + yz,xxx(t» X) = (p(t)l//(t’ x) in (O’ +OO) X (Oa L)’
ya(t,x = 0) = hi(t) — p(t)e* y1(z,0) in (0, +00),
ya(t.x = L) = ha(t) — o(t)e* Ly (¢, L) in (0, +00),
yax(t,x = L) = h3(t) — o(t)(e* " y1(t,))x(t, L)  in (0, +00),
and
y2(t =0,) =0 1in (0, L).
Using (4.40) and applying Lemma 4.4 to y,, from (4.42) we have

1¥2ll220,7)xc0,y) < Cr(lth1, h) 2wy + Msllg-13@) + 1f L1 @ 4 xc0,L)))>
(4.45)

and from (4.43), we obtain

Iy2ll22(0,7): -1 (0.L))
< Cr(I0n.h)lg-13@) + 1h3lm-2) + 101 Pt @oxo.ny)- 446)

One can verify that y; + y, and y satisfy the same system for 0 < ¢ < 7T and they
are in the space C([0, T']; L2(0, L)) N L2(0, T; H'(0, L)). By the well-posedness of the
KdV system, one has

y=y1+y2 in(0,T)x(0,L).

Combining (4.42) and (4.45) yields (4.34), and combining (4.43) and (4.46) yields (4.35).
Combining (4.44) and (4.45) gives, for some 77 + §/2 <t < Ty + 3§/4,
ly(z, g (0,L)

< Crrys(|(hi h) |l g-13®y + 1hslla—23@) + 1L D Ii®exo.Ly), @47

and assertion (4.36) follows by the standard C*° smoothness property of solutions of the
linear KdV system (4.33). The proof is complete. ]

Remark 4.7. One can also check (4.47) by using a variant of (4.7) in Lemma 4.1 in which
f = 0 but a non-zero initial condition is considered.

5. Small time local null-controllability of the KdV system

The main result of this section is the following, which implies in particular Theorem 1.2.
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Theorem 5.1. Let L > 0, and k,l € N,. Set
@k + Dk =Dl +k)

- . 5.1
RN TENEE e-b

[k2 + kI + 12
L=2rn % (5.2)

Assume that

2k + 1 & 3N,. (5.3)
Let W be defined in (6.8), where
2mi 2mi 2mi
=—"0Qk+1), = —k, = —1, 5.4
m 3L( +1), m=m+ 7 s =2+ (5.4)

and E is given by (3.10). There exists g > 0 such that for all 0 < & < gg, all* 0 < T < Ty /2
and for all solutions y € C([0, +00); H?(0, L)) N L2 ([0, 4+o00); H3(0, L)) of

loc

Ve(t, x) + yx(t, x) + Vxxx(t, X) + yyx(t,x) =0 in (0,400) x (0, L),

yit,x=0=y(t,x=L)=0 in (0, +00), (5.5)
ye(t,x = L) = u(t) in (0, 00), '
y(0.:) = yo(x) := &¥(0,") in (0, L),

withu € H*3(Ry), |ull g2/3@) < 0. u(0) = 0, and suppu C [0, T, we have
y(T.-) #0.

Remark 5.2. With the choices of p and L in Theorem 5.1, the function W (¢, x) given in
Corollary 3.7 satisfies the linear KdV system as in [18], i.e.,
W, (t,x) + Wrrx(t,x) + WUr(t,x) =0 inRy x(0,L), (5.6)
W(t,0) = W(t, L) = WUe(r,0) = Uy(¢, L) =0 inR5. (5.7)

This property can be rechecked using the fact 71, 7, 13 are the roots of > +n —ip = 0.

We first show that E defined by (3.10) with n; given in (5.4) and with p asin (5.1) is
not zero if (5.3) holds. More precisely, we have

Lemma 5.3. Let k,! € Ny and let E be given by (3.10) with n; in (5.4) and with p as
in (5.1). Assume that (6.2) holds. We have
407

3
— mL _ 1y;
E VE (e Dikl(k +1).

Consequently,
E # 0 provided that (5.3) holds.

8T is the constant in Corollary 3.7 with p, 5 . and L given previously. Note that £ # 0 by
Lemma 5.3 below.
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Proof. With y; = Ln;/(2ni), we have

2k +1 k—1 k+21

VIZ—T, Vo= —F— V3=

It follows that

L3

Gy Zn,+2(m+1 ) =Y Va1 —v) =ik +yil — vk +1)

j=1
=3 — vk — (v —yDIl = (k + Dk,

which yields

3
Z 42 (i1 — ny) = —8w3ikl(k +1)/L>.

We also have

Z’?}+1_771 ZV}—H Vi

=1 Ti+2 =1 Yit2
_ 3k 3 3(k+D)
k420 2k+1 k-1
27kl(k + 1)

Ck+2D)Ck+ )k —1)
We then have, by (3.10),

1 6m3i 27ipkl(k + 1)
E= (Mt —1) —5Fkl(k+1 5.8
3¢ )( k+D+ Tk 2@ 10 (5-8)
From (5.1) and (6.2), we obtain
’ (=
k=D +20)2l +k)  \3L)
We deduce from (5.8) that
g = Y0m ( ML _1)ikl(k +1).
3L3
The proof is complete. |

Before giving the proof of Theorem 5.1, we state and prove new estimates for the
nonlinear KdV system (1.1)—(1.2), which play a role in the proof of Theorem 5.1.

Lemma 54. Let L, T > 0. There exists a constant gy > 0 depending on L and T such
that for yo € L*(0, L) and u € L*>(Ry) with

IvollL2o,L) + lullL2w ) = %o,
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the unique solution y € C([0, +00); L2(0, L)) N L2 ([0, +00); H'(0, L)) of the system

loc

Ve, x) + yx(t, x) + Vaxx(, x) + (@, X))y (t,x) =0 in (0,4+00) x (0, L),
yit,x=0=yt,x=L)=0 in (0, 4+00),
Vx(t,x = L) =u(t) in (0, 00),

with y(0,-) = vy, satisfies
I¥lz2¢0,7)x0,L)) =< CUlYollz2(0,2) + Iullg—1/3(w))> (5.9)
Iy l2¢0,7): -1 0,)) < CUYollL2(0,2) + Il g—2/3w))- (5.10)
where C is a positive constant depending only on T and L.

Proof. We have (see e.g. [24, Proposition 14]), for ¢ small,

”yx”Lz((O,T)x(O,L)) = CT(I|y0||L2(0,L) + ||u||L2(R+))v

which yields
1vx 22 0,1)x(0,)) = C€0- (5.11)

Set
f(l,X) = —y(t,x)axy(t,x).

The Cauchy—Schwarz inequality and (5.11) yield

If v @ x,2)) = CeollylL2® yx(0,1))-

Applying Lemma 4.6, and more precisely (4.34), we have

||y||L2(R+><(0,L)) = C80||y||L2(R+x(o,L)) + C(||y0||L2(0,L) + ”u”H—‘/3(R))-

By choosing ¢¢ sufficiently small, the first term of the RHS can be absorbed by the LHS
and assertion (5.9) follows.
To prove (5.10), one notes that

17?121 0,0, = €Y Iz20,m: -1 0,0 1Y lL2(0,7); 81 0,1)
5.11)
< Ceollyllz2¢0,r):5-1(0,L))-

By Lemma 4.6 (this time (4.35)), we obtain

I¥l2¢0,7): -1 0,)) = Ceolly 2o, 1y:-100,0)) T+ CUYollz2(0,2) + Iullg—2/3w))-

By choosing ¢q sufficiently small, the first term of the RHS can be absorbed by the LHS
and assertion (5.10) follows. [
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Proof of Theorem 5.1. By Lemma 5.3, the constant E is not 0. Let g9 be a small positive
constant, which depends only on k and / and is determined later. We prove Theorem 5.1
by contradiction. Assume that there exists a solution y € C([0, +00); H2(0, L)) N
L2 ([0, +00); H3(0, L)) of (5.5) with y(¢,-) = 0 forz > T, for some u € H?/3(0, +00),
some 0 < ¢ < gg, and some 0 < T < Ty/2 with ||u”H2/3(]R+) < g9, u(0) = 0, and
suppu C [0, T].

For ¢¢ small, we have (see e.g. [24, Proposition 14])

Iyllz2q0,m);m10,)) = CUlyoll2o,r) + lullL2wyy)- (5.12)
Set
L
N0 =500 —c [ 3w dy v, (5.13)
0
with ¢~ ! := fOL [W(0, n)|? dn. Since yo(x) = €W¥(0, x), this choice of ¢ ensures that

¥1(0,+) = 0in (0, L). Then y; € C([0, +00); L2(0, L)) N leoc([O, +00); H1(0, L)) is
the solution of

yl,t(t7x) + yl,x(tax) + yl,xxx(tv x) + f(t,x) =0 in (0, 4o00) x (0, L)a

yit,x=0)=yt,x=L)=0 in (0, +00),
YVix(t,x = L) =u(r) in (0, +00),
y1(0,-) =0,
where
f@.x) = filt,x) + fox(t, %),
with

L ¢ L
Filt.x) = —c / Ve )Wt ) dn (e, x) = & / VA )t ) dn (1. ),
0 2 Jo

1
St x) = zyz(t,x).
By Lemma 5.4, we have

Iy l2¢0,7)x0,L)) =< CUYollz2(0,2) + Iull g—1/3(w))> (5.14)
Ivlz2¢0,7): -1 0,y) < CUIYollz2¢0,z) + Ul gr—2/3(w))- (5.15)

From the definition of y; in (5.13), and (5.15), we obtain

Iyillz2qo,ry:m-10,2) < CUlVollL20,2) + Ul z—2/3w))- (5.16)
Let y, € C([0, 4+00); L%(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of

loc

Y2,6(6,X) + y2,x(t,X) + y2,xxx (2, x) = — f(£,x) in (0, 400) x (0, L),
»2(t,x =0) = y2(6,x=L) =0 in (0, 4-00),
Yox(t,x=L)=0 in (0, 400),

¥2(0,-) =0,
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and let y3 € C([0, +00); L2(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of

loc

V3.0t x) + y3.x(t. X) + y3.xxx(t.x) =0 in (0, +00) x (0, L),

y3(t,x =0)=ys;(t,x =L)=0 in (0, +00),
Vax(t.x = L) =u(r) in (0, +00),
y3(0,-) =0.
Then
Y1 =Yy2+ys.

There exists u4 € L?(0, +00) such that suppug C [27%/3. Tx],

luall2(0,4+00) < ClNlY32T/3,) 227, /3,72)5
and
y4(Tx,-) =0,
where y4 € C([0, +00); L2(0, L)) N L2 ([0, 4+00); H'(0, L)) is the unique solution of

loc
Yapr(t,X) + yax(t,X) + yaxxx(t,x) =0 in (2T%/3, +00) x (0, L),
yalt,x =0) = yu(t,x =L) =0 in (2T /3, +00),
Yalt,x = L) = ug(t) in (2T/3, +00),
ya(T/2,) = y3(2T«/3.).

Such a uy exists since y3(27T%/3, ) is generated from zero at time 0 (see [38]).
Since y,(t,) + ys(t,) = 0 fort > Ty /2, we have

luall2(0,400) < Clly2(2T%/3, ) 1200,
which yields

Lemma4.6

luallL20,400) = CICfL 2L @®ox,0))

<C min{||Y||,2dz((0,T)x(0,L)y Iy Ilz20,m): 51 0,0 1Y | L2¢0, ) 1 0,1))
(5.12),(5.14),(5.15)
<

C min{([yollz20.y + Il zr-173&))% €0l yollz2(0,y + Il zr—2/3r))}-
5.17)

Let ¥ € C([0, 4+00); L?(0, L)) N L2 ([0, +00); H'(0, L)) be the unique solution of

loc

Ve, x) + yx(t,x) + Yrxx(t,x) =0 in (0, +00) x (0, L),

yit,x=0)=yt.x=L)=0 in (0, +00),
Vx(t.x = L) =u(t) + ua(t) in (0, +00),
i(()») =0,

Then, by the choice of u4,
y(,) =0 fort > T,.
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Multiplying the equation of y by W(¢, x), integrating by parts on [0, L], and using
(5.6) and (5.7), we have

dt
Integrating (5.18) from O to 7" and using the fact that y(7’,-) = 0 yields

d [t 1 L
—/ y(t, x)¥(t,x)dx — 5/ y(t, x)*W(t, x)dx = 0. (5.18)
0 0

L 1 T L
/ yo(x)W(0, x) dx + 5/ / y(t, x)?W(t, x)dx dt = 0. (5.19)
0 0 0

It is clear that

T /L +oo pL

/ / y(t, x)? W, (t, x) dx dt —/ / F(t, x)? Wi (t, x) dx dt
o Jo 0 0
T /L T /L

/ / y(t, x)* W, (t, x)dx dt —/ / y1(t, X)Wy (t, x) dx dt
o Jo o Jo

+oo ,L +o0o pL
/ / yi(t, x)* W (t, x) dx dt —/ / F(t, x)*W(t, x) dx dt|.
0 0 0 0

We next estimate the two terms of the RHS of (5.20).
We begin with the first term. We have

=

n (5.20)

T L T L
/ / y(t, X)W, (t, x) dx dt —/ / y1(t, x)2 W, (t,x) dx dt
0 0 0 0

< Clly = »illzco.ry:m 0.1 YOl 2o, my: 51 0,))- (5:21)

By considering the system of y — y;, we obtain

Iy = yillezqo, ;a1 0,0)) < CUYoll2co,z) + 1111 0,7):22(0,1)))
<C ||y0||L2(0,L) +C ”y”iz((O,T)x(O,L))

(5.14)

< Cllyollz20,y + Clyoll2(0,2) + ||”||H—1/3(1R))2- (5.22)
Combining (5.15), (5.16), and (5.22), we deduce from (5.21) that

T rL T rL
/ / y(t, x)? W, (2, x) dx dt —/ / yi(t, x)? W, (t,x) dx dt
o Jo o Jo

<Ceollyollz2(0,y + CUl¥oll2(0,) + Il g—2/3®)) UIYollz20,2) + ”u”H—1/3(R))2~
(5.23)

We next estimate the second term of the RHS of (5.20). It is clear that

+oo L +oo pL
/ / yi(t, X)Wy (t, x) dx dt —/ / F(t, x)* W, (t, x) dx dt
0 0 0 0

< Cllyt = Ylz2¢o,10):H1 0,0 Uyl 20, 1): -1 0,2)) + 1Vl L20,70): -1 (0, 1)))-
(5.24)
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Consider the systems of y; — y and y. We have

1 = Yll2o, 1m0 0,2)) < CULS N o,m):2200,)) + 1uall20,1))
(5.17)
< CllyyxlLio.ry20.0y) + CUvollL2o.ry + lullz—1/3r))>
(5.12)

< C(lyollz20,y + ||M||L2(R+))27 (5.25)
and, by Lemma 4.6 and (5.17),
Y20, 1.): 51 0.1)) = Cll(u, ua)llg—2/3w)y < ClyollL2eo,y + lullg—2/3w))-

(5.26)
Using (5.16), (5.25), and (5.26), we deduce from (5.24) that

+oo L 400 pL
/ / yi(t, x)* W, (t,x) dx dt —/ / F(t, x)> W (t, x)dx dt
0 0 0 0

< Clyollr2o,0y + lulliz® ) (lyvollL2o,z) + Il g—2/3w))-  (5:27)

Combining (5.20), (5.23), and (5.27) yields

T L +00 L
2 _ =~ 2
'/0 /0 y(t,x)" Wy (t, x) dx dt /0 /0 F(t,x)* W, (t, x)dx dt

< Ceollyollz20,) + CUlyollz2¢0,y + lullz—2/3w)) I yollL2(0,2) + ||u||L2(]R+))2-
(5.28)

On the other hand, from Corollary 3.7 and the choice of y,, we have

L 1 +00 L
/ yo (X)W (0, x)dx + 5/ / F(t, x)* Wy (t, x)dx dt
0 0 0
> Clyollzio,n + I+ usly sy (5.29)

Using the fact that

”u + u4||§.1—2/3(R) > C"“”%{—Z/B(R) - C||U4||22(R)
(5.17)
> Cluly—2ssgy = CUlyollL2o.z) + lullz-1/3m))*.

we infer from (5.29) that, for small g,

L 1 o0 L
/ yo(x)¥(0,x)dx + 5/ / F(t, x)? W (t, x) dx dt
0 o Jo
> Cllyollz2y + Mul3—2s@y) ~ Clully-is@)  (530)
Combining (5.19), (5.28), and (5.30) yields
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Ceollyollz2(0,z)y + CUlyollz2¢0,) + Il —2/3®)) lyollL2¢0,2) + ||u||L2(]R{+))2
(5.28) T rL +oo L
/ / y(t, x)* W, (t, x) dx dt —/ / F(t, x)> W, (t, x) dx dt
o Jo 0 0
s19 L 1 [ rL _ 5
> / Yo (X)W (0, x)dx + E/ / V(t, x)"Wy(t,x)dx dt
0 o Jo
(5.30) 2 4
z C(||y0||L2(0,L) + ”u”H*2/3(R) - C||u||H,1/3(R)). (5.31)
It follows that, if g is fixed but sufficiently small,
el sy + Dl 32,y = €l agey- (5.32)
We have
||M||§,71/3(R) < Cllullpz@ylull z—2/3@) < Ceollullg—2/3w)- (5.33)
||M||22(R) < Cllullg-23@)lull z2/3m®) (5.34)

(recall that we extended u by 0 for r < 0). Let U be the even extension of u|g i
over R. Applying to U the Hardy inequality for the fractional Sobolev—Slobodetskii space

H?/3(R) after noting that U(0) = 0 (see e.g. [35, Theorem 1.1])°, we derive

||| ’ |_2/3U(') ||L2(]R) = C||U||H2/3(]R)~

We have
1U 23wy = Cllullg2sw,)

since U is an even extension of u, and

|UGs) = U@
|U|H2/2(R) // |S—[|1+4/3 del,

|u(s) —u(®)
|”|H2/3(]R) / /1;4_ S—[|1+4/3 dsdt.

I1-172Pu0) | 2y < Clullg2ag,)-

‘We obtain

Since

2 |u(s) —u()[?
|”|H2/3(R) /R —|s_[|1+4/3 dsdt

u(s s< — t 2 t 2
2 °/ /§|M” ziﬂthdy+C/m|%2 dt
R+ R+ |S_l| R+ t

u@®|?
SQM@M@“+CA e dt
+

9We here apply [35, Theorem 1.1 (ii)] withy = —2/3, 1 = p=2,s =2/3,a =1,a = 0.
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it follows that
lull 23wy < Cllullgzrawyy- (5.35)

Here we have also used the fact that u = 0 in R_. Combining (5.34) and (5.35) yields
72y < Ceollul g-2/3w)- (5.36)

Using (5.33) and (5.36), we deduce from (5.32) that [[u||?,_, 5 < Cegllull,_o/5 +
Ceollull3,_s,5- So, for fixed sufficiently small o,

u=0.
As a consequence, we obtain, by considering the system of u — e\,
I9(T,) = e%(T, 20,1y < C>
One has a contradiction if &g is sufficiently small. The proof is complete. |

Remark 5.5. Viewing the proof of Theorem 5.1, it is natural to ask whether or not one
needs to derive estimates for (linear and nonlinear) KdV systems using low regular data. In
fact, without using these estimates, one might require that ||u|| 29,7y or even |[u|| g3 (0,1
is small.

6. Controllability of the KdV system with controls in H!

For T > 0, set
X =C([0.T];Y) N L*((0, T); H*([0, L]))

with the corresponding norm. Here we denote
Y = H3(0,L) N Hy (0, L),

which is a Hilbert space with the corresponding scalar product.
In this section, we prove the following local controllability result for the KdV system

(1.1)=(1.2):

Theorem 6.1. Let L > 0 and k,! € N,. Let p be defined by (5.1). Assume that (6.2)
holds, 2k + | & 3Ny, and the dimension of M is 2. Given T > 1/ p, there exists g9 > 0
such that for yo, yr € Y with

[(vo. yr)lly =< €0,

there exists u € H'(0, T) such that u(0) = y,(L),
1/2
lull o) < CllGo vyl

and the corresponding solution y € X of the nonlinear system (1.1) with y(t = 0,-) = y¢
satisfies y(t = T,) = yT.
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We recall a result of [12, Lemma 3.3] (applied to s = 3) on the well-posedness and
the stability of the linearized system of (1.1).

Lemma 6.2. Let L, T > 0. For yop € H3(0,L) N Hy(0,L), f € Wh1([0, T]; L?(0, L)),
andu € H'(0,T) with u(0) = yy(L) there exists a unique solution y € X of the system

Ve(t, x) + yx(t,x) + yexx(t,x) = f(t,x) fort €(0,T), x € (0, L),

yit,x=0)=y(t,x=L)=0 fort € (0,T), 6.1
ye(t,x = L) = u(r) fort € (0,T), '
Y =0,")=yo forx € (0, L).

Moreover,

I¥llx < CUSNwiaqo,riczo.ny + 1ulao,1)

for some positive constant C depending only on L and T .

Remark 6.3. By the same method, the conclusion also holds for nonlinear KdV equations
if | f w110, 1):L20,L)) + lollEr1(0,2) is small.

In the remainder of this section, M-~ denotes all elements of Y orthogonal to M with
respect to the L2(0, L)-scalar product. We also denote by P, and P, the projections
into M and M with respect to L2(0, L)-scalar product.

For the convenience of the reader, we recall the definition of M. For each L € N,
there exist exactly np € Ny pairs (K, [n) € Ny X Ny (1 <m < np)such that k,, > [,

and
K2 T kil + 12
L =2x \/% 6.2)

For1l <m <ny, set

_ (2km + lm)(km - lm)(ZZm + km)

= plkm,Ly) = (6.3)
Pm = p(km.lm) 3\/§(k,2n+kmlm+l,%l)3/2
and denote
. 27t Rk + L)
M,m = 3L s
2mi 2wi(km — )
= —k =, R
N2,m M,m + 7 m 3L (6.4)
_ n 2711'1 _ 2mi(km + 2lm)
N3m = N2,m L m = 3L .
Define, with the convention 7 43,» = nj,m for j =1,2,3,
3
Ym(X) =Y (j41m — Njm)e"+2m*  forx € [0, L]. 6.5)

Jj=1

Then

M= span{{R(Ym(x): 1 <m <np ) URWmG)): 1 <m<nr}).  (66)
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It is clear from the definition of 7); ;, in (6.4) that

er“'mL — e7I2,mL — e’]S,mL‘ (67)

This implies that the function
W, (1, x) = e Pmyy, (x) for (1,x) € R x [0, L]
is a solution of the linearized KdV equation which satisfies
W (t,0) = W (t, L) = 0, W (£,0) = 0x Wi (2, L) (6.8)

(see also Remark 5.2). In fact, every solution of the linearized KdV equation satisfying
the boundary condition given in (6.8) is a linear combination of W,,,’s for 1 <m < ny.

Before giving the proof of Theorem 6.1, let us establish two lemmas used in its proof.
The first one is a consequence of the Hilbert Uniqueness Method for controls in H! and
solutions in X.

Lemma 6.4. Let L € N and T > 0. There is a continuous linear map £ : M+ —
H'(0,T) such that if p € M+ and u = £(¢), then u(0) = 0, and the unique solution
yeXof

yl(t)x) +yx(l7x) +yxxx(lvx) = O fort € (07 T)) X € (Oa L)5

y(t,x=0)=y(t,x=L)=0 fort €(0,T), 6.9)
ye(t,x = L) = u(t) fort €(0,T), '
y(t = 0! ) = 07

satisfies y(T,-) = ¢.
Proof. Set
My = {w € Mt; w,(0) = 0}.

For y € M7, by Lemma 6.2, there exists a unique solution y* € X of the backward KdV
system

yi,x)+ yi@t,x)+ yi(t.x)=0 fort e (0,T), x € (0,L),

Y@, x=0=y*(t,x=L)=0 fort € (0,T),

yit,x =0)=0 fort € (0,T),

yi(T.) =1y
Applying the observability inequality to y* and y; (see e.g. [18, Theorem 2.4] and also
[38, proof of Proposition 3.9]), we have, for y > 1,

(6.10)

T L
/T DI DnP Iy Pz C /0 Gy (T3P + [y (.0 dx.
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where in the last inequality, we use the fact that if ¢ € M~ then ¥ + ¥ is also in M~
(this can be proved through integration by part arguments; recall that M~ is defined via
the L2(0, L)-scalar product). In other words,

T L
/T/z(y|y:;(r,L)|2+|y;:c(t,L)|2>ozzzc/0 IR+ " + Py dx.  (6.11)

Fix a nonnegative function n € C1([0, T]) such that n = 1 in [T/2,T] and = 0 in
[0, T'/3]. Since

L L
/ GIWP + 1" + ') dx =/ G+ 0" + 1 + 29"9) dx.
0 0
and, for all ¢ > 0,
L L
/ |w’|2dxs/ eV P + ColyP) dx.
0 0
it follows that, for large y,

L
LGP 1+ 0P dx = Cl i, 6.12)

We have

T T
/0 Y Ly L) df < /0 (YR +elynl?) dr

L
< C/o E WP + el + ') dx.

In the last inequalitiy, we have applied [38, (58) in the proof of Proposition 3.7] (see also
[18, Proposition 2]) to y* and y;. It follows from (6.11) and (6.12), for y large enough,
that

T
/0 Ol DP + yi DOy D)) de = Gl g, (613)

For a given ¢ € M7, by the Lax—Milgram theorem and (6.13), there exists a unique
® € My such that

L T
| v+ @ 0w v dx = [ onir: 4 snarnnde v e s,
(6.14)
where Y * is the solution of (6.10) with ¢ = ®.
Let y € X be the solution of (6.9) with u(:) = £1(¢) = n(-)Y,F (-, L). Then, by integ-
ration by parts,

L
/0 PUY(T) + "+ ) Oxx(T.) + yx(T2 )] dx

T
- / GyInYE £y YDdi Yy e ME. (615
0
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From (6.14) and (6.15), we obtain

L
/0 yov + (" + (V" +¥)]

L
=/0 vy(T) + @ + ) xax(T) + yx(T,))] Vi € My

Since y and Y * satisfies system (6.9) with the same u for ¢t € [T /2, T, it follows that
y(t,) —Y*(t,”) € Mfort € [T/2,T]. In particular, y(T,-) € M7 since Y *(T,-) € Mi.
Combining this with the fact that ¢ € M3, we deduce from (6.12) that

¥ (T,") = 9.

The conclusion for 27 (instead of T') is now as follows. Fix ¢ € C!([0,27T]) with
¢2T) =1land ¢(t) = 0fort < 5T /4. For ¢ € M=, let 7* be the unique solution of

Fr,x)+ Vi@, x)+ yi,(t,x) =0 fort e (T,2T), x € (0, L),
V@, x=0=y*(t,x=L)=0 fort € (T,2T),

Yilt,x =0) = ¢ (2T,0)¢(¢) fort € (T,2T),

y*@T. ) =¢.

One can check that y*(T, ) € Mf- Set

Y, L) fort € (T, 2T),

~ (6.16)
£,(y*(T,-))() fort e (0,7T).

L(p)(1) = {
It is clear that £(¢) € H'(0,2T) since yx(-, L) € H(T,2T), £1(3*(T,-)) € H'(0,T),
and £;(y*(T,-))(T) = y5(T, L), and that the corresponding solution at time 27 is ¢.
The proof is complete. u

For r > 0 and an element e € Y, we denote by B, (e) the open ball in Y centered at
e with radius r, and open B, (e) its closure in Y. The second lemma is a consequence of
the power series method and the information derived in Sections 3 and 5.

Lemma 6.5. Let L > 0 and k,l € N,. Let p be defined by (5.1). Assume that (6.2)
holds, 2k + | & 3N, and the dimension of M is 2. Let T > n/p and 0 < ¢1 < c3. Fix
@ € Mwithcy < ||lg|ly < ca. There exist a constant 0 < ¢3 < c1/2, and two maps Uy :
Bey(9) = HY(0,T) and Uy : Bey(9) — H'(0,T) such that Uy (9)(0) = U (¢)(0) = 0,
and for W € B¢, (@), the unique solutions yi and y, in X of the following two systems,
withu, = Ui (¢) and uy; = Uy (¢):

V1,66, %) + y1,x(2,X) + yixxx(t,x) =0 fort € (0,T), x € (0, L),
yit,x=0)=y1(t,x=L)=0 fort € (0,T),
Yix(t,x = L) =u(t) fort € (0,T),
y1(t=0,)=0 fort € (0,7T),

(6.17)
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V2,0, %) + 2,5 (1, X) + y2,xxx(t, X) + y1(2, ) y1,4(,x) =0
fort €(0,T), x € (0,L),

y2(t,x =0) = y(t,x=L) =0 fort € (0,T), (6.18)
Yox(t,x = L) = us(t) fort € (0,7),
y1(t=0,)=0 fort € (0,T),

satisfy

y(T.)=0 and y(T.:) =
Moreover, for V, 1; € Be, (),

1U\(¥) = Ut g oy < ClIY = ¥lly (6.19)

and _ _
1U2(¢) — U2(W)llgro,ry = ClIYy — iy, (6.20)

for some positive constant C depending only on L, T, c1, and c».

Proof. By Lemma 5.3 and Corollary 3.7, for all T > 0, there exists v; € Hg(O, 7) such
that if y; € X is the solution of (6.17) with u; = v; and y, € X is the solution of (6.18)
with u, = 0 then

y2(z.:) € M\ {0}.

Since c¢3 is small and dim M = 2, and v; € HOZ(O, L), by using rotations (see also [18,
proof of Proposition 13]) there exists U; () with Uy (¥)(0) = 0 satisfying (6.19) such
that if y; € X is the solution of (6.17) with u; = U;(¥) and y, € X is the solution of
(6.18) with u, = 0 then

V2 = Py
‘We then choose
Uy = LYo — Pu),

where £ is the map given by Lemma 6.4. ]

Proof of Theorem 6.1. Fix yg, yr € Y with small norms. For simplicity of presentation,
we will assume that || yo|ly < ||yr |y (the other case also follows from this case by e.g.
reversing the time:  — T — ¢ and noting that y,(-,0) is in H (0, T); this can be derived
by considering the equation for y; '°). Set p = ||yr ||y and assume that p > 0; otherwise,
one just takes the zero control and the conclusion follows.

Let wo be the state at time 7" of the solution of the linear system (6.9) with the zero
control starting from Py y¢ at time 0. We first consider the case where

I Payr — woll 20,2y = 2¢p (6.21)

for some small constant ¢ independent of p and to be defined later.

10The compatibility condition is automatic.
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Set
G:Y N Be,(yr) — HY0,T), ¢+ pug+ pl/zul + pus.
Here we decompose ¢ as
0o =Pyio+ Pyo,

uo € H'(0,T) is a control for which the corresponding solution yo in X of the linear
system (6.9) starting from P 1 yo/p at O and arriving at P, ¢/p at time 7', and u;
and u, are controls for which the solutions y; € X and y, € X of the system (6.17)—
(6.18) (with initial data P4 yo/p instead of 0) satisfy y1(7T,-) = 0and y,(T,-) = Py@/p.
Moreover, by Lemma 6.4, one can choose ug in such a way that ug = ug(¢) is a Lipschitz
function of ¢ with Lipschitz constant bounded by a positive constant independent of p,
and by Lemma 6.5 one can choose u; = u1(¢) and u, = u,(¢) as Lipschitz functions of
P/ p with Lipschitz constants bounded by positive constants independent of p.

Set

P:{w e H'(0,T); w(0) = yo(L)} — H>(0,L), w+> y(T,-),

where y € X is the unique solution of the nonlinear system (1.1) with ¥ = w starting
from yg at time 0. Consider the map

A:Y N Bepy(yr) = Y. 9= 9 —PoG(p) + yr.
We will prove that
A(‘P) € Bcp(yT)» (6.22)

and
[A(p) =A@y < Alle —dly (6.23)

for some A € (0, 1). Assuming this, one infers from the contraction mapping theorem that
there exists a unique o € Y N B¢, (y7) such that A(@g) = ¢o. As a consequence,

yr =P o G(gp),

and G(¢g) is hence a required control.
We next establish (6.22) and (6.23). Indeed, (6.22) follows from the inequality

lo —P oGy < Clely> forg € Y N By,(m).

This can be proved using approximation via the power series method as follows. Set'!

/ /

u=pug+p"%uy + puy and y, = pyo + p'?y1 + pya.

Let y € X be the solution of the nonlinear KdV system (1.1) with y(t = 0,-) = y¢ and
with u defined above. Then

V=Ya)t + (Y = Ya)x + (Y = Ya)xxx + YVx — YaYax = f(t,x),

1'The subscript a stands for approximation.
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where

—f(t,x) = 0> (31y2)x + P*¥2y2.x + P2YoYox + P72 (Yo (vt + "2 32))x.
Since
Y¥x = YaYax = (Y = Ya)Vx + Ya(Yx — Ya,x)
applying Lemma 6.2 we obtain, for small p,
Iy = Yalx < Cllfllwiaoryzzo.ny < €72 (6.24)

Assertion (6.22) follows since y(7,-) = P o G(¢) and y,(T, ) = ¢.
We next establish (6.23). To this end, we estimate

(p—PoG(p) — (¢ —PoG()).
Denote by Uy, i1, Uz, U and Yo, Y1, Y2, Ya, y the functions corresponding to ¢ which are
defined in the same way as the functions ug, u1, u», u and yo, 1, Y2, Va, ¥ defined for ¢.
We have
=+ 0 =Dx+ 0 =PVxxx +yyx—Iyx =0,
Va—=Ya)i + Ya —Ya)x + (Va — Va)xxx + YaYa,x — j;aya,x =g(t, x),

where

g(t.x) = p*2(r1y2)x — (F172)x) + P> (y2y2,x — $252,x) + P*(Yo¥Yo,x — Yo¥o.x)
+ 0¥ (yor1 + p%y2) = Fo (51 + p/%52)),.  (6.25)
This implies
=Ya=V+Va)i+ O =Ya=Y+Va)x + (V= Ya =+ Va)xxx
=—((y =Ya)yx + Ya(y = Ya)x = (¥ = Va) Vx — Ya(¥ — Va)x + &(1, X))
= (0 =Ya =T+ T)yx + x =TT = Fa) + Ya(y = Ya — T + Fa)x
+ (Va = Fa)(F = Fa)x + g(t, %))
= _((y —Ya—= Y+ V)yx +Ya(y = Ya =V + Va)x
+ (Vx = Yax = Vx + Fax)(F = Ja) + h(t, x)),

where
h(t.x) = g(t. x) + (Yax = Vax)(V = Va) + (Va = Vo) — Va)x-
Using Lemma 6.2, we find that, for p small,
|y = Ya =¥+ Vallx < Cllh(t, ) lwr1o,7):L200,L))- (6.26)
We have

(6.24

~ ~ ) ~ _ ~
1= va: T =F)lx < Co>2,  |ya—Talx < Cp o -Gy,
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and
g, ) lwiio.ry:L20.Ly < Co?llg — lly-

1t follows that
I8¢t ) lwr 0.y L200.Ly) < €2l — @lly (6.27)

which yields, by (6.26),

Iy = ya =7 + 5T )y < Cp"? |l — ]y

Assertion (6.23) follows.

We next consider the case || Py yr — wollg3(0,2) < 2¢lly7 [l g3(0,1)- In fact, one can
reduce this case to the previous one as follows. Fix ¢ > 0 small. By Lemma 5.3 and
Corollary 3.7, there exists v € HO2 (0, &) such that if y; € X (with T = ¢) is the solution
of (6.17) with u; = vy and y, € X is the solution of (6.18) with u, = 0 then

ya(e.) € M\ {0}.

Let uo,7 be a control for which the corresponding solution in X of the linear system (6.9)
starts from yr (L —-)/p at 0 and arrives at O at time ¢, and set u;, 7 = yvi, Ua, 7 = y2v2
for some y > 0 to be defined later. Let y be the unique solution of the nonlinear KdV
system in the time interval [T, T + ¢] using the control

puo(-—T) + p"?ui(- — T) + puz(- = T)

with y(7,-) = y7 (L —-). By choosing y large enough, yo and y(T + ¢, L — -) satisfy the
setting of the previous case for the time interval [0, T + ¢] (instead of [0, T]). One now
considers the control (for the nonlinear KdV system) in the time interval [0, T + 2¢] which
is equal to the one which brings yg at time O to y(7 + &, L — ) at time T + ¢ obtained
in the previous case in the time interval [0, T + ¢], and is equal to —y, (2(T + &) — ¢, 0)
fort € [T 4+ &, T + 2¢]. It is clear that the solution of the nonlinear KdV system at time
T + 2¢is yr. The proof is completed by changing 7' + 2e to T . ]

Remark 6.6. A similar result to Theorem 6.1 also holds for yo, yr € H*(0, L)N H{ (0, L)
and u € H?/3(0, T'). More precisely, one has the following result. Let L > 0, and k,/ € N,.
Let p be defined by (5.1). Assume that (6.2) holds, 2k + [ & 3N, and the dimension of M
is 2. Given T > 7/ p, there exists 9 > 0 such that for yo, y7 € H*(0, L) N Hy (0, L)
with

I(vo. yr)lE2(0,1) = €0,

there exists u € H2/3(0, T) such that u(0) = vo(L),

1/2
lull 23 0.7y < Cllo. y1) I3,

and the corresponding solution y € C([0, T]; H?(0, L)) N L?((0, T); H3[0, L])) of the
nonlinear system (1.1) with y(t = 0,-) = yy satisfies y(t = T,-) = yr. This is comple-
mentary to Theorem 5.1. The only important modification in comparison with the proof of
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Theorem 6.1 is Lemma 6.4. Nevertheless, the method presented in its proof can be exten-
ded to cover the setting described here (initial and final datum in H2(0, L) N H} (0, 1)
and controls in H2/3(0, T')). We also have

1> O a2/30,r) = C(1YOAMa20,2) + 192 Dl a2r30,1)) (6.28)

for solutions y € C([0, T]; H%(0, L)) N L2((0, T); H3[0, L])) of (1.1) with small norm.
Assertion (6.28) would follow from [12] applied to s = 2. Here is another way to see it.
Split y into two parts y; and y, where y; is the solution of the linearized system with
zero initial data and y; x (-, L) = yx(-, L). As in the proof of Lemma 4.4, one can prove

1¥1,xC O 27307y < CllyxC L) g2/300,1)- (6.29)

Concerning y,, by considering yy, as a source term, similar to the proof of Lemma 4.6,
one can prove

V25O g230.7) < C1y0. ) 152002y + VY2l L2¢0.7): H200.1)))- (6.30)

Since

2
lyyx ||L2((0,T);H2(0,L)) <Cly ”C([O,T];H2(O,L))ﬂLz((O,T);H3[O,L]))
(by the embedding theorem)

2
= C(Iy©.)a20,2) + 1yxC Dlla2r30.1)
(by [12, Theorem 3.4] applied to s = 2),

assertion (6.28) follows from (6.29) and (6.30). Therefore, the arguments using the back-
ward systems also work in this case.

Remark 6.7. The proof given in Theorem 6.1 can be easily extended to the case of
L & N to yield the small-time local controllability of (1.1) with initial and final datum
in H3(0,L) N HO1 (0, L) (resp. H2(0, L) N HO1 (0, L)) and controls in H1(0, T) (resp.
H?/3(0,T)).

Remark 6.8. Let L € N. Assume that dim M is even and for all (k,/) € N2 such that

k>l>1land L = ﬁ\/ w, one has 2k + I & 3N,. Then, using the same method
as in the proof of Theorem 6.1, and involving the ideas of [20], one can prove that system

(1.1)—(1.2) is controllable in time given in [20].
Remark 6.9. The mappings G and A have their roots in [24] (see also [18]).

Remark 6.10. Lemma 6.4 is motivated by the Hilbert Uniqueness Method and inspired
by the construction of smooth controls (for different contexts, e.g. the context of the wave
equation) in [27]. The function 7 used there is inspired by [27]. Nevertheless, we cannot
take 7 = O near T as in [27]. We also add a large parameter A in the proof.
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Remark 6.11. In the proof of Lemma 6.5, we essentially use the fact that for all ¢ > 0,
there exists vy € Ho2 (0, 7) such that if y; € X is the solution of (6.17) with u; = vy and
v, € X is the solution of (6.18) with u, = 0 then

y2(z.) € M\{0}.

This is a consequence of Lemma 5.3 and Corollary 3.7. It is not clear to us how to use
a contradiction argument as in [18, 20, 24] to obtain such a function v;. This is why we
cannot implement the strategy of [18,20,24] to derive the local controllability for initial
and final datum in H3(0, L) N H, (0, L) with controls in H (0, T) for all critical lengths
and for small time when dim M = 1, and in finite time otherwise.

Remark 6.12. We emphasize that the way of implementing the fixed point argument for
A presented in this paper is somewhat different from the one in [18]. We only apply the
fixed point arguments once, instead of twice, first for P 1 A and then for Py A, as in
[18]. The Brouwer fixed point theorem is not required in our analysis.

Appendix A. On symmetric functions of the roots of a polynomial

This is standard for people knowing algebraic functions [1, Ch. 8, §2], but for the sake
of completeness, we justify that an analytic symmetric function of the roots A;(z) of
A3 + A + iz = 0is an entire function.

Lemma A.l. Let (A;(2), A2(2), A3(2)) be the three roots of A3 + A + iz = 0.
Let F: C3 — C be holomorphic in C> and symmetric, ie., for every permuta-
tion 0 € @3, F(zo(1): Zo2): Zo3)) = F(z1. 22, z3). Then the function G:C 3 z —
F(A1(2),A2(2), A3(2)) is entire.

Note that the ordering 11(z), A2(z), A3(z) is not unique (and we could prove that we
cannot chose an ordering that makes any of the A; entire), but since F is symmetric, the
value F(11(z),A,(2), A3(z)) does not depend on the ordering.

Proof of Lemma A.1. Note that, for zg # £2/(3+/3), the discriminant of X3 + X +
iz is nonzero, and thus the roots of X3 4+ X + izo are simple. By the implicit
function theorem, there exists some complex neighborhood U of z(, some neighbor-
hood V; of A;(zp) (1 < j < 3), and three holomorphic functions p;: U — V; such that
n1(z), pa(z), us(z) are the three distinct roots. Since F' is symmetric, it follows that
G(z) = F(u1(2), n2(z), n3(z)) and is therefore analytic in U. Consequently, G is ana-
lytic in C \ {£2/(3v/3)}.

It then suffices to prove that G is continuous at +2/(3+/3). The roots A j(z) are
continuous, even at +./4/27, in the sense that for every € > 0, there exists § > 0
such that for every |z — zo| < §, there exists some ordering of the A;(z) such that
[Ak, (z) = A1(20)| + -+ + |Ak;(2) — A3(20)| < € (this can be seen e.g. thanks to Cardano’s
formula). Thus G(z) is continuous at zg = £+/4/27. |
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Remark A.2. A variant of Lemma A.1 still holds for more general polynomial equations
P(z, 1) = 0, but we wanted to avoid some technicalities. The general case would be
a consequence of the fact that the solutions of P(z, A) = 0 define a finite number of
algebraic functions [1, Ch. 8, §2].

Appendix B. On the real roots of H, the common roots of G and H, and the
behavior of |det Q|

Lemma B.1. Let z € R.
(1) If z # £2/(3~/3) and H(z) = 0, then, for some k.1 € Ny with 1 <[ < k, we have

2 2
L =27 \JFHEEE gnd

_ Q@k+Dk =D+ k)

. B.1
33 (k2 + ki +12)3/2 ®-D

Moreover,

2mi 2mi 2mi
A(z) = —i(zk +1), A2(z) = A1(2) + Tk’ A3(z) = Aa(2) + Tl’

(B.2)
and z is a simple zero of H.
() If z = £2/(3/3) then
ME) =F2 M@ = F2 @) =+ B.3)

V3 V3 V3

z is not a zero of H, and z is a simple solution of the equation det Q(z)E(z) = 0.

Proof. (1) By Remark 2.7, assertion (B.1) holds. Assertion (B.2) then follows from [38].
To prove that z is then a simple root of H(z) = 0 in the case z # +2/(3+/3), we proceed
as follows. We have

Ai(z+¢e) =Aj(z) — + 0(£?).

ie
2

31 i+ 1

It follows that

3
detQ(z +¢) = Z(}U_H(Z +&)— k}.(z + 8))e—lj+2(z+s)L
j=1
. ie ie
=2\ —4j(2) = 0(e2) )e *i+2()L
Z( j+1(2) = 4;(2) 3)&]2-“—1-1 +3/\12.+1 + O(e ))e

j=1
ieL
. 1+—+0(82)).
( 302, +1

Since
e M@L _ ,~h2()L _ e—A3(z)L7
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we derive

j+1(2) — A (2)

3
A
det Q(z + ¢) = ieLe ML + 0(£?). B.4
0z +e) ,Zl Lo+t T (B.4)

In what follows, for notational ease, we denote A;(z) by A;. We have

ix,-ﬂ—x,-_zm'( koo k+1)
3, +1 L \35+1 3A7+1 3A3+1

j=1
_zm'( 3k(A2 —A2) 31(A2 - 22) )
L \GA+DEAZ+D)  GA2+DEAI 4D
_(zm)z(_ 3kl(Aa + A3) 3kl(Aa + A1) ) (B.5)
L GA2+DBA2+1) G2 +1HBAZ+1)
Note that

A2 +ADBA3 4+ 1) — (A + A3)(3A2 + 1)
= A1 —=A3) +3(A3 —A)A1A2 + A1A3 + Ax43) =2(A3 — A1),  (B.6)

since A1Ay + A1A3 + AxA3 = 1. From (B.4)—(B.6), we deduce that z is a simple root
of H(z).

(2) We only consider the case z = 2/ (3«/5); the other case follows similarly. By
(2.19) in the proof of Lemma 2.6, we have

i =i
Mz +e) =———=+4 e+ 0(e),
ﬁ 31/4
i —i i
)Lz(Z + S) = —% - W\/E-F 0(6), )L3(Z + 6) = % + 0(6)
It follows that
2Li ~/—i
detQ(Z + 8) = _f W\/g‘i‘ 0(8)
Since E(z 4 €) = c4 /€ for some ¢4 # 0 by (B.7), z =2/(3+/3) is not aroot of H(z) =0
and z is a simple root of det Q(z) E (z) = 0. The proof is complete. |

Lemma B.2. Let z € C be such that z # +2/(3+/3). Assume that H(z) = G(z) = 0.
Then, for some k,l € Ny withk > [ > 1, we have

[k2 + kI + 12
L=2rn % (B.8)

L __Ck+DE =D+ B.9)
C 3Bk kL4 12)32 '

and
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Proof. By Remark 2.7 (see also Lemma B.1), it suffices to prove that if z € C is such that
z # 4+2/(3+/3), and H(z) = G(z) = 0, then z is real. Indeed, note that

det O(z) = (A1 — Az)(e*2F —e™3h) 4 (A3 = Ay)(eM1E — o730,

and
—P(z) = (A1 — A3)(e?2L — ML) 4 (A5 — ho) (ML — *3D,

It follows that

ldet Q(z)| =0 ifandonlyif (A3 — A1) (eP3™4DL 1) = (A3 — Ap)(eP3ADL 1),
(B.10)
and

|P(z)] =0 ifandonlyif (Az—A1)(e”®3 4L 1) = (A3 — Ay)(e” P34V 1),

(B.11)
Solving the system
3
. A’ = O7
{Zg—l / (B.12)
Y= A =1
in which A3 is a parameter, one has, with A = —3)L§ — 4,
—A A —A3 — VA
Alz—3+f and A, = — Y- \/_
2 2
This implies
3k — VA 303 4+ VA
a=a(z)=Ai—hi =" B=B0y)=A—A="""—. (B.I3)

2 ' 2
Thus, if z is a common root of |det Q| and |P| and A;(z) # Aj(z) for i # j
(1 <i,j <3), then, by (B.10) and (B.11),

(@ =D P —1) = (™ — (Pt - 1),
which is equivalent to
(e%F — ePLy (et — 1) (Pl — 1) = 0.

This implies that either e®L = L or e*L = 1, or AL = 1. Since A1, A», A3 are distinct,
it follows from (B.10) and (B.11) that

el = Pl =1, (B.14)

We deduce from (B.13) that
3A3 €2niZ/L.

Since A3 + A3 = —iz, it follows that z is real. The proof is complete. |
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Lemma B.3. There exist ¢, C > 0 and my € Ny such that
(1) for m € Z with |m| > mg, we have
[det 0(2)] = Ce™' i §(2) = (@m + D7/ (V3 L)
(2) forz € C with |z| = mg and |R(2)| = c|z|'/3, we have
det Q(z)| > CelI"?.
Proof. For z € C with large |z|, denote by Ay, A5, A3 the roots of the equation
M+ A=—iz,

with the convention R (A3) > max {R (1), R(A2)}, and, with A = —313 — 4,

—A A —Az — A
A1=—3+\/_ and 122—3 f
2 2
This is possible since
A+ Ay = —A3,
Ay =1+ A%
‘We have
A5 det Q(2)e*3E | = | f(Xa)],
where
33 — /A 3x3+VA 3 A 3i3—VA
f(hs) = 22 f(e Loy — L‘/_(63732 L_1).  (B.15)

213 213

Since A3 is large, we have

(oia

- —21., 33 roT )
S2) 109 =11+ 06 st

C 1+ 0G0 E AL 005D L) (B.16)

where @9 = /3 since #/# = ei%0,
(1) It suffices to prove, for z € C with J(z) = ((2m + 1)7/(+/3 L)) with large |m|
(m € Z), that
A5 det Q(z)e?3E| > 1. (B.17)

Assume that (B.17) does not hold. Then for some m € Z with large modulus and for some
z € C with 3(z) = (2m + 1)/(+/3 L)), we have

|f(A3)] = 1.

Since N (A3) is positive and large, it follows that

3+iﬁA3L|

B AL

= (14 003"l "
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One finds that if A3 = a + ib with a, b € R, then

aislarge and |b| = O(A3Y). (B.18)
It follows that
e%ﬁ“L = e%ei@eo()‘gl) and 83_2\/5/131' = e%e_i ﬁZaLeO(A?Tl).

Using (B.16), and the fact | f(13)| < 1 and J(z) = ((2m + 1)7/(v/3 L))3, we obtain a
contradiction. Hence (B.17) holds. The proof of (1) is complete.

(2) It suffices to prove (B.17) for z € C with |z| > mg and |R(z)| > ¢|z|'/? for some
¢ > 0. This indeed follows from the fact if |z| is large and | f(13)| < 1, then (B.18) holds.
The proof is complete. ]
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