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Geometric pushforward in Hodge filtered complex
cobordism and secondary invariants

Knut Bjarte Haus and Gereon Quick

Abstract. We construct a functorial pushforward homomorphism in geometric Hodge filtered com-
plex cobordism along proper holomorphic maps between arbitrary complex manifolds. This signif-
icantly improves previous results on such transfer maps and is a much stronger result than the ones
known for differential cobordism of smooth manifolds. This enables us to define and provide a
concrete geometric description of Hodge filtered fundamental classes for all proper holomorphic
maps. Moreover, we give a geometric description of a cobordism analog of the Abel-Jacobi invari-
ant for nullbordant maps which is mapped to the classical invariant under the Hodge filtered Thom
morphism. For the latter we provide a new construction in terms of geometric cycles.
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1. Introduction

The study of the analytic submanifolds of a given compact Kihler manifold is a central
theme in complex geometry. Fundamental classes provide important invariants for this
study. For a classical example, let X be a compact Kihler manifold and Z C X a subman-
ifold of codimension p. The Poincaré dual of the pushforward of the fundamental class of
Z along the inclusion defines a cohomology class [Z] in H??(X;Z). In fact, [Z] lies in
the subgroup Hdg?? (X) = H?P(X;Z) N HP?(X;C) of integral classes of Hodge type
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(p, p). This induces a homomorphism from the free abelian group Z”(X) generated by
submanifolds of codimension p of X to Hdg?? (X). This map lifts to a homomorphism to
Deligne cohomology H %p (X; Z(p)). The latter group fits in the short exact sequence

0— J2P71(X) > H%p(X;Z(p)) — Hdg??(X) — 0, (L.1)

where J2P~1(X) denotes Griffiths’ intermediate Jacobian (see for example [24, Sec-
tion 12]). On the subgroup Zﬁ’om (X) of submanifolds whose fundamental class is homo-
logically trivial sequence (1.1) induces the Abel-Jacobi map Zfom(X ) = J2PTL(X).
As described in [24, Section 12.1] this map has a concrete geometric description via
evaluating integrals over singular cycles in X, and one may consider it as a secondary
cohomology invariant. In [19,20] Karoubi constructed an analog of Deligne cohomology
for complex K-theory over complex manifolds in which secondary invariants for vector
bundles can be defined (see also [9]). In [16], Hopkins and Quick show that there is a
bigraded analog of Deligne cohomology E ¢ for every rationally even cohomology the-

ory E. If X is a compact Kéhler manifold, there is a short exact sequence
0— JZ'(X) = EZ(p)(X) — Hdgi? (X) — 0

generalizing sequence (1.1). Let X be a smooth projective complex algebraic variety and
J\T(P(X ) be the free abelian group generated by isomorphism classes [ f] of projective
smooth morphisms f:Y — X of codimension p between complex algebraic varieties.
Based on the work of Levine and Morel [21] on algebraic cobordism, it is shown in [16]
that for E = M U there is a natural homomorphism ¢: MP X)—>M U;)p (p)(X) where X
also denotes the underlying complex manifold of complex points of X. On the subgroup
MP (X)1op of topologically cobordant maps this induces an Abel-Jacobi type homomor-
phism AJ: MP (X)op =/, AZ,IPU_ ! (X). This homomorphism has been studied in more detail
in [22]. However, both ¢ and AJ are only defined for complex algebraic varieties and are
not induced by a geometric procedure as their classical analogs, but by a rather abstract
machinery.

In [14], the authors define for every complex manifold X and integers » and p, geo-
metric Hodge filtered complex cobordism groups M U" (p)(X) recalled below. The main
result of [14] is that there is a natural isomorphism of Hodge filtered cohomology groups

MU (p)(X) = MU"(p)(X). (12)

The aim of the present paper is to construct pushforward homomorphisms along proper
holomorphic maps for geometric Hodge filtered cobordism. This will allow us to give
a concrete description of the Hodge filtered fundamental classes of holomorphic maps
f:Y — X for any complex manifold X and of the Abel-Jacobi invariant AJ for topolog-
ically trivial cobordism cycles on compact Kidhler manifolds. We note that the results of
the present paper are independent of the comparison isomorphism (1.2) of [14]. The only
results from [14] that we assume here are the verification of some natural properties of the
groups MU" (p)(X).
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We will now briefly describe the construction of the groups MU"(p)(X) of [14]
which we also recall in more detail in Section 2 and will then describe our main results in
more detail. Consider the genus ¢: MU, — V. := MU, ®z C given by multiplication
by (27i)" in degree 2n. By Thom’s theorem, M U, is the bordism group of n-dimensional
almost complex manifolds Z. Hirzebruch showed that any genus ¢: M U, — "V, is of the
form

$(2) = /Z (k*(T2))™"

for a multiplicative sequence K, where T Z denotes the tangent bundle of Z. This yields
a V,-valued characteristic class of complex vector bundles. For p € Z, we consider the
characteristic class K? = (27ri)? - K. If V is a connection on a complex vector bundle E,
Chern—Weil theory gives a form K7 (V) representing K? (E). Given a form @ on Z and a
proper oriented map f:Z — X, we consider the pushforward current f,®, which acts on
compactly supported forms on X by o > [, w A f*o. We define Hodge filtered cobor-
dism cycles as triples (f, V, h) where f is a proper complex-oriented map f:Z — X,
V is a connection on the complex stable normal bundle of f and % is a current on X such
that
f«KP(V) — dh is a smooth form in F? A" (X;V,).

After defining a suitable Hodge filtered bordism relation we obtain the group MU" (p)(X)
of Hodge filtered cobordism classes. The main new technical contribution of the present
paper is the construction of pushforwards for geometric Hodge filtered complex cobor-
dism.

Theorem 1.1. Let g: X — Y be a proper holomorphic map between complex manifolds
of complex codimension d = dimc Y — dimc X. Then there is a pushforward homomor-
phism of MU (x)(Y)-modules

gx: MU (p)(X) — MU (p + d)(Y)
which is functorial for proper holomorphic maps and compatible with pullbacks.

In [16, Section 7], the authors show that there is an M Ug-pushforward along projec-
tive morphisms between smooth projective complex varieties. In fact, they show that there
are pushforward maps for a logarithmically refined version of M Ug for quasi-projective
smooth complex varieties, as a rather formal consequence of the projective bundle for-
mula. This theory coincides with M Ug for projective smooth complex varieties. Hence,
assuming the comparison isomorphism (1.2) of [14], Theorem 1.1 extends the existence
of pushforwards to a significantly larger class of maps than the one in [16]. Since pushfor-
wards in cohomology g«: MU (X) — MU"24(Y) only exist for proper and complex
oriented continuous maps of (real) codimension d, the class of proper holomorphic maps
is the largest possible subclass of holomorphic maps for which a pushforward with good
properties may exist.
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The construction of g, in Theorem 1.1 is similar to the one of pushforwards for dif-
ferential cobordism for smooth manifolds in [5]. However, the pushforward in differential
cobordism exists only for proper submersions with a choice of a smooth M U -orientation.
We will now explain why the pushforward for Hodge filtered cobordism exists for all
proper holomorphic maps. In Section 3 we first define the group of a Hodge filtered M U -
orientation as a Grothendieck group of triples (E, V, o) where E is a complex vector
bundle with connection V and o is a form on X such that K(V) — do € FOA%(X;V,).
The relations involve a Chern—Simons transgression form associated to the multiplicative
sequence K. A Hodge filtered M U -oriented map is then a holomorphic map with a lift of
the stable normal bundle to the group of Hodge filtered M U -orientations. Then we show
in Section 4 that there is a pushforward along every proper Hodge filtered M U -oriented
map. Finally, we show in Section 5 that there is a canonical choice of a Hodge filtered
M U -orientation for every proper holomorphic map. The key idea is a variation of a result
of Karoubi’s [19, Theorem 6.7] which establishes a mapping of virtual holomorphic vector
bundles to the group of Hodge filtered M U -orientations by picking a Bott connection.!
Applying this result to the virtual normal bundle of a holomorphic map defines a canonical
orientation which we call the Bott orientation.

Another crucial point for the construction of pushforwards is that there is a currential
version of Hodge filtered cobordism which we introduce in Section 2.3. A key difference
to differential cohomology theories on smooth manifolds, such as differential cobordism
or differential K-theory, is that, for Hodge filtered cobordism, the currential description
and the one using forms are canonically isomorphic. This is not the case for differen-
tial theories as explained for differential K-theory in [10], where particularly the exact
sequences [10, (2.20)] and [10, (2.29)] make it clear that the smooth and currential dif-
ferential K-theory groups are different in general. The main reason is that the space of
closed currents D"(X) is strictly larger than the space of closed forms A"(X). In
the Hodge filtered context, however, we use H"(X; FPA*) and H"(X; FPD*), and
H"(X; A*/FP) and H"(X; D*/F?) instead of A"(X)/Im(d) and D"(X)/ Im(d).
Since the Dolbeault—Grothendieck lemma holds both for currents and forms, in both cases
the canonical map from the first to the second group is an isomorphism (see Lemma 2.2
and Theorem 2.16).

We will now describe the remaining content and results of the paper. In Section 4,
we show that the pushforward is functorial, compatible with pullbacks and satisfies a
projection formula. In Section 6, we introduce the Hodge filtered fundamental class [ /] =
f+«(1) € MU??(p)(X) associated to a holomorphic map f:Y — X of codimension p as
the pushforward of the unit element along f. If X is a compact Kdhler manifold and f
is a nullbordant proper holomorphic map, then [ f] has image in the subgroup J Asz_ LX)
which has the structure of a complex torus. In this case we also write AJ( f) := [ f] for the

The notion of Bott connection in [19, Section 6] is a generalization of Bott connections in foliation
theory. For complex manifolds, Bott connections are connections compatible with the holomorphic struc-
ture.
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class of f in J Asz_ 1(X ). Since the pushforward f, has a geometric construction, we are
able to give a geometric description of the secondary invariant AJ( f) in Section 6. The
main ingredient in the formulas are certain Chern—Simons transgression forms as in [6]
mediating between an arbitrary connection on the normal bundle Ny and Bott connections
on the corresponding tangent bundles. In Section 7 we present a cycle model for Deligne
cohomology inspired by but slightly simpler than the one of Gillet and Soulé in [11].
The main difference is that we use currents of integration instead of integral currents in
the sense of geometric measure theory (see also [13]). The new construction may be of
independent interest and useful for other applications. This enables us to give a cycle
description of the Hodge filtered Thom morphism M Ug (p)(X) — Hg(X; Z(p)) for
every complex manifold X and integers n and p. In Section 8, we report on our knowledge
of the current status of examples and phenomena related to the kernel and image of the
Hodge filtered Thom morphism for compact Kihler manifolds.

2. Currential geometric Hodge filtered cobordism

First we briefly recall some facts about currents and the construction of geometric Hodge
filtered complex cobordism groups from [14]. Then we introduce a currential version of
Hodge filtered cobordism.

2.1. Currents

Let X be a smooth manifold and let Ay denote the orientation bundle of X. Let A} (X; Ax)
be the space of compactly supported smooth forms on X with values in Ay. Let D*(X)
denote the space of currents on X, defined as the topological dual of 4} (X; Ay). Given
aform w € A*(X) and a current T € D*(X), their product acts by

T Aw(o)=T(w A o).

There is an injective map 4*(X) < D*(X) given by
o~ T, = (0»—>/ WAOD, 0 € A:(X;AX)).
X

We equip D* with a grading so that this injection preserves degrees. That is, DX (X) con-
sists of the currents which vanish on a homogeneous A x-valued form o, unless possibly
if dego = dimg X — k. We will not always distinguish @ from T, in our notation.

If X is a manifold without boundary, Stokes’ theorem implies for w € A* (X):

Tio(0) = (=D "' T, (do).
Hence the exterior differential can be extended to a map d: D¥(X) — D*¥T1(X) by

dT(o) = (=)' T(do).
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For a vector space V we set D*(X; V) = D*(X) ® V, and for an evenly graded complex
vector space Vi, = @;V,; we set

D" (X:Ve) = @ D" (X: V).
J
An orientation of a map f:Z — X is equivalent to an isomorphism Az =~ f*Ax.If f
is proper and oriented, we therefore get a map
SrANX Ax) > AN(Z A7)

which induces a homomorphism

J«:DN(Z) = DH(X),
where d = codim f = dim X — dim Z. We also denote by f, the homomorphism

DH(Z: V) = D¥(X: Vx)
induced by tensoring fi with the identity of the various V,;. We then have the identity

do fu=(-1)%f.od.

Remark 2.1. In the case of a submersion w: W — X the pushforward m, preserves
smoothness. We thus obtain the integration over the fiber map

/ CAT (W) > AT(X)
W/X

defined by the equation
TfW/X o — TTx Tw.

Now we assume that X is a complex manifold. Then the space of currents is bigraded
as follows. We write DP9 (X) for the subgroup of those currents which vanish on com-
pactly supported (p’, ¢')-forms unless p’ + p = dim¢c X = ¢’ + ¢. Then A**(X) —
D**(X), w — T, is a morphism of double complexes. The Hodge filtration on currents
is defined by

FPp™(X) = @ D" (X).
izp

For an evenly graded complex vector space V.. we set

FPD"(X: V) := @D FPH D" (X V).
J
D"+ (X Vo))

n
ﬁ(X; Vi) 1= @ FrtiDnt2j(X:Vy;)
j

With similar notation for F? A*(X;V,) and ?;: (X; Vi) we get the following result which
will be crucial for the proof of Theorem 2.16.



Geometric pushforward in Hodge filtered complex cobordism 463

Lemma 2.2. Let X be a complex manifold. For every p, the maps of complexes of sheaves
A* D*
P p* PPy* 2 -
FPA™ (Vi) > FPD* (Vi) and 77 (V) — 7r (Vs)

are quasi-isomorphisms on the site of open subsets of X.

Proof. 1t suffices to prove the assertions for V,, = C. Let Q7 be the sheaf of holomorphic
p forms on X. The maps of complexes

QP — AP* —» DP*

are quasi-isomorphisms by the Dolbeault—-Grothendieck lemma as formulated and proven
in [12, pp. 382-385] (see also [8, Lemma 3.29, p. 28]), where we consider 27 as a com-
plex concentrated in a single degree. The sheaves A”*¢ and D4, being modules over A°,
are fine. Therefore, it follows from [24, Lemma 8.5] that the solid inclusions

are quasi-isomorphisms. This implies that the dotted arrow is a quasi-isomorphism and
proves the first assertion. By the same argument we have de Rham’s theorem and the
inclusion A* — D* is a quasi-isomorphism. Hence the induced map between the coker-
nels of the maps A* — D* and FPA* — FPD* is a quasi-isomorphism as well. This
proves the second assertion. ]

2.2. Geometric Hodge filtered cobordism groups

We briefly recall the construction of the geometric Hodge filtered cobordism groups of [14].
For further details we refer to [14, Section 2]. Let Manc denote the category of complex
manifolds with holomorphic maps. For X € Manc let f: Z — X be a proper complex-
oriented map, and let Ny be a complex vector bundle which represents the stable normal
bundle of f. Let V¢ be a connection on Ny. We call the triple f = (f, Nr,Vy) a geomet-
ric cycle over X. We let ZMU (X)) denote the abelian group generated by isomorphism
classes, in the obvious sense, of geometric cycles over X of codimension n with the rela-
tions y y
Si+ 2= AU fo

Let MU, be the graded ring with MU,, = MU ™" (pt). A map of rings MU, — R
for R an integral domain over Q is called a complex genus. Complex genera may be
constructed in the following way. For each i € N, let x; be an indeterminate of degree i.
Let Q € R[y] be a formal power series in the variable y of degree 2. Let g; denote the
i-th elementary symmetric function in xp, X»,.... We may then define a sequence of
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polynomials Kl.Q satisfying
o0
K2(01.02...) = 1+ K2(01) + K€ (01.00) + - = [ [ Q(xi)
i=1

since the right-hand side is symmetric in the x;. Then we get a characteristic class K€
defined on a complex vector bundle £ — X of dimension n by

K2(E):= K9(ci(E),...,ca(E)) € H*(X; R),

where c; (E) denotes the i-th Chern class of E. In fact, by [15, Section 1.8], all genera are
of the form

$2(1X]) = /X K2 (Ny).

where Ny denotes the complex vector bundle representing the stable normal bundle of X
obtained from the complex orientation of X — pt. From now on we set V. := M U, ®z C.
We assume that the power series Q(y) = 1 4+ ryy + rpy? + -+ has total degree 0. This
is equivalent to assuming ¢ to be a degree-preserving genus. Then K2 (E) has total
degree 0. By [5, Lemma 3.26], ¢< extends to a morphism of multiplicative cohomology
theories

$2: MU™(X) — H"(X:Vy)

by
$2(1f]) = £ K2 (Ny).

Here H" (X; Vi) = @; H" T/ (X; V3;), so that in particular H 2/ (pt; Vi) = V3;. Now
we fix the multiplicative natural transformation

¢:MU*(X) — H*(X; V)
characterized by restricting to multiplication with i) on MUy, — MUy, @ C. Let
K=1 —+ Kz(U]) + K4(0'1702) + .-

be the multiplicative sequence satisfying ¢ ([ f]) = f« K(Ny). For p € Z we set K? =
2mi)? - K and

¢?([f1) = £ KP(Ny).

Let f: Z — X be a proper complex-oriented map, and let V; be a connection on Ny.
By Chern—Weil theory there is a well-defined form ¢ (V) € A*(Z) representing the total
Chern class ¢(Ny). In fact, with respect to local coordinates, we have

1
(V) =14 c1(Vp) + ea(Vy) -0 = det(l - %va>,
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where F V7 denotes the curvature of V¢ . Then the form
K(Vy):= K(c1(Vy).c2(Vy)....) € AN (Z: Vy)
represents the cohomology class K(Ny).

Definition 2.3. For a geometric cycle f e ZMU "(X) we define, using the orientation
of f induced by its complex orientation, the current

$P(f) = fKP(Vp) € D"(X:Vs).
Note that ¢? ( f) is a closed current representing the cohomology class
¢?([f1) = foKP(Ny) € H"(X:Va).

By de Rham’s work [7, Theorem 14] we can always find a current 1 € D"~ 1(X; V) such
that
¢P(f)—dh = fuKP(Vy) —dhisaform,ie., lies in A" (X; V).

Definition 2.4. Let X be a complex manifold and n, p integers. The group of Hodge
filtered cycles of degree (n, p) on X is defined as the subgroup

ZMU™(p)(X) C (ZMU"(X) x D" "1 (X; V,)/d D" 2(X; Vy))
consisting of pairs y = (., h) satisfying
J«K?(Vy) —dh € FPA"(X; V).

Remark 2.5. To simplify the notation, we will often write ¢ and K instead of ¢¥ and K7,
respectively. We may sometimes consider a Hodge filtered cobordism cycle as a triple

y = (f.0,h) € ZMU"(X) x FPA"(X; V) x D" (X; Vi) /d D" 2(X; Vi),
where (f, h) € ZMU"(p)(X) and the form w := qb(f) —dh = fxK(Vy) —dh.

Next we introduce the cobordism relation. The group of geometric bordism data over
X is the subgroup of elements bheZMU "(R x X), with underlying maps of the form
b = (cp, f): W — R x X such that 0 and 1 are regular values for ¢;. Then W; = cb_l(l)
is a closed manifold for r = 0, 1, and f; = f|w, is a geometric cycle. We define

b= fi — fo € ZMU"(X)
and, setting Wjp,1] = cb_l ([0, 1]), we define the current
Y2 B) = (=1 (f Iwjo) (K? (V). @D

We will often write ¥ instead of ¥? to simplify the notation. By [14, Proposition 2.17], a
geometric bordism datum b over X satisfies

¢P (3b) — dyP (b) = 0.
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Hence we consider (85, /24 (15)) as a Hodge filtered cycle of degree (codim b, p). We call
such cycles nullbordant and let BM Uy, (p)(X) C ZMU"(p)(X) denote the subgroup
they generate. We follow Karoubi in [19, Section 4.1] and denote

FPA'" N (X:V,) 1= FPA"L(X:Vy) + dA"2(X: Vs). (2.2)
We define the map
a:d Y (FPAM(X; V)" - ZMU" (p)(X), a(h) := (0, h), 2.3)

where d 71 (FP A" (X; V«))" ! denotes the subset of elements in 4™ ! (X; V) which are
sent to the subgroup F? A" (X; V,) under d: A" 1 (X; Vi) = A"(X;Vi). The group of
Hodge filtered cobordism relations is defined as

BMU"™(p)(X) = BMUL (p)(X) + a(FP A" (X V,)).

geo
Definition 2.6. Let X € Manc and let n and p be integers. The geometric Hodge filtered
cobordism group of X of degree (n, p) is defined as the quotient

ZMU"(p)(X)

We denote the Hodge filtered cobordism class of the cycle y = ( f ,h) = (f, N¢, Vg, h)
by [yl = [f.h] = [f. Ny.Vy.h].

We define maps R and I on the level of cycles as follows:

R:ZMU"(p)(X) — FPA"(X;Vi)a, R(f.h) = fuK(Vs)—dh,

3 (2.4)
[:ZMU"(p)(X) - ZMU"(X), I(f.h) = f

Note that the maps R, I, and a above induce well-defined homomorphisms on cohomol-
ogy by [14, Proposition 2.19].

Remark 2.7. Note that [R(y)] = ¢ (I(y)). In that sense, R refines the topological infor-
mation of / with Hodge filtered differential geometric content. It is shown in [14] that
R and [ fit in a homotopy pullback in a suitable model category which can be used to
construct Hodge filtered cobordism.

For the following theorem we let ¢ denote the composition of ¢ with the homomor-
phism induced by reducing the coefficients modulo F?.

Theorem 2.8. For every p € 7Z, the assignment X +— MU*(p)(X) has the following
properties:

» Forevery X € Manc there is the following long exact sequence:

s HPTH (X A (V) — S MU (p)(X) —L— MU (X)
¢

—— H"(X; 25 (Vy)) —— MU (p)(X) ——— -+ .
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»  For every holomorphic map g:Y — X and every n there is a homomorphism
MU (p)(X) > MU (p)(Y).
Hence MU"(p) is a contravariant functor on Manc.
* Forevery X € Mang, there is a structure of a bigraded ring on

MU*()(X) = @ MU" (p)(X).
n,p

Proof. The first assertion is proven in [ 14, Section 2.6] and follows from a direct verifica-
tion of the exactness. The second and third assertions are proven in [14, Section 2.7] and
[14, Section 2.8], respectively. We will, however, recall the construction of the pullback
and of the ring structure in Section 4. ]

For later purposes we now show how the Hodge filtered cobordism class depends on
the connection on the representative of the normal bundle.

Definition 2.9. Let X be a smooth manifold, and let
8:(0—)E1—>E2—>E3—>0)

be a short exact sequence of complex vector bundles over X with connections VZ on E;.
Let 7:[0, 1] x X — X denote the projection. Let V™ £2 be a connection on 7 * E5 which
equals 7*VE2 near {1} x X and equals 7*(VE! @ VE3) near {0} x X. The Chern—Simons
transgression form of the short exact sequence & associated to the multiplicative sequence
K is given by

CSk(6) = CSk(VEr, vE2 vEs)
_ / K(VZ"E2) ¢ A™Y(X:V,)/ Im(d).
[0,1]xX/X
Remark 2.10. The construction of CSk (&) requires choosing a section s: E3 — E, as
well as a connection V7" E2_ However, the form CSg (&) is independent of these choices

in the quotient A~!(X; V4)/Im(d). By Stokes’ theorem, the derivative of the Chern—
Simons form CSg (VE1, VE2 VE3) satisfies

d CSx(VEL, vE2 vEs) = g(VE2) — K(VEr ¢ VE3)
= K(VE2) — K(VEY) A K(VE3).

Remark 2.11. We will often consider the following special case. Let E be a complex
vector bundle over the smooth manifold X. Let Vo and V; be two connections on £. We
can form the short exact sequence

E=0—>ESE-0-0)
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and define CSg (Vo, V1) := CSk(&). This Chern—Simons transgression form can be ex-
pressed as

CSK(Vl,VQ)Z/ K(I'JT*V1+(1—[)'JT*V0)
[0,1]xX/X

and its derivative satisfies
d CSk(V1,Vo) = K(V1) — K(Vo).

Lemma 2.12. Let fo = (f,N,Vy), and fl =(f,N,Vy) e ZWU"(X) be two geometric
cycles over X with the same underlying complex-oriented map f:Z — X. Then there is
a geometric bordism b with 0b = f1 — fo and

¥ (b) = (=1)" £« CSx (Yo, V1).

Proof. Letb =1idg X f:RxZ - R x X,andlet 7z:R x Z — Z denote the projection.
With the product complex orientation, using N;qz = 0, we have N = Nijgpxr = n} Nry.
On 77 Ny we consider the connection

Vpi=t-n;Vo+ (1—1)-7;Vy,
where ¢ is the R-coordinate. We can then promote b to a geometric bordism
b = (b, Ny, V).
Then we have 9b = fl — f;. Using f o wz = mx o b the assertion follows from

f+CSk(Vo, V1) = fx o (zl10,11x2)« K (Vp) = ((mtx 0 b)j0,11x2) , K(Vp). L]

2.3. Currential Hodge filtered complex cobordism

Now we introduce a new and alternative description of Hodge filtered cobordism groups
by considering the Hodge filtration on currents instead of forms. The difference to the
previous definition may seem negligible but turns out to be crucial for the construction of
a general pushforward later.

Definition 2.13. Let X be a complex manifold and n, p integers. We define the group of
currential Hodge filtered cycles ZM Uy’ (p)(X) as the subgroup

ZMUJ(p)(X) C (ZMU"(X) x D" 1(X; V,)/d D" 2(X; Vy))
consisting of pairs ( f , h) such that
¢(f)—dh = fK(Vy) —dh € FPD"(X; V). (2.5)

We will sometimes write a currential Hodge filtered cycle ( f ,h) as a triple ( f ,T,h)
with T = ¢(f) — dh. Let ag denote the map

as:d Y(FPD"(X; V)" = ZMU" (p)(X), as(h) := (0,h),
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where d 1 (FPD"(X; Vi))" ! denotes the subset of elements in D" ! (X ; V) which are
sent to the subgroup F?D"(X; V,) under

d: D" (X V) = D(X; Vy).
We define the group of currential cobordism relations by
BMUZ (p)(X) := BMUL (X) + as(FPD*(X: V.)).

Definition 2.14. For X € Manc and integers n, p, we define the currential Hodge filtered
cobordism groups by

MU{ (p)(X) := ZM Uy (p)(X)/BM U (p)(X).
Similar to (2.4), we define maps on the level of currential cycles as follows:

Rs: ZMUP (p)(X) — FPD"(X;Vy), Rs(f.h) = fuK(Vs) —dh,

. (2.6)
Is: ZMUg (p)(X) - ZMU"(X), Is(f.h) = f.

By slight abuse of notation, we also denote by the symbols Rg, Is and ag the correspond-
ing induced homomorphisms on cohomology groups. When the context is clear, we will
often drop the subscript § from the notation. For the next statement let ¢5 denote the com-
position of ¢ with the homomorphism induced by reducing the coefficients modulo F?.

Proposition 2.15. Let X be a complex manifold. There is a long exact sequence

B B (X 2 (Va)) — 2 MU (p)(X) —— MU™(X)
P B (X2 (V) —2 s MUP T (p) (X)) — s

Proof. The proof follows that of [14, Theorem 2.21] closely. We provide the details of
the proof for the convenience of the reader. We start with exactness at M Ug'(p)(X). By
definition of ag and /5 we have

Is (a5 ([h])) = I5 ([0, dh, h]) = 0

To show the converse we work at the level of cycles. Let y = ( f h) € ZMUg (p)(X)
and suppose /5(y) = 0. That means f* = 9b for some bordism datum b. We may extend
the geometric structure of f over b and obtain a geometric bordism datum b such that
b = f . We then have

(f h) = (3b,y (b)) = (0. 1) = as ().

The last equality follows from the observation that, since (0,7") € ZMU"(p)(X) is a
currential Hodge filtered cycle, we must have dh’ € FPD"(X; V,). Hence we know y €
BMU{ (p)(X).
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Next we show exactness at M U"(X). The vanishing ¢s o Is = 0 follows from the
following commutative diagram, where the bottom row is exact:

MU (p)(X) —"— MU"(X)

[ T

incs

H™(X; FPD*(Vy)) —= H™(X;Ve) —— H"(X; 2o(V4)).
Conversely, suppose ¢s([ f]) = 0. Then we can find @ € FPD"(X; V) such that

o ([f]) = incx ([@)]).

Let Vy be a connection on Ny so that we get a geometric cycle f with I5( f ) = f.Then
o ( f ) is a current representing ¢ ([ f]). Hence ¢ ( f) and & are cohomologous, i.c., there
is a current # € D"~1(X; V,) such that ¢(f) dh = ®. Then y : (f h) is a currential
Hodge filtered cycle with I5(y) = f.

Now we show exactness at H" (X ; 2
We will show

S FP (’V*)) Let f: Z — X be a bordism cycle on X.

as(¢s([f1) = 0 € MU (p)(X).

Lifting f to a geometric cycle f e ZMU" (X), we can write

as (65 (Lf1)) = [0.6()].

We may build from f a geometric bordism datum b with underlying map

G.0
7225 Rx X

where % denotes the constant map with value % We have 9b = 0 and 1//(15) = (—1)”¢(f).
Hence

(3. y(0)) = (0.(=1)"$(/)) € BMUS (p)(X)
and we conclude that as(¢s([f])) = 0.
Conversely, suppose that & € (d~' F?D"(X;V,))"~! is such that as (h) = (0, h) rep-
resents 0 in M Ug' (p)(X). Then there is a geometric bordism datum b with underlying
map (cp, fp): W — R x X, and a current 4’ € FPD"_I(X; Vi) such that

0,h) = (3b, ¥ (b) + h').

Note that F?D"~1(X;V,) is the group of relations for H" (X ; 2 o ~(Vy)), where we
therefore have

[h] = [y (b))
Since 9b = 0, we have
f = fblc;l([o,l]) S ZMU”(X)
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is a bordism cycle. By definition of 1, we have w(lg) =(—D"¢( f ) where f is the obvious
geometric cycle over f. Hence

h = [y(®)] = (~1)"¢s(1f1) € Im(&s).
This finishes the proof. ]

There is a natural homomorphism
©ZMU"(p)(X) — ZMUS (p)(X).  (F.h) = (f.h)

which forgets that ¢ ( f )—dh is a form and not just a current. Since t sends BM U" (p)(X)
to BM Uy (p)(X), it follows that there is an induced natural homomorphism

T MU"(p)(X) - MU; (p)(X).

Theorem 2.16. For every X € Manc and all integers n and p, the natural homomor-
phism ©: MU" (p)(X) — MU (p)(X) is an isomorphism.

Proof. The long exact sequences of Theorem 2.8 and Proposition 2.15 fit into the com-
mutative diagram

e HPH (X (V) S MU (p)(X) —s MU (X) —2 5 ..

T

e HP (X 25 (V) =2 MUP (p)(X) —2s MU (X) =25 .

That the left-most vertical arrow is an isomorphism, is a corollary of the fact that the
Dolbeault—Grothendieck lemma holds for currents as well as forms, see Lemma 2.2 for

the full argument. The right-most arrow is the identity. The assertion now follows from
the five-lemma. ]

Remark 2.17. In[14], MU"(p)(—) is defined on the larger category Man of manifolds
with a filtration of #4*. We note that Theorem 2.16 does not extend to that context, since
its proof uses that there is a Hodge filtration for currents which extends that of forms and
that the inclusion F? A* — FPD* is a quasi-isomorphism.

Remark 2.18. As we discussed in the introduction, Theorem 2.16 reflects an important
difference between Hodge filtered cohomology and differential cohomology.

3. Hodge filtered M U -orientations

We will now define the notion of a Hodge filtered M U -orientation of a holomorphic map
in two steps: First as a type of Hodge filtered K-theory class with V,-coefficients. Then
we apply this to the normal bundle of a holomorphic map. Recall from (2.2) the notation

FOAL(X: V) = FOA™Y(X:V,) + Im(d) C AN (X; Va).
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Definition 3.1. Let X be a complex manifold. We define the group Ky, (X) of Hodge
filtered M U -orientations, M Ug-orientations for short, to be the quotient of the free
abelian group generated by triples ¢ := (E, V, o) where E is a complex vector bundle
on X, Vis aconnectionon E and 0 € A~ (X; V*)/ﬁOA_I(X; V) such that

K(e) = K(E,V,0):= K(V)—do € FOA°(X;V.)a 3.1

is a form in filtration step F° modulo the subgroup generated by (Cy, d, 0) for the trivial
bundle Cy on X with the canonical connection and by

(E2,V2,02) — (E1, Vi,01) — (E3, V3,03)
whenever there is a short exact sequence of the form
0—>FE > Ey,—> E;—>0
with the identity
02 = 01 A K(e3) + 03 A K(Vy) + CSk(V1, V2, V) (3.2)

in A7N(X; V*)/FOA_I(X; V). We denote the image of (E, V, o) in the quotient by
[E,V,0].

Remark 3.2. For g € Z we could modify the above definition and define an M Ug-
orientation of filtration q to be a triple (E, V, o) as above such that K () = K(V) —do €
F2A%(X; Vy). Using appropriate relations, the addition on Kpy,, (X) extends to the
direct limit of pointed sets over all ¢ € Z. The group Ky, (X) of Definition 3.1 is the
subgroup of orientations of filtration 0. Since we do not know of applications to support
the additional generality and complexity, we only consider orientations of filtration O in
this paper.

We will now discuss the group Ky, (X) in more detail.
Lemma 3.3. The addition in Kpy,, (X) is given by
[e1] + [e2] = [E1, Vi, 01] + [E2, Va,02] = [E1 © E2, V1 @ V3, 012],

where
o12 =01 AK(e2) + 02 A (K(V]))

Proof. We consider the sequence
0—-FE,—>E ®E,— E;,— 0.
Since the connections split, CSx (V, V1 @ V,, V) = 0. Hence condition (3.2) for
(E1® E2, V1 & V2,012) — (E1, V1, 01) — (E2. V2,02)
to be a relation reduces to

o012 = 01 A K(e2) + 02 A K(V7). ]



Geometric pushforward in Hodge filtered complex cobordism 473

Remark 3.4. It follows from Lemma 3.3 that the identity element of Ky, (X) is repre-
sented by the triple (0, d, 0) where the first 0 denotes the zero-dimensional trivial bundle.

Remark 3.5. Suppose we have two triples ¢; = (E, Vy,01) and g5 = (E, V;,07) with the
same underlying bundle £. By Remark 3.4, the triple 0 = (0, d, 0) represents the identity

element in Kpry, (X). Since K(d) = 1, considering E 9 E as a short exact sequence
as in Remark 2.11, we get a relation [e2] — [¢1] — [0] for Kpu,, i.€., we have [g1] = [e2]
in Kyug (X), if and only if

o2 = 01 + CSk(V1, Va).

Remark 3.6. There is a hidden symmetry in equation (3.2) of Definition 3.1: Since o
and o3 are of odd degree, we have

01 Adoz =03 Adoy  mod Im(d).
Hence, modulo Im(d), we have
o1 A (K(V3) — do3) + 03 A K(Vy) =01 A K(V3) —01 Ados + 03 A K(Vy)
=01 A K(V3) +03 A K(Vy)—03 Adoy
=01 A K(V3) + 03 A (K(Vy) — doy).
Using the map K we can rewrite this relation as
o1 A K(e3) + 03 A K(Vy) =01 AK(V3)+03AK(e1) modIm(d).
We now discuss further properties of the assignment
e=(E,V,0)— K(g) = K(V)—do

defined in (3.1). We note that there is a certain similarity in the behaviors and roles of
the forms R(f, h) (respectively current Rg (f, h)) and K (). Both Rg (f, h) and K (g)
contribute to the construction of the pushforward along holomorphic maps in Section 4
(see also Lemma 4.2, Remark 4.5, Proposition 4.10 and Remark 4.15). Moreover, while
the current f, K(Vy) is not a cobordism invariant, the class of the difference

R(f.h) = fK(Vy)—dh

is indeed invariant. Similarly, we will show in Proposition 3.8 that K (¢) = K(V) — do
is an invariant of the equivalence class [¢] in Kay,, (X) while K(V) is not. In fact, we
will show that K respects the group structure on Kary, (X). This result will be used in
several of our main results and their proofs. In particular, KX plays a key role in the proof
of the functoriality of the pushforward in Theorem 4.11.

Lemma 3.7. For representatives (E;, V;,0;) withi = 1,2 of generators in Kyy, (X)
we have

K(e1 +e2) = K(e1) A K(ea).
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Proof. To prove the assertion we use Lemma 3.3. Both do; and K(V;) are closed and lie
in A%(X;:; Vi)e1. In particular, this means that they are in the center of the ring A* (X;; Vi).
Using this fact we get

K(e1 4 £2) = K(V1 @ V2) —d (01 A (K(V2) — doz) + 02 A (K(V1)))
= K(V]) AN K(Vz) — dUl AN J{(Sz) —doy N K(V])
= K(V1) A K(e2) —doy A K(e2)
= K(e1) A K(e2). L]
Proposition 3.8. The map K descends to a morphism of monoids

K: (Kmugy (X).+) = (FOAY(X: Vi)a. A).

Proof. Since the triple @;}’ ,d, 0) represents the identity element in Ky, (X), we see
that J sends the identity element to the identity. The fact that K descends to a map
on Kpyug, (X) and respects the monoid structure then follows from Lemma 3.7 and the
defining relations of Ky, (X). ]

Remark 3.9. Let ¢ = (E£,V,0) in Kypy,(X) be a representative of a generator in
Kumuy (X). We may consider

X(e) = K(V) — do

as a power series over the commutative ring 42*(X) in the generators of V. Having
leading term 1, K (g) is an invertible power series.

Remark 3.10. The triple (C ;}7 ,d,0) represents the identity element in Kary, (X). Given
a generator ¢ = (E, V,0) for Kyy,, (X), we can construct a class [¢'] which satisfies
le] + [¢'] =0 in Kpy, (X) as follows: Since X is a finite-dimensional manifold, we
can find a complex vector bundle E’ and an isomorphism £ & E' =~ C JI}I for some N.
We equip E’ with the connection V' induced from d by the direct sum decomposition
E @ E' = C¥. Using Remark 3.9 we let

o' =—0 AK(V)A K@)
To check that &’ = (E’, V’, 0”) satisfies [¢] + [¢/] = O we use Lemma 3.3 to write
e] + [ = [CF . d,0"],
where

0" =0 AKNV')+0 AK(e)
=0 AK(V)=0 AK(V)A K@) AK(e)
=0

which proves the claim.
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Remark 3.11. Assume we have a short exact sequence of complex vector bundles
0—->FE > Ey,—> E;—>0

and that we have orientations o; = [E;, V;, 0;] involving two of the three bundles. Then it
follows from the defining relations in Kasy,, (X) and Remark 3.9 that for any connection
V; on the remaining bundle E; we can find a form o; such that o; = [E;, V;,0;] is an
orientation and such that o; + 03 = 05.

Definition 3.12. Let f: X — Y be a holomorphic map. Since the defining relations are
compatible with pullbacks of bundles and connections, there is a well-defined pullback of
orientations

f* Kmup(Y) > Kpuy, (X)
defined by f*[E,V,0] = [f*E, f*V, f*0].

Next we define the notion of a Hodge filtered orientation of a holomorphic map. We
will use this notion in the following section to define the pushforward along a holomorphic
map. In Section 5 we show that every holomorphic map has a canonical choice of a Hodge
filtered orientation.

Definition 3.13. Let g: X — Y be a holomorphic map. We define a Hodge filtered M U -
orientation of g, or an M U p-orientation of g for short, to be a class

0= [Ngvvg,o-g] S KMU@(X)v

where N, represents the complex stable normal bundle associated with g as a complex-
oriented map.

Definition 3.14. Let X; fx 2 2 x 3 be proper holomorphic maps of complex codi-
mension d; and d», respectively. Let o; € Kyy,, (X;) be M Ug-orientations of g; for
i = 1,2. We define the composed Hodge filtered M U -orientation of g, o g1 to be

01 + g7 02 € Kyug, (X1).

Remark 3.15. With the notation of Definition 3.14, we recall that the stable normal bun-
dle of g, o g is isomorphic to the sum of the stable normal bundle of g; and the pullback
of the stable normal bundle of g, along g;. Hence o; + g7 02 is, in fact, a Hodge filtered
MU -orientation of g, o g1 in the sense of Definition 3.13.

4. Pushforward along proper Hodge filtered M U -oriented maps
We will now define a pushforward homomorphism for proper M Ug-oriented maps and

show that it is functorial. Then we show that the pushforward is compatible with pullback
and cup product.
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Let g: X — Y be a holomorphic map and let o be an orientation of g. We write g°
for g together with the orientation o and refer to g° as an M Ug-oriented holomorphic
map. If we want to specify the representative ¢ = (Ng, Vg, 0,) of o, we write g° =
(g, Ng,Vg,0,), and we write g° for the underlying geometric cycle §° = (g, Ng, Vg).
We will now define the pushforward of a Hodge filtered cycle along an oriented proper
holomorphic map.

Definition 4.1. Let g: X — Y be a proper holomorphic map of complex codimension d .
Let ¢ = (Ng, Vg, 05) be a representative of an orientation class of g in Kyy,, (X). If

f = (f. Nr, Vy) is a geometric cycle on X, we write
g of=(80f Ny & [*Ng. Vs & [*Vy)

for the composed geometric cycle on Y. We define the pushforward homomorphism on
currential Hodge filtered cycles by

gE(f h)y = (80 f, g(K(Vg) N+ 0g A Rs(f, 1)),

where g, denotes the pushforward of currents along g and Rg( f Jh) = fxK(Vy) —dhis
defined as in (2.6).

We will explain the choices made in Definition 4.1 further in Remarks 4.4 and 4.5
below. But first we need to check that the construction is well-defined, i.e., we have to
show that g&( F.h) actually is a currential Hodge filtered cycle. We will achieve this in
two steps as follows:

Lemma 4.2. For every (f, h) € ZMU{ (p)(X) we have

Rs(g2(f. ) = g«(K () A Rs(f, h)).

Proof. We check this claim by applying the definition of Rs and then rewrite the current
as follows:

Rs(g5(f 1) = g« fuK(Vy & [*Vg) — dgu(K(Vg) A+ 0g A Rs(f. 1))
= g(fxK(Vs) A K(Vy)) — g+(K(Vg) A dh + dog A Rs(f, 1))
= g*(K(Vg) A (f«K(Vy)—dh) —dog A Rg(f, h))
= g«((K(Vg) —dog) A Rs(f.h))
= g«(K () A Rs(f. D). =

We can now use this observation to show that g&( f , h) is a currential Hodge filtered
cycle.

Proposition 4.3. For every (]7, h) € ZM Uy (p)(X) we have

gE(f.h) € ZMUI (p + d)(Y).
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Proof. Tt follows from the definition that g° o f is a geometric cycle. Hence, by definition
of currential Hodge filtered cycles in Definition 2.13, it remains to check that the current

Rs(g5(f.h) = (&% o f)—dh

satisfies condition (2.5) on the filtration step of a current in a Hodge filtered cycle, i.e.,
we have to show that Rs (g5 (f, h)) lies in FPT4D"+24(y;V,). By Lemma 4.2 we know
Rs(g5(f,h) = g«(K(e) A Rs(f,h)). Hence it suffices to observe that

K(e) = K(Vg) —dog € FOA(X;Vs)

and
Rs(f.h) = fuK(Vy) —dh € FPD"(X; V).

Since g is holomorphic of codimension d, it follows that
g:(K (&) A Rs(f. ) € FPH D24 (v, v,)
as required. ]

Remark 4.4. One might arrive at the formula for the current in the definition of g&( f ,h)
as follows: If 0, = 0, then g« (K (Vg) A h) is the only natural candidate, and it does satisfy
the desirable formulas. Having made that choice, consider next the case o = [Ng, Vg, 0¢]
such that there is a connection V, with 0 = [Ng, V;,0] in Ky, (X). Then the rest of
the formula can be derived using Lemma 2.12 and the relations in Ky, (X).

Remark 4.5. Let 0 = [Ng, Vg, 0,] € Kyy,, (X). Since oy is of degree —1, we have
d(og Ah) =dog A h —o0g A dh. Hence, modulo Im(d), we have 6, A dh = dog A B,
and it follows that modulo Im(d) we have

K(Vg) Ah+0g A(fxK(V5) —dh) = (K(Vg) —dog) AN+ 0g A [xK(Vy). (4.1)
Using the maps K and Rg we can rewrite this relation as
K(Vg) A +0g ARs(f h) = K(0) A+ ag A fuK(Vy).

We will now show that the map g& of Definition 4.1 induces a well-defined pushfor-
ward homomorphism on Hodge filtered cobordism. We first show that g& sends Hodge
filtered bordism data to Hodge filtered bordisms in Lemma 4.6.

Lemma 4.6. We have
g5 (BMUP (p)(X)) € BMUJ 4 (p + d)(Y).

Proof. Let h € FPD”_l(X; V). By definition of the map a in (2.3), we have a(h) =
(0, h). Using relation (4.1) we get

2« (K(Vg) ANh—0og A dh) = g*((K(Vg) — dag) A h).
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Since g« ((K(V) — dog) A h) € FPtdDn+2d(y . v,) we conclude that
gi(a(h) € BMUF*?4(p + d)(Y).

It remains to show
g5 (BMU! (X)) C BMULT?(Y).

geo geo
This follows from [5, Lemma 4.35]. We provide a proof for the reader’s convenience. Let
beZMU" (R x X) be a geometric bordism datum on X. Let ¢ denote the geometric
cycle idgr X g:R x X — R x Y with the obvious geometric structure. Then ¢ o bisa
geometric bordism datum over Y.
By definition of w(l;) in (2.1), the fact that g is of even real codimension implies

Y(@Eob) = gu(K(Vg) A (D).
This shows that we have
(3 0 b), Y(€ob)) = (g 00b, g«(K(Vg) AY(D))).
By definition of g€, we have
g (3b, v (b)) = (8 0 3b, g«(K(Vg) AV (b) + 0g A Rs(3b, v(D)))).

By [14, Proposition 2.17], geometric bordism data satisfy R(alg, w(l;)) = 0 and hence
also Rg (8b, W(b)) = 0. Thus, we get

g5 (0b, v (b)) = (8 0 0b, g+(K(Vg) A Y (D))).
Hence in total we have shown that
25(0b, Y (b)) = (3 0 b), Y(E 0 b)).
This shows g (BM Ug, (X)) C BM U+24(Y) and finishes the proof. |

geo

Next we show that the equivalence class of g&( f , h) does not depend on the choice of
a representative of the M U g -orientation on g.

Lemma 4.7. Let ¢ = (Ng, V,0) and & = (Ng, V', 0’) be two representatives of the
M Ug-orientation 0 of g: X — Y. Then, for each y € ZM Uy (p)(X), we have

[¢5v] = [g5 y]in MU+ (p + d)(Y).
Proof. Lety = ( f , h) be a currential cycle. By the definition of gy we have

[g5(f.m)] = [8°0 f.g«(K(V) Al +0 ARs(f,h))].

Using (4.1), we get

[g5(f.m)] =[8°0 f.gu(K(e) Al +0 A [LK(Vy))]. (4.2)
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Similarly, for the representative &, we get

[¢5(F. )] = [ o f.gu(K() A+ 0" A fK(Vp))]. 4.3)

We need to show that the two cycles in (4.2) and (4.3), respectively, are connected by a
Hodge filtered bordism. By Proposition 3.8, we know

K(e) = K(V)—do = K(V') —do’ = K (). 4.4
By Remark 3.5 we can assume 0 — ¢’ = CSg(V, V’). Hence we get
o A fxK(Vg) =0" A fuK(Vf) + CSk (V. V) A fuK(Vy).

Since fxK(Vy) is of degree n and CSg(V, V') is of degree —1, switching factor on the
right-hand side yields

o A fK(Vp) =0’ A fiK(Vp) + (<) fuK(V) ACSK(V. V). (45)

The projection formula fo(T A f*w) = (f+«T) A @ applied to the current 7 = K(Vy)
and the form w = CSg(V, V') implies

f«K(V) ACSk(V, V') = fu(K(Vf) A f*CSk(V, V). (4.6)
The connections of ¢ o f and 3¢ o f are Ve @ f*Vand Vy @ f*V’, respectively. The
Chern—Simons form for these two connections satisfies
CSxk(Vr ® f*V, Ve & f*V') = K(Vf) A f*CSk(V, V).
Together with (4.6) this implies
J«K(Ve) ACSk(V, V') = fu CSk (Ve & f*V, Ve & [*V). 4.7

Hence, identities (4.4), (4.5), and (4.7) together with g« o fix = (g o f)x on currents show
that

g« (K@) Ah+0 A fLK(Vy))
= g ((K(E) Ah+ 0" A £ K(Vy))
+ (=12 (g0 ). CSk (Vs & f*V, Vs & f*V). (4.8)

Since Vy @ f*V and Vy @ f*V’ are the connections of g° o f and g¢ o f , respectively,
Lemma 2.12 and (4.8) imply that the difference of the cycles g&(f.h) and g& (f . h) lies
in BM U8”+2d (p + d)(Y). This proves the assertion of the lemma. [

From now on we will use the canonical isomorphism t: M U" (p)(X) — M Ug (p)(X)
of Theorem 2.16 to identify M U™ (p)(X) with M Uy (p)(X). Putting the previous results
together we have shown the following result.
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Theorem 4.8. Let g°: X — Y be a proper M Ug-oriented holomorphic map with o =
le] € Kmug, (X). The assignment

VRO FHRD)
induces a well-defined homomorphism
g2 MU (p)(X) = MU (p + d)(Y).
We refer to g2 as the pushforward along g°.

Remark 4.9. Following Remark 3.2 we could consider an orientation o, of filtration ¢
for ¢ € Z. Then we would get a pushforward homomorphism

gl MU™(p)(X) = MU (p +q + d)(Y)

with an additional shift by ¢g. Since we are mainly interested in the orientation of Defi-
nition 5.9 which is of filtration O in this terminology, we decided to skip the additional
level of generality. We note, however, that all the computations in this section could be
modified accordingly.

The following result shows how the pushforward of Theorem 4.8 relates to the push-
forwards of complex cobordism and sheaf cohomology.

Proposition 4.10. Let g°: X — Y be a proper M Ug-oriented holomorphic map of com-
plex codimension d, with o = [Ng, Vg, 04] € Kyuy, (X). Recall that we write K (o) =
K(Vg) — dog. Then the following diagrams commute:

H (X 25(V,)) ——2—— MU (p)(X) ——— MU"(X)

g« (K (O)A—)l lgf lg* “4.9)

Hn_1+2d(Y; Fg_:d('v*)) L}MUn—'_Zd(p +d)(Y) ;} Mun+2d(Y)

MU"(p)(X) —=—— H"(X; FPD*(X: V)

”’fl Jg* (o) (4.10)

MU"+2d(p + d)(Y) L) H”+2d(X; Fp+d@*(Y;'V*)).

Proof. For [h] € H"™'(X; 25(V.)) we have

go(afh]) = [0, g« (K (o) A1)
= a(g«(K (o) A h))

which proves that the left-hand square in (4.9) commutes. That the right-hand square
in (4.9) commutes follows from the observation that the underlying complex-oriented
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map of a composition of geometric cycles, is the composition of the underlying complex-
oriented maps. Hence we have

g (I1f 1)) = g«l . Ns1 = [go f.Ns ® f*Ngl = I(g2[f.h)).

Finally, by Lemma 4.2 we have

R(g3(y)) = g«(K(0) A R(y))
which shows that square (4.10) commutes as well. [
We will now show that the pushforward is functorial.

Theorem 4.11. Let the composition of proper holomorphic maps
g20g1:X1 ﬂ) X2 2) X3

be endowed with the composed M Ug-orientation o1 + g3 02. Then we have

*
01+g 02

(852) © (g13) = (82081«
as homomorphisms
MU" (p)(X1) » MU P2DF2E(p 4 dy + dy)(X3).

Proof. Lety = (f, h) € ZM U (p)(X1). Fori = 1,2, lete; = (N;, Vi, 0;) represent o;.
We use the representative of 01 + g7 0, suggested by Lemma 3.3,

€12 = (N1 ® g N2. V1 & g] V2,012)
with
012 := 01 A g1 K (02) + gToa A K(Vy). (4.11)

Observe that the underlying geometric cycle of g552, which we denote by g1, is the com-

posed geometric cycle
g12=g2021.

Therefore, we know that the underlying geometric cycles of

&)y = (Z120 f, h2)

and

(857)x 0 (81)xy = (§20810 f, ho)
coincide. It remains to show that ;5 = &, modulo Im(d). By definition of the pushfor-
ward and Remark 4.5 we have

hiz = (g2 0 g1)«[K (01 + gf02) A+ 012 A fx K(Vp)].
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On the other hand, applying Remark 4.5 to &, yields
ho = gZ*[JC(Oz) A gl*(JC(ol) ANh+o01 A f*K(Vf)) + oy A (gl o f)*K(Vglof)]~

Now we use the projection formula fi (T A f*w) = (f«T) A w for a current T and
a form w. Since we have K(Vgo7) = K(Vy) A f*K(V1), the projection formula for
T = K(Vy) and = K(V) implies

FeK(Vgior) = fx(K(Vr) A f¥K(V1)) = fxK(V5) A K(V1).
Hence we can rewrite /4, as
ho = g24[ K (02) A g1x (K (01) A+ 01 A [xK(Vy)) + 02 A g1 (f K(Vr) A K(V1))].

We apply again the projection formula to the pushforward along g;, once with 7 =
K@) Ah+o01 A fxK(Vy) and o = K (02), and once with T = f, K(Vf) A K(V1)
and = 0. Since g} K (02) and K(V) lie in 4°(X1; V), and hence in the center of the
ring A*(X1; V&), we then get

ho=(g2 0 g1)+[&1 K (02) A (K (01) Ahto1 A fuK(Vr))+gT02 A K(VI) A fuK(Vp)].
Next we collect the terms that are wedged with f, K(Vy) and obtain:
ho = (g2081)x[ g7 K (02) A K (01) Ah+(g7 K (02) Aor+gTo2 A K(V1)) A £ K(Vy)].
By Proposition 3.8 we have K (01 + g]02) = K(01) A K (g7 02) which implies
ho = (g20 gl)*[x(ol +glo) AR+ (ngC(oz) Ao+ gioa A K(V1)) A f*K(Vf)]-
Finally, by formula (4.11) for 012, we get

ho = (g2 0 81)«[K (01 + g102) A+ 012 A fxK(Vy)].
This shows s, = hj5 and finishes the proof. ]

Remark 4.12. Let g: X — Y and g: W — Y be transverse proper holomorphic maps of
codimensions d and d’, respectively. Let 7: W xy X — Y be the map induced by the
following cartesian diagram in Manc

Wxy X —2— x

WT;Y.

Let o, € Kyuy, (X) and oy € Kyu,, (W) be M Ug-orientations of g and g, respectively.
We then have natural isomorphisms of stable normal bundles (g')* N, = Ny, (¢')*Ng =
Ny, and

Nz = (g))"Ng ® Ng» = (¢')"Ng & Ny



Geometric pushforward in Hodge filtered complex cobordism 483
Hence (g')*04 + (¢’)* 04 is an orientation of &, and Theorem 4.11 implies that we have
the following identity

g3 o (g0 = g EVOHOT a6 (o)

of homomorphisms M U" (p)(W xy X) — MU"+24+2d"(p L d 4 d")(Y).

Next we will show that the pushforward is compatible with pullbacks. First we briefly
recall the construction of pullback homomorphisms in MU*(p)(—) from [14, Theo-
rem 2.22]. For further details we refer to [14, Section 2.7] and the references therein.
Let k: Y’ — Y be a holomorphic map. We consider the following cartesian diagram of
manifolds

k
7 257

ol

Y’T>Y

where k and f are transverse, and f = (f. Ny, Vy)is a geometric cycle on Y. By transver-
sality we get that k* f is complex-oriented with Nx, = kz* Ny. We define k* f by

k*f = (k* f,k5Ns k3 Vy).

For a cycle ( f ,h) € ZMU"™(p)(Y), it remains to define the pullback of the current /.
Since the pullback of an arbitrary current is not defined, this requires to restrict to the
subgroup ZM U!(p)(Y) C ZMU"(p)(Y) consisting of those y = (f, h) satisfying

WF() N N(k)=0 and k f

where WFE(/) denotes the wave-front set of h and N (k) is the normal set of f as defined in
[17, Section 8.1]. For y = (f',h) € ZMU}'(p)(Y), we then have a well-defined pullback

k*y = k*(f.h) = (k* f. k5 N7 k5 Vs k*h)

where k*h is well-defined by [17, Theorem 8.2.4]. By [14, Theorem 2.25], this induces a
pullback homomorphism

kK MU"(p)(Y) - MU"(p)(Y').
Theorem 4.13. Suppose we have a cartesian diagram in Manc

;K
X —

gi lg (4.12)

Y’T>Y
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with k transverse to g, and g proper of codimension d. Let o be an M Ug-orientation
of g. We equip g’ with the pullback orientation o' := k'*o. Then we have

k*gy = (&K MU (p)(X) — MU (p + d)(Y").

Proof. Lety = (f h) = (f.Ny,Vy¢,h) € ZMU"(p)(X) be a cycle. Since transversality
is generic we can assume f to be transverse with k’. Let k’,: Z" — Z be the induced map
in the top cartesian rectangle in

Ky=kz

7z —7

| |/

X’ K
—_—

Y ———— 7.
k

Since both rectangles are cartesian, the outer rectangle is cartesian as well. Hence the map
kz:Z' — Z induced by the outer cartesian diagram agrees with k’,. We write

K*g2(f.h) =t (foh) and (@)K (f k) = (7).
Let e = (Ng, V4, 0¢) be a representative of the orientation o of g. Then we have
fo=(k"(go f).kzNs ® k7 f*Ng. .k Vy @ k7 £ V).

The pullback orientation k'* o is represented by &’ = (k'*Ng, k'* Vg4, k'*a¢). Since dia-
gram (4.12), is cartesian we have

r

fi= (& ok f). Ny & (K" [)*Ng. Vi p @ (k" [)*Vg) = [

Now we check the effect on the current / using that we have k*g, = g,k’* by [14,
Theorem 2.27] whenever the involved maps are defined:

h, = k*(g+(K(Vg) A+ 0g A (fxK (V) = dh)))
= gL (K" K(Ve) Nk h + K 0y Ak (£ K(Vy) — dh))
= hr_ |
We recall from [ 14, Section 2.8] that there is a natural product of the form

MU™ (p1)(X) x MU (p2)(X) = MU™ ¥ (p1 + p2)(X) (4.13)

turning M U*(x)(X) into a ring. The product of two classes [y1] and [y;] is denoted by
[¥1] - [y2] and is induced by the following construction: We consider the operation

®: DM (X1; Vi) x D"2(Xa: V) — D"2(X | x Xz Vy) (4.14)
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satisfying Ty ® To = 7y Th A 712* T>. Since K is multiplicative, we have
KP'EP2(V) @ V,) = KPY(V)) ® KP2(V3).

We then define the symbol x, and refer to it as the external product of Hodge filtered
cycles by potential slight abuse of terminology, by

y1x 2= (fi X fa.h1 ® R(y2) + (=)™ f1,K(Vy,) ® hs). (4.15)

The product in (4.13) is then defined as the pullback along the diagonal map Ax: X —
X x X:

1l - [y2] = A;(([Vl X J/z])'
The following theorem shows that g, is a homomorphism of M U* (x)(Y )-modules.

Theorem 4.14. Let g: X — Y be a proper holomorphic map of codimension d and let
0 be an M Ug-orientation of g. Then, for all integers n, p, m, q, and all elements x €
MU™(p)(X)and y € MU™(q)(Y), we have the following projection formula

g2(g"y - x) =y - gix in MU 24 (p 4 g + d)(Y).
Proof. Since the product is defined by pulling back an exterior product along the diagonal,

we consider the following commutative diagram

(g,idx) Y x X X X

X —
l G= 1dyxgl Jg
Y

—)YxY—)Y

We denote by 7y: Y x X — Y and ny:Y x X — X, and by pri:Y xY — Y and
pry: Y x Y — Y the projections onto the first and second factors, respectively. We endow
the map G := idy x g with the pullback M Ug-orientation o’ := 73 0. We claim that in
order to prove the assertion of the theorem it suffices to show the identity

G (v xx) = y x g2(x). (4.16)
To prove that it suffices to show (4.16), we observe that (4.16) implies that
AFGY (v xx) = Ay (y x g2(x)) = y - gox
by definition of the cup product on M U*(x)(Y'). Hence it remains to show that
AFG2 (y xx) = g2(g*y - X).
To do so we consider the following diagram

X — 2 L xxxEF%y.x

gl gxgl lo (4.17)

Yy —— Y xY ——Y xY.
Ay idy xy
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Since the outer diagram in (4.17) is cartesian and since G and Ay are transverse, we can
apply Theorem 4.13 to get

AFGE (y xx) = g2((g x idx) o Ax)* (¥ x x)
= g7 A% ((g x idx)"(y x x))
= g2 A% ((g"y x x))
=gi(¢"y - x).
where the last equality uses the definition of the cup product on M U *(x)(X). This proves
the claim.
We will now show that identity (4.16) holds by proving the corresponding formula
on the level of cycles. Let ¢ = (Ng, Vg, og) be a representative of 0. Then the triple
= (g Ng. nXVg, Ty 0g) represents o' = myo. Let (fx, hy) and (fy, hy) be cycles
such that x = [ fx, x] and y = [fy, hy]. We write i, for the current defined by (4.15)

suchthat y x x = | fy X fx, yxx]. The theorem will then follow once we have proven the
identity of cycles

GE (fy X fr hyxx) = (fy hy) x g5(fx. hx). (4.18)

Formula (4.18) can be checked separately on the level of geometric cycles and on
the level of currents. To simplify the notation we denote the cycle Gs ( fy S Byxx)

by (fG hg). We write (fg*(x) hg.(x)) for the cycle g*(fx, hy), and (fyxg*(x) hyxg*(x))
for the cycle ( fy, hy) x g5( fx, hx). For the geometric cycles the formula f = f,xg.(x)
follows directly from the definition of the pushforward and the definition of the map G =
idy x g.

Now we show that (4.18) holds for the corresponding currents. Recall that we use the

notation ¢ (y) = (fy)«K(Vy,) and R(y) = ¢(y) — dhy foracycle y = (fy,hy). We then
have by definition of the exterior product x

hyxx =hy ® R(x) + (=1)"¢(y) & hs. (4.19)
By definition of the pushforward we have
he = Gy(mx K(Vg) A hyxx + T30 A R(y X X)).

Using formula (4.19) and the formula R(y x x) = R(y) ® R(x), which is verified in
[14, p. 26], we can rewrite hg as

ho = Ga(mEK(Vg) A (hy ® R(@) + (~1)"$(3) ® hy) + w505 A (R(Y) ® R(x))).
By definition of ® in (4.14) and the fact that R(y) is of degree m we then get

he = Gu(hy ® (K(Vg) A R(X)) + (=1)"$(») ® (K(Ve) A hy)
+ (=D"R(y) ® (0g A R(Y))).
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Now we use the definition of G as G = idy x g to get:
hg =hy ® g*(K(Vg) ARX)) +(D"o(y) ® g*(K(Vg) A hx)
+ (=D R() ® g« (0g A R(x)).

On the other hand we compute

hyx gt (x)
= hy ® R(g5(fr.hx)) + (=1)"p(¥) ® hge(x)
= hy ® g+((K(Vg) —dog) AR(X)) + (=1)"p(y) ® g«(K(Vg) Ahx + 0g A R(x))
=hy ® g«(K(Vg) A R(x)) —hy ® g«(dog A R(x))
+ (=D"0(y) ® g+ (K(Vg) Ahx) + (=1)"$(y) ® g«(0g A R(x)).

Comparing the expressions for hg and /iy xgs(x) it remains to show
(1) R() ® g4 (05 A R(X)) + hy ® ga(dog A R()) = (~1)"$(3) ® g4 (05 A R(x))
modulo Im(d). Since, by definition of R in (2.4), R(x) is a closed form, we have

d(og A R(x)) = dog A R(x) — g AdR(x) = dog A R(x).
Since h,, is of degree m, we therefore get

d(hy ® g«(0g A R(x))) = dhy ® g«(dog A R(x)) + (—1)"hy, ® g«(dog A R(x)).
Hence, modulo image of d, we get the following identity
hy ® g*(dcrg A R(x)) = (-1)"dh, ® g« (dag A R(x)) modulo Im(d).
Since R(y) = ¢(y) — dhy by definition, we can thus conclude
(=1)"R(y) ® g+(0g A R(x)) + hy ® g«(dog A R(x))

= (=1)"R(y) ® g+(0¢ A R(x)) + (=1)"dhy ® g+(0g A R(x))

= (=D)"$(y) ® g«(0g A R(x))
modulo Im(d). This shows (4.18) and finishes the proof. (]

We end this section with a further observation on the relationship of the maps R
and X.

Remark 4.15. As in the proof of Proposition 4.10, we can express the identity shown in
Lemma 4.2 as

R(g2(»)) = g+(K(0) A R(y))
for every element [y] and proper holomorphic map g: X — Y with M Ug-orientation o.
For the special case that y is the identity element 1x of the ring M U*(x)(X), i.e., for
[y] = 1x = [idyx, d, 0], we get

R(g2(1x)) = g«(K(0)).
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5. A canonical Hodge filtered M U -orientation for holomorphic maps

We will now show that for every holomorphic map there is a natural choice for an M Ug-
orientation. The key result is Theorem 5.6 which provides us with a canonical choice of
a class of connections. The existence of a canonical choice of a class of orientation and
Theorem 5.12 may be seen as justification for defining M U p-orientations as a K-group
and not just as a set. We recall from [19, Section 6.3] the following terminology.

Definition 5.1. Let X be a complex manifold and let D be a smooth connection on a
holomorphic vector bundle E over X. Then with respect to local coordinates (U;, gi), D
acts as d + I';, where I'; = (Fij k) is a matrix of 1-forms. Recall that we have

Ty =g;;'dgji + &5, T gji

where the g;; denote the transition functions. Conversely any such cocycle {I';} defines a
connection. Then D is called a Bott connection if for each i, j, k we have

ik 141
r/* e FlA(X).

Remark 5.2. As noted in the introduction, Bott connections are more commonly referred
to as connections compatible with the holomorphic structure. Here we follow Karoubi,
who uses the terminology in [19] in a context where Bott connections generalize both
connections compatible with a holomorphic structure and Bott connections of foliation
theory. Since Bott connections are frequently used in what follows, we adopt Bott connec-
tion as a convenient terminology.

Remark 5.3. Every holomorphic vector bundle on a complex manifold admits a Bott con-
nection. In fact, the Chern connection on a holomorphic bundle with a hermitian metric
is defined as the unique Bott connection which is compatible with the hermitian struc-
ture. By [18, Proposition 4.1.4] every complex vector bundle admits a hermitian metric.
By [18, Proposition 4.2.14] every holomorphic bundle with a hermitian structure has a
Chern connection. Alternatively, one can show the existence of Bott connections as in
[19, Section 6] using a local trivialization of the bundle and a partition of unity.?

Remark 5.4. If D is a Bott connection, then the curvature of D, which in local coordi-
nates is represented by the matrix

dl'y + T ATy,
belongs to F' 4A2Z(X ;End(E)). This implies the following key fact about Bott connections:

K(D) € FOA(X; V). (5.1

2We emphasize again that a Bott connection does not have to be holomorphic, but is merely required
to be smooth. Hence one may use a partition of unity for the construction as explained in [19, Section 6].
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Remark 5.5. Let D be a Bott connection on E. Then (5.1) implies that the triple (£, D, 0)
defines an element in Kpy,, (X). The following result, inspired by [19, Theorem 6.7],
shows that the associated orientation class [E, D, 0] is independent of the choice of Bott
connection D.

We will now prove the key technical result of this section.

Theorem 5.6. For every X € Manc, there is a natural homomorphism
B:KQ,(X) — Kpupy(X)

induced by
B[E] = [E, D, 0],

for each holomorphic vector bundle E where D is any Bott connection on E.

Proof. The existence of a Bott connection was pointed out in Remark 5.3. The assertion
of the theorem then follows from the following two lemmas. ]

As a first step we analyze the Chern—Simons form of two Bott connections on a given
holomorphic vector bundle and show that they lead to the same orientation class.

Lemma 5.7. Let D and D’ be two Bott connections for a holomorphic vector bundle
E — X.Then CSg(D,D’) € FOA(X: V), so[E,D,0] = [E,D’,0] in Kuuy (X).

Proof. Let T'; and I/ be the connection matrices of D and D’, respectively, with respect
to local holomorphic coordinates z1, ..., z; on U;. Let I = [0, 1] be the unit interval and
let 7: I x X — X denote the projection. Then consider the connection D" =t - 7*D +
(1—1)-7*D’ on 7*E. Its connection matrix on I x Uj is

" =tT; + (1 —1)I}.
The curvature of D" is given on I x U; by

Q =dT/ + T/ AT/
=dt ATy +1t-dT; —dt AT, + (1 —t)dT] +t*T; AT
+ (1 =1)’T} AT} +t(1 =)y ATY.
Each term is of filtration 1 in the sense that at least one of the dz; s appears in each term of
each entry. Hence the Chern form cx (D”) has at least k many dz;s appearing in its local

expression, and in that sense belongs to FX4*([0, 1] x X). Integrating out d¢ maps this
filtration step F¥4*([0, 1] x X) to the Hodge filtration F¥A*(X). This implies

7+ K(D") e FOA™Y(X; V).
Since CSg (D, D) = w4« K(D"), this proves

[E.D.0] = [E,D',0] € Kpu (X). -
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Next, we show that all the defining relations of KSOI (X) and Kpy, (X) are respected
by B.

Lemma 5.8. Let E be a holomorphic bundle over X and D be a Bott connection on E.
The assignment E + (E, D, 0) induces a map B: K? (X) — Kyug (X).

Proof. The first part of this proof follows [19, Proof of Theorem 6.7]. Let
o B
0—->FE —>E,—> E;—>0

be a short exact sequence of holomorphic vector bundles, and let D; be a Bott connection
on E;. By the defining relations for Ky, (X) we need to establish

CSk (D1, Dy, D3) € FOATH(X; Vy)

where we recall that the notation F has been introduced in (2.2). Let y: E3 — E, be a
smooth splitting. This yields a smooth isomorphism of bundles

u=(a,y):E & E; — Es.

=)

where o is a left-inverse of a. We choose holomorphic coordinates for each E; over an
open U; C X. We then get the following equations of matrix valued forms:

wi-uyt = (o yi)- (g’l) =1

(e =0 1)

Since D, is a Bott connection, it is represented by a matrix l"l-2 with coefficients in F!.
Note that, since y and 0 may not be holomorphic, A2 :=u*D, may not be a Bott con-
nection. However, locally on U;, A2 takes the form

The inverse ™! has the form

and

2, —1g. -2,
A7 =u; du; +u; Tiu;.

We have ui_ll"izui e F!, since Fiz isin F'. The matrix ui_ldu,- expands as

0; U,-dai Oid)/i)
do; dy;) = .
(ﬂi) (da; dp) (ﬁidai Bidy
Since B;y; = 1, we have Biqy; = —dBiy; € F!. Since da; € F', we see that ui_ldu,- is
upper triangular modulo F!.
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Now let 7: [0, 1] x X — X be the projection. Let
V=t-7*A2+1A—1t)-7%(D: ® D3),

and let 6; be the connection matrix of V with respect to local coordinates on U; C X.
We continue to use the notion of filtration on A*(7*(E{ ® E3)), A*(x*(E,)), and
A*([0, 1] X X; V,) as in the proof of Lemma 5.7. We know that (1 —¢) - 7* (D1 & D3)
is in F!, and we have just shown that ¢ - 7*A? is upper triangular modulo F'. Thus,
0; is upper triangular modulo F! as well. Hence the local curvature form of V, i.e.,
Q; = db; + 6; A 0;, is upper triangular modulo F! as well. This implies that ¢; (V) €
F A% ([0,1] x X) and hence K(V) € FOA°([0,1] x X; Vx). Now we note that we defined
the Chern-Simons form CSkg (D1, D>, D3) as the integral of K(V’), and not K(V), for
the connection V' on [0, 1] x 7* E, given by

V= )'V=1-2"Dy+ (1 —1)-7* (") (D1 @ D3)).
Locally we can express the curvature of V' as
Q: = uflfziui.

Thus V and V' have identical Chern—-Weil forms. In particular, this implies that K(V') €
FOAO([O, 1] x X; V). Thus, again since integrating out d¢ sends FOA0 to FOAL we
have shown

7« K(V') = CSg(D1, D>, D3) € FOA™Y(X;Vy)

which finishes the proof of the lemma and of Theorem 5.6. ]

A key application of Theorem 5.6 is that it allows us to make a canonical choice of a
Hodge filtered M U -orientation for each holomorphic map:

Definition 5.9. Let g: X — Y be a holomorphic map, and let
Ny = [g*TY] = [TX] € Kgy(X)

denote the virtual holomorphic normal bundle of g. We define the Bott M Ug-orientation
of g, or Bott orientation of g for short, to be B(Ng) € Kyu,, (X), i.e., the image of N,
under B: K (X) = Kpu, (X).

()

The next lemma shows that the Bott orientation is functorial, i.e., it is compatible with
pullbacks in the following way.

Lemma 5.10. Assume we have a pullback diagram in Mangc

-2 x

gi lg (5.2)

Y ——Y
f



K. B. Haus and G. Quick 492

with f transverse to g. Let Ny and Nyg' be the virtual holomorphic normal bundles of g
and g, respectively. Then we have

fB(Ng) = B(Ng) in Ky, (X)),

Proof. Since f is transverse to g, we have f'* N, = Ny in K2, (X'). Since the choice
of Bott connection does not matter for B by Theorem 5.6, this induces the desired identity
S B(Ng) = B(Ng) in Kpgypy (X). (]

Remark 5.11. Let X, A x 2 2 x 3 be proper holomorphic maps. Since the map
Kpoy(X) = Ky (X)
is a homomorphism of groups, we have
B(Ngyog,) = B(Ng, ® g1 Ng,) = B(Ng,) + g7 B(Np,).

Hence the Bott orientation of g, o g is the composed M Ugp-orientation of the Bott ori-
entations of g; and g,, respectively. Together with Lemma 5.10 this may justify to call
the Bott orientation a canonical Hodge filtered M U -orientation for a holomorphic map.

Applying Theorems 4.8, 4.11, 4.13, and 4.14 with the Bott orientation together with
Remark 5.11 yields the following result.

Theorem 5.12. Let X and Y be complex manifolds, and let g: X — Y be a proper holo-
morphic map of codimension d. We equip g with its Bott orientation o := B(Ng). Then
g« = g2 defines a functorial pushforward map

g MU™(p)(X) > MU (p + d)(Y).

This is a homomorphism of M U™ (x)(Y)-modules in the sense that, for all integers n, p,
m, ¢, and all elements x € MU (p)(X) and y € MU™(q)(Y), we have

&gy x) =y gex in MU 24 (p 4 g+ d)(Y).

Furthermore, if f:Y' — Y is holomorphic and transversal to g, letting ' and g’ denote
the induced maps as in (5.2), the following formula holds

froge=g,o0 f™

In the remainder of this section we further reflect on the Bott orientation class B(Ny).
We note that [Ng] = [g*TY] — [T X] merely is a virtual bundle and, in general, there may
not be a holomorphic bundle Ny over X which represents [¢*TY] — [TX] in K2, (X).
We can, however, obtain a representative of the orientation class B(Ng) in Kyy, (X) as
follows: Let g: X — Y be a holomorphic map and i: X — C¥ a smooth embedding. We

then get a short exact sequence of complex vector bundles of the form

e
07X 28 o Ty @ Ck > Ny — . (5.3)
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Proposition 5.13. Let X be a Stein manifold, Y any complex manifold and g: X — Y a
holomorphic map. Then we can represent the virtual normal bundle of g, i.e., the element
[g*TY]—[TX] € K°(X), by a holomorphic vector bundle on X.

Proof. Since X is Stein, we can assume i in (5.3) to be holomorphic. Hence N, ;) admits
a holomorphic structure. ]

For general X, however, we cannot expect N(g ;) to be holomorphic. In particular,
N(g,i) does not, in general, represent the difference [¢*TY] — [TX] in K2 (X). Yet we

0
have the following result which follows from the defining relations in Ky, (X) (see

also Remark 3.11).

Proposition 5.14. With the above notation, let Dy be a Bott connection for TX, and Dy
a Bott connection for TY . Let V(4 iy be a connection on N(g ;). We set

0g 1= [Ng.i). Vig.i). —CSk (Dx.g* Dy & d.Vig))] € Kpugy (X).

Then we have
B(Ng) =0, in Kyugy(X). ]

For a projective complex manifold we can represent the canonical M Ug-orientation
in the following way.

Proposition 5.15. Let g: X — Y be a proper holomorphic map. Assume that X is a
projective complex manifold. Then there is a holomorphic vector bundle N on X and a
Bott connection D on N such that (N, D, 0) is an M Ug-orientation of g and B(Ng) =
[N,D,0] in Kpyug (X).

Proof. Recall the Euler sequence
0—>C— ny("—H) — TCP" -0

where y; — CP”" is the tautological line bundle. There is a canonical inclusion y; —>
C"*! and we denote the quotient by yir. Hence —[y1] = [yit] — [C"*1]. Thus we obtain
the identity

—[TCP") = (1 + D - (il = [C"T]) +[C] = (n + 1) - [yit] - [C* ")

in K2 (CP"). Now let X be a projective manifold and let:: X < CP”" denote a holomor-
phic embedding. We have a short exact sequence of holomorphic vector bundles over X

0—>TX - *TCP" - NX — 0.
In K2, (X) this implies the identities

—[TX] = [NX]—*[TCP"] = [NX]+ (n + l)t*[)/lJ‘] B [QS’;H"]
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and hence
N = [g°TY] = [TX] = [ TY] + [NX] + (0 + D[] = [T 7).
We define the holomorphic bundle
N :=g*TY @ NX @ *(y{)®¢ D,

Since B(C"’*?") = 0, we then get the identity B(N) = B(N) in Kpy,, (X). Thus we
have B(N,) = [N, D, 0] for any Bott connection D on N. |

6. Fundamental classes and secondary cobordism invariants

The existence of pushforwards along proper holomorphic maps allows us to define special
types of Hodge filtered cobordism classes. In particular, we can define fundamental classes
as follows:

Definition 6.1. Let f:Y — X be a proper holomorphic map of codimension d. Let
ly € MU°(0)(Y) be the identity element of the graded commutative ring M U*(x)(Y).
We endow [ with its Bott orientation. We then refer to the element [ f] := f«(ly) €
MU?2(d)(X) as the fundamental class of f.If the context of f and X is clear, we may
also write [Y] for [ f] and call it the fundamental class of Y .

Let f:Y — X be a proper holomorphic map of codimension d. Leti: Y — C* be a
smooth embedding. We then get a short exact sequence of the form

0—TY - f*TX & CY — N¢siy — 0.

With this notation, we have the following result.

Proposition 6.2. The fundamental class [ f] of f in MU?P(p)(X) is given by

felly] = [f. o) = L Ny Viriy: feo(rin].

where V(z;) is any connection on N(r;y and o(f;) = —CSg(Dy, f*Dx & d,Vy) for
Bott connections Dy on TX and Dy on TY .

Proof. This follows directly from the description of the Bottorientation in Proposition 5.14
and the definition of the pushforward map using ly = [idy, d, 0]. |

Next we show that the fundamental class is compatible with products in the following
sense.

Lemma 6.3. Let f:Y — X and g: Z — X be proper holomorphic maps of codimension
d and d’, respectively. Let w denote the map induced by the following cartesian diagram
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in Mangc

Yy —X.

Assume that f and g are transverse. Then we have
/1181 =[x] in MUP*24(d +d')(X).
Proof. Since f and g are transverse, we can apply Theorem 4.13 to get
e =8 f"
Since 7 = g’ o f by definition, Theorem 4.11 implies
fefgs = f*g;f/* = ”*f/*-
We apply this to 1z € MU?(0)(Z) and use that f"*(1z) = lyx,z to get

(7] = ma [ (12) = fx [ 8x(12) = fx [7I8]-

Now we apply Theorem 4.14 to y = [g] and x = 1y to conclude

[7] = me(lyxyz) = fo /78] = [g]- fx(y) = [g] - [f].

Finally, we note that the product in the subring consisting of elements of even cohomo-
logical degrees M U?*(x)(X) is commutative to conclude the proof. |

Remark 64. If f:Y < X is the embedding of a complex submanifold of codimen-
sion d, then the normal bundle N is a holomorphic bundle. Hence, in this case, the Bott
orientation of f is given by B(Ny) = (N¢, Dy, 0) with a Bott connection Dy on Ny, and
we have [f] = [f, N¢, Dy, 0] in MU??(d)(X).

Remark 6.5. Let fy: Yy — X and f1:Y; — X be two embeddings of complex submani-
folds of codimension d. By Remark 6.4, we can write the associated fundamental classes
as [ fol = [fo, Ny, Dy, 0] and [ fi] = [f1, Nf,, Dy, 0]. Now assume that fp and f; are
cobordant, i.e., they represent | the same element in M U2?(X). Then we can find a geo-
metric bordism b with 9b = f1 fo The bordism b is, in general, not sufficient to show
[fol = [f1]in MU?4(d)(X), since the associated current W(b) defined in (2.1) may not
vanish. In fact, b defines a Hodge filtered bordism datum between fp and fj if and only if

v(b) € FID71(X:;V,) = FED* 1 (X:V,) + dD*72(X; V).

In particular, two homotopic maps fy and f; do not define the same class in Hodge filtered
cobordism ~in general (see also Lemma 2.12 and [14, Lemma 5.9]). This shows that the
current ¥ (b) contains information that is not detected by M U24 (X).
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Following Remark 6.5 we will now study the case of a topologically cobordant fun-
damental class in more detail. For the rest of this section we assume that X is a compact
Kdhler manifold. Then we can split the long exact sequence of Proposition 2.15 into a
short exact sequence as follows. Let Hdglzva (X) = I(MU??(p)(X)). We write

H2P7H (X2 77 (Vo)
$(MUP=1(X))

J2p l(X)

Then we get a short exact sequence
0 — Joh ' (X) = MU?P(p)(X) — Hdg}l, (X) — 0. 6.1)

Remark 6.6. Note that, since X is compact Kihler, we have an isomorphism

oif o D HP(X; V)
H ( (*)) FPHP1(X: V)"

Thus we can rewrite J (X ) as

H?P~1 (X;Va)
FPH2P=1(X; V) + p(MU2P=1(X))

J2p I(X)

Remark 6.7. As noted in [16, Remark 4.12], it follows from the Hodge decomposition
that Jﬂzfu_l (X) is 2isorflorphic to the group M U?P~1(X) ® R/Z. This implies that, as a
real Lie group, J pU_ (X) is a homotopy invariant of X, while as a complex Lie group
Jof 2p— 1(X ) depends on the complex structure of X.

Definition 6.8. Assume we have an element [y] in M U??(p)(X) such that I([y]) van-
ishes in M U?P(X). Then sequence (6.1) shows that we may use J AZ,IPU_ ! (X) as the target
for secondary cobordism invariants. For example, let f:Y — X be a proper holomor-
phic map of codimension p. Assume that the fundamental class of f in M U2?(X), given
as the pushforward of 1y € MU®(Y) along f, vanishes. Then the fundamental class of
f in MU??(p)(X) has image in the subgroup J,/ 20 1(X ). Because of the similarity to
the Abel-Jacobi map of Deligne—Griffiths (see e.g. [24, Section 12]) we will denote the
image of f in the subgroup J AZfU_ '(x) by AJ(f) and will refer to AJ(f) as the Abel-
Jacobi invariant of f.

Let f:Y — X be a proper holomorphic map of codimension p. We will now describe
AJ(f) in more detail. Let [yr] := [f, N¢riy. V(r.i). f+0(si)] be as in Proposition 6.2.
We assume that fx(1y) = 0 in MU??(X). Then there is a topological bordism datum
b:W — R x X such that db = f. Let N, be the associated normal bundle. We can extend
the connection V(z;y on N(r;y to get a connection V; on Np, and obtain a geometric
cobordism datum 5. Then we have

— (0B, (B)) = (0, fao(siy — ¥ (B)) = (0. fuo(s) — (7x © blwy), (K7 (V)
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by definition of W(l;) in (2.1). Hence we get

[yl = a[ fuo(riy — v (5)]

under the homomorphism
D*
a: H*P~! (X; ﬁ(“V*)) — MU (p)(X)

which is 1nduced by the map defined on the level of forms in (2.3). The class [ fxor — w(b)]
in H?P71(X; £, ~(Vx)) may depend on the choice of 5. However, if 5’ is a different bor-
dism datum, then we have

aly(b) —y (b)) € p(MUPTH(X)) C H*P7(X;V,).

Thus, after taking the quotient, we get a well-defined class. We summarise these observa-
tions in the following theorem.

Theorem 6.9. With the above assumptions on f and X, the fundamental class of f in
MU?P(p)(X) is the image of

H?P~1 (X;Vs)
FPH2P=1(X; Vy) + (M U?P~1(X))

AI(f) = [fuoy =¥ (b)] € = iy (X). =

Now we give an alternative description of AJ(f). Let 'V, be the C-dual graded algebra
with homogeneous components

= (V_;) = Homc(V_;, C).
Then the canonical pairing given by evaluation
ev:V, ® Vi, —» C

has degree 0, if C is interpreted as a graded vector space concentrated in degree 0. Let n =
dimc¢ X . Poincaré duality and the fact that all vector spaces involved are finite-dimensional
imply that the pairing

H*¥(X:V,) x H" % (X;V.) - C

(). [e]) = ev (/X n A w) (6.2)

is perfect. Here n A w is interpreted as a Vi ® V.-valued form. We may thus identify
H?P7Y(X;V,) with (H?"~2PT1(X:V.))'. Hodge symmetry and Serre duality then imply
that, under this identification, the subspace F? H 2P=H(X V) corresponds to the subspace
(Fr=—p+1g2n=2p+1(x: V') This implies that there is a natural isomorphism

H2r~! (X:Vs)
FPH2P—1(X;V,)

~ (Fn—p+1H2n—2p+1 (X, v;))/
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Now we let ¢’ denote the composition of ¢: MU¥(X) — H¥(X:V,) followed by the
identification under pairing (6.2), i.e., ¢’ maps the element [f: Z — X] € MU*(X) to
@' (f)in (H*7*(X;V.)) defined by

#(f)(10]) = ev ( [ kpn f*w),

where Vf is a connection on the normal bundle Ny. We note that, since Y is closed, it
follows from Stokes’ theorem that this pairing is independent of the choice of representa-
tive of [w] and of the choice of connection. In fact, it is independent of the choice of form
which represents the class K(Ny). Then we conclude from the above arguments that there
is a natural isomorphism

(Fn—p—H H2n—2p+1(X; v;))’

S (MU (X)) 6.3)

Tof 1 (X) =

Now let f:Y — X be a proper holomorphic map of codimension p such that [ f] =0
in MU?P(X).Letb = (b, Ny, Vp) be a geometric bordism datum over

b= (cp, fp): W —>RxX.

We set Wjo,17 := ¢ ([0, 1]), and w := fp|w,, ;-

Theorem 6.10. With the above notation, the image of AJ( f) under isomorphism (6.3) is
represented by the functional in (F"~P+t1H?2"=2PT1(X:V!)) defined by

[@] ~ ev (fyaf Ao+ /W K(Vp) A w*a)).
[0.1]

Proof. We recall from Theorem 6.9 that AJ( f) = [f*af — W(I;)] € JAZfU_I (X).Let w be
aclosed form in F"~PT1 A27=2P+1(X:V!) Since the codimension of f} is odd, we have
Ip(l;) = —w4 K(Vp). Then the interaction of pushforwards and pullbacks with integrals
and Stokes’ theorem yield:

/X(f*af_lr/f(];))/\w:/Xf*af/\a)—/);l/f(g)/\a)
=/YofAf*a)+/ K(Vp) A w*w.

Wio.1
By construction of isomorphism (6.3), the image of AJ(f) is the homomorphism that
sends [w] to the class given by evaluating the above sum of integrals.
It remains to show that this evaluation yields a well-defined element in the group
(Fr—ptlg2n=2p+1(x: V') Assume w = dr. Then

[ K(Vp) A w*(dy) = / K(Vo)y A f*¥ (6.4)
W[O,l] Y
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by Stokes’ theorem. Since f is holomorphic, we have K(Np)|y = K(Ny) € H*%(Y;Vy)
and thus K(Vp) |y € F 0A4%(Y; Vy). Since Hodge theory implies the vanishing of the sub-
space F"PT1H20=2P(Y 'V, ® V.) = 0, integral (6.4) vanishes.

For the other integral we note that by Stokes’ theorem we have

/Of/\f*(dlﬂ)=/ dor N [ (6.5)
Y Y

We recall from Proposition 6.2 that 6y = —CSg (Dy, f*Dxy &d, Vf) for Bott connec-
tions Dy on TX and Dy on TY, and an arbitrary connection V¢ on the normal bundle.
The derivative of oy satisfies

doy = K(f*Dx @ d) — K(Dy) — K(Vy).

Since K is multiplicative and K(d) = 1, we have K(f*Dx @& d) = K(f*Dyx). Since Dy
and Dy are Bott connections, we know that K( f*Dx) and K(Dy) are in FOA?(Y; Vy).
This implies again for reasons of type that the integrals

/ K(f*Dx) A f*y and / K(Dy) A f*y
Y Y

both vanish. The remaining term to analyse is the integral fY K(Vs) A f*¢ which we
already have shown to vanish. Thus integral (6.5) vanishes and the functional is well-
defined. Finally, we note that integral (6.5) is independent of the chosen bordism datum,
while the difference between the integrals (6.4) corresponding to two different bordism
data is an element in ¢'(M U?P~1(X)). n

Remark 6.11. The formula in Theorem 6.10 simplifies if the orientation oy admits a
representative of the form (N, V, 0). If f is projective, we obtain such a representative
from Proposition 5.15, and if f is a holomorphic embedding, B(f*TX/TY) will do.
We do not know if such representatives exist for the canonical orientations of general
holomorphic maps.

7. Hodge filtered Thom morphism

We will now define a Thom morphism from Hodge filtered cobordism to Deligne coho-
mology. In order to define a map on the level of cycles we will first construct a new cycle
model for Deligne cohomology. Our construction is similar to that of Gillet—Soulé in [11]
(see also [13]). However, our construction is more elementary than the one in [11] in the
sense that it avoids the use of geometric measure theory.

Let X be a complex manifold and U C X an open subset. For an integer p > 0, let
Z(p) denote (27i)? - Z and let Z o (p) be the complex of sheaves

0 Z(p) = Ox — Qy — - > Q271 >0,
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where Z(p) is placed in degree 0. Then the Deligne cohomology group Hg) (X:Z(p))
may be defined as the g-th hypercohomology of the complex Z g (p). We recall the group
of smooth relative chains defined as the quotient
. _ cdift X;Z
cam (X, X\U:Z(p)) = di;lflmX—k( - (p)) _
Ciimx—1(X\U: Z(p))

Let C¥ denote the presheaf
U CHU) =ity (X X\U: Z(p)).

The restriction maps of C¥ are induced by quotienting out the appropriate additional
chains. The presheaf C¥ is very close to being a sheaf since it satisfies the sheaf con-
dition for coverings of X. However, it does not satisfy the sheaf condition for general
collections of open subsets of X. Hence let C¥ be the sheafification of C¥. The sheaf
C* is not fine, but it is homotopically fine, meaning that its endomorphism sheaf admits a
homotopy partition of unity. We refer to [4, p. 172], from which we also recall the implica-
tion that H*(H’ (C*(U))) = 0 for j > 0. Hence the hypercohomology spectral sequence
degenerates on the E,-page, past which only the row H°(C*(U)) survives. On stalks the
sheaf C¥ coincides with the presheaf C¥. Let U be a small contractible open subset of X .
By excision we have

H*(C*(U)) = Hamx-k (R . RI¥\ D1 Z(p)),
for D the closed unit disc. Hence we get

o 0 i >0,
HI (C*(U)) = {Z(p) j zo.

This proves the following result.

Lemma 7.1. The complex C* is an acyclic resolution of the constant sheaf Z(p) as
sheaves on X. ]

By [4, Appendix B, Solution 1.12], we also have the following fact.

Lemma 7.2. The canonical map C*—C* induces an isomorphism of cohomology groups
on global sections H*(C*(X)) = H*(C*(X)). L]

In other words, the sheaf cohomology H*(X; Z(p)) can be computed as the coho-
mology of the complex C*(X). Now we consider the map of complexes

T:C*(X) - D*(X)

induced by integration. Let D7 (X) be the image of 7 in D*(X). Since T is a map of
chain complexes, it follows that D7 (X) is a complex as well.
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Proposition 7.3. The map T:C*(X) — D7, (X) induces an isomorphism on cohomology.

Proof. By Whitehead’s triangulation theorem, we may pick a smooth triangulation of X,
ie.,aset S ={f;: Ak — X} such that each f; is a continuous embedding which extends
to a smooth mapping of a neighborhood of A¥ C R¥, and each x € X is in the interior of a
unique cell S; = Im( f;). It is well-known that the inclusion C«(S;Z(p)) — C«(X;Z(p))
of cellular chains is a quasi-isomorphism. Hence it suffices to show that 7" restricts to a
quasi-isomorphism on the cellular chains of S. Since each point x € X is contained in
the interior of a unique cell of S, we can show that 7" is injective on cellular chains
as follows. We can construct for each i a form w; € A% (X) such that / Ak JiToi # 0,
and such that the only k;-cell intersecting the support of w; is S;. Suppose T(c) = 0
for ¢ = Y a; fi. Then T(c)(w;) = a; T(f;)(w;) is a nonzero multiple of a;, and we get
a; = 0 for all i. To see that the map induced by T from cellular homology is injective,
we first note that the inclusion of cellular chains into singular chains is a deformation
retract since it is a quasi-isomorphism between complexes of projective modules. Let r
be a retraction onto the cellular chains. Now let ¢ be a cellular cycle with T'(c) = d T («)
for o an arbitrary integral chain & € C*(X). Then we have T'(c) = dT(«) = T (d) and
thus 7(c) = T(r(c)) = T(r(da)) = T (dr(a)). Since T is injective on cellular chains,
we get ¢ = dr(«). Hence ¢ represents 0 in cellular homology, and the map induced by T
on cellular homology is injective. It remains to see that T restricted to cellular chains is
surjective on homology.

By definition of D7 (X) as the image of T, every element of D7 (X) is of the form
>; T(a; - gi) where g; are smooth maps A¥ — X . Assume that > T(a; - gi) is acycle
and hence represents a class in H k (X; Dgz). To simplify the notation, we write

g = Zai - &i-
i

By assumption, we have d T'(g) = 0. Since r is a deformation retraction, there is a homo-
topy A of the cellular chains such that
oh+hd=1-r.

By applying r, we define a cellular chain f := r(g). Omitting the inclusion from cellular
chains into chains from the notation we then have the identity of chains

g = f—hig) =0d(h(g) + g

Applying r again defines a cellular chain r(g’) such that
dT(r(g")) =dT(r(d(h(g)) +g)) = T(30(h(g))) + dT(g) =0,

where we use the assumption d T'(g) = 0. Hence we get

T(3(r(g"))) =dT(r(g")) =0.
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Since T is injective on cellular chains, this implies dr(g’) = 0, i.e., that f := r(g’) is
a cellular cycle. Since T(f') — T(g) = T(3(h(g))) = dT(h(g)) is an exact current, we
have found a cellular cycle f’ whose homology class is mapped to the homology class of
g under 7. This completes the proof. ]

We are now ready to give our presentation of Deligne cohomology. Let
ip: FPA* > D*
be the map of sheaves induced by 7', and let i.: D7 (X) — D*(X) be the inclusion. We
will show that the following cochain complex
C3(p)(X) = cone (D (X) @ FPA*(X) “—55 D* (X))
computes the Deligne cohomology of X . In degree k we have the group
CH(P)(X) = DE(X) @ FPAF(X) & DF1(X),
The differential is defined by
d(T.w,h) = (dT, dw, i.(T) — dh + ir(»)).

Theorem 7.4. The cohomology of the cochain complex C 7 (p)(X) is naturally isomor-
phic to Deligne cohomology.

To prove the theorem we will use multicomplexes, which are more flexible than bicom-
plexes. We recall from [3] that a multicomplex of abelian groups consists of the data of a
bigraded abelian group, E**, and differentials d;*': ES* — EST7'=7+1 guch that

Z djs+z,t—z+l ° dis,t — 0 ES? s ESthi—k+2
i+j=k
One can consider multicomplexes of objects in any abelian category. We are considerin
p ] y gory. g

here multicomplexes of abelian sheaves.

Proof of Theorem 7.4. We will construct a series of quasi-isomorphisms of complexes of
sheaves

Zop(p) = Cg(p) = Tot(M)

and a quasi-isomorphism of complexes of abelian groups Tot(M)(X) — Cg (X), where
M is the following multicomplex of sheaves on X:

Ct s =0,

Mt = § DSt 0<s<p,
FPASt o) Ds—l,t p< i.
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To define the differentials let ITSK—5: DX — DSK=S be the projection. For s > 0, there is
only dy and d;. The differentials of M are

d:Ct N Ct+1 s = 0,
dg’t = _§:ps—Lt _, ps—Lt+1 O<s<p
(@,iF —9): FPAS @ DS™H 5 FPASIHL @ Ds—Litl 5>
% oj.:C* — Dot s =0,

df,t =4 _5:-Ds—Lt _, psit 0<s <p,
(0,iF — 0): FPAS! @ DS~LI — FPASTLL @ DSI 5 > p,

dr(),t — Hr,t—r o ic: Ct — gr,z—r_

The total complex of M is given by
Tot* (M) = cone (C* @ FP A" IrTie D*).
There is therefore a natural map Tot* (M (X)) — Cg(p)(X) defined by
Tot*(M(X)) 3 (¢, @, h) — (aT(c). w, h) € C{(p)(X),

where we write aT for the sheafified map induced by T'. This map of complexes induces
an isomorphism on cohomology since each of the maps

id: FPA*(X) > FPA*(X), T:C*(X) - Di(X), and id:D*(X) - D*(X)

is a quasi-isomorphism. We define yet another complex of sheaves
.d ) 8
Cg(p) = (Z(p) - QY i) i) QP2 Q_)) QP @ Qr-1 2 Qprt1 ® QP p+1 )

with §; (0, 1) = (dw,w —dt) fori = p. There is amap f: Zo(p)(X) — CH(p)(X)
given by

d d

Z(p) QO Ql 4.4 ,qr2 Qr-! 0
idl idl idJ{ lid la
Z(p) —— Q0 4@l . 4 qr2 CDgpggpt T

with a(w) = (dw, w). We claim that this is a quasi-isomorphism of complexes of sheaves.
This is clear in degrees < p, and in degrees > p it follows from the fact that C(p) is
exact in that range. In degree p we need to show that f induces an isomorphism on
cohomology of stalks. Let U be a polydisc. Then

QP (U)

HI(U:Z(p)) = T d

)
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and
(0,7) € QPU) @ QPN U) :dt = a)}

Im(0, d)

It is clear that the map induced by f, which can be described as [t] — [d 7, 7], is an
isomorphism. Hence f is a quasi-isomorphism as claimed. Next there is a natural map
Cg(p) — M given by

H?(U:CZ(p)) = {

Z(p) QO QP2 QP QP ...

! L]

Co 70,0 s PDP20 s AP pDPTL ...

where ¢ is the quasi-isomorphism Z(p) — C*. The column M** is a resolution of the
sheaf C .:/tl) (p) by Lemma 7.1 and the arguments in [12, pp. 382-385]. Hence the natural
map

Co(p) —> M

is a quasi-isomorphism. This concludes the proof. |

Remark 7.5. If we choose a smooth triangulation of Z, then by summing up the top cells
we get a smooth singular cycle ¢z representing the fundamental class [Z] € Hygim z(Z; 7).
We have T(cz) = 1 € D°(Z), and so

fel = £.T(cz) = T(fucz) € Dy(X).

The advantage of using Dy is that no choice of triangulation is needed in order to get the
current fy 1.

Let 79 be the map
D*(X; Vi) = D*(X;C)

induced by the map on coefficients
Vi=MU,®C - C

determined by the additive formal group law over C. Then 7( is a chain map and it
preserves the Hodge filtration. Now we are ready to define our Hodge filtered Thom mor-
phism on the level of cycles:

w7 ZMU"(p)(X) — CB(p)(X),
y=(f.h) = (fl, n(RX)), wo(h)).
Lemma 7.6. We have to(fxK(Vy)) = fil.

Proof. This follows from the definition of 7y and the fact K¢y = 1 since K is a multiplica-
tive sequence. ]
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Theorem 7.7. For every X € Manc, the map tz induces a natural homomorphism
tz: MU" (p)(X) — Hp(X:Z(p))
which fits into a morphism of long exact sequences

oy H'Y(X A5 (Vi) —— MU (p)(X) ——— MU"(X) — -+

Tol ?Zl rl (7.1

oo —— H"Y(X: 22(C)) —— HE(X: Z(p)) —— H"(X;Z) — -+

Proof. 1t is clear that 77 is a group homomorphism. We need to prove that, for a cycle
y=(f,h) € ZMU"(p)(X), we have

dtz(y) =0 and tz(BMU"(p)(X)) CdCH  (p)(X).
We begin with the former. We have

drz(f,h) = d(fel,70(R()), 10(h))
= (dfs1,70(dR(y)). 10(dh) + fil — 10(R(y))).

Since fx1 is a closed current, and R(y) is a closed form, we deduce dtz(y) = 0 from
Lemma 7.6. Now let b be a geometric bordism datum. Then

22(3b, v (b)) = (vop(3b), 0, 1oy (b)) = (rod ¥ (0), 0, 70y (b)) = d (0¥ (), 0,0).

Nextlet h € FP A" 1(X:V,). Then 1o(h) € FPA"1(X), so that

(0.70(h).0) € CE ' (p)(X).

We have
1z (a(h)) = tz(0,h) = (0, 70(dh), 10 (h)) = d (0, 7o (h),0)

which finishes the proof that 7z induces a homomorphism. The second assertion follows
directly from the construction of Tz. |

Let X be a compact Kdhler manifold. Let f:Y — X be the inclusion of a complex
submanifold of codimension p such that its fundamental class in M U?2?(X) vanishes.
The latter condition implies that the fundamental class of f in H??(X;Z) vanishes as
well. Hence both the classical Abel-Jacobi invariant AJg (f) of Deligne—Griffiths (see
e.g. [24, Section 12]) and the invariant AJ( ) of Theorems 6.9 and 6.10 are defined.

Theorem 7.8. With the above notation and assumptions, we have

wo(AJ(f)) = Alu (/).
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Proof. By Theorem 6.10 the invariant AJ( /) may be represented by the functional

[w] — ev (/Yof A fro + /W (K(Vp)) A w*a)).
fo.1]

The image of the Chern-Simons form o under 7z and o is zero since oy is a form in
degree —1. By Lemma 7.6, K(V}) is mapped to 1. Thus, 1o maps AJ( f) to the class of
the functional in F*~PT1 2n=2P+1(X: C’) defined by

[@] —~ ev/ w¥o.
Wio.

This corresponds to the characterization of AJg (f) in [24, Section 12.1.2, p. 294]. |

8. Image and kernel for compact Kéihler manifolds

We assume again that X is a compact Kihler manifold. Then the morphism of long exact
sequences (7.1) induces a map of short exact sequences

0 —— Joh N (X) —— MU?P(p)(X) — Hdg}ly (X) —— 0

lt/ l‘?z j{‘f (8 1 )

0—— J2P7N(X) —— HZP (X;Z(p)) — Hdg?? (X) —— 0.

Let M?(X) be the free abelian group generated by isomorphism classes [ f] of proper
holomorphic maps f:Y — X of codimension p. For a proper holomorphic map f:Y —
X of codimension p we denote its fundamental class in M U??(p)(X) by @(f) and its
fundamental class in M U?? (X ) by ¢( f). This defines homomorphisms of abelian groups

P: MP(X) - MU?P(p)(X) and ¢: MP(X) - MU?P(X).

We denote the kernel of ¢ by M” (X )p. Then the Abel-Jacobi invariant of Definition 6.8
defines a homomorphism

AV MP (X)op = It (X).

Note that every element in M?” (X )p is homologically equivalent to zero and therefore
has a well-defined image in J2?~!(X). By Theorems 7.7 and 7.8 composition with the
respective maps of diagram (8.1) produces the classical invariants. Diagram (8.1) shows
that studying the kernel and image of Tz is equivalent to analysing the kernel and image
of 7; and 7, respectively. We expect the maps @ and AJ to be useful to discover new
phenomena and examples that the classical invariants with values in Deligne cohomology
are not able to detect. We will now briefly report on some results in this direction.
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First we look at the image of 7z. Let X be a smooth projective complex algebraic
variety. In [23], Totaro showed that an element in H?*(X(C); Z) which is not in the
image of 7: MU?*(X(C)) — H?*(X(C);Z) cannot be algebraic. This is a refinement
of the obstruction induced by the Atiyah—Hirzebruch spectral sequence (see also [2]). It
follows from [16, Corollary 7.12] that an algebraic class in H?*(X(C); Z) has to be in
the subgroup r(HngZ‘;‘U (X(C))). In [1, Section 3.4], Benoist shows that this obstruction
to algebraicity of cohomology classes is in fact finer than the one of [23].

Now we consider the kernel of ;. Since 7¢ is an epimorphism of vector spaces, the
map 7y is surjective, and the snake lemma implies that there is a short exact sequence

0 — kerty — kertz — kert — 0.

Hence ker Tz contains information on the failure of the Thom morphism 7 to be injective
on Hodge classes, and on the failure of 7 to be injective. We have a further short exact
sequence

_ bm H2P~ (X Vs 2p—1 y
0—— MU?P"1(X) ;s t FpHZP—(l(sf;V)*) JMPU X) 0

[ 2p—1 .
0 ' Hzp_l(X;Z)mf l FI;szp—(l}iﬁ)C) JZP_I(X) 0

where the subscript m¢ means modulo torsion. Again, since t¢ is onto, it follows that 75
is onto. Then the snake lemma places ker 7 in the exact sequence

0 — kert — kerty — ker ty — coker 7, — 0.

This indicates two methods to construct elements in ker 7;: as elements coming from
ker 77 or as elements coming from coker 7,,,. We will now briefly describe both these
methods.

The arguments in [16, Section 7.3] show how to construct elements in ker 7 7. We note
that even though we have not shown that M U?*(x)(—) receives a map from algebraic
cobordism for algebraic varieties, we can adjust the arguments as follows. Let P! be
the complex projective line, and let [P'] denote corresponding element in M U~2. Let
f:Y — X be a proper holomorphic map of codimension p. Let IP’}} — X denote the
pullback of P! to X. By Lemma 6.3 we get a well-defined homomorphism

MP(X) = MU?P72(p = 1)(X)
induced by sending [Y] to [Y] - [P4]. Since X is compact, there is an isomorphism
MU*(X)®zQ =~ H*(X;Q)®z MU"™.

This implies that the sum EBpeZJAZfJI(X) ® Q is a flat MU*-module. Thus, for
y € MP(X), if AJ(y) is non-zero in JA%IPJI(X) ® Q, then AJ(y) - [P!] is non-zero in



K. B. Haus and G. Quick 508

J AZ,IPU_ 3 (X) ® Q and therefore non-zero in J AZ,IPU_ 3 (X). Now we can take an element y €
MP(X) such that ¢(y) = 0 and the image of y in J2?~!(X) is non-torsion. Then the
above argument shows that AJ(y) - [P!] is non-zero in J AZ,IPJ 3 (X). However, the image
77 (AI(y) - [P1]) vanishes in J2773(X) since 7y sends [P!] to zero. Examples of this sit-
uation where X is a projective smooth complex algebraic variety are described in [16,
Examples 7.15 and 7.16].

Finally, we look at coker t. The most interesting case is that of a non-torsion element in
coker t which induces an element in ker t; that remains non-trivial after taking the tensor
product with R/Z over M U *. For certain complex Lie groups, for example SO(5), we
can show that there are such elements in coker . However, we are so far not able to
produce such elements for X being compact or even projective.
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