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Algebraic kk-theory and the KH-isomorphism conjecture
Eugenia Ellis and Emanuel Rodriguez Cirone

Abstract. We relate the Davis—Liick homology with coefficients in Weibel’s homotopy K-theory
to the equivariant algebraic kk-theory using homotopy theory and adjointness theorems. We express
the left hand side of the assembly map for the KH-isomorphism conjecture in terms of equivariant
algebraic kk-groups.

1. Introduction

Kasparov K K-theory, introduced in [21], is the major tool in noncommutative topology.
To every pair (A, B) of separable C *-algebras it associates an abelian group KK (A4, B)
that is a common generalization both of topological K-theory Ky*(B) =~ KK.(C, B)
and topological K-homology. Kasparov K K-theory was deeply studied by Cuntz, who
gave an alternative description of the groups KK (A, B) and provided a new perspec-
tive on the theory [10]. The groups KK (A, B) form the hom-sets of a category KK that
is the target of the universal homotopy invariant, C *-stable and split-exact functor from
separable C*-algebras into an additive category; these universal properties were estab-
lished by Higson [18]. Kasparov developed in [22] an equivariant version of K K-theory,
KKG, for separable C*-algebras with a an action of a group G by *-automorphisms.
Equivariant K K-theory was used in [4] to formulate the Baum—Connes conjecture with
coefficients and is one of the basic tools in the proofs of results about it. Cuntz also ana-
lyzed K K -theory in algebraic terms and defined a bivariant K -theory for all locally convex
algebras [11].

Motivated by the works of Cuntz and Higson, algebraic kk-theory was introduced by
Cortifias and Thom in [9] as a completely algebraic counterpart of Kasparov K K -theory.
To every pair (A, B) of algebras over a commutative ring £ it associates an abelian group
kk(A, B) that generalizes Weibel’s homotopy K -theory KH defined in [31]. By [9, Main
Theorem] we have KH (B) = kk. (£, B) for every algebra B. The groups kk(A, B) form
the hom-sets of a category kk that is the target of the universal (polynomial) homotopy
invariant, M-stable and excisive functor from Alg, into a triangulated category. An
equivariant version of algebraic kk-theory, kk®, was developed in [15] for £-algebras
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with an action of a group G. By Garkusha’s representability theorems [17], the groups
kk(A, B) can be recovered as the homotopy groups of certain spectra K(A4, B). These
spectra were constructed in [17] and were later extended in [27] to spectra KG (A, B)
representing kk % (A, B).

We may summarize the above into a dictionary between Kasparov K K-theory and
algebraic kk-theory:

continuous homotopy invariance <— polynomial homotopy invariance
C *-stability <—  M,-stability

split exactness <«~—> excision

K K-theory of C*-algebras <«—> kk-theory of £-algebras

KK(C, B) =~ Ky *(B) <« kky«({, B) = KH,(B)

K K ©-theory of G-C *-algebras <« kk@-theory of G-algebras

formulation of the Baum—Connes conjecture

‘5 2
with coefficients using K K ©-theory )

This paper is concerned with the last line of this dictionary. The Baum—Connes conjecture
with coefficients was originally formulated using K K ©-theory, but no analogue is known
on the algebraic side. We shed light on this by exploring the relation between kk © -theory
and the KH-isomorphism conjecture — the latter was introduced in [3] using the homotopi-
cal approach to isomorphism conjectures developed in [13]. Our main theorem states that
the domain of the KH-assembly map can be described in terms of kk ©-groups in way that
is completely analogous to the case of the Baum—Connes assembly map. As explained
in Section 2.2.4, a group G and a G-algebra B satisfy the KH-isomorphism conjecture if
certain morphism
HE (Ezi,(G); KHp) — KH,(B x G),

called the assembly map, is an isomorphism. Here E#;,(G) is the classifying space of G
with respect to its family of finite subgroups and HC (—; KHp) is a G-homology theory
such that H® (G/H;KHp) = KH. (B x H) for every subgroup H C G. We prove the
following result; see Section 2.1 for the precise definition of £X) and Section 2.2 for the
definition of (G, ¥in)-complex.

Main Theorem (cf. Theorem 7.11 and Remark 7.12). Let G be a group such that |H | is
invertible in the base ring £ for every finite subgroup H € G. Let B be a G-algebra. Then
for every (G, Fin)-complex Z there is a natural isomorphism

HC(Z;KHp) = colimkkS (¢X), B) (1.1)
X<z
G -finite
where £X) denotes the algebra of finitely supported polynomial functions on X.

For Z = G/H with H C G a finite subgroup, the isomorphism (1.1) is easily under-
stood using the adjointness theorems in kk-theory. Let H C G be a finite subgroup whose
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order is invertible in £. By the Green—Julg theorem [15, Theorem 5.2.1] we have a natural
isomorphism

kkH (AT, B) =~ kk(A, B x H) (1.2)
for A € Alg, and B € HAlg,. Here A* denotes the algebra A considered as an H -algebra

with trivial H -action. By the adjunction between induction and restriction [15, Theo-
rem 6.14] we have a natural isomorphism

kk€ (Ind (A). B) = kk™ (A, Resd (B)) (1.3)

for A € HAlg, and B € GAlg,. Since Ind[G{ A4a°) = @G/H A = AG/H) yupon composing
(1.2) and (1.3) we get a natural isomorphism

kk©®(AC™) By ~ kk(A, B x H) (1.4)

for A € Alg, and B € GAlg,. As it will turn out, the identification (1.1) is obtained by
glueing the isomorphisms (1.4) with homotopy theoretic techniques. In this process we
will replace the groups kk and kk© by the spectra K and K€ that respectively represent
them; see [17] and Appendix C.

The paper is organized as follows. In Section 2, we recall definitions and preliminaries
that are used throughout the article. In Section 3, we give explicit descriptions of the unit
and counit of the adjunction (1.4). In Section 4, we define a triangulated functor

R(—xG/H) : kk® — kk

that is naturally isomorphic to the crossed product with H. This allows us to replace the
right-hand side of (1.4) by an actual functor on Or(G); see Definition 2.5. In Section 5,
we prove that the isomorphism

kkG(AGH) By ~ kk(A, R(B x G/H)) (1.5)

is natural in G/H ; see Theorem 5.8. Section 6 is the technical core of this work and is
devoted to lifting the isomorphism (1.5) to a weak equivalence of Or(G, ¥in)-spectra. By
Lemma 5.5, we can describe the isomorphism (1.5) as the composite of the morphisms in
the zig-zag (6.2). Upon replacing kk by K and kk ¢ by K€ we obtain a zig-zag as follows:

]K(A7 R(B x G/H)) LG/H)}KG(A(G/H)’ [:R(B 9 G/H)](G/H))

Tz (1.6)

S G (4G R[(B w0 G/H)GIH)).

K% (ACGH) Mg B)

Here the technical difficulties arise:

(1) How to consider the spectra on the right column as functors Or(G, ¥in) — Sp (or
to replace them by ones)?

(2) Once the previous question has been addressed, are the morphisms in (1.6) natural
inG/H?
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An answer to (1) is provided in Sections 6.3 and 6.4. In Section 6.6 we introduce a model
category that allows us to build models for certain homotopy coends. An answer to (2)
is given in Theorem 6.34. The latter is the key technical result of this paper. In Section 7
we finally prove our Main Theorem (Theorem 7.11). In Section 8 we prove a first result
towards obtaining a kk-theoretic description of the KH-assembly map.

2. Notation, conventions and preliminaries

Throughout this text, £ denotes a commutative ring with unit and G denotes a group.
We write Alg, for the category of not necessarily unital £-algebras and algebra homomor-
phisms. The objects of Alg, are simply called algebras. Tensor products over £ are denoted
by ®. A G-algebra is an algebra with a left action of G. We write G Alg, for the category
of G-algebras and G-equivariant algebra homomorphisms. The category of simplicial sets
is denoted by S. A G-simplicial set is a simplicial set endowed with a left action of G. We
write S for the category of G-simplicial sets with equivariant morphisms.

2.1. Algebras of polynomial functions on a simplicial set

Let B be an algebra. For n > 0, the algebra BA" of B-valued polynomial functions on the
standard n-simplex is defined as B2" := Blto,...,tn]/{to + -+ + t, — 1). For a simplicial
set X, the algebra BX of B-valued polynomial functions on X is defined as

B¥X := Homg(X, B®)

where B2 is the simplicial algebra [1n] — B2". Note that the functor B~ : S — Alg, sends
colimits to limits. We summarize useful properties of this construction in the following
lemma.

Lemma 2.1 ([9, Lemma 3.1.2 and Proposition 3.1.3]). Let B be an algebra.
(1) If X C Y is an inclusion of simplicial sets, then BY — BX is surjective.
(2) If K is a finite simplicial set, then £X is free as {-module and there is a natural

isomorphism of algebras BX =~ B @ (X.

Let X be a simplicial set. We recall the definition of the algebra BX) of finitely sup-
ported B-valued polynomial functions on X; see [8, Section 9.3] for details. The support
of a polynomial function ¢ € BX is defined as the simplicial subset of X generated by

| {o € Xu: ¢(0) #0}.
n>0
Put
BX) .= (¢ € BX : supp(¢) is finite}.

Then BX) C BX is a two-sided ideal. If K is a finite simplicial set, then we have B&K) =
BK.
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Remark 2.2. The assignment X +— BX) is natural only for proper maps of simplicial
sets — i.e. morphisms f : X — Y such that f~!(K) is finite for every finite simplicial
subset K C Y.

Remark 2.3. If {X;}; is a family of simplicial sets then we have

gL X)) ~ @B(Xi)_

4

The behavior of B with respect to general colimits of proper maps is analyzed in [8,
Section 9.3, conditions (dg) and (d1)]. In particular, upon applying B to a pushout
square of simplicial sets where all the morphisms are proper we obtain a pullback square
of algebras.

If X is a G-simplicial set, then BX and BX) are G-algebras with the action defined by
(g-¢)0):=¢(g ' -0)forp € BX,n>0ando € X,,. If X — Y is a proper morphism
in SY, then BY) — BX) is a morphism in GAlg,.

Example 2.4. Let H € G be a subgroup and let G/H = {uH : u € G} be the set of left
cosets of H. We can consider the G-set G/H as a 0-dimensional G-simplicial set. For
any algebra A we have

AG/H — glubeo/m{uH} ~ 1_[ AWHY ~ H A,

uHeG/H G/H
4G — 4(Uineomtut}) o B AW =~ @ a.
uHeG/H G/H

In particular, £(C/H) ~ @G/H £ is a free £-module with base {y,z : uH € G/H}. When
considering y, g as a function G/H — { with finite support, then y,zg(vVH) = SumvH
(Kronecker delta). Note that we have g - yug = xgun for every g € G. For any algebra

A we have
ACH) » (DA~ Ag @)= A O,
G/H G/H

Fora € A and uH € G/H we sometimes write a y, g € AC/H) for the element corre-
sponding to a ® yug € A ® £(C/H) under the isomorphism above.

2.2. Isomorphism conjectures

In this section, we recall the homotopical approach to the isomorphism conjectures devel-
oped in [13]. By [8, Section 2], it is equivalent to work in the topological or in the
simplicial setting; we choose to do the latter.

Definition 2.5. Let G be a group. The orbit category of G is the category Or(G) whose
objects are the G-sets G/H with H C G a subgroup and whose morphisms are the G-
equivariant functions.
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2.2.1. Model structure on G -simplicial sets determined by a family of subgroups.
For X € S® and H C G a subgroup, let X be the simplicial subset of X formed by
those simplices that are fixed by H. Note that

X ~ Homg(G/H., X)

so that, for fixed X, G/H — X is a functor on Or(G). Let ¥ be a nonempty family
of subgroups of G closed under conjugation and under taking subgroups. As explained
in [8, Section 2], SE admits a model structure where a morphism f : X — Y is a weak
equivalence (resp. a fibration) if and only if f# : X# — Y is a weak equivalence
(resp. a fibration) in S for every H € ¥ . Moreover, the cofibrant objects, called (G, ¥)-
complexes, are those G-simplicial sets X such that the stabilizer of every simplex of X is
in ¥ . These can be alternatively described as those G-simplicial sets X that can be built
from cells of the form G/H x A" with H € ¥ ; see Appendix A. We write E¢ (G) — pt
for a cofibrant replacement of the point and call E¢ (G) a model for the classifying space
of G with respect to ¥ .

2.2.2. Equivariant homology and assembly map. Let Sp be the category of spectra;
see Appendix C for details. An Or(G)-spectrum is a functor Or(G) — Sp. Fix an Or(G)-
spectrum E and define H%(—;E) : S — Sp as the coend

G/H
HS(X:E) :=/ X" ANE(G/H). (2.6)

The groups HS (X ;E) := . H% (X ; E) assemble into a homology theory of G-simplicial
sets such that
HS(G/H:E) ~ n.E(G/H)

for any G/H € Or(G); see [13, Lemma 6.1]. The assembly map for the triple (E, G, ¥)
is the morphism

HP(Es(G):E) - HY (pt: E) = 7.E(G/G) Q.7)
induced on homology by the cofibrant replacement E# (G) — pt. We say that the isomor-
phism conjecture for the triple (E, G, ¥) holds if (2.7) is an isomorphism.

Remark 2.8. Let Or(G, ¥) be the full subcategory of Or(G) whose objects are those
G/H with H € ¥ . If the functor E is only defined on Or(G, ¥), the formula (2.6) still
makes sense but defines a homology theory in the full subcategory of S¢ whose objects
are the (G, ¥)-complexes.

Remark 2.9. Any morphism f : E — F of Or(G, ¥)-spectra induces a natural transfor-
mation fi : H%(—; E) — HY(—;F) of functors from the category of (G, ¥)-complexes
into Sp. Upon taking homotopy groups, we get a natural transformation

fu : HS(X:E) > HS(X:F). (2.10)

Moreover, if f is an objectwise weak equivalence, then (2.10) is an isomorphism by [13,
Lemma 4.6].
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2.2.3. The Baum-Connes conjecture with coefficients. Let G be a countable group
and B be a separable G-C *-algebra. The Baum—Connes conjecture fits into the framework
described above by considering the family in of finite subgroups and an Or(G)-spectrum
Kp such that

7+Kp(G/H) = Ky*(B %, H)

for every subgroup H C G. Here %, denotes the reduced crossed product. The equiva-
lence of the corresponding assembly map with the original one in [4] was recently proved
independently in [23] and in [6].

2.2.4. The KH-isomorphism conjecture. Let G be a group and let B be a G-algebra.
The KH-isomorphism conjecture was introduced in [3, Section 7] using the machinery
described above; see [25, Section 15.3] for the status of this conjecture. The conjecture is
obtained upon considering the family ¥in of finite subgroups of G and an Or(G)-spectrum
KHp such that

7. KHp(G/H) = KH«(B x H) (2.11)

for every subgroup H C G. The original construction of KHp was done in [3]. In Sec-
tion 7, we provide a different construction using the spectra that represent algebraic kk-
theory [17].

2.3. Algebraic kk-theory
Let € denote either the category Alg, or GAlg,.

2.3.1. Homotopy invariance. Two morphisms f, g : A — B in € are elementary homo-
topic if there exists a morphism H : A — B][t] such thatevgo H = f andev; o H = g.
Here, B|t] is the algebra of polynomials with coefficients in B and ev; : B[t] — B is the
evaluation at i. If B is a G-algebra we let G act trivially on ¢. The relation of elementary
homotopy is easily seen to be reflexive and symmetric but not transitive. We consider the
equivalence relation generated by elementary homotopy and call it homotopy.

Let € be a category. A functor F : € — € is homotopy invariant if it sends homotopic
morphisms to the same morphism. It is easily verified that F' is homotopy invariant if and
only if F (A C A[t]) is an isomorphism for every A.

2.3.2. Matrix stability. Let A be an algebra and X be an infinite set. We write My A
for the algebra of finitely supported matrices with coefficients in A that are indexed over
X x X; when A = £ we just write Mx. Note that My A =~ My ® A. The assignment
X +— My depends covariantly on X with respect to injective functions.

Fixx € X and let 1, : A — Mx A be given by 1x(a) = ex x ® a. Let € be a category.
A functor F : € — € is My-stable if F(1; : A — My A) is an isomorphism for every A.
This definition is independent of the choice of x by the following result.

Lemma 2.12 ([7, Proposition 2.2.6]). Let € be a category and let F : GAlg, — € be an
M, -stable functor. Let B C C be an inclusion of G-algebras. Suppose that C is unital and
let V € C be an invertible element such that VB, BV C Bandg-V =V forallg € G.
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Then the formula ¢V (b) = VbV~ defines a G-algebra homomorphism ¢" : B — B such
that F(¢") = idp(p)-.

Proof. 1t is easily verified that g - V~! = V=1 for all g € G and that ¢" defines a
G-algebra homomorphism. The rest of the proof of [7, Proposition 2.2.6] carries over
verbatim. |

Let S be a G-set and let |S| be its underlying set. We write Mg for the algebra Mg
endowed with the G-action defined by g - 5 = €g.5,0s. Let G4 =G LU {+} andlett: { —
Mg (respectively (' : Mg — Mg, ) be the morphism induced by the inclusion {+} C
G4 (resp. G C G4). Let € be a category. There is a notion of G-stability for functors
GAlg, — € see [15, Section 3.1] for details. It turns out that any G-stable functor sends
the morphisms

B— Mg, ® B+«'— Mg ® B 2.13)
to isomorphisms, for every B € GAlg,.

Remark 2.14. For any G-algebra B, we have an isomorphism Rs g : (Ms ® B) x G —
M|s| ® (B x G) defined by

Rs,B((es; ®b) 3 g) = €5 4-1, ® (b % g). (2.15)

This isomorphism is natural in S with respect to injective morphisms of G-sets and natural
in B with respect to morphisms of G-algebras.

2.3.3. Excision. An extension of algebras (respectively of G-algebras) is a short exact
sequence L~

E§: A——B——C (2.16)
that splits in the category of £-modules (resp. G-modules). Let (7, Q) be a triangulated
category. A functor F : € — 7 is excisive [9, Section 6.6] if it associates to every exten-
sion (2.16) a morphism dg : QF(C) — F(A) that fits into a triangle as follows:
g

QF(C) F(A) F(B) F(C).

These triangles are required to be natural with respect to morphisms of extensions.

2.3.4. Bivariant K -theory categories. Let X be an infinite set. There exists a triangu-
lated category kk (see [9] for X = N and [27] for general X) endowed with a functor

j i Alg, — kk

that is homotopy invariant, My -stable and excisive. This functor j is moreover universal
in the following sense: any functor Alg, — (7, Q) that is homotopy invariant, My -stable
and excisive factors uniquely through j [9, Theorem 6.6.2]. By a theorem of Cortifias and
Thom [9, Main Theorem], homotopy K-theory is representable in kk since we have

kk.(€, B) =~ KH,(B)
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for every B € Alg,. Here kk, (A, B) is defined as kk(j(A), Q" j(B)). This representabil-
ity theorem is a major computation of [9].

Let G be a group. There exists a triangulated category kk @ (see [15] for countable G
and [27] for general G) endowed with a functor

j%: GAlg, — kk®

that is homotopy invariant, G-stable and excisive. This functor j ¢ is moreover universal
in the following sense: any functor G Alg, — (7, Q) that is homotopy invariant, G -stable
and excisive factors uniquely through j© [15, Theorem 4.1.1].

Throughout this paper, by kk we shall mean the universal Myx|g|-stable kk-theory.

Example 2.17. Let B be a G-algebra. By G-stability, the morphisms (2.13) induce an
isomorphism j ¢ (B) 2 j% (Mg B) in kk©. To ease notation we often omit j ¢ and write
B = Mg B. By homotopy invariance, we have isomorphisms B =~ B2" in kk©, since
BA" is isomorphic to the algebra of polynomials in 7 variables with coefficients in B.

3. Adjoint theorems revisited

Let G be a group and let H € G be a finite subgroup whose order # is invertible in £.
Recall the notation and conventions from Example 2.4. By [15, Theorem 5.2.1] and [15,
Theorem 6.14] we have an adjunction isomorphism

kkG(AC/H) By ~ kk(A, B x H) (3.1

for any A € Alg, and any B € GAlg,. For A € Alg,, let 64 : A — AG/H) 5 H be the
algebra homomorphism defined by

1
Ba(a) =ayy x - Z h.
heH

Put ng = j(04) € kk(A, AC/H) 5 H). We will show that 74 is a unit for the adjunction
(3.1). For B € GAlg,, let pg : (B x H)G/H) _ Mg ® B be the G-algebra homomor-
phism defined by

:OB((b A h)XwH) = Z ep,ph ® (p-b). (3.2)
pewH

Let e € kk9((B x H)©/H)  B) be the following composite in kk©, where the isomor-
phism on the right is given by the zig-zag (2.13):

G
(B x H)G/H) I@8) hr o B~ B. (3.3)

We will show that ep is a counit for the adjunction (3.1).

Lemma 3.4. For any B € GAlg, we have (¢p x H) o npxmg = idpxm in kk.
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Proof. 1t is easily verified that the following diagram in kk commutes, where all the
arrows are isomorphisms:

(Mg ® B) x H—2"+ (Mg, ® By x H +"— BxH

RG»BJ(ZIS) RG+,Bl(2.15) /
Ux

Mg ® (B x H) TMIG” ® (B x H).
Thus, the isomorphism (Mg ® B) x H =~ B x H in kk induced by the zig-zag (2.13)
equals the following composite:

(R, ) e11®-
(Mg ® B) » H 27 Migr @ (B % H) L2 B .

To prove the lemma, it will be enough to show that the composite

OBxH

R
B H 22 (B s HYG/H) 5o 5 225 (Mg @ B x H =22 Mig) ® (B » H)

and the inclusion e;;; ® —: B x H — M|g| ® (B x H) induce the same morphism in
kk. Let I be the algebra of matrices with coefficients in B x G indexed by G x G that
have only finitely many nonzero coefficients in each column and each row. Notice that I"
is a unital algebra that contains M|g| ® (B x H) as a subalgebra. Put

V=> ee®(Ixg)el. (3.5)
geG

We have

1
[Re,5 0 (o5 % H) 0 Opun ] (b h) = — 3 epq ® ((pb) % phq™")
DP.q€EH

_p(L -1
_V(n > e,,,q®(b><h))v :

p.q€H

Moreover, % Zp,qEH ep,q 1s a conjugate of ey 1 in M|g|; see [15, Remark 3.1.11]. By
[7, Proposition 2.2.6] we have

j[RG,Bo(pgx H)obOpur| = jle1n®—):BxH — M ® (BxH)
as we wanted to prove. |
Lemma 3.6. For any A € Alg, we have & 4/m) o [(14) /)] = idy/m) in kk©.

Proof. Tt is easily verified that the composite

AG/H) M G oy ) (GrH) A e AGIH) e @ AGTH)
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is given by
1
aywH —> ; Z ewp,wg @ A XwH- 3.7
p.q€H

To prove the lemma, it suffices to show that the above formula induces the same morphism
ast: AGH) 5 Mg, @ ACTH ((ayyn) = ess ® aywr,upon applying j : GAlg, —
kkS . Let A be the unitalization of A and let I'g + (/T) be the set of those matrices with coef-
ficients in A, indexed over G, x G., that have finitely many nonzero coefficients in each
row and each column. Then I'g, (IZf) is a G-algebra with the usual matrix multiplication
and the G-action defined by (g - a@)x,y := @g-1.1 g-1.,. Moreover, we have inclusions of
G-algebras as follows:

Ma, ® A < (Mg, ® H¥ < (T, (A) 7"
The G-action on the right is described by

(g- /)tH):=g- f(g""tH),

where f : G/H — Tg, (A) is a function and g € G. We will show that there exists an
invertible V € (I'g, (4))9/H such that the following diagram commutes, where the hori-
zontal morphism is given by (3.7):

AGIH) Mo @ AGIH)

Mg, ® A(G/H)
Once this is done, the result will follow by Lemma 2.12. For wH € G/H, define

Vo= Y (Blexxtextexs)— Y tery+ Y eggelg,(A). (39)
xewH x,yewH geG\wH
Note that g - Viyg = Vewn forall g € G. We can picture Vy, 5 as a block diagonal matrix
having an identity block in the coordinates corresponding to g € G \ wH, and the follow-
ing block in the coordinates corresponding to elements of wH U {+}:

wH
n=1  _1 1 1
n n n n |
_1 n-1 1 _1
n n n
|
wH S : - o
. . . | .
1 _1 =1 _1
n n n n !
1 _1 D T B
n n n n |
,,,,,,,,,,,,,,,,,,,,
|
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It is easily verified that V, g is invertible with inverse given by

e —1 1 1 1 n
VwH = Z (”Tex,x + ;etx + Zex,+) — Z ,—Lex,y + Z €g.g € FG+(A)
xewH x,yewH geG\wH

Again, we can think of V, bl{ as a block diagonal matrix having an identity block in the
coordinates corresponding to g € G \ wH, and the following block in the coordinates
corresponding to elements of wH U {+}:

wH

=1 _1 1 1,1
n n n n | n
_1 n=1 _1 _1 |1
n n n n |, n

I
wH < : : o
. . | .
_1 1 n=1  _1 , 1
n n n n | n
_1 1 _1 n-1 |1
n n n n | n
— e e e e L |

|

1 1 1 J
n n n n 1 O

Define VE! : G/H — T, (A) by VE'(wH) := V). Then V.V~ € (T, (A)) /" are
mutual inverses and we have

V(Mg, ® ACH) (Mg, @ ACYyy=1 C (Mg, ® AC/H).

Moreover, g -V =V for all g € G. An easy computation shows that the triangle (3.8)
commutes. This finishes the proof. ]

Proposition 3.10 (cf. [15, Theorems 5.2.1 and 6.14]). Let G be a group and let H C G
be a finite subgroup whose order is invertible in £. Then the morphisms

na € kk(A, A™) s H) and ep € kk®((B x H) /™) B)
defined above are respectively the unit and the counit of an adjunction
kkG(AG/H) B) ~ kk(A, B x H). (3.11)

Proof. 1t follows immediately from Lemmas 3.4 and 3.6. |

4. Crossed product with G/H

Let Or(G, ¥in) be the full subcategory of Or(G) (see Definition 2.5) whose objects are
those G/H with finite H. We want to show that the adjunction (3.11) is natural in G/H .

The first thing to do is to replace the right-hand side of (3.11) by an actual functor on
Or(G, Fin).
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4.1. Non-unital linear categories

Definition 4.1. A non-unital {-linear category € consists of:
(1) aset of objects ob €,
(2) an £-module € (x, y) for every x, y € ob€, and

(3) £-module homomorphisms
0:C(y,2) ®C(x,y) > C(x,2) (4.2)

for every x, y, z € ob €, that are associative in the obvious way.

Non-unital £-linear categories with only one object can be identified with (non-unital)
algebras. In the sequel, we will refer to non-unital £-linear categories simply as linear
categories.

Definition 4.3. Let € and D be linear categories. A linear functor F : € — D consists
of a function F : ob€ — ob D together with £-module homomorphisms

Fxy:€(x,y) — i)(F(x), F(y)) “4.4)

that are compatible with the composition.

We will write Caty for the category whose objects are linear categories and whose
morphisms are linear functors.

Example 4.5. Let B be a G-algebra and let H C G be a subgroup. We proceed to define
a linear category B x G/H . The objects of B x G/H are the elements of G/H and the
hom-modules are given by

(BxG/H)(uH,vH) :== B ® {[vHu™'].
The composition law in B x G/H is defined as follows:

(Bx G/H)(wH,wH) ® (B x G/H)uH,vH) —— (B x G/H)(uH, wH)
beg) b b(g-b) ® gg.

In the terminology of [8], BxG/H is the crossed product of B with the transport groupoid
of G/H . 1t is easily verified that B x G/H depends covariantly on B and on G/H .

Let € and D be linear categories. The tensor product € @ D is the linear category
with objects ob(€) x ob(D) and such that

(€ ® D)((c,d), (E d)) =€(c,é) ® D(d,d).

Composition is defined in the usual way, using the composition laws in € and O and the
commutativity of the tensor product of £-modules.
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We proceed to recall some definitions from [8, Section 3]. Let € be a linear category.
Put
AC)= P €.y
X,y€0b€
If f e A(C), write f, , for its component in €(x, y). Then A(€) is an algebra with
multiplication given by
(gf)y,x = Z 8y,z © fz,x-

Z€Ob€

Example 4.6. Let € and D be linear categories. It is easily verified that
AC @ D) = AC) @ A(D).

Example 4.7. Let B be a G-algebraand H C G be a subgroup. We can view A(BxG/H)
as a subalgebra of M|g,u|(B xG) via the inclusion that sends b®@ g € (BxG/H)(uH,vH)
to eyguH ® (b X g)~

A disadvantage of 4 () is that it is not natural with respect to all linear functors, but
only with respect to those that are injective on objects; see [8, p. 1231]. To fix this, one
defines the algebra R (€) [8, Section 3.4]. If M is an {-module, write T(M) = ©p>1 M ®"
for the unaugmented tensor algebra. Put

R(C) :=T(A©)/({g® f —gof:feCx,y), g €C(y.2), x,y,z €0bC}).
This defines a functor R : Caty — Alg,.

Remark 4.8. Let G be a group. One can define a G-category as a linear category €
such that the hom-modules € (x, y) are G-modules and the composition law (4.2) is G-
equivariant, endowing €(y, z) ® €(x, y) with the diagonal G-action. If € and O are
G-categories, a G-functor F : € — D is a linear functor such that the morphisms (4.4)
are G-equivariant. These definitions give rise to a category G Caty; whose objects are G-
categories and whose morphisms are G-functors.

If € is a G-category, then A(€) and R(€) are G-algebras in a natural way. Thus, we
have a functor R : GCaty — GAlg,.

Example 4.9. Let € be a linear category and let D be an algebra. We claim that there is
a natural morphism
R(E® D) > R(E)® D.

To see this, first note that there is a linear functor € — R(€) that takes f € €(x, y) to
the class in R(€) of f € €(x,y) C A(€) S T(A(E)). Upon tensoring this functor with
D and then applying R(—), we get the desired morphism

R(€ ® D) - R(R(€) ® D) = R(€) ® D.

If € is a G-category and D is a G-algebra, then this is a morphism of G-algebras.
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For a linear category €, there is a morphism p : R(€) — A(€) induced by multipli-
cation in A(C).

Lemma 4.10 ([8, Lemma 3.4.3]). Let € be a linear category (respectively a G-category).
Then the morphism
P R(E) > A(E)

induces an isomorphism in kk (resp. in kk©).

Proof. The proof of [8, Lemma 3.4.3] carries on verbatim in this setting. ]

Corollary 4.11. Let € € Caty and D € Alg, (resp. € € GCaty and D € GAlg,). Then
the morphism
R(E QD) — R(E)R D

of Example 4.9 is an isomorphism in kk (resp. in kk©).

Proof. 1tis easily verified that the following diagram commutes in Alg, (resp. in GAlg,):
R(EQD)—— R(E)® D
”l lm
A€ ® D) —— A(€) ® D.

Indeed, it suffices to check commutativity on the generators f ® d, and this is immediate.
The result follows from Lemma 4.10. ]

4.2. Crossed product with G/H

Fix G/H € Or(G) and recall the definition of B x G/H from Example 4.5. We claim that
the composite functor

—xG/H j
GAlg, — 9, cu i Alg, /

kk 4.12)

factors through j© : GAlg, — kk©. To prove this, it suffices to show that it is exci-
sive, homotopy invariant and G-stable [15, Theorem 4.1.1]. Homotopy invariance and
G -stability follow easily from the following.

Lemma 4.13. Let G be a group, let H C G be a subgroup and let uH € G/H. Then
there is a natural isomorphism

vl © j(=xuHu ') —=— jR(— x G/H) (4.14)
of functors GAlg, — kk.

Proof. Let B € GAlg,. Consider B xuHu~! C B x G/H as the full subcategory whose
only object is u H . Upon applying R to this inclusion, we get an algebra homomorphism

BxuHu'=RBxuHu ') — R(B xG/H).



E. Ellis and E. Rodriguez Cirone 414

Let v,z be the image of this morphism in kk. Clearly, v, g is a natural transformation
j(=xuHu ') — jR(— x G/H). To finish the proof, we will show that v, g is an iso-
morphism. We claim that there is an isomorphism « that fits in the following commutative
diagram in kk:

BxuHu ' —™  R(BxG/H)

-7

A(B x G/H)

eyHuH®— ;Ja

M‘G/H|(B X MHM_I).

Here, the bent arrow is induced by the inclusion into the (v H, u H)-coefficient and it is
an isomorphism by matrix invariance. It follows that v,y is an isomorphism too. The
isomorphism « is constructed as in the proof of [8, Lemma 3.2.6]. More precisely, let
s : G/H — G be a section of the projection such that s(uH) = u. Write ¢ = s(gH) for
ge€G.Forb® ge (BxG/H)(sH,tH) put

alb ® g) :=ermom @ ((ui~')-b) xui'gsu".

It is straightforward to verify that this formula defines an isomorphism of algebras « :
ABxG/H) —>M|G/H|(B quu_l). |

Corollary 4.15 (cf. [15, Proposition 5.1.2 and Section 6]). Let G be a group and let
H C G be a subgroup. Then the functor

JR(—=xG/H): GAlg, — kk
is homotopy invariant and G-stable.

Proof. Write F : GAlg, — kk for the functor F = j(— x H). By Lemma 4.13 it suffices
to show that F' is homotopy invariant and G-stable. The functor — x H : GAlg, — Alg,
is easily seen to send homotopic morphisms in G Alg, to homotopic morphisms in Alg,. It
follows that F is homotopy invariant. Recall the definition of G-stable functor from [15,
Section 3.1]. Let (W, By) and (W,, B;) be G-modules by locally finite automorphisms
such that card(B;) < card(N x G) fori = 1,2 and let A be a G-algebra. Then the inclusion

(A®Endf (W) x H 5 (A @ Endf (W, @ W,)) x H
is identified with
(Ax H) ®Endf (W;) > (Ax H) ® Endf (W, @ Wa) by [15, Proposition 5.1.1].

The latter becomes an isomorphism upon applying j by My x|g|-stability of kk. It follows
that F is G-stable. ]
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We still have to show that the composite of the functors in (4.12) is excisive.

Construction 4.16. Let & : A — B — C be an extension in G Alg, (that splits in GMody).
We will to construct a triangle in kk as follows, that is natural with respect to morphisms
of extensions:

Q(R(C x G/H)) 651 R (A % GIH) —— R(B x G/H) — R(C x G/H).
Letvy : j(—xH)— jR(—xG/H) be the natural isomorphism (4.14). Note that j(—x H)
is excisive, since — x H : GAlg, — Alg, preserves extensions. To simplify notation, we
omit explicit mention to j for the rest of the proof. We have the following commutative
diagram of solid arrows in kk, where the top row is a triangle:

dexH

QCxH)—— AxH BxH >»C x H

ElQ(UH) ;lvH %l”H ;lvH

Q(R(C xG/H)) — — + R(A» G/H) — R(B x G/H) — R(C x G/H).

Define 0gxg/H : Q2(R(C x G/H)) — R(A x G/H) to be the dashed arrow that makes the
left square commute. Then the bottom row becomes a triangle too. This triangle is clearly
natural with respect to the extension &. These morphisms dgxg/g make jR(—x G/H) :
GAlg, — kk into an excisive homology theory.

Proposition 4.17. Let G be a group and let H C G be a subgroup. Then there exists a
unique triangulated functor —x G/H : kk® — kk making the following diagram com-

mute:

R(—xG
GAlg, (X+/H)>A1gg

le lj
kkC ———— kk.
—xG/H
Moreover; for every extension & : A — B — C in GAlg, and every uH € G/H, the
following square in kk commutes:

Q(C quu_l)gw—H"l>A>4uHu !

Qv H)L4 T (4:]4)} (4.18)

Q(R(C x G/H)) eGR4 % GJH).
Proof. The functor
JR(—=xG/H): GAlg, — kk

is homotopy invariant and G-stable by Corollary 4.15. Moreover, endowed with the mor-
phisms dgxg/m defined in Construction 4.16, it becomes an excisive homology theory.
Then the existence of — x G/H : kk® — kk follows from [15, Theorem 4.1.1].
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To prove the assertion about (4.18), consider the following diagram in kk:

&xuHu~!1

a
Q(C xuHu™") AxuHu™!

Q(UuH)J/E %JVMH
0exG/H

Q(R(C x G/H)) ——— R(A x G/H) (4.19)

Q(vH)IJ(% %l(VH)I
aExH

QCxH)— " s AxH.

The bottom square commutes by definition of dgxg/m; see Construction 4.16. Thus, the
commutativity of (4.18) is equivalent to that of the outer square in (4.19). We will see
that the latter commutes since it is induced by a morphism of extensions in Alg,. For
D € GAlgy, let ¢, : D xuHu™' — D x H be the algebra homomorphism defined by
ou(axg) = W' a) xu~'gu. We have a morphism of extensions

AxuHu ' —— BxuHu™ ' —— C xuHu™!

J]‘Pu l‘ﬁu l‘pu
AXH —BxH —CxH
that induces a morphism of triangles in kk. In particular, there is a commutative square in

kk as follows:

a _
QC xuHu™Y) 2EM T A s uHu™!

Qj(q)u)l lj(rpu)
QC x H) — 28 A H.
This square turns out to be the outer square of (4.19). To see this, it suffices to show that
j(ou) = (vg) ™! o vy g or, equivalently, that
Jj(p)ovh o j(gu) = j(p) ©vur (4.20)

where p : R(D x G/H) — A(D x G/H) is the morphism of Lemma 4.10. Each side of
(4.20) is induced by an algebra homomorphism D x uHu™! — A(D x G/H). We will
show that both morphisms are conjugate in M|g/f|(D x G), regarding A(D x G/H)
as a subalgebra of M|g,/g (D % G) with the inclusion of Example 4.7. A straightforward
verification shows that the left- and the right-hand sides of (4.20) are induced, respectively,
by the algebra homomorphisms A and p defined by

AMdxg):=eqn® 'l d)yxulgu,
p(d xg) = eunun @d N g.
Now put

V= Z eyvHH ® 1 xu € FIG/H\(E xG)D M‘G/H|(D x G).
vHeG/H
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It is easily seen that p = VAV ~!. This proves equality (4.20) and concludes the proof of
the proposition. ]

Proposition 4.21. Let G be a group. Then every morphism G/H — G /K in Or(G) induces
a natural transformation — x G/H — — x G/K of triangulated functors kk® — kk. In
addition, these assemble into a functor — x — : kkG x Or(G) — kk.

Proof. Let f : G/H — G/K be amorphism in Or(G). Clearly, f induces a natural trans-
formation j R(— x G/H) — j R(— »x G/K) of functors G Alg, — kk. We will prove that
this natural transformation is compatible with the excisive homology theory structures.
More precisely, let & : A — B — C be an extension in GAlg,. We will prove that the
following square in kk commutes:

0exG/H

QR(C x G/H)) — R(A» G/H)

f*l l . (4.22)
QR(C % G/K)) —Z“%, R(A % G/K).

Suppose for a moment that this square commutes. Put &7 = kk! where I is the interval
category. Then f induces a functor yy : GAlg, — & defined by

D (fx: R(DxG/H) — R(D xG/K)).

The commutativity of (4.22) implies that y; is a homotopy invariant and G-stable §-
functor in the sense of Definition D.2. Thus, it factors uniquely through kk€ by the
universal property of kk€ stated in Theorem D.3, yielding a commutative triangle as
follows:

G
GAlg, —— kk©

|
| Ay
vf +
o .

The functor y¢ corresponds to the desired natural transformation. Let us now show that
(4.22) commutes. The morphism f : G/H — G/K is determined by f(H) = uK for
some u € G with H C uKu~!. We have the following commutative square of linear
categories:

AxG/H —L 5 AxG/K

T T

incl 1

AxXH — AxuKu

The bottom arrow is an inclusion of algebras. The left and right arrows are the inclusions
of the full subcategories whose only objects are H and uK, respectively. Upon applying
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Jj o R : Caty — kk the vertical arrows become isomorphisms and we get
fx =vug o j(incl) o (vg) ' R(AxG/H) — R(A xG/K).

Thus, the commutativity of (4.22) is equivalent to that of the outer square in the following
diagram in kk:
dexG/H
Q(R(C xG/H)) ————— R(AxG/H)
Q)7 | = =| ()™

D
QCxH) —= s AxH

Qj(incl) J(@incl)
8 XxuKu—

QC xuKu™") —E o A s uKu~!

Qi) | = = | vk

0exG/K

Q(R(C % G/K)) —" 5 R(A x G/K).

Here, the bottom and top squares commute by Proposition 4.17. The middle square com-
mutes because it fits into the morphism of triangles induced by H € uKu~!. ]

5. A natural adjunction

Let G be a group and let H be a finite subgroup of G. Recall from Lemma 4.13 that
there is a natural isomorphism vy : — x H — — x G/H of functors kk¢ — kk.If |H|
is invertible in £, we have isomorphisms

kkC(ACTH) By =~ kk(A, B x H) = kk(A, R(B x G/H)), (5.1)

where the isomorphism on the right is induced by vy and the one on the left is that of
Proposition 3.10. In other words, there is an adjunction as follows:

(—) G/ kk —— kk®:—xG/H. (52)

We will show that this adjunction is natural in G/H . For the rest of this paper, we assume
that G satisfies the following property:

| H| is invertible in £ for every H € Fin. (5.3)

We will prove that for every morphism f : G/H — G/K € Or(G, ¥in) the following
square commutes:

kk(A, R(B % G/H)) —— kk©(AC/H) B)

f*l lf* 5.4)

kk(A, R(B x G/K)) —— kk® (4B B).
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The commutativity of this square is not obvious a priori since the middle term of (5.1)
is not a functor on Or(G, ¥in). Let o € kk(A, R(B xG/H))and f : G/H — G/K in
Or(G, Fin). The commutativity of (5.4) is equivalent to that of the outer square in the
following diagram in kk, where €g, g is the counit of (5.2):

«(G/H) €G/H

A(G/H) [R(B x G/H)]™ B

A(f)] T * }G/K

AGIK) L [R(B x G/H)] Y —— [R(B % G/K)]

«(G/K) S

(G/K)

The square on the left clearly commutes. The commutativity of the square on the right
follows easily from the following result.

Lemma 5.5. Let G be a group satisfying (5.3). Then:
(1) Forevery G/H € Or(G, ¥in) there is a G-functor

to/m s (BxG/H) Y - Mg @ B (5.6)

that sends (b ® g)xsy € Hom(uH,vH) = B ® LlvHu'](C/H) 1o
Z ep.pg ® (p-b).

peEsHv!
(2) Forany f : G/H — G/K in Or(G, ¥in), the following square in GCaty com-
mutes:
{o/H

(BxG/H)C/H) 2", M; ® B

Tf* P‘”K 5.7)

(B x G/H)C/K) ELEN (B x G/K)©/K)

(3) The counit eg;g of the adjunction (5.2) fits into the following commutative dia-
gram in kk©:

(G/H) Corollary 4.11
(—

=~

[R(BxG/H)] R[(B x G/H)G/H)]

lR(ZG/H)

Mg ® B
[
€G/H =~ | (2.13)

I
B.

Proof. Let us verify that {g,g as defined in (1) is compatible with composition. Let f; =
(b1 ® g1) s € Hom(uH, vH) and f> = (bo ® g2)x:g € Hom(vH, wH). We have

f2o fi = 8smam (b2(g2 - b1) @ g281) x1h
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where 81,7 is Kronecker’s delta. Then

Coa(fro f1) =8stirr Y, €ppgasi ® P (ba(g2-b1)).

petHw™!

On the other hand, we have

tom () ()= (Y. eaae®@-b)( Y eppss ® (p-b1))

getHw™! pesHv!
= Z €q.qg:€p.pg1 ® (q - b2)(p - b1)
pesHv™!
getHw™!
= 8sH.1H Z q.qz:¢1 ® (q 'bZ)((qu) : bl)-
getHw™!

The appearance of Kronecker’s delta in the last line is explained as follows: gg, € tHv ™!
and p € sHv™! can be equal if and only if sH = tH. This shows that {G/m is indeed a
well-defined functor.

Let us prove (2). The square commutes on objects since Mg ® B has only one object.
A morphism f : G/H — G/K is determined by f(H) = xK with x such that H C
xKx7!. Let (b ® g)xsk € Hom(uH,vH). We have

Cork (fx((0 ® @) xsk)) = Corx (b ® &) xsk)
= Z ep,pg ® (p-b).

pesK(vx)1

On the other hand, we have

ton(f (b @rx) =tom( Y b®gum)

tHe f~1(sK)

= Z Z ep,pg ® (P - b)
tHe f~1(sK) petHv™!

= Y e ®(p-h).

pesKx—1y~1

Here, the last equality follows from the fact that sK x~! is the disjoint union of f~1(sK).
This finishes the proof of (2).

Let us prove (3). It follows from (5.1) that the counit eg/g of the adjunction (5.2)
equals eg o [(vg)~1C/H) where e is the counit of (3.11). Recall the definition of £
from (3.3). Then €g, g equals the following composite in kk:

—11(G/H)
[R(B x G/H)| G T s )G 2y @ B =z B

(32) 2.13)
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The statement in (3) now follows from the commutativity of the following diagram of
G-algebras:

[:R(B . G/H)](G/H) Corollary 4.11 fR[(B . G/H)(G/H)]

(UH)(G/H)T / Jg‘R(ZG/H)

(B x H)(G/H) Ps Mg ® B.

Here the diagonal morphism is the one induced by the inclusion
(B x H)C/H < (B xG/H)
as the full subcategory on the object H. This finishes the proof. ]
We collect the main results of this section in the next theorem.
Theorem 5.8. Let G be a group satisfying (5.3) and let H C G be a finite subgroup. Then
we have an adjunction as follows:
(—) @) ke —= kk® : —x G/H.
Moreover, the adjunction isomorphism
kkG(AGH) By ~ kk(A, R(B x G/H))

is natural in G/H € Or(G, ¥in) and the counit of the adjunction is described by Lemma 5.5.

6. Lifting the adjunction to spectra

6.1. The primitive zig-zag

Let A € Alg,, B € GAlg, and G/N € Or(G, ¥in). By Theorem 5.8 we have an adjunction
isomorphism
kkG (AN B = kk(A, R(B x G/N)) (6.1)

that is natural in G/ N . Let K and K€ be, respectively, the spectra representing k k-theory
and kkG—theory. These were defined in [17] and in [27]; see Section C.2 for details. We
would like to lift the isomorphism (6.1) to a natural weak equivalence of spectra

K(A, R(B x G/N)) - - +K%(4C¢/N) B).

Here, we want the dashed arrow to represent a zig-zag of Or(G, ¥in)-spectra inducing the
isomorphism (6.1) upon taking homotopy groups. As a starting point, let us recall how
to obtain this adjunction. By Lemma 5.5 (3), the isomorphism (6.1) equals the following
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composite:

_)\(G/N)
kk(A, R(B % G/N)) 22 kk G (AG/V) [R(B % G/N)] ™M)

Corollary 4.1 l/‘\llz

R
kkC(AC/N), Mg B) ((ii/)”) kkG (AG/N R[(B x G/N)©G/M)) 6.2)
lel
kkC(ACN) Mg, B) — kkC(AC/N) ).

The last two morphisms are easily lifted to spectra. Indeed, the G-stability zig-zag (2.13)
induces the following zig-zag of weak equivalences that is clearly natural in G/N:

KG(AC/N) MgB) ——K%(AG/N) Mg, B) +——K%(4CG/N) B).

Lifting the rest of (6.2) is somewhat more delicate. If we simply replace groups by spectra,
we get the following diagram:

)/
K (4, R(B x G/N)) <2 K6 (4G [R(B % G/N)] V)
Corollary 4.1 ITZ (63)
R(&G/N) G ( 4(G/N) /N
KG (A€M R[(B x G/N)C/M]).

G ( A(G/N)
K% (A ,MgB) )

This is what we call the primitive zig-zag. While the spectra on the left are covariant
functors on Or(G, Fin), this is not the case for those on the right. We should start by
replacing the latter by covariant functors on Or(G, ¥in) if we expect a zig-zag that is
natural in G/ N. In the following sections — taking the primitive zig-zag as our model —
we proceed to construct a zig-zag of spectra that depends covariantly on G/N and that
induces the isomorphism (6.1) upon taking homotopy groups.

6.2. Notation and preliminary definitions

To ease notation, the category Or(G, ¥in) will be denoted by O for the rest of this section.
Its objects — the orbit spaces corresponding to finite subgroups of G — will be denoted by
letters r, s and 7.

Let € be a category and I" be a small category. We will write B(T", €) for the category
€T of bifunctors ' x ' — €. Let f : I’ — A be a functor between small categories.
Then we can restrict along f* either of the variables of a bifunctor A% x A — €, or both
of them, as shown by the following commutative diagram of categories:

B(A,€) —L A>T

ol f\ lf*

er”xA =, B(T,€).
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Here, f* denotes restriction of one of the variables (either the covariant or the contravari-
ant one) and f* denotes restriction of both variables.
Define functors J € SpO and M, L € B(0O,Sp)® by

J(1) :=K(4, R(B x 1)),
Li(s,r) =K (AD, R[(B x1)®]), (6.4)
Mi(s,r) =K (4D, [R(B x r)]¥)

for r,s,t € . The kkC-equivalence R[(B x r)®] — [R(B x r)]® of Corollary 4.11
induces, upon applying K¢(A®, —), a natural transformation v : L — M that is an
objectwise weak equivalence of spectra. With this notation, the primitive zig-zag (6.3)
becomes

—)® R
T0) 25 M) <— 1,0, 0) 28 KG (40, Mg B). (6.5)

6.3. Coends enter the game

Fix t € 0. The commutativity of (5.7) suggests that the morphism induced by R(¢;) in
(6.5) could be replaced by a morphism from a certain coend, as we proceed to explain. If
f :r — s is amorphism in (O, the following square commutes by Lemma 5.5 (2):

Bxr® Mg e B
Tf* Tzs
(B xr)® L (B x5)®),

Upon applying K% (4@, R(—)), we get a commutative diagram as follows:

Li(r.r) —KS (4D, Mg B)

f*T T;X 6.6)

Li(s,r) —L 5 Li(s. 5).

For reasons that will become clear later on (see Remark 6.16 and Lemma 6.29) we will
take coends over the slice category (J/; of orbit spaces over . We will denote by u, the
forgetful functor 9;;, — O.Let now f : @ — f be a morphism in ¢;, where o : r — ¢
and B : s — t. Then (6.6) equals the following square:

[(0)* Le](. ) —— KG (4D, Mg B)

A

[ L] (B. @) =L [(we)* L] (B. B).
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By the universal property of the coend, there is a unique morphism ¢ making the following
triangle commute for all objects o :  — ¢ of Oy;:

T ) Ly — KG (4O, Mg B).
T 6.7)

[(ue)* Le](@, ) tr

Here the vertical morphism is the structural morphism into the coend corresponding to .
In the next section we will prove that ¢ depends covariantly on ¢ € .

6.4. Defining @-spectra as objectwise coends

Let us show that the morphisms ¢ of (6.7) assemble, for varying z, into a morphism of
O-spectra. We first prove some preliminary lemmas.

Lemma 6.8. Let € be a cocomplete category, f : ' — A be a functor between small
categories and T € B(A,€). Then there is a unique morphism

frr—sytr (6.9)
making the following square in € commute, for every object y of I':
R A A
T }anﬂw
(D). y) =T (). ()

Here the vertical arrows are the structural morphisms into the coends. Moreover, (6.9) is
natural in T

Proof. This is immediate from the universal property of coends. ]

Remark 6.10. For composable functors I" i) A LN Y and T € B(X, €), the morphisms
(6.9) clearly fit into the following commutative triangle:

[Tgo N T=J" T — ["gT

|

[T

Lemma 6.11. Let € be a cocomplete category and T be a small category. Then there is a
functor € : B(T', €)' — €T described as follows.
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(1) Let V be an object of BT, €)', t e T+ V; € B(T',€). Fort € T, we have
COND = [ W)V,
For a morphism [ .t —t' inT, €(V)(f) equals the composite

V. 6.9 ’
T @y Ve =5 (7 ) Vi = [ ) Ve Z5 1 )y v,

(2) For a morphism h : V.— W in B(T, €)', the natural transformation € (h) has
the following components:

I @y by

S )V, S ey

Proof. The fact that the equalities in (1) indeed define a functor €(V) € €T boils down
to the naturality of (6.9) and Remark 6.10. The fact that €’(h) is indeed a natural transfor-
mation follows as well from the naturality of (6.9). ]

Lemma 6.12. The morphism ¢ defined by (6.7) is a morphism of O-spectra.

Proof. The codomain of  is clearly an O-spectrum. Its domain is an (-spectrum as well;
indeed, it is €(t +— L,;) where € is the functor of Lemma 6.11. Let f : ¢ — ¢’ be a
morphism in . We claim that following square commutes:

IO (u)* Ly —— KG (4D, Mg B)
fl lf
SO ) Ly —— KO (A, M B).

Indeed, by the universal property of the coend, it suffices to show that the square commutes
when precomposed with the structural morphisms

[(u,)*L,](a,a) - fg/t (ur)* Ly

for every object o : r — t of ;. Upon precomposing with the latter we get the following
square, that clearly commutes:

KS (4O, R[(B % 1)?]) ——— KG (4O, Mg B)

| |

KG (AW, R[(B % r)"]) —— K (A), Mg B).

This proves the lemma. u
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6.5. The morphism ¢

In this section, we define a morphism ¢ that will be part of the natural zig-zag of The-
orem 6.34. Let § : Spo — B(0O, Sp) be the functor that adds a constant contravariant
variable, defined by

Sp(s,r) = F(r) (6.13)

for F € Sp(9 and r, s € O. Let (uy)* : B(O9, Sp) — Sp(o/f)wxo be the restriction of the
contravariant variable along the forgetful functor. Recall the definitions of J € Spo and
M; € B(0O, Sp) from (6.4). Define a morphism

of (u)*8s — (u)*M; (6.14)
as follows. For objects 7 of @ and o : s — ¢ of O, let

oy [0 8]0, 7) > [(ur)* M, ] (e, 7) (6.15)
be the following composition:
K(A, R(B % r)) (__)(t)”KG(A(I), [JR(B “ r)](t)) a—*HKG(A(I), [JR(B “ r)](s)).

It is easily verified that ¢* is a natural transformation of bifunctors. Indeed, for morphisms
fir—r'inOQandg:a — o in O, the following diagrams commute:

K (4, R(B x 1))

l(—)“)

KO (4O, [R(B x1)]?)

K (AD, [R(B xr)]®) KC (4D, [R(B xr)]*"),

#
(p(a,r) (ﬂ(a/’r)

K(A. R(B » 1)) %K(A, R(B x "))

#
fer l()“’ ()ml

KG(A(t),[eR(B Xr)](t))L)KG(A(t),[ﬂ(B Xlr/)](l‘))

KOS (AD [R(B % 1)]) —L K6 (4O [R(B = r)]¥).

Remark 6.16. The definition of the components of ¢¥ (6.15) makes use of the structural
morphism « : s — ¢ and it is not clear how to define ¢# as a morphism §; — M, in
B(0O, Sp). This is one of the reasons that motivated our choice of ¢, as the indexing
category for coends.
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Construction 6.17. By Remark 6.24 we have, for each ¢ € (@, a pair of adjoint functors
(ue)r = S0 == B(0.Sp) : (u)*. (6.18)

Let / :t — t' be a morphism in @ and write f* : Sp(%”">0 _ §pO)"*0 for the
restriction of the contravariant variable along f : O;; — O)y. Note that f™* o (uy)* =
(u;)* and consider the following diagram of solid arrows for F € Sp(p and H € B(O, Sp):

B(O, Sp) ((ue)1(up)*8F, H) —=— Sp @O (u)*8p, (uy)* H)
: |
\l/ ~
B(O, Sp)((ue)(ur)* 85, H) —=— Sp 2" ((u,)*8F, (uy)* H).

Let the dashed arrow complete the diagram to a commutative square. By the Yoneda
lemma, the dashed arrow is induced by precomposition with a unique morphism

(ut)!(ut)*SF g (ut’)!(”t’)*SF-

The latter, for varying f', assemble into a functor @ — B(O, Sp), t — (us)1(u;)*SF. This
construction is, moreover, clearly natural in F, so that we get a functor as follows:

Sp® —— B(O, Sp)?

Fr— (Z > (Mt)!(ut)*SF).

Remark 6.19. Let F € Spo. Later on, it will be useful to have an explicit description of
the functor @ — B(0O, Sp), t — (u;)1(u;)*§F mentioned in Construction 6.17. Let us first
describe the bifunctor (u;)i(u;)*6F € B(O, Sp) for fixed t € O. For r, s € O we have

[@@)*se]s.r)y = [[ [@)*$r]@.r)= ] F@).

a0 (s,t) O(s,t)

For a morphism f : 7 — r’ in O, the induced morphism fi = [(u;)1(u;)*SF](s, f) equals

the morphism
[1FH: [ Foy— ] Fo.

0O(s,t) O(s.t)

For a morphism g : s’ — s in O, the induced morphism g* = [(u;)1(u;)*S8Fr](g,r) is the
unique morphism making the following triangle commute for all 8 € O (s, t):

Fir)——— ][ Fo)
O(s,t)
L
cangog

I_I F(r).

O(s',t)
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Now let 4 : t — t’' be a morphism in (. Then the components of the induced natural
transformation 7, : (us)(u;)*S§F — (uy)1(uyp)*SF are the unique morphisms making
the following triangle commute for all 8 € O (s, t):

Fory——— [] Fo)
O(s,t)

Jn
canpopB

[ Fo).

O(s,t")
Lemma 6.20. Fixt € O and let o* : (u;)*8y — (u;)* M; be the morphism in Sp(o/,)0ﬂx0
defined in (6.14). Under the adjunction (6.18), (,0ti corresponds to a morphism
@ (u(u)* 8y — M,

in B(O,Sp). Explicitly, for r,s € O, the component ¢,y : [(us)1(us)*85](s,7) = M;(s,7)
is the unique morphism making the following triangle commute for every o € O(s,t):

[T 77 22 My(s.r).
O(s,t)

cana]\

#
J(r) Yn

Then the latter, for varying t, assemble into a morphism in B(Q,Sp)® — where the domain
of ¢ is considered as an object of B(O, Sp)® as explained in Construction 6.17.

Proof. Let f :t — t’ be a morphism in @. We have to show that the following square in
B(0O, Sp) commutes:
" ¢
(U (ue)* 8y ——— M,y

% |~

() (up)* 87 ——s My,

By Remark 6.19, for r, s € O, we have [(u;)1(us)*87](s,r) = ]_[@(s,t) J(r). Thus, it suf-
fices to show that the following square commutes for r, s € O:

]_[ J(r) ., M;(s,r)
O(s,t)

f*l f

]_[ J(r) LN My(s,r).
O(s,t")

By the universal property of the coproduct it suffices to show that this square commutes
when precomposed with every structural morphism into the coproduct in the upper left
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corner. Let o € O (s, t). Upon precomposing with cany : J(r) — ]—[O(s,t) J(r) we get

#
(pa,r
Tr) —2" M, (s, r)

\ |
“’?f My (s,r).

ow,r)

Unraveling the definition of ¢, this triangle becomes the following diagram:

K(A, R(B xr)) (‘—’(”>KG(A0>, [R(B % r)]®) 25 KG (A, [R(B x 1)]®)

(—)<f’>l lf* lf*

KG(AD, [R(B x 1)) L5 KG (A, [R(B » 1)) D) L3 KG (A, [R(B x r)]®).

The square on the right clearly commutes. The one on the left commutes by Lemma C.6.
|

6.6. Model structure on categories of bifunctors

Let € be amodel category and let I" be a small category. In this section, we endow B(T", €)
with a model structure that will allow us to build models for the homotopy coends of
certain morphisms of bifunctors. We will need these later on to define the morphisms
going backwards in the zig-zag of O-spectra of Theorem 6.34.

Proposition 6.21 ([26, Proposition A.2.8.2]). Let € be a combinatorial model category
and let T be a small category. Then there exist two combinatorial model structures on €' :

s The injective model structure, denoted €L

inj? where weak equivalences and cofibrations

are defined objectwise.

*  The projective model structure, denoted ‘C’;oj, where weak equivalences and fibrations
are defined objectwise.

We will always consider B(I', €) as a model category with the structure (‘€ill:j"p Il;mj

whenever this structure exists. The model structure on B(I, Sp) exists for any I" by
Lemma C.2 and Proposition 6.21.

Theorem 6.22 ([2, Theorem 4.1]). Let € be a model category and I be a small category
such that the model structure on B(I', €) exists. Then the functor

/F:B(F,‘C)—>‘€

is a left Quillen functor.
Proof. This is [2, Theorem 4.1]; we sketch the proof for completeness. For ¢ € €, define
R(c) : T xT' — € by

R(c)(s,r) := 1_[ c.

ael(r,s)
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For morphisms f :r — r’and g : s’ = sin T, let fi and g* be the unique morphisms
making the following diagrams commute for all @ € T'(r’, s) and all 8 € T'(r, s'):

R(c)(s,r) —> R(c)(s,r") R(c)(s,r) g—*> R(c)(s',7)

lcana lcanlg
canyo f Cangop C.

It is easily verified that R : € — €T is right adjoint to fF : €T”xI €. Thus,
proving the theorem is equivalent to showing that

R:€ — B(T,€)

preserves fibrations and trivial fibrations. Let ¢ — ¢’ be a (trivial) fibration in €. To prove
that R(c) — R(c’) is a (trivial) fibration in

B(T,€) = (eL"E

inj /proj’
it suffices to show that R(c)(—,r) — R(c’)(—, r) is a (trivial) fibration in ‘Cilgjw for every
r € T'. But the latter holds since, for every r, there is a Quillen adjunction

(e 2> € R(=)(—.r)

inj

where ev, is the evaluation at r [2, Corollary 2.3 (iii)]. Indeed, this adjunction is Quillen
since ev, clearly preserves cofibrations and trivial cofibrations. ]

Lemma 6.23 ([26, Proposition A.2.8.7]). Let € be a model category and let f : T — A
be a functor. Then the restriction functor f* : €& — €T fits into the following Quillen
adjunctions, whenever the model structures in question exist:

() freb el g,

Q) fi: €2 t’,ﬁoj I

Remark 6.24. Let € be a category with small coproducts and let I" be a small category.
Fixt € I" and let u, : I';; — T be the forgetful functor. Then there is an adjunction

(up)y : €T" ——= €™ ¢ (uy)*.

Moreover, the pushforward functor (u,), can be explicitly described as follows. For s € T,
we have
[ Fls)= [] Fl).
a€Hom(s,t)
For a morphism g : 5" — s in I, [(u;)1F](g) is the unique morphism making the fol-
lowing squares commute, where the vertical arrows are the structural morphisms into the
coproducts:

[ Fl(g)
[ Fo———"*— 1] F@)
a€Hom(s,t) o’ €Hom(s’,t)
canﬁT Tcangog
F(B) F(Bog).

F(g)
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Lemma 6.25 (cf. [26, Lemma A.2.8.10]). Let € be a model category, I" be a small cat-
egory, fix t € I', and let u, : I'); — T be the forgetful functor from the slice category.
Then the following adjunctions are Quillen adjunctions, whenever the model structures in

question exist:

* Ty
(D) )* 1€y 2 Cpuy (o),

(F [)Op 0]
(2) (ut)! : €inj/ <_—> tfigp . (M,)*.

Proof. To prove (2) is a Quillen adjunction, let us show that (u,), preserves cofibrations
and trivial cofibrations. Recall from Remark 6.24 that, for F € €D and s € T", we have
[wnFls)= [] Fl@.

ael(s,t)
Let  : F — F’be a morphism in €)” For s € T, (u;)1(1)(s) is the coproduct of the
morphisms
{n(@) : F(a) — F'(a)}aer(s’t).

. . . NN ( v L .
If n is a cofibration (resp. a trivial cofibration) in ‘(?iqu/ 2 , the latter are cofibrations (resp.

trivial cofibrations) in € and, thus, (1;)1(n)(s) is again a cofibration (resp. trivial cofibra-
tion) in €. Since this holds for every s € T, it follows that (u,)1(n) is a cofibration (resp.
a trivial cofibration) in €I, The proof of (1) is dual to that of (2), using the fact that

inj
[@)«Fls)= ] Fl

ael'(t,s)
for F € €Yt ands e T. ]

Lemma 6.26 ([26, Remark A.2.8.6]). Let F : € 2 D : U be a Quillen adjunction of
combinatorial model categories and let I" be a small category. Then composition with F
and U determines a Quillen adjunction

FT el = ol ut
with respect to either the injective or the projective model structures.

Lemma 6.27. Let§ : Spgoj — B(0, Sp) be the functor defined in (6.13). Then § is a left
Quillen functor.

Proof. Let const : Sp — Spi(zj”p be the functor that sends a spectrum E to the constant
functor on E. Then const is left Quillen since it clearly sends cofibrations (resp. trivial
cofibrations) to cofibrations (resp. trivial cofibrations) and it has a right adjoint (taking
limit). Note that we have

§ = (const)? : Spgroj — [Spaap]o = B(0, Sp).

inj Iproj
Then § is left Quillen by Lemma 6.26. |

Lemma 6.28. Let € be a combinatorial model category, T be a small category, fixt € T,
and let u; : I'y; — T be the forgetful functor from the slice category. Then the restriction
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on both variables
(u)* : B(I,€) — B(I};.C)
is a left Quillen functor.

Proof. Consider the following commutative square:

B(T,€) = (eF")T (ur)* (\e'Fﬁl’)F/t'

inj /proj inj

(Mt)*l &) J/(Ut)*

[xe(r/t)”"]F _ [‘G(F/t)op]r/t = B(I}:,©).

inj proj inj proj

The horizontal morphisms are left Quillen by Lemma 6.25 (1) and the vertical morphisms
are left Quillen by Lemma 6.23 and Lemma 6.26. Then (u;)* is left Quillen as well, for
being the composite of left Quillen functors. ]

6.7. The natural zig-zag

In this section we finally construct a zig-zag of (-spectra inducing (6.1) upon taking
homotopy groups. We begin with the following lemma, that shows that every @-spectrum
can be canonically described as an objectwise coend.

Lemma 6.29. Let § : Spgoj — B(0, Sp) be the functor defined in (6.13). For F € Sp(9
andt € O, the structural morphisms into the coends

@/,
F(t) = [(un)*87](dr. id,) —> / (r)* S5 (6.30)

are isomorphisms. Moreover, these are naturalint € @ andin F € Sp(D.

Proof. Fixt € @. Since (14;)*8F is constant in the contravariant variable, we have

o
/ (uy)*8F = colim F (u;(a)).
(XEO/t

Since id; is a final object of @/;, the structural morphism

F(t) = F(us(id;)) —> colim F (u;(e))
aE(‘)/,
is an isomorphism. Combining the above we get the desired isomorphism,

~ O,
Fio) = / " )5

It is easily verified that this is natural in ¢# and in F'. ]

Lemma 6.31. Let F € Spo andfixt € O. Let (u;)y and (u;)* be the functors that form the
adjunction (6.18). Then there is a morphism of bifunctors (uy)*Sg — (us)*(us)1(u;)*SF
described as follows. For objects a : r —t and B : s —t of Oy;, the component correspond-
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ing to the pair (B, o) is the structural morphism into the coproduct corresponding to B,

[0)*8p)(B.e) = F() —2> [ FO) = [0)* eho)*$p](B.c).  (6.32)

O(s,t)

Moreover, upon taking coend we get a morphism of spectra

on (n
f () S —> / ()" () (a8 6.33)

that is natural in t.

Proof. The fact that the morphisms (6.32) are natural in o and f is easily verified using
the explicit description of the bifunctor (u,)(u;)*8F given in Remark 6.19.

Let us now prove that (6.33) is natural in z. Let & : ¢ — ¢’ be a morphism in @. By the
universal property of the coend, it suffices to show that the outer square in the following
diagram commutes for every o : r — ¢ in O);:

F(r) = [(u)*8F (. @)

&
(6.33)

T ey 85— [ (ue)* (o)1 (ue)*8F

i |

, o (633 o . «
T ) 85— (O (ur)* (i) (urr) * S

Unraveling the definitions of /1. (see Lemma 6.11 and Remark 6.19), it is straightforward
to verify that both ways from F(r) to fa/” (us)* (ug)1(uy)*8F in the diagram above
equal the composite

O
canyoq canjoq .
Fir) = 1] Foy = [ () (e (atp )8
ot

This finishes the proof. ]

Theorem 6.34. Letq : Q S idand g:0 S id be, respectively, cofibrant replacements

in B(O, Sp) and Spgoj. Then we have a zig-zag of O-spectra as follows:

SO ey 8y T [ )55, — s [ )t )i () S g

|

S ) QM) < [ ue)* Qu(u)* 8y <= [ i) Qui(u)*S5,

‘|
¢

1% ) QL) —2— [ (u)* Ly ————— K (A, Mg B).
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Moreover, upon identifying

%
K(A, R(B x1)) = J(1) “if))/ " sy

and then taking homotopy groups, this zig-zag induces the isomorphism (6.1).

Proof. Let us first show that the morphisms appearing in the zig-zag are indeed natural
in ¢. For (6.33) this is part of Lemma 6.31 and for ¢ it is Lemma 6.12. The rest of the
morphisms are natural in ¢ because they result from applying the functor ¢ of Lemma 6.11
to appropriate morphisms in B(O, Sp)®.

The morphisms in the zig-zag labeled with ~ are indeed weak equivalences by Ken
Brown’s lemma [19, Lemma 1.1.12]: they result from applying a left Quillen functor to
an appropriate weak equivalence between cofibrant objects. Here we use that the functors
8, (uy)* and [ O are left Quillen by Lemmas 6.27, 6.28 and Theorem 6.22 respectively.

The fact that the zig-zag induces (6.1) upon taking homotopy groups follows from the
commutativity of the following diagram of spectra.

canid,

| K(4, R(B x 1)) | === J (1) T L ug)*8,

i i

(OO s [ (u)* 85

= by Lemma 6.29

canid, l (6.33)

]_[ J(t) —— ]_[ Q) (1) — fa/l (ue)*(ue)(ue)*8p,
(O y€O(t,t) y€O(t,t)
CITE q |

can;dt

v [Qadg ) —5 [ )t O ui(ui) S5,

q ~ _
@ q ql

canjq 1

[Q 871t 1) ——— [ (ue)* O (ue)1(us)*8s

w ‘|

Mo (1, 1) ¢ (OM) (1, 1) ——2 s [ (u)* Q(M))
v |2 sz
(OL)(t.1) ———"—— [ (u)* Q(Ly)
wl 1 ql
Li(t.1) b I uo*L,

\ lc
b [KS (4. MG B)|
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Upon taking homotopy groups, the morphisms labeled with ~ in the diagram above be-
come isomorphisms and can be inverted. The zig-zag equals the morphism in the top row
followed by the composite of the morphisms in the rightmost column. By Lemma 5.5 (3),
the composite of the bent morphisms on the left equals, upon taking homotopy groups,
the isomorphism (6.1). [ ]

7. Main theorem

In this section, we prove Theorem 7.11. It will turn out to be an easy consequence of the
technical Theorem 6.34 and the following two lemmas.

Lemma 7.1. Let A be an algebra, B be a G-algebra and X be a (G, ¥ in)-finite complex.
Then there exists a weak equivalence of spectra

ax : HO(X;K% (A9, B)) — K¢ (4%, B) (7.2)
that is natural in X .
Proof. LetE : Or(G, Fin) — Sp be defined by
E(G/H) =K% (A©/H B)

and let X be a (G, ¥in)-complex. Since coends and smash products commute with col-
imits, we have

G/H
HG(X;E)=/ X¥ NE(G/H)

G/H
= | G/K x A" AE(G/H) (byL A6
/ g/ Shim, (G/K x ) AE(G/H)  (by Lemma A.6)

Il

G/H
lim A" A G/K)? AE(G/H) (byL Al
Jolim A% A [ (G/K) Y ARG/ (by Lemma A1)

= colim A} A HC(G/K:E)
G/KxA" | X

= colim A’} AE(G/K).
G/KxA" | X

Thus, to construct the morphism (7.2) it suffices to define compatible morphisms
A" AKS(AGK) By - KO (A, B) (7.3)
forevery f : G/K x A" — X. Define (7.3) as the following composite:

(C4)

A" AKG(AG/K) By —— KOG (AG/KXAY By 5 KG (4D B).

The compatibility of these morphisms is immediate from the naturality of (C.4) in G/K.
This defines the morphism (7.2).
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We claim that «y is a weak equivalence of spectra. We will prove the claim by con-
sidering the following increasingly more general cases:

(1) X = G/H with H € Fin,

2) X =G/H x A" with H € Finandn € N,

(3) X = ', G/H; x A" with H; € Finandm,n € N,
(4) X any (G, Fin)-finite complex.

To prove the case (1), note that the identity of X = G/H x A° is a final object among
those G/ K x A™ || X. Then, taking colimit over G/ K x A" | X boils down to evaluating
at the final object idg /g x a0 and the result follows from Lemma C.3.

For the case (2), let w : G/H x A" — G/H be the projection and consider the fol-
lowing commutative diagram:

HG(G/H x A";E) “G/HxA" KG(A(G/HxAn), B)
ml? 2\[7[*
HS(G/H:E) ——" KRG (AG/HD py.

The left vertical arrow is an equivalence by homotopy invariance of equivariant homol-
ogy theories. The right vertical arrow is a weak equivalence by homotopy invariance of
kk*G (—, B), since we have

AGIHXA) o AUon A o (5 AA" = (@ A) ® (8" = AG/H) g A",
G/H G/H

The bottom arrow is a weak equivalence by the case (1).
Now let X be as in case (3). This case follows from the previous one since we have

HP(X:E) = (D HI(G/H; x A™:E),

i=1
n
Kk (A%, B) = D kS (418" p),
i=1
ay = @aG/H;xA"-
To prove the case (4) we proceed by induction on » = dim X. The base case n = 0
holds by the case (3). Now suppose n > 1 and assume that oz is a weak equivalence for

every (G, Fin)-finite complex Z with dim Z < n — 1. Since X is (G, ¥in)-finite, there is
a pushout diagram as follows:

|_|?=1 G/H, X 0A" —— sk,—1 X

| |

LI, G/H; x A" —— X.
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By Lemma B.2, upon applying the functor AT we obtain the following Milnor square:
A(|_|:~1=1 G/H;xdA™) - A(Skn—l X)
AUi=1 G/HixA") AX)

This induces a morphism of Mayer—Vietoris sequences as follows; see Lemma B.5:

0‘|_|;’=1 G/H;xdAn

HC('_, G/H; x JA";E) kkG (AUi=1 G/HixdA™) g

J/ Olun G/H; xAn l/

HE (LI, G/Hi x A™E) ' o KkG (AU O/HXAD )
® e i LN ®
HE (skp—1 X E) kkG (4G X) | B)

| l

HS(X:E) s kkG(AX) B)

| |

Ho1(L'~, G/H; x IA";E) —— kkG | (AUi=1 G/Hx0A™ |y,

The morphisms | G/p,xyan and d,_, x are isomorphisms by the inductive hypothe-
sis. The morphism & »_ /g, xan 18 an isomorphism by the case (3). We conclude by the
Five Lemma that ay is an isomorphism. ]

Remark 7.4. The morphism «y of Lemma 7.1 can be defined for any (G, ¥in)-complex
X . However, the hypothesis of X being (G, ¥in)-finite is needed for stating that oy is
natural in X — the codomain of ay is a functor on X only when restricted to the full
subcategory of S® whose objects are (G, Fin)-finite complexes.

Lemma 7.5. Let G be a group satisfying (5.3). Let A be an algebra, B be a G-algebra
and Z be a (G, ¥in)-complex. Then there is a natural isomorphism

HE(Z;K(A. R(B x-))) = H(Z; K% (4D, B))
induced by a natural zig-zag of spectra.

Proof. Recall the notation and definitions introduced in Section 6. By Theorem 6.34, we
have a zig-zag of Or(G, ¥ in)-spectra as follows, where the morphisms labeled with ~ are
objectwise weak equivalences of spectra:

K(A, R(B » 1)) < [ )5, — [ @) o)) *S 5,

i

S ) Q) sg,  (7.6)

¥oq

19 o My)
Tz

19 u)* Q(Ly)

fod KG (4D, Mg B).
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We also have a zig-zag of Or(G, Fin)-spectra as follows, induced by the G-stability zig-
zag (2.13):

KC(A®, Mg B) —— KC (4D, Mg, B) +-—KC (4, B) (1.7)

In (7.7), both morphisms are objectwise weak equivalences of spectra since the G-algebra
homomorphisms of (2.13) induce isomorphisms in kk©. To ease notation, we name the
Or(G, Fin)-spectra appearing in the zig-zags above as follows:

F(t) :=K(4, R(B x1)),
on

Ri)= [ 8g.
Oy,

Ra)i= [ 00 G 8g,.
Oy

Ra(0)i= [ ()" Q) Sg,.
9,

Ri:= [ ) Q0.

Rs():= [ " ool

Re(t) :=K%(4Y, MgB),

R, (1) := K949, Mg, B),
E(t) := K%, B).

Upon concatenating (7.6) and (7.7) we get a zig-zag of Or(G, Fin)-spectra as follows,
where the morphisms labeled with ~ are objectwise weak equivalences of spectra:

~ ~ ~ ~ ~

F R, R, R; R4 Rs Rs R, E. (7.8)

Moreover, by Theorem (6.34), this zig-zag induces the isomorphism (6.1) upon taking
homotopy groups.

Let Z be a (G, Fin)-complex. After applying HS (Z; —) to (7.8) we get a zig-zag of
graded abelian groups

HE(Z;F) <=~ HS(Z;R)) — HE(Z;Ry) ¢ --- <= HO(Z;E).  (19)

Each arrow in (7.9) is natural in Z since it is induced by a morphism of Or(G, ¥in)-
spectra; see Remark 2.9. Moreover, by Remark 2.9, those arrows labeled with ~ in (7.8)
induce natural isomorphisms in (7.9) and thus can be uniquely inverted. Upon inverting
the natural isomorphisms in (7.9) we get a chain of natural transformations as follows:

HS(Z:F)— HS(Z;R)) — HS(Z;R;) — --- — HS(Z;E). (7.10)
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Write Bz : HS(Z:F) — HS (Z:E) for the composite of the morphisms above. It is clear
that Sz is natural in Z since each one of the morphisms appearing in (7.10) is. We claim,
moreover, that fz is an isomorphism. Since homology commutes with filtered unions,
it suffices to prove this for (G, Fin)-finite Z. The claim holds for Z = G/N since, in
this case, Bz is the isomorphism (6.1) by Theorem 6.34. Now we can continue as in the
proof of Lemma 7.1: the case Z = G/H x A" follows from homotopy invariance and the
general case follows from excision upon considering the skeletal filtration of Z. ]

Combining Lemma 7.1 and Lemma 7.5 with the fact that homology commutes with
filtered unions we get the main result of this paper.

Theorem 7.11. Let G be a group satisfying (5.3). Let A be an algebra, B be a G-algebra
and Z be a (G, ¥in)-complex. Then there is a natural isomorphism

HE(Z;K (A, R(B x —))) = c)(()lcirznkkf(A(X), B)
G -finite
induced by a natural zig-zag of spectra.
Remark 7.12. Let G be a group satisfying (5.3) and let B be a G-algebra. Define an
Or(G)-spectrum KHg by KHp(G/H) := K({, R(B x G/H)) and note that it satisfies
(2.11). By Theorem 7.11, for every (G, ¥in)-complex Z we have
HS(Z:KHp) = colimkk% (X, B).

Xcz

G-finite
When taking Z = Eg;,(G), this shows that the domain of the KH-assembly map can be

expressed in terms of kk @ -groups in a way that is completely analogous to that of the
Baum-Connes assembly map.

8. Towards a kk-theoretic assembly map

8.1. The Baum—-Connes assembly map

Let us briefly recall the definition of the Baum—Connes assembly map as formulated in [4,
Section 9]. Fix a G-C *-algebra B and write B X, G for the reduced crossed product. Let
E;,(G) be a topological model of the classifying space of G with respect to Fin. To every
proper G-compact G-space X one associates a canonical class ex € KK(C, Co(X) x G),
where Co(X) denotes the algebra of continuous functions X — C that vanish at infinity.
Now consider the following composites:

KKS(Co(X). B) =% KK.(Co(X) %, G. B %, G) —— KK4(C. B x, G).

As X varies over the closed G-compact subsets of E#;,(G), these maps are compatible
and define the Baum—Connes assembly map,
colim )KK*G(CO(X), B) - KK4(C,B x, G) = K,*(B %, G).  (8.1)

XCEgzin(G
G -compact
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The canonical class ey can be obtained as we proceed to explain. Let C.(X) denote the
algebra of continuous functions X — C with compact support. A cut-off function for X
is a nonnegative f* € Cc(X) such that } . f(g-x) = 1 forall x € X; such functions
always exist for proper and G-compact X. Let f be a cut-off function for X and define

pr € Cc(G x X) by
pr(g.x) =+ f(x)f(g71-x).

If we consider pr € Co(X) x G, then py is a projection and its class
ex = [pr] € KKo(C, Co(X) x G)
is independent of the choice of f [24, Lemma 2.2].

Example 8.2. Let G be a (discrete) group and let H € G be a finite subgroup. For every
uH € G/H we have a cut-off function f, g := ‘111—|qu € C.(G/H). The corresponding

projection is
1 Z -1
PuH ‘= mXuH X uhu € C()(G/H) x G. (83)

heH
8.2. The KH-assembly map

Let G be a group satisfying (5.3) and let B be a G-algebra. Taking Remark 7.12 into
account, it is a natural question whether the KH-assembly map admits a kk-theoretic
description analogous to (8.1). We could expect to find, for each (G, Fin)-finite complex
X, anatural class ex € kkq(€, FACORN: G) such that the composites

kkG (X, B) =% kk (€ x G, B x G) X Kk (£, B % G)

are natural in X and define a morphism 4 making the following diagram commute:
HS (Ezin(G):K(£, R(B x —))) LN kk«({, B xG) = KH«(B x G).
[

Theorem 7.11 : =
A

<4
colim kkG (X, B)
XCEgi,(G)
G -compact
The authors have no results in this generality although it is clear how to define ex for
X = G/H, as we explain below.
Let H C G be a finite subgroup. The formula (8.3) defines an idempotent

1
Pubt = Ty utt > uhut €t x G (8.4)

heH

and thus an element [p, ] € kko(£, £(9/H) % G). It is immediate that the latter does not
depend upon u H since we have

(I1xg)pa(1xg™") = pun € L7 % G.
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Lemma 8.5. Let G be a group satisfying (5.3) and let B be a G-algebra. Let H € G be
a finite subgroup and let py € L) % G be the idempotent defined in (8.4). Then the
following diagram commutes:

HES (G/H:K({, R(B x —))) —— kk«(£, B x G) = KH,(B x G).
|

Theorem 7.11 | = (86)
1
kkC (£G/H) ) (—olpaDo(—xG)
* )

Proof. For every algebra A we have a morphism pg ® 4 : A — AG/H) 5 G. We will
prove that the following diagram commutes for every algebra A; note that the commuta-
tivity of the outer square for A = £ is equivalent to that of (8.6).

HS (G/H:K(A, R(B x —))) —————— HS(G/G;K(4, R(B x -)))

|

Theorem7.11 | = kky (A, R(B % G/H)) == kk.(4, R(B x G/G)) (8.7)

kkG(AG/™ B) (P &A0) kko(A, B x G).

IR

IR

To see that the triangle in (8.7) commutes, recall that the isomorphism of Theorem 7.11
is induced by the zig-zag of Or(G, Fin)-spectra from Theorem 6.34 and that the latter
recovers the isomorphism (6.1) upon taking homotopy groups. As the upper right square in
(8.7) clearly commutes, we have to prove the commutativity of the lower right one. After
identifying kk.(A, R(B x G/H)) = kk«(A, B x H) using (4.14) and unraveling the
details of the isomorphism (6.1), we are left to show that the following diagram commutes
for all n:

incly

kkn(A, B x H) kkn(A, B x G)
kkC(AC/H) (R x H)G/H)) kkn(A,(Mg,B) x G) (8.8)

(ws){@a) (‘/)*Lﬁn

kkG (AGIHD Mg By —PHEAPCD)  4p (4, (Mg B) % G).

It suffices to consider the case n = 0 since the general case follows upon replacing A by
3"Aifn > 0and by Q7" A ifn < 0; see [9, Corollary 6.4.2]. Let @ € kk(A, B x H) and
put

a1 := (1« o incly) (@),

@ = ((")e 0 (prr ® A)* 0 (=% G) 0 (Yp) 0 () /) 0.
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We will show that «; = «;. Recall from (2.15) that we have an isomorphism
(Rg,,B)« - kk(A, (Mg, B) x G) — kk(A, Mig,|(B x G)).

We claim that (Rg,,B)«(@1) = (Rg.,B)«(c2). First suppose that « is represented by an
algebra homomorphism f : A — B x H.Fixa € A and write

fla) =" bi xk.
keH
It is straightforward to verify that (Rg, B)«(o;) is represented by the algebra homomor-

phism f; : A — Mg, |(B x G), where f; and f, are given by
fila) =" e ® (b x k).

keH
1 _
hl@ = 3" eps ® (pobex pkt™Y).
p,t,keH

An easy computation shows that
Ve @)WV LV ©1) = fi

where V' is defined in (3.5) and Vg in (3.9). Thus, f1 and f, induce the same morphism
in kk. Suppose now that « is represented by an algebra homomorphism

f:JA—> (BxH)S .

Let Q : kk — kk denote the translation functor in kk and recall that we have natural
isomorphisms as follows; see [9, Lemma 6.3.11] and [29, Lemma 7.10]:

kk(A, B) =~ kk(Q"A, Q" B) =~ kk(J" A, BS")

Since these are compatible with all the morphisms appearing in (8.8), we may replace A
by J" A, B by BS" and reduce to the case r = 0 that we have already addressed. ]

A. G-Simplicial sets

Let G be a group. We recall some definitions and properties concerning the G-simplicial
sets. A G-simplicial set is a simplicial set with a left action of G. We write S¢ for the
category of G-simplicial sets with equivariant morphisms. Every G-simplicial set X has a
skeletal filtration such that the n-skeleton sk, X is obtained from sk,_; X upon attaching
cells of the form G/H x A" with H a subgroup of G. We say that X is G-finite if X
can be built from a finite number of these cells; it is easily verified that X is G-finite if
and only if G\ X is a finite simplicial set. Let ¥ be a nonempty family of subgroups of
G closed under conjugation and subgroups; we are interested in the family Fin of finite
subgroups. A G-simplicial set X is called a (G, ¥)-complex if X can be built from cells
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of the form G/H x A" with H € ¥. The (G, ¥ )-complexes are the cofibrant objects
for a certain model structure on SG; see [8, Proposition 2.3]. A G-simplicial set X is
called (G, ¥ )-finite if it can be built from a finite number of cells of the form G/H x A"
with H € . It is easily verified that X is (G, ¥)-finite if and only if X is a G-finite
(G, ¥)-complex. In the rest of this section we gather some technical results that are used
in Section 7.

Lemma A.1. Let G be a group and let S, C S denote the full subcategory of connected
simplicial sets. Let G/H,G/K € Or(G) and X,Y € S.. Then there is a natural isomor-
phism

Homge (G/H x X,G/K x Y) = Homgy)(G/H, G/K) x Homg (X, Y).

In other words, the full subcategory of S¢ whose objects are G/H x X with G/H €
Or(G) and X € S; is equivalent to the product category Or(G) x S.

Proof. Let f : G/H x X — G/K x Y be a morphism in S¢. We claim that there exist a
unique coset uK € G/K and a unique morphism # : X — Y that fit into a commutative
square as follows, as we proceed to explain.

(A2)

Since Y is a connected simplicial set, the set of connected components of | | kY s
{canyx (Y)}ukeg/k- Since X is a connected simplicial set, there is a unique connected
component cany, g (Y) of |_|G/K Y such that (f o cang)(X) C canyg (Y). Now define h
as the following composite:

O u -1
X % canyk (V) (canTK)> Y.

It is clear that 4 makes the square (A.2) commute. Moreover, it follows from the equivari-
ance of f that g(tH) = tuK defines amorphism g : G/H — G/ K. Conversely, every pair
(g,h) e Homoy)(G/H,G/K) x Homs (X, Y') defines a unique G -equivariant morphism
f making the following squares commute for all ¢:

|_|XL>|_|Y

G/H G/K

cangq T Tca"g (tH)

x —t v

It is easily verified that both constructions are mutually inverse. ]
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Lemma A.3. Let ¥ be a family of subgroups of G and let W : Y — X be a morphism of
G-simplicial sets. If X is a (G, ¥ )-complex then Y is a (G, ¥ )-complex too.

Proof. Leto € Yy itis easily verified that Stab(c) C Stab (¥ (0)) € F. n

Lemma A.4. Let G be an infinite group, let H C G be a subgroup, let X be a (G, ¥in)-
complex and let K be a finite simplicial set. Then every G-equivariant morphism  :
G/H x K — X is proper, i.e. y~1(L) is a finite simplicial set for every finite simplicial
subset L C X.

Proof. First of all notice that H € ¥in by Lemma A.3. Let L C X be a finite simplicial set
and suppose that 1 (L) is not finite. Then there is an infinite number of non-degenerate
simplices in ¥~ 1(L) € G/H x K. Since every non-degenerate simplex of G/H x K has
dimension < d := dim K, there exists 0 < p < d such that there is an infinite number of
non-degenerate p-simplices in ¥~ (L). Let {g;,i € I} C G be a system of representatives
for the cosets in G/H ; notice that [ is infinite because H is finite. Every non-degenerate
p-simplex of G/H x K is of the form (g; H, o) for some i € I and some non-degenerate
p-simplex o of K. Since K has finitely many non-degenerate p-simplices, there exist a
non-degenerate p-simplex o of K and an infinite subset J < [ such that

{(giH,0), i €J} Sy (L)

Then
{v(giH.0). i €]} C L,
Since L, is a finite set, replacing J by a smaller but still infinite subset, we can assume

without loss of generality that there is € L, such that ¥ (g; H,0) = t forevery i € J.
Fix ig € J. Then

gio*V(H,0) =Y (gi,H.0) =1 =Y(giH,0) =gi - Y (H,0)

for every i € J and it follows that {gi_lgio,i € J} C Stab(Yy(H, 0)) € Fin; this is a
contradiction since J is infinite. ]

Lemma A.5. Let X be a (G, Fin)-complex and Y be a (G, Fin)-finite simplicial set.
Then every morphism ¢ : Y — X is proper:

Proof. Let K C X be a finite simplicial subset and suppose that ¢~!(K) is not finite.
Note that ¢ ~!(K) has finite dimension since ¢~'(K) C Y and Y has finite dimension. It
follows that, for some n > 0, ¢! (K) has infinitely many non-degenerate n-simplices. Let
{0k }ken € ¢ 1(K) be a list of distinct non-degenerate n-simplices. Consider a pushout
diagram

|_|1’“=1 G/H, X A" —— sk, Y

| |

LI\, G/H; x A" —— sk, Y
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where the H; are finite. For every k € N, there exist 1 < i; < r and a non-degenerate
n-simplex 1z of G/H;, x A" such that o is the image of tx under G/H;, x A" — sk, Y.
Then there exists some 1 < j <r such that iy = j for infinitely many values of k. We may
assume without loss of generality that i = j for all k. Let ¢ be the following composite:

incl Y [ X.

G/H; x A" sk ¥

Then {7 }xen is a list of distinct non-degenerate n-simplices of ¥ ~1(K) € G/H; x A".
But the latter is not possible since v is proper by Lemma A .4. ]

Lemma A.6. Let G be a group, K C G be a subgroup and X be a G-simplicial set. Then

XK~ colim (G/H x AMK.
G/HxA" | X

Proof. There is a natural morphism

colim (G/H x AMK - xX, (A7)
G/HxA"| X
Let us prove that it is surjective. Let o € (XX), = (X)X and put H := Stab(o); note that
we have K € H. Let f : G/H x A? — X be the G-equivariant morphism determined
by (H,tp) — o. Since (H,(p) € (G/H x AP)K we have that 0 = fKX(H, tp), showing
that o is in the image of (A.7). We still have to prove that (A.7) is injective. Let us first
show that every p-simplex of
nK
G/fclc;hAI}} (G/H x A™) (A.8)
is represented by one of the form (L, t,) € (G/L x AP)K . Let f : G/H x A" — X be
a G-equivariant morphism and let (gH, 7) be a p-simplex of (G/H x A")K Then K C
gHg ! and T = 7.(1,) for some nondecreasing function 7 : [p] — [1]. The commutativity
of the following triangle implies that (gH, t) and (gH, 1) represent the same simplex of
(A.8):
f

(¢H, 1) G/HxA— . x
I idxr*]\ /
(gH.ip)  G/H x ap— 70

Write L := gHg™! and note that there is a G-equivariant bijection 8 : G/H — G/L
determined by B(H) = g~ ' L. The commutativity of the following triangle implies that
(gH,1p) and (L, ) represent the same simplex of (A.8):

(¢H.1p) G/H x Ap — 20

I ﬂxidlg /
(L,tp) G/L x AP
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Now let (L,t,) and (M, 1)) represent two p-simplices of (A.8) having the same image
o € (XX), under (A.7). Put S := Stab(c) and note that L, M C S. The commutativity of
the following diagram shows that (L, ;) and (M, 1) represent the same simplex of (A.7):

(L,tp) G/L x AP

(S,tp) G/SxAP —— X.
(M, 1) G/MXAP/
This finishes the proof. ]

B. A Mayer-Vietoris sequence in k k-theory

Definition B.1. A Milnor square of G-algebras is a pullback square
A—— B
| L
C——D

where f is surjective and has a G-linear section.

Lemma B.2. Let A be an algebra and let X be a (G, Fin)-finite G-simplicial set. For
each n > 1 there is a pushout diagram

LI, G/H; x 0A" — sk, 1 X

l l (B.3)

LI G/H; x A" —— s sk, X

of G-simplicial sets with H; € Fin for all i. Then all the morphisms appearing in (B.3)
are proper and this diagram induces the following Milnor square of G-algebras:

(L 6/H 07 A (ka1 X)

T T (B.4)

A(U;:l G/HiXA") A(sk,, X).

Proof. All the morphisms in (B.3) are proper by Lemma A.5. Then we can apply A to
get a commutative diagram of G-algebras like (B.4) that it is easily seen to be a pullback;
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see Remark 2.3. Write i : dA” — A” for the inclusion. By Lemma 2.1, the morphism
i*: AA" — A" admits a linear section. Then the left vertical morphism in (B.4) admits
a G-linear section, since it identifies with

@) i+ DO @AY s N ¢C1H) g 47
i i

i i
by Remark 2.3. |
Lemma B.5. Let E be a G-algebra. Then every Milnor square of G-algebras

A—— B

|

C——D

induces a long exact Mayer—Vietoris sequence as follows:
kkG (D, E) —— kkC(B,E) ® kk9(C, E) —— kkC (A, E) —— kk& (D, E).

Proof. It follows from excision in kk© [15, Theorem 4.1.1] and from the argument given
in [12, Theorem 2.41]. [

C. The model category of spectra and spectra representing k k -theory

C.1. The stable model category of spectra

In this section, we recall the definition of the stable model category of spectra and discuss
some of its properties.

Definition C.1 ([5, Definition 2.1]). A spectrum X is a sequence of pointed simplicial
sets X% X!, X2, ... together with pointed morphisms

SUAX" > X*1 foralln,

called bonding maps. Here, S = A'/A'. A morphism of spectra f : X — Y is a
sequence of pointed morphisms f” : X" — Y” that commute with the bonding maps
as follows:

STA X" —— xnt!

SlAfnJ J{fn+l
STAY" —— yrtl
We write Sp for the category of spectra and morphisms of spectra.

We endow Sp with its stable model structure, that we proceed to describe; see [5,
Section 2] and [20, Section 3] for details:
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* Let X be a spectrum and let m € Z. The m-th stable homotopy group of X is defined
as
Tm(X) = co}l{im Tmaic (X5).

A morphism of spectra f : X — Y is a weak equivalence if 7w, ( f) is an isomorphism
forallm € Z.

* A morphism of spectra f : X — Y is a fibration if f* : X" — Y is a fibration of
simplicial sets for all n.

* A morphism of spectra is a cofibration if it has the left lifting property with respect to
trivial fibrations.

Lemma C.2 ([30, Example 3.6 (iii)]). The stable model structure on Sp is combinatorial.

Proof. Recall from [14, Definition 2.1] that a model category is combinatorial if it is
cofibrantly generated and its underlying category is locally presentable. The stable model
structure on Sp is cofibrantly generated by [20, Definition 3.3 and Corollary 3.5]. We have
to show that the underlying category is locally presentable. We claim that Sp is locally
finitely presentable. By [1, Theorem 1.11], to prove this claim we have to show that Sp
has a strong generator formed by finitely presentable objects. By [1, Example 1.12], the
set {A™ : m > 0} is a strong generator for S formed by finitely presentable objects. Since
the forgetful functor S. — S commutes with filtered colimits, the latter is easily seen
to imply that {A’! : m > O} is a strong generator for S, formed by finitely presentable
objects. Forn > 0, let F;, : S, — Sp be the left adjoint to evaluation at n. Explicitely, for
a pointed simplicial set X, let F,,(X) be the spectrum whose level k is (S) &) A X if
k > n and * otherwise. The bonding maps are the obvious ones. It is easily verified that
{Fn(AT) :m,n > 0} is a strong generator for Sp formed by finitely presentable spectra. m

C.2. Bivariant K -theory spectra

In this section, we recall the definitions of spectra representing kk-theory [17, Theo-
rem 9.8] and kkG-theory [27, Theorem 5.3.11].

Let € denote either Alg, or GAlg,. For two objects A and B of €, the bivariant K-
theory space of the pair (A, B) [28, Definition 4.10] is defined as the fibrant simplicial
set

K (A, B) = co}lim Q"Ex® Home(J" A, B®).

This definition is equivalent to the original one given in [17, Section 4]. By [17, Theo-
rem 5.1], there is a natural isomorphism of simplicial sets

H (A, B) = QX (JA, B).
Thus, we have an Q-spectrum K (A4, B) defined by the sequence

H (A, B), #(JA,B), # (J*A,B),....
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The spectrum K (A4, B) (denoted by K"™!'(A, B) in [17]) represents a universal bivariant
K-theory introduced by Garkusha that is excisive, homotopy invariant but matrix-unstable
[17, Comparison Theorem B]. Different matrix-stabilizations can be performed in order
to obtain spectra representing kk- and kk @ -theories:

(1) Stabilization by finite matrices. For two objects A and B of € put
Kr(A, B) := colimK(A4, M, B)
n

where the transition maps are induced by the inclusion M, B — M, B into the
upper left corner. These spectra represent a universal bivariant K-theory that is
excisive, homotopy invariant and stable by finite matrices [17, Theorem 9.8]; see
[17, Section 9] and [27, Section 5.1] for details.

(2) Stabilization by finite matrices indexed on an infinite set. Let X be an infinite set.
For two objects A and B of € put [27, Definition 5.2.21]
Kx(A, B) = Kf(A, MxB).

The spectra Kx (A, B) represent a universal bivariant K-theory that is excisive,

homotopy invariant and Myx-stable [27, Theorem 5.2.22]. For any X, Weibel’s

homotopy K-theory KH is the functor represented by the base ring £ [27, Theo-

rem 5.2.20]. For X =N, this theory coincides with the kk-theory defined in [9].
(3) G-stabilization. Let G be a group and let X = N x |G|. For two G-algebras A

and B put

K% (A, B) := Kx(MgA, Mg B).
These spectra represent kk @ -theory [27, Theorem 5.3.11].

Lemma C.3 (cf. [27, Section 4.4]). Let Sy C S denote the full subcategory of finite sim-
plicial sets. Let G be a group, X be an infinite set, G/K € Or(G, ¥in), A, B € GAlg,
and S € Sy. Then, for E € {K, Ky, Ky, K@), there is a morphism of spectra

Sy AEACE By » E(AC/KXS) B (C4)
that is natural in A, B, G/K and S. Moreover, for S = A° this is an isomorphism.

Proof. Tt suffices to prove the Lemma for E = K: the case E = K¢ follows from this upon
taking colimit over the inclusions M,, B — M, 11 B and the rest of the cases follow from
the latter upon replacing A and B with appropriate matrix algebras.

Let us prove the case E = K. We will define (C.4) levelwise. At level p > 0, we have
to define a morphism of simplicial sets

Sy A (JP(ACTEN, B) — 7 (JP(ACTEXS)) B). (C.5)
Let us describe it in dimension ¢ > 0. A g-simplex of

St A (JP(AC5), B)
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is represented by a pair (o, @) where o is a g-simplex of S and « is a g-simplex of
H(JP(AC/K)) B). Below we use the notation of [28, Section 2.9]. Let « be represented
by a G-algebra homomorphism

o JIH‘U(A(G/K)) — B;I”qu,alvaq)

for some v, r > 0. Then the morphism (C.5) sends the pair (o, @) to the g-simplex of
H (JP(AG/KXS)) B) represented by the following composite in G Alg,:

JP-H)(A(G/KxS)) — Jp+v((A(G/K))S) clas , [Jp+v(A(G/K))]S

&*

(IVxAIxAT IV xAIxAT) = K (IVXA9,9["xAT)1AY  o* (IVXA9,9I?xAT)1S
L ——[B; | 1[5 ]

ldiag*

Br(I”xA‘I,BI”xA‘I).

Here, p© is the morphism defined in [28, Remark 3.4]. This clearly defines a morphism
(C.5) that is natural in A, B, G/K and S. Let us now show that (C.5) is an isomorphism
for § = AQ. First note that the classifying map

clas : JPT((AG/KNA%Y [ gptv(4(G/K))A°
is an isomorphism. Moreover, it follows from the naturality of 4 that the composite diag* o
o a* equals the obvious isomorphism
[B’gI“XAq,Z)I”qu)]AO i B;I“qu,alvaq)_
Together, these observations imply that, for S = A°® and making the obvious identi-

fications, the morphism (C.5) is the identity of .# (J?(A©/X)) B). This finishes the
proof. ]

Lemma C.6. Let A and B be two G-algebras and let f : C — D be a morphism of
G-algebras. Then the following square of spectra commutes:

KS(4,B) — 2 s KS(U4®C,B®C)

o) E

K°(A® D,B® D) —— K% A4®C,B® D).
Proof. Unraveling the definitions of the spectra K¢, Ky and K £, it suffices to show that
the following square commutes:

K(4, B) —2 . K(4®C,B®C)

—®Dl Jf*
f*

K(A® D,B® D) ——K(A® C,B ® D).
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Atlevel p > 0 the latter is the following square of simplicial sets:

H(JPA,B)—25  #(JP(A®C),B®C)

—®Dl l e (C.7

H#(JP(A® D), B® D)~ #(JP(A® C). B ® D).

Let g > 0. Write B;anAq instead of Br(InXAq’aAnXAq) to ease notation. Let o be a ¢-
simplex of # (J? A, B), represented by an algebra homomorphism o : J 77" 4 — BS"*A
for some n, r > 0. Consider the following commutative diagram of algebras:
P4 ® C) -2, gring) @ c 224, BS"A @ C —— (B ® C)S"*A*
ljwn (d® f) l]"*”(id)@ f lid@ f l(id@f )7 xat
JPH(A® D) -5, jrin(4) @ D 289 BS"xA1 @ p —— (B ® D)S"*A7,

The composite of the top morphisms followed by the rightmost vertical morphism rep-
resents the g-simplex fix(a ® C) of Z(JP(A ® C), B ® D). The leftmost vertical
morphism followed by the composite of the bottom morphisms represents the g-simplex
f*(@® D) of #(JP(AQ® C), B® D). The commutativity of the diagram shows that
fel@® C) = f*(a ® D) and, thus, that (C.7) commutes. [

D. Equivariant k k-theory as a universal §-functor into a graded
category

Let G be a group. Equivariant kk ¢ -theory was introduced in [15, Theorem 4.1.1] as the
universal homotopy invariant, G-stable and excisive functor from GAlg, into a trian-
gulated category. This universal property allows us, for example, to define the crossed
product with a subgroup H € G - or better, with an orbit space G/H - at the level of
kk-theory. Indeed, by Proposition 4.17, for every subgroup H C G there exists a unique
triangulated functor — x G/H : kk® — kk making the following diagram commute:

R(—xG/H
GAlg, — 2 A,

le lj
—xG/H

kkC ———— s kk.

A morphism f : G/H — G/K of G-sets induces a natural transformation fy : R(— x
G/H) — R(— x G/K) of functors GAlg, — Alg,. We would like f to induce as well a
natural transformation fx : — x G/H — — x G/K of triangulated functors kkC — kk.
Such a natural transformation can be thought of as a functor kkC — kk!, where kk!
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is the category of functors from the interval category I into kk. We cannot expect to
define a functor kk¢ — kk! by the universal property of kkC mentioned above [15,
Theorem 4.1.1] since kk? is not a triangulated category in an obvious way. To get around
this problem, we work in the setting of graded categories.

Definition D.1 ([29, Section 10]). A graded category is a pair (<7, Q) where </ is an
additive category and €2 is an automorphism of 7. A graded functor F : (<7, Q) —
(o', Q') is an additive functor F : o/ — &/’ such that F o Q = Q' o F. Let F,G :
(o, Q) — (&, Q') be graded functors. A graded natural transformationv : F — G is a
natural transformation v such that Q'(vy) = vgx) : Q' F(X) - Q'G(X) forall X € «/.

Every triangulated category is a graded category. If &7 is a graded category, then .7/
is a graded category as well.

Definition D.2 (cf. [29, Definition 10.6]). Let € denote either Alg, or GAlg, and let
(<7, Q) be a graded category. A §-functor with values in <7 consists of the following data:

(1) afunctor X : € — & that preserves finite products;

(2) amorphism g € Hom . (Q2X(C), X(A)) for every extension & as in (2.16).
These morphisms §g are subject to the following conditions:

(1) 8¢ : X(C) — X(A) is an isomorphism if X(B) = 0;

(2) the morphisms g are natural with respect to morphisms of extensions.

Any excisive homology theory in the sense of Cortifias and Thom [9, Section 6.6] is
a §-functor. By [29, Theorem 10.15 and Remark 10.17], the excisive, homotopy invariant
and matrix-unstable bivariant K-theory introduced by Garkusha in [16] is the universal
homotopy invariant §-functor with values in a graded category. By [27, Theorem 5.2.15],
for any infinite set X, My -stable algebraic kk-theory is the universal homotopy invariant
and MYy -stable §-functor with values in a graded category. A similar result holds in the
equivariant context.

Theorem D.3. Let G be a group, let (<7, 2) be a graded category and let X : GAlg, — <
be a homotopy invariant and G -stable §-functor. Then there exists a unique graded functor
X : kk©® — of such that Y(ag) = 8g for every extension & and such that the following
diagram commutes:

iG
GAlg, —— kk®

|
lx (D4
X 4
o .

Here, the morphisms ag are those that make j© : GAlg, — kkG into an excisive homol-
ogy theory.

Proof. The proof is similar to that of [15, Theorem 4.1.1]. We start by recalling some
details of the construction of kk© . Following [9, Section 6.6], an excisive homology theory
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of G-algebras consists of a triangulated category (.7, Q2), a functor X : GAlg, — .7 and
a morphism dg : QX (C) — X(A) for every extension & as in (2.16) such that:

(1) For every extension &, the following is a distinguished triangle in .7:

QX(C) =25 x(4) X(B) X(C).

(2) The morphisms §g are natural with respect to morphisms of extensions.

Fix j : GAlg, — kkGMee {9g e, a universal excisive, homotopy invariant and MnxG|-
stable homology theory. The existence of such a homology theory follows from [9, The-
orem 6.6.2] in the case G = 1, from [15, Theorem 2.6.5] for countable G and from [27,
Theorem 5.2.16] in the general case. Since the composite

GAlg, Y25 GAlg, —L s kk G

is an excisive, homotopy invariant and Myx|g|-stable homology theory, there exists a
unique triangulated functor Mg : kkCA% — kkGAl2c making the following square com-
mute:

GAlg, —— kiGN

wo-| lMG

GAlg, —— kkONee

Now define kkC (see [15, Section 4.1] and [27, Definition 5.3.4]) as the category whose
objects are those of kk A2t and whose morphism sets are given by

Homyo (A, B) := Homycae, (Mg A, Mg B).

Let f € Homy cae (Mg A, Mg B). We will often consider f both as a morphism in
kkGA'2e and as a morphism A — B in kk €. To avoid ambiguity, we will write [ ] instead
of f when considering f as a morphism in kk©. There is a functor t¢ : kk@Alee —
kkG that is the identity on objects and that sends f € Homy ai, (A, B) to [Mg(f)] €
kkG (A, B). Let j© be the following composite:

i G
GAlg, —— kkGee 1, kG
By [15, Theorem 4.1.1] and [27, Theorem 5.3.8],
jo: GAlg, — kkS

endowed with {8g :=19(dg) )¢ is the universal excisive, homotopy invariant and G-stable
homology theory.

Let us show that j¢ : GAlg, — kk©, {ag}g, is also the universal homotopy invariant
and G-stable §-functor into a graded category. Let X : GAlg, — (&7, Q), {f¢}, be a
homotopy invariant and G-stable §-functor. Since X is G-stable, then it is Myx|g|-stable;
see [15, Section 3]. By [27, Theorem 5.2.15] there exists a unique graded functor

X : kkGAe 5 o7
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making the following diagram commute and such that X (3g) = 8¢ for every extension &:

GAlg, —L s kkGAx

I
IE[D¢
1

X o .

Suppose that there exists a graded functor

X kkC — o
making the triangle (D.4) commute and such that X (Bg) = §g for every extension &.
Then wehave X = X 0 j¢ = (X 01%) o j and §g = X(Bg) = (X 019)(dg) for every
extension &. By the uniqueness of X we must have X = X 01C. By [27, Lemma 5.3.6],
forany f € Homyeai, (Mg A, Mg B) we have a commutative diagram in kk© as follows:

G
Mo Mg B

tG(Lh)lg EltG(t'B)

Mg, A Mg, B

16 (tA)Tg %TIG (tB)
[f]
A———— B.

Here ¢ and ¢’ are the morphisms appearing in the G -stability zig-zag (2.13). Upon applying
X to the diagram above we get

XD =X@) o X(Wp) o X(f)o XUy ™" o X(t).

This shows that X is uniquely determined. Moreover, it is straightforward to verify that
the last equation defines a graded functor X : kk® — o7 with the desired properties. m
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