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Stable singularity formation for the inviscid primitive
equations

Charles Collot, Slim Ibrahim, and Quyuan Lin

Abstract. The primitive equations (PEs) model large-scale dynamics of the oceans and the atmo-
sphere. While it is by now well known that the three-dimensional viscous PEs are globally well
posed in Sobolev spaces, and that there are solutions to the inviscid PEs (also called the hydrostatic
Euler equations) that develop singularities in finite time, the qualitative description of the blowup
still remains undiscovered. In this paper, we provide a full description of two blow-up mechanisms,
for a reduced PDE that is satisfied by a class of particular solutions to the PEs. In the first one a
shock forms, and pressure effects are subleading, but in a critical way: they localize the singularity
closer and closer to the boundary near the blow-up time (with a logarithmic-in-time law). This first
mechanism involves a smooth blow-up profile and is stable among smooth enough solutions. In the
second one the pressure effects are fully negligible; this dynamics involves a two-parameter family
of nonsmooth profiles, and is stable only by smoother perturbations.

1. Introduction

We consider the three-dimensional inviscid primitive equations (PEs)

Uy + uuy + vuy + wuz + px — Qv =0, (1a)
vy +uvy + vvy + wvz + py + Qu =0, (1b)
pz +T =0, (1o
0; +ubyxy + vy + whz =0, (1d)
ux +vy +wz =0, (le)

set in the domain
i)zMx[O,l]:{(X,Y,Z):(X,Y)EM,OSZSI},

where M C R? is a smooth bounded domain with real analytic boundary. System (1)
is supplemented with the initial value (u¢, v, 6p), and satisfies the relevant geophysical
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boundary conditions (cf. [25]):
w(t,X,Y,Z)=0 onZ =0and Z =1,

1 2)
/ u,v)@,X,Y,Z2)dZ -n =0 on(X,Y) € M,
0

where 7i is the outward unit normal to dM. System (1) is derived as a formal asymptotic
limit of the small aspect ratio (the ratio of the depth or the height to the horizontal length
scale) from the Boussinesq system (see [1,29]). With full viscosity, the global existence
of strong solutions for the three-dimensional PEs was first established in [9], and later in
[20,22,27,28]. The above results were extended to the cases with only horizontal viscosity;
see [5-7]. With only vertical viscosity, the ill-posedness in Sobolev spaces is shown in
[33]. This ill-posedness can be overcome by considering additional linear (Rayleigh-like
friction) damping [8], or Gevrey regularity and some convex conditions on the initial data
[16].

In the absence of viscosity, and for adiabatic systems (i.e., constant temperature that
can be set by convention to be zero), system (1) is also called the hydrostatic Euler equa-
tions. Such a system has a loss of horizontal derivative, making local well-posedness in
Sobolev spaces a hard problem for general initial data. Indeed, the linear and nonlinear
ill-posedness in any Sobolev space have been established in [33] and in [19], respectively.
On the other hand, by assuming either real analyticity or some special structures (local
Rayleigh condition) on the initial data, one is able to establish the local well-posedness;
see [2,3,17,18,24,25,30]. Moreover, it was proven that smooth solutions to the invis-
cid PEs, in the absence of rotation, can develop singularities in finite time (cf. [4, 34]).
Recently, it has been shown in [21] that the results about ill-posedness and finite-time
blowup can be extended to the case with rotation.

The different proofs of the singularity formation rely on the proof of the finite-time
blowup for the corresponding two-dimensional model for which the initial data can be
lifted to the full three-dimensional equation, where the well-posedness is applicable. To
get to the two-dimensional system, the idea in [4,21] is to observe that if & = 0 and
initially 6y = vo = 0, then any smooth enough solution (u, v, w, 8) to system (1), with
initial data (u¢, vg, 69) and boundary condition (2), must satisfy 6(¢, X, Y, Z) = 0 and
v(t, X, Y, Z) = 0. Moreover, if initially u¢ is independent of the Y variable, then any
smooth enough solution remains independent of the Y variable. Therefore, under the
assumption that we have a smooth solution and for the initial data

uo(X,Y,Z)=uo(X,Z2), vo(X,Y,Z)=0, 6o(X,Y,Z)=0,
we obtain the two-dimensional inviscid PE system (also known as the hydrostatic Euler
equations)
Ur+uuy +wuz + px =0, (3a)
pz =0, (3b)
uy + wz = 0. 3¢)
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Since system (3) is independent of the Y variable, the horizontal domain M needs to be
Y independent and translation invariant in Y. Hence without loss of generality we may
consider system (3) set on

D={X,Z:-L<X<L 0<Z<=<1},
and the boundary conditions (2) become

w(t, X,0) =w(, X, 1) =0,

! ! @)
/ u(lt,—L,Z)dZ =/ u(t,L,Z)dZ = 0.
0 0
From (3c) and (4), we know that
z o 1
w(t,X,Z)z—/ ux(t,X,Z2)dZ, / ux(t,X,2)dZ =0,

1
andthus/ ut,X,Z2)dZ = 0.
0

One is able to further simplify system (3). Differentiating (3a) with respect to X, one
obtains
ux, +uuxy +uy +wyuz +wuxz + pxx = 0. (6)

Thanks to (5), integrating (6) with respect to Z over the interval [0, 1], an integration by
parts together with (3b), (3¢), and (4) enables us to solve for the pressure:

1
pXX = — / W*)xx dZ. (7
0

We consider from now on solutions u that are odd in X, i.e., u(X) = —u(—X), and
introduce the trace of their horizontal derivative on the central line:

a(t,Z) = —dxu(t,0, Z). 8)

Differentiating (6) with respect to X, then injecting (5) and (7), and taking X = 0, one
obtains the following closed evolution equation for a:

zZ 1
a; —a’ + (/ a(t,Z)dZ)az +2/ a’dZ =0, (9a)
0 0

1
/ a(t,Z)dzZ = 0. (9b)
0
Note that for solutions u having the form
ult,X,Z)=—Xa(t,Z), andthus,ux(t, X,Z)=—a(t,Z2), (10)

system (3) and the boundary condition (4) for u are equivalent to system (9) for a. We
emphasize here that the term 2 fol a? dZ comes from the pressure term.
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Remark 1. In the presence of rotation, i.e., £ > 0, choosing —dxvo(0, Z) = €2, it has
been shown in [21] that a defined in (8) still satisfies system (9).

In [4], a family (Y,)m>0 of initial data has been constructed for which the corre-
sponding solution a to (9) blows up at time ¢ = 1 with a(t, Z) = (1 — t) 'Y (Z).
Lifting this result to a blowup for the original two-dimensional system (3) is however
nontrivial given the lack of a well-posedness result in the class of regularity of the profiles
Y- In addition, perturbation of these solutions seems challenging given their rigidity. On
the other hand, Wong [34] has constructed explicit initial data for (3) that are analytic
and for which the corresponding solution will exhibit a singularity in finite time, making
llu(t, Lo + || px (., )|z + |lux(t,-)||L infinite at the blow-up time. The purpose of
this paper is to provide precise qualitative properties of the singularity formation.

Our main result is the following, showing the existence and stability of a blow-up
solution for (9) with a smooth profile.

Theorem 1.1 (Smooth blowup). Consider the profile ¢p(z) = ¢po(z) = e~%. Then there
exist A§ > 0 and § > 0 such that for all 0 < Ag < A§ a constant k > 0 exists such that, if
initially
1 Z .
ao(Z) = (=) +an2). 0=z <1, (an
Ao \vo
with
2
— - <y
3log(Agh) = 7~ 21 (/X 1)
then there exist T > 0 and C > 0 such that the solution a to (9) with initial data a(t = 0) =
ao blows up at time T > 0 according to

and ||50||C2([0,1]) <k, (12)

1 ) . 1
a(t, Z) = m ( ([)) +a(l Z) with V(Z) = m, (13)
where for all t € [0,T),
la, )| oo o1y < C(T — 1) Hlog(T —1)[~°. (14)

Remark 2. = Note that the general solution u (other than (10)) to (1) might not exist
up to time 7. If it does, then the divergence ||(dxu)|x=0(t)|lLoqo,17) = 00 as ¢ 1
T implied by (8), (13), and (14) signals the formation of a shock for u along the
horizontal X -direction at the point (X, Z) = (0, 0).

» The pressure term is of lower order compared with the other terms as ¢ 1 7', but not
negligible. Indeed, the modulation equations for the scaling parameters (A, v) are

Ay = =14+ Cov + h.o.t.,

o0
2 Co = 2/ pa(z)dz = 1. (15)
vy = _COT + h.o.t., 0

Here h.o.t. means higher-order terms. The pressure is thus responsible for the behavior
(13) of v corresponding to a self-similarity of the second kind.
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* Equation (9a) shares similarities with the viscous Prandtl equation on the axis [13]:

y

-t -6+ ([ €)or=0. >0
0

£(.0) = 0. £0.Y) = (V).

(16)

In [10], a blow-up dynamics is found, for which the viscosity is negligible, where the
singularity forms on a large spatial scale y ~ v(t) = (T —t)~"/2; see also [11,12,26].
Note that (9) without pressure is (16) without viscosity. Interestingly, the blow-up
dynamics of Theorem 1.1 and that of [10] are genuinely different, due to the absence
of a Dirichlet boundary condition for (9), allowing for a blowup at the boundary, and to
the absence of pressure and confinement z € [0, 1] in (16), allowing for the transverse
spatial scale v to grow to infinity, so to maintain the divergence-free condition.

* Another instance of a blow-up dynamics with a logarithmic correction for the scale due
to subleading but nonnegligible effects happens for the semilinear heat equation [32].

The existence and uniqueness of analytic solutions of system (1) in the domain £ with
boundary condition (2) is established in [25]. By virtue of this, Theorem 1.1, and Remark
1, we have the following corollary regarding the existence of an explicit singular solution
of system (1) satisfying the boundary condition (2).

Corollary 1.2. Consider the profile ¢(z) = e~ %, and suppose that the initial condition
(ug, vo, Bp) of system (1) with boundary condition (2) satisfies

(X, 1.2) = Xao(2) =X (5-9(2 ) + a0(2).

vw(X.Y,Z) = -QX, 60(X.Y,Z) =0,

where ay is defined as in Theorem 1.1. Then the unique analytic solution blows up at time
T > O stated in Theorem 1.1.

In the second result, we study a blow-up regime where the pressure can be neglected
around the blow-up time. We show that this can happen through a two-parameter (3, V)
family of nonsmooth profiles.

Theorem 1.3 1(Nonsmooth blowup). Forany B > 0, there exists a nonsmooth profile func-
tion pg € €F+1([0, 00)) with g > 0, ¢pg(0) = 1, and ¢g decreasing to 0 on [0, o0), and
a constant § > 0 such that the following holds true.

For any Vg > 0, there exists Ay > 0 and for all 0 < Ag < Aj, a constant k > 0, such

that if initially
1 7\
aw(2) = -¢p(5 ) +a0@). 0=Z <1, a7)
with
0<Ag<Al 0<ip= :—g <. and éollcr o < k. (18)
0
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then there exist T > 0, Voo > 0, C > 0 such that the solution a to (9) with a(t = 0) = ayp
blows up at time T > 0 with

1 z
_ ~ ~ : _ = B
a(t.2) = —— tqbﬂ(v(t)) Fa(t,Z), withv(t) = Deo(T — 1)P, (19)
where for all t € [0,T),
la(®)ll oo o,y < C(T —1)~' . (20)

Remark 3. « The profile ¢g is almost explicit; see Proposition 3.1. The parameter ¥
comes from the fact that for a fixed B > 0 the full family of blow-up profile is (¢g,5)5>0
where ¢g 5(z) = ¢p(z/V).

» The fact that it is not smooth is crucial: the soft' singularity of the initial data plays a
crucial role in the mechanism underlying the (worst) singularity at time 7. This is a
feature of the hyperbolic nature of (9). Similar soft singularities playing a role during
finite-time blowup are found for the Burgers equation [12], the nonlinear wave equa-
tion [23], and the incompressible Euler equations [14, 15]. However, the construction
of stable smooth blowup seems in general to be more challenging. For instance, it still
remains open for the three-dimensional Euler equations.

*  Compared to Theorem 1.1, the modulation equations for the scale parameters (1, v)

are
Ay =—14Cgv +hot,

o0
v 2 Cp = 2/ $3(2) dz, (21)
vy =—ﬁX—Cﬂ(ﬂ+l)T + h.o.t., 0

for which the pressure effects (the second terms in the right-hand side of (21)) are
negligible. Comparing (21) and (15), we see that the § = 0 case (15) is critical for
the role of the pressure which drives the blow-up scale v to 0 and slightly slows down
the blow-up speed (through the Cyv term in (15)). Interestingly, this critical regime
corresponds in fact to a stable blow-up scenario among smooth solutions.

2. Formal explanations and organization of the paper

2.1. Formal derivation of the blow-up dynamics

In this subsection we detail formal computations that predict the blow-up solutions of
Theorems 1.1 and 1.3. We start by making the hypothesis that u is a blow-up solution of
(9) that satisfies the following assumptions:

Assumption 1: fol a? dZ is of lower order with respect to the other terms in (9),

Assumption 2: The confinement Z € [0, 1] is irrelevant as the solution is localized
near Z = 0.

ISoft in the sense that it still allows for local-in-time existence of a solution.



Stable singularity formation for the inviscid primitive equations 323
Equation (9) then becomes to leading order,
Z ~ ~
a,—a2+(/ a(t,Z)dZ)azzo, 0<Z < 0. (22)
0

This new equation (22) possesses a family {¢g }g>o of self-similar profiles; see Proposi-
tion 3.1. Namely, for 8 > 0, for any ¥ > 0 (which is a free parameter),

at.2) = 1— t¢‘8(\7(TZ— t)/3>

is an exact solution of (22). For 8 = 0 the profile is smooth and explicit:
po(z) =e™* (23)
and for B > 0 the profile is only of Holder regularity C A and there holds as z — oo,
$p(2) ~dpz F. dg > 0. (24)

Formal nonsmooth blow-up solutions. If 8 > 0, for any fixed b > 0 we let ag(¢, Z) =
ﬁgb,g (ﬁ) be the exact blow-up solution of the simplified equation (22). Then ay is
a formal blow-up solution of the original equation (9). To see it, it suffices to check that
this formal solution is consistent with Assumptions 1 and 2 that we made. We compute
using (24),

(T—-1)f2 ifo<p <2,
<9 llogT —t| ifB=2,

1
|0say], afz, |8}1afazaf|z(T—t)_2, and ‘/ afde
° 1 i8> 2,

and so Assumption 1 is verified. Assumption 2 also holds true due to the decay (24)
of ¢g as z — oo. This formal solution a¢(t, Z) = ﬁz/)ﬂ (ﬁ) then corresponds to
Theorem 1.3.

Formal smooth blow-up solutions. If 8 = 0 then, for any fixed ¥ > 0, a¢(¢, Z) =
ﬁq&o(%) is no longer a formal blow-up solution of (9). Indeed, |d;a¢|, a? and
|0, ardzay| are of size a2 (T — 1)™2 but so is |f01 a?dZ| ~ (T — )72, so that Assump-
tion 1 is no longer valid.

To cope with that issue, we relax the blow-up time 7 and take a time-dependent
scaling parameter v. We thus consider the refined formal blow-up solution af (t, Z) =
ﬁt)d’()(%)’ where A and v are to be found. We now compute the leading-order effects of

the term fol a? dZ. We have, using (23),

daf = _Tkzt%(g) - %Z‘Pé(%)v 07" (@f)dzaf = A%(a;l(qso)amo)(%),

%
/1a*2 v+ 0(eY)
0o 222
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Hence, using in addition the identity (8;1¢0)%¢0 — ¢>§ + ¢o = 0, the error E generated
by aff is

1
E = d,af —af* + 0, (a})0za} +2/ at*dz
0

D) (D) (D) G e

We now choose A and v so that af is an approximate solution of (9), or equivalently so
that E is suitably small. Since the solution is concentrated near Z = 0, we require that
E(¢,0) = 0 and that dz E (¢, 0) = 0. Injecting (23) into (25), the first requirement imposes
that —A, — 14+ v + O(e_%) = 0 and the second that A; 4+ A 2% + 1 = 0. Neglecting the
O(e_%) terms, this leads to the dynamical system

At =-1+ v,
V2
Vy = _7

This dynamical system admits by a direct check solutions (A¢(¢), v¢(¢)) such that Ag(¢) ~
T —t and ve(t) ~ 1/|logT —¢t|. We thus take as a refined formal blow-up solution
a*(t,Z) = #(t)tpo(%m). We check that |;a;|, a}? and |9, af dzaf| are of size ~
(T —t)~2 and |]01 af?dZ| ~ (T —t)~2/|log T — t| so that Assumption 1 is now satis-
fied. Assumption 2 also holds true since v — 0. This formal solution then corresponds to
Theorem 1.1.

2.2. Organization

Section 3 is devoted to the construction in Proposition 3.1 of our family of profiles
(¢8)p>0- The proof is similar to [10, Proposition 3.2]. In Section 4 we construct the stable
blowup in the nonsmooth case, where the decay is exponential in time in similarity vari-
ables. The proof uses a bootstrap argument by defining a basin of attraction of the blowup
in Definition 4.2. Our proof goes in three steps. First, we find and solve the modulation
equations in Lemma 4.6 by imposing suitable zero boundary conditions on the perturba-
tion. Next, we estimate the remainder ¢ in an interior region in Lemma 4.7. We use a
Lyapunov functional with a spatial weight that penalizes the nonlocal terms inspired from
[10]. Its decay in time is due to the repulsivity of the transport field and potential terms
generated by the ¢g profile, which results in a spectral-gap-like coercivity, in analogy with
[31]. Last, in Lemma 4.8 we estimate the solution in an exterior region away from the sin-
gularity using the maximum principle. Following the same steps as Section 4, in Section 5
we give the proof of Theorem 1.1. The key difference is due to the modulation equations
in Lemma 5.5, which need to go up to quadratic order in the v equation. The decay rate of
the remainder becomes algebraic in this case. A slightly more refined analysis is needed.
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3. Profiles
In this section we classify self-similar solutions of
Z ~ ~
a; —a’ + (/ a(t,Z)dZ)az =0, 0<Z <o,
0

of the form

alt,2) = Tl—z‘pﬁ((Ti)ﬂ)

for some 8 > 0. They correspond to solutions of the profile equation

(B2 +070) 997 49 =0, z<[0.00), 26)

where 3, 1¢(z) = foz ¢(2) dZ. Note that equation (26) has a scaling invariance: if ¢ solves
(26) then so does ¢y defined as ¢;(z) = ¢(z/V) for any U > 0. The classification of
bounded solutions to (26) is given by the following proposition:

Proposition 3.1. For all B > 0, the following holds true:

*  When B > 0, equation (26) has a solution ¢g € C([0, 00)) N C*°((0, 00)) satisfying,
for a constant dg > 0,

¢p(z) = l—zﬁ —i—zﬁ +0(2ﬁ) asz —> 0 27
and

$p(z) =dgz # +0(z ) asz— oco. (28)
o When = 0, equation (26) has the explicit solution
Po(z) = €7,

o Forall B >0, if¢p € C([0,00)) N CL((0,00)) solves (26), then either ¢ is unbounded
on [0, 00), or ¢ is constant equal to 0 or 1, or there exists V > 0 such that ¢(z) =
¢p(z/V) forall z > 0.

Remark 4. Note that [ ¢2 is finite if and only if 0 < B < 2, while [;°(¢')? is finite
if and only if 0 < B < 1. Note that there might exist solutions to (26) on [0, co) that are
unbounded, but they are not relevant for our purpose.

Proof of Proposition 3.1. We first consider 8 > 0, and assume that ¢ = ¢g € C([0,00)) N
C1((0, 00)) solves (26) and is bounded.

Step 1: Preliminary properties. We claim that eitherp = 0or¢ = 1,0r0 < ¢(z) < 1 for
all z > 0. To prove it, we let ¥ (z) = Bz + foz ¢(2)dz, and claim that ¥ (z¢) # 0 for some
zo > 0. Indeed, if not then d,v% = 0, so that ¢ = —f. But this is not a solution to (26).
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Then, defining X = (¢, ¥) with £ X = (3¢, d.¥) and X(z0) = Xo, we have that X
solves the following ODE whenever ¥ # 0:

d , _(¢>—¢
—X-( ;

dz B+ ¢)’
Xo = (¢(20), ¥ (20))-

Note that (29) has the explicit solutions (0, C + Bz) and (1, C + (8 + 1)z) for some
C € R. If X is one of these solutions, since ¥ (z) = Bz + foz ¢(z2)dz, then C = 0 and
these are the ¢ = 0 or ¢ = 1 solutions to (26), respectively.

Next, we introduce the sets

(29)

ZE={0<¢ <1, 2y >0}, ZF={p>1, £y >0}, Zf = {¢p <0, £y > 0}.

Assuming that ¢ # 0, 1, there exists i € {1,2,3} and « € {£} such that X, € Z;. We
claim that all cases except X € Z 1+ lead to a contradiction, which will prove the claim of
Step 1.

If Xo € Z7 or X € Z;, then we notice by a direct check that both sets are invariant by
the backward flow of (29), so that X(z) € Z or X(z) € Z; forall 0 < z < zg. This implies
d;¥ > 0forz < zg and hence ¥ (z) < ¥ (z¢) < 0 which contradicts Y (z) = fz + foz ¢—0
asz — 0.

If Xo € Z, then this set is invariant by the forward flow of (29), so that X(z) € Z ;r for
all z > zg. This implies d,¢(z) > 0 and hence 1 < ¢(z¢) < ¢(z) for all z > zy. Moreover,
by the boundedness of ¢, we know ¢(z) < C for some C > 1. We then get using (29) that
for z > zg,

$*(20) — ¢(20) > 1
)+ B+C)z—z) " 1+2z
Integrating this inequality gives ¢(z) — 400 as z — oo, a contradiction since ¢ is
bounded.

If X € Z7, then we first claim that X (z) € Z3+ forall 0 < z < zy. By contradiction, if
not there would exist 0 < z; < zg such that X(z) € Z5 forz; <z <zgand X(z1) ¢ Z5 .
In this case, ¢'(z) > 0 for all z € (z1, zo] so that ¢(z) < ¢(z0) < 0. As X(z1) ¢ Z3+ and
#(z1) < 0 we must have ¥ (z;) = 0. Since ¥ > 0 on Z;, and ¥(z) = Bz + fOZ ¢ with
¢ continuous, we obtain that 0 < ¥ (z) < C(z — z1) on (zy, z¢] for some constant C > 0.
Hence for z € (zy, zg] we have using (29) that

$*(z0) — ¢ (20)
0:¢ > C(Z——Zl)7

0:¢(2) = e

which integrated by z implies ¢(z) — —oo as z | zj, a contradiction.

If Xo € Z3, we get similarly to the Z; case that X € Z3 on [zg, 00). Then ;¢ < 0
for z > z¢, and ¢ diverges to —oo by an argument similar to that used for Z;‘ , giving
again a contradiction.
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Step 2: Exact formula. We now assume thanks to Step 1 that 0 < ¢(z) < 1 forallz > 0
and hence ¢’ < 0 and ¥ > 0 on (0, o). With similar arguments to Step 1 above, we obtain
that ¢ (z) — 0 as z — oo, and that ¢(z) — 1 as z — 0. In particular, there exists z; > 0
such that

1
¢(z1) = 3
We now perform a change of variables on [0, +00) by defining £ such that
d
L fey=1 ad HEO=¢G. 60

dz ,32+f02¢(z) dz
so that the equation (26) becomes H — H? + £ d¢ H = 0, whose solution, since H(1) =
1/2,1s
H=0+§&"" (31)

Now, differentiating (30) gives

A%z d Bz + [{ p()dE ldz dzB+¢@) _dzpp |1
oA e b e - s)

d§? — d § gde ' dE & dE
After integration this yields, for C an integration constant,
dz _ Cé&P

== 2
d¢  £+1 (52)

Using (30) and 0 < Bz + foz ¢(z2)dz < (1 + B)z we obtain that

lzif(}logé(z) = _/021 [,BZ + /()Z¢(2)d2i| dz = —

so that lim; o £ (z) = 0. Moreover, we recall that z(§ = 1) = z;. These two considerations
and (32) give

-1
Z(E) = /—dg C = z,Cg. cﬁ_( mdé) .33

For any z; > 0, the identities (30), (31), and (33) provide solutions to (26), which are equal
up to the scaling transformation ¢ (-) — ¢ (-/v). We also proved these are the only possible
bounded solutions. To get the asymptotics of ¢ at z — 0, and z — oo, we integrate (33):

Suﬂ (=1)/ .
z(§)=C B+i+1 for0 <€ < 1.
O=c [ frpm=c D5 =

This implies that
1
£ = (_) P e 4 O(Zl+7ﬂ-1*—1),
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and consequently, using (30) and (31),
1

#(z) =
| + ¥ (ﬂ“) + 0(2))

which implies (27) upon choosing z; = ﬂc%l. Similarly, one can derive the asymptotic as
¢ (equivalently z) — co.

Step 3: The case B = 0. This can be solved explicitly by separating variables in the dif-
ferential equation (26). Indeed, letting ¢ = 9, !¢, we get

vy =y -0,

giving the one-parameter family of solutions ¢ = ¥(e?/" — 1) for ¥ > 0, i.e., p = e~%/7.
This finishes the proof of the proposition. ]

For the sake of simplicity, we shall first give the proof of Theorem 1.3 for the case of
nonsmooth blowup.

4. Nonsmooth blowup
In this section we focus on the case § > 0.

4.1. Derivation of the rescaled model in self-similar coordinates

Consider the following rescaling for v and A two positive C! functions of time:

_Z ds 1 0) — 24
Z_m, E—m, S()—S(). ( )

The following computations are done for all 8 > 0, with ¢ = ¢g (we drop the B subscript
to ease notation) given by Proposition 3.1. We write the solution a (¢, Z) of system (9) as

.2) = 7 () (0 5aq)) = 7@ + 509 69

From the explicit computations,
1 A v A v
a=gz(-Fe-¢ - Ferea—ez)

1
a’ = ﬁ(qﬁz + &2 + 2¢¢),

z
5 5 1
([ a(t, Z)a’Z)aZ = 5 0z'9¢" + 07 ez + 07 e¢’ + 0 ees),
0

1 2 [V
2 _ = 2
2/0 a (Z)dz_/\2/0 (p+e)(2)dz,
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thanks to (26), system (9) gives

A
&5 — Tse — &Zsz —2¢pe + 0, e, + 37 e’ — % + 9 Lee,
v

- (% +1)p+ (B+ )z —2v /0 %(¢ +6)2(2) dz, (362)

/;(gb +¢&)(z)dz = 0. (36b)
0

The modulation parameters A and v are determined by imposing the following vanish-
ing for the expansion of &, an orthogonality-like condition:

{s(s,z =0) =0, 37)

9,6(s,2) = O(zFF1™Y) asz | 0.

In order to have the boundary condition e(z = 0) = 0, (36a) gives the first modulation
equation

A 3
TS +1= 2v/ (¢ + ¢)%(z) dz. (38)
0
By taking the derivative of (36a) with respect to z, one obtains
A v _ v _ _
E25 — (TS + f + ¢)82 + (8Z o — Tsz)szz — e+ 03] eq” —ee, + 0] e,
A v v
= (2 148+ 2)0 4 (B+ )29, (39)
A v v

1 2 2
Since near zero ¢(z) = 1 — zB+1 4 zB+1 4 o(z B+1), then near zero one has

¢’ L S = (zF)
= A zZ o\z )
B+1 B+1
B b 2(1-p) 1 =
z¢" = Z B+ + ZBHT + o(z BT
P =G T e (=)

The second boundary condition in (37) then gives the second modulation equation

Vs

Ay v
S =—p-(+ 1)(1 + T) =—B-(B+ 1)2\;/0 (@ +¢)2(2)dz.  (40)

Thus, we can rewrite (39) as

A v v
Ezs — (TS + TS + ¢)82 + (8z_l¢ - TSZ)EZZ _¢,8 + 82—18¢N —&&; + 32_18822

= (B + (B + Dz¢")2v /0 "+ e2() dz. @1)
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4.2. Bootstrap argument

We now fix once and for all 8 > 0 and its corresponding profile ¢ = ¢4 given by Propo-
sition 3.1, and pick constants

0 <n<min(B,1), §=2min(B,1)—n. (42)

Our proof of the main result goes using a bootstrap argument. We start by setting up its
framework. The notation C(ay, az, ..., ay) stands for a generic constant that depends on
its arguments ayp, . . ., a, and that may change from line to line. Consider a solution a of (9)
written in the self-similar coordinates (s, z) given by (34), and assume it is decomposed
in the form (35). Therefore, € and ¢, satisfy (36) and (41), respectively. We control & with
the quantities

*

616 = [ w e,z
0
&x(s) = sup el

* 1
z §Z§vs)

Here z* > 1 will be fixed later on, and the weight function is chosen to be
w(z) = z%e K7, 43)
with K large enough satisfying (76) and (83) below, and « being defined by

L l=pl-2+1

B+1

—p-1+7 n
) Y FS 1+—2(,3+1) when0 < g <1,
R 4B-1)+n 4 n

B+1 =1 28+ 1) _1_ﬁ+1+2(ﬂ+1) when f > 1.

In particular, notice that —1 < @ < 1 is true for any 8 > 0 and 7 satisfying (42).

Definition 4.1 (Initial closeness). Let Aj, Uy > 0. We say that ay is initially close to the
blow-up profile if there exist 0 < A9 < Ag and vy > 0 such that

(1) the initial values of the modulation parameters satisfy (note that the first equation
fixes the value of sg)

Ao =e70, By = vgeP < 5 (44)

(ii) the initial perturbation &(sg, z) = g9 € C(]0, vio]) N C1((0, %]), given by the
decomposition (35), satisfies the integral condition (36b), the boundary condition
(37), as well as the two conditions (38) and (40);
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(iii) for some small number y > 0 satisfying conditions (92) and (95) below, ¢ satis-

fies .
V4
€2(so) = / w(z)(0:80(2))? dz < ye™%,
0
| (45)
€3(s0) = sup |eo|* < —e .
srzesd 16

Our task is to show that solutions that are initially close to the blow-up profile in
the sense of Definition 4.1 will stay close to this blow-up profile up to modulation. The
proximity at later times is defined as follows.

Definition 4.2 (Trapped solutions). We say that a solution a(s, z) is trapped on [sg, $1]
with 59 < 51 < oo if it satisfies the properties of Definition 4.1 at time s¢, and if for some
K > 1and forall s € [sg, s1], a(s, z) can be decomposed as in (35) with

(i) values of the modulation parameters:

1 ~ 5 -
—e S <A< Ke, Y0oBs <y < DoKe P (46)
K K

(ii) decay in time of the remainder in the self-similar variables:

&2(s) = /0 we,(s)?dz < K?e™%5,

=y s 47)
E3(s) = sup |e(s)]* < K?e™°%.

* 1
z*¥<z< v(s)

The proof of the Theorem 1.3 relies on the following bootstrap proposition.

Proposition 4.3. Forany B > 0,0 < n < min(B, 1), and § = 2min(B, 1) — n, there exist
universal constants K, K, z* > 1 and y > 0 such that the following holds true. For any
Uy > 0, there exists s§ large enough such that for all sg > sg, any solution of (9) which is
initially close to the blow-up profile in the sense of Definition 4.1 is trapped on [sg, +00)
in the sense of Definition 4.2.

A standard continuity argument implies that for so large enough, any solution which
is initially close to the blow-up profile in the sense of Definition 4.1 is trapped in the sense
of Definition 4.2 on some interval [sg, s1] with 51 > s¢. Letting s* > 59 be the supremum
of times s1 > s¢ such that the solution is trapped on [sg, 51], the purpose now is to show
that s* = 4o00. The strategy is to study the trapped regime via several lemmas and show
that the solutions cannot escape from the open set defined by Definition 4.2.

Note that the constant s; (defined in Proposition 4.3) will be adjusted during the proof:
we will always be able to conclude the proof of the various lemmas by choosing sg large
enough. By time-shift invariance, we can always assume the original initial time to be
t = 0. First, let us derive a priori L™ and L? bounds of the remainder of trapped solutions.
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Lemma 4.4. Given a solution a of (9) that is trapped on the interval [so, s1] in the sense

of Definition 4.2, for all sg < s < §1, we have for C*(8,n, K, z*) = C%,
v 1
/ "2dz < R L (48)
0 v
and
sup e < C*K2e7%5, (49)

1
0=z

Proof. We divide the proof into two steps.

Step 1: A preliminary estimate. We claim that there exists C > 0 such that for all « €
(—1,1) and K > 1, for w given by (43),

21 C
/0 e dz < I—0kuw() for all z > 0. (50)

Indeed, recalling w(z) = z%e X7, by a rescaling argument and then a change of variables,

@) S| d3 (z)/IZ{ 1 g3 1 a_2/2~_a 243, (51)
sup wl(z = Z =Supw\ — = Z = —SsSupz-e z e Z.
z>% 0o w(@) z>% K/ Jo w(@) Kz>% 0

If ¢ <0thenforallz > 0,

z z
z“eiZ/ 57 g5 < eiZ/ efdz <1. (52)
0 0

Now, since z > Z, we obtain

z B z e ? z 2 1
ot [eedaz s T [rt e = e = o
0 l—« 1—a o l -« -«

Injecting (52) and (53) into (51) shows (50).
Step 2: Proof of the lemma. For all z € [0, z*], using the boundary condition &(s,z = 0) =
0, the Cauchy—Schwarz inequality, and (50), from (47) one obtains that

*

les, 2)|? < ([Ozwsﬁdz) (/OZ %d%) < 812(s)(/02 %d%)

< ;812 < C*€2 < C*K?e7%, (54)
T (1—-a)Kw(z*) =~ -

This, together with (47), implies (49). Estimate (48) is an immediate consequence of (49)
as

1
v 1 ~ 1
/ 2dz < — sup |e|> < C*KZe ¥—. [
0 V

Vo<z<z*
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We will need the following technical estimate in this section.

Lemma 4.5. Suppose that § > 0, K > 2, and z* > 1. Denote by

A= /OZ ¢’(z)2w(z)(/oz %(2) dE) dz
z* z z % 2
+[Coerea([([ sed) a) e

= A1 + A,.

For any o € (—1,1), if w is given by (43) then

K1 when (0 < 8 < 1,
C(B) 4
Af—a K'InK whenp =1,
KF when B > 1.

Proof. We recall that fori = 1,2,

B+l
5t forz > 1.

D¢ <z P  forz < 1, [9lg(2)] <2
V4 ~ — L z ~
We first consider A; and decompose:

Ay = A} + AT + 43,

_ % 1(\2 Zl > >
Al—[o ¢'(2) w(z)([0 w(z)dz)dz,

For 0 < z < K~ ! we have w(z) ~ z% so that using (56),

K—l
_2 z
A} 5 z B+l
0 1-

For K~ <z < 1 we use (50) and (56) so that

=

=)

—2
KB+1

dz S C(f)——.
o 1l—«a

. 1 @) K1 ifg <1,

28
A% < TR+ dz < KllogKk ifg=1
IN/Kf K- PR T_g | K ek HP=1
KB+t if > 1.

For z > 1 we use (50) and (56) so that

2 s | C
A?S/ z B —dzgﬂl(_l.
1 K l—«o

333

(55)

(56)
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Summing the three inequalities above shows that

K ifg <1,
C(B) 1 .
MS o K gk i =1, (57)
KFe ifg > 1.

We turn to A,. For z > 0 we use the Cauchy inequality and that Z — fOZ %(5) dé€ is
increasing to get

w(z)(/oz(/(f%(s)ds)%dz)z sw(z)(/oz1dz)(/02/0}@)dsd5)
sw(z)z(/ozf;%@)dédf)

< Zzw(z)/ 1 dz.
0

w(Z)

Notice using (56) that z¢” has the same asymptotic behavior as ¢’ near z = 0 and z = co.
Therefore, by repeating a similar calculation, one obtains the same estimate (57) for the
term A, as for the A, term. These two estimates show (55). [

In the sequel, we reintegrate over time the modulation equations and the various energy
and pointwise estimates, to show that the various upper bounds describing the bootstrap
cannot be saturated. Proposition 4.3 follows immediately from the following three lem-
mas.

Lemma 4.6 (Modulation equations). For any choice of constants K.K.z*>1, Y.y >0,
and 0 < n < min(B, 1), there exists a large self-similar time s such that for any so > s;,
for any solution which is trapped on [sg, $1], we have for s € [sg, 1],

A
S+t =cet |2 gl e (58)
for C > 0 independent of the bootstrap constants, and

1 3 D 3

Ee_s <A< Ee_s, V_ZOe—ﬂs <v< Ef)oe_ﬂs. (59)

Moreover, if s1 = o0 then there exists some constants Ao, Voo > 0 such that

A =Tl + 0 2%))e™,

(60)
Poo(1 4+ O(e™25))e P,

Vv

Proof. We divide the proof into three steps.
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Step 1: A preliminary estimate. We claim that for s¢ large enough, for all s € [so, 51],

1
V/ @ +e)?dz < e G, 1)
0
To prove it, first we use the decay (28) of ¢(z) as z — oo, and then inject (46) to obtain
v if g <2,
/ ¢ (Z)dZ<C(IB) |10gl)| 1f,3—2
vh if B> 2,
eBs iff <2,
E C(,B,ljo,IZ) Se_'BS lfﬁ :2’
e—2S lfﬂ N 2’
< C(B. %, K)se™ 3+ < %e“%+%)s, (62)

where we used % + % = min(f, 1) for the third inequality, and then took s¢ large enough
for the last inequality. Second, using (48) we obtain
1

va e2dz < C*K?e™% < ie_(%“L%)S, (63)
0

where we used 1 < § and took s¢ large enough for the last inequality. Combining (62),
(63), and the inequality (x 4+ y)? < 2(x2 + y?) shows the estimate (61) we claimed.

Step 2: Computing A. We rewrite (38) as

As + A =24y /;((]5 +6)%(z)dz. (64)
0

Injecting (61) into (64) shows the first inequality in (58). Using (46) and (61) gives
1 -
A [o (¢ +e)? < Re=(+5+Ds < o=+ for 50 large enough, implying
d s -
') = O(e™2%), hence A(s) = (esoxo +/ O(e—§S)d§)e—~‘. (65)
s 50
é'N

Choosing sg large enough that —5 < f O(e72%)ds <
shows

1 and injecting (44) into (65)

1 S
—e ¥ < A(s) < ze””.
2e < (s)_2e

In the case s; = oo, injecting (44) into (65) and rewriting this identity gives

Als) = (1 +/°o 0(e~2%) d5 — /oo O(e—‘if)dg)e—s
= ()Ioo—/oo 0(e™2%)d ) =5 = Joo(l + O(e™2%))e ™.

The two inequalities above show (59) and (60) for A.

o—_\
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Step 3: Computing v. We rewrite (40) as

vy 4+ Bv = —(B + 1)20° / "+ e2() dz.
0

Reasoning exactly as in Step 2, thanks to (61) and (46) one obtains the second inequality
in (58) and

d s ]
d—(eﬂsu) — O(e™%%), hence v(s) = (eﬂmvo +/ O(e—§S)d§)e—ﬁS.
N s

0

Choosing s¢ large enough so that —3 < iy’ f;o O(efgg) ds < % and using (44) we get

1
2

@ —Bs < < §~ —Bs
> e v(s) 3 oe 7.
If 57 = o0, thanks to (44), one can rewrite

v(s) = (ﬁo + /oo O(e—if)dg—[oo O(e—‘if)ds)e—ﬂs

0

Poo (1 + O(e2%))e 5.

The two inequalities above show (59) and (60) for v. [

Lemma 4.7 (Interior estimate). Forany 0 <n <min(B8, 1) and z* > 1, there exists K* > 1
such that for all K > K* the following holds true. For any constants K >1and Y.y >0,
there exists a large self-similar time s§ such that for any so > s, for any solution which
is trapped on [sg, $1], we have for s € [sg, 51],

62(s) < 2ye™%. (66)
_ ,a,~Kz _ 1-B|-2+7 s .
Proof. Werecall w(z) = z%e and @ = —z5—=. Multiplying (41) by we; and inte-

grating over [0, z*], one obtains

1d 7 ks v
E%/o wsﬁdz—/o (f—i—f%—d)—i—e)wsﬁa’z

Z*
_ v _
+ /0 (8Z lqb — Tsz + 0, le)szzwsz dz

*

z z*
—/ ¢'swe, dz+/ 3, ewe,¢" dz
0 0

=—2v (/v(gb + £)%(z) dz) /Z (Be' + (B + Dzgp)we, dz. (67)
0 0

Now we estimate all terms in (67).
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Potential and transport terms. Integrating by parts yields

—/OZ*(%—k&—i-gﬁ—l—s)wsgdz—i—/ (8 d)— Z+3 )8zzwszdz

1
~ ([ 6 +omaz-tr) fuenaen
o303 A lvg 1y v RN
+ /(; (——¢ — - L= —(82 o — TSZ + azle)f)weﬁ dz. (68)
To deal with the boundary term, we compute that the transport field is outgoing at z*, i.e.,

/ (¢ +e)2)dz — —z > (,3 —  sup |£|>Z* > (B - «/er_%so)z* >0, (69)

0<Z<v()

where we used (40), (58), and (49), and took s sufficiently large. This implies

1
( / @+ 0@ dz -2z )Ew(z*)é(z*) > 0. 0)
Now, since w = z%e~ "%, we know that % =az - K= % — K. Using this,
(58), and (49) we get the first identity (where the constant involved in the O() depends on
K, a, and z*):

Kz

As Wy
2(A+2—+ ¢>+—e+ (a ¢——z+8 e)?)

=24 B -3¢+ 0 2*) — (07'¢ + Bz + O(e™*2)) @z  —K). (71

We now distinguish between the cases —1 <o <0and 0 <o < 1. When —1 <o <0
using the fact that 9, !¢ > ¢z due to ¢’ < 0, and then ¢ < 1, we get

(T >2+4B— (3¢ +ap)—aB+ 0@ ) >2+p—3—a—af + 0 )

1—Bl—241 ; 3
=ﬂ—1—(ﬂ+1)(—| ?H+2)+0(e‘25)25+g+0(e—2s),

where we used (42) for the last inequality. When 0 < o < 1 notice that then 8 > 1, and
by using the fact that ¢ < 1 and that 8;1¢> < z, one obtains

(71)Zz+ﬂ—3¢—a(ﬁ+1)+0(e—%5)
I1—Bl-

=—1+p-B+1)( /3+1

zz—g+0(e‘%s)=8+g+0(e‘%s)-

)+0(“)

In summary, for any 8 > 0, we get the repulsivity estimate

_2();4_2_4_ ¢+_g+ (8 ¢— +8 )ﬁ)zS—f—g—f—O(e_%s),
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and hence deduce the spectral-gap-like coercivity estimate

o303 Ay vy Ly v S\ Wz\ o
2/0 (50— 5 -3y 3 (00— e+ arte) o Jueta

> (5 + g + O(e—%S))E;l(s). (72)

Injecting (70) and (72) into (68) one finally finds that for the potential and transport terms,

= As Vs 2 z -1 Vs -1
-2 (7+—+¢+8)w5‘2d2+2 (82 ¢ — —z+0, 8)ezzwszdz
0 % 0 v
> (842 +06™8))1 ). (73)
2
Nonlocal terms. Notice that since e(z = 0) = 0, by the Cauchy—Schwarz inequality, one
obtains that for all z € [0, z*],

s sl ceaz) 74
o W
82_18(2) =/ e(z2)dz < 81/ (/ l(5)61’5)261’2. (75)
0 0 0o w
For K > 1 large enough so that

InK _2

— = K73, (76)
K

we introduce the parameter p = min( %, ﬁ), and, thanks to (74), (75), and Lemma 4.5,
by the Cauchy—Schwarz inequality, one obtains

2/ |p'ewe,|dz < 2(/ |¢’|2w(/ l(Z)a'z) dz)2812 < C(ﬁ’”)sf, (77)
0 0 o w Kr

where the constant C(8, ) depends on 7 through «, and

z* z* z Z 1 % ~ 2 %
2/0 |8218wsz¢"|dz§2(/0 |<}S”|2w(/0 (/(; E(é)dé) dz) a’z) &?

_ CB.)
<=

€2, (78)

Source terms. Finally, we consider

w ( / "6+ 9°) dz) / T (B¢ + (B + 1)z¢ywe, dz.
0 0

Using (61) one obtains, for C independent of the bootstrap constants,

4v (/v(¢ +¢)%(2) dz) < Ce=GH+Ds, (79)
0
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Thanks to Proposition 3.1, one has the crucial cancellation at the origin,

1B + (B + Dzg”| < 2P~ asz — 0.

1-Bl-2+%
B+1

—Kz

Since w = z%e with o = , one then has, using Cauchy—Schwarz,

fo Bo'+ (B + Dz¢p"we, dz < ( [0 (B’ + (B + z¢")*w(z) dz)ZSI
< C(B.n.z*, K)&.

339

(80)

Therefore, using (79) and (80), by Young’s inequality xy < K”x2/2 + y2/2KP", one has

4v(/“(¢+8)2(2)dz) / (B¢ + (B + 1yz¢"yws, dz
0 0

2
* —@+Ds 8_1
<C(@B,n,z*,K)e 2 +Kp.
Conclusion. Injecting (73), (77), (78), and (81) into (67) shows
d 2 Ui C(/S’ 77) * _ﬁs 2
TEL 4 (543 - — = —CBn K.zt Be i) g

<C(B.n.z* K)e G+,
Choosing K large enough so that

CB.nm
Kpe

_n
-8
and s large enough so that

C(B.n,K,z*, E)efgso <

’

x|

we have that (82) becomes

d 6+1)s o2 * —Ig

d_s(e $787)<C(B.n,z", K)e™+°.
Integrating (84) between s¢ and s, using (45) gives

812 < e(8+%)(s(>—s)812(s°) +C(B.n,z", K)e_(8+%)s
< ye_‘gs +C(B.n,z", K)e_(8+%)s < 2ye_8s,
where we have chosen s¢ large enough so that
C(B.n. 2%, K)e 4% < .

This is (66).

81)

(82)

(83)

(84)
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Lemma 4.8 (Exterior estimate). For any 0 < 1 < min(f, 1) there exists Z* > 1, such that
the following holds true for all z* > z*. For any K > 1 there exists y* > 0 such that for
all0 <y < y* forall K > 1 and Vg > 0, for s§ large enough, for any so > sy, for any
solution which is trapped on [sg, s1], we have for s € [sg, 1],

€2(s) < e %. (85)

Proof. We use a standard comparison principle for transport operators, together with a
bootstrap argument to control nonlocal effects. To implement this bootstrap argument, we
assume in addition that on [sg, s1] there holds

Ex2(s) < Kle™3° (86)
for some constant 0 < K’ < K.

Remark 5. The reason we apply this bootstrap argument here is to make z* independent
of K (see (92)). This is natural since z*, the boundary between the interior region and the
exterior region, should be independent of the size of the remainder, which is K.

Clearly, (86) is satisfied if one chooses K’ = K from (47). By applying the modula-
tions (38) and (40), we can rewrite (36a) as

gg+ Le=F, 87)
where £ is the transport operator (note that it has a nonlinear part)
A v
Ly = —TSU - ;SZUZ —2¢v + 8;1¢v2 —ev + 8;181)2

and the source term is

1
F=-0"e¢’ +2v (/ (¢ +)(2) dz) (=1 +¢—(B+1)z¢).
0
Step 1: A supersolution for g + £ on [z*,v™1]. We introduce

fs.2)=e

and claim that there exists z* large enough such that for s¢ large enough, for all s <s <s;

and z > z*,

n sy
e, 88
1€ (33)

Now we prove (88). We compute using 9, f = 0, (58), ¢ < 2718 a5 7 — 00, and (49),

(s +2)f = (~3 - 2229 —¢)

= (—§ + 14 0(™3) + 0(74) + O(VC*Re2s) J 3

Os +L£)f =

> (3 4+ 0@ 5) + 0GTH) + O(C(R.=*, e s))e™,

where we used § = 2min(f, 1) — 5. This implies (88) upon choosing z* large enough and
then s large enough.
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Step 2: Estimate for the source term. We claim that for all z > z* and 59 < s < 51, we
have

1 K
.2l = 3(3+5)e ™ (89)
To prove this inequality, observe that for 0 < z < z* we have using (54) and (66) that
le(2)| S V2CTye™s, (90)

while for z > z* one has |e(z)| < K 'e=5S thanks to (86). Therefore, thanks to the behavior
of ¢’ near oo, one has

07 6| < [lellLooz]@(2)] < C(V2Cye™ 2 + K'e™5%)z7h

n /1 K’ s
< (=4 2 )em2s, 91
_16(4+4)e S

where we choose z* large enough and then y small enough such that

CJ2C*yz*F < 6—”4 and Cz*7F < 6%. 92)

From Proposition 3.1, we know that | — 1 + ¢ — (8 + 1)z¢’| < C is uniformly bounded.
Therefore using (61) we get

2\)(/(;v(¢ +¢)%(2) dz)(—l +¢—(B+1)z¢)

< oG+ o T ~5s 93
Se T (93)

for s¢ large enough. Summing (91) and (93) implies (89).

Step 3: Applying the comparison principle. Let

sl -

Then using (87), (88), and (89) one computes that, for s < s < s; and z € [z*,v™!],

@+ )t = (% + g)(as +E)f+F= (}L + ?)ge—‘is - g(}t + g)e—is >0,

Similarly, (05 + £) f~ < 0. Recall that from (69) we know that the particles are always
1

moving from region 0 < z < z* to region z* < z < . At the boundary z = z* one has
using (90) that
1 K 1
s, z% = (— + —)e’gs —e(s,z%) > <Z - /2C*y)e7%5 >0

4 4
provided that

C2C*y <

: 95)

Bl —
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Similarly, f~(s,z*) < 0. At the point z(s) = ﬁ, the characteristics of the full transport
field stay on the boundary since

d 1 _ vy v ¥
ol R AR LS o

where we have used (36b). Thanks to (45), we know initially

1 1K'\ _s 1 1 KN\ s, 1 s
+ “V=(=+ = _§S°_< — ><_ _>—5S0__—§S0>0
f<s°’u0> (4+4)e ”"’uo)— it )e 3¢ =0
thus (s, e )) > 0 for all s > s¢. Similarly f (s, v(ls)) < 0. At initial time s = 59, We
have £ T (so,z) > 0 because of (45), and similarly f~(so,z) < 0. Therefore, one can apply
the maximum principle and obtain that # 7 (s,z) > 0and f~(s,z) <Oforall 5o < s < 51
and z* <z < v~ L, By their definition (94) this implies

1 K
le(s, 2)] < (Z + T)e_%s forallsp <s <s;andz* <z <v~l. 97)

Step 4: End of the proof. We first set K(’) = K so that (86) is satisfied with constant
K = K ! because of (86). Then we obtain (97) with constant K/ = K o. This 1mphes that
(86) is satisfied with constant K’ = K’ given by K’ = go(K(’,) with <p(K )= (14 K")/4.
We iterate this procedure and obtain constants Kz, then K3, . Kn such that (86) is
satisfied with constants K, then K. ..., K, with Kk+1 = (p(Kk) By iterating a finite
(depending on K ) number of times k, we obtaln K ]’C < 1 and (86) then implies (85). [

We can now end the proof of Proposition 4.3.

Proof of Proposition 4.3. We set K =3 (or any K > 1). Forany 8 >0 and 0 < 5 <
min(1, §), we pick z* > Z* where Z*(8, n) is given by Lemma 4.8, then we pick K > K*
where K*(B, 1, z*) is given by Lemma 4.7, and then we pick 0 < y < min(y*, 1) where
y*(B,n,z*, K*) is given by Lemma 4.8.

Then for any Vg > 0, there exists s; such that the conclusions of Lemmas 4.6, 4.7, and
4.8 are simultaneously valid for all 59 > s;.

For such choices of constants, consider an initial data a¢ trapped in the sense of Defi-
nition 4.1. We define

* = sup{s1 > so. a is trapped in the sense of Definition 4.2 on [so, 51]}.
If s* = oo, then Proposition 4.3 is proved. We assume by contradiction s* < oco. Then,
applying Lemmas 4.6, 4.7, and 4.8 we obtain at time s*,

f)_(’e—ﬂS*
2
82(s*) < 2ye™%", 82(s*) < ™%,

1 * 3 * 3 "
Ee_s < A(s*) < Ee_s , <v(s*) < Eﬁoe_’gs ,
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Since K = 3, the bounds of Definitions 4.2 are thus strictly satisfied at time s*, and by
a continuity argument there exists s’ > s* such that these bounds are satisfied on [s*, 5'].
But this contradicts the definition of s*. Hence s* = oo and Proposition 4.3 is proved. =

Remark 6. Notice that when 7 gets closer to 0, one can get better decay. However, the
decay rates of &; and &, cannot reach or be faster than e ™#* when 0 < 8 < 1 and e~*
when 8 > 1. The reasons are that

e for0 < B <1, the decay of v is only e‘ﬁs;

» for B > 1, in order to make (80) integrable near 0, one needs ﬁ —24+a>-1<%

a > % Such a restriction on o makes the spectral gap in (71) strictly less than 2.

We can now end the proof of Theorem 1.3.

Proof of Theorem 1.3. Pick B > 0. We write ¢ = ¢ in the proof for simplicity. Choose
then any 0 < n < min(g, 1) and let the constants K > 1, K,z* > 1, and y > 0 be given
by Proposition 4.3. For a fixed ¥ > 0, let s be given by Proposition 4.3 and define
A =e72%,

Then, with a parameter « to be fixed later on in the proof, let
Ao <A5/2 and Ty < Ug/2, (98)

and an initial datum ag of the form (17) satisfy (18).

Step 1: Proof assuming a claim. We claim that for k¥ small enough, ay is initially trapped
in the sense of Definition 4.1, with framework parameters 7, K, K,z*, ¥, Ag, Vg defined
right above, and decomposition parameters Xo, Vo to be determined in Step 2. Assum-
ing this claim, we have using Proposition 4.3 that the solution is trapped in the sense of
Definition 4.2 for all s € [5p, c0) where 5o = logAg".

We unwind the self-similar transformation (34) using (60) and define T = f;}o A(s)ds
< 00 so that

s 0o _ ) N
1(s) =/ AS)ds = T—/ Aoce (1 4+ O(e™2%)) d5
5o s
=T —Jooe ™ + O(e=(+2))
and hence Aooe ™ = (T —1) + O((T — 1)!*/2). We then get using (49) and (60) that
le() o1y < C(T —0)%2, A(s) = T —1 + O(T —1)'+9/2),
y = %(T _ t)’3 +0((T - t)ﬂ+8/2),
Aoo

Back in original variables (35), this implies the desired results (19) and (20) in the theorem
by renaming § as 2§ and D, as 1700/1‘20.
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Step 2: Proof of the claim. For Ao, Do > 0 we define @o and &g as

)+ao(2) ¢( )+ao(Z)

0“0

Z
ap(Z) = 0¢(A’T

oVvo

éo(z) = /_Xoé_lo(ig\_)oZ), Z = Z/\gl_)().

Then, introducing y = )_Lg iokgﬂ Uy 1 we have the two decompositions for 0 < z < 1 (&1
toegg)and 1 <z < )_to_ﬂ o ! (21 and &),

g0(z) =&1(2) + 82(2) = €1(2) + e2(2) + €3(2) + €4(2), (99)
E1(2) = @¢(uz) —$(2).  &2(2) = Aodio(A] To2), (100)
e1(z) = _—1+Aoao(0)+zﬁ+1 (1_%Mﬁ)’

A ° (101)

/\ 1
£2(2) = (30 1) @)~ 1+ (u2) 7).
£3(2) = p(uz) — $(2) + (WFT — D)2FT, o4 = Lo(do(zAE Tp) — a(0)).

In order for the boundary condition (37) to be satisfied, using the behavior (27) of ¢(z) as
z — 0, we require that £y = 0. Using (101) this fixes A¢, Vo in an unique manner via the
identities _ _
Ao = ()LO_1 +dp(0)7! = Ao(1 + O(kAy)),
bo = Ay TP 2517 50 = Bo(1 + O(kAo)).

where we used (18). Injecting (102) into (100), using (28) one then obtains that for all
z>1,

(102)

1

E1(2)] S \— —1gpuz) + |uz =z _sup |9/ < khozH,
Z€[z,uz]
and similarly
10:81(2)] < Koz # .
Using (18) we have for z > 1 that |&,(z)| < Aok and |9, (z)| < K)_t(l)ﬂg Vo. Injecting these
two inequalities and the two above into the first decomposition in (99) shows

|80(2)] SkAo and |0,8(2)] 5/{/_\0(2717% +i€f)0) forall z € [l,koﬂf)gl]. (103)

Next, using the behavior (27) of ¢(z) as z — 0 and then (102), we deduce that for 0 <
z <1,

A,() 2 = 2
10,62(2)| < )— — 1(2 Pl < hgzFri L

Ao
By a similar estimate, |d,£3(2)| < Koz ! for 0 <z <1.Using (18) we obtain |0;&4| <
/c)t(l)ﬂg Vo. Injecting these inequalities and the one above into the second decomposition
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and &7 = 01in (99) shows

10.80(2)| < kAoz BT 4 kA5 forall z € (0, 1]. (104)
.. . o —Kz _ 1-Bl-2+1% .
Combining (103) and (104), using w = z% with o = —Fi > —1 we obtain
Z*
/ wildz +  sup  E2(z) SKPAL 4+ K2ATTP2. (105)
0

z*szs)to_ﬂ 1751

We now check that a is initially trapped in the sense of Definition 4.1 with decompo-
sition parameters )_Lo and vy, and framework parameters 7, K , K, z*, y, /13, Vg defined
right before Step 1. We set 5o = log /_\g 1 Estimates (98) and (102) imply (44) for )_to, 50,
Vg, Vg, so that Definition 4.1 (i) is indeed satisfied. The fact that &; = 0 in the second
decomposition in (99) and the inequality (104) show that Definition 4.1 (ii) is satisfied.
Finally, (105) shows that Definition 4.1 (iii) is also satisfied provided « has been chosen
small enough depending only on Aj and ¥;. Hence ay is initially trapped, finishing the
proof of the claim. n

5. The smooth blow-up case

In this section, we prove Theorem 1.1. We study the limiting critical case when 8 = 0, for
which

pp=0(2) = Pp(z) =™~
(we drop the B subscript in this section to ease notation). When 8 = 0, the vanishing
condition (37) becomes

106
d,e(s,z=0) =0, (106)

and the modulation equations (38) and (40) become

As +1= —% = 2v/;(¢> + &)%(2) dz. (107)
0

A

Therefore, one can rewrite (36a) and (39) as

A
65— 56— 5 ce, — 206 + 07 pes + 97 e — &% + 07 e
V

{e(s,z=0) =0,

=2v (/”(d) +6)%(2) dz)(—l +(z+ D¢) (108)
0
and

v
£r5s — (¢ — ey + (8z_]¢ — fz)szz —¢'e+ 037 eq” —ee, + 0] e,

= 22 / "¢+ 9)2(2) dz. (109)
0
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The proof of the theorem follows the same strategy as that of Theorem 1.3. It also
relies on a bootstrap argument. However, (107) gives vy = —v? to leading order, hence we
will have to deal with the slower algebraic decay v ~ s~! in comparison with the expo-
nential decays involved in the proof of Theorem 1.3. We first need to adjust Definitions
4.1 and 4.2.

We consider the weight

w(z) = z72. (110)

Here, since ¢(z) = e~ %, explicit computations to control nonlocal terms will avoid the

use of a e ~KZ factor in the weight.

Definition 5.1 (Initial closeness). Let A > 0 and y > 0. We say that ay is initially close
to the blow-up profile if there exists Ao > 0 and vy > 0 such that the decomposition (35)
satisfies

(i) initial values of the modulation parameters (note that this fixes the value of s¢):

1 2
Ao =0 %0, — <y < —; (111)
2s0 0
(ii) compatibility condition for the initial perturbation: g9 € C2([0, UI—O)) satisfies the
boundary conditions (106) and the integral condition (36b);

(iii) initial smallness of the remainder in the self-similar variables: for some small
number y > 0, with w given by (110),

*

z _4 1 -
8% (s0) = / wetdz < y2s0 3, 83(so) = sup |eo|* < ZSO .
0 zr<z<gb

Wi

(112)

Definition 5.2 (Trapped solutions). Let sy > 0, z* > 1 and y > 0. We say that a solution
a(s,z) is trapped on [sg, s1] with 55 <o <s1 < oo if it satisfies the properties of Definition
5.1 at time s¢ and if for all s € [sg, 51], a(s, z) can be decomposed as in (35) with

(1) values of the modulation parameters:

1 1
—se S <A <dse™, — <v< - (113)
4 4s s

(ii) decay in time of the remainder in the self-similar variables:

Z*
E%(s) = / weZdz < s_%, E3(s)= sup |ef* < s3I (114)
0 *<z<yly

Remark 7. One could show that the decay rate for &; and &, is s™!*7 forany 0 < n < 1.
Here for simplicity we take s~% asan example.
The heart of our analysis, as in the case 8 > 0, is to show that a solution that is initially

trapped will remain globally trapped in self-similar time s.
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Proposition 5.3. There exist universal constants z* > 1, y > 0, and sa‘ > 0 such that
the following holds true. For all so > sg, any solution of (9) which is initially close to
the blow-up profile in the sense of Definition 5.1 is trapped on [sg, +00) in the sense of
Definition 5.2.

The proof of Proposition 5.3 necessitates several lemmas that improve strictly all a
priori estimates of Definition 5.2.

Lemma 5.4. For any z* > 1, for s§ large enough, if a is trapped on [s¢, s1] then for all
S0 =85 =51,
_2
lle()llooqo-1p < C(z%)s™3 (115)

and

v /G((ﬁ +e)%(z)dz < 457 L. (116)
0

Proof. From the vanishing boundary condition, Cauchy—Schwarz, (110), and (114), for

0<z<z*
z
< 81‘// 22d% <5 3z2. (117)
0

This, combined with the second inequality in (114), shows (115). Then, since ¢ = e~ % we
estimate

le(z)| = ‘[ dzedZz
0

-1

/Oi(¢+8)2(z)dz§/000¢2dz+2/0v1¢8+/(;v e2dz

1 ) | )
< 5 + 2llellzeeqo-1) +v el ooty < S+ 06 13y < |

for sy large enough, where we used (115). The above inequality and (113) show (116). =

Lemma 5.5 (Modulation equations). For any z* > 1 and y > 0, there exists a large self-
similar time s such that for any so > s§, for any solution which is trapped on [sg, s1], we
have for s € [so, s1],

A
‘—S+1’§Cs_1, ‘5‘§Cs‘1, (118)
A v
for C > 0 independent of the bootstrap constants, and
1 3 1 3
—se S <A< —-se%, —<v<Z, (119)
2 2 3s s
Moreover, if s1 = oo then there exists a constant ioo > 0 such that
- 1
A=TXose™(1+0(73), v=-+0("3%). (120)
s

Proof. We divide the proof into three steps.
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Step 1: A preliminary estimate. We claim that

2/;(¢ +e)%(z)dz = 1 4+ O(C(z*)s™3). (121)
0

Indeed, as ¢(z) = e~ %, we have 2f0°° ¢? = 1. Hence, using (113) and (115),

p—1

2[);(¢+8)2(2)d2 =142 voj¢2(z)dz+4/0v¢s(z)dz+2/0 &2 dz

_ -1 —
= 1+ 0™ ) + O(lellLoqon-1y) + O el Foo(po.n-1y)
1+ O(C(z*)s™3).

Step 2: Equation for v. Injecting (121) into (107) gives
— 2 = 14 0(C(*)s ), (122)
v

Multiplying (122) by v and using (113) shows the second inequality in (118). Integrating
(122) with time, we find

11 2 1
S= s st O(C(z*)(s3 —s5d)) = — s+ O(C(z*)s™3 (s — 50)). (123)
0 0

Therefore, since vy, I < 25, from (111) we infer for sa‘ large enough depending on z*,

<250+ 5 — 50 + O(C(z*)s ™3 (s — 50))

< | =

=5+ 50+ O(C(Z*)S_%(S —50)) < 3s. (124)

One finds similarly using s¢/2 < 1)0_1 from (111) that % > s/3. This and (124) imply the
second inequality in (119). Finally, if s; = oo then (123) implies v=! = 5 4 0(s2/3) and
the second inequality in (120) follows.

Step 3: Equation for A. Injecting (121) into (107) one finds

B r=tavosina+oshy =L 1o,
A s s

This implies the first inequality in (118). Since A = O(se™*) from (113), one has
d (e 4
—(==) = 0o(s73).
ds ( s ) ™%
We integrate the above equation with time using Lo = sge™° and find

As) = Se_s(l + /s O(S_g)ds) =se (1 + O(SO_%)).

S0
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This implies the ﬁrst inequality in (119) for so large enough. If s; = oo then we set
Aoo =1+ f O(s™3 ) ds and rewrite the above equality as

A(s) = se_s(l + /OO O(s™3)ds —/OO 0(s—3‘)ds)

S0 s

=5 (Aoo + O(S_%)).
This is the first inequality in (120). ]

Lemma 5.6 (Interior estimate). Forany z* > 1 and y > 0, there exists a large self-similar
time sy such that for any so > s, for any solution which is trapped on [sg, s1], we have
for s € [so,$1],
4
E%(s) <2y%s73. (125)

Proof. Recall (110). Multiplying (109) by we, and integrating over [0, z*], one obtains
that

1d (& 7 ds vg 5
245 ), wezdz—/o (7+7+¢+8)w82dz

+/O (a ¢— 2 =z )ezzwszdz

Z*
—/(; ¢ swe, dz—i—/o 3, ewe, 9" dz

1 z
=-2v (/ (¢ + ¢)2(2) dz) / zpwe, dz. (126)
0 0
We now compute all terms in (67).

Potential and transport terms. Integrating by parts yields

—/OZ <%+%+¢+s)weﬁdz+/ (8 ¢— Z~I-8 )Szzwszdz
([ @romaz- ) fueee)
0 v 2
o303 Ay lvg 1y,
+/0 (~S¢-ze—t- -2 (319 — 2>z +07'e) 2 JweZ dz. (127)

For the boundary term, we know that ||¢]|z < C(z*)s~2/3 from (115) and thus using
(118),

/ (p+e)2)dzZ — —Z >1—e% —|e|lpecz* + O(C(z*)s™)

>1—e —C(z*)s73i>0 (128)
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2 z

when s¢ is large enough. Since the weight function is w = z7*, one has using ¢ = e~ ?,

(118), and (115),
3.3 Ay lvg Ly v L\ Wz
((30-50-F -3y ~3(Ee-Ter0e) )
3
= (—Ee—z FOGEH 41406 +06™

— %(1 —e 4+ 062+ O(S_%Z)) (—;))

{ 3_Z+1—e_z
=1—-¢
2

+0(s73) > % +0(s3) (129)

(where we have used the fact that 1 — e™% > ze™Z. Injecting (128) and (129) into (127)
shows

s s 5 z 1 Vs -1

_/0 <7+7+¢+8)w82d2+/0 (3Z qﬁ—;z—l—&z 8)822w82d2
1 2

> (5 + 0(s—§))81(s). (130)

The nonlocal terms. By direct computations, using |e(z)| < &1/ foz w~l, Cauchy—
Schwarz, and ¢ = e~7, one gets

* * 1
z z 71 2
/ |¢p'cwe, | dz < (/ |¢/|2w(/ —(3) dZ) dz) &7
0 0 o W
1
1 2 1 /1
< (/ —ze % dz) 2= _-,/-8&?
y 3 2V3

/OZ* 107 ewe, 9| dz < (/OZ |¢//|2w(foz (/OZ %(g) alg)é d2)2 dz);ef

o 4 : 1
< (/ —z3e7% dz) 67 = —=67.
o 75 52

The source term. Using (116) and Cauchy—Schwarz,

and

*

v(/ov(gb +6)%(2) dz) /OZ zowe, dz

d 1 V2 1 _2 C
—§? l— /o — — — —C(z")s, % )&% < =.
ds 1+( (Z)so)l—s
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_2

Choose g large enough that C(z*)s™2 < ﬁ. Then 1 — % — % — ﬁ —C(z%)sy° =
é, and consequently,

d 1 C

—&2 4 -8 < —.

ds '8 T g2
When s is large enough, we have
d s s d s 32 s s d s 52 s
%(szfilze 16) = elﬁszggf +2s5€16 67 + Eé’fe 16 < e16s2%812 +els §812 <CeTs

_4
Integrating both sides from sq to s, since & lz(so) < y2s0 *, when sy is large enough, one

obtains
_s 1

E1(s) < (S%glz(so)ei% + Cel%)e 16 2 <2y°s

The following lemma is similar to Lemma 4.8.

Lemma 5.7 (Exterior estimate). There exists z* > 1, and for any z* > z*, a y* > 0 such
that for 0 < y < y* the following holds true. There exists sy large enough such that if a
solution is trapped on [so, s1] with so > sg, for any time so < s < 51 we have

1
82(s) < Zs—%. (131)
Proof. The proof relies on the maximum principle. We rewrite (108) as
g+ Le=F, (132)

where the transport operator £ (note that it has a nonlinear part) and the source term are
A Vg

Lv = —Tsv — jzvz —2¢v + 8z_l¢vz —&v + 32_181)2,

1
F=-3"¢¢' +2v (/ (¢ +¢)2(2) dz)(—l + (z + D¢).
0
Step 1: A supersolution for g + £ on [z*,v™1]. We introduce

f5.2) = 557k

and claim that there exists z* large enough such that for s¢ large enough, for all s < s < s,
and z > z*,

_2
§73

(0s + &) f =
To prove (133), we compute using (118) and (115),

(133)

[N

s + L) f = (_i_&_ze_z_g)s

35 A 2

2

= (06T +1+06™)+0E™) + oﬁ»%

which implies (133) upon taking z* large enough and then s large enough.



C. Collot, S. Ibrahim, and Q. Lin 352
Step 2: Estimate for the source term. We claim that for z* large enough and then for y
small enough, for all 59 < s < s; and z € [z*,v7]),

wiN

|F(s.2)] < 2

(134)
We now prove this inequality. We inject the improved bootstrap bound (125) into the
computation (117) and get

le(z)] < Cys™3z3

for z € [0, z*].

(135)
Also, |e(z)] < 573 forz € [z*,v™1) using (114). Therefore, using ¢(z) = e~ 2,

971 e¢’| < llelLoz|d'(2)] < C(C(*)ys™3 + 573

2
o+ 573
)z¥e T <
*
zzz7,

—_—, 136
=100 (136)
where we choose z* large enough and then y small enough. Next, using (116), for all

2v (/v(qb +¢)2(2) dz)(—l +(z + Do)
0

C
<8 11+ (Gz+ e ?)<=. (137
s
Combining (136) and (137) and taking s; large enough shows (134).

Step 3: End of the proof. We introduce

fr==%(f—e. (138)
Then using (132), (133), and (134) one obtains that for so < s < s; and z € [z*,v7!],
_2 _2
b+ B fF =+ f+F>2"-2 50
(s - = 8§ ~ (139)
and similarly (d; + £) f~ < 0.
Similar to (69), thanks to (120), one has

—v:z* + /Oz*(qﬁ +e)(@)dz = (v — sup ISI)Z*

1
OSZSV(S

1 ~
> (; + O(s_%) — «/C*Ke_%s)z* >0,

N}

provided that s¢ is large enough. From this we know that the particles are always moving

fromregion0 <z <z*toz* <z < % At the boundary z = z* one has using (135) that

fHoe = e 2 (3

3~ Cz*%ys_%)s_% >0
and similarly f~(s,z*) <0,

(140)
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provided y is small enough depending on z*. At initial time s = s¢, we have using (112)
that for all z € [z*, vy 1],

2
5>
f+(s()s Z) 2 2 - ||80||L°°[Z*,val] Z

s 5o
2 4 = (141)
and similarly ™ (s¢,z) <O0.

From (96), we know that the particle on the boundary point z = % does not move. This
together with (141) implies that f *(s, %) > 0and f~ (s, %) < 0. Therefore, in view of
(139), (140), and (141) one can apply the maximum principle and obtain that /™ (s,z) >0
and f=(s,z) <Oforall sp <s <s;and z* <z < v~ L By the definition (138) of fjE
this implies the desired estimate (131) and completes the proof of the lemma. ]

We can now end the proof of Proposition 5.3.

Proof of Proposition 5.3. Proposition 5.3 is implied by Lemmas 5.5, 5.6, and 5.7. The
reasoning is similar, and actually simpler since fewer parameters are involved, to the proof
of Proposition 4.3, which was done for the case 8 > 0. Thus, we omit it. [

We can now end the proof of Theorem 1.1.

Proof of Theorem 1.1. We take B =0 and ¢(z) = ¢o(z) = e~ 7. Let the constants z*, 55 >
1 and y > 0 be given by Proposition 5.3. Then, with « fixed shortly after, let

2 3

Ao<A/2 and ———— <vp< ———0
0=ho/2 and T =S Tlogt )

and an initial datum a of the form (11) satisfy (12). We claim that for ¥ > 0 small enough,
there exist parameters Ao = Ao(1 + O(Agk)) and B9 = vo(1 + O(Aok)) such that ag is
trapped in the sense of Definition 5.1 with framework parameters z*, s, ¥ defined just
above and decomposition parameters Xo, Vo. The proof of this claim is so similar (and
simpler since the profile is smooth) to the proof of the analogous claim in the proof of
Theorem 1.3 for 8 > 0, that we omit the details and refer the reader to that proof.

Thus, applying Proposition 5.3, one obtains that the solution a is trapped for all self-
similar times s € [sg, 00). We invert the self-similar transformation (34) using (120) and
define T = f;)o A(s) ds < oo so that

S o0 ~ -
t(s) = / AG)d5 =T —/ Aooie S (1 + 0G™3))d5 =T — doose™ + O(s3ie™),
Kt K

0
and hence Aoose™ = (T — 1) + O((T — t)|log(T — 1)|~'/3). We then get using (115) and
(120) that ||| oo g1y < Clog(T —1)[ 723, A = (T — 1) + O(T — 1) [log(T —1)|7*/3),
and v = |log(T — )|~ + O([log(T — 1)|~*/3). Injecting these estimates into the original
variables (35) shows the desired estimates (13) and (14) with § = % [



C. Collot, S. Ibrahim, and Q. Lin 354

Acknowledgments. S.I. would like to thank the programs “Mathematical problems in
fluid dynamics™ at MSRI, spring 2021, and “Hamiltonian methods in dispersive and wave
evolution equations” at ICERM, fall 2021, for providing him with an inspirational envi-
ronment in which to work on this project.

Funding. The work of C. Collot was funded by the CY Initiative of Excellence (Grant
“Investissements d’Avenir” ANR-16-IDEX-0008). The work of S.I. was supported by
NSERC grant (371637-2019).

References

(1]

(2]
(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

P. Azérad and F. Guillén, Mathematical justification of the hydrostatic approximation in the
primitive equations of geophysical fluid dynamics. STAM J. Math. Anal. 33 (2001), no. 4, 847—
859 Zbl 0999.35072 MR 1884725

Y. Brenier, Homogeneous hydrostatic flows with convex velocity profiles. Nonlinearity 12
(1999), no. 3,495-512 Zbl 0984.35131 MR 1690189

Y. Brenier, Remarks on the derivation of the hydrostatic Euler equations. Bull. Sci. Math. 127
(2003), no. 7, 585-595 Zbl 1040.35068 MR 2004720

C. Cao, S. Ibrahim, K. Nakanishi, and E. S. Titi, Finite-time blowup for the inviscid primitive
equations of oceanic and atmospheric dynamics. Comm. Math. Phys. 337 (2015), no. 2, 473—
482 Zbl 1317.35262 MR 3339156

C. Cao, J. Li, and E. S. Titi, Global well-posedness of the three-dimensional primitive equa-
tions with only horizontal viscosity and diffusion. Comm. Pure Appl. Math. 69 (2016), no. 8,
1492-1531 Zbl 1351.35125 MR 3518238

C. Cao, J. Li, and E. S. Titi, Strong solutions to the 3D primitive equations with only horizontal
dissipation: near H ! initial data. J. Funct. Anal. 272 (2017), no. 11, 46064641

Zbl 1366.35123 MR 3630635

C. Cao, J. Li, and E. S. Titi, Global well-posedness of the 3D primitive equations with hori-
zontal viscosity and vertical diffusivity. Phys. D 412 (2020), article no. 132606

Zbl 1484.35315 MR 4117887

C. Cao, Q. Lin, and E. S. Titi, On the well-posedness of reduced 3D primitive geostrophic
adjustment model with weak dissipation. J. Math. Fluid Mech. 22 (2020), no. 3, article no. 32
Zbl 1440.35263 MR 4108620

C. Cao and E. S. Titi, Global well-posedness of the three-dimensional viscous primitive equa-
tions of large scale ocean and atmosphere dynamics. Ann. of Math. (2) 166 (2007), no. 1,
245-267 Zbl 1151.35074 MR 2342696

C. Collot, T.-E. Ghoul, S. Ibrahim, and N. Masmoudi, On singularity formation for the two-
dimensional unsteady Prandtl system around the axis. J. Eur. Math. Soc. (JEMS) 24 (2022),
no. 11, 3703-3800 Zbl 1501.35312 MR 4493613

C. Collot, T.-E. Ghoul, and N. Masmoudi, Singularities and unsteady separation for the invis-
cid two-dimensional Prandtl system. Arch. Ration. Mech. Anal. 240 (2021), no. 3, 1349-1430
Zbl 1470.35278 MR 4264948

C. Collot, T.-E. Ghoul, and N. Masmoudi, Singularity formation for Burgers’ equation with
transverse viscosity. Ann. Sci. Ec. Norm. Supér. (4) 55 (2022), no. 4, 1047-1133

Zbl 1501.35089 MR 4468858


https://doi.org/10.1137/S0036141000375962
https://doi.org/10.1137/S0036141000375962
https://zbmath.org/?q=an:0999.35072
https://mathscinet.ams.org/mathscinet-getitem?mr=1884725
https://doi.org/10.1088/0951-7715/12/3/004
https://zbmath.org/?q=an:0984.35131
https://mathscinet.ams.org/mathscinet-getitem?mr=1690189
https://doi.org/10.1016/S0007-4497(03)00024-1
https://zbmath.org/?q=an:1040.35068
https://mathscinet.ams.org/mathscinet-getitem?mr=2004720
https://doi.org/10.1007/s00220-015-2365-1
https://doi.org/10.1007/s00220-015-2365-1
https://zbmath.org/?q=an:1317.35262
https://mathscinet.ams.org/mathscinet-getitem?mr=3339156
https://doi.org/10.1002/cpa.21576
https://doi.org/10.1002/cpa.21576
https://zbmath.org/?q=an:1351.35125
https://mathscinet.ams.org/mathscinet-getitem?mr=3518238
https://doi.org/10.1016/j.jfa.2017.01.018
https://doi.org/10.1016/j.jfa.2017.01.018
https://zbmath.org/?q=an:1366.35123
https://mathscinet.ams.org/mathscinet-getitem?mr=3630635
https://doi.org/10.1016/j.physd.2020.132606
https://doi.org/10.1016/j.physd.2020.132606
https://zbmath.org/?q=an:1484.35315
https://mathscinet.ams.org/mathscinet-getitem?mr=4117887
https://doi.org/10.1007/s00021-020-00495-6
https://doi.org/10.1007/s00021-020-00495-6
https://zbmath.org/?q=an:1440.35263
https://mathscinet.ams.org/mathscinet-getitem?mr=4108620
https://doi.org/10.4007/annals.2007.166.245
https://doi.org/10.4007/annals.2007.166.245
https://zbmath.org/?q=an:1151.35074
https://mathscinet.ams.org/mathscinet-getitem?mr=2342696
https://doi.org/10.4171/jems/1240
https://doi.org/10.4171/jems/1240
https://zbmath.org/?q=an:1501.35312
https://mathscinet.ams.org/mathscinet-getitem?mr=4493613
https://doi.org/10.1007/s00205-021-01637-4
https://doi.org/10.1007/s00205-021-01637-4
https://zbmath.org/?q=an:1470.35278
https://mathscinet.ams.org/mathscinet-getitem?mr=4264948
https://doi.org/10.24033/asens.2513
https://doi.org/10.24033/asens.2513
https://zbmath.org/?q=an:1501.35089
https://mathscinet.ams.org/mathscinet-getitem?mr=4468858

(13]

(14]

[15]

[16]

(17]

(18]

(19]

(20]

[21]

(22]

(23]

[24]

[25]

[26]
(27]

(28]

(29]

(30]

Stable singularity formation for the inviscid primitive equations 355

W. E and B. Engquist, Blowup of solutions of the unsteady Prandtl’s equation. Comm. Pure
Appl. Math. 50 (1997), no. 12, 1287-1293 Zbl 0908.35099 MR 1476316

T. Elgindi, Finite-time singularity formation for C 1% solutions to the incompressible Euler
equations on R3. Ann. of Math. (2) 194 (2021), no. 3, 647-727 Zbl 1492.35199

MR 4334974

T. M. Elgindi, T.-E. Ghoul, and N. Masmoudi, On the stability of self-similar blow-up for
C 1@ solutions to the incompressible Euler equations on R3. Camb. J. Math. 9 (2021), no. 4,
1035-1075 MR 4445341

D. Gérard-Varet, N. Masmoudi, and V. Vicol, Well-posedness of the hydrostatic Navier-Stokes
equations. Anal. PDE 13 (2020), no. 5, 1417-1455 Zbl 1451.35109 MR 4149066

T. E. Ghoul, S. Ibrahim, Q. Lin, and E. S. Titi, On the effect of rotation on the life-span
of analytic solutions to the 3D inviscid primitive equations. Arch. Ration. Mech. Anal. 243
(2022), no. 2, 747-806 Zbl 07463772 MR 4367911

E. Grenier, On the derivation of homogeneous hydrostatic equations. M2AN Math. Model.
Numer. Anal. 33 (1999), no. 5, 965-970 Zbl 0947.76013 MR 1726718

D. Han-Kwan and T. T. Nguyen, Ill-posedness of the hydrostatic Euler and singular Vlasov
equations. Arch. Ration. Mech. Anal. 221 (2016), no. 3, 1317-1344 Zbl 1344.35085

MR 3509003

M. Hieber and T. Kashiwabara, Global strong well-posedness of the three dimensional primi-
tive equations in L?-spaces. Arch. Ration. Mech. Anal. 221 (2016), no. 3, 1077-1115

Zbl 1350.35155 MR 3508997

S. Ibrahim, Q. Lin, and E. S. Titi, Finite-time blowup and ill-posedness in Sobolev spaces of
the inviscid primitive equations with rotation. J. Differential Equations 286 (2021), 557-577
Zbl 1464.35228 MR 4235246

G. M. Kobelkov, Existence of a solution ‘in the large’ for the 3D large-scale ocean dynamics
equations. C. R. Math. Acad. Sci. Paris 343 (2006), no. 4, 283-286 Zbl 1102.35003

MR 2245395

J. Krieger, W. Schlag, and D. Tataru, Renormalization and blow up for charge one equivariant
critical wave maps. Invent. Math. 171 (2008), no. 3, 543-615 Zbl 1139.35021 MR 2372807
I. Kukavica, N. Masmoudi, V. Vicol, and T. K. Wong, On the local well-posedness of the
Prandtl and hydrostatic Euler equations with multiple monotonicity regions. SIAM J. Math.
Anal. 46 (2014), no. 6, 3865-3890 Zbl 1317.35202 MR 3284569

I. Kukavica, R. Temam, V. C. Vicol, and M. Ziane, Local existence and uniqueness for the
hydrostatic Euler equations on a bounded domain. J. Differential Equations 250 (2011), no. 3,
1719-1746 Zbl 1204.35129 MR 2737223

I. Kukavica, V. Vicol, and F. Wang, The van Dommelen and Shen singularity in the Prandtl
equations. Adv. Math. 307 (2017), 288-311 Zbl 1357.35058 MR 3590519

I. Kukavica and M. Ziane, On the regularity of the primitive equations of the ocean. Nonlin-
earity 20 (2007), no. 12, 2739-2753 Zbl 1136.35069 MR 2368323

I. Kukavica and M. Ziane, The regularity of solutions of the primitive equations of the ocean
in space dimension three. C. R. Math. Acad. Sci. Paris 345 (2007), no. 5, 257-260

Zbl 1174.35097 MR 2353676

J. Liand E. S. Titi, The primitive equations as the small aspect ratio limit of the Navier-Stokes
equations: rigorous justification of the hydrostatic approximation. J. Math. Pures Appl. (9) 124
(2019), 30-58 Zbl 1412.35224 MR 3926040

N. Masmoudi and T. K. Wong, On the H* theory of hydrostatic Euler equations. Arch. Ration.
Mech. Anal. 204 (2012), no. 1, 231-271 Zbl 1317.76017 MR 2898740


https://doi.org/10.1002/(SICI)1097-0312(199712)50:12<1287::AID-CPA4>3.0.CO;2-4
https://zbmath.org/?q=an:0908.35099
https://mathscinet.ams.org/mathscinet-getitem?mr=1476316
https://doi.org/10.4007/annals.2021.194.3.2
https://doi.org/10.4007/annals.2021.194.3.2
https://zbmath.org/?q=an:1492.35199
https://mathscinet.ams.org/mathscinet-getitem?mr=4334974
https://doi.org/10.4310/cjm.2021.v9.n4.a4
https://doi.org/10.4310/cjm.2021.v9.n4.a4
https://mathscinet.ams.org/mathscinet-getitem?mr=4445341
https://doi.org/10.2140/apde.2020.13.1417
https://doi.org/10.2140/apde.2020.13.1417
https://zbmath.org/?q=an:1451.35109
https://mathscinet.ams.org/mathscinet-getitem?mr=4149066
https://doi.org/10.1007/s00205-021-01748-y
https://doi.org/10.1007/s00205-021-01748-y
https://zbmath.org/?q=an:07463772
https://mathscinet.ams.org/mathscinet-getitem?mr=4367911
https://doi.org/10.1051/m2an:1999128
https://zbmath.org/?q=an:0947.76013
https://mathscinet.ams.org/mathscinet-getitem?mr=1726718
https://doi.org/10.1007/s00205-016-0985-z
https://doi.org/10.1007/s00205-016-0985-z
https://zbmath.org/?q=an:1344.35085
https://mathscinet.ams.org/mathscinet-getitem?mr=3509003
https://doi.org/10.1007/s00205-016-0979-x
https://doi.org/10.1007/s00205-016-0979-x
https://zbmath.org/?q=an:1350.35155
https://mathscinet.ams.org/mathscinet-getitem?mr=3508997
https://doi.org/10.1016/j.jde.2021.03.037
https://doi.org/10.1016/j.jde.2021.03.037
https://zbmath.org/?q=an:1464.35228
https://mathscinet.ams.org/mathscinet-getitem?mr=4235246
https://doi.org/10.1016/j.crma.2006.04.020
https://doi.org/10.1016/j.crma.2006.04.020
https://zbmath.org/?q=an:1102.35003
https://mathscinet.ams.org/mathscinet-getitem?mr=2245395
https://doi.org/10.1007/s00222-007-0089-3
https://doi.org/10.1007/s00222-007-0089-3
https://zbmath.org/?q=an:1139.35021
https://mathscinet.ams.org/mathscinet-getitem?mr=2372807
https://doi.org/10.1137/140956440
https://doi.org/10.1137/140956440
https://zbmath.org/?q=an:1317.35202
https://mathscinet.ams.org/mathscinet-getitem?mr=3284569
https://doi.org/10.1016/j.jde.2010.07.032
https://doi.org/10.1016/j.jde.2010.07.032
https://zbmath.org/?q=an:1204.35129
https://mathscinet.ams.org/mathscinet-getitem?mr=2737223
https://doi.org/10.1016/j.aim.2016.11.013
https://doi.org/10.1016/j.aim.2016.11.013
https://zbmath.org/?q=an:1357.35058
https://mathscinet.ams.org/mathscinet-getitem?mr=3590519
https://doi.org/10.1088/0951-7715/20/12/001
https://zbmath.org/?q=an:1136.35069
https://mathscinet.ams.org/mathscinet-getitem?mr=2368323
https://doi.org/10.1016/j.crma.2007.07.025
https://doi.org/10.1016/j.crma.2007.07.025
https://zbmath.org/?q=an:1174.35097
https://mathscinet.ams.org/mathscinet-getitem?mr=2353676
https://doi.org/10.1016/j.matpur.2018.04.006
https://doi.org/10.1016/j.matpur.2018.04.006
https://zbmath.org/?q=an:1412.35224
https://mathscinet.ams.org/mathscinet-getitem?mr=3926040
https://doi.org/10.1007/s00205-011-0485-0
https://zbmath.org/?q=an:1317.76017
https://mathscinet.ams.org/mathscinet-getitem?mr=2898740

C. Collot, S. Ibrahim, and Q. Lin 356

[31] E Merle, P. Raphaél, 1. Rodnianski, and J. Szeftel, On the implosion of a compressible fluid
II: singularity formation. Ann. of Math (2) 196 (2022), no. 2, 779-889 Zbl 1497.35385
MR 4445443

[32] F. Merle and H. Zaag, Stability of the blow-up profile for equations of the type u; = Au +
|u|?~ . Duke Math. J. 86 (1997), no. 1, 143-195 Zbl 0872.35049 MR 1427848

[33] M. Renardy, Ill-posedness of the hydrostatic Euler and Navier-Stokes equations. Arch. Ration.
Mech. Anal. 194 (2009), no. 3, 877-886 Zbl 1292.76011 MR 2563627

[34] T. K. Wong, Blowup of solutions of the hydrostatic Euler equations. Proc. Amer. Math. Soc.
143 (2015), no. 3, 1119-1125 Zbl 1311.35200 MR 3293727

Received 25 January 2022; revised 6 December 2022; accepted 2 February 2023.

Charles Collot
Laboratoire analyse, géométrie, et modélisation, CNRS and CY Cergy Paris Université,
2 rue Adolphe Chauvin, 95300 Cergy, France; ccollot@cyu.fr

Slim Ibrahim
Department of Mathematics and Statistics, University of Victoria, 3800 Finnerty Road, Victoria,
B.C., Canada V8P 5C2; ibrahims@uvic.ca

Quyuan Lin
Department of Mathematics, University of California, Santa Barbara, CA 93106, USA;
quyuan_lin@ucsb.edu


10.4007/annals.2022.196.2.4
10.4007/annals.2022.196.2.4
https://zbmath.org/?q=an:1497.35385
https://mathscinet.ams.org/mathscinet-getitem?mr=4445443
https://doi.org/10.1215/S0012-7094-97-08605-1
https://doi.org/10.1215/S0012-7094-97-08605-1
https://zbmath.org/?q=an:0872.35049
https://mathscinet.ams.org/mathscinet-getitem?mr=1427848
https://doi.org/10.1007/s00205-008-0207-4
https://zbmath.org/?q=an:1292.76011
https://mathscinet.ams.org/mathscinet-getitem?mr=2563627
https://doi.org/10.1090/S0002-9939-2014-12243-X
https://zbmath.org/?q=an:1311.35200
https://mathscinet.ams.org/mathscinet-getitem?mr=3293727
mailto:ccollot@cyu.fr
mailto:ibrahims@uvic.ca
mailto:quyuan_lin@ucsb.edu

	1. Introduction
	2. Formal explanations and organization of the paper
	2.1. Formal derivation of the blow-up dynamics
	2.2. Organization

	3. Profiles
	4. Nonsmooth blowup
	4.1. Derivation of the rescaled model in self-similar coordinates
	4.2. Bootstrap argument

	5. The smooth blow-up case
	References

