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Existence of solutions for critical Klein–Gordon equations
coupled with Born–Infeld theory in higher dimensions

Zhenyu Guo and Xueqian Yan

Abstract. In this paper, we investigate the existence of nontrivial solutions for nonlinear Klein–
Gordon equations coupled with Born–Infeld theory with critical Sobolev exponents by vari-
ational methods.

1. Introduction and main results

We consider the existence of solutions for the following critical Klein–Gordon equa-
tion coupled with Born–Infeld theory´
��uC .m2 � !2/u � .2! C �/�u D �f .x; u/C juj2

��2u; x 2 RN ;

�� C ˇ�4� D 4�.! C �/u
2; x 2 RN ;

(1.1)

wherem, ! > 0 are real constants, u, � WRN !R,�4� D div.jr�j2r�/ and ˇ > 0.
2� D 2N=.N � 2/ is the critical Sobolev exponent. Klein–Gordon equations can be
used to develop the theory of electrically charged fields (see [13]), and Born–Infeld
theory is proposed by Born to overcome the infinite energy problems associated with
a point-charge source in the original Maxwell theory (see [3, 4]). The presence of the
nonlinear term f W RN �R! R simulates the interaction between many particles or
external nonlinear perturbations.

In recent years, the Born–Infeld nonlinear electromagnetism has regained its im-
portance due to its relevance in the theory of superstring and membranes. When
f .u/ D jujp�2u, d’Avenia and Pisani [12] established the following system that
has infinitely many radially symmetric solutions under the assumptions jmj > ! and
4 < p < 6: ´

��uC Œm20 � .! C �/
2�u D jujq�2u; x 2 R3;

�� C ˇ�4� D 4�.! C �/u
2; x 2 R3:

(1.2)
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Later, more and more scholars considered the systems of a coupled Klein–Gordon
equation with Born–Infeld theory by using variational methods. Particularly, Mug-
nai [21] studied the existence of infinitely many nontrivial radially symmetric solitary
waves for the problem (1.2). Yong [27] studied a Klein–Gordon equation coupled with
the original Born–Infeld equation, and obtained infinitely many solitary wave solu-
tions. Recently, Wen et al. [25] proved the existence of infinitely many solutions and
least energy solution for the following Klein–Gordon equation coupled with Born–
Infeld theory: ´

��uC V.x/u � .2! C �/�u D f .x; u/; x 2 R3;

�� C ˇ�4� D 4�.! C �/u
2; x 2 R3:

(1.3)

For other references related to (1.3), we refer to [9, 23].
It is worth mentioning that Teng and Zhang [24] obtained the existence of solitary

wave solutions for the following Klein–Gordon equation coupled with Born–Infeld
theory by using variational methods:´

�u D Œm2 � .! C �/2�u � jujq�2u � juj2
��2u; x 2 R3;

�� C ˇ�4� D 4�.! C �/u
2; x 2 R3;

and other problems involving critical exponents can be seen in [6, 7, 14, 16, 17].
In proving our results, we have to deal with various difficulties. For instance, the

fact that the problem gets more complicated by the lack of compactness in the entire
RN space, and we consider more general nonlinearities, even more in the critical case.
Hence, it is significant to study the problem (1.1). When � ¤ 0, a process of plugging
� into the main equation is used, which can transfer the system into a single equation.
This technique was also employed in [1, 8, 9, 11, 18].

Before we state our main results, we assume that f satisfies the following condi-
tions:

(f1) f 2 C.RN �R;R/, and there exists C0 > 0 for 2 < p < 2� such that

jf .x; t/j � C0.1C jt j
p�1/; 8.x; t/ 2 RN �R:

(f2) f .x; t/=t ! 0, as t ! 0, uniformly for x 2 RN .

(f3) There exists 2 < � < 2� such that 0 < �F.x; t/ � f .x; t/t , for all t 2 R,
where F.x; t/ D

R 1
0
f .x; � t/td� .

The major results hold.
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Theorem 1.1. Assume that (f1)–(f3) hold. Either jmj > j!j and 4 < � < 2� or
p
� � 2jmj >

p
2j!j and 2 < � � 4. Then problem (1.1) possesses at least a non-

trivial radially symmetric solution provided that

(i) N � 5 and N D 4 for 2 < � < 2� if � > 0 ;

(ii) N D 3 and either 4 < � < 2� if � > 0 or 2 < � � 4 if � is sufficiently large.

The plan of the paper is as follows. Section 2 is devoted to the variational setting
of the problem, and some preliminary results. In Section 3, we analyse the variational
structure and present the results on weak solutions satisfying problem (1.1), as well
as prove the solution is nontrivial.

2. Preliminaries

Considering the Hilbert space H 1.RN / defined by

H 1.RN / D
®
u 2 L2.RN / W ru 2 L2.RN /

¯
;

with the norm

kukH1 D

�Z
RN
.jruj2 C u2/dx

� 1
2

:

And the space

D1;2.RN / D
®
u 2 L2

�

.RN / W ru 2 L2.RN /
¯

is equipped with the norm

kukD1;2 D

�Z
RN
jruj2dx

� 1
2

:

Denote by D.RN / the completion of C10 .R
N / with the norm

k�kD D

�Z
RN
jr�j2dx

� 1
2

C

�Z
RN
jr�j4dx

� 1
4

:

From [15, Proposition 8], we infer that the Banach space D.RN / is continuously
embedded in L1.RN /. And we know that D.RN / ,! D1;2.RN /, D1;2.RN / ,!

L2
�

.RN / are continuous. The best Sobolev constant S is given by

S D inf
u2D1;2.RN /n¹0º

R
RN jruj

2dx� R
RN juj

2�dx
� 2
2�

: (2.1)
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Due to the variational characteristic of problem (1.1), its weak solutions .u; �/ 2
H 1.RN / �D.RN / are critical points of the functional given by

I.u; �/ D
1

2

Z
RN
jruj2dx C

1

2

Z
RN
.m2 � !2/u2dx �

1

2

Z
RN
.2! C �/�u2dx

�
1

8�

Z
RN
jr�j2dx �

ˇ

16�

Z
RN
jr�j4dx � �

Z
RN

F.x; u/dx

�
1

2�

Z
RN
juj2

�

dx: (2.2)

However, since the functional I is strongly indefinite, we need the following technical
results to reduce the study of (2.2) to the study of a functional in the only variable u.

Lemma 2.1. For each u 2 H 1.RN /, there exists a unique � D �u 2 D.RN /, which
solves

�� C ˇ�4� D 4�.! C �/u
2: (2.3)

Moreover, �! � �u � 0 on the set ¹u ¤ 0º, where ! > 0.

Proof. The existence and uniqueness of � D �u 2 D.RN / follow from the Lax–
Milgram theorem. Arguing as in the proof of [10, Proposition 2.1], fix u 2 H 1.RN /,
multiply (2.3) by .! C �u/� D min¹! C �u; 0º, to have thatZ
¹!C�u<0º

jr�uj
2dx C ˇ

Z
¹!C�u<0º

jr�uj
4dx D �4�

Z
¹!C�u<0º

.! C �u/
2u2dx;

which implies�! � �u, where u¤ 0. Then, let .�u/CDmax¹�u; 0º as a test function
in (2.3), we have

�

Z
¹�u�0º

jr�uj
2dx � ˇ

Z
¹�u�0º

jr�uj
4dx

D 4�

Z
¹�u�0º

!�uu
2dx C 4�

Z
¹�u�0º

�2uu
2dx;

which implies .�u/C � 0. Hence, we obtain �u � 0.

By means of Lemma 2.1, ˆ can be defined by ˆ W H 1.RN /! D.RN /, which
is of class C 1 and maps each u 2 H 1.RN / to the unique solution of �� C ˇ�4� D
4�.! C �/u2: By the definition of ˆ, we have

I 0�.u; �u/ D 0; 8u 2 H
1.RN /:

Let us consider the functional

J W H 1.RN /! R; J.u/ D I.u; �u/;
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then, J is C 1.H 1.RN /;R/ and J 0.u/ D I 0u.u; �u/. Multiplying both members of
(2.3) by �u and integrating by parts, we get

1

4�

Z
RN
jr�uj

2dx C
ˇ

4�

Z
RN
jr�uj

4dx D �
Z

RN

�
! C �u

�
�uu

2dx: (2.4)

Then, it follows from the definition of I and (2.4) that the functional associated to
(1.1) is given by

J.u/ D
1

2

Z
RN
jruj2dx C

1

2

Z
RN
.m2 � !2/u2dx C

1

2

Z
RN

�2uu
2dx

C
1

8�

Z
RN
jr�uj

2dx C
3ˇ

16�

Z
RN
jr�uj

4dx � �
Z

RN
F.x; u/dx

�
1

2�

Z
RN
juj2

�

dx;

and for any u; v 2 H 1.RN /, we have

hJ 0.u/; vi D

Z
RN
hru;rvidx C

Z
RN
.m2 � !2/uvdx �

Z
RN
.2! C �u/�uuvdx

� �

Z
RN

f .x; u/vdx �
Z

RN
juj2

��2uvdx:

From [21], we infer that the following results hold.

Lemma 2.2. The following statements are equivalent:

(i) .u; �/ 2H 1.RN /�D.RN / is a critical point of I , i.e., .u; �/ is a solution
of (1.1)I

(ii) u is a critical point of J and � D �u.

Lemma 2.3. If u 2 H 1.RN / is radially symmetric, then �u obtained by Lemma 2.1
is also radially symmetric.

Proof. The proof is the same as the argument of [12, Lemma 5]. However, we want
to state it again for the reader’s convenience. Combined with [2], for every field v
defined almost everywhere in RN , and for every g 2 O.N/, set

.Tgv/.x/ D v.gx/:

By the well-known principle of symmetric criticality (see [19]), it is enough to prove
that I is Tg -invariant, i.e., for every u 2 H 1.RN / and g 2 O.N/,

J.Tgu/ D J.u/:

The main point is to prove that, for every u 2 H 1.RN /,

ˆŒTgu� D TgˆŒu�:
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It is well known that
�TgˆŒu� D Tg.�ˆŒu�/:

Similarly, we can get that

�4TgˆŒu� D Tg.�4ˆŒu�/:

It is simple to verify that ˆŒTgu� and TgˆŒu� solve the same equation

�� C ˇ�4� D 4�.! C �/.Tgu/
2:

Then, the conclusion follows from the Tg -invariance of the norms in H 1.RN /,
D.RN / and Lp.RN /.

In order to overcome the lack of compactness since critical growth and the invari-
ance by translations of J , we shall restrict the functional J on the subspace of radial
functions

H 1
r .R

N / WD
®
u 2 H 1.RN / W u.x/ D u.jxj/

¯
;

which can be compactly embedded into Lqr .RN /, 2 < q < 2�. The conclusion is that
any critical point u 2 H 1

r .R
N / of J jH1r .RN / is also a critical point of J jH1.RN / (see

[2]). We also denote Dr.RN /, defined by

Dr.R
N / WD

®
u 2 D.RN / W u.x/ D u.jxj/

¯
;

which is the radial Sobolev subspace of D.RN /.

Lemma 2.4. Suppose f satisfies (f1)–(f3). Then there exist a constant c > 0 and a
sequence ¹unº � H 1

r .R
N / such that

J.un/! c; J 0.un/! 0; as n!1: (2.5)

Proof. Since (f1) and (f2), for any " > 0, there exists C" > 0 such that

jf .x; t/j � "jt j C C"jt j
p�1;

and
jF.x; t/j �

"

2
t2 C

C"

p
jt jp:

Consequently, ˇ̌̌ Z
RN

F.x; u/dx
ˇ̌̌
�
"

2

Z
RN

u2dx C
C"

p

Z
RN
jujpdx: (2.6)
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In view of (2.6), it follows from Lemma 2.1 and the Sobolev inequality that

J.u/ �
1

2

Z
RN
jruj2dx C

1

2

Z
RN
.m2 � !2/u2dx

� �

Z
RN

F.x; u/dx �
1

2�

Z
RN
juj2

�

dx

� C1kuk
2
H1
� C2kuk

p

H1
� C3kuk

2�

H1
:

Thus, there exist ˛; � > 0 such that

inf
kukD�

J.u/ > ˛:

Moreover, by (f1)–(f3), we can infer that there exist C4, C5 such that

F.x; t/ � C4jt j
�
� C5t

2: (2.7)

It follows from Lemma 2.1 and (2.7) that for t > 0 and u 2 H 1
r .R

N / n ¹0º

J.tu/ �
t2

2

Z
RN

�
jruj2 C .m2 � !2/u2

�
dx C

t2

2
!2juj22

� �

Z
RN

F.x; tu/dx �
t2
�

2�

Z
RN
juj2

�

dx

�
t2

2
C6kuk

2
H1
�
t2
�

2�

Z
RN
juj2

�

dx

! �1;

as t!C1. Consequently, by setting eD tuwith t sufficiently large, we have kek>�
and J.e/ < 0.

It follows from Lemma 2.4 and a variant of the mountain pass theorem [26] that a
.PS/c sequence of the functional J at the level

c D inf
2�

max
t2Œ0;1�

J..t//; c � ˛ > 0 (2.8)

can be constructed, and the set of paths is defined as

� WD
®
 2 C.Œ0; 1�;H 1

r .R
N // W .0/ D 0 and .1/ D e

¯
:

3. Proof of Theorem 1.1

Lemma 3.1. Under the assumptions of Theorem 1.1 any .PS/c sequence ¹unº �
H 1
r .R

N / satisfying (2.5) is bounded. Moreover, ¹�unº is bounded in Dr.RN /.
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Proof. Let ¹unº � H 1
r .R

N / be a .PS/c sequence of J . There are two cases need to
be considered: either 4 < � < 2� or 2 < � � 4.

Case (i) 4 < � < 2�. In view of Lemma 2.1 and (f3), we obtain

c C 1C kunkH1 � J.un/ �
1

�
hJ 0.un/; uni

D

�
1

2
�
1

�

�Z
RN

�
jrunj

2
C .m2 � !2/u2n

�
dx

C

�
1

2
C
1

�

�Z
RN

�2unu
2
ndx C

2

�

Z
RN

!�unu
2
ndx

C
1

8�

Z
RN
jr�un j

2dx C
3ˇ

16�

Z
RN
jr�un j

4dx

C �

Z
RN

�
1

�
f .x; un/un � F.x; un/

�
dx

C

�
1

�
�
1

2�

�Z
RN
junj

2�dx

�

�
1

2
�
1

�

�Z
RN

�
jrunj

2
C .m2 � !2/u2n

�
dx

C
2

�

Z
RN
.! C �un/�unu

2
ndx C

1

8�

Z
RN
jr�un j

2dx

C
3ˇ

16�

Z
RN
jr�un j

4dx

�

�
1

2
�
1

�

�Z
RN

�
jrunj

2
C .m2 � !2/u2n

�
dx

C

�
1

8�
�

1

2��

�Z
RN
jr�un j

2dx

C

�
3ˇ

16�
�

ˇ

2��

�Z
RN
jr�un j

4dx

� C7kunk
2
H1
;

which implies that ¹unº is bounded in H 1
r .R

N /.
Case (ii) 2 < � � 4. It follows from (2.2) and (2.4) that

J.u/ D
1

2

Z
RN

�
jruj2 C .m2 � !2/u2 � !�uu

2
�
dx �

1

2

Z
RN
.! C �u/�uu

2dx

�
1

8�

Z
RN
jr�uj

2dx �
ˇ

16�

Z
RN
jr�uj

4dx � �
Z

RN
F.x; u/dx

�
1

2�

Z
RN
juj2

�

dx
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D
1

2

Z
RN

�
jruj2 C .m2 � !2/u2 � !�uu

2
�
dx C

ˇ

16�

Z
RN
jr�uj

4dx

� �

Z
RN

F.x; u/dx �
1

2�

Z
RN
juj2

�

dx:

Thereupon, by applying Lemma 2.1, we have

c C 1C kunkH1

� J.un/ �
1

�
hJ 0.un/; uni

D

�
1

2
�
1

�

�Z
RN

�
jrunj

2
C .m2 � !2/u2n

�
dx C

1

�

Z
RN

�2unu
2
ndx

�

�
1

2
�
2

�

�Z
RN

!�unu
2
ndx C

ˇ

16�

Z
RN
jr�un j

4dx

C �

Z
RN

�
1

�
f .x; un/un � F.x; un/

�
dx C

�
1

�
�
1

2�

�Z
RN
junj

2�dx

�

�
1

2
�
1

�

�Z
RN
jrunj

2dx

C

Z
RN

��
1

2
�
1

�

�
.m2 � !2/C

�
1

2
�
2

�

�
!2
�
u2ndx:

Then, by virtue of 2 < � � 4 and
p
� � 2jmj >

p
2j!j, we can also deduce that ¹unº

is bounded in H 1
r .R

N /.
Furthermore, it follows from Lemma 2.1 and the Hölder inequality thatZ

RN
jr�un j

2dx C ˇ
Z

RN
jr�un j

4dx

D �4�

Z
RN
.! C �un/�unu

2
ndx

� �4�

Z
RN

!�unu
2
ndx

� �4�!

�Z
RN
j�un j

2�dx
� 1
2�
�Z

RN
junj

22�

2��1 dx
� 2��1

2�

� Ck�unkDkunk
2
H1
:

Consequently, by Lemma 2.3, ¹�unº is bounded in Dr.RN /.

Lemma 3.2. If un*u inH 1
r .R

N /, then, up to a subsequence, �un!�u in Dr.RN /:

Proof. Let un*u inH 1
r .R

N /. Note that ¹unº is bounded inH 1
r .R

N /, then we have

un ! u in Lqr .R
N / for 2 < q < 2�: (3.1)
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In addition, Lemma 3.1 implies that ¹�unº is bounded in Dr.RN /. Hence, there exists
�u0 2 Dr.RN / such that �un * �u0 in Dr.RN /, and

�un * �u0 in Lqr .R
N / for 2 < q < 2�: (3.2)

Next, we can show that �u0 D �u. Since Lemma 2.1, we know that �u0 satisfies (2.3).
Let ' 2C10 .R

N / be a test function. By virtue of��un Cˇ�4�un D 4�.!C�un/u
2
n,

we have Z
RN
hr�un ;r'idx C ˇ

Z
RN
hjr�un j

2
r�un ;r'idx

D �4�

Z
RN

!u2n'dx � 4�
Z

RN
�unu

2
n'dx:

It follows from (3.1), (3.2) and the Hölder inequality thatZ
RN
hr�un ;r'idx !

Z
RN
hr�u0 ;r'idx;Z

RN
hjr�un j

2
r�un ;r'idx !

Z
RN
hjr�u0 j

2
r�u0 ;r'idx;

and Z
RN

�
.�unu

2
n � �u0u

2/'
�
dx

� j�un j2� j'j2� ju
2
n � u

2
j2�=.2��2/ C

Z
RN
.�un � �u0/u

2'dx:

Hence, Z
RN

�unu
2
n'dx !

Z
RN

�u0u
2'dx;

and we can easily get Z
RN

�2unu
2
n'dx !

Z
RN

�2u0u
2'dx:

By the uniqueness result in Lemma 2.1, we have �u0 D �u. Next, we show �un ! �u

in Dr.RN / actually. Since �un and �u satisfy the equation (2.3), we haveZ
RN

�
r.�un � �u/rv C ˇ.jr�un j

2
r�un � jr�uj

2
r�u/rv

�
dx

D �4�

Z
RN

�
!.u2n � u

2/v C .�unu
2
n � �uu

2/v
�
dx

for each v 2 Dr.RN /. Letting v D �un � �u be a test function, and combining with
the following inequality:�

.jxjp�2x � jyjp�2y/.x � y/
�
� Cpjx � yj

p; for x; y in RN ; p � 2;
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we deduce that

Ck�un � �uk
2
D

�

Z
RN
jr.�un � �u/j

2dx C ˇA4

Z
RN
jr.�un � �u/j

4dx

�

Z
RN

�
jr.�un � �u/j

2
C .jr�un j

2
r�un � jr�uj

2
r�u/.r.�un � �u//

�
dx

� 4�

Z
RN

�
j!jju2n � u

2
jj�un � �uj

C j�un jj�un � �uju
2
n C j�ujj�un � �uju

2
�
dx

� 4�j!jj�un � �uj2� ju
2
n � u

2
j2�=.2��1/ C j�un j2� j�un

� �uj2� junj
2
2�2�=.2��2/ C j�uj2� j�un � �uj2� juj

2
2�2�=.2��2/:

In view of (3.1) and (3.2), we obtain that �un ! �u in Dr.RN /.

Lemma 3.3. Let c be given by (2.8). Then c < 1
N
S
N
2 , where S is given by (2.1).

Proof. This proof uses a technique by Bŕezis and Nirenberg [5] and some of its
variants. Moreover, similar to the arguments from Miyagaki [20], fixed R > 0 and
 2 C10 .R

N / is a non-increasing cut-off function such that

 jBR D 1; 0 �  � 1 in B2R and supp � B2R:

Let " > 0 and define w" D u" , where u" is the Talenti’s function, which can be
found in [22], and has the following explicit expression:

u".x/ D
ŒN.N � 2/"�

N�2
4

."C jxj2/
N�2
2

; x 2 RN ; " > 0:

Furthermore, let v" 2 C10 be denoted by

v" D
w"

kw"kL2� .B2R/
: (3.3)

It follows from the estimates given in [5] and as "! 0 that

krv"k
2
2 � S CO."

N�2
2 /: (3.4)

Due to the definition of c, it is sufficient to prove that there exists " > 0 small enough
such that

sup
t�0

J.tv"/ <
1

N
S
N
2 :

Moreover, since Lemma 2.1, we have

1

16�

Z
RN
jr�uj

2dx C
ˇ

16�

Z
RN
jr�uj

4dx D �
1

4

Z
RN

�
! C �u

�
�uu

2dx;
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and substituting this equality into the expression of J , we obtain

J.u/ D
1

2

Z
RN
jruj2dx C

1

2

Z
RN
.m2 � !2/u2dx �

1

4

Z
RN

�2uu
2dx

�
1

16�

Z
RN
jr�uj

2dx �
3

4

Z
RN

!�uu
2dx � �

Z
RN

F.x; u/dx

�
1

2�

Z
RN
juj2

�

dx:

By virtue of Lemma 2.4, we see that J.tv"/ > 0 for t > 0 small, and J.tv"/! �1
as t ! C1. Then there exists t" > 0 such that J.t"v"/ D supt�0 J.tv"/ > 0. Next
we will prove that t" is upper and lower bounded. For any " > 0 small enough, we
claim that

t" �

�Z
B2R

jrv"j
2dx C

Z
B2R

m2v2"

�1=.2��2/
D t0:

Indeed, let ‰.t/ D J.tv"/. Then, we have

‰0.t/ D hJ 0.tv"/; v"i

D

Z
B2R

t
�
jrv"j

2
C Œm2 � .! C �tv"/

2�v2"
�
dx

� �

Z
B2R

f .x; tv"/v"dx � t2
��1

Z
B2R

v2
�

" dx

� t t2
��2
0 � t2

��1;

which implies that ‰0.t/ � 0 if t � t0. Therefore, the claim holds. Moreover, we may
assume that there is a positive constant C8 > 0 such that t" > C8 for " > 0 small.
Otherwise, we suppose there exists a sequence "n ! 0 as n!1 such that t"n ! 0

as n!1. Thus, we have

0 < c � sup
t�0

J.tv"/ D J.t"nv"/! 0;

which is a contradiction. Consequently, t" < C8. Since (2.7), we haveZ
RN

F.x; t"v"/dx � C4

Z
RN
jt"v"j

�dx � C5

Z
RN
jt"v"j

2dx: (3.5)

It follows from (3.4)–(3.5) and Lemma 2.1 that

J.t"v"/ D
t2"
2

Z
B2R

jrv"j
2dx C

t2"
2

Z
B2R

.m2 � !2/v2"dx

�
t2"
4

Z
B2R

�2t"v"v
2
"dx �

1

16�

Z
B2R

jr�t"v" j
2dx

�
3t2"
4

Z
B2R

!�t"v"v
2
"dx � �

Z
B2R

F.x; t"v"/dx �
t2
�

"

2�

Z
B2R

jv"j
2�dx
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�
t2"
2

Z
B2R

jrv"j
2dx C

t2"
2

Z
B2R

m2v2"dx C
3t2"
4

Z
B2R

!2v2"dx

� �

Z
B2R

F.t"v"/dx

�
1

N

�
S CO."

N�2
2 /C

Z
B2R

m2v2"dx
�N
2

C C9

Z
B2R

v2"dx

� �C10

Z
B2R

jv"j
�dx:

By applying the inequality

.aC b/� � a� C �.aC b/��1b; for � � 1; and a; b � 0;

we have

J.t"v"/ �
1

N
S
N
2 CO."

N�2
2 /C C11

Z
B2R

v2"dx � �C10

Z
B2R

jv"j
�dx:

Next, we will show that

lim
"!0

"�
N�2
2

Z
B2R

.v2" � �jv"j
�/dx D �1:

As in [5], one hasZ
B2R

jw"j
2�dx D ŒN.N � 2/�

N
2

Z
RN

1

.1C jxj2/N
dx CO."

N
2 /: (3.6)

On account of (3.3), by using w" instead of v", it is sufficient to prove that

lim
"!0

"�
N�2
2

Z
BR

.w2" � �jw"j
�/dx D �1; (3.7)

and
"�

N�2
2

Z
B2RnBR

.v2" � �jv"j
�/dx (3.8)

is bounded.
Let

K" D "
�N�22

Z
BR

.w2" � �jw"j
�/dx:

Arguing as in the proof of [6, Lemma 7], by substitution of variables, we obtain

K" � "
4�N
2

�
C 0
Z Rp

"

0

rN�1

.1C r2/N�2
dr

� �C10"
�N�24 �CN2 �1

Z Rp
"

0

rN�1

.1C r2/.N�2/�=2
dr
�
: (3.9)
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Now we consider the cases N � 5, N D 4 and N D 3 respectively as follows:
Case 1: N � 5.
By means of � > 2, it is easy to prove that all integrals in (3.9) are convergent

as "! 0. Moreover, since 2 < � < 2�, then �N�2
4
�C N

2
� 1 < 0. Hence, we have

K" ! �1 as "! 0.
Case 2: N D 4.
By employing � < 2� D 4, and calculatingZ Rp

"

0

r3

.1C r2/2
dr D

1

2

�
log

�
1C

R2

"

�
C

"

"CR2
� 1

�
and Z Rp

"

0

r3

.1C r2/4
dr D

1

12
�
"2."C 3R2/

12."CR2/3
;

we have

K" �
C 0

2

�
log

�
1C

R2

"

�
C

"

"CR2
� 1

�
� �C10"

2��
2

�
1

12
�
"2."C 3R2/

12."CR2/3

�
:

In view of

lim
"!0

"
2��
2

log
�
1C R2

"

� D C1;
we deduce that K" ! �1 as "! 0.

Case 3: N D 3.
By simple calculation, one hasZ Rp

"

0

r2

1C r2
dr D

R
p
"
� arctan

�
R
p
"

�
;

then, similar arguments to those in the proof of the case N D 4, we get

K" � C
0R � C 0"

1
2 arctan

�
R
p
"

�
� �C10"

4��
4

Z Rp
"

0

r2

.1C r2/
�
2

dr

� C 0R � �C10"
4��
4

Z Rp
"

0

r2

.1C r2/
�
2

dr:

Next, we will discuss it case by case: either 2 < � � 4 or 4 < � < 2�.
For 4 < � < 2�, 4��

4
< 0 and the integralZ Rp

"

0

r2

.1C r2/
�
2

dr

is convergent, as "! 0. Thus, we get the conclusion that K" ! �1 as "! 0.
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As for 2 < � � 4, we know thatZ 1
0

r2

.1C r2/
�
2

dr �
�

2
� 1;

which implies that

K" � C12 �

�
�

2
� 1

�
�C10"

4��
4 :

Then, we can also obtain K" ! �1 as "! 0 by choosing � D "�
1
2 .

As a consequence, we have completed the argument of (3.7).
Now, let us estimate for all N � 3. Fix " sufficiently small, and by (3.6), we have

"�
N�2
2

Z
B2RnBR

.v2" � �jv"j
�/dx �

C 0

"
N�2
2

Z
B2RnBR

 2w2"dx

� C 00"k kH1 ;

where R large is chosen such that w2" � "
N
2 , for all jxj � R. Thereupon, the equation

(3.8) is bounded. This completes the proof of Lemma 3.3.

Lemma 3.4. The weak limit .u; �u/ solves problem (1.1).

Proof. Let ¹unº be a .PS/c sequence as given in (2.5). From Lemma 3.1, we know
that ¹unº is bounded in H 1

r .R
N /, then, up to subsequence, there exists u 2 H 1

r .R
N /

such that

un * u in H 1
r .R

N /;

un ! u in Lqr .R
N / for q 2 .2; 2�/:

And we know that

hJ 0.un/; vi D

Z
RN
hrun;rvidx C

Z
RN
.m2 � !2/unvdx

�

Z
RN
.2! C �un/�ununvdx �

Z
RN

f .x; un/vdx

�

Z
RN
junj

2��2unvdx:

Moreover, Z
RN
hrun;rvidx !

Z
RN
hru;rvidx;



Z. Guo and X. Yan 16

which follows from the weak convergence. Furthermore, it follows from the strong
convergences in Lqr .RN /, 2 < q < 2� and the Hölder inequality thatZ

RN
.�unun � �uu/vdx

D

Z
RN

�un.un � u/vdx C
Z

RN
.�un � �u/uvdx

� j�un j2� jun � uj2�2�=.2��2/jvj2 C j�un � �uj2� juj2�2�=.2��2/jvj2;

as n!1. Similarly, we deduce thatZ
RN
.�2unun � �

2
uu/vdx

D

Z
RN

�2un.un � u/vdx C
Z

RN
.�2un � �

2
u/uvdx

� j�un j
2
2� jun � uj2�2�=.2��2/jvj2�2�=.2��2/

C j�un � �uj2�2�=.2��2/j�un C �uj2�2�=.2��2/juj2� jvj2� ;

as n!1. On account of ¹unº is bounded in L2
�

, then

junj
2��2un * juj

2��2u in .L2
�

/0:

And it follows from (f1) and (f2) thatZ
RN

f .un/vdx !
Z

RN
f .u/vdx:

This completes the proof.

Proof of Theorem 1.1. Now, we show that u is nontrivial. Assume by contradiction
that u � 0, and hence �u D 0. By means of Lemma 2.1, we infer that

�

Z
RN
.2! C �un/�unu

2
n � �2

Z
RN

!�unu
2
ndx

� C junj
2
2�2�=.2��1/k�unkD ;

which converges to zero as n!1. And by (f1) and (f2), we obtain

lim
n!C1

Z
RN

F.x; un/dx D 0:

Let

L WD lim
n!1

Z
RN

�
jrunj

2
C .m2 � !2/u2n

�
dx and l WD lim

n!1

Z
RN
junj

2�dx:



Critical Klein–Gordon equations coupled with Born–Infeld theory 17

Moreover, in view of hJ 0.un/; uni D on.1/, we deduce that L D l . Since (2.1), we
have Z

RN

�
jrunj

2
C .m2 � !2/u2n

�
dx �

Z
RN
jrunj

2dx � S junj22� ;

which implies L � S
N
2 . Consequently,

c D
L

2
�
L

2�
�
1

N
S
N
2 ;

which contradicts with Lemma 3.3. Thus, u is a nontrivial solution of the problem
(1.1).

Acknowledgements. We thank the anonymous reviewers for carefully reading the
manuscript and their valuable suggestions.

Funding. This work was supported by NSFLN(2021-MS-275) and EFLN(LJKQZ-
2021093).

References

[1] V. Benci and D. Fortunato, Solitary waves of the nonlinear Klein–Gordon equation
coupled with the Maxwell equations. Rev. Math. Phys. 14 (2002), no. 4, 409–420
Zbl 1037.35075 MR 1901222

[2] G. Bianchi, J. Chabrowski, and A. Szulkin, On symmetric solutions of an elliptic equation
with a nonlinearity involving critical Sobolev exponent. Nonlinear Anal. 25 (1995), no. 1,
41–59 Zbl 0823.35051 MR 1331987

[3] M. Born, Modified field equations with a finite radius of the electron. Nature, 132 (1933),
282 Zbl 0007.23402

[4] M. Born, Quantum theory of the electromagnetic field. Proc. R. Soc. Lond. A 143 (1934),
410–437 Zbl 0008.13803

[5] H. Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents. Comm. Pure Appl. Math. 36 (1983), no. 4, 437–477
Zbl 0541.35029 MR 709644

[6] P. C. Carrião, P. L. Cunha, and O. H. Miyagaki, Existence results for the Klein–Gordon–
Maxwell equations in higher dimensions with critical exponents. Commun. Pure Appl.
Anal. 10 (2011), no. 2, 709–718 Zbl 1231.35247 MR 2754298

[7] P. C. Carrião, P. L. Cunha, and O. H. Miyagaki, Positive ground state solutions for the crit-
ical Klein–Gordon–Maxwell system with potentials. Nonlinear Anal. 75 (2012), no. 10,
4068–4078 Zbl 1238.35109 MR 2914593

[8] D. Cassani, Existence and non-existence of solitary waves for the critical Klein–Gordon
equation coupled with Maxwell’s equations. Nonlinear Anal. 58 (2004), no. 7-8, 733–747
Zbl 1057.35041 MR 2085333

https://doi.org/10.1142/S0129055X02001168
https://doi.org/10.1142/S0129055X02001168
https://zbmath.org/?q=an:1037.35075
https://mathscinet.ams.org/mathscinet-getitem?mr=1901222
https://doi.org/10.1016/0362-546X(94)E0070-W
https://doi.org/10.1016/0362-546X(94)E0070-W
https://zbmath.org/?q=an:0823.35051
https://mathscinet.ams.org/mathscinet-getitem?mr=1331987
https://doi.org/10.1038/132282a0
https://zbmath.org/?q=an:0007.23402
https://doi.org/10.1098/rspa.1934.0010
https://zbmath.org/?q=an:0008.13803
https://doi.org/10.1002/cpa.3160360405
https://doi.org/10.1002/cpa.3160360405
https://zbmath.org/?q=an:0541.35029
https://mathscinet.ams.org/mathscinet-getitem?mr=709644
https://doi.org/10.3934/cpaa.2011.10.709
https://doi.org/10.3934/cpaa.2011.10.709
https://zbmath.org/?q=an:1231.35247
https://mathscinet.ams.org/mathscinet-getitem?mr=2754298
https://doi.org/10.1016/j.na.2012.02.023
https://doi.org/10.1016/j.na.2012.02.023
https://zbmath.org/?q=an:1238.35109
https://mathscinet.ams.org/mathscinet-getitem?mr=2914593
https://doi.org/10.1016/j.na.2003.05.001
https://doi.org/10.1016/j.na.2003.05.001
https://zbmath.org/?q=an:1057.35041
https://mathscinet.ams.org/mathscinet-getitem?mr=2085333


Z. Guo and X. Yan 18

[9] S.-J. Chen and S.-Z. Song, The existence of multiple solutions for the Klein–Gordon
equation with concave and convex nonlinearities coupled with Born–Infeld theory on R3.
Nonlinear Anal. Real World Appl. 38 (2017), 78–95 Zbl 1376.35064 MR 3670699

[10] T. D’Aprile and D. Mugnai, Non-existence results for the coupled Klein–Gordon–
Maxwell equations. Adv. Nonlinear Stud. 4 (2004), no. 3, 307–322 Zbl 1142.35406
MR 2079817

[11] T. D’Aprile and D. Mugnai, Solitary waves for nonlinear Klein–Gordon–Maxwell and
Schrödinger–Maxwell equations. Proc. Roy. Soc. Edinburgh Sect. A 134 (2004), no. 5,
893–906 Zbl 1064.35182 MR 2099569

[12] P. d’Avenia and L. Pisani, Nonlinear Klein–Gordon equations coupled with Born–Infeld
type equations. Electron. J. Differential Equations (2002), article no. 26 Zbl 0993.35083
MR 1884995

[13] B. Felsager and E. Kazes, Geometry, particles and fields. Physics Today 36 (1983), no. 2,
80–81

[14] G. M. Figueiredo and G. Siciliano, Existence and asymptotic behaviour of solutions for
a quasi-linear Schrödinger–Poisson system with a critical nonlinearity. Z. Angew. Math.
Phys. 71 (2020), no. 4, article no. 130 Zbl 1446.35193 MR 4125159

[15] D. Fortunato, L. Orsina, and L. Pisani, Born–Infeld type equations for electrostatic fields.
J. Math. Phys. 43 (2002), no. 11, 5698–5706 Zbl 1060.78004 MR 1936545

[16] C.-M. He, L. Li, and S.-J. Chen, Nontrivial solution for Klein–Gordon equation coupled
with Born–Infeld theory with critical growth. Adv. Nonlinear Anal. 12 (2023), no. 1, article
no. 20220282 Zbl 1512.35236 MR 4555116

[17] C.-M. He, L. Li, S.-J. Chen, and D. O’Regan, Ground state solution for the nonlinear
Klein–Gordon equation coupled with Born–Infeld theory with critical exponents. Anal.
Math. Phys. 12 (2022), no. 2, article no. 48 Zbl 1485.35177 MR 4395144

[18] X. He, Multiplicity of solutions for a nonlinear Klein–Gordon–Maxwell system. Acta
Appl. Math. 130 (2014), 237–250 Zbl 1301.35175 MR 3180946

[19] V. G. Makhankov, Y. P. Rybakov, and V. I. Sanyuk. The principle of symmetric critic-
ality. In The Skyrme Model, pp. 67–79, Springer Series in Nuclear and Particle Physics,
Springer, Berlin, Heidelberg, 1993

[20] O. H. Miyagaki, On a class of semilinear elliptic problems in RN with critical growth.
Nonlinear Anal. 29 (1997), no. 7, 773–781 Zbl 0877.35043 MR 1455065

[21] D. Mugnai, Coupled Klein–Gordon and Born–Infeld-type equations: looking for solitary
waves. Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 460 (2004), no. 2045, 1519–1527
Zbl 1078.35100 MR 2066416

[22] G. Talenti, Best constant in Sobolev inequality. Ann. Mat. Pura Appl. (4) 110 (1976),
353–372 Zbl 0353.46018 MR 463908

[23] K. Teng, Existence and multiplicity of solutions for the nonlinear Klein–Gordon equation
coupled with Born–Infeld theory on bounded domain. Differ. Equ. Appl. 4 (2012), no. 3,
445–457 Zbl 1260.35158 MR 3012072

[24] K. Teng and K. Zhang, Existence of solitary wave solutions for the nonlinear Klein–
Gordon equation coupled with Born–Infeld theory with critical Sobolev exponent. Non-
linear Anal. 74 (2011), no. 12, 4241–4251 Zbl 1219.35041 MR 2803026

https://doi.org/10.1016/j.nonrwa.2017.04.008
https://doi.org/10.1016/j.nonrwa.2017.04.008
https://zbmath.org/?q=an:1376.35064
https://mathscinet.ams.org/mathscinet-getitem?mr=3670699
https://doi.org/10.1515/ans-2004-0305
https://doi.org/10.1515/ans-2004-0305
https://zbmath.org/?q=an:1142.35406
https://mathscinet.ams.org/mathscinet-getitem?mr=2079817
https://doi.org/10.1017/S030821050000353X
https://doi.org/10.1017/S030821050000353X
https://zbmath.org/?q=an:1064.35182
https://mathscinet.ams.org/mathscinet-getitem?mr=2099569
https://zbmath.org/?q=an:0993.35083
https://mathscinet.ams.org/mathscinet-getitem?mr=1884995
https://doi.org/10.1063/1.2915502
https://doi.org/10.1007/s00033-020-01356-y
https://doi.org/10.1007/s00033-020-01356-y
https://zbmath.org/?q=an:1446.35193
https://mathscinet.ams.org/mathscinet-getitem?mr=4125159
https://doi.org/10.1063/1.1508433
https://zbmath.org/?q=an:1060.78004
https://mathscinet.ams.org/mathscinet-getitem?mr=1936545
https://doi.org/10.1515/anona-2022-0282
https://doi.org/10.1515/anona-2022-0282
https://zbmath.org/?q=an:1512.35236
https://mathscinet.ams.org/mathscinet-getitem?mr=4555116
https://doi.org/10.1007/s13324-022-00661-1
https://doi.org/10.1007/s13324-022-00661-1
https://zbmath.org/?q=an:1485.35177
https://mathscinet.ams.org/mathscinet-getitem?mr=4395144
https://doi.org/10.1007/s10440-013-9845-0
https://zbmath.org/?q=an:1301.35175
https://mathscinet.ams.org/mathscinet-getitem?mr=3180946
https://doi.org/10.1007/978-3-642-84670-0_5
https://doi.org/10.1007/978-3-642-84670-0_5
https://doi.org/10.1016/S0362-546X(96)00087-9
https://zbmath.org/?q=an:0877.35043
https://mathscinet.ams.org/mathscinet-getitem?mr=1455065
https://doi.org/10.1098/rspa.2003.1267
https://doi.org/10.1098/rspa.2003.1267
https://zbmath.org/?q=an:1078.35100
https://mathscinet.ams.org/mathscinet-getitem?mr=2066416
https://doi.org/10.1007/BF02418013
https://zbmath.org/?q=an:0353.46018
https://mathscinet.ams.org/mathscinet-getitem?mr=463908
https://doi.org/10.7153/dea-04-26
https://doi.org/10.7153/dea-04-26
https://zbmath.org/?q=an:1260.35158
https://mathscinet.ams.org/mathscinet-getitem?mr=3012072
https://doi.org/10.1016/j.na.2011.04.002
https://doi.org/10.1016/j.na.2011.04.002
https://zbmath.org/?q=an:1219.35041
https://mathscinet.ams.org/mathscinet-getitem?mr=2803026


Critical Klein–Gordon equations coupled with Born–Infeld theory 19

[25] L. Wen, X. Tang, and S. Chen, Infinitely many solutions and least energy solutions for
Klein–Gordon equation coupled with Born–Infeld theory. Complex Var. Elliptic Equ. 64
(2019), no. 12, 2077–2090 Zbl 1428.35113 MR 4001213

[26] M. Willem, Minimax theorems. Progr. Nonlinear Differential Equations Appl. 24, Birk-
häuser Boston, Inc., Boston, MA, 1996 Zbl 0856.49001 MR 1400007

[27] Y. Yu, Solitary waves for nonlinear Klein–Gordon equations coupled with Born–Infeld
theory. Ann. Inst. H. Poincaré C Anal. Non Linéaire 27 (2010), no. 1, 351–376
Zbl 1184.35286 MR 2580514

Received 26 July 2022.

Zhenyu Guo
School of Mathematics, Liaoning Normal University, 116081 Dalian, P. R. China;
guozy@163.com

Xueqian Yan
Changping Primary School, Shahekou District, 116021 Dalian, P. R. China;
yanxq526@163.com

https://doi.org/10.1080/17476933.2019.1572124
https://doi.org/10.1080/17476933.2019.1572124
https://zbmath.org/?q=an:1428.35113
https://mathscinet.ams.org/mathscinet-getitem?mr=4001213
https://doi.org/10.1007/978-1-4612-4146-1
https://zbmath.org/?q=an:0856.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1400007
https://doi.org/10.1016/j.anihpc.2009.11.001
https://doi.org/10.1016/j.anihpc.2009.11.001
https://zbmath.org/?q=an:1184.35286
https://mathscinet.ams.org/mathscinet-getitem?mr=2580514
mailto:guozy@163.com
mailto:yanxq526@163.com

	1. Introduction and main results
	2. Preliminaries
	3. Proof of Theorem 1.1
	References

