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Lipschitz continuity for elliptic free boundary problems with
Dini mean oscillation coefficients

Abdeslem Lyaghfouri

Abstract. We establish local interior Lipschitz continuity of the solutions of a class of free
boundary elliptic problems assuming the coefficients of the equation of Dini mean oscillation
in at least one direction. The novelty in this regularity result lies in the fact that it allows discon-
tinuous coefficients in all but one variable.

1. Introduction

Throughout this paper, we denote by 2 a bounded domain in R” and by A(x) =
(aij (x)) an n x n matrix that satisfies for some positive constant A € (0, 1)

Z la;j(x)] <A7!,  forae x € Q, (1.1)
i’j
A(x)-E-E > MA|E]%, forae x €, forall§ € R”, (1.2)

f: Q@ — R" is a vector function such that f(x) = (f1(x),..., fu(x)) and
37 >0l < f. (1.3)
We consider the following problem

Find (u, y) € H' () x L*®(Q) such that:
P) i) u=0, 0<y<I1, u(l—yx)=0 ae.in$,
(i) div(A(x)Vu + xf(x)) =0 in Hy ' (Q).
This class covers a set of various problems including the heterogeneous dam problem

[1,4,9,15], in which case €2 represents a porous medium with permeability matrix
A(x), and f(x) = A(x)e, withe = (0,...,0, 1). A second example is the lubrication
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problem [2] which is obtained when A (x) = h3(x)I, and f(x) = h(x)e, where I, is the
2 x 2 identity matrix, and & (x) is a scalar function related to the Reynolds equation. A
third example is the aluminum electrolysis problem [3] which corresponds to A(x) =
k(x)I; and f(x) = h(x)e, with k(x) and /(x) two given scalar functions.

We observe that if f € L
account the assumptions (1.1)—(1.2) and equation (P)(ii), we infer from [14, The-
orem 8.24] that u € Clg;a (2) for any « € (0, 1). In this paper, we will improve this
regularity by showing that under suitable assumptions, we actually have u € Clgél (2).

(2) for some g > n, then so is xf, and by taking into

We observe that this regularity is optimal due to the gradient discontinuity across the

free boundary which is the interface that separates the sets {# = 0} and {u > 0} from

each other. Moreover, Lipschitz continuity is not only interesting by itself, but is also

of particular importance in the analysis of the free boundary (see for example [5, 6]).
Before stating our main result, we need to introduce a definition.

Definition 1.1. (i) We say that a function w : (0, 1] — [0, co) satisfies the Dini

condition if .
/ w(r) dr < oo.
0 r

(i) A function f € L!(R) is of partial Dini mean oscillation with respect to
x" = (x1,...,Xxp—1) inan open ball B CC £, if the function wy : (0,1] —
[0, c0) defined by

wr(r) = sup][
x€B JB,(x)

Bl(x") ={y’ e R""! : |y’ — x'| < r} satisfies the Dini condition.

dy,

10§, 1C

(iii) Foreach f € L1(Q), we define the following functions:

w(t) = /0 t “’fs(s)ds and  ®g(t) = wi(t) + wxlt).

Remark 1.1. We observe that if a function f € L!(Q) is such that for each a,, the
function x’ — f(x’, a,) is Holder continuous, i.e.,

|f(x"an) = (Y an)] = Clx" = Y|

for some « € (0, 1), then it is easy to verify that ws(r) < 2Cr“ for any r € (0, 1],

which leads to . )
2C
/ wf(r)dr < / 20r Ydr = == <
0 0 (o4

r

Hence, f is of partial Dini mean oscillation with respect to x” in any open ball
Bcc Q.
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Here is the main result of this paper.

Theorem 1.1. Assume that A and £ satisfy (1.1)—(1.3) and the following conditions:

Vi,j =1,...,n, aj; is of partial Dini mean oscillation with respect to x" in Q,
(1.4)
Vi = 1,...,n, f; is of partial Dini mean oscillation with respect to x" in . (1.5)

Then for any weak solution of (P), we have u € c! (2).

loc

The novelty in Theorem 1.1 lies in the fact that Lipschitz continuity of weak solu-
tions of problem (P) is obtained even when the entries of the matrix A(x) and the
vector function f(x) are discontinuous provided they satisfy a Dini mean oscillation
condition in at least one direction, i.e., if they are regular in at least one variable. Since
problem (P) is invariant by rotation in the sense that it is transformed into a similar
problem with different coefficients satisfying the same assumptions as the original
ones, it is obvious that we only need to have the Dini mean oscillation condition sat-
isfied in any arbitrary space direction.

We recall that interior Lipschitz continuity for problem (P) was established in [5]
and the same method was successfully extended to the quasilinear case in [7] and [8].
Interior and boundary Lipschitz continuity were established in [16] for a wide class of
linear elliptic equations under some general assumptions. Recently, in [17], Lipschitz
continuity was obtained using a different method based on Harnack’s inequality. This
approach helped relax some of the assumptions required in [5] and [16] and only
required that A(x) € C2%(Q2) and div(f) € L2 (Q) for some « € (0, 1) and p >
n/(1—a).

Lastly, we would like to point out that the assumptions (1.4)—(1.5) were intro-
duced in [13] to obtain C'- and C?-regularity of solutions to elliptic equations. In
this regard, we also refer the reader to the recent work on gradient estimates for ellip-
tic equations in divergence form with partial Dini mean oscillation coefficients [11].

2. Estimates for the equation div(A(x)Vu) = —div(f)

Under the assumptions of Theorem 1.1, it is known (see [10, Lemma 2.1]) that any
weak solution u of the equation div(A(x)Vu) = —div(f) is such that u € Clgél ().
The main result of this section is a local L°°-norm estimate of the gradient which will
be used in the proof of Theorem 1.1 in Section 3. Needless to say, this estimate is of

interest for itself.
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Theorem 2.1. Let p > 0 be such that B3,(xo) CC Q2 and ®x(p) < C| for some
positive constant C§ depending only on n and M. Assume that u € H'(B3,(x¢)) is
a weak solution of the equation div(A(x)Vu) = —div(f) in B3,(xo). If moreover, we
assume that f, € L°°(B3,(x0)) and A and f are of partial Dini mean oscillation
with respect to x" in By, (Xo), then Vu € L (B,(x¢)) and we have for some positive
constant Cy depending only on n and A,

[Vit|Loo(B,(xo)) < 32" Cr(07" VUl 1By, x0)) + | frlLoo B3y o)) + 4P1(0))-
The proof of Theorem 2.1 requires a few lemmas.
Lemma 2.1. Assume that o is a Dini function and let a € (0, 1) and b > 1 be two

given real numbers. Then the function defined by

o(t) = Zai(w(biz))f{bftsl} + o(D) X pis=1y)

i=0
satisfies
s 1
/ 86 4 < I—[zv(t) +am() + 20 )zV] Vi € [0, 1]
0 N
where y = _}ngb) = fé @ds. In particular, & is also a Dini function.

Proof. First, we recall that the function & was introduced in [12, Lemma 3.1], where
an estimate was also given. Nevertheless, our estimate is new and more precise.
We start by writing @(t) = @1 (t) + @, (¢) for ¢t € (0, 1), where

o0 o0
B1(1) =Y d'o®' ) ypi<y and Br(0) = o(1) Y a fpimyy
i=0 i=0

Next, letip = [— l]:((]t)))] and observe that we have t < b~ iff i < iy. Then we have

t ~ 4 b0 b
/0 wl(s)ds:/o aow( S)X{bos<1}ds+2a /0 = S)X{b's<1}ds

S
i=1

_ /w(s) Z / “’(T)X{m}dr

<w@)+ Z / (T)dt =wO+—@l). Q@D

i=1

Given that ig < ]“((It))) < ig 4+ 1, we can write

B2(5) = (1) ) a o _ppy =) Y a’ = T—a().
i=0 i
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. . __In(®) . ~
Moreover, since a < 1, we have a’0T! < ¢~ ® = ¥, which leads to @7 (s) < %t”
and

f@mm<mn‘£w<gﬁLﬂ 2.2)
0

s “l1-aly s ~y(l-a)
Now, combining (2.1) and (2.2), we obtain

w(1) 7
y(1—a)
w(1)

ﬁ[a —a)w () + aw(l) + 7;?]

fégwswm+lem+
o S 1—a

IA

IA

ﬁ[m(l) taw(l) + #ﬂ’]. =

The following lemma is a slight improvement of [11, Theorem 1.2] in the sense
that it provides a more precise L°°-estimate of the gradient.

Lemma 2.2. Let u € H'(B3) be a weak solution of the equation div(A(x)Vu) =
—div(f) in Bz, with A and f satisfying (1.1)—-(1.3) in B3 and both A and f are of
partial Dini mean oscillation with respect to x’ in By. Then we have Vu € L% (By)
with

V| oo,y < 3™0C1(|Vulpi gy + f + 4Pg(1))

where C; = C1(n, A) is a positive constant depending only on n and A, and k¢ is an
integer greater than 1 satisfying

wa(2750) + 204 (1)V2k0 < 3771t = ¢

Proof. First, we observe that by scaling, we may replace the ball B3 by B¢ as in
[11]. Next, we denote by Cy = Co(n, A) the positive constant depending only on n
and A that was introduced in [11, Proof of Theorem 1.2, p. 1520]. Following this
reference, we choose y = 1, 0 < k < min(2™!, C5?) and we denote by @ () the
function defined in Lemma 2.1 with a = /k and b = % Let now k¢ be a positive
integer greater than 1 that satisfies

Ho Ba(1)

w

C0/20 At dt <3
0

which, by taking into account the estimate of Lemma 2.1, is true if

Co

— ﬁ(wA(z—kO) + Vkma(l) + 2w04(1)v27k0) < 377,
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At this step, we further assume that k¥ < 272 which leads to 1 — N 271 and
makes the above inequality hold if

2(wa(27%0) + Vkwa(1) + 2wa(1)V2k0) < 37C
This in turn remains true if k¥ and kg are chosen such that
2/kwa(1), wa(270) 4 204 (1) V27F0 < 37715 = ¢

If we replace f1 by f,, we get the estimate (see [11, p. 1522]) with a positive constant
Ci(n, A) depending only on n and A,

1 ~
_ wi(1)
37K0| Vit | oo () < Cl(nak)(|vu|L1(B3) + [ fulLoo(Bs) +/ . dl)
0

which can be written by using Lemma 2.1 again as

|VM|L°°(B1) < 3nk0C1 (|Vu|L1(B3) +7+ 1 (W(l) + aw(l) + 2a)(1)1”)>

1
R
< 3nk0C1 (|Vu|L1(B3) + 7 + 4(we(1) + ?D'f(l)))

_ 3nk0C1(|Vu|Ll(B3) +7+4(Df(1))- "

The following lemma is a slight improvement of [17, Lemma 2.2].
Lemma 2.3. Assume that u is a nonnegative weak solution of the equation
div(A(x)Vu) = —div(f)

in Q and let xo € Q and r > 0 such that Bs,(xo) CC Q and B,(xo) N {u = 0} #
@. Then we have for some positive constant C, depending only on n, A and f:
maxg- )4 < Car.

Proof. Let x; € B,(xo) N {u = 0} and let w, = | B| be the measure of the unit ball
in R”. First since Bs,(x9) CC €, it is easy to verify that By, (x1) CC Q2. Next, we
observe that since f € L°°(£2), we can apply Harnack’s inequality [ 14, Theorem 8.17-
Theorem 8.18, p. 194] to the equation div(A(x)Vu) = —div(f) with p = n + 1.
Therefore, we get for a positive constant C depending only on n

n
max u < C( min u + —r Bl | ([ §2,~(X1))
Bo,(x1) Boy(x1)

< (O-I——i”“rl |BZr(x1)|"+1)
_ —_ _n L
Ccr2 n+la)r7+l 1 n C f2rtig, ™!

— rn+l pn+l = r = Czr

A A

Given that B, (x0) C B, (x1), the lemma follows. ]
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The following lemma is a Cacciopoli type lemma.

Lemma 2.4. Assume that u is a weak solution of the equation div(A(x)Vu)=—div(f)
in Q2. For each open ball By (xq) such that B, (xo) C 2, we have

—2
32 on+1
/ Vul2dx < 42/ 2dx—|—— juldox + 2L ©n
By (x0) A2 JBa (xo) Bay (xo) A

Proof. Let B, (xo) be an open ball such that B>, (xo) C €2, and let n € C5°(B2,(x0))
be a cut-off function such that

RN S

n=1 1in B,(xo), 0<n=1 and V| < in By (xo).

Using n?u as a test function for equation div(A(x)Vu) = —div(f), we get

/ a(x)Vu.V(n*u)dx = —/ £(x).V(n*u)dx
B>, (x0) B>y (x0)

which can be written as

/ n?a(x)Vu.Vudx = —/ 2n.u.a(x)Vu.Vndx
B, (x0) B>, (x0)

— / 2nuf(x).Vndx — / n? £(x).Vudx
Bor (x0) Bor (x0)
or by using (1.1)—(1.2)

2
A n?|Vul?dx < —/ n.|Vul.lu].|Vnldx +/ 2n|ul.|f].|Vn|dx
B> (x0) Bay(x0) B> (x0)
—|—/ n.|Vul.n.|f|codx.
B> (x0)

By taking into account (1.3) and the fact that [Vn| < 2/r, we obtain

4 4
[ oprwnpars [ o (e [ ga
By (x0) By (x0) AT By, (x0)

n /Bzr(xo)(mvm).(%)dx
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Now, we apply the following Young’s type inequality ab < %az + b2 to the first and
third integrals of the right-hand side of the previous inequality

1 16
/ n*|Vu|?dx < —/ n?|Vul?dx + 7y 2/ u?dx
By (x0) 4 /By, (x0) A%r2 By, (x0)
4f

1
luldx + —/ n2|Vu|2dx
)Lr B>, (x0) 4 B>, (x0)
2

+/ / “—dx
Boy(x0) A2

which leads, since n = 1 in B, (xg), to

32 2ntly,
/ \VuPdx < 42/ w2dx + oL [ ||dx+—”f
By (x0) A B> (x0) B>y (x0) A2

Combining Lemmas 2.3 and 2.4, we obtain the following lemma.

Lemma 2.5. Assume that u is a nonnegative weak solution of the equation
div(A(x)Vu) = —div(f)

in  and let xo €  and r > 0 such that B1o,(x0) CC Q and B2, (x) N {u=0}#£0.

Then we have
/ |Vuldx < C3r™
B, (x0)

where

n+1
wn2 — —2
and Cy is the constant in Lemma 2.3.

Proof. From Lemmas 2.3 and 2.4, we have

“max u < Cy(2r) (2.3)
B>y (x0)
and
32 2n+1
/ [Vul?dx < 2 2/ 2dx+— j; On pn
By (x0) A%r2 By, (x0) By 50 A

(2.4)
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Combining (2.3) and (2.4), we obtain

32
|Vul?dx < / C?(2r)%dx
/I;r(xo) Atr2 B>, (x0) g
a)nf

/ C>(2r)dx +
Bay (x0) A2

128 167 on 1772
2n+l

A—[«5402 +8C, A3+ F A2, 2.5)

IA

We conclude by using the Cauchy—Schwarz inequality and taking into account (2.5),

1

2
/ \Vuldx < (/ |Vu|2dx) B, (x0)|2 < C3r™. n
By (x0) By (x0)

Proof of Theorem 2.1. We observe that the function v(y) = M satisfies the
equation div(A,(x)Vv) = —div(f,) in B3, where F,(y) = F(xo + py). Moreover,
it is obvious that A, and f, satisfy the assumption of Lemma 2.2 in B3. Therefore, we
get the estimate

IVleosy) < 3"0CI(IVVlL1(8y) + | fonlLooss) + 4®r, (1)) (2.6)
where C is a positive constant depending only on n and A, k¢ is an integer satisfying
wa, (27F0) + 2wy, (1) V2F0 < Cf

and C is the positive constant depending only on # and A from [11, p. 1520].

If we observe that wy,(s) = wi(ps), @r,(s) = we(ps), and we choose kg = 2,
this condition reduces to @, (272p) + wa(p) < Cg, which is in particular true if
@A (p) < Cy.

Finally, since ®g,(s) = ®¢(ps), the estimate of Theorem 2.1 follows from (2.6).

]

3. Proof of Theorem 1.1

Lete >0, Q, ={x € Q:d(x,0R2) > ¢}, and let C; be the positive constant depending
only on n and A that was introduced in Theorem 2.1. Since lim;_,o ®p(z) = 0, there
exists 9 € (0, 1) such that

Dp(r) < C5 YVt €(0,10). 3.1)
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We fix g9 = %to and assume that ¢ < g9. We shall prove that Vu is bounded in €24,
by a constant depending only on 1, A, f, ®¢(1), |Vu|L1(q) and &, provided & < &o.

Let xo € 241,. We distinguish two cases:

(i) B3e(xo) C {u > 0}:

Since y = 1 a.e. in B3.(xg), u satisfies the equation div(A(x)Vu) = —div(f) in
Bie(xo). We also have by (1.3)—(1.5) that || fulleo < f and A and f are of partial
Dini mean oscillation with respect to x” in B.(xo). Moreover, we have from (3.1)

®4(e) < C;. Therefore, by Theorem 2.1 applied with p = ¢, we get for a positive
constant C; = Cy(n, A)

IVt |Loo (B (xo)) < 37" Cr(e7" VUl (@) + | falLoo(Bse (o)) + 4P1(e)).
Since ®¢(¢) is nondecreasing and ¢ < g9 < 1, we obtain
|V”|L°°(Bg(xo)) < 32nC1 (8_n|VM|L1(Q) + 7 + 4(Df(1)). (3.2)

(ii) Bas(x0) N {u = 0} # 0:
Let x € B:(xp) such that u(x) > 0 and let r(x) = dist(x, {u = 0}) be the distance
function to the set {u = 0}. Our objective is to estimate |vu|LOO(Br(X)/3(x)). To do

that, we will again use Theorem 2.1.

We claim that 7(x) < 4¢ and Bjgy(x)(X) C Ba1e(xo). Indeed, by assumption (ii),
there exists z € B3.(xo) N {u =0}.So, we getr(x) < |x —z| <|x — xo| + |x0 — 2| <
&+ 3e = 4e.

Then we have for each y € moc)

|[xo —y| < |xo—x|+ |x —y| <e+ 10r(x) < e+ 10(4¢) = 41e.

This means that y € B41.(x0), and therefore Byo,(x)(X) C Bs1s(x0). In particular, we
have Bior(x)(x) C Q41 C . L

Now, we obtain from the previous step that B,(y)(x) C 2. Moreover, since
B, (x)(x) C {u > 0}, we have by (P)(i) that y = 1 a.e. in B,(y)(x), which leads by
(P)(ii) to

div(A(x)Vu) = —div(f) in B,(y)(x).

By (1.3)—(1.5), we also know that || f]lc < f and A and f are of partial Dini mean
oscillation with respect to x” in By, (x)/3(x). On the other hand, we have r(x)/3 <

4e/3 < to, which ensures by (3.1) that @A (r(x)/3) < C;. Hence, we infer from The-
orem 2.1 applied with p = r(x)/3, that we have for a positive constant C; = Cy(n,A)
r(x)\—n —
|VM|L°°(Br(x)/3(x)) = 32nC1 ((T) |vu|Ll(Br(x)) + f + 4q)f(r(x)/3))
(3.3)
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Since r(x)/3 < tp < 1 and ®¢(z) is nondecreasing, we have ®¢(r(x)/3) < Pg(1).
Furthermore, we have Bo,(x)(x) C £ and EZ,(,C) (x) N {u = 0} # @, whence we can
use Lemma 2.5 to improve (3.3) as follows:

Vt|Loo (B, 0y a0y < 3" C1(3"Cs + f +40(1)).

Given that x is arbitrary in B¢(x) N {u > 0} and Vu(x) =0a.e. in B.(xo) N {u =0},
it turns out that Vu is uniformly bounded in B¢(x(), with

|Vu|Loo(B€(x0)) < 32nC1 (3nC3 + 7 + 4q)f(1)). (3.4)

Finally, by taking into account the fact that Q41 C | |g<p<p o B:(x9), we con-

clude from (3.2) and (3.4) that

X0€Q41¢

IVt poo(@uy < 32" Cr(e7™" | Vulpiq) + 3"Cs + f + 4@¢(1))

which means that |Vu(x)| is uniformly bounded in €241, by a constant depending only
onn, A, f, ®e(1), |[Vulp1q) and & < d(x,02)/41, for any small enoughe > 0. =

Remark 3.1. With a slight modification of the proof, it is not difficult to extend The-
orem 1.1 to the following problem:

Find (u, y) € H'() x L*°(R) such that:
i u=0, 0<y<1, u(l—y) =0 ae.inQ,
(i) div(A(x)Vu + yf(x)) = —yg(x) in <,

provided that A(x) satisfies (1.1)—(1.2), g(x) and f(x) satisfy (1.3), and the three
functions are of partial Dini mean oscillation with respect to x’ in €.
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