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Null controllability and Stackelberg—Nash strategy for a 2 x 2
system of parabolic equations

Islanita C. A. Albuquerque and Mauricio C. Santos

Abstract. This paper is dedicated to solving a multi-objective control problem for a 2 x 2 sys-
tem of parabolic equations. Here, we have many objectives, possibly conflictive, and we adopt
a concept of hierarchy for the controls. We have the leader control, responsible for objectives
of controllability type, and the follower controls which intend to be a Nash-equilibrium with
respect to some given cost functionals. The novelty here is that we formulate this problem for
systems of parabolic equations, meaning that we have many variables and naturally much more
objectives to accomplish.

1. Introduction

In a standard mono-objective control problem for PDEs, the task is to see whether
it is possible or not to find an external force so that its solutions achieve a single
target. In this case, the objectives are usually of the controllability type, where one
wants to drive the state to the target exactly (or approximately) in a finite time, or
also, it may appear in the form of an optimal control problem, where minimizing a
cost for the state is desirable. In real life, many control problems are more complex,
especially when considering many objectives which are in conflict. For instance, one
may want to control the temperature of a region (or object) in a finite time while
we maintain it at desired levels in sub-regions. Another application is that one may
want to control the concentration of a chemical product in a lake, keeping desirable
levels in specific regions of the lake. By these examples, we see that achieving the
best scenario for each objective might be impossible in the sense that approaching the
state to one target may turn it very distant to the other one. To overcome that, concepts
of equilibrium are usually adopted.

There are several concepts of equilibria for multi-objective control problems.
They have their origin in game theory and are mainly motivated by problems in eco-
nomic sciences. We mention the non-cooperative optimization strategy proposed by
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J. Nash in [16], the Pareto cooperative strategy in [17], and the Stackelberg hierarchic-
cooperative strategy in [18]. Concerning multi-objective control problems for systems
of PDEs, a relevant question is whether one can exactly (or approximately) control it
to a given state in a given time and also make the state accomplish other goals, such
as minimizing a cost functional.

Being more precise, let A : D(A) C H — H be a differential operator where its
domain D(A) is a subspace of a Hilbert space H. Consider the differential equation

{Yt —AY = F(t) + BU(t), t€(0,T), o

Y(0) =Y, € H,

where Y : [0, T] — H is the state, F : [0, T] — H is an external force, U is the
control and B is an operator which represents the way the control acts. We assume
that system (1) is well posed with solutions in C([0, T'], H). A standard control-
lability problem is the following: for each Yy, Y; € H, is there a control U such
that the solution of (1) satisfies Y(7') = Y;? In general, this question is not easy to
answer and depends on the nature of the operator A. For instance, there are posi-
tive results for hyperbolic equations (see [6]), while for some parabolic equations it
might be impossible due to a regularizing effect (see [10]). Controlling an equation
becomes even more complicated when more objectives are in sight. Indeed, in addi-
tion to controllability, assume we want the state to be close to some other targets.
We can represent these secondary objectives by minimizing a functional J(Y, U) that
measures the distance between the state and the other target. Then, the control U
has at least two objectives to be fulfilled simultaneously. As mentioned previously,
this might be impossible to do with one single control, and what we can do to over-
come that is to adopt the Stackelberg’s optimization strategy (see [15]), which consists
in splitting the control U into two (or more) parts U = U° + U!. In this case, the
objective of U is of controllability, while U wants to minimize J. When we aim for
more than one secondary objective, we might have nq functionals {J!, ..., J"0} to
minimize, and the strategy follows similarly by splitting the control U into the form
U=U’+U"+-.-4 U"0, assigning a role to each of them. It is important to men-
tion that minimizing one functional J; for some k may turn the values of J; (k # [)
as worst as possible, that is why we have to define concepts of solution in equilibrium.
In this paper, we adopt the concept of the Nash-equilibrium (see [7]) and more details
about it will be given in the text.

There are several classical references concerning multi-objective control problems
for PDEs. We refer to the works of J. L. Lions in [ 14, 15], where some Pareto and Nash
strategies are applied for control problems in PDEs, and we also cite the book of
J. 1. Diaz and J. L. Lions in [7] as a complementary reading. It is important to remark
that in [14, 15], the controllability type objective is to control the state approximately.
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A more difficult question is how one can solve the problem in an exact controllability
level. In this framework, we can cite the works of Araruna et al., in [4, 5], where
for the heat equation some positive null controllability results are proved. The main
motivation of the present work is to extend the results of [4, 5] to 2 x 2 systems of
parabolic equations.

Let us give more details about the particular problem in sight. Let @ € RY be a
bounded, connected open set, whose boundary 92 is regular enough. Let 7 > 0, Q =
Qx(0,T)and ¥ = dQ2 x (0, T). We consider a system of coupled heat equations of
the form

2

yi—Ay =" Ay + F! in Q,
p=1
2

V=AY =Y Appy? + F2 i Q 2)

p=1

yl=y2=0 in X,

Y0 =y YNO)=y; inQ,

where (y!,y?) represents the state, (F!, F?) are controls and {A;j;}i j=12 €
[L*®(Q)]* is what we call the coupling matrix. Each control F' wants the state
(»1, y?) to accomplish three objectives, one of controllability type and the other two
of optimal control type.

In general, the problem of finding one control solving more than one objective is
ill-posed, and that is why we adopt Stackelberg’s strategy. As mentioned before, the
strategy consists in dividing each control F’ into three others, each one responsible
for its objective. So we write,

F' = filg +v''1le, +v'*1e,,, i=12, 3)

where for each i = 1,2 the sets O, O;; and O;, are open sets, pairwise disjoint.
We call the controls { f*}?_, the leaders, having objectives of controllabi}i'ty type, in
a sense that they want to drive the state to an exact value, and we call {v¥/ }i2 =1 the
followers, with optimal control type objectives, having to be optimal concerning some
specific functionals {J % }12 =1
The problem we consider here is the following:

that will be defined in the next section.

* The leaders want the state to reach a given target in time 7'. Due to the fact in (2)
we are dealing with a parabolic system, the relevant target in this null trajectory.
In other words, we must find (1, £2) so that (y!, y?)(T) = (0, 0).

* Taking into account the leaders policy, the followers have to work to make the
costs {J}? j=1 as small as possible. As mentioned before, minimizing one func-
tional may turn bad the values of the others. Due to that, we will select them
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according to equilibrium criteria. In this work, we will adopt the non-cooperative
Nash equilibrium.

We will see in the following section that the accomplishment of the secondary
objectives (minimize J¥) turns out to be equivalent to the existence of solutions of
a corresponding 10 x 10 optimality system, two forward and eight backward in time,
with the leader acting in two of these equations. We also consider the case where the
controls are present in only one equation. In this case, on the one hand, the optimality
system becomes 6 x 6, which is better to deal with from the control point of view.
But, on the other hand, the leader acts in only one equation, being the additional diffi-
culty of this case. In this way, in both situations, dealing with this forward-backward
structure and the role of the coupling coefficients to control are the main difficulties
faced here.

To the best of our knowledge, few results concerning multi-objective control prob-
lems for systems of differential equations are known. In the spirit of [5], Herndndez-
Santamarfa et al. (see [11]) considered a 2 x 2 system of parabolic equations assuming
some particular conditions over their functionals {J% }. Essentially, we can interpret
these conditions by saying that all the secondary objectives have to be achieved in
the same sub-region of the domain 2. However, in real applications, more general
targets may be of interest. That is what motivates the present paper. The strategy is to
follow some of the ideas in [4] where, for the case of one single heat equation, these
conditions over the secondary objective are relaxed compared to [5]. The idea is to
use duality arguments, with Carleman estimates as the primary tool. By performing
very careful computations and using the coupling coefficients to see how information
passes from one equation to another, we prove an observability estimate to an adjoint
system.

2. Statement of the problem

As mentioned in the previous section, here we consider a control problem with many
simultaneous objectives, the primary ones of controllability type, where the leader is
responsible for it, and the secondary one, of optimal control type, managed by sec-
ondary actuators called the followers. In this section, we will see more precisely the
secondary objectives, and the strategy we will follow to accomplish them, giving a
characterization of the controls. This will allow us to see more clearly which control-
lability problem we are dealing with. Also, we state in this section the main results of
the paper.

For k,l = 1,2, let ysl be regular functions defined on a region (9{;’ x(0,7),
{ [Lkl}i’ ;=1 some positive real numbers, and define further the functional J ki
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L2(Ow % (0, T)) — R by

. 1
Jkl({vl]}iz,j=l) — 5// |yl _y§l|2 dxdt
0X%(0,T)

4 Bk // WK 12 dxdr, k1 =1,2, (4)
Ok %(0, T)

where (y!, y?) is the solution of (2) and (3). For each f := {f* }1—1 fixed, the fol-
lowers intend to be a Nash equilibrium for the functionals {J*/}? k.1—1> eaning that
{v¥ }iz’j=1 satisfies

Jll({vij}): min J11(6117v127v21,v22)’
'lA)”ELz((')]]X((),T))

J12({Uij}) — min J12(vll7ﬁ127v21,v22)’
'lA)leLz((')]zX((),T)) 5

JZI({Uij}) — min J21(v“,v12,1321,v22), ( )
’lA)zlELz((')z]X((),T))

T2 = rin J2N p12 21 522y

922€L2(022%(0,T))

which corresponds to a non-cooperative optimization strategy. For each k,/ = 1,2,
the follower v*! wants to minimize the objective J kL even if this represents the worst
scenario for the other objectives.

Since the problem is linear and the parameters {jx;} are positive real numbers,
the functionals in (4) are differentiable and convex in each direction. Then, it becomes
clear that the four conditions in (5) are completely equivalent to find {v¥/ }12 =1 such

that
aJkl

ovk!
Using (6), we can prove that (see [5, Section 2.1.2]) the Nash equilibrium can be
characterized by

({v’}) =0 foreveryk,l =1,2. (©6)

1
M = -, k=12, @)
Mkl
where the function ¢/ k1 satisfies the following system:
—pp " — ApH ZA e S VD PV LY 0}
p=1
—p* = A = ZA Pk A inQ, ®)
(p.l,kl — 07 over X,
goj’kl(', T) =0, inQ,

for j,k,l =1,2.
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Once the Nash equilibrium is characterized by formula (7), we search for leader
controls which drives the state (!, y?) to zero. In this way, we are led to prove the
null controllability for the following system:

2 2
. . ) 1 ) .
V=B =) Apy? + fIle =) —¢PP1g,,. inQ,
p=1 p=1 Hir
, . )
y/ =0, inY,
¥ (0) = yq. in Q,

for j =1,2.

To deal with the control problems proposed in here, some geometric assumptions
over the sets (951 appearing in (4) are needed, for k,/ = 1, 2. Here, we deal with two
possible situations,

ol =0, (10)

or
0¥ no+#0%no. (11)

Also, we have to ask that these sets touch the control domain and that some of the
coupling coefficients are bounded from bellow in there, that is, there exists Cy > 0
such that

int{x € O N O; 4;,(x) > Co} # 9, (12)

forevery k, [, p € {1,2}, with p # [.
In the case we have (11) for some value of / € {1, 2}, we find that

[OK\ 0¥ n o # 0, (13)

for some (k, k) € {(1,2), (2, 1)}. If that is the case, then we also assume the existence
of a constant Co > 0 such that

int{x € [OX\ O N O; A1,(x) = Co} # 0., (14)

for p # 1.
It is relevant to mention that similar conditions to (10) and (11) also appear when

one single heat equation is considered (see [4,5]), so these conditions are also expect-
able here. Also, it is important to say that conditions (12) and (14) are associated with
the fact that we are considering a 2 x 2 system of equations. Very similar conditions
also appear in many results about the controllability of systems of PDEs, see [1],
for instance. Finally, we remark that for different values of [ € {1, 2}, we may have
combinations of properties (10) and (11), this represents an additional difficulty to be
dealing with systems of equations.
The first problem we want to solve is the following.
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Theorem 2.1. Let (y},y3) € [L*(Q)]? {A;;} € [L®(Q)]* and Cy a positive con-
stant. Assume that the sets (951 satisfy (10) or (11) and we also assume~( 12) for every
k,l,p e{l1,2}, p # 1. Moreover, we assume (14) for the values of | , k., k € {1,2} such
that (13) holds. For i = min{ug;} sufficiently large, let (v1, v3) € ]_[l.2=1 L*(0; x
(0, T)) be the Nash equilibrium for the functionals (4). Under these assumptions,
there exists a leader control (f1, f?) € [L?(O x (0, T))])? such that the solution
of (2), with { F'}?_, given by (3), satisfies (y*(T), y>(T)) = (0,0).

The main difficulty in proving Theorem 2.1 is that, once we characterize the Nash
equilibrium, we reduce the multi-objective control problem to a partial null control-
lability problem for a system of several equations (ten precisely) acting only over
two equations. We remark that for the case of one single equation (see [4, 5]), the
corresponding optimality system is composed of three equations only.

Another interesting problem arises when one tries to control the system with fewer
controls. Indeed, let us consider in (2) the control F2 = 0, and let us follow a similar
strategy. Now, for k = 1,2, we consider ys sufficiently regular functions, defined over
a region (95 x (0, T), and {/Lk}i=1 sufficiently large real numbers. In this case, we
define the functionals

, 1
TR = 3 // Iy* — y&12 dxdr + % // [v¥|? dxdt, (15)
0k x(0,1) Orx(0,T)

k = 1,2, and we search for followers satisfying

JT (') = min JL(0 v?),
$1eL2(0x(0,T))
J2({')) = min J1(!, 9?).

$2€L2(02%(0,T))
Here, we also have the following characterization for the Nash equilibrium (see
[5, Section 2.1.2]):

_ 1 ..
v/ = —EW’]]IOW j=12, (16)
j

where, fori, j = 1,2

2
—ll — Al = ZApjw”” + (' — ya]l)]loj in Q,

p=1
P . 2
—oT _ Ap = ZApi(pp"lv i in Q, 17)
p=1
¢ =0, over X,

@™ (-, T) =0, inQ.
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In this case, we also assume some geometric conditions over the sets (9{’;,. Pre-
cisely, we ask them to touch the control domain and also, we suppose the existence of
a constant Coy > 0 such that

int{x € (0, N O) \ supp 4;i; Aij(x) > Co} # 0, (18)

and
int{x € [0\ 041N O; A;;(x) > Co} # 0, (19)

for some (i, j) € {(1,2), (2, 1)}.
In this context, the second problem under view is the following.

Theorem 2.2. Let (y,, y3) € [L*(Q)]% {Ai;} € [L®(Q)]*, and Cy a positive con-
stant. Assume that the sets (95 and the coupling coefficients satisfy properties (18)
and (19) for some (i, j) € {(1,2), (2, 1)}. For i = min{uy} sufficiently large, let
{v/ }]2-=1 be the Nash equilibrium for the functionals (15). Under these assumptions,
there exists a leader control f' € L?>(O x (0, T)) such that the solution of (2) with
F' given by (3), and F/ = 0 for j # i, satisfies (y ' (T), y2(T)) = (0, 0).

We have the following remarks.

Remark 2.3. In assumptions (12), (14), (18) and (19), we can replace the conditions
A;j(x) = Cy by —A;;(x) > Cp such that all results presented in this paper still hold.

Remark 2.4. It is not clear that the existence of a Nash equilibrium, as well as the
existence and uniqueness of solutions to the optimality system (8)—(9) holds for any
choice of the parameters {x;}. A sufficient condition to overcome that is to assume
that u = min{ug;} is positive, and sufficiently large, greater than a constant C =
C(T, 2,{0;}, {(951}, {A;j}). The proof of that is standard and will be omitted, we
can cite [5] for a proof in the case where one single heat equation is controlled under
similar strategies to the ones presented here. The same remark holds for the parameter
{x } appearing in the functionals (15), that is, they are also considered in such a way
that i = min{ug} is sufficiently large. This is essentially why these assumptions
appear in Theorems 2.1 and 2.2.

Note that the proof of Theorem 2.1 cannot be interpreted as a natural step to follow
to prove Theorem 2.2. Indeed, in Theorem 2.1 we have to deal with an optimality
system composed of ten equations and two leaders, while in Theorem 2.2, we have to
deal with an optimality system with six equations and only one leader. In this way, in
terms of difficulty to solve, the problems generated in Theorems 2.2 and 2.1 are not
comparable.
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By the Hilbert uniqueness method, controllability properties for linear systems
of PDEs are equivalent to some suitable observability inequalities to the solutions
of an adjoint state. That is the approach we are going to follow, and to prove such
inequalities, we are going to make use of some appropriated Carleman estimates.

3. Carleman estimates

We dedicate this section to proving some Carleman type estimates to the solutions
of an adjoint equation. Before we start, we introduce some sets and notation very
important for what follows.

Under assumption (12), there exist Cy > 0 and open subsets

o cc o cc et cc ok no, foreveryk,l €{1,2}, (20)

such that
Ajp > Co ind", 1)
forevery k,l, p € {1,2}, p # [.
It is not difficult to see that if (13) holds, then we can assume that

o ok =g (22)

These conditions will be crucial in forthcoming computations.
If conditions (18) and (19) hold for some (i, j), then there exist Cy and open
subsets

w* ccof ccaf ccwf ccokno, foreveryk = 1,2, (23)

such that
A;j(x)>Cy and Aj;(x) =0, foreveryx € wl, 24)

and that
o’ NO; =0 and Aji(x) > Cy, foreveryx € wj. (25)

The resolution of Theorems 2.1 or 2.2 is entirely equivalent to the following
observability estimates to the solutions of an adjoint system. In what follows, we
prove such inequalities, which correspond to the main result of the present paper.
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Theorem 3.1. () For j,k,1€{1,2}, let (Y7, 7K the solution of the following
adjoint system:

2 2
—vi — Ay = Z Ap¥? + Yy P g in Q.
= p=1
yit = Ay = ZA, yPHL L o,
(26)
Lkl .
yt lkl ZAI yp KL _ —W ]10](1 n Qa
p=1
Yl =y ik =, inXx,
y/(T)y=y!. y* 0 =o0, in <,

where WJ.T € L%(Q). Under the same assumptions as in Theorem 2.1, there
exist C > 0 and a weight function p(t) with lim;_, p(¢t) = 0, such that the
following observability inequality holds:

Z/ VORd+ Y // P (0)ly"H 2 dxdi

kl 1 X(OT)

<c Z // k2 dxd. 27)
k=1 (QX(O,T)

(i) Fori,j = 1,2, let (Y7, y’/") the solution of

2
Y =AY =Y Ay -y in Q,
p—l
0 Ayt = ZA,I,VI” — —W Lo, inQ,
! (28)
jl—iji:ZAjpypi, j #i, in Q,
Y=yl =yl =0 inX,
M=yl yHO)=y"0)=0 inQ
V(T =vy;, y"(0)=y"0)=0 inQ.

Under the same assumptions as in Theorem 2.2, there exist C > 0 and a weight
function p(t) where lim;_,7 p(t) = 0, such that the following observability
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inequality holds:

Z/ % (0)|2dx+// P2 () |y**|? dxdt

(9 x(0,T)

<c // W dxd. (29)
0x(0,T)

As we already mentioned, if we prove the observability inequality (27), then we
are solving Theorem 2.1, while if we prove (29), then we are solving Theorem 2.2.

It is important to mention that it is also not clear that systems (26) and (28) possess
solutions for any value of {ug;} or {ux}. By similar reasons as for the optimality
system (8)—(9) (see Remark 2.4), we can prove the well-posedness for these systems
by taking ;. = min{ux;} and i = min{ug} sufficiently large independently of the
data ¥ 7. In this way, we can take w and ji large enough so that either the optimality
systems or the respective adjoint systems are well-posed.

We remark that the search for controllability/observability results for systems of
parabolic equations is an extensive research area in control theory, and many posi-
tive/negative conclusions are known. We can refer to [1] for a survey and [2] where,
for some specific coupling properties, the authors have proved the existence of a min-
imal time of controllability. More recently, Duprez, M. and Lissy, P. in [8] and [9]
have found some sufficient conditions for the controllability of systems with fewer
controls, by applying algebraic methods.

Now, we have the following Lemma, which is already used in [4] for the case of
one single equation. Here, we have to adapt it to a more general situation.

Lemma 3.2. Let A be a ﬁmte set and {qm }me Aa SJamily of disjoint open subsets of
O such that there exists O CC O where qm C o Jor every m € A. Then, there exists
a family of functions {mmen in C2(RQ), such that

Mm >0 inQ, Nm =0 on 082,
(30)

IVimll > C inQ\dqm:  u=1m inQ\O forn#m.

Proof. This result is already proved in [4] for the case A = {1, 2}. To generalize it
to more sets, we assume that A = {1,..., No} for some Ny. The general case can be
obtained by a simple identification argument.

It is well known that (see [10]) there exists a function n' satisfying

{ n >0 in€Q, 71 =0 onaS2,
[Vl > € inQ\ q1.
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Using [4, Lemma 5], we get that, for each m # 1, we can take om c (5 such that
g' Ug™ C O™, and a weight function 7, such that

{ Nm >0 in €2, nm =0 ondQ,
IViimll > C inQ\g™  nm=m inQ)\om
It is clear that the family { nm},lzozl satisfies (30) and the lemma is proved. |

Now, for any finite set A, let {9, }mea be a family given by Lemma 3.2. We define
the following weight functions, very common when dealing with Carleman estimates:

eMnmlico _ pAQRINM lloo+nm (x))
Om(xvt) = ’

t(T —1)
el(zuﬂrn”oo‘f‘nm(x)) (31)
1) = , e A.
Em(x,1) T m

For n € N, we introduce the notations
) =57 [ B (il + |y P dxds + LI,
0
where
L) i= 5207 [ e on )29y P dvas
o
4 gmant! /[ e~25m (£, Y |y |2 dxdt.

(&)

Foru” e L2(Q) and f, fi,..., f, € L?>(Q), let u be the solution of the following
equation:

,
—ut—Au=f+Zkak onz,
k=1

u=20 onz,

u(-,T) =ul in Q.

(32)

Then, the following Carleman estimate holds.

Proposition 3.3. Let A be a finite set, n € N, {qm}mea afamily of open subsets of 2,
and let {Nm }men be the functions given by Lemma 3.2. For each m € A, there exists
a constant C(2, ¢m) > 0 so that, for every s > s™ = C(, gm)(T + T?) and every
A > C, the following estimates hold for every solution u of (32) withul € L*(Q), in
each of the following cases:



Null controllability and Stackelberg—Nash strategy 175
G.) if f € L>(Q) and fi = 0 foreveryk € {1,...,n}, then
I'(u) < C(s”)t’”rl // e~ 25om (g, V' u|? dxdt
qm*(0,T)
+ sn—3An—3 // e—ZSUm (%-m)n—3|f|2 dxdt);
Q
(i.) if f € L*(Q) and fi € L*(Q) foreveryk € {1,...,r}, then

L™(u) < C(Sn)tn—H // e 25m (£, |u|? dxdt
amx(0,T)

+ Sn—3An—3 [/ e—ZSOm (sm)n_3|f|2 dxdt
o

+ Sn_lkn_l Z // e—ZSUm (%-m)n—l|fk|2 dth).
k=1""@

The estimates given in Propositions 3.3 are classical in control theory and are well
known nowadays, see references [10] and [13] for a proof.

In the next section, we prove new Carleman estimates to the solutions of (26)
and (28). These estimates are the principal tools we are going to use to prove observ-
ability inequalities (27) and (29), respectively.

4. New Carleman estimates

We have the following result.

Proposition 4.1. (i.) Assume that, for each | = 1,2, the sets (951 satisfy one of
the conditions (10) or (11) and also assume (12) for every k,l, p € {1,2},
with p # 1. Moreover, in the case we have (13) for some [, k, k € {1,2}, we
suppose that condition (14) holds. Then, there exists C > 0 such that, for
A>Cands > maxg p i AC(T + T?),CT?||Ap; ||%} sufficiently large, the
following estimate holds:

2 2
Z I:l(yj,kl)+sn+3kn+42/‘/ e—2sajj(sjj)n+3|wj|2 dxdt
Jkd=1 j=1""¢@
2
< Cs"t8)nto Z // e—2s0yg;ljﬂ-8|wp|2 dxdt, (33)
Ox(0,T)

p,j=1

for every solution {y/ , )/""lk}j,k,z of (26).
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(ii.) Assume that conditions (18) and (19) hold for some (i, j) € {(1,2), (2,1)}.
Then, there exists C > 0 such that, for A > C and s > max; j{C(T + T?),
CT?|| A2} sufficiently large, it holds

gnpntl /]Q e 250i (f):i)”|wi |2 dxdt + I,{_3(¢j)
2
+ 2 (s () + 1)
k=1

< CS”+9ln+10 // (e—ZSUi (gi)n+9 + e—2soj (Sj)n+3)|wi |2 dxdt,
0x(0,T)
(34)
for every {y/,y7}; ; solution of (28).
Proof. For the proof of (i.), we can deal with three possible cases:

(A) Condition (10) holds for every [ in {1, 2}.
(B) Condition (10) holds for only one value of / in {1, 2}.
(C) Condition (11) holds for every [ = 1, 2.

Condition (C) is the most difficult to handle and we are going to concentrate on
it, in Remark 4.2 we make some comments concerning the other possibilities. We
remind that, if (11) is true for some [ € {1, 2}, then condition (13) holds for some
(k.k) € {(1,2), (2. 1)}, this will be important in forthcoming computations. In this
way, the proof of case (C) is divided into two others, case (C1) where for any / € {1, 2},
condition (13) holds for any k # k, and case (C2) where for only one / € {1,2} con-
dition (13) holds for any k # k.

Proof of item (i.), case (C1): Consider a family of open sets satisfying (20) and (21).
In this proof we can assume (22) for any / € {1, 2} and any k # k.

From now on, we are going to make use of the weight functions (30) and (31) for
A ={1,2} x{1,2},m = (k1) and {gn} = {o*'}.

For (k1) € A fixed, we apply item (i.) of Proposition 3.3 for u = y/** (see (26)),
qm = w*!, and we sum the resulting estimates to obtain that

2 2
Yo =c Z(s””*‘ // e ()" [y K P dxdt
j=1 j=1 wk!x(0,T)

2
w52 [ e S gl dv
o p=1

+ Csn—3/\n—3 // e—2s0k1 (Ekl)n_3lwk|2 dxdt, (35)
Oy %(0,T)
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forevery A > C and s > sk = C(Q, w*')(T + T?). Given a small ¢ > 0, we use the
fact that T®&;; > C, and we get that

2
=323 [ emsont =S 3 Ay dxr
[0 p=1

2
< CTO A =527 [ e2som gy 3 P2
Qo r=1
<elM @k, ki1=1.2, (36)

for A > C and s > max{s*, CT?||Ajp| 3 }. Combining (35) and (36), we obtain that

2 2
erllcl(yj,kl) < Csmpn Z // e=259%k1 (£, )" [y PR 2 dxdt
i=1 p=1""@

Kl x(0,T)
porsas [ oSy P avar )
Ok]X(O,T)
forallk,/ =1, 2.

Since (21) holds for p # [ , we can take positive functions LS C¢ (@*") such
that 6%! = 1 in w*’, and we can show that

SnArH_l // e—2sok[ (ékl)nlyp,kl|2 dxdt
wkix(0,T)
< CSnkn—}_l // é\kle—Zsakl (ékl)nAlph/p’klIz dxdt
&k x(0,T)
— gyt // é\kle—ZSck/ (‘i"kl)n
k! x(0,T)
Lkl 1
'()’z C AR p R mwk]l@kz))’p’kl dxdt

< gkl (yrkly 4 Cgntapn+s // o280k g1 LKL gy
- &K1 x(0,T) Kl

+ Cs" )t // e—ZSJkIE]rclllka dxdt, (38)
(Ok1N@*")x(0,T)

forall p,k,l = 1,2 with p # [ and ¢ sufficiently small.
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Then, we combine (37) and (38), and we use the fact that O; N &% = @, to get
that

2
erllcl(yj,kl) < st // =259k1 (5, ) [y RL 2 dxd

j=1 &% x(0,T)
+ CSn_3)tn_3 // e—ZSUkl(Ekl)n—IS'wklZ dxdt, (39)
leX(O,T)

fork,l =1,2,forA>C and s > max{skl,CT2||Ajp||%}.
Let O be given as in Lemma 3.2 and let § € C?(2) be such that

{Q(x) =0 forxe0,
(40)

f(x)=1 forxeQ\O.

Fori = 1,2, we have that the functions #v/ satisfy the equation

2 2
O = 200 =0 3 + X v 71 )

p=1 p=1
—2V - (VO -y7) 4+ 2A0y7 in 0,
oy’ =0 on X,
OY))(. T) = 0y in Q.

We apply item (ii.) of Proposition 4.1, replacing n by n + 3, takingm = (j, j),u =
Oy’ and {g,} = {0/}, and we have, for every j = 1,2, that

Lrjlj—i-3(9wj) < C(Sn+3kn+4 // ) e—2saj_/- (Sjj)n+3|9wj|2 dxdt
w/J x(0,T)
2 . .
+smAm Y /[ &2 (&) 6y PP s | divd
p=1 0
2
450 Y g% [ e @ 6Py P dvas
p=1 0

T
+5n+2/\n+2/0/(.9e_zmjj(fjj)n+2|1ﬂj|2 dth)

Using the definition of @ (see (40)), taking A > C and s > max, ; {s%7,CT?,
CT?||Ap; |31, we obtain

2
sn+3An+4Z// e—2sa_,-_,-(%-jj)n+3|wj|2 dxdt
j=1""2
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2
< C Z (Sn+3kn+4 // e—2s0jj (E]J)n+3|wj|2 dxdt
= Ox(0,T)

2
+ s”k”; //Q e 250; (gjj)n|9|2|yj,pj]105j |2 dxdt).

By summing this last estimate with (39) and using the fact that all the weights coincide
in the support of @ (see (30)), we absorb the terms of y/*?/ obtaining

2 2
S 1K () +sn+3kn+42// 2535 (&, 3|y P dxd
j,k,l=1 j=1 Q

2
<C Z (sn+3kn+4 // e—zSUjj (si.i)n+3|wj |2 dxdt
j=1 Ox(0,T)
2
+ s // e80T ()" 2|y P |2dxdr), @1)
p=1 ®P7 x(0,T)

for A > C and s > maxg ;,p,,; sk, CT?,CT?|| Ay ||%} sufficiently large.

The next computations are dedicated to estimating the local terms of y/>?/ in the
right-hand side of (41). Using the fact that, for each / € {1, 2}, the sets @*! can be
taken satisfying (22) for every k # k, we can see that

2
U] =AY =3 ATy L i@t x 0.7,
p=1

for any k € {1, 2}.
Let 6% ¢ Cc? (@7 such that 6%/ = 1in &%/ . Then, for any k € {1,2} and & small,
we have that

Sn+2An+3 /[ e—ZS(Tkj (Ekj)n+2|yj,kj|2 dxdt
&% x(0,T)

— Sn+2An+3 // ékj (Ekj)n-i—ze—Zsckj yj,kj
@k x(0,T)
] 2
: (—w: — Ay =Y Ay W’) dxdt
p=1

2
< 81’151(3/],](]) + Csn+81n+9 Z // ‘ e—ZSU,,_/SIr)lJTI-8|wp|2 dxdt. (42)
p=1 @27 x(0,T)

Finally, we combine (41) and (42) to obtain (33).
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In what follows, we prove item (i.) for the case (C2), that is, for only one / € {1,2}
that condition (13) will hold for any choice of (k, k) in {(1,2), (2, 1)}.

Proof of (i.), case (C2) For simplicity, we will assume that for / = 1 condition (13)
holds only when (k. k) = (1,2), and for [ = 2, we assume that (13) holds for any
k # k. Then, the open sets {@*'} can be taken in such a way that

'co2no and ' nok =g, (43)

for Ik, k € {1,2) with k # k and (k, 1) # (1, 1).
Defining h/ = y/>!1 4 y/:21 for j = 1,2, the adjoint system (26) becomes

2
—W,l —Awl = ZApllﬂp +h1]10‘111 — ]/1’21(110‘111 _]105211)’ in Q,
p=1
2 2
Y7 = AY? =) Apy? + ) P, in Q.
p—l p—l
1 .
hl — AR = ZAlphP Z—wn@m, inQ,
Ahz ZAZP ) in Q’
1kl .
et = AytH ZAI yPH — wkﬂok,, (k,1) # (1,1) in Q,
yi* — Ay Pk = ZA yPRL (kD) # (1) in Q.
w’=h]=yj’kl=0, for j,k,l =1,2 in X,
vy =yT, h@© =0 y"*0)=0 forjk,l=12 inQ.

(44)
Applying item (i.) of Proposition 3.3 to {(y1:k2, y2k2))2_  (y121 y221) and
(h', h?), we obtain

2 2
Z( 2 I,i‘l<yf’“)+1;1(hf))

j=1 k=1
(k, l)#(l 1))
<C Z nAn+l Z // e—ZS(Ikl (ékl)n|yj,kl|2 dxdt
' k=1 J/oXx(0.T)

(k,D#(1,1)
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2
+smAnt Z// e (&) WY |? dxdt
j=1 wllx(0,T)

2

+Csm A Y // eHPk (Ep )" P [YP P dxdt,  (45)
p.k=1 Opix(0,T)

for A > C and s > max{s*', CT2|| Ajp||3 }x.1.;.p-
Using the equation of ! in (44), that is

2
1
A12h2 = l’ltl - Ahl _Allh1 + E —Wp]lﬂpw
p=1 Hr1

and from assumption (21), and taking & > 0 sufficiently small, we prove that

SnA,n+l // e—ZSUII(EII)n|h2|2dde
wllx(0,T)

< glnll(hZ) + Csn+4)tn+5/ e—2s011$;11+4|h1|2 dXdZ
@11x(0,T)
2

+Csmart Y // eTZONEN |yP |2 dxdt. (46)
p=1"7(0p1N&1)x(0,T)

In a very similar way, we use (21) again, obtaining

Sn/xn-i—l //kl e—ZSUk[(Ekl)nlyj,le dxdt
wklx(0,T)

< elfl(yj,kl) + Csn+4kn+5 //k[ €—2S0k/$]€ll+4|yl,kl|2 dxdt
ok x(0,T)

+ CSn)Ln+1 // e—ZSleglrcllll/ij dxdt, 47
(O N&K)*(0,T)

for A > C ands > CT?|Aj; ||%,f0rj,k,l = 1,2 where j # [ and (k,[) # (1,1).
Now, applying (ii.) of Proposition 3.3 for 8/, where @ is given in (40), summing
to (45) and using (46)—(47), we get

2 2
z( 3 If’(yf’k’>+1;1<hf>)
j=1 k,l=1

(k,1)#(1,1)

2
+ Sn+3kn+4 Z // e—ZS(Tjj (gj])n-l—filw] |2 dxdt
j=1""2



I. C. A. Albuquerque and M. C. Santos 182

2

2 f/ €2 ()" Py | dxd
0x(0,T)

< C (Sn+3kn+4
Jj=1

4 gntapnts //A” on e_zw“é?f'ﬂhllzdxdt
o' x(0,

2
+ Sn+21n+3 Z // B e—ZSle (Ekl)n+2|yl,kl|2 d)(fdl), (48)
ok1x(0,T)

k,l=1
(k,D)#(1,1)

for A > C and s > max{s*/, CT?| 4;,| 3 }k.1,j,p sufficiently large. To absorb the local
terms of )/l 1 and h', we use (43) and the first equation (44), to have

2
Y} =AYt =" AP +hY ind'" x(0.7). (49)
p=1

Also, using again (43) and the first two equations of (44), we get

2
N Z Apr? + yUEin oK % (0, T), (50)
p=1

forevery k,l = 1,2, (k,[) # (1, 1). Finally, from (48), (49) and (50), we can proceed
in a similar way as in (42), and we obtain that

2
( Yo e+ LJ‘(hf))
k,l=1
(k,1)#(1,1)

2
4 gnt3pnte Z // e 250)) (sjj)n+3|wj|2 dxdt
j=1""2Q

2

2
J=1

2

< cs"+3xn+42//~ e %1 (£;;)" 3y > dxdt. (51
j=1 OX(O,T)

Since we have 4/ and y/*?/ in the left-hand side of (48), we can write y/%/ = h/ —
y7*%/ to add the global terms of y/>!/ in the left-hand side of (52), and hence estimate
(33) follows.

Remark 4.2. We have proved item (i.) of Proposition 4.1 by assuming that condition
(C) holds, which corresponds to the case where (11) is valid for every [ = 1, 2, and for
two specific cases. The case where, for each / € {1, 2}, property (13) can be verified
for only one choice of (k, k) € {(1,2), (2, 1)} is not considered, and it can be treated
by adapting the proof of case (C2). Indeed, if we assume, for instance, that for / = 1
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condition (13) holds only for (k, Ig) = (1, 2) and for [ = 2 it holds only for (k, Ig) =
(2, 1), then the open sets {@*!} can be taken in such a way that

@' c (9‘(’} NO and &’° ﬂ@éf =0 forevery j #i.

In this case, we can see that equation (50) does not hold for (k,!) = (2,2), and then
we cannot absorb the local term of 222 in the right-hand side of (48). To overcome
that, we define the function p/ = y/12 4 /22 we use the equation satisfied by 12
in @22, which is similar to (49), and we bound the local terms of p/ in a very similar
way as we did for 4/ .

Now, if (10) is valid for some / € {1, 2}, the analysis is much more simpler. Indeed,
to fix the ideas, let us assume that

11 _ 0921
o) = 02!,

In this case, we can define the same functions 7/ = y/*!'1 + y/-22 and we see that the
equation satisfied by {y/, h/, y/ k! }f k1= is similar to (44), with the only difference
that the equation of ¥! turns into

2
Y =AY =) Apy? +h g, in Q.

p=1
This equation allows us to estimate a local term of 4! in @!! in terms of ¥ !.
Now, we proceed to the proof of (ii.).

Proof of (ii.): In this case, we are going to take open sets satisfying (23), and also
(24) and (25) for some (i, j). We are going to use item (i.) of Proposition 3.3 with
{gm} = {w', ®?} and the functions {n,,} given in Lemma 3.2.

Let {(y', y*, yji)}iz,j=1 a solution of (28). To fix the ideas, we are assuming that
(24) and (25) are valid for (i, j) = (1, 2).

Using item (i.) of Proposition 3.3 for (y!!, ¥2!) and replacing n by n — 3, we get
that

Lis(v') + I, _5(y*")
< C(sn—?,kn—z /f e—2s01 (51)"_3(|V11|2 4 |)’21|2) dxdt
w1x(0,T)

+ Sn_GAn_6 // e—ZSO'] (El)n—6|wl|2 dde), (52)
O1x(0,T)

for A > C and s > C(T + T2(1 + max{||A;,]|3})). Let ! € CZ(@") be a positive
function such that ! = 1in w!. Using that A, > Co > 0in w! x (0, T) (see (24)),
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we obtain that
Sn—3An—2 // e_2SUl (El)n—3|y21|2 dxdt
w!x(0,T)
< Cs" 32 // éle—2s01 (El)n—3y21
B 1%(0,T)

1
(vt Ayt - Ay + o y'lo, ) dxdi
1

< 81”1_3()/21) + CSn+lkn+2 // e—2s01 (%-l)n-l-l |,}/ll |2 dXdl
»1x(0,T)
4 sn—3kn—2 // e—2s01 (gl)n—3|w1|2 dxdt, (53)
(@'NO1)x(0,T)

for ¢ > 0 sufficiently small. Combining (52), (53), and using that @ N O; = @, we get
that

Li_s(y'" + 1Y)

< C(Sn+lln+2 // e—2sal (El)n+l|)/ll|2 dxdt
@1x(0,T)
+ Sn_GAn_G // 6—230'1 (%-l)n—6|wl|2 dXdl), (54)
O1x(0,T)

for A > Cands > C(T + T2(1 + max{||4;,3})).
In a completely analogous way, using that A>; > Co > 0in w? x (0, T) (see (25)),
we can prove that

I3 () + I} (')

< C(Sn—zkn—l // e—2s02(§2)n—2|y22|2 dxdt
02x(0,T)

4 sn—9An—9 // e—ZSGz(Ez)n—9|w.2|2 dth), (55)
9>x(0,T)

for A > C and s > C(T + T?(1 + max{||A,~p||%})). Summing (54) and (55) we
obtain

2
Z I,l;_3i()/ji) < C(Sn+1)\,n+2 // e—2s0] (El)n+1|yll|2d)€dt
®1x(0,T)

i,j=1

4 s"_z/\"_l //2 €—250‘2(€__2)n—2|y22|2 dxdt
@2x(0,T)
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4 sn—6/\n—6 // e—2s01 (El)n—6|wl|2 dxdt
O1x(0,T)

+ "N // 6_2”2(52)"_9|W2|2dxdt). (56)
O>x(0,T)

Let O be an open set given in Lemma 3.2, and # € C2(2) be a function given by
(40). From the first equation of system (28), we find that

2
O = 86w = 6( 3 A + 7'M )

p=1
+y1A0 —2V(y'Vo) in 0,
01//1 =0 on X,
Oy T) = 0yr in Q.

By applying item (ii.) of Proposition 3.3, we obtain that
Snkn-i-l // e—2s0’1 (El)n |wl |2 d.th
Y
< C(sn/\n-i-l // e—ZSGI(EI)n|w1|2 dxdt

Ox(0,T)
2

D o e N e L A

p=1""0
+ sn—3/\n—3 // e—2S01 (El)n—3|9|2|y11 |2 dXdl) (57)
0L x,1)

for A > C and s > s'. Now, using item (i.) of Proposition 3.3 for 2, we get

s sc(s=w [ @re iy sar
w?2x(0,T)
2
+ sn—6)tn—6 Z // e—2s02(§2)n—6|Ap2wp|2 dxdt
p=1""0

+ Sn_6)\.n_6 // . e—2502(§2)n—6|y22|2 dXdl), (58)
05%(0,T)

for A > C and s > s2.
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Summing (57) and (58), we can absorb the global terms of ¥! and 2 by taking
s large enough, obtaining

s"Antl // e ()" [P dxdt + I} 5(?)
o
< C(s”k"+1 // TN (E)" Y dxdi

Ox(0,T)

+Sn—3/\n—2 // e—2s02(§:2)"_3|w2|2dxdl‘
wzx(O,T)

+ Sn—SAn—SS // 6—2501 (Sl)n_3|y11|2dth
Gbx(O,T)

+ Sn_6/\n_6 // . e—Zsc’z(Ez)n—6|y22|2 dth) (59)
0%(0,T)

for A > C and s > max; ;{s/, CT?| A;; | %}
Summing (56) and (59), and absorbing the global terms of ¥ and y*, we obtain

2
Snln—H //Q e_ZSUl(fl)n|1ﬂl|2dxdt—I—Inz_3(1ﬂ2)+ Z I,i_3i(yji)

i,j=1

< C(Snkn—H // €—2501 (sl)n|wl|2 dxdt
0x(0,T)

4 Sn—3kn—2 // e—2s02(§_—2)n—3|1//2|2 dxdt
2x(0,T)

+Sn+1)\.n+2 // e—2s01 (El)n+1|y11|2dXd[
o1x(0,T)

4 Sn—ZAn—l //2 e—ZSaz(éz)n—2|y22|2 dth), (60)
02x(0,T)

A > C and s > max; ;{s/, CT?(1 + ||4;;]|%,)} large enough.

In order to absorb the local terms of y*/ in the right-hand side of (60), we are going
to use the equation of wi in (28), and the fact that the sets @’ satisfy (24). Indeed, let
6i e CZ(&@") be positive functions such that 6" = 1in &'. Then, we have that

sn+1kn+2 // e—2501 (gl)n+lél|yll|2dxdt
@1x(0,T)

2
— Sn+1)\.n+2 Z//l e—2s0'1 (gl)n-i-lélyll(_wtl _ Awl _Allwl)dxdt
p=1 wlx(0,T)
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< 81,11_3()/11) + sn+91n+10 // e—2501 (51)n+9|‘/f1|2 dxdt, (61)
@1x(0,T)
and

Sn—GAn—S //2 e—2s02($2)n+10~2|y22|2 dxdt
02x(0,T)

2
< Sn—GAn—S Z // e—2s<72 (E2)n_60~27/22
p=1 @2x(0,T)
(—y? — AY? — Ay — Apy?) dxdt

< 81;12—6()/22) + Sn_6ln_5 // e—ZSo'z(Ez)n—6|wl|2 dxdt
@2x(0,T)

4 s”_zln_l //2 6_2502(%_2)”_2|w2|2 dXdZ, (62)
02x(0,T)

for ¢ > 0 sufficiently small. Combining (60), (61) and (62), we get that

2
st [ eyt P avar + 200+ 3 17
Qo

i,j=1

< C(Sn+9)\.n+10 /f (e—ZS(T] (‘i:l)n+9 + e—ZSG’z(Ez)n—6)|wl|2 dxdt
Ox(0,T)

+ "2l / / . e 252 (£,)" 2|y 2|2 dxdz). (63)
@2x(0,T)

Since we are assuming (25), we can take a positive function 62 € C02 (w2) such that
62 = 1 in @2, and then

sn—ZAn—l // e—2s02(§2)n—29*|¢2|2 dxdt
@2x(0,T)
—r et [ ey eyt - Ay - Any) dads
02x(0,T)
< 81,12_3(¢'Z) 4 Sn+3An+4 /[ e—2s02(%-2)n+3|w1|2 dxdt. (64)

w2x(0,T)

Combining (63) and (64) we obtain (34) for A > C and s > max; ; {s7, CT2||A,-j ||§o}
large enough. We remind that for the proof of (ii.), we have considered the case
(i, j) = (1,2). The case where (i, j) = (2, 1) is completely analogous. [

Next section is dedicated to the proof of Theorem 3.1.
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5. Observability inequalities

In this section, we are going to use Proposition 4.1 to prove Theorem 3.1. To do
that, we are going to combine the Carleman estimates given in Proposition 4.1 with
suitable energy estimates to the solutions of (26). Here, we will concentrate on the
proof of (27), since the proof of (29) follows in a completely analogous way.

Let {y//, y/k} be a solution of (26). By energy estimates, we have that

2
C t

> P ol < i / e e )l3ds, ki1=12,1€[0,T], (65
kl Jo

p=1

and

2
ZW t>||zch|W( )3
p=1 p=1
v 2

+ (1 max(ldy 1)) [ 2 wreolRds

vef S Iy s ds. (66)

tjp=1

Combining (65) and (66), we have that

2 2
S EoIR <C Y PO
p=1 p=1
¢ 2

O+ max(Ag D) [ el ds
, [ S—

2 ’
T (! ;
o 3 L[N ko=

p,j=1

forevery 0 <t <t’ < T.Now, we apply Gronwall’s lemma and we get that

2 2
9P 3 < CellHmans s b= 3 (IIW(-J’)H%

p=1 p=1

2 T t’ )
+ Z—,/ ||wf(-,s>||%ds).
i=1 Mpj Jo
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Integrating over [0, #'] and taking, if necessary, u,; even larger, we obtain that

2 t’ 2
.. L2 ’_
Z/ 197, )2 ds < Cel+mir A BDE=0 ™ |y 2. (67)
p=1"0

p=1

Combining (65) and (67), we get that

2 2
> (uvﬂ’(-,r)n% + ||yp’“(-,r)||§)
p=1

k,l=1

2
< Cortmmy My DD N 1y P (2, 0<t<t' <T.  (68)
p=1

We remark that energy estimates such as (68) are necessary for the well-posedness
of system (26). In this way, when we have assumed at the beginning of this paper that
W (and 1) is large (see Remark 2.4), we are assuming implicitly that (68) is valid. So,
in this sense, we do not have to assume here that u or [t are larger than before.

Now, letv : [0,T] - Rbesuchthatv =1in[0,T/4] and v = 0in [3T/4,T]. If
we apply a similar argument to proving (68) to the functions {vy/, vy/*!} k1, and
taking ¢ = T, we find that

2

2
3 (nv(r)wc,z)u% + 3 ||v<r>yp’“(-,r)||§)

p=1 k=1

T 2
< Celtrma A1 / 2 (llvt(z)wl’(-,s)ni
0
p=1

2
£y ||vt(s)yl”“(~,s)||§) s,

k=1
for ¢t € [0, T]. In particular, we have that
2 2
P2 p.kl 2

> (”‘/’ 120200 + 22 17 ||L°°(0,T/2;L2(m))
p=1 k=1
2

< Cetmaxij{ll4;; 1B (T 1) Z

r=1

2
2 : K2
+ ”yp ||L2(T/2,3T/4;L2(S2)))’ (69)
k,l=1

P2
(|W IZ2(7/2,37/4:2(2))
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Now, we define the new weight functions

1o = {T2/4 in [0, 7/2],
t(T—t) in[T/2,T],

and for a family of sets {1, }mea given by Lemma 3.2, we define

e4/l||7lm loo — el(2||77m loo+1m (X))

& X,t = )
n(x.0) 0
- e/l(2||ﬂm‘|oo+7)m(x))
X,t) = , meA.
En(x.1) o
Then, we have that
o2 q ,—2s6x 54 —Cons/T2 L T _
minfe 2O gl e HOEL) = e~ TE o in @ () kil = 1.2,
and
—250%; 64, —2855k; £4 —Cryins/ T? 1 ; -
max{e” “OKIE] T HKIEL L < e s T3 inQ, k,l =1,2,
where

Cmax — e4)t||7lm||oo _ 62/1||77m oo and Cmin — e‘””ﬂm”oo _ e3k||77m||oo'

In this way, using (69), we have that

2 2 T/2 o
Z(L|¢P(0)|2dx+ > /Q/O e‘zsak1$£,|yp’kl|2dxdt)

p=1 ki=1

2

€ —Cuins/ T2 (1 maxi; {1 Ai 120D T P2

= 7on¢ o WA DTS (I 1272571851220
pr=1

2
K2

+ E ly? ||L2(T/2,3T/4;L2(52)))

k=1

2
S Ce(cmax_cmin)s/Tze(1+maxij {”Alj ”%o})T ( Z I}’IlCI (yj,kl)
Jok =1

2
+Z// e_zs”“(Ejj)”+3|¢j|2dxdf)- (70)
j=1""20
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Combining (70) and (33) we get that

2 2 T/2 o
Z(/ﬂ|w’(o)|2dx4r > /Q/O e_zwklé,'c’,|yp’kl|2dxdt)

p=1 k=1

2
2
< CeC(1+%+T+max 1413 +T max;; | 4;; lloo) Z [/ WP dxdt.
p=1 Ox(0,T)

To complete the proof, we just use the fact that the weights coincide in (7/2, T'), and
we obtain

2 T
Z / / e—2saklg_-;€11|yp,kl|2 dxdt
QJT/2

k=1
. 2
< Ir]lcl(yj,kl) <C Z// |wp|2 dxdt.
p=1

0x(0,T)

2
Hence, we have proved (27) with Cy, = CeCU+7 +T+max || 4i; |3 +T maxi; 14i)lloc) and

p(t) = minyeq 3_256kl$]’¢l1'
The proof of (29) is entirely analogous.

6. Comments and open questions

6.1. On the conditions on (9;" and (9"1‘

In this paper, we have assumed some similar conditions to the ones in [4, 5], these
conditions are given essentially in (10)—(14) and (18)—(19). It is an interesting open
question how to prove Theorem 2.1 when, for some / € {1, 2}, the sets {(9]:,’1}%:1
coincide only inside (9. We remark that, even for the case of one single equation, a
similar open problem arises (see [4]). Another open question is the one of proving
Theorem 2.2 with weaker conditions than (18) and (19). Again, we do not know how
to deal with the case where {(95 }izl coincide only inside @ and, additionally, how to
proceed if @}, N O C supp A;; foreveryi # j.

6.2. On the functionals (4) and (15)

In the results of [11], the authors have solved a similar result to Theorem 2.2 for the
specific case where

Ji({vj}):ai/]' |y—y:i|2+|y—y§|2dxdt+,ui/] |v'| dxdt,
i, %(0,T) 0ix(0,T)
(71)
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and assuming
0} = 0.

The reason why we have defined functionals (15) instead of (71) is that, by doing
so, we simplify some computations appearing in the proofs. In any case, by applying
similar arguments to the ones contained in here, and assuming similar condition as
(18) and (19), one can solve the problem of [11] even when (9;, #* (95.

6.3. On the quantity of equations considered

A natural open question which arises is the one of proving similar results when we
have m equations for m > 2. The difficulty in this case is the proof of estimates (38),
(61), and (62). For each (k, /) fixed, the variables {7/ }7=, are solutions of a system
of m equations, and for each j # [ we have to estimate the local terms of y/ okl by
local terms of K. This problem can be compared to the one of controlling a general
system of m equations with one single control, which is a completely open problem.

Even if the coupling coefficients are in cascade, we do not know how we can do it.

6.4. On the boundary control problem

It is an interesting problem to consider the case where some of the controls are posi-
tioned into the boundary of the domain d2. Three cases are of particular interest:

(i) Distributed leader and boundary followers. In this case, the followers are posi-
tioned in sub-regions §;; of the boundary 92 and the control system is the following:

2
yi—Ay =) "A,yP + f1e inQ,
p=1

2
y2— Ay = ZAzpyp—FfZ]l@ in Q,

p=1
1 11 12 .
y =v pnn+vpn in X,
2 21 22 .
Yy =v""p21 + VP22 in X,

YOy =y, YO =y inQ,
where p;; are C2(dS2) such that

0<pij <1 ons;; and p;; =0 ondQ\S;, fori,j=12.
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In this case, the functionals are defined by

Jkl({vlj}iz,j=l) — 5 // |yl _ y§l|2 dxdt
OkIx(0,T)

“"’// WK 2 dxdr, kl=1,2.  (12)
Sklx(OT)

If we search for a Nash equilibrium to the costs (72), then similar conditions to (6)
must hold. In this case, for j = 1, 2, the optimality system becomes

J_A > Ajpy? + fle. inQ,
p=1
2
19 .
p,jp 3
Z__ Pjp, in X,
p=1Hir ov
»(0) = ¥{. in Q,

where {¢/ I\ satisfies the same equation (8). Note that in this case, the controllability
problem becomes controlling a system of 10 x 10 equations with two control forces
(f1!, f?) where some of the couplings are localized into the boundary. In this case,
the strategy can be the proof of an observability inequality with the same aspect as
in (27), but now the adjoint system is

2 2
—vi - Ay = ZAP,-W + Zl Y Pl gp i Q.
yiM — Ay = ZA yPEL AL in 0,
1.kl 1kl p.kl :

v —Ayh ZAz y inQ,
Y = y”kl =0, j#I in%,

19
yhk = — —y* o, in X,

Wi OV
v/ (T)y =y, y"* ) =0, in Q.

We can deal with this situation in a very similar way. The main difference is that
in place of using the usual Carleman estimate of [10], as in (35) for {y/**!}, we apply
a refined version of it, proved in [12], for the cases where we have non-homogeneous
boundary conditions. The residual terms appearing from that can be absorbed by stan-
dard energy estimates. We can cite [3] where the authors deal with this situation in
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the context of one single heat equation. The adaptation to the case considered in this
paper is straightforward.

(ii) Boundary leader and distributed followers. In this case, there is a sub-region §
where the leader ( f1, f2) actuate. The followers are localized in sub-regions in the
interior of 2. Then, the control system is

2
ytl - Ayl = ZAlpyp + Ull]l@u + v12]1012 in Q,
p=1

2
Vi—AY =) Aspy? + v g, + 07 1e,, inQ,

p=1
yi= fils, y* = folg in X,
y'0) = y5.  ¥*(0) = y§ inQ.

Again, the strategy consists in combining the ideas of this article with the ones
in [3]. The functions to be minimized are defined by the same formula (4). The opti-
mality system is

2 2
. . 1 . ,
V=AY =) Ayt =y —¢PPlg,,. in 0,
=1 =1 WKjp
vy = fl1s, in X,
¥ 0) = y], in Q,

for j = 1,2, where {¢/k?} satisfies system (8). Therefore, we can see that the corre-
sponding adjoint system coincides with system (26). The main difference in this case
is that, in place of the distributed observability estimate (27), we will need a boundary
version of it of the form

2 2
> [wrordcr Y f[ 2ol dx
=179 OKIx(0,T)

k, =1
2
<Cc)y // lw* |2 dxds. (73)
k=1"/8x(0,T)

The strategy to prove (73) follows similarly to the proof for one heat equation
(see [3]). Here we will present only the steps to follow, the detailed proof can be
made by following the computation of [3, Appendix B]:

(1°) Use boundary Carleman estimates for {1/*} and {y/*!} in the region .
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o : : .kl
(2°) Fork,l €{1,2}, we use a weighted energy estimate for the system {y/ }]2.:1
obtaining an estimate for

||p*vyj’kl ”i"O(O,T;LZ(Q)) + ”p*ij’kl ||i<>°(0,T;L2(Q))

in terms of
ast — T.

||px// ||L2((9><(O,T))’ where p* and p goes exponentially to zero

(3°) The conclusions follow by combining a trace theorem for {y/**}, the energy
estimate obtained in the (2°) step, and taking ug; sufficiently large.

(iii) Boundary leader and boundary followers. In this case, the leader and followers
are assumed in the boundary,

2

b= AP in Q,
=1
2

2= Agpy? in 0,
=1

"= fipls +v'lps,, +v'%ps, inX,
= fols + 021/0321 + v22,os22 in X,
y'0) =y5. ¥*(0) =5 in Q.

In this case, the optimality system becomes

2
/= ZAjpyp in Q,
]_f]]lS+Z 8 PIPpjp in X,
Hjp oV
¥ (0) = yg in Q,

where {¢/-*!} satisfies system (8). This case is more complicated than the others since
we have a boundary controllability problem with boundary couplings. Up to now, we
have no ideas on how we can deal with this case, but it will be considered in future
works.

6.5. Semilinear systems

Another interesting question is the possible extension of the main results of this paper
to semilinear parabolic systems. Consider a system of coupled heat equations of the
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form

2
=AY =" Ay? + RO YD) + e +v' M e, + 0?1, in 0,
p=1

2
YE—AY? =" Apy? + Fo (v y?) + [Pl + v e, + 077 1e,, in 0,

p=1
y1:y2:O on X,
yH0) = yg,  »*(0) =¥ inQ,

74)
where (1, f?) is the leader, {v"/ }1.2, j= the followers and, for i = 1,2, the functions
Fi : R? — R are locally Lipschitz-continuous. The main issue when considering non-
linear systems is that functions {v¥/ }1.2’ =1 satisfying (6) are not necessarily minimum
of the corresponding functionals {.J** },26’ ;=1 In this way, in order to ensure that the
critical points are indeed a Nash equilibrium, we can analyze the positiveness of the
second derivatives of {J ki },265 =1~ Letus give a sketch on how the results of this paper
can be extended to a semilinear framework.

Following the ideas of [5], we see that functions {v*/} satisfy (6) if and only if,
foreachk,l = 1,2,

1
Kl = Gk (75)
12234
where {@?k! }12=1 are solutions of the system
Lkl Lkl kl l kl
—A Aprp?
= " Z o107+ Z a
+ (y - ydl)]l(gkl, in Q,
kI . .
§0t] ]kl ZA](ppkl+Za zkl ]751, inQ,
i=1
(p”kl =0, ony,
e (. T) =0, in Q.
(76)
for j,k,l =1,2.

At this point, there are two main problems:

(1) prove the null controllability of (74)—(76) by the action of the leaders ( f1, /2);

(IL.) prove that the followers given by (75) are a Nash equilibrium, which is not
immediate since we are in a nonlinear framework.

The proof of (I.) can be obtained by following very similar ideas as the ones contained
in [5, Section 3.2]. After alinearization around a given trajectory, we prove a linear
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controllability result very similar to the one stated in Theorem 2.1 of the present paper.
After that, we can combine the Aubin Lions Compactness Theorem and Schauder’s
Fixed Point Theorem to get the null controllability of (74). In this step it is convenient
to assume that F; € W1H°(R?), fori = 1, 2.

The proof of (I.) requires some additional assumptions and to see that clearly we
will give a sketch of it. To simplify the writing, we will fix the functional J ! and will
show that the followers characterized by (75) satisfy

’ 911eL2(01,%(0,T))

The computations for the other functional follows similarly.

12

Proceeding in a very similar way as in [5, Section 3.3], if (v!!, v12, v2!, v22) are

functions satisfying (6), one can obtain that

(D%Jll(l}ll, U12, U21, U22), (ﬁll)Z)

=// 91ﬁ11dxdt+u11// |12 dxdt,
0Lx(0,1) 011x(0,T)

where
2 .
0l —AG' =Y 4,07 + ( l(yl,yz)-(wl,wz)fbi
: ; 2 o
+—i(y1,y2)9i) +W1]l(9¢111 in Q,
2
02— A0 =Y 4 29P+Z( ) g
p=1 i=1
8f .
’(y y2)0' ) in 0,
2 0F; .
—pr — A" =) Apng? + Za—xl’(yl,yz)gb’ + ' =yiHign in Q.
p=1 i=1
2 IF;
92— AP =) p2¢”+Z—’(y %) in@Q,
p=1 i=1
2
w! — Aw' = Z Apw? + VI y?) - (w' w?) + 5, in Q,
p=1
2
wy — Aw? =Y Aypw? + VF('y?) - (' w?) in Q,

S
I
-
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supplemented with null Dirichlet boundary conditions and initial data. In this way, to
prove that {v'/} satisfies (77), it is sufficient to show that DZJ 1 (v!!, v12, 321 422)
is a positive definite bilinear form.

Using the fifth equation of (78) and by integration by parts we can obtain that

2
f/ 019" dxdt = Z/f [w! w2 [HF: (L, yD)][w! w?]T ¢ dxdt
0L1x(0,1) 0

i=1

+// |lw!|? dxdt,
0Mx(0,1)

where [# F; (y', y?)] is the Hessian matrix. Therefore

(D%Jll(vll,U12,1)21,U22),(611)2)
= ;411// [0 ? dxdt +// |w'|* dxdt
011%(0,T) O0Lx(,1)

2
+ 3 [ Wt wrem e it T dxar 19
(9]

i=1

Then, for proving that the second derivative of J!! is positive definite, we just
have to bound the trilinear form

//Q|wiwf¢i|dxdz5C||ﬁ“||§2(0klx(”», ij=102.

To prove that we can follow very similar ideas as the ones of [5, Section 3.3], we
obtain the following result.

Theorem 6.1. Fori = 1,2 and k,1 = 1,...,4, assume that F; € W?*°(R?) and
y’jl € L°°((9§l x (0, T)). Ifyé € Hy () (resp. y(i) € L%(Q)) and N < 14 (resp.
N < 12), we can take y; sufficiently large so that (v'!, v'%,v2!, v?2) satisfying (6),
also satisfies (5).

6.6. Stackelberg—Nash controllability for Stokes and Navier-Stokes systems

Another interesting question is the study of a multi-objective control problem for
equations coming from fluid mechanics. Indeed, consider the Stokes system

yvi—Ay+w-V)y+Vp= flg +v'le, +v’lg, +v’lg, inQ,
V.y=0 in 0,

y=0 onX,

y(x.0) = y°(x) in Q,

(80)
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where ©, T, @ and the (; are as above. For N = 2 or N = 3 the data y° belongs to
the Hilbert space

H:={zel*>QV:V.-z=0inQ,z-n=00nT},

the field w belongs to L*(0,T;H) and the controls f = {f*},_,> and v*
= {(v¥1}3, _ | satisfy

feLl?>Ox0,T)N, v elL*0; x©0T)V.

In this way, we can consider a very similar problem to the one considered here with
functionals J ¥/ (resp. J k') defined similarly to (4) (resp. (15)).

The situation is obviously much more difficult to analyze and, up to now, we are
not aware on how we can adapt the ideas contained in here to this case. Positive results
could lead to a local Stackelberg—Nash associated to a null controllability result to the
Navier—Stokes equation (w = y). The existence of Nash equilibria or quasi-equilibria
for each f and, of course, the existence of a leader control responsible for a null
controllability property to (80) are questions being investigated in an ongoing work.

Funding. The research was partially supported by Grant 2019/0014 Paraiba State
Research Foundation (FAPESQ), CNPq, CAPES, MathAmSud ACIPDE and SCIP-
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