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Curves in the disc, the type B braid group, and a type B
zigzag algebra

Edmund Heng and Kie Seng Nge

Abstract. We construct a finite-dimensional quiver algebra from the non-simply laced type B
Dynkin diagram, which we call type B zigzag algebra. This leads to a faithful categorical action
of the type B Artin (braid) group 4 (B), acting on the homotopy category of its projective mod-
ules. This categorical action is also closely related to the topological action of #A(B), viewed
as mapping class group of the punctured disc — hence, our exposition can be seen as a type B
analogue of Khovanov—Seidel’s work.

1. Introduction

In the seminal work [15], Khovanov—Seidel introduce a categorical action of the type
Ay, Artin group A(A4,,), where the group acts faithfully by exact autoequivalences on
the bounded homotopy category Kom? (A,,-p,g,mod) of projective (graded) modules
over the type A, zigzag algebra A,,. Moreover, they show that this Artin group action
on Kom® (A,,-prg,mod) is deeply related to the mapping class group action on curves
on the punctured disc. More precisely, they construct a map L4 that associates com-
plexes of projective A,,-modules to isotopy classes of curves in the disc and show that
L 4 intertwines the categorical action of #(A,,) on complexes with the mapping class
action of 4 (A,,) on curves. Furthermore, the geometric intersection number between
two curves ¢ and ¢, can be computed from the dimension of their corresponding total
Hom space HOM* (L4 (c1), L4(c2)) in Kom® (A,,-p,g,mod). This may be seen as a
bridge connecting two appearances of the same group: the former as the Artin group
associated to the type A Coxeter group and the latter as the mapping class group of
the punctured disc.

Another family of Artin groups which also appear as mapping class groups are the
type B, Artin groups #4(B,). To this end, Gadbled-Thiel-Wagner develop a “type B”
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(a) For type B. (b) For extended affine type A.

Figure 1.1. Two different affine configurations of the (n + 1)-punctured disc corresponding to
the action of A(B;) and A(f’l\ n—1), Where the puncture labelled “0” is fixed.

analogue of the Khovanov—Seidel story in [9], where they bypass the non-simply
laced structure through viewing the type B, Artin group 4 (Bj,) as the extended Artin
group ;&(/fn_l) of affine type A. Although they are both mapping class groups of
an (n 4+ 1)-punctured disc (fixing one of the punctures), their corresponding natural
affine configurations of the disc are different (see Figure 1.1).

The goal of the present paper is to develop a proper (non-simply laced) type B
analogue of the stories given by Khovanov-Seidel and Gadbled—Thiel-Wagner. We
introduce a (finite-dimensional) quotient of a quiver algebra B,, over R, which we call
type B, zigzag algebra. Since the type B root system is no longer simply laced, the
definition of B,, will be somewhat subtle — the indecomposable projective B,,-module
whose class in the Grothendieck group is a long simple root will only have the struc-
ture of a R-vector space, while all the other indecomposable projective B,-modules
whose classes are short simple roots will actually be C-vector spaces. Note that this
is somewhat reminiscent of the following non-simply laced extension in quiver the-
ory: by studying representations of K-species [8] instead of quivers (the base field are
allowed to be different at each vertex), the finite type K-species are characterised by
all (including non-simply laced) Dynkin diagrams [6, Theorem B].

The relevance of B, to Coxeter theory is provided by the following theorem.

Theorem 1.1 (Theorems 3.13 and 4.6). The homotopy category Kom® (B, -p, g, mod)
of projective (bigraded) modules carries a faithful (weak) action of the type B, Artin
group A(Bp).

Similar to the works of Khovanov—Seidel [15] and Gadbled-Thiel-Wagner [9], we
establish the following result that relates the categorical notions to low-dimensional
topology.
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A(Bp) . - A(A2n—1) <= A(Bp)
\\ k/, l\.) //
Isotopy classes of trigraded  m Isotopy classes of bigraded
.. e . — ~adm
admissible curves €*™ in DB 1 admissible multicurves Qd in D4,
) D
b Azp—1 @3, — b
Kom”(B,-p,grmod) —————————— Kom”(A2,—1-prgr-mod)
AR AN
ABy) T A(A2n-1) < A(B)

Figure 1.2. The commutative diagram of Theorem 1.3. The map m is obtained by lifting curves
in Df 1 to multicurves in Dfn through the double-branched cover ]D)g‘n —> Df +1- The map
L p (resp., L4) is as in Theorem 1.2 (resp., [15, Theorem 4.3]).

Theorem 1.2 (Theorem 5.7 and Proposition 7.3). There exists a map Lp that asso-
ciates complexes in Kom®?(B,-p,g,mod) to curves in the (n + 1)-punctured disc.
This map L g is A(By)-equivariant, intertwining the #(By)-action on curves and the
A(By)-action on complexes in Kom? (B,,-p, g,mod). Moreover, the (trigraded) inter-
section number between two curves ¢y and ¢y is given by the Poincaré polynomial of
the total Hom space between Lp(c1) and Lp(c3).

One main feature of our work contrasting that of Gadbled—Thiel-Wagner is an
explicit realisation of a well-known connection between type B and type A. To explain
this, recall that the type B, Artin group is known to be a (proper) subgroup of the type
Ap—1 Artin group: algebraically the embedding is induced from a folding of Coxeter
diagrams [5]; topologically the embedding is obtained by lifting through the double-
branched cover of a (n 4 1)-punctured disc Df 1 by a2n-punctured disc Dfn [3]. The
topological interpretation induces an +(By)-equivariant map w that takes curves in
the (n + 1)-punctured disc to multicurves in the 2n-punctured disc, defined by taking
the preimage of the covering map. Our work includes a categorical interpretation of

this map m, given by a scalar extension functor.

Theorem 1.3 (Proposition 4.1 and Theorem 5.1). The type B zigzag algebra B,
algebra (over R) is isomorphic to Khovanov-Seidel type A zigzag algebra Ay,_q
after extending scalars to C, namely,

C ®Qr By = Azp—1  as C-algebras.

This induces a scalar extension functor Azp—1 ®s, —, which renders the diagram in
Figure 1.2 commutative, with all four maps on the square A(B,)-equivariant.
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We would like to mention here that the construction of type B zigzag algebra in
this paper can be easily modified to allow for other Lie-type Dynkin diagrams, partic-
ularly for types C, F4, and G,; for the Dynkin diagrams involving edge label 6, one
uses a field extension of degree 3 instead'. Together with the simply-laced construc-
tions [12, 16], this covers all of the (Lie-type) Dynkin diagrams. To the best of our
knowledge, there is no easy generalisation of this construction via finite-dimensional
algebras that encapsulates all Coxeter diagrams, not even for the finite types H and
I, (k). A different construction via algebra objects in fusion categories that allows for
arbitrary Coxeter diagrams can be found in the first author’s thesis [11].

Finally, recall that the type A, zigzag algebra has a geometric origin: it is quasi-
isomorphic as a differential graded algebra (dga) with zero differential to the dga asso-
ciated to an A,-chain of spherical objects [21]. In particular, it is quasi-isomorphic to
the Fukaya A.-algebra of a distinguished collection of objects in the Fukaya—Seidel
category corresponding to the Milnor fibre of type A singularities [20]. Type B singu-
larities have also been studied, from the symplectic point of view by Arnold [1,2] as
boundary singularities and from the algebraic geometry point of view by Slodowy [23,
24] as simple singularities associated with a Z /27Z-group action. We expect our type
B zigzag algebra to have a similar geometric origin as in type A case. This is an
ongoing work of the second author with Shuaige Qiao.

QOutline of the paper

Section 2 contains the topological story of this paper — the top row of the commutat-

A
2n°

which induces an injection of groups W : A(B,) — A(Az,—1). We state the pre-

ive diagram in Figure 1.2. We describe the double-branched cover of ]D)f 1 by D

cise definition of curves and admissible curves in this section and also introduce the
notion of trigraded curves — a type B analogue of bigraded curves for type A. The con-
struction of the #A(B;)-equivariant map t, which lifts trigraded curves to bigraded
multicurves, can be found in Section 2.8.

Sections 3 and 4 tell the algebraic story instead — the bottom row of the commut-
ative diagram in Figure 1.2. The definition of type B zigzag algebra B,, and the proof
of the corresponding (weak) categorical action of 4 (Bj,) on Kom? (B,,-p,g,mod) can
be found in Section 3. We then relate our type B zigzag algebra B,, to the type A zig-
zag algebra A;,_1 in Section 4, which allows us to obtain the scalar extension functor
Azn—1 ®3, — and also derive the faithfulness of the #4(B,) categorical action.

'In the early writing of this paper, we have made the (arbitrary) choice of using the field
extension R C C for edge label 4. To be able to deal with both edge labels 4 and 6, it may be
more natural to use Q as the base field to allow for both field extensions of degree 2 and 3.
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Section 5 is where we complete the full picture in Figure 1.2 — connecting the top
and bottom rows. We recall the #4(A,,—_1)-equivariant map L4 defined in [15] and
construct the analogous map L p for type B. This section also contains the proofs that
Lp is A(Bp)-equivariant and that the diagram in Theorem 1.3 commutes, where the
latter is the most technical proof of this paper.

Section 6 contains a “decategorified” version of the main theorem (see Theorem
6.3 for the corresponding diagram). Just as the 4 (A4, ) action on Kom® (A,,-p, g-mod)
categorifies the Burau representation (which can be described as a representation on
the first homology of an explicit covering space of ]D)fn), we show that the categorical

action of A(B;) on Kom? (B,-prgrmod) categorifies a representation on (a submod-

B
n+1-

In Section 7, we relate the trigraded intersection numbers of (admissible) curves
to the Poincaré polynomial of the total Hom spaces of their corresponding complexes.

ule of) the first homology of an explicit covering space of D

2. Artin groups of type B, and type A,,—1 as mapping class groups

In this section, we will first describe type A and type B Artin groups using generators
and relations. After that, we associate these two Artin groups to mapping class groups
of surfaces. We then introduce trigraded curves and trigraded intersection numbers
as trigraded analogues of bigraded curves and bigraded intersection numbers in [15,
Section 3 (b)]. Finally, we construct an # (B, )-equivariant lift of the isotopy classes
of trigraded curves to the isotopy classes of bigraded multicurves.

2.1. Artin groups by generators and relations

An Artin group associated to a Coxeter graph I" is a group defined by generators and
relations according to the data of the graph I'. In this paper, we will only concern
ourselves with the Artin groups associated to the type A and type B Coxeter graphs.
As such, we will explicitly define them below, and refer the reader to [4, 13] for a
more extensive theory on Artin groups.
For m > 2, the type A, Artin group #4(A,,) associated to the type A, Coxeter

graph

O O—=------- o0—0—o0

1 2 3 4 m-2 m-1 m

is the group generated by
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subject to the relations

A_A A_A

ngk =Ok0], f0r|]—k|>l,
A_A A _ A A_A -
oj0/y,00 =0j 0707, forj=12,...m-1.

Note that A(Ay,) is the usual (m + 1)-strand braid group Br,+1.
Forn > 2, the type B, Artin group 4(B,,) associated to the type B,, Coxeter graph

4
O—O0—O0—O0—------- o0—0—0
1 2 3 4 n—2n—-1 1
is the group generated by
B _B B
01 .05 ,....0p
subject to the relations
B_B B _B_ B _B_B_B
0102010y =05010,0q,
B _B B _B :
0; 0 =005, for |j — k| > 1,
B B B_ B _B_B .
0;0;410; = 0;110; 041, forj =2,3,...,n—1.

2.2. Mapping class groups of discs with marked points

Suppose that § is a compact, connected, oriented surface, possibly with boundary 9§,
and A C § \ 0S a finite set of marked points. We denote such a surface as (§, A), and
we will just write § if the associated A is clear from the context. Let Al C A be a sub-
set. Denote by Diff($, 95; A'?) the group of orientation-preserving diffeomorphisms
f:8 — S with flysuai =idand f(A) = A.If AlY = @, then we write

Diff(S, dS) := Diff($, 3S: 9)

for simplicity. We then define the mapping class group MCG(S, A'Y) of the surface S
with a set A of marked points fixing elements in A¢ pointwise by

MCG(S, A'Y) := mo(Diff($, 3S; A'Y)).
In a similar fashion, if A = @, we denote the mapping class group of § by
MCG(S) := MCG(S, 9).

We will just write MCG(S) if those conditions are clear from the context. The ele-
ments of MCG(S) are called mapping classes. We will see that both Artin groups
from Section 2.1 appear as mapping class groups, where we refer the reader to [7] for
a more detailed exposition on this.
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(a) The disc Dfn with marked points A. (b) The orbit space DnB 1=
(D31)/(Z/2Z) with marked points A.

Figure 2.1. The affine configurations of the two discs.

2.2.1. Branched covering of D2 by D3 . Consider the following closed disc
]D);‘n :={z € C:|z|| £n + 1} embedded in C, equipped with the set

A={-n,...,—-1,1,...,n}

of 2n marked points, as drawn in Figure 2.1a.

Letr : D4 — D4 be the half-rotation of the disc D4l defined by r(x) = —x for
X € ]D)fn. Consider the group R =~ Z /27 generated by r and its action on Dfn. Itis
clear that each x € D4 \ {0} has a neighbourhood U, such that r(Uy) N Uy = @. In
this way, the quotient map g, : ]D)é"n — ]D);’n /(Z/27Z) to its orbit space is a normal
branched covering with branched point {0} [18]. From now on, we will denote ]D)f 1
as the orbit space (]D)g‘n)/(Z/ZZ), and A = {[0],[1],[2]....,[n]} as the set of n + 1

B

marked points in D To simplify notation and to help us picture the orbit space

n+1-
ID),’1B 1> to each equivalence class in ID),’1B .1 we always pick the element with positive
real part as the representative whenever possible (i.e., as long as the equivalence class
does not contain points on the imaginary line). This way, we will abuse notation and
denote the set of marked points A as {0, 1,2,...,n}. Figure 2.1b illustrates how we

will be picturing ID),];Lg 1> Where the two oriented green lines are identified.

2.2.2. Artin groups as mapping class groups. By construction, the marked points
on D4 and DB 1 are subsets of Z. Therefore, we enumerate the marked points on
the disc by increasing sequences of points. Let g; (resp., b;) be the horizontal curve
connecting the j-th marked point and (j + 1)-th marked point in ]D)fn (resp., ]D)f 1)
forl < j <2n(resp.,1 <j <n+1).

The group #(A2,—1) is isomorphic to the mapping class group MCG(D4) of
a closed disc ]D)fn with 2n marked points. The generator O’JA corresponds to the half-
twist [té‘i] along the arc g;. Here, lé“j is a diffeomorphism in ]D)ﬁln rotating a small open
disc enclosing the j-th and (j + 1)-th marked points anticlockwise by an angle of 7,
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b
N )

> ”

J Jj+1 0 1

(a) A half-twist 72 (similarly t}fi ). (b) A full twist (13 )2.

Figure 2.2. The twists in D3}, and D, .

permuting the two enclosed marked points, whilst leaving all other marked points
fixed; see Figure 2.2a.

On the other hand, the group 4(B,) is isomorphic to the mapping class group
MCG(D2, |, {0}) of a closed disc D2, with n + 1 marked points, fixing the point

{0} pointwise. The generator o corresponds to the full twist [(Zf1 )?] along the arc by,

and for 2 < j < n, each generator ojB corresponds to the half-twist [tlfj ] along the

arc bj. Here, t£ is a diffeomorphism in ]D)f 1 rotating a small open disc enclosing
the j-th and (j + 1)-th marked points by an angle of 7 anticlockwise, as illustrated
in Figure 2.2a. As a result, it interchanges the j-th and (j + 1)-th marked points
and leaves the other points fixed pointwise. Consequently, (t,f1 )? is a diffeomorphism
rotating a small open disc enclosing the marked points 0 and 1 anticlockwise by an
angle of 2 leaving all the marked points fixed, as shown in Figure 2.2b.

2.2.3. Injection of MCG(D?, ,, {0}) into MCG(Dj.). A diffeomorphism f % in
Diff(ID)f +1-10}) can be lifted to a unique fibre-preserving diffeomorphism f 4 in
Diff(]D)fn) via the branched covering map ¢p,. Similarly, an isotopy in ]D),f 11 can
be lifted to an isotopy in D41 \ {0}. As such, we have a well-defined map W on the

mapping class groups from
MCG(D2, ,,{0}) — MCG(D3,

defined by lifting the mapping class of f B to the mapping class of 4. More con-
cretely, using the standard presentation of the groups, W is given by O'lB mapping to
o,f and O']-B mapping to U;fﬂ._laf_(j_l) for j > 2. In fact, the image of the map W
is generated by fibre-preserving mapping classes in MCG,, (]D)fn). By [3, Theorem 1],
we know that any fibre-preserving diffeomorphism f4 which is isotopic to the iden-
tity possesses a fibre-preserving isotopy to the identity, which can then be projected
to Df 1 to get the isotopy
fB~id.

Therefore, we have the following well-known result.
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(b) (0

Figure 2.3. The dotted curves and solid curves belong to different multicurves. The multicurves
in (a) and (b) do not have minimal intersection, whereas the multicurves in (c) and (d) do.

Proposition 2.1. The homomorphism WV : MCG(ID),? 11-10}) — MCG(Dfn) defined
by

A P
75,15 fori =1,

(2] =
! A A .
[th+i—thn—(i—l)]’ fOI"l -

\
S}

is injective.

2.3. Curves and geometric intersection numbers

Here, we collect the definitions of curves and geometric intersection numbers as
defined in [15, Section 3a]. Let (S, A) be a surface with marked points as in Sec-
tion 2.2. A curve ¢ in (S, A) is a subset of § that is either a simple closed curve in
the interior §° := § \ (0§ U A) of § and essential (non-nullhomotopic in §°), or the
image of an embedding y : [0, 1] — § which is transverse to the boundary 9§ of §
with its endpoint lying in S U A, that is, y~1(38 U A) = {0, 1}. In this way, our
defined curves are smooth and unoriented. A multicurve in (S, A) is the union of a
finite collection of disjoint curves in (S, A). We say two curves ¢g and c; are isotopic
if there exists an isotopy in Diff(S, 9S; A) deforming one into the other, denoted by
co =~ c1. Note that the points on S U A cannot move during an isotopy. Therefore,
we can partition all curves in (§, A) into isotopy classes of curves. Two multicurves
o, €1 are isotopic if they have the same number of disjoint curves, and each curve
in ¢g is isotopic to one and only one curve in c¢;. Two curves cg, c¢; are said to have
minimal intersection if, given two intersection points z_ # z4 in ¢o N ¢, the two
arcs a9 C ¢g, @1 C ¢ with endpoints z_ # zy such that o9 N o = {z_, z4+} do not
form an empty bigon (the bigon contains no marked points) unless z_, z are marked
points. Two multicurves cg, ¢ are said to have minimal intersection if any two curves
cp € ¢p and ¢; C ¢; have minimal intersection (see Figure 2.3).

Let cg, ¢ be curves in (§, A) with ¢g N c; N dS = @. Note that we can always
find a curve ¢} =~ ¢y such that ¢y and ¢] have minimal intersection. We define the
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geometric intersection number I(cg,c1) € %Z as follows:

2, if ¢, c1 are simple closed

curves and isotopic;
I(co,c1) = pics

1
[N e\ A+ Zlcone) N AL ifeo Nej NS =0.

By [15, Lemma 3.2] and [15, Lemma 3.3], the definition is indeed independent of
the choice of c’l. Moreover, note that the definition above does not depend on the
orientation of § and is symmetric. We extend the definition of geometric intersection
numbers for multicurves (which do not intersect at d§) by just adding up the geomet-
ric intersection numbers of each pair of curves ¢g C ¢p and ¢; C cy.

. . B
2.4. Trigraded curvesin D 1

In this subsection, we will extend the notion of bigraded curves and bigraded intersec-
tion numbers defined in [ 15, Section 3d] to trigraded curves and trigraded intersection
numbers (see also Section 2.7).
Let us remind the reader that we equipped the disc ]D)fn with the set of marked
points
A={-n,...,—1,1,...,n}

and the disc ID)f 1

set of marked points Ag = A U {0} in the disc D4 . Fix the notation as follows:

with the set of marked points A = {0, 1, ..., n}. Consider another

D :=PTMF,\A) and D}, = PT(Dj, \ Ao).

where P T'(-) denotes the real projectivisation of the tangent bundle of the respective
discs. By taking an oriented trivialisation of its tangent bundle, we can then identify
S)‘go =~ RP! x (]D);’n \ Ap). In Dfn \ Ay, pick a small loop A; winding positively
around each puncture j € Ay. In this way, the classes [point x A;] and [RP! x point]
form a basis of H; (fi)‘go; 7). Using the universal coefficient theorem for cohomology
[10, Theorem 3.2], we consider the covering space f)ﬁo of 3)‘20 classified by the
cohomology class Cy € H'! (,’i)‘go; Z x 7.) defined as follows:

Co([point x A¢]) = (0, 0), 2.1
Co([point x A;]) = (=2,1), forj =—-n,....,—1,1,....n, 2.2)
Co([RP! x point]) = (1,0). (2.3)

In fact, f)ﬁo is a covering for Sﬁ with a group of deck transformations Z x Z X
7,/27, as explained in the following lemma.
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Lemma 2.2. (1) Under the action of the rotation group R generated by the half-
rotation r, the quotient map ¢ : Dfn \ Ayg — Df 1 \ A is a normal covering space
with deck transformation group

R=Z/27.

. =4 P q . ; .
(2) The composite @‘go — S)go — S)ﬁ is a normal covering, where q is the
normal covering map induced by the quotient map q on the disc component and the
identity map on the RP! component.
. . ~ 4 aop ;
(3) The group of deck transformations for the covering space S)/Aio — .’DIB\ is

ZXZxZ[2Z.

Proof. The proofs of (1) and (2) are straightforward, and we leave them to the reader.
We will now prove (3). Since the covering g o p is normal, its deck transformation

group G is given by
Tl («’Dﬁ)

(G 0 P (T (DE,)

Recall Cy : Hl(S)fA‘O) — 7 X Z as defined by (2.1)—(2.3). Let

G

I

Co: 7'[1(@‘30) —> 7 X7
be the map defined by precomposing Cy with the natural quotient map
m(D4,) > Hi(D},)
Observe that we have the following commutative diagram of short exact sequences:

1 1 1

| !

+ ) =
I — m(D4) = m(DL) — = ZxZ — 1

H G Gx

I —— m(D4) 2B (DB . G s 1
l to1

1 > » 2)22 Z)2Z — 1

0
1
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S\

Figure 2.4. The loops chosen for the fundamental groups of ]D)é‘ln \ Ao (left) and ]D)f 11 \ A
(right).

where Z x Z is the deck transformation group of the covering p, Z/27Z is the deck
transformation group of the covering g, and g is the map induced by g.. We will
show that the rightmost column of short exact sequence is left-split; namely, we will
construct amap ¢ : G — Z x Z such that ¢ o g, = id:

| — ZxZ 25 G — 2)22 — |,

?
which shows that G =~ Z x Z x 7 /27 as required.

We will first define a map ¢ : my (ﬁ)ﬁ) — 7 (S)‘go) and show that C o ¢ factors
uniquely through the quotient G, which we will define to be our map ¢ : G — Z x Z.
We pick loops A; C D4\ Ag and ¢; C Dfﬂ \ A as in Figure 2.4.

The induced map g+ : m; (Dfn \ Ag) = 11 (Df +1 \ A) on the fundamental groups

satisfies
[6() o Eo], fOI‘j =0,
ge (D) = { [(Coly -+ L)y (61 - €7 6 D], for —n < j < —1,
(€1, forl < j <n.

Now, define ¢ : 711(5313\) — nl(Sﬁo) by sending

[point X £y] > [point X A¢],
[point x £;] > [point x A;], forall j € {1,...,n},
[RP! x point] — [RP! x point].
We claim that Cy o ¢ o g« = Cy. Firstly, note that
Co 0 ¢ 0 g«([point x Ag]) = 0 = Co([point x A)),

and
¢ o q«([RP! x point]) = [RP! x point]
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by construction. Moreover, for j € {—n,...,—1,1,...,n},

(¢ o gs)[point x A;] =
{ [pointx AgA; -+ Aj—1][pointx A ;| ][pointx AgA1 -+- A ], for —n<j<-1,

[point x 4;], forl <j <n.
Since Co maps to Z x Z, which is abelian, we have that, from (2.2),
(Co 0 ¢ 0 g+)[point x A;] = Co[point x A|;j] = Co[point x A;].

This shows that Cy o ¢ o g and Cy agree on all generators of ; (S)‘go), and so, they
are equal. This implies that

(Co oo axopa)(m(Dy,) = (Coopa)(m(D3,) = 0.
As such, Cy o ¢ factors uniquely through the quotient G, and we denote this map by
0:G—>ZxXZ.

By definition, G is uniquely determined by the images of [point x A{], [RP! x
point] € 7y (@/A‘O) under q. It is now easy to see that ¢ o @5 = id by the construction
of @. [

Remark 2.3. Following the proof of Lemma 2.2 (3), it is easy to see that the covering
space 3)2‘0 of S)ﬁ is classified by the cohomology class C8 € H(D8;Z x Z x
7,/27.) defined as follows:

C B ([point x £,]) = (0,0, 1),
CB([point x £;]) = (-2,1,0), forl,...,n,
CB([RP! x point]) = (1,0, 0).

Note that every f € Diff(Df ' 1-10}) preserves the class C B and therefore can
be lifted to a unique equivariant diffeomorphism f of f)“A‘O that acts trivially on the

fibre of 551) over all points in 7; D2, | forz € IDB,_|. We will call f the preferred lift
of f.Furthermore, every curve ¢ in ]D)f "1 admits a canonical section s¢ : ¢ \ A — SDZB\
defined by s.(z) = T,c. We define a trigrading of ¢ to be a lift ¢ of s. to 5‘30 and a
trigraded curve to be a pair (c, ¢) consisting of a curve and its trigrading; we will often
just write ¢ instead of (c, ¢) when the context is clear. We denote the Z X Z x Z/27Z.-
action on f{)‘go by xB. On top of that, we can easily extend the notion of isotopy to
the set of trigraded curves, where y® and MCG(]D),? +1-10}) have induced actions on
the set of isotopy classes of trigraded curves. In particular, for [ f] € MCG(DZ . {0})

n+1°
and a trigraded curve ¢, [f](¢) := focéo f71: f(c)\ A — D‘go.
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Figure 2.5. The action of full twist around curve joining {0} and another point in A.

Lemma 2.4. (1) A curve ¢ admits a trigrading if and only if it is not a simple closed
curve.

(2) The Z x 7 x 7./ 2Z-action on the set of isotopy classes of trigraded curves
is free. Equivalently, a trigraded curve ¢ is never isotopic to yB(ry,ra, r3)¢ for any

(r1,72,73) # 0.
Proof. This is essentially the same proof as in [15, Lemmas 3.12 and 3.13]. |

Lemma 2.5. (1) Let ¢ be a curve in ]D),J?Jrl which joins two points of A\ {0}, ¢, €
MCG(]D),? '+1-10}) the half-twist along it, and f. its preferred lift to 3)‘30. Then,

(&) = yB(~1,1,0)¢

for any trigrading ¢ of c.

(2) Let ¢ be a curve in ID),?_H which joins two points of A with one of them being
iO}, tc € MCG(ID),IE+1 ,{0Y) the full twist along it, and I. its preferred lift to 5)210. Then,
I.(¢) = xB(—1,1,1)¢ for any trigrading & of c.

Proof. The proof of (1) is as in [15, Lemma 3.14]. We will now prove (2). Let 8 :
[0,1] - DB +1 \ A be an embedded smooth path from a point 8(0) € aDB 1 to the
fixed point B(1) € ¢ of t.. Note that we have 7.(¢) = y(r1, 2, 73)¢ as t.(c) = c.
Consider the closed path « : [0, 2] — fi)g given by

{Dtc(Rﬁ/(t)), ifr <1,
k() =
RB'(2 —1), ift >1,

where RB'(s) C Tg(5 DB +1- The above situation is illustrated in Figure 2.5. Let C B¢

HY(DB:7Z x Z x 7ZJ27) be the cohomology class classifying the covering space
3)2‘0 of @f; as in Remark 2.3. Then, we compute

(r1,72,13) = —CB([K])

= CB([RP! x points]) + C B ([points x £o]) + C B ([points x ¢;])
=(-=1,1,1).
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Note that [«] only picks up one copy of [RP! x points] due to the disc configuration,
or more precisely the oriented trivialisation of ID),? 1 ]

2.5. Local index and trigraded intersection numbers

Mimicking the definition of local index for bigraded curves in [15, p. 225], we will
define the local index of an intersection between two trigraded curves. Suppose that
(co, Co) and (c1,¢7) are two trigraded curves, and z € DB, | \ dD2, | is a point where
co and c¢; intersect transversally. Take a small circle £ C ]D)f +1 \ A around z and an
embedded arc « : [0, 1] — £ which moves clockwise around £ such that a(0) € ¢
and a(1) € ¢; and a(t) ¢ co Ucy forall ¢ € (0,1). If z € A, then « is unique up to
a change of parametrisation; otherwise, there are two choices which can be told apart
by their endpoints. Then, take a smooth path « : [0, 1] — S)ﬁ with k(¢) € (’S)ﬁ)a(t)
for all ¢, going from k(0) = Ty (0)co to k(1) = Ty1)c1, such that k(1) # Ty )L for
every ¢. One can take « as a family of tangent lines along o which are all transverse
to £. After that, lift ¥ to a path ¥ : [0, 1] — Sv)ﬁ with £(0) = ¢o(x(0)); subsequently,
there exists some (i1, U2, U3) € Z X Z x Z /27 such that

(1) = 1P (1, 2, na)i (1),

as ¢1(a(1)) and k(1) are the lifts of the same point in S)f\. To this end, we define the
local index of ¢g, ¢1 at z as

/Ltrigr(éo,él;z) = (U1, U2, u3) €EZ XL X L]27.

It is easy to see that the definition is independent of all the choices made.
The local index has a nice symmetry property similar to [15, p. 227]; see the
following lemma.

Lemma 2.6. If (cq, o) and (cy, ¢1) are two trigraded curves such that ¢y and ¢y have
minimal intersection, then

(1,0,0) — u"e (G, ¢1:2), ifz ¢ A,
R (G, oz z) = 1(0,1,0) — ™ (8o, ¢132), ifz € A\ {0},
(1.0, 1) = p'™ (&, ér132), if z € {0}
Proof. The first two formulae are essentially the same as in [15, p. 227] and can
be proven in a similar fashion, which we omit the details. The third formula can be

verified using Figure 2.6, as the blue path £ in Figure 2.6 contributes [RP! x point] +
[point x £o]. [

Let o and ¢ be two trigraded curves that do not intersect at JD 3 +1- Pick a curve
¢} ~ c¢; which intersects minimally with co. Then, by Lemma 2.4, ¢| has a unique



E. Heng and K. S. Nge 352

Co

C1

Figure 2.6. Two curves cg, ¢ intersecting at {0}.

trigrading ¢} of ¢} so that ¢ ~ ¢;. We define the trigraded intersection number
1787 (&y, &1) € ZlgiEt, ga%1, 93]/ (g% — 1) of ¢o and &; as follows:

o if ¢y >~ x(r1,ra,r3)¢o with (ry,72,73) € Z X Z X Z /27 and ¢o N ¢; N {0} non-
empty, then
1€, ¢1) = q7' 45745 (1 + q2); 24)

e otherwise,

MG, ) = (1 +g)(1+qr'q) Y. ¢t @Pgh2@gyp®
z&(coNc\A

+(1+¢3) Z q’;‘“z)qu‘z)q?“”

z&(coNcp)NA\{0}
+(+qr'qqs) Y. @' PgrPgR?
z€(coNc))N{0}

The fact that this definition is independent of the choice of ¢j and is an invariant of
the isotopy classes of (¢o, ¢1) follows similarly as in the case of ordinary geometric
intersection numbers.

Remark 2.7. Note that the exceptional case (2.4) in the definition above is motivated
by the algebraic correspondence explored in Section 7 (graded HOM space between
corresponding irreducible projective modules). We hope to find a more geometric
explanation from symplectic geometry in the near future.

Lemma 2.8. The trigraded intersection number has the following properties:
(T1) Forany f € DiffDy, ;. {0), I (f(C0). f(1)) = I"&(Co. ¢1).
(T2) Forany (r1,1r2,1r3) € Z X 7 X 1./ 27,

1 (o, x(r1.r2.r3)¢1) = 1" (x(—r1, —r2.73)Co. ¢1)

_ 71 T2 T3 gtrigrex X
=41 49,493 I™#(Co, ¢1).
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(T3) If co, ¢1 are not isotopic curves with {0} as one of its endpoints, co N ¢ N
E)]D)fJrl =@, and I (Co,¢1) = Y1, o Aryroor3d1 45245 then

trigr oy %\ _ —r1 1—=ry r3
I™%(¢q,¢o) = E Ary,rar3qdy 42 43 -

ry,r2,r3

If ¢y, ¢1 are isotopic curves with {0} as one of its endpoints and cy N ¢q N
8Df+1 = (, then Itrigr(él’ (j()) = ]trigr(cvo’ Cvl)

Proof. For (T1) and (T2), these can be proven using a simple topological argument
which we omit. For (T3), this is a consequence of Lemma 2.6. We point out that the
term (1 + ql_l ¢29q3) in the definition of trigraded intersection numbers for two curves
that intersect at the point {0} is essential for property (T3). |

2.6. Admissible curves and normal form in D f 1

Following [15, Sections 3b and 3e], we introduce the notion of (trigraded) admissible
curves in }Df 1 and their normal forms. Other than the extra consideration of trigrad-
ings, the main difference lies in the normal forms of (trigraded) admissible curves in
the region containing the marked point 0; see Figure 2.10.

We fix the set of basic curves by, ..., b, and choose vertical curves di, ..., d,
as in Figure 2.7, which divide ID),I,3 1 into regions Do, ..., Dy1. Note that, unlike
in [15], none of our basic curves touches the boundary of the disc D2 1

A curve c is called admissible if it is equal to f(b;) for some 0 < j < n and some
diffeomorphisms f € Diff([D)f '+ 1-10}). Note that the endpoints of ¢ must then lie in
{0, ..., n}; conversely, all curves which start and end at {0, ..., n} are admissible.
Moreover, the two (distinct) orbits O ([b1]) and @ ([b]) under the action of A(B,) =
MCG(D2 '+ 1-10}) partition the set of isotopy classes of admissible curves.

If an admissible curve c in its isotopy class has minimal intersection with all the
d;’s among its other representatives, then we say that ¢ is in normal form. A normal
form of c is always achievable by performing an isotopy.

Let ¢ be an admissible curve in normal form. We use the same classification as
in [15, Section 3e] to group all connected components of ¢ N D; into finitely many
types. For 1 < j < n, the classification is exactly the same as in [15, Section 3e]: there
are six types for the case 1 < j <n — 1 as depicted in Figure 2.8; whereas for j = n,
there are two types as shown in Figure 2.9. At j = 0, we have two possible types as
depicted in Figure 2.10, where they are drawn slightly differently due to the nature of
Dy; compare type 2 in Figure 2.8 and type 2” in Figure 2.10°. Note that an admissible

Technically, the difference between type 2’ and type 2” lies in the their trigradings when
we consider trigraded curves later on.



E. Heng and K. S. Nge 354

d; d> ds
Do| Dq D>
b b3 b
6 o o ces
0 1 2

Figure 2.7. The curves b; and d; in the aligned configuration with regions D; .

curve c intersecting all the d; transversely with each connected component of ¢ N D;
belonging to Figures 2.8, 2.9, and 2.10 is already in normal form.

For the rest of this section, ¢ will be an admissible curve in normal form. We call
the intersections of ¢ with the curves d; crossings and denote them by

cric)=cN(doUdyU---Ud,_1).

Those intersections ¢ N d; are called j-crossings of c. For 0 < j < n, the connected
components of ¢ N D; are called segments of c. If the endpoints of a segment are both
crossings, then it is essential.

Now, we will study the action of half-twist tli on normal forms. In general, tlﬁ (c)
would not be in normal form even though ¢ is a normal form. Nonetheless, tlﬁ (c) has
minimal intersection with all d; for j # k. In order to get t,fc (c) into a normal form,
one just needs to isotope it so that its intersection with d is minimal. The same
argument used in [15, Proposition 3.17] gives us the following analogous result.

Proposition 2.9. (1) The normal form of tlfi (¢) coincides with c outside of Dy_1UDy,.

The curve tli (¢) can be brought into normal form by an isotopy inside Dy_1 U Dy.
(2) Suppose that tlff{ (¢) is in normal form. There is a natural bijection between

J -crossings of ¢ and the j-crossings ofl‘[ffc (¢) for j # k. There is a natural bijection

between connected components of intersections of ¢ and tlﬁ (c) inside Dy—_1 U Dy.

A connected component of ¢ N (D;_; U D;) is called j-string of c. Denote by
st(c, j) the set of j-string of c. In addition, we define a j-string as acurvein Dj_; U
D; which s a j-string of ¢ for some admissible curve ¢ in normal form.

Two j -strings are isotopic (equivalently belong to the same isotopy class) if there
exists a deformation of one into the other via diffeomorphisms f of D’ = D;_; U D;
which fix dj_; and dj4, as well as preserve the marked points in D’ pointwise;
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(r1,7r2,73) (ri+1.72.73)
[ ] [ ]
(ri+1.r2—1,r3) (r1,72,73)
Type 1 Type 1’
(r1,72,73) (ri+1.r2—1.73)
(ri+1.72—1,73) (r1,72,73)
Type 2 Type 2/
(r1,7r2,713) (r1,72,73)
Type 3 Type 3/

Figure 2.8. The six possible types of connected components ¢ N D, for ¢ in normal form and
1<j<n.

that is,
f(dj_l) =dj_1, f(dj.:,.]) =dj+1, and flAﬂD’ =id.

For 1 < j < n, isotopy classes of j-strings can be divided into types as follows:
there are five infinite families I, Il II,, I, III},) (w € Z) and five exceptional
types IV, IV’, V, V’, and VI (see Figure 2.11). When j = n, there is a similar list,
with two infinite families and two exceptional types (see Figure 2.12). The rule for
obtaining the (w + 1)-th from the w-th is by applying tlﬁ . For 1-string, there are
instead four infinite-family types: I/, II;UJr L 1, III:D 1l (w € Z) and two excep-
tional types V" and VI (see Figure 2.13). As for segments of curves, these are drawn
slightly different due to the nature of the disc; compare type V' in Figure 2.11 and
type V" in Figure 2.13. Note that for 1-strings, the rule for obtaining the (w + 1)-th
from the w-th is instead by applying (tlﬁ )2.
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(r1,72,73)
D (ri,r2,73) —@
(ri+1,r2—1,713)

Type 2 Type 3

Figure 2.9. The two possible types of connected components ¢ N D,,.

(r1,72,73+1)
(o] o— (r1,72,73)

—— (r1,72,73)

Type 2” Type 3’

Figure 2.10. The two possible types of connected components ¢ N Do.

Based on our definition, j-strings are assumed to be in normal form. As before, we
can define crossings and essential segments of j-string as in the case for admissible
curves in normal form and denote the set of crossings of a j-string g by c¢r(g).

Now, let us adapt the discussion to trigraded curves. Choose trigradings b s d ;i of
b;,d; for 1 < j < n such that

1°(d; by) = (1 +q3)(1 + g7 q2), 1" (b, bj41) = 1 + gs.

These conditions determine the trigradings uniquely up to an overall shift given by
xB(r1,7m2,13).

Suppose that ¢ is a trigrading of an admissible curve ¢ in normal form. If a C ¢
is a connected component of ¢ N D; for some j and a is ¢|4\ A, then & is evidently
determined by a together with the local index u“igr(c?j_l,d; z) or ,u‘rigr(c?j,é; z) at
any point z € (dj—; U d;) N a. Moreover, if there is more than one such point, the
local indices determine each other.

In Figures 2.8, 2.9, and 2.10, we classify the types of pair (a, a) with the local
indices. For instance, consider the type 1(r1,r2,73) with (k — 1)-crossing zg € dj_; N
a and k-crossing z; € di N a. We have that the local indices at z¢ and at z; are

WO (dy_q,d;20) = (r1,r2,r3) and " (dy,d;z1) = (r1 + 1,72, 13),

respectively.
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(r1,7r2,73) [ o (r1.r241.73)
Type Io
(r1,72,73) (ri+1.r2—1,r3)
[} [}
(ri+1.r2—1.r3) (r1,72,73)
Type Il Type 11,
(r1,72,73) o o (r1,72,73)
Type 1y Type 111,
(r1,72,73) (ri+2.72.73)
[ [ [ [
(r1+2.r2—2.73) (r1,72,73)
Type IV Type IV’
(r1,72,73) (r1+3.r2—2.7r3),
(ri+3.r2—2.73) (r1,72,73)
Type V Type V/
e——9
Type VI

Figure 2.11. The isotopy classes of j-strings for 1 < j < n.
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(r1,72,73)
D o (ri,r2,1r3) —O o
(ri+1.r2—1,r3)

Type o Type Illp
(r1,r2,13)
B -
(ri1+3.r2—2.13)
Type V Type VI

Figure 2.12. The isotopy classes of n-strings.

We recall from Section 2.4 that there is a preferred lift f € Diff(f)‘go) of f €
Diff(]D)f +1-10}) which acts as the identity on the boundary. Denote by fb_/ the pre-
ferred lift of the twist 75, along the curve b; in ID)f 1 (see Figure 2.7).

Proposition 2.10. The diffeomorphisms tvbj induce a type By, braid group action on
the set of isotopy classes of admissible trigraded curves. Namely, if ¢ is an admissible
trigraded curve, we have the following isotopy relations:

by Tby oy Iy (€) 2= Iy I, T, 1, (€),
fbjfbk(é) ~ lvbklvbj (), Jor|j —k| > 1,
fbjfbj+libj (5) ~ fbj+lfbjfbj+l(5)v forj =2,3,...,n.

A crossing of ¢ will be also a crossing of ¢, and we denote the set of crossings of
¢ by cr(¢). Note that as set, cr(¢) = cr(c). However, a crossing of ¢ comes with a
local index in Z x Z x Z./2 7.

Moreover, to each crossing y of ¢ we assign a 4-tuple (yo, ¥1, V2, ¥3), where yg
denotes the index of the vertical curve which contains the crossing y € d,,, N ¢, and
(y1, y2, y3) is the local index (w1, (2, u3) of the crossing y.

We define the essential segments of ¢ as the essential segments of ¢ together with
the trigradings which can be obtained from local indices assigned to the ends of the
segments.

We also define a j-string of ¢ as a connected component of ¢ N (Dj_; U Dj)
together with the trigrading induced from ¢. Denote the set of j -string of ¢ by st(¢, j).

On top of that, we define a trigraded j -string as a trigraded curve in D;_{ U D;
that is a connected component of ¢ N (Dj_; U D;) for some trigraded curve ¢.
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(ri.ra.r3+1)

(ri+1,r2—1,r3)
(r1,72,73)
0 () (0] ()
(r1,72,73)

Type II), Type II’%

0/‘ (r1,72,73)
(o] — (r1,72,73) ()

4
Type 111}, Type HI%

P (n+2.r2—1.13+1)|

—— (r1,72,73)

Type V" Type VI

Figure 2.13. The isotopy classes of 1-strings.

In Figures 2.11, 2.12, and 2.13, we depict the isotopy classes of trigraded j-
strings. Since j-strings of type VI do not intersect with d;_; U d; 1, we say that a
trigraded j -string ¢ vyith the underlying j-string g of type VI has type VI(ry, 12, 73)
if § = xB(r1.r2,73)b;.

The next crucial lemma is the type B analogue of [15, Lemma 3.20], allowing the
computation of trigraded intersection numbers between l;j and any given trigraded
curve.

Lemma 2.11. Let (c, ) be a trigraded curve. Then, 1™ (l; i, ¢) can be computed by

adding up contributions from each trigraded j-string of ¢. For j > 1, the contribu-
tions are listed in the following table:

10(0,0,0) 1o (0, 0, 0) 11, (0, 0, 0) Iy (0, 0, 0)

G +a@+aa+aq a+ae+taataas 1+q16 a3+ 0195 193 a2 + 9243

1;(0,0,0) IV IV VvV V' VI0,0,0)
1+4g3 0 0 0 0 1+4g>+4qg3+qg2q3
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and the remaining ones can be computed as follows: to determine the contribution of
a component of type say, I (rl, r2,13), one takes the contribution of 1y(0, 0, 0) and

multiplies it by q1' q5>q5° (@7 'q2)". For j = 1, the relevant contributions are

11, (0, 0, 0) 11, (0,0,0) 111(0,0,0) 111, (0,0,0) V" VI(0,0,0)

l4+g3+q195" +q195'q3 1+q3+q7"'q2+q7'q2q3 1+¢q3 a7'q2+q3 0 1+44q2

and the remaining ones can be computed as follows: to determine the contribution of
a component of type, say, 1L, (rl, r2,13), one takes the contribution of 11;(0, 0, 0) and
ry 2

multiplies it by q1' q5>q5>(q7 ' q243)".
Proof. Apply Lemma 2.5 as well as (7'2) and (7°3) of Lemma 2.8. ]

2.7. Bigraded curves and bigraded multicurves in 3321

We briefly remind the reader of the definition of a bigraded curve in D4, o refer to
[15, Section 3d] for a more detailed construction. Consider the prOJchVlsatlon S)A

P T(ID)An \ A) of the tangent bundle of ]D)An \ A. The covering S)A of @ﬁ is classified
by the cohomology class C4 € H(D4;Z x Z) defined as follows:

CA([point x A;]) = (=2,1), fori =—-n,...,—1,1,....n,
CA([RP! x point]) = (1,0).

A bigrading of a curve ¢ € ID)A is a lift ¢ of sA to Z'DA where s cc\A —> SA 1S
the canonical section given by sz,“ (z) = T;c. A bigraded curve is a pair (c, ¢), where
sometimes we abbreviate as ¢.

A bigraded multicurve ¢ is a union of a finite collection of disjoint bigraded
curves. There is an obvious notion of isotopy for bigraded multicurves.

2.8. Lifting of trigraded curves to bigraded multicurves

Our goal is to define a map m : € — ,CS; from the set € of isotopy classes of trigraded

curves to the set Q of isotopy classes of bigraded multicurves. Let ¢ be a curve in
]D)n ', With trigrading ¢. First, consider the case when ¢ N {0} = @. Recall the map

Dzn — ID)n +1 as defined in Section 2.2.1. Then, g, !(c) has two connected com-
ponents in ]D)2 ; denote them as ¢, ¢ such that ¢ \ A agrees with the curve component
ofpo c(c \A)andc\ A agrees with the curve component of p o y5(0,0,1)¢(c \ A).
Definec¢ : ¢ \ A — SDA as¢:=Folo dbrle\as similarly, ¢ 1 ¢\ A — 3)‘2 is defined
as

&= TF0 x5(0,0,1)¢ 0 gpr|a\a,
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where F : f)go — 5)‘3 is the unique map induced by the inclusion J : S)ﬁo — @‘g.
It is easy to check that these are indeed bigradings of the respective curves. On the
other hand, if ¢ contains O as one of its endpoints, we define

¢ := ¢\ {0} LL{0} Ll ¢\ {0},

which is just a single connected component. Furthermore, g~ is defined to be the unique

continuous extension of ¢ \ {0} LI ¢ \"{O}, which is again an easy verification that it
is a bigrading of ¢. )

In total, we define the map m : € — G as follows: for a trigraded curve (c, ¢) in
54

0

. (c, §) if ¢ has {0} as one of its endpoints,
m((c, <)) :=

(€, é) U (¢, &), otherwise.

Due to the isotopy lifting property of the space, m is well defined on the isotopy
classes of trigraded curves.

Recall the natural induced action of A(B,) = MCG(]D;3 +1-10}) on ¢ given in the
paragraph before Lemma 2.4. Since

A(Azn—1) = MCG(D4)

acts on E [15, Proposition 3.19], there exists an induced action of A(B;,) on Q through
the injection W as given in Proposition 2.1.

Proposition 2.12. The map m : € — Q from isotopy classes of trigraded curves in
@‘go to isotopy classes of bigraded multicurves in 5)‘2 is A(By)-equivariant

ABn) - A(Aan1) < A(B)

\ !
\ / \
S~k 3 -

Isotopy classes € of m Isotopy classes € of
trigraded curves in Df.,.l bigraded multicurves in ]D)fn.

/

Proof. This follows directly from the definition of m and the actions. ]

2.9. Bigraded intersection number and bigraded admissible multicurves in f)‘g

The local index for bigraded curves in 5‘2 is defined in the same spirit as the local
index for trigraded curves in S)‘go. For a more detailed explanation, we refer the
reader to [15, Section 3d].
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We recall from [15, Section 3d] that the bigraded intersection number of two
bigraded curves ¢y, ¢; that do not intersect at 8ID> ,, 1s defined by

IPEGo.a) = +ar'p)( Y a1 Peh?)
z&(coNec\A

+( 3 qfl(z)qm(z))

z&(coNecp)NA

We extend the definition of bigraded intersection number of bigraded curves to bigrad-
ed multicurves by adding up the bigraded intersection numbers of each pair of bigrad-
ed curves.

To talk about bigraded admissible curves in ]D> ,, and their normal forms, we need
to fix a set of basic bigraded curves. To do so, ﬁrst recall the set of trigraded basic
curves (bj, b ;) and the set of trigraded vertical curves (d;, d ) as defined in Sec-
tion 2.6. Denote this set of basic trigraded curves as 8. Consider, for each (c,0) € B,
its lift to bigraded multicurves in D3,

) {@,5), if (¢, &) = (b1, b),
w(c,¢) =

(¢, 5) I (¢,¢), otherwise,

where ¢ denotes the curve whose points have positive real parts, so points in ¢ have
negative real parts. We will fix the set of bigraded basic curves (o, ¢;) and bigraded
vertical curves (0}, ;) as follows:

e choose (0,,,5,,) = (621,51);
* choose (6,41, én-i—j—l) = (‘ij"ij) and

(On—jt1s Onjg1) 1= (9&?&) for2 <j <n;

* choose (On+j—1,0n+j-1) := (l;jal;j) and

(Qn—]-i—lsén—]—i-l) = (Q»é)v forzi,] Ena

* choose (05, 0n) = (él,él)

Figure 2.14 illustrates the (underlying) basic curves o; and vertical curves 6; chosen.

Remark 2.13. We notify the reader of two slight differences here in comparison to
[15]: our underlying set of basic curves {0, } chosen does not include the one curve
connected to the boundary of the disc; moreover, the bigradings of the basic curves
and vertical curves are slightly different. Compare our equations (2.6) and (2.7) to the
defining equations in [15, p. 232].
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/
9n—1

Figure 2.14. The basic curves 6; and p; in the aligned configuration with regions £; for ]D)fn.

Lemma 2.14. The bigradings we choose for the set of basic curves and vertical
curves in ]D);’n satisfy the following properties:

IM(6;.6)) = 1+ q7"q2. forl<j <2n—1, (23)

1°(G;.6541) = 1, Jorn =< j =2n-2, (2.6)

Ibigr(éj,éj—l) =1, f0r2 <j=<n 2.7

Proof. This follows immediately from the construction. ]

Similar to the curves in D2, |, a curve ¢ in D4, is called admissible if ¢ = f(o;)
for some —n < j < n and some f € Diff(]D)é“n, B]D)é“n). Note that, unlike in [15],
admissible curves in D4, will not touch the boundary of the disc (none of our basic
curves o; does). An admissible curve ¢ in its isotopy class that has minimal inter-
section with all the 6;’s among its other representatives is said to be in normal form.
We define crossings, essential segments, j -strings, and bigraded j -strings in a similar
fashion to the trigraded case (see Section 2.6). In particular, given a j-crossing x of
a bigraded curve ¢, we fix x¢ := j and (x1, x2) is the local index (w1, i2) of the
crossing x. All these notions can be extended to those for multicurves and bigraded
multicurves naturally.

Suppose that co and c¢; are two admissible curves in ]D)f ", intersecting at z €
DB, . If z = 0, we require that co % cy. Their preimages g; ! (co) and g;!(cy) in
D4 under the map gp, : D4 — DB .1 would then intersect minimally. However, if
co Nc1 N{0} # @ and ¢y ~ ¢, they will not intersect minimally, as illustrated in
Figure 2.15.

As such, we obtain the following proposition.

Proposition 2.15. Let &y and &y be two trigraded curves intersecting at z € DB 1
with local index W' (¢o, ¢, 2) = (r1,72,73). If co N ¢y N {0} # @, we require that
co % c1. If z # 0, further suppose that

m(co. ¢o) = (Co.¢o) U (co,Co) and w(cy,¢y) = (¢1.¢1) U ¢y, ¢y)
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g5, (c1)

a5, (co)

12

—J gyt (co)

Figure 2.15. The preimages q;rl (co), qb_r] (c1) in Dfn.

such that co N ¢y = Z and ¢cg N ¢y = z. Then,
1o (o, C1,2) = (r1,12) = PP (&, é1,2), forz #0,
Mbigr(g.i),gj,O) = (r1,12), forz =0.

Furthermore, this proposition allows us to relate trigraded intersection numbers
and bigraded intersection number in the following way.

Corollary 2.16. For any trigraded admissible curves (cg, o) and (c1, ¢1),
1" (&, &1)lgs=1 = I”# (m (o), m (1))
In particular,
|
Eltngr(co’ C)\gi=go=g3=1 = I(m(co), m(cy));

. 1 ytriersy ¥ - . .
ie, 51" (Co, C1)|q =go=g3=1 counts the geometric intersection number of the lifts
of co and ¢y in ]D)g’n under the map m.

Proof. The case when ¢g % ¢ in ID),? L1 or when at least one of ¢o and ¢; does not
have its endpoint at {0} follows directly from Proposition 2.15. The other case follows
from a direct computation. The last statement relating trigraded intersection number
and geometric intersection number follows from the property of bigraded intersection
number (see [15, p. 227, property (B1)]). |

We will abuse notation and also allow m to lift crossings of a trigraded admissible
curve (c, ¢) to crossings of the bigraded admissible multicurves

m((e, &) = (€,¢) U (¢, 9).
Suppose that z is a j-crossing of ¢ for j > 1. Then,

dpr (2) = {Z.2}.
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12 2|3 34 m—1|m
1 /_\ 2 /_\ 3 /N N /\ "
2|1 32 4|3 m|m—1

Figure 3.1. The quiver [',.

where Z € ¢ and z € ¢. If z is a 1-crossing of ¢, then we also have qb_r1 (z) =1{Z,z};in
this case, we will pick Z to be the unique element in {Z, z} N 6,. So, if z is a j -crossing
of ¢ with

wrigf(c?k, é,z) = (r1,7r2,13),

we define
m(z) = {Z,z},

where both Z and z are with local index (r1, 1) for j > 1; otherwise, mi(z) = {Z} for
j = 1, with local index (rq, r2) by Proposition 2.15. Let h be a connected subset of ¢
within some connected region given by unions of D;’s, equipped with the trlgradmg
given by local indices of crossings of h induced from crossings of ¢. We define m(h)
to consist of g, (h), with bigradings given by local indices of crossings of g, rl (h)
induced from crossings of m(¢).

3. Type A3 ,—1 and type B, zigzag algebras

In this section, we recall the construction of the type A,, zigzag algebra A, as given
in [15] (with slight change in gradings) and recall the #4(A4,,) action on the bounded
homotopy category Kom? (Am-prgrmod) of complexes of projective graded modules
over A,,. We then construct a type B, zigzag algebra B, following a similar con-
struction, and show that #4(B,) acts on Kom? (B,,-p,g,mod). We will assume that the
reader is familiar with projective modules over finite-dimensional (graded) algebras
and refer the unfamiliar readers to [22, Chapter 1]. Note that, throughout this whole
paper, all complexes are bounded.

3.1. Type A,, zigzag algebra A,,

Consider the quiver I'y, in Figure 3.1.

We can take its path algebra CI'y, over C; CI',, is the C-vector space spanned
by the set of all paths in I',, with multiplication given by concatenation of paths (the
multiplication is zero if the endpoints do not agree). We denote the constant path at
each vertex j by e;.
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In this paper, we will only consider m odd, and the grading we put on CI7,, will
be slightly different to [15]; we set

* the degree of (j|j —1)is 1 for j > m+1 and O for j < mT“,
» the degree of (j|j + 1)is 1 for j < m+1 and O for j > mTH

» the degree of e; = O forall j,

where the grading is extended to all paths via multiplication. In this way, this path

algebra is Z-graded with the grading shift denoted by {—} and unital with a family of

pairwise orthogonal primitive central idempotent e; summing up to the unit element.
Let A,, be the quotient of the path algebra of the quiver I';,, by the relations

G+ 1) =Gl =1,
G-1jlj+D=0=0G+1jlj -1
for all 2 < j <m — 1. It is easy to see that these relations are homogeneous with

respect to the above grading so that A,, is a Z-graded algebra. As a C-vector space,
it has dimension 4m — 2 with the following basis:

{e1,....em, (112),...,(m —1|m), 2|1),...,(m|lm — 1), (1|2|1),..., (m|m — 1|m)}.

The indecomposable projective, Z-graded A,,-modules are denoted by Pj“‘ =
Ame;, and we denote the (additive) category of projective, graded A,,-modules by
Am-prgrmod. We recall the following results from [15].

Theorem 3.1. For each j, consider the following complex of graded (Ap, Am)-
bimodule

ﬁ .
Rj =0 PA®c ;P> Am — 0,
with Ap, in cohomological degree 0. Each complex R; is invertible in the homotopy
category Kom® (A, Am)-bimod) of graded (A, Am)-bimodules and satisfies the
following relations:
Rj @Rk = Re @R, for|j —k|>1,
RJ'@:(RJ'_H ®Rj = Rj+1 ®eﬂj®eﬂj+l.
Proof. See [15, Proposition 2.4 and Theorem 2.5]. [
Proposition 3.2. There is a (weak) A(Am)-action on Kom® (A,,-p,g-mod), where
each standard generator U]‘-A of A(Ap) acts on a complex M € Kom? (Am-prgrmod)
via R;:
o (M) := Rj ®a,, M.

Proof. See [15, Proposition 2.7]. [

We will abuse notation and use oj in place of R; whenever the context is clear.
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iep ies

ie
12 O 2|3 O 3|4 n—1ln @”
n

/—\L.‘./\J
~_ ~_ ~_ ~_

2|1 32 4|3 nln—1

Figure 3.2. The quiver 2,,.

3.2. Type B, zigzag algebra B,

Consider the quiver €2, in Figure 3.2.
Take its path algebra RS2, over R and consider the two gradings on RS2, given
as follows:

(1)  the first grading is defined following the convention in [15], where we set

* the degree of (j + 1]|j)tobe 1 and (j|j + 1) tobe O forall 1 < j <
n—1, and

» the degree of ¢j, ie; (blue paths in Figure 3.2) tobe O forall 1 < j <n,
extending to all paths.

(ii) The second grading is a Z /27Z-grading defined by setting
» thedegreeofiej as 1 foralll1 < j <n, and
» the degree of all other paths in Figure 3.2 and the constant paths as zero,
extending again to all paths.

We denote a shift in the Z-grading by {—} and a shift in the Z /27Z-grading by (—).
We are now ready to define the zigzag algebra of type B,,.

Definition 3.3. The zigzag path algebra of B,,, denoted by B, is the quotient algebra
of the path algebra R€2, modulo the usual zigzag relations given by

(17 =DG =) =017+ DG + 1), @B.1
G=UHGI+D=0=0G+1NGI =1 (32

for 2 < j <n — 1, in addition to the relations

(iej)(iej) = —ej, forj >2, (3.3)
(iei-)(j = 11j) = (j = 1]j)(Gej). for j = 3, G4
(iej)(jlj =1 =(lj—Dej-1), forj =3, (3.5
(112)(ie2)(2[1) = 0; (3.6)

(ie2)(2]1]2) = (2[1]2)(Pe2). (3.7
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We will also denote the (non-trivial) loop on vertex j by
Xj = (lJ £ DG £ 11)).

The relations above are homogeneous with respect to both the Z and Z /27 gradings,
so B, is a bigraded algebra.

Proposition 3.4. As an R-vector space, B, has dimension 8n — 6.

Proof. Using relations (3.1) to (3.5), the vector subspace (over R) spanned by paths
that do not pass through the vertex 1 is isomorphic to A, _; viewed as an R-vector
space, which has R-dimension

2(4(n —1) —2) = 8n — 12.

Combined with the remaining relations, one can check that the remaining paths that
pass through the vertex 1 (modulo relations) are exactly ey, (1|2), (2|1), (1|2)(iez),
(ie2)(2|1), and X;. Hence,

dimgr(B,) =8n — 12+ 6 = 8n — 6;
in particular, the set

{el, coepyien, .. iey, (112),...,(n—1|n), 2|1),...,(njn — 1), (ie2)(2|1),
(112)(Pe2), (ie2)(2[3), ..., ((en—1)(n — l|n), (3[2)(ie2), ..., (n|n — D)(iep—1),
Xl, P ,Xn, (i€2)X2, ey (le,,)Xn}

forms an R-basis of B,,. ]

The indecomposable (left) projective, bigraded B, -modules are given by PjB =
Bre;, and we denote the (additive) category of projective, bigraded B, -modules by
B,-prgrmod. For j =1, PjB is naturally a (B, R)-bimodule; there is a natural left
B, -action given by multiplication of the algebra and the right R-action induced by the
left (commutative) R-action. But for j > 2, we will endow P].B with a right C-action.

To this end, let us view C as a Z/2Z-graded algebra over R by endowing the
reals with degree 0 and the complex imaginary i with degree 1 over Z/2Z and
extend linearly. Note also that (3.3) in Definition 3.3 is analogous to the relation sat-
isfied by the complex imaginary number i. We define a right C-action on PjB by
px(a+ib)=ap+bplie;)for p € PjB, a +ib € C. It follows from the definition
that this right action restricted to R agrees with the natural right (and left) R-action.
This makes PjB into a bigraded (B,,, C)-bimodule for j > 2. Dually, we will define
;P8 := ¢;B,, where we similarly consider it as a bigraded (R, B,)-bimodule for
Jj = 1 and as a bigraded (C, B,)-bimodule for j > 2.
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Proposition 3.5. Denote ijB =, PB®s, P]f . We have that

cCc as bigraded (C, C)-bimodules
for j,ke{2,...,n}andk —j =1,

cCc{l} as bigraded (C, C)-bimodules

pB o for j,ke{2,...,n}and j —k =1,

SR cCc®cCc{l} asbigraded (C,C)-bimodules for j=k=2,3,....n,
rCc as bigraded (R, C)-bimodules for j = 1 and k = 2,
cCr{l} as bigraded (C, R)-bimodules for j =2 and k = 1,
RRr ® rRRR{l} as bigraded (R, R)-bimodules for j = k = 1.

Proof. The case where j,k € {2,...,n} follows as in type A. By identifying ; Py as
the R-vector subspace of B, spanned by paths starting at vertex j and ending at vertex
k, we see that | P, has basis {(1|2), (1|2)(ie2)}, 2 P1 has basis {(2]1), (ie2)(2]|1)}, and
1P1 has basis {e1, X1}. The fact that the bimodule and bigrading structures agree
follows from the definition and is left as a simple exercise to the reader. ]

Remark 3.6. Note that all the bigraded bimodules in Proposition 3.5 can be restric-
ted to bigraded (R, R)-bimodules by identifying rCr = R & R(1). For example,
1 P2 restricted to an (R, R)-bimodule is generated by (1]2) and (1]2)ies, and it is
isomorphic to R @ R(1) =~ rCr.

Lemma 3.7. Denote Ky := R and K; := C when j > 2. The maps
Bj: PjB ®K; ;PB B, and y;:B, > PjB ®K; i PBL—1}
defined by

Bi(x ® y) :=xy,
Xi®e+e;X;+(+1))(lj+1)

+(—iej+)(J + 1) & (1J + Dlej41), forj =1,
yil)i=4X;®ej+e;,@X; +(j —11/))®(jlj—1)

+( + 1)U/ + D), forl < j <n,
Xj®ej+e;@X;+(—1)®(lj—1), forj=n

are (B, By)-bimodule maps.

Proof. It is obvious from the definition that the 8; are maps of (B,, B,)-bimodules
for all j. The fact that y; is a (B,, B,)-bimodule map also follows from a tedious
check on each basis element, which we will omit and leave it to the reader. n
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Definition 3.8. Define the following complexes of bigraded (B,,, B,)-bimodules:
ﬂ .
Rj:=(0— PP ®x, ;P2 B, —0),

and
R):=(0— B, > PP g, ,PP{-1} > 0)

for each 1 < j < n, with both B, in cohomological degree 0, K; = R and K; = C
for j > 2.

Proposition 3.9. In the homotopy category Kom? (B, B,)-bimod) of complexes of
projective graded (B, B,)-bimodules, we have the following isomorphisms:

Ri®R; =B, ~R;®R;.
R; ® R = Ry ® Rj, forlk —j|>1,
Ri ® Rj41 ® Rj = Rj+1 ® Rj @ Rjt1, forj =2.

Proof. These relations can be verified similarly as in [15, Theorem 2.5]. [

3.3. Adjunctions and Dehn twist

To show the last type B, relation (the 4-braiding relation), we will introduce a larger
family of invertible complexes that will aid us in our calculation. This construction
mirrors the notion of Dehn twists in topology and uses the theory on adjunctions (we
highly recommend [14] for an amazing exposition on expressing adjunctions using
planar diagrammatics). Throughout this section, we will denote K; :=R and K; :=C
for j > 2.

Definition 3.10. Let X € Kom®((B,,K;)-bimod) and
X4 X" € Kom® ((K;, B,)-bimod)

such that X*¢ ®sp, —and X" ®g, — are left and right adjoints of X ®K, —, respect-
ively. We define the twist of X as the complex of (B, B, )-bimodule

ox := cone(X ®k; xr 5 Br),
with ¢ the counit of the adjunction X - X”. Similarly, the dual twist of X is given by
oy = cone(By, Lx ®K, x5

with 7 the unit of the adjunction X + X*. The twist o is said to be spherical if the
twist and dual twist are inverses of each other, namely,

!~ ~ /
ox ®3, oy = B, = oy ®3, 0x.
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One can verify from the definition of the adjunctions that the twist (resp., dual
twist) is uniquely defined up to isomorphism; i.e., X = Y implies ox = oy (resp.,
0y = 0y ). On the other hand, the shift functors [1], {1} and (1) are autoequivalences,
so we also have that

OXx = OX[ri{s}r)-

More generally, given a pair of adjunctions (X, X, X”) on X with ¥ = ¥ ®g3,
X, where ¥ an invertible object in Kom? ((B,,, B,,)-bimod), we also have a pair of
adjunctions (Y, Y*,Y") on Y given by

Yo =x'®p, 27! Y =X Qg 5L
Furthermore, the twists and dual twists are related by
oy = ¥ ®sp, 0x ®3, L', 0y =T ®s, 0y O3, .

Lemma 3.11. The functor PJ-B ®K, — is a left adjoint of j PEB ®s, — and a right
adjoint of j PB{—1} ®3, —.

Proof. To show that the PjB ®Kk, — is a left adjoint to PB ®s,, —, take the counit
to be the functor induced by

Bj
PP ®x, jP® = By,

and the unit is instead induced by K ; 4 j pPB 3, PJ.B , where ¢ is defined by ¢(1) =
ej @z, ¢;. To show thatjPB{—l} ®p, — is a left adjoint to PjB ®Kk; — take the

counit to be the functor induced by ; PE®jp, PjB{—l} K j» where ¢’ is defined
by
9'lej®ej) =0, ¢'(X;®e)=1

(note that X; ® e; = ¢; ® X;), and the unit is instead induced by B, z, PjB ®K,
iP B{_1}. We leave the verification of the conditions required to the reader. |

Using this, we will now prove the last type B, relation required.
Proposition 3.12. We have the following isomorphism of Kom? (B, B,)-bimod):
Rr ®3, R1 ®3, R2 ®3, R1 = R ®3, R, ®3, R1 ®3, Ra.

Proof. We will drop the tensor products for the sake of readability: Ry Ri Ry Ry =
R R> R1 R;. Using Proposition 3.9, note that this relation is equivalent to

(R2R1R2)R1(R/2R/1 Rlz) ~ R;.

By the adjunctions shown in Lemma 3.11, note that Ry and R/ are by definition the
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same as the twist o p B and dual twist cr;) g of PIB , respectively. As such, we get that
1

OR,R Ry (PE) = (RleRz)UplB(R'ZR'lR'Z) ~0ops.

It is now sufficient to show that the complexes R, R RZ(PIB ) and PIB are isomorphic

in Kom?((B,. R)-bimod) up to cohomological or internal gradings shifts. This is

shown in the following series computation (note that we have omitted the cohomolo-
gical grading since it does not matter):

Ry,(PE)y=0— P ®c,PE - PE -0

~

RiRy(PP) ~

Il

RyR Ry (PE) =

12

(211)

0— PzB{l} —> PIB — 0 (by Proposition 3.5);

(21

R1(0 - PE{1} == P

cone l

PR{1}

PE{1} ®r 1 PS

)

id®(2|1)

(21

PIB®R1PIB

|

> PB

P{1}

0 — PE{1)(1) 12

cone l

PE{1}(1

cone l(2| 1)

PE{1}1)

PE{1X(1).

PE{1} @ PE{1}(1)

——— PP @ P}

cone l[(lz) (112)i] l[id X1 ]

[28]

2|1 \ PlB

)
[

(by Proposition 3.5)

P21} — 0

PE ®c ,PB{1}(1) —— PB ®c,PE{1}

|

a[2)i
> PB{1}

0
id

|

PY{2}(1) ——

1]2)i

Py {1} @ Py {2)(1)

l[id Xoi]

PE{1}.

(by Proposition 3.5)
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Theorem 3.13. We have a (weak) A(By)-action on Kom? (Bn-prgrmod), where each
standard generator O'JB for j =2 of A(By) acts on a complex M € Kom?(B,,-
prg-mod) via R;, and o8 acts via Ry (1):

o} (M) :=R; @z, M and (of)"' (M) := R} ®3, M,
ol (M) :=Ri(1)®s, M and (of) " (M):= R{(1) ®s, M.
Proof. This follows directly from Propositions 3.9 and 3.12, where the required rela-

tions still hold with the extra third grading shift (1) on R; and R. ]

From now on, we will abuse notation and use O']-B and (GJB

R} (with an extra grading shift (1) for j = 1), respectively, whenever it is clear from

)~!in place of R; and

the context what we mean.

4. Relating categorical type B, and type A,,—1 actions

In Section 2, we have defined w that lifts isotopy classes of trigraded curves in Df 1
to isotopy classes of bigraded multicurves in Dfn. Furthermore, we showed that the
map m is equivariant under the 4 (Bj,)-action. In this section, we will develop the
algebraic version of this story. We will first relate our type B, zigzag algebra B, to
the type Az, zigzag algebra A,,_; by showing that

C ®r Bp = Azp—1

as graded C-algebras (forgetting the Z /27 grading in B,). Through this, we have an
injection
Bp = C QR By = Azn_1
as graded R-algebras. Thus, we can relate the two categories Kom? (Bn-prgrmod)
and Kom® (A,,_1-p,g,mod) through an extension of scalar A,,_; ®3, — We end
this section by showing that the functor A,,—1 ®3, — is #4(B,)-equivariant, which
also allows us to deduce that the (B, )-action on Kom? (By-prgrmod) is faithful.
Let Q be a left C-module. Throughout this section, we will denote & Q to be the
left C-module with a deformed left action, given by multiplication its with complex
conjugate
a(c) = ac. 4.1

Similarly, for Q aright C-module, we use Q¢ to denote the right C-module with the
deformed action.

Proposition 4.1. Consider the graded R-algebra B, where By, is Jjust By, without the
7.]27-grading (—). The Z-graded C-algebras C Qg B, and A,,—1 are isomorphic.
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Proof. Note that, for a C-vector space, we have the following decomposition:

n
C ®r B, = @C ®r (PP @;PE_ @ -nPP)®(Cor1P)

j=2
n n n
~@P(Cer,;PP)o@P(Cer,;P5 )0 (Cer ;-1nPP)
=2 j=2 j=2

® (C®r1P).
Firstly, for each j > 2, note that ijB is itself a C-algebra with unit ¢; ® 1.
Moreover, after tensoring with C over R, C ®r ; PJ.B has idempotent

1 o
v = 5(1 Qe +i®ie;).

We will define a C-linear morphism @ : C ®p By — Azn—1 by specitying the images
of the basis elements of C ®gr B,,. It will be easy to see that @ is grading preserving,
and we leave the routine check that ® is an algebra morphism to the reader. For j =1,

(C®R1PIB—>,,PnA
{1@%){1 > Xy,

1 ® e = ep.

For2 <j <n,

(1) COR PP = nji1 P @ nsjm1 PR

(I® Xj)v; = Xn—j+1,
1@ Xj)(1®e; —vj) = Xpgj-1,
Vj = en—j+1,
(I1®ej —vj) > entj-1,

2) C ®r j—leB - n—j+2PnA—j+1 EBnJrJ'—2Pr;4+j—1

{(1®(j—1|j))vj > (1= +2) | (1= + D).
(1®G-1UNA®e—v) = ((1+j=2) | +j-1D),

3) C ®Rij€1 g n—j+1P,:4_j+2 @n+j—1P,:4+j_2

{vj(1®(j|j—1)) (= + 1) | (=] +2)).
(1®e—v)QGlj—1) = (n+j-D|@n+j-2).

It is easy to see that this map is surjective and dimc (C ®gr @n) =dimc(Azp—1). =
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Leti : @n — C ®r @n be the canonical injection of Z-graded R-algebras. Pro-
position 4.1 allows us to view B, asa Z-graded subalgebra over R of A,,_; through
® oi. Thus, every A,,—_1-module can be restricted to a an—module. In particular,
Azn—1 as a Z-graded (A,—1, A2n—1)-bimodule can be restricted to a Z-graded
(Azn—1, @n)-bimodule. This gives us an extension of scalar functor Aj,—; R, —
sending Z-graded B,-modules to Z-graded Ay, _1-modules.

Let & denote the functor which forgets the Z /2Z-grading of the bigraded B,,-
modules. We define

Aon-1 @3, — 1= Amm—1 ®4 (F(-)).

The proposition below identifies the indecomposable projectives under the functor
Aon—1 @8, —.

Proposition 4.2. Recall the deformed action of C given in (4.1). We have the follow-
ing isomorphisms of Z.-graded bimodules:

Azp—1 @3, PIB o~ (P,fi)R as Z-graded (Az,—1, R)-bimodules,
and
Azn—1 ®s, PJ-B ~ (P,fl_(j_l))(—: &) Pf+(j—1) as Z-graded (Ay—1, C)-bimodules.
Proof. Define ®; : Azy—g ®s5, PE — (PR and
;1 Azp—1 @3, PjB - (P;;A—(j—l))(ﬁ & Prf—i—(j—l)

as the maps given on the basis elements by a ® b — a®(1 ® b) and extend linearly.
It is easy to check that @, is a graded (A2,—1, R)-bimodule morphism and ®; is a
graded (Az,—1, C)-bimodule morphism; the only detail that one should be aware of

is that ®; maps into (Pf_(j_l))@ ® P,;‘l+(j_l) instead of P,f_(j_l) ® P,;‘:_(j_l). The
fact that they are isomorphisms follows easily from looking at the dimensions. ]

It follows from the above proposition that A,,_; ®s, — sends projectives to pro-
jectives. Therefore, A,—1 ®3, — extends to a functor from Kom? (Bn-prgrmod) to
Kom? (Azn—1-prgrmod). We will denote the functor

Azn—1 ®s, —
= Aapn—1 Q5 (&) : Komb(Bn‘PrgrmOd) - Komb(‘A2n—l‘prgrm0d)-

Recall the injection ¥ : A(B,) — A(A2,—1) as defined in Proposition 2.1; the

image of standard generators is explicitly given by

A

o2, for j =1,
\IJ(JJB) :{ '1‘4 4 hj '
Op(j—1)%n+(j—1)> Otherwise.
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We have previously shown that 4(B,) acts on Kom?(B,-p,g,mod), and similarly,
A(Azn—1) acts on Kom? (A2n—1-prgrmod). Through ¥, we have an induced action
of A(By) on Kom®(As,_;-prg,-mod). We will now prove the algebraic version of
Proposition 2.12.

Theorem 4.3. Forall 1 < j < n, we have an isomorphism
-A2n—1 ®'Bn UIB = \IJ(O—]'B)'BH

in Komb((Azn_l, Bp)-bimod). In particular, the functor Azp—1 @3, — is A(By)-
equivariant

ABy)

\\ kl ‘A B \$ /
b 2n—1 @3, b
Kom” (B, -p,grmod) —————————— Kom” (A2,—1-prgrmod),

v
A1) < ABy)

’

i.e., for any o € A(B,) and any complex C € Kom? (B, -p,g,mod),
Azn-1 ®3, (0 ®s, C) = ¥(0) Qu,,_, (A2n-1 ®s, C).
Before we start with the proof, we will need the following lemma.
Lemma 4.4. Recall the deformed C-action given in (4.1). We have that
C Qg 1P8 ~ (,,PA)Bn as Z-graded (C, By,)-bimodules, 4.2)
jPB ~ (n+(j—l)PA)Bn as Z-graded (C, B, )-bimodules, 4.3)

jPB ~ (—:(n_(j_l)PA)Bn as 7Z-graded (C, B,)-bimodules, 4.4)

cC®g Cc = cCc as Z-graded (C, C)-bimodules. 4.5)

Proof. We will only define the maps; the proof that they are isomorphisms with
respect to the required structures follows from a simple verification.

For (4.2), take the morphism ¢; : C ®g PB - (nPA)Bn as the restriction of

@ constructed in the proof of Proposition 4.1. Note that ¢; does indeed map into
(nP4)g, since

PcR@D)=DP(c®e1h)=d(1Re1)(c®b)=D(1Qe)P(c ®D) =e,P(c ®b).
For (4.3) and (4.4), consider the morphisms

¢+ i PE > Gr—yP s, and  ¢_;:; PB — c(uj—nyP Y=,

b — e,,+(j_1)<I>(1 ® b), b +— en_(j_l)cb(l ® b).

Finally, for (4.5), consider the morphism ¢ : ¢C ®z Cc — C uniquely defined
by l® 1+ 1. |
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Proof of Theorem 4.3. We will show the required statement by showing it for each
generator, namely,
‘-D(UJB)T, =2 ARz UJB

as complexes of (A, B)-bimodules for each ;.
Let j > 2. Using the relevant isomorphisms in Lemma 4.4, we have the following
chain of bimodule isomorphisms:

(P -1y ®c (-1 P )B)@(an 1 ®C Gr+Gi-n P s)
= (P 1) ®¢ (G- P* )B)@( Ao ®C ia—nPHs)  (by (4.5))
(J ) G-1
= (( —(— 1))@ ®<C/P )@( n+(—1) ®<CJP ) (by (4.3)and (4.4))
= (P,Lj—n)e ® Plyi—n) ®c ;PP
Using Proposition 4.2, we have that
(( —(— 1))((: +(j 1))®(C_] EA@B PjB ®(CjPB-
Let us denote the composition of this chain of isomorphisms by
E:( —-(j-1) Kc (n (j— l)P )B)@( n+(G—1) Kc (n+(] l)P )B)
S A®s PP ec ;PP
Since we have that
B
V(o7)s = (o) ~0- DOt (-1)B
= (PLiy ®C (i-G-nPNs) ® (P _1) & uri-nPh)B)

[ﬁnf(jfl) ﬂn*l»(j*l)]

Asp
and
BB
A®BUJ-B =AQ®s (PjB ®(CjPB—j_>B)
1d®BﬂB

=A®s PP ®c ;PP — A®s B,
all that is left is to show that the following diagram commutes:

[ﬂ = ﬂ;;l '—)]
(PA_y®Clhi(i-n PHB)B(PA 1 ®Cut(—yPA)s) —— "= Ay

l id®BﬂjB l

A®p PP ®c ;PP A®s 3,

which we leave for the reader to verify.
The proof of j = 1 is simpler and follows from a similar argument. |
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Remark 4.5. Define U; := P/.B ® ;P8 and U; := P/.A ® ; PA. Proposition 4.2
implies that

Ao ®3, Uy = {(‘un)gn, for j = 1,
(Up—j—1) ® Up4(j—1))B,. otherwise.
When n = 2, this also relates our bimodules to the ones given in [17], where
U, =0, and U; d U3z = O
in [17, Example 2.12] for the A3 graph (up to a difference in grading).

We may now use this relation to deduce that the categorical action of A(B,) is
faithful.

Theorem 4.6. The (weak) action of A(B,) on the category Kom?(B,-p,g,mod)
given in Theorem 3.13 is faithful.

Proof. Assume that we are given 0 € 4A(B,) such that
o(C)=C

for all C € Kom?(B,,-p, g-mod). We will show that this implies that o is the identity.

In particular, take
n
c=pr’
j=1

so that we have
n n
B\ o B
o(Drr) =
j=1 j=1

Applying the functor A»,—1 ®3, —, we obtain

n n 2n—1
Azn—1 ®, a(@ P].B) = Azn—1 ®, (@ PjB) ~=@Ppr @
j=1 j=1 j=1
Applying Theorem 4.3 to the LHS of (4.6), we get

Azn—1 @3, U(@ PJ-B) =~ V(o) (-AZn—l ®3, (@ P]-B))
j=1

Jj=1

2n—1
=~ ‘l’(o)( D P;‘). 4.7
j=1
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N
AB) - A(Aan1) <> ABy)
\\ k/, l\) -// .
Isotopy classes of admissible Isotopy classes of admissible
. ~. . E— ~adm
trigraded curves €*™ in DA | bigraded multicurves € in D3,
N P
b Aan-1 ®3, — b
Kom”(Bj-p,grmod) —————————— Kom”(A2,—1-prgr-mod)
A s
ABy) o v
n A(A2n—1) <> A(By)

Figure 5.1. The commutative diagram of Theorem 5.1. The first row is from Proposition 2.12
and the second row is from Theorem 4.3.

Combining the two equations (4.6) and (4.7) above, we deduce that
2n—1 2n—1
vor( @ r) = & rft
j=1 j=1

Since it was shown in [15, Corollary 1.2] that the type A categorical action is faithful,
we conclude that
V(o) =id.

But W is injective, so we must have that 0 = id as required. ]

5. Main theorem

Let us state the main theorem that we aim to prove.

Theorem 5.1. The diagram in Figure 5.1 is commutative, where the maps w, Lp,
Ly, and Azp—1 ®3, — are all A(By,)-equivariant.

In Section 2, we introduced and showed that w is #4(By)-equivariant. In Sec-
tion 4, we showed that the functor A,,—; ®s, — is also 4A(B,)-equivariant. Thus,
the missing pieces are:

(1) the definitions of the maps Lp and L4,
(2) the fact that the maps Lp and L4 are A(B,)-equivariant,
(3) the commutativity of the diagram.

We will start by recalling the definition of L4 from [15, Section 4a] and their res-
ult that Ly is #A(Az,—1)-equivariant. We then define Lp in Section 5.2, where the
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(technical) proof that the diagram commutes and that Lp is #(By)-equivariant are
given in Section 5.3.

5.1. Complexes associated to admissible multi-curves (type A)

Here, we state the constructions and results shown in [15, Section 4], which can be
easily extended to admissible multicurves. Note that we added a subscript L4 instead
of L used in [15] to differentiate between type A and type B later on. Let ¢ be
a bigraded admissible curve in normal form. We associate to ¢ an object L4(¢) in
the category Kom? (Azn—1-prgrmod). Start by defining L 4(¢) as a bigraded Az,—1-
module

La@) = P P,

xecr(é)

where P(x) = P;é [—x1]{x2}, with [—] denoting the cohomological degree shift; see
the paragraph after Remark 2.13 for the definition of (xg, x1, x2). For every x,y €
cr(¢), define dyx : P(x) — P(y) by the following rules:
* If x and y are the endpoints of an essential segment and y; = x1 + 1, then

(1) If xo = yo (then it must be that x, = y, + 1), then
dyx 1 P(x) > P(y) = P(x)[-1]{1}

is the multiplication on the right by X, € Azp_1.
(2) Ifxo = yo = 1, then 9, is the right multiplication by (x¢|yo) € A2x—1.
* Otherwise, 0,5 = 0.

We define the differential d as 9 := Zx,y dyx. See [15, Lemma 4.1] for a proof that
this defines a complex. Moreover, it follows easily that

La(xa(r1.12)¢) = La(¢)[-r1[{r2}. (5.1

For ¢ a bigraded j-string of ¢, we can also assign a complex L4(g) to &, whereas a
bigraded abelian group, L4(§) = D ccr(g) PA4(x), and the differentials are obtained
from essential segments of ¢ the same way as for admissible curves. We can easily
extend this to define L4(h) for i C ¢ a connected subset of ¢ such that h = U &)
with each g4, ; some bigraded j-string of ¢. The following theorem is proven in [15,
Theorem 4.3].

Theorem 5.2. For a braid o € A(Ay,) and a bigraded admissible curve ¢ in D2+1,
we have

0L4(¢) = La(0(0))

in the category Kom® (A,,-p,g,mod); i.e., Ly is A(Am)-equivariant.
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We extend L4 to admissible multicurves as follows: given bigraded multicurves

]_[j ‘71 >
La(11&) = P Lai.
J J
It follows easily that this defines a complex, and both (5.1) and Theorem 5.2 still hold
for admissible multicurves.

5.2. Complexes associated to admissible curves (type B)

Consider a trigraded admissible curve ¢. We associate to ¢ an object Lp(¢) in the
category Kom? (‘B,,-p, g, mod). Start by defining Lz (¢) as a trigraded B,,-module

Lp@&) = @ P

yecr(d)

where P(y) = Pylf) [—y1]{y2}{y3) (see the second paragraph after Proposition 2.10 in
Section 2.6 for the definition of yg, y1, y2, and y3).

We now define maps 9, : P(y) — P(z) foreach y, z € cr(¢) using the following
rules (note that these are not the differentials yet):

* If y and z are the endpoints of an essential segment in D; for j > 1 and z; =
y1 + 1, then

(1) If yg = z¢ (then also y, = z5 + 1 and y3 = z3), then
dzy 1 P(y) > P(z) = P(y)[-1K1}

is the right multiplication by the element Xy, € B,.
(2) Ifyo = zo £ 1, then 9,y is the right multiplication by (y¢|zo) € Bp.
* Otherwise, d,; = 0.

We will modify some of these maps before using them as differentials. Define the
following equivalence relation on the set of 1-crossings:

y ~y' <= yand y’ are connected by an essential segment in Dy.

Consider the partitioning of the set of 1-crossings using the equivalence relation
above. Referring to the possible normal forms in Dy given by Figure 2.10, every
equivalence classes under this relation consists of either one element (type 3') or two
elements (type 2). For each equivalence class [y] of 1-crossings, we modify some of
the maps given previously by the following rule:

e If[y] = {y}, we modify nothing;
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otherwise, [y] = {y, ¥’} has two distinct 1-crossings. Note that at least one of the
1-crossings must be an endpoint of some essential segment in D (otherwise, ¢ is
clearly not be admissible). Up to relabelling, we may assume that y is always a
I-crossing that is an endpoint of an essential segment y in D;. Note that y cannot
have both y and y’ as endpoints (this will imply that ¢ is a simple closed curve,
which is not admissible). As such, let us label the other endpoint of y connecting
y as z # y’. Consider the two possible cases for z

(1) zisa?2-crossing:

(a) if y; = z; + 1, then we have that 9,; : P(z) — P(y) is given by
the right multiplication by (2|1). We modify

dyz 2 P(z) = P(y') = P(y)(1)

(which was necessarily 0 previously) so that it is now the right
multiplication by —i (2|1);

(b)  otherwise, we have instead z; = y; + 1. In this case,
0zy : P(y) = P(2)
is given by the right multiplication by (1|2). We modify
dzy : P(y') = P(y)(1) > P(2)

(which was necessarily 0 previously) so that it is now the right
multiplication by (1]2)i.

(2) zisa l-crossing:
(a) if y; = z1 4+ 1, we modify nothing;

(b)  otherwise, we have instead z; = y; + 1. In this case,
0zy : P(y) = P(2)

is given by the right multiplication by X;. Once again, consider
the two possible cases of the equivalence class [z]:
1) if [z] = {z}, we modify nothing;
(i) otherwise, [z] = {z, z’} with z#z’. We then modify 9./, :
P(y){1) = P(y') = P(z') = P(z)(1) (which was neces-
sarily O previously) so that it is now the right multiplica-
tion by X;.
Similarly, if the other 1-crossing y’ in [y] is also an endpoint of an essential seg-
ment in D (distinct from y), we will repeat the same process above for y’.
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Finally, we define the differential as d = 3, | .,z Oxy, Where dx) are the modified
version above.

Lemma 5.3. (Lg(¢),d) is a complex of projective graded B,,-modules with a grading-
preserving differential.

Proof. For x,y,z € cr(¢) with xq, yo,zo > 2, the same argument as in the type 4
shows that the product of 0,0, : Py — P, is always 0. The only occurrence of
07y0yx 7 0is when 0, = 0g4¢. 04q and dyx = 045, dcp With a, b, c, d the crossings
of the following type of 1-string labelled below:

d a

Note that the two non-zero composition d,404p and 04.0.5 always occur as a pair.
Moreover, we see that their sum is equal to 0: 0,504p + 0gc0cp = Xa2i — Xpi = 0,
thus, showing that 9> = 0 as required. |

Lemma 5.4. For any triple (r1,r2,13) of integers and any trigraded admissible curve
¢, we have that

Lp(x(r1.r2.13)¢) = Lp(¢)[=ril{r2}(rs).

Proof. This follows directly from the definition. ]

5.3. Some rather technical results

This subsection is where we complete the proof of Theorem 5.1 by proving that
the diagram commutes (Proposition 5.5) and that Lp is #A(B,)-equivariant (The-
orem 5.7). The proof of these two statements, first of which is technical, will occupy
the rest of this section.

Proposition 5.5. The diagram in Figure 5.1 commutes; i.e., for each trigraded ad-
missible curve ¢ in DB |, we have that

Azn—1 ®3, Lp(¢) = La(m(c))
in Kom® (Azn—1-prgrmod).

Remark 5.6. The theorem is stated in the context of homotopy category since the
group actions of #(Az,—1) and A(B,) live there. In fact, we will show that

Azn—1 @3, Lp(¢) = La(m(c))
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in the category Com® (Bn-prgrmod) of bounded complexes (no homotopy will be
required).

Proof of Proposition 5.5. Let x be any j-crossing of ¢. If j > 2, we have that m(x)
consists of an (n 4+ (j — 1))-crossing X and an (n — (j — 1))-crossing x of m(¢);
if j = 1, m(x) consists of a single n-crossing ¥ of m(¢). In either cases, we have
isomorphisms ®; : Azy—1 @, PP(x) > PAR)® PA(x) =P .y ® PL )
or ®1 : A1 ®s, PB(x) - PA(¥) = PA given in the proof of Proposition 4.2.
Putting together these isomorphisms for each crossing x of ¢, we obtain a cohomo-
logical and internal grading-preserving isomorphism of A,,_;-modules between the
underlying modules of Az,—; ®3, Lp(¢) and L4(m(¢)); denote this isomorphism
by 1. Denoting the complexes Az,—1 @3, Lp(¢) as (Q,8) and L4(m(¢)) as (Q',8")
(so 1 is an isomorphism from Q to Q’), it follows that 1 induces an isomorphism of
complexes:

(Q.8) = (Q'. ).

with 8o = n8n~'. We now aim to show that (Q’, 8¢) = (Q’,§') in Kom®?(Az,_-
prgrmod). In fact, we will show that they are isomorphic in the ordinary category
Com? (Azn—1-prgrmod) of complexes in Az,_1-prgrmod. Before we proceed with
the proof, we will need to introduce some (substantial amount of) notation.

Slicing c. Recall that ¢, being admissible, must have both of its endpoints at two
distinct marked points, so at least one of its endpoints is not 0, and let m be such
an endpoint. Orient the curve ¢ so that it starts from m and ends at its other end-
point. Following this orientation, we can slice ¢ into distinct connected components
cj Ccin (szz Dj)and gj C ¢ N (Do U Dy) (note that g;- are the 1-strings of ¢)
enumerated as follows: following the orientation of ¢, g; denotes the (j — 1)-th 1-
string component of ¢; whereas c; is the component of ¢ that has a total of i 1-strings
components before ¢;. In other words, if m # 1, we start from ¢ to go to ¢y, and so
on; otherwise, m = 1 and we start from g to ¢ to g1, and so on. Note that if ¢ has no
1-string component, ¢ = c¢¢. Following the same orientation, we will also enumerate
the 2-crossings r; of ¢ (if any), starting the enumeration with t = 0 if m = 1; other-
wise, we start with 7 = 1. Figure 5.2 illustrates two examples with different starting
point m.
Now, consider the following subsets of (graded) crossings of m(¢):

Cj == m(&) N (U; 6).

Cj :==m(d) N (Uign—1,n41 )

Gjr i=m(g") N (Bao1 U bp U Bpr), (5.2)
G :=w(g;) N by,

Rj = m(?,)
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(a) A slicing with starting point m = 2 # 1. (b) A slicing with starting point m = 1.

Figure 5.2. Examples of slicings of curves.

Note that, by definition, the subsets of crossings G, R;, and Gk are pairwise disjoint,
and (] [; C)Hu (L; Rj) 1 (T, G;) is the set of all crossings of m(&). On the other
hand, C; and G- contain all the crossings of m(c;) and m(g;), respectively, which
may contain common crossings R;.

For K a subset of crossings of m(¢), we define

0x =P Pix)c 0.

xekK

If K is empty, Q% will be the 0 module by convention. Using this, we can decompose
Q’ as follows: whenm € A \ {0, 1}, we have

2%,
Q' =0p ® 0%, ® Q5 ® Qp, & 0z ® 0%, @ (5.3)
~—————
2¢, ¢,

whereas when m = 1, we have instead

0,
Q"= Q05 &0k, &0z @0k, ® 05 ® 0k, & (5.4)
25, G,

In general, given a decomposition of modules
M =@,
ieY

and a complex (M, d), we can then write d as a block matrix. We will use the nota-
tion Jg; K, to denote the block of 0 that maps from M K, to Mg,, where we use the
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shorthand notation dg; for the block of d that maps from Mk, to itself. We will also
use the notation dgy, _, , k; for the block of d that maps from D, cx Mk; to itself.
To illustrate, consider the decomposition of Q" as in (5.3) and let (Q’, ) be a cochain
complex with differential d. We will then write the differential d as the matrix

850 aR()éo 8(_?060 8Rléo 85150

850Ro 9Ro d601?0 9R( Ry a51130

85oéo aRoéo aéo aRléo 35150

86()R1 8RORI aG()R] aRl 861R1

85061 aROél 86061 aRlél 851

where the blocks d¢; corresponding to the summands Q’Cj are the blocks in red and
similarly blocks dg; corresponding to the summands Q’(;j are the blocks in blue.

After our lengthy notational digression, let us return to the proof and analyse the
difference between the matrices of the two differentials §o and §’ corresponding to
the two possible decomposition of Q' as in (5.3) and (5.4). By looking at how the
components ¢; and g; are connected, it follows that the non-zero entries of the matrix
of 8o are all contained in the block matrices (§o)c, and (8o)g, for all k; similarly,
the connection between the components m(c;) and m(g;) dictates that the non-zero
entries of the matrix of §’ are all contained in the block matrices 8’Ck and S’Gk for all k.
One can show from a direct computation that

(Bo)c, = d¢,, forallk. (5.5)

So, between the differentials 6y and §’, only the block matrices (89)g, and S/Gk may
differ. As such, if we were in the case where ¢ has no 1-string, i.e., ¢ = ¢y, then we
are done. In the rest of the proof, we will assume otherwise and treat the rest of the
cases.

As we will only need to focus on the module summand Q/Gj later on, for each j,
let us simplify both the decompositions of Q' in (5.3) and (5.4) into

I/ / / ’ I
Q"= Qy, ® 0k, ® 05, ® Ok, © Q. (5.6)

5.

J

where Q’Vj (resp., Q/W], ) consists of all the module summands before Q/Rj (resp.,
after Q/Rj-i-l) for both decompositions (5.3) and (5.4). From here on, we will use this
simplified decomposition for the matrix of any differential on Q’.

Let go,g1,- - -,&s—1 be the 1-strings in ¢. To show that (Q’,8¢) = (Q’,§’), by (5.5)
and (5.6), it is sufficient to construct a cohomological and internal grading-preserving
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isomorphism of modules p; : Q" — Q' for each 0 < j < s — 1 so that we have an
induced chain of isomorphisms in Com? (A2n—1-prgrmod)

(Q'.80) = (Q".61) = -- = (Q.85—1) = (Q".8) = (Q".8)

with §; 11 1= u;§; ,u]._l, where each §; for 1 < j < s satisfies the following property:

(Sj)Gj—l = 8/Gj_1 ?
Gj)xy = (8j—)xy, forall X,Y € {V;_1,G,;—1,Wj_1} (*)
such that (X,Y) # (G;j—1,G,_1).

In other words, each p; will be constructed in a way that the conjugation of §; by
/Lj_l only alters the differential component (§;)¢; so that

Gjr1)e, = wieu; " = ,Gj

without affecting the rest of the differential components. In particular, if §; satisfies (*)
forall 1 < < j — 1, then we have that (8 j)Gj = (50)Gj- Moreover, property (*) will
guarantee that §; = §’.

What remains is to define the required u; : Q" — Q’. We will define 1 according
to the type of 1-string g;. Within each possible type of 1-string g;, we will show the
following:

(1) For j = 0, we show that we can always construct i to get (Qy, 8o) =
(Q}.81) such that §; = Mo(goual satisfies (*).

(2) For j > 1, we show that, given (Q’, §) = --- = (Q%, §;) with §;1,....,;
satisfying (*) for j > 1, we can construct u; : Q" — Q such that §;, =
;8" satisfies (%).

By an induction on the total number of 1-strings components (over j ), we can always
construct a chain of isomorphisms p; with property (*) and hence complete the proof
of this theorem.

The rest of the proof is an extensive case-by-case analysis. The list below shows
that, given each type of g;, we can construct u; : Q" — Q' satisfying (*). We will
start with the simple cases: types IV, III} , and II , followed by types V", III;CJF p and
II;c+ 1 that require some further analysis; refer to Figure 2.13 for the list of possible
types of 1-strings. Within the list, we will omit the gradings when writing out the
modules in Q’ as it will be obvious from construction that u; preserves both the
cohomological and internal gradings. We will also use solid arrows for differentials
and dashed arrows for the isomorphism p; : Q" — Q’.

(1) g; is of type VI: this case is only possible when j = 0 and g; = c. But in
this case, (Q’, 8o) is given by 0 — P4 — 0, which is already the complex (Q’,§’) as
required (§p = 0 = &').
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(2) g; is of type IIT_for k € Z: the case when k = 0 is straightforward, where we
just pick u; to be the identity.

Now, consider the case when k > 0. If j = 0, we get that (§;)g;, = (o), . For
J = 1, §; satisfies (*) by our inductive assumption, so we have that (§;)¢, = (Jo)g, -
Thus, for all j, we can draw the part of (Q’, §;) that contains

(Q/G," (SJ)G]) = (Q/Gj ’ (SO)G_,')

as follows:
2X 2X5n
pA=lh pAa_ ... PA PA F PA, \Y
® ® ® >< @ / = (0.5)).
2X,
Pl — Pl — PnA P,
where

| @n=1) —@n=Di| |(nn-1) 0 1 —i
(aln+1)  (aln + D 0 (n+D||1
and where V denotes the rest of the complex (Q’, §;) containing the modules com-
plement to Q/Gj. In particular, for j = 0, V is the part of (Q’, o) that contains the
module Q’WO; if j > 1, then this case is only possible when j = s — 1 and V is the

part of (Q’, §p) that contains the module Q’VY_1 . Nevertheless, the construction of
below depends only on the form above, so the construction will work for all j. Denote

M = [1 __’} (5.7)
1 i

and / as the 2 x 2 identity matrix. We define |Q/G _ to be the following dashed map,
J

with p; acting as the identity map on the rest of the modules in V:

n n+1
| | | | |
21y | 2k—2 M 2M | M, I
v g v g v
X X _
A" p4 A2 patinzl) g
Pn — Pn — Pn n Pn—l \
@ ® ® o @ / =:(Q',8j+1).
A Xn A A Xn A(/1|n+1) A
Pn E— Pn —_— B Pn B Pn — Pn+1
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The arrows in the last two rows show the differential component (§;+1)G; in §j+1,
induced by the conjugation of [Lj_l. Hence, the required condition (*) follows directly.

Now, consider when k < 0. As before, we have that (§;)g; = (8o)g, for all j,
so the analysis of the part of (Q’, ;) that contains (Q/G_,-’ (8j)G;) will be the same.
Similarly, the construction of w; below will work for both cases. We draw the part of
(Q’, §;) that contains

(0, ())6,) = (0%, (Bo)c,)

as follows:
E 2X 2X
PA, — PASPA ... — pAT—S pA
/ ® >< @ @ @ & =(0.6)
2X 2X
% PA, pA=S pPA ... — pATS pA
with

E— —(n+1n)i (n—1n)i
T+ 1n) (n —1|n)

and where V denotes the rest of the complex (Q’, §;) containing the modules com-
/
plement to QGj . Denote
1
N = [ g } (5.8)
—i 1

and 7 as the 2 x 2 identity matrix. Note that

N —(n+ 1n)i (n—1|n)i _5 (n+ 1|n) 0
n+1n) @—1n) | 0 (n—1jn) |’

We define |Q/G» to be the following dashed map, with w; the identity map on all
J

modules in V:

/ ® >< ® ® ® ® =(0.8)
2X 2Xp

Vi pt, o g P pa o pa P
| | | | |
I 127N 272N 2k+1N kN
; (n + 1|n) VA Xn VA VA Xn VA
Pn—H Pn Pn —" Pn Pn
® ® ® ® & =:(0.8+1)
n—1n X X
R I e
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The arrows in the last two rows show the differential component (§;+1)G; in §j+1,
induced by the conjugation of Mj_l. It follows directly that the required condition (*)
is satisfied.
(3) gj is of type II}c for k € 7Z: as before, by our inductive assumption, we have
that
(67)a, = (Bo)g;

for all j, so the part of (Q’, §;) that contains (Q’(;j , (87),) will be of the same form.
As such, the construction of p; below will work for all j.
We will start with k = 0. We draw the part of (Q’, ;) that contains

(0%, 6)a,) = (G, . (50)c,)

as follows:
X
VHPJ‘H i;P;flﬂ Vv
) ® = (0',4)),
Xn—l

A A
Pn—l Pn—l

where either V or V' is the part of (Q’, §;) that contains the module Q] T whereas the
other contains Qi,Vj . However, in this case, we already have that

j)e;, =g,

thus, we just choose j; to be the identity map.
For k > 0, the part of (Q’, §;) containing

(05, (51)6,) = (0%, (o))

is as follows:

2X 2X 2X F
R R L
@\ZXeBZX@ & @X@/
P,f‘wnP{iHn pA—s... — PA n’Prfl HDnA+1
2?%@ ® ® ® =(0Q".6)),
2X F
PAZS PA — .. PA PA
26\ @ ® o > o 7
PAﬂPA‘w--—%PA%PA
n n n n+1

where either V or V' is the part of (Q’, §;) that contains the module Q/Vj and the other
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contains Q;Vj. We define |Q/G _ to be the following dashed map:
J

2X 2X 2X F
AL pATS pA . pA L A~ pA 5V
®\2X ® . @ ® @ >< @ /
PASD PATS PA — s PA TS PA —— PA
! ’&GB ® ® ® =(Q".6))
! F \
; PASSPA . s PA S PA —— \
2M | 2Xn\©® - ® @ >< ® / 1 g—(k—=D]
! 42N ha 4 4 '
! Pl — P —— - — PP — PI | g
I A ] O | [ ]
VA X}’l A Xn \VA \VA Xn A (nln—1) A £
Pt — P — P — o — P —— P/ Pl —V
e\ @ ® & ® & /
A A Xn A A Xn A+l g
Pl —— P — P —— - —— PP — P —— P,
X, \ © &b @ 52} =: (Q/,8j+1),
pA N pA_ . pAT)pA
X, \ ® ® ® @ /
PA XVI PA . PA(11\11+1)PA
n n ? n n+1

where M is as in (5.7). For the rest of the modules in Q’, ; sends v to 2~ k=1y
(resp., v to 2~ k=2)y) for any v belonging to the modules in V (resp., V’). The
black arrows in the last four rows show the differential component (§;41)G In 8j+1,
induced by the conjugation of /,Lj_l. It is easy to see that the required condition (¥) is
satisfied.

The construction for k < 0 is similar, using the map N (from (5.8)) in place of M.

(4) g; is of type V”: recall the definitions of g;, ¢;, and r; from the paragraph
Slicing ¢ and recall the subsets of crossings of mi(¢) as defined in (5.2). Let /; be
the connected component of (¢ \ g;) U (g; N d>) that contains the point m so that
gj intersects h; at the point r;. To illustrate, ho = co and h; = cp U go U ¢y in Fig-
ure 5.2a, whereas hg = 0, h; = go U c¢1,and hy = go U ¢1 U g1 U ¢; in Figure 5.2b.
Let m(hvj) = ﬁj LI hj and m(r;) = 7; LI r;j so that the curves of m(g;) and f;] inter-
sect at the point 7; € 6,41 and the curves of m(g;) and },’J intersect at the point
Q S Qn—l-

Now, recall the decomposition of Q’ given in (5.6). By definition, {7;,r;} is the
subset of crossings R; € G;. We get that

PAG) @ PA(rj) = Qf,-
First, consider the case when j = 0. Then, g; = g is of this type only when m €
A\ {0, 1} since go N {1} = @, so we have

/ LY,
QV()@RO - QC()‘
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Furthermore, (5.5) implies that (§o)c, = S’CO, giving us

(O, ® O, Bo)vpmry) = (Qc,- (b0)cy) = (g, 8c,) = La(m(Co))

with the last equality following from the definition of (Q’,§’) = L4(m(¢)). By defin-
ition of 4;, it follows that co = &g, so we can conclude that

(O}, ® Oy 6 vowro) = La((ho)) = La(ho) ® La(hy).

where the last equality follows from the fact that m(hvo) =ho I hg.
Now, consider when j > 1. In this case, §; satisfies property (*) by our induction
hypothesis, allowing us to conclude that

Gv, =8y, G)v,r, =8y,g,. and (§)r,v, =8g,y,-

Thus, we have that (§;)v; or; = 8%,1,@&,, giving us

(Qy, ® Ok, Gj)v,er;) = (Q), ® Ok,.0y,0r,) = La(w(hy))
= La(hj) ® Ly (hy).

where the second equality follows from the definition of (Q’,8") = L4(m(¢)) and the
third equality follows from the fact that m(h )= h L h;.
Thus, for all j, we obtain

(O, ® O, §)v0r,) = Lalhy) & La(hy). (5.9)

Furthermore, note that h: and @J, contain the points 7; and rj, respectively, so L4 (h~ i)
contains PA(r~j) as a submodule and L4 (@J, ) contains PA(Q ) as a submodule. Let us
now understand the relation between (Q’Gj, 6j)a,) (Q’Vj @ Q’Rj, (6;)v,oR, ), and
(Q’,8;). As before, our inductive hypothesis gives us (§;), = (do)g, forall j. So,
the part of (Q’, ;) that contains (Q’C;j, (8j)G;) will be the same for all j, and it has
either of the following two forms:

~\ | E
PA(F) — PA £, PA V'

e e e =@

Ve PA(rj) — Pt — PA, (95, (6))c))

or

(Q/G.f'((gf)G ) L PA L PA(r,) — V

n+1
A ea+>< e = (0.5,

V' — P2 — PA — PAG7)
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where V denotes the rest of the complex (Q’, §;) that contains the module Q/Vj and
V'’ denotes the rest of the complex (Q’, §;) that contains the module Q’W]_ .

Using (5.9), the part of (Q’, §;) that contains (Q’Gi, (6j)cG,) LA(f:j) and L4 (h;)
has either of the following two forms: '

~ [= ~ F
La(hj) |V < PA(F PA PA, \4

) E
o > o> -

La(hy) | X PA(ry) — Pt — P, (0. (8))6))

or
(Q/G/--(Sj)G,‘) n+1 _> PA PA(Q) /RN 2 LA(]}J/)
/ >< < e = (0.5
V/ «— PA —— PA 4 PA®F) > V| Lalhy)

Thus, for all j, we conclude that (Q', §;) must be one of the above two possible forms.
It is now sufficient to give a construction of ; for each of the two possible forms.

We begin with the construction of j¢; for the first possible form of (Q’, ;). Firstly,
recall M from (5.7), and note that

.| (n+1]n) 0 -1 0
ME_21|: 0 (n—1|n)i||:0 1:|'

We define p; | o), tobethe following dashed map:
J

E F
V < PAG) PA

PA
o > o > @ / = (0.5

,Y<—>PA(VJ)—4>PA4’PJ4+1

! I
| | ‘
2| O M I
0 1! |
N

I
= 1) =1
< PA(rj)n |n Prfl nln PA

n—1 V/
® ® ® / =: (0", 8j+1)
V PA( ) l|n) A(n|n+1)Pr:4+1

For the rest of the modules in Q’, we define u; as the identity for modules contained
in V/, and p; sends v to —2iv (resp., v to 2iv) for any v belonging to the modules in
V (resp., Y). The black arrows in the last two rows show the differential component
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(8j+1)G; in 8j+1, induced by the conjugation of ,uj_l. It is easy to see that §;; does
indeed satisfy the required property (*).

The construction of 1; for the second form is similar, changing ;| p Agpa tO N
from (5.8) instead of M.

(5) g; is of type III;(Jr 1 for k € Z: note that the case for k = 0 is straightforward:

M;j is just the identity. We will provide the analysis and construction of p; for k > 0
and k < 0.

As in other types, the equation (§;)g; = (80)g; holds for all j by the induction
hypothesis. Using the same argument in type V”, one can show that (5.9) holds for
all j in this type as well. So, the part of (Q’, §;) that contains (Q&j ,(81)G;)s LA(i:j)
and L4 (h;) will be of the same form for all j. It follows that the construction of 1,
below will work for all j-

Let us start with £k > 0. Using the same notation as in the analysis of type V", we
can draw the part of (Q’, §;) that contains (Q’Gj, (j)G,;) = (Q’G‘/,, (80)G,) LA(ﬁj)
and Ly (I?J,) as either of the two forms

2X,
PA ., ...— pA N pa —{F PAGy) s ¥ | La(h)
(Q/G/-((S,/')G,) ® fa) o) o) — (Q/-S])
4 2Xn 4 A 2Xn 4 A \V ~
pA =" pe s — PA D po PA(F) F— V| La(hj)
or
2X, 2X
pA pA . pA it pa —{F PAG) s ¥ | La(hy)
(05, @j)a;) @ ® ® ® = (Q0".8)).
2X = ~
PA . ...— pA S pa PAG) > V| La(hy)

We will construct p; for the first form; the second form is a mirrored construction.
Define pu; |Q/G< to be the following dashed map:
J

2X
PA s b 2 pa T pAGy Y

® ® ® >< ® =(0Q".46))

FESRINVE vy S
i 2k_2JMi NME jMi Ji

2“"’% I’V,,Ai HéAiéA‘ﬁPAV(Q)MV
L X,/ K o ® ® =:(Q",8;+1)
Pl P Xn s pA 2 A PAG) T

with J = [ 5! 9 ]. For the rest of the modules in Q’, y; sends v to —v (resp., v to v)
for any v belonging to the modules in V (resp., V). The black arrows in the last two



Curves in the disc, the type B braid group, and a type B zigzag algebra 395

rows show the differential component (§;+1)g, in d;+1, induced by the conjugation
of ,uj_l. It is easy to see that u; does indeed satisfy the required property (*).
Similarly, for k < 0, we draw the part of (Q’, §;) that contains (Q’Gj, 6))c,) =

(Q/Gj’ (0)G; ) LA(h~j) and LA(@J/-) as either of the two forms

~ [~ 2Xy . 6)a;
Lali) | 9 < PAG) -5 BAZS PA o B (Co, @e,)
® ® ® ® =(0".4))
2X,
Lahy) [ ¥ PAGp F— pa X pa o pa M pa
or
~ [= 2X 2X,
La(i) |V PAG) s pA S pA oy pA ST pa
® & ® ® =(Q".4)).
2X,
La(hy) | X +— PA(Q)P——)P;!HPAH'”HP”A (05,-()a,)

Once again, we construct w; for the first form; the second form is a mirrored
construction. Note that

NE:2|:(n+l|n) 0 }

0 (n—1|n)
We define /4o, to be the following dashed map, with j; acting as the identity on
J

the rest of the modules in both V and V:

~ ~ E 2X
Ve PAG) — P =5 P — o —— P

o >< @ @ @ =(0.8;)

!

EHPA(Q)—HPfﬂP,{‘H---HPJ‘ﬂP;‘
13 iz—lN 12—21\/ 2k+1N§ i
VHPA( ) ;Aﬁ)éAH'--HP;A 2k
® ® ® o N\ =1 (Q",8+1).

X X >
Vs PAG) W pA S0 pa ., pa M pa

n
The black arrows in the last two rows show the differential component (3;+1)g; in
d;+1, induced by the conjugation of uj_l. The required condition (*) follows directly.
(6) g; is of type II;€+% for k € Z: as in other types, the equation (§;)G; = (80)g;
holds for all j by the induction hypothesis. Using the same argument in type V”, one
can show that (5.9) holds for all j in this type as well. So, the part of (Q’, ;) that
contains (QG 6)G;)- LA(h ), and LA(h ) will be of the same form for all j. It
follows that the construction of p; below will work for all J-
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Let us start with k& = 0. With the same notation as in the analysis of type V", we
can draw the part of (Q’, §;) that contains (Q/G], . (6j)g;) = (Q&j, (b0)g;), La(hj),

and L4 (;il,' ) as follows:
R
/ ® K/

Pl’fl PI’:4+1
Q% B))a,) | @ ® = (Q'.8)).
PA PAG) — V| Laliy)

\\ea
PA(r)) s ¥ | La(h))

~

where the first map is given by [ 11;, ], with F’ defined by

|:—i 0} o |:(n|n +1) 0 }M‘
0 i 0 (njn—1)

We define p; | o, to be the following dashed map:
J

P Pl
@ e = (0".4))
P —X PAG) <V

b

S
P;;l—l 7 \%4
Pr{l PnA—H
& >< ® =:(0".8j+1),
Pt PAF) ¥

U

PA(rj) +— Y
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where J = [_01 (1’] w; is the identity on all modules contained in V', and ; sends v
to —iv (resp., i v) for any v belonging to the modules in V (resp., V). The black arrows
in the last four rows show the differential component (§;+1)g; in §;+1, induced by
the conjugation of /,Lj_l. Thus, the required condition (*) is easily satisfied.

For k > 0, we can draw the part of (Q’, §;) that contains

(Q/Gj ’ ((SJ)G,) = (Q/Gj ’ (SO)G_,')’

Ly (ﬁj), and L 4(h;) as follows:

Q5 (6))c,)

2X, 2X, 2X, F
pAh pA o pA ., pATT N pA T pA oV
N ® o ® o ® K/
A 2\X” A 2Xn A A 2Xn A A
pASS PATS PA e AT PA— PA
2X\ @ ® ® ® ® La(hy) =(0'.5).
2X 2X, F - =
pAZ pA o pa Zh pa D pay e §
2Xn\ @ ox & ® ox & ®
pAS PA AT pA PA(r)) s ¥ | Lalh))
Similarly, we define u; | o, to be the following dashed map:
J
2X, 2X 2X
PSP P e PSS B B V)
o e 8 ®2X®><ea/
PASS AT pA . pA T pA L pA
| 2’%@ ® ® ® =(Q".4)
! 2X 2X 4
| AT pA . pAhpa P pay 5§
Syl 2Xn\ @ ® & > @
i A 2X, A A 2Xp 4 4
! Pl — Pl —y .. — P — P2 —— PArj) «—— X
SIS PR B
Y Loyt U
pA -l pA Ztpa_ .., pA N paliTlpa oy
e\ @ o ® @ o /
e e R T W
XX@ ® @ ® ® =:(Q,8j+1).
X X nin ~
PA S pA o pA N pA ) paEy s G
Xn \ @ Py ® ® Py ® ®
PAS PA s A PAYT)PAG) 5 X
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where p; is the identity on all modules contained in V’ and p; sends v to —i v (resp.,
iv) for any v belonging to the modules in v (resp., Y). The black arrows in the last
four rows show the differential component (8;+1)G; in §;+1, induced by the conjug-
ation of ,u,]._l. Thus, the required condition (*) is easily satisfied. The construction for
k < 0 is similar, using the map N in place of M.

This completes the list of u; for all possible types of 1-string g; for all j, thus
completing the proof. ]

Using this result, we can now deduce a type B, version of Theorem 5.2.

Theorem 5.7. For 08 € A(B,) and an admissible trigraded curve ¢ in Drlf 1, we
have that
o¥(Lp(@)) = Lp(® (),

in the category of Kom? (B,-p,g,mod); i.e., the map Lg is 4(B,)-equivariant.

Proof. Let ¢ be a trigraded curve in Df 1 and o8 be an element of #(B,). By Pro-
position 5.5, the diagram in Figure 5.1 commutes. Together with the three other maps
being equivariant, we can conclude that

Aon—1 @, (Lp(0B(&)) = Azn_1 ®3, (6B (Lp(0))). (5.10)

Recall that the functor A,,—; ®5, — was defined as Az, Qg &(—) (see the para-
graph after Proposition 4.1 for the definitions). Since A,,—1 = C Qg B, as graded
C-algebras, (5.10) together with the fact that both categories Kom? (B,-p,g,mod)
and Kom? (A2n—1-prgrmod) are Krull-Schmidt implies that

Lp(0®(&) = oB(Lp(©))(s).

withs = O or 1.

We aim to show that s = 0 for all cases. First, consider the case when ¢ N {0} = @.
As & ~ y(r1.r2.13)B(by) and PE =~ PB(1), it follows easily that (Lp(&))(0) =
(Lg(¢))(1), and so, we are done. Now, consider when ¢ has one of its endpoints at

0. Note that it is sufficient to prove the statement for o8

= O'jB for each j. We assign
to each complex C in Kom? (B,-p,g,mod) an element of Z /27 denoted by sgn(C),
by taking the sum of the third grading (—) over all modules P; in C. One can easily
show that sgn is invariant under isomorphisms in Kom? (Bn-prgrmod), where using

Lemma 5.8 below, we get that s must be O as required. |

Lemma 5.8. For any trigraded curve ¢ with one of its endpoints at {0} and any
generating braid (IjB , we have

sgn(0f (L () = sgn(Lp (0] (8))).
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Proof. For j > 2, itis clear that
sgn(o (Lp(¢))) = sgn(Lp()) = sen(Lp (07 (0))).
Now, fix j = 1. First, consider the case when ¢ is of type VI, i.e.,
¢ = XB(”l,Vz,’%)l;l-
Then, alB ©) = )(B(rl —1,rn+1,r3+ 1)1;1 by Lemma 2.5 (2). So,
Lp(ol () = PP[—ry + 1){ry + 1}(rs + 1).

On the other hand,

B (Lp(@) = (PE @ PEN 22D PB)r )i} irs + 1)

> PBl—ry 4+ 11{ra + 1}(rs + 1).

Thus, sgn(GjB (Lp(¢))) =rs+1=sgn(Lp (ajB ().
Otherwise, we analyse sgn based on the number of 2-crossing in ¢. Note that, for
1-strings &,

sgn(Lp (0 (2)))

sgn(Lp(g)), when ¢ is of type I/, IT' III;}JFL, and V”,
2

— w+l’

sgn(Lg(g)) + 1, when ¢ is of type III, .

Note that 02 would not change the number of 2-crossings of &, and as ¢ N {0} = {0}, &
contains 1-string of type III, if and only if ¢ has an even number of 2-crossings. Since
sen(Lg (a8 (¢))) can be computed by summing over all 1-strings of ¢, we conclude
that

. sgn(Lpg(¢)), if ¢ has an odd number of 2-crossings,
sgn(Lp (o7 (6)) = {

sgn(Lp(¢)) + 1, if ¢ has an even number of 2-crossings.

On the other hand, note that ¢ and alB (¢) both have an odd number of 1-crossings.
Moreover, sgn(C (1)) = sgn(C) + 1 if and only if C has an odd number of underlying
PB’s. As such, we have that

sgn(Lp(¢)), if L (&) has an odd number of modules P2,

sgn(Lp(¢))+1, if Lp(&) has an even number of modules P2,

sgn(o(Lp(d))) = {

since 08 = Ry(1), 1PB @4, PE =R @ R{l}, P ®3, P2 =R @ R(l), and
PB ® s, PjB = Oforall j > 3 (see Proposition 3.5 and Remark 3.6). Thus, we get
that sgn(o 8 (L g (¢))) = sgn(Lp (0B (%))). [
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6. Categorification of Homological representations

In this section, we will relate the categorical representations of type A,,—; and type
B, Artin groups to their representations on the first homology of surfaces.

Throughout this section, we will use K4 := Kom? (Azn—1-prgrmod) and Kp :=
Kom? (Br-prgrmod) as shorthand notations. We will also use Z4, Zp s, and Zp , to
denote the rings Z[g*!], Z[g*",s]/ (s> — 1), and Z[¢gT',r]/(r? — 1), respectively. We
denote the Grothendieck group of K4 and Kp as Ko(K4) and Ko (K p), respectively;
recall that they are the abelian groups freely generated by the isomorphism classes of
objects, quotient by the relation

[cone (A i) B)] = [B] — [A].

6.1. Representations on Grothendieck groups

First, consider the Grothendieck group Ko (K 4). The functor {1} makes K¢ (K4) into
a Z4-module defined by [X {1}] = ¢[X]. Note that Ko(K4) is isomorphic to the split
Grothendieck group KSB (Azn—1-prgrmod) (see [19, Theorem 1.1]), so Ko(K4) is a
free module over Z4 of rank 2n — 1, generated by {[Pj“l] | 1 <j <2n—1}. The
action of A(A,,—1) on K4 preserves cones; namely, for all 0 € A(A2,-1),

O'(COHC(A i) B)) ~ cone(o(A) ﬂ) O'(B)).

Moreover, the action commutes with the grading shift functor, so we have an induced
Z 4-linear representation of A(A2,—1) on Ko(K4), which we denote by

PKA : A(A2n—1) = Autz, (Ko(K4)).

Now, consider the Grothendieck group Ko (). The functors {1} and (1) make
Ko(Kp) into a module over Zp 5. As P].B(l) >~ P].B for all j > 2, we have that

[Pl = [P;]
for all j > 2. Itis easy to see now that
Ko(Kp) = Zps ® (Zp,s/(s —1)®"!

as Zpg-modules, generated by {[PjB 111 < j <n}. As before, the action of 4(Bj) on
K p preserves cones, and it commutes with the grading shift functors, so we have an
induced Zp s-linear representation of 4 (B,) on Ko(Kp), which we denote by

Pk B : A(By) — Autz, (Ko(Kp)).
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Figure 6.1. The infinite graph of I'z homotopy equivalent to D5,

6.2. Homological representations

It is well known that the reduced Burau representation of A(Az,—1) can be realised
as a homological representation (see, for example, [13, Theorems 3.7 and 3.9]). Non-
etheless, we will spell out the construction here as it will shed some light on the
construction of the homological representation for type B, and also clarify the rela-
tionship between them.

Consider the covering space {»,, classified by the cohomology class

Cp e HY(DA, \ A, 7)

defined by [Ax] — lforallk € A ={—n,...,—1,1,...,n}, where each A is a closed
loop around the puncture k. It is easy to see that the space D, is homotopy equivalent
to the infinite graph I'z given in Figure 6.1. The action of A(Az,—1) on ]D);’n \ A
lifts to an action on D, that commutes with the deck transformation group Z, so it
induces a Z[Z]-linear action of A(Az,—1) on H1(D2,, Z), which we denote by

PRHA : A(A2p—1) — Autzz)(H1(D2n, Z)).
Now, let
A := AU {0},
and consider the covering space Dy, 41 of ]D)g‘n \ Ay classified by the cohomology
class Cp € H (D4, \ Ao, Z) defined by

1, forj #0,

[Aj]—
! 0, forj =0,

where each A; is a closed loop around the puncture j. Note that the composition of
coverings
Dont1 — Do\ Ag = DE  \ A

is a normal covering space of ]D)f +1 \ A, with its group of deck transformations iso-
morphic to Z x Z /27 (cf. Lemma 2.2).
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rqa 'p > rp > rqp > rq’p > rq’p
L . L . L . L . o
& < < < <

a'p p ap a’p ’p

Figure 6.2. The infinite graph 'z 7 /27 that is homotopy equivalent to D2, 1.

Let /; be a closed loop around each puncture j € A of D5 +1- Note that the fol-
lowing equations hold in H, (]D)zAn \ Ao, Z):

[Ao] = [lo] + r[lo],
[(A-;] = rl}], for j > 0, (6.1)
(A ] =[], for j > 0.

As such, the space D, 4+ is homotopy equivalent to the graph given in Figure 6.2.

The action of A(B,) on ]D),lf +1 \ A lifts to an action on D, 41 that commutes with
deck transformation group

Z|Z X Z|2Z) = Zp,.,
so it induces a Zp ,-linear action on H;(Dzp+1,Z), which we denote by

PRHB : A(Bp) = Autg, (Hy (D241, 7Z)).

6.3. Relating the representations on Grothedieck groups and homology groups

It has been shown in [15, Section 2e.1] that the induced action of A(Az,—1) on the
Grothendieck group Ko(K4) is isomorphic to the reduced Burau representation, but
we will spell it out here before dealing with the type B case. Recall that J(, and
Ko(Kp) are modules over Zp , and Zp s, respectively, whereas H;(Dz,, Z) and
Ko (K 4) are modules over Z4.

Proposition 6.1. The two Z 4-linear representations
P4 A(A2p—1) — Autz, (Ko(K4))

and
PRHA - A(Azn—1) — Autzz)(H1(D2n, Z))
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are isomorphic. In particular, the categorical action of A(Azn—1) on K4 categorifies
the reduced Burau representation.

Proof. One can check that Hy (D5, Z) is a free module over Z[Z] =~ Z4 of rank
2n — 1, with basis {[y1], . .., [y2n—1]} defined by

[A-1] = [A1], for j =n,
i) = 3 (D" (Aopgjot] = Ropas]). forj <n—1,  (62)
(=)" 7 (A-ntj] = [Acngjral). forj >n+1.

Similarly, {PA, PzA, el Pz"}l_l} is a Z4-basis for Ko(K4).
Under both of these bases, both px4 and prg4 are given by the same matrices
for each generator of #A(A,,—1) as follows:

-4 —q 0 In—, 0 O
o0 1 0|, ol ] 0 1 0],
0 0 Iy 0 —q —q
[1,, 0 0 0 ]
0 1 0 0
0 -1 —¢ —q 0 , for2<j<n-1;
0 0o o0 1 0
| 0 0 0 0 [Iy—j]
(i, 0 0 0o 0 ]
0 I 0 O 0
o]f‘l > 0 -1 —g -1 0 , forj =n;
0 0o 0 1 0
| 0 0 0 0 Iy—j]
[, 0 0 0o 0 ]
0 1 0 0 0
0 —q —q -1 0 , forn+1=<j <2n-2.
0 0O o0 1 0
| 0 0 0 0 [Ip—j]
It follows that px 4 and prg 4 are isomorphic representations. ]

Proposition 6.2. Under the identification Zp s = Zp , given by s — —r and q — ¢,
the Zp s-linear representation pxp : A(By) — Autgz,, (Ko(KBp)) is isomorphic to
a Zp s-linear subrepresentation of prup : 4(By) — Autz, (H1(D2n+1,2)).
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Proof. Consider the sub Zpg ,-module
Hn © Hi(Dan41.Z)
generated by {[£1], ..., [Ex]}, where
- {(1 —llo] = (=0l forj =1,
(=)' =r)([lj—] =[], for j = 2.
Note that [§;] = —r[§;] for all j > 2 so that
Hn = Zp, ® (Zp,/(r + 1)

as Zp -modules.

It is easy to verify on the generators that H, € Hi(D3y+1, Z) is closed under
the action of #4(B,), so we obtain a Zp ,-linear subrepresentation on J(,, which we
denote by prup : A(B,) — Autz,  (Hy,).

Using the set of generators {PB, PZB, e, PnB} for Kp, pxp is given by the
following matrices for each generators of A(By):

[—s¢ —(1+s) 0 ILia 0 0
px(@B)=1 0 1 0 |, pxcf)y=1] 0 1 o[,
0 0 I 0 —q —q

0
1 0 0 0
-q —q -1 0
0 o0 1 0
0 0 0 Iyj

pxB(0}) = , forj # 1,n.

0
0
0
0

One can check that, using the set of generators {[£1],. .., [§,]} for H,,, prAa B is defined
by associating the above matrices to the generators of A(B,) with s = —r. Thus,
under the identification Zp s = Zp , given by s — —r and g — ¢, the two represent-
ations are isomorphic. |

Denote ev : Zp,s — Z4 as the Z[qil]-linear evaluation maps defined by s +—
+1. Throughout the rest of this section, we will view H; (D2, Z) as a Zp s-module
through ev_; and K¢(K4) as a Zp s-module through ev;.

The functor A,,—1 @3, — as in Proposition 4.2 preserves cones; hence, it induces
a map on the Grothendieck groups Ko(Azn—1 ®5, —) : Ko(Kp) = Ko(Ka), given
by

[PA], for j =1,

Ko(Az2n—1 ®3, —)([PJ-B]) = { Y B .
[Pl + [P ;_pl. otherwise.
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On the other hand, the natural inclusion map ¢ : Dé“n \ Ap — ]D)fn \ A induces a map
on the homology

L Hiy (DA \ Ao, Z) — Hi (DL \ A, Z)

that sends

0, for j =0,
[Aj] =
[A;]. otherwise.

Thus, ¢ lifts uniquely to 7 : Dsy41 — Doy, which induces a map on the homology

(: Hi(Doyt1,72) — H1(Dap, Z). We will now show a “decategorified” analogue of
Theorem 5.1.

Theorem 6.3. Consider the action of A(By) on H,, and Ko(Kpg) given by prup =

ORHB |3, and px B, respectively, as in Proposition 6.2; similarly, consider the action
v .

of A(Bp) < A(Azp—1) on H{(Dzy, Z) and Ko(K4) given by prua and pga,

respectively, as in Proposition 6.1. Then, there exist Zp s-linear isomorphisms © 4

and Op such that the following diagram is commutative with all four maps Zp -
linear and A(By,)-equivariant:

ABy) - A(Azur) <> ABy)
N k/ ’i“ \$ !
*H, Hi(D2n, Z)
%J@B %JGDA
Ko(Azn—1 ®s, —)
Ko(Xp) - Ko(Ka)
,/ 6\ />( \\
ABy) C A(Azne1) < ABy)

Proof. We use isomorphisms ®4 and ®p which identify the respective generators
chosen in the proof of Proposition 6.1 and Proposition 6.2, respectively.

The functor A,,—; ®s, — commutes with the grading functor, so Ko(Az,—1 @3,
—) is Zp ¢ linear. The fact that it is A(Bj,)-equivariant follows from Theorem 4.3. On
the other hand, it follows immediately from the construction of the covering spaces
Don+1 and D, thatTis a Zp g-linear map and is A (B, )-equivariant.

Using (6.1) and (6.2), the restriction of 7 to JH,, is given by

[Vn], fOI‘] == 1,

L([SJ]) = {['}/n—(]—l)] + [J/n—i—(j—l)]’ forj = 2.

It now follows immediately that ®4 o7 = Ko(Azn—1 ®s, —) © Op. [ ]
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7. Trigraded intersection numbers and graded dimensions of
homomorphism spaces

In this section, we will relate the trigraded intersection number and the Hom spaces
between the corresponding complexes. Throughout this section, we will fix the fol-
lowing shorthand notations:

Xp = Kom®(B,-p,g,mod), K4 := Kom®(As,—1-p,g-mod),
Bm := B,,-mod, Am := Ay, _1-mod.

For V = @D nezxz/2z Virs)irHs) a (Z x Z/27)-graded R-vector space, we
denote its bigraded dimension as

bigrdim(V) := > dim(Vi)q545-
(r,8)eZXZ]2Z

Recall that, for each pair of objects (C*, d¢), (D*, dp) in Kp, one can consider
the internal (bigraded) Hom complex HOM;cB (C, D) defined as follows: for each
cohomological degree s; € Z,

HOMY. (C, D) := @ Homp,, (C™, D™ {s2}(s3)){—s2}(s3)
(52,83)EZXZL[2Z,
m+n=sq

is a Z x 7. /27-graded R-vector space and the differentials are given by
d(f)=0dpo f— (=" fodc

for each f € HOMf,‘CB (C, D). It follows that each H”(HOM:;CB (C,D))is a (Z x
7./ 27.)-graded R-vector space. We define the Poincaré polynomial

B(C, D) € Zlg1, 47", 42,45 " 431/ (¢% — 1)

of HOM}, (C, D) as
B(C, D) := Z gy bigrdimg (H°*' (HOM}, (C, D))).
S1€Z

Lemma 7.1. For any trigraded admissible curve ¢, the following internal Hom com-
plexes are quasi-isomorphic:

(HOM3, (PP, Lp(&)).dé) = € (HOM, (PP, Lp(2)).dE).

gest(é,j)

foralll < j <nand(s1,52,53) € Z X7 X 7]27.
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Proof. To simplify notation, denote
(C*.07) = Lp() and (G*.95) = P Ls(.
gest(c,))
Note that G* can be obtained from C* by discarding the modules PkB in Lg(¢) for
|k — j| > 1.In particular, forallm € Z, C™ = G™ & U™, where U™ consists of all

indecomposable P,f in C™ with |k — j| > 1. Using the decomposition above, let us
write % : C" = G™ @ U™ — G"T1 @ UM = C™H! as

m _ ™ %
¢ * %k
so that 7 : G™ — G™1!. Also note that the differential

g : G™ — G" !

dyx
can be obtained from ™ by modifying the differentials P53 (x) —> P53 (y) to 0
whenever x and y are crossings of two different j-strings of ¢. Since

@ HomBm(PjB7 PEls1l{s2}(s3)) = 0
(51,52,53)EZLXLXL[2Z

for all k such that |j — k| > 1, it follows that

b Homs, (P, U {s2}(s3)) = 0, (7.1)
(51,52,83)EZXZXZ]2Z

and thus,
HOMY, (PF.C*) = HOMY, (PF.G™)

for each m € Z as underlying graded vector space. Moreover, we know that di =
(0G o —) and d* = (3 o —) by the definition of the HOM complex. But (7.1) allows
us to conclude that

dfl = (t" o —).

Therefore, to prove the proposition, it is sufficient to show that /¥ = (™ o —) and
dg = (0% o —) have isomorphic kernels and isomorphic images for each m € Z. For
the rest of the proof, let m € Z be arbitrary.

Let us first consider the simple case when j # 2. We claim that

dit =dg.
Note that when j # 2, dyx in v that are modifed to 0 in 07 are always right multi-

plication by loops X; 1 or X1 1. But for such maps, the corresponding induced maps
on the HOM complex (dyx o —) are always 0, so (" o —) = (9(; o —) as required.
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Now, let us consider the case when j = 2. The types of maps
dyx : P(x) = P(y)

in 7" that are modifed to 0 in d¢; are of the following types:
(i) Oyx = Xjor Xs;
(ii) dyx = (1|2)i or dyx = —i(2|1).

Moreover, dyx of type (ii) does not exist in d7; by the definition of Lp. By the same
argument in the case j # 2, the induced differential in the HOM complex by d, of
type (i) is 0. So, we can relate d and d} as follows:

dg =(t"o—)=(0go—)+(8o—) =dg + (§0-). (712

where § := ) dyx, summing over all d,’s in 7™ that are of type (ii).

Before we analyse the kernel and image of both d and d(, we will consider a
decomposition of G™ and G™*! using ™. Denote &™ and G™*! as the subsets of
all crossings of ¢ such that

G"= P Pz) ad G"'= P P).

ze@m zeGm+1

We will reorganise the direct summands of G™ and G™ 1! in the following way:

(1) Set
e =1,
o €:=4,
e X :=G™M,
e H™ .=G™,
e Y = @rm+1’

o Hmtl — gm+l
(2) If € = 0, then skip to step (3); otherwise, let 0, be one of the summands in
§. Consider the smallest subset X’ € X and Y’ C Y such that
e xeX/,
c yev,
* 0sp =0, X1,0r X3 wheneverw € (X')¢,ze Y orwe X',z e (Y)°.

We organise the direct summands of H™ in the following way:

H'":Q;”ea( D P(x)) and H™'! = gl“ea( &b P(y)),

xe(X’)e ye(’)e
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where Q% = @, cx: P(x) and Q! := @ cys P(y). Let e = 3" 3y,
summing over all d,, = (1]2)i,—i(2|1) withx € X" and y € Y".
Redefine

e a:=a+1,
s e:=e—y,
* H™:=@,cx) P(x),
s H™i= Dy PO).
Repeat step (2).
(3) If H™ # 0, then set Q™ := H™; else, if H™*! #0, then set Q71 .= H™+1,

(4) Output G™ =P, O™ and G" T =P, e/ Q7 with the appropriate index
sets S ={1,...,M}and S’ ={1,..., M'}.
Now, consider 7 and d¢; as block matrices corresponding to the decomposition

obtained above

™" = [(t")y sl(s".5)es'xs, 0 = [(083)s/,s](s".s)es/xS -

Note that, by the construction of the decomposition, we have that the block (t™)y ¢
only has entries X1, X3, or O for all s # s’. On the HOM complexes, the decomposi-
tions also give us

HOMY (PF.C*) = HOMY (PP.G*) = €D Homsp, (PP, OF).
SES
and
HOMA (PP, C*) = HOMAH (P, G*) = P Hompn (PP, Q0.

s’eS’

Similarly, consider the two differentials d/ and d(} written as block matrices corres-

ponding to the decompositions

d¢ =[de)s sl syes'xs,  dg = [(dG)s sl(s.5)es7xs-
The construction of the decomposition guarantees the property that

(dgl)s’,s = (d&n)s’,s =0

whenever s # s’ (recall that the induced maps (X7 o —) and (X3 o —) are 0). So, to
show that d¥ = (¢ o —) and d§ = (3 o —) have isomorphic images and isomorphic
kernels, it is now sufficient to show them for each block (d/*)ss = ((z™)y,s © —) and
(d2)5s = ()75 0 —). where s = .
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x’ y
(o) ()

— X

Figure 7.1. The crossings x, x’, and y of the partial curve of ¢.

To simplify notation, for the rest of this proof, we will drop the subscript s and
denote

Q" = Q. QT .= gmtl dc = (d¢)s,ss
dg = (d@)s,s. Ti=1] and 9 1= (9G)s,s-

5,87

We will now look at the possible types of maps 7 : Q™ — Q™! which give us all
possible d¢ = (t o —), where dg = (dg o —) can be obtained by

dg = (to-)~(50-)

(following from (7.2)).

If dc = dg,i.e., T has no entry of type (ii) so that § = 0, then there is nothing left to
show. Otherwise, t contains at least one entry d, of type (ii). The two possibilities of
dyx of type (ii) are (1|2)i and —i (2|1). We will only explicitly show the classification
method used to obtain all possible types of Q™ 5 Q™*! when 9, = (1]2)i, where
the same method can be applied to the case when 9, = —i (2|1).

So, let us consider the case when 7 has an entry with d,, = (1|2)i. Recall that, by
the definition of L g, for any 0, of type (ii), there must be a corresponding 1-crossing
x’ of ¢ such that

* x’and x are connected by an essential segment in Dy,
e x’ and y are endpoints of an essential segment of ¢ in Dj.

So, in the case d,,x = (1]2)i, x" and y are connected through an essential segment in
D, of type 1 (refer to Figure 2.8) and the map

dyx : P(x") > P(y)

is the right multiplication by (1|2). By the construction of 0 and Q™*!, 0™ must
then at least contain the direct summands P(x) and P(x’) and Q! must at least
contain the direct summand P(y), so the differential Q" 5 O™*1 must contain at
least two entries dyx = (1]2)i and dy,» = (1]2). Thus, the crossings x, x’, and y must
be contained in the corresponding partial curve of ¢ in Figure 7.1.

As seen from Figure 7.1 above, x and y are the only crossings that can be in
another distinct essential segment of ¢.
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w Yy
x' Yy x’
o) / o o) /o °

X X

Figure 7.2. The two possible essential segments from y.

Let us now first consider the subcase when x is not in another distinct essential
segment. If y is also not in another distinct essential segment, then we have that 0 5
Q™1 is of the form

Py 125 P(y)
®

P(x)

(1]2)i

If instead y is part of another essential segment of ¢ with its other endpoint some
crossing w, then the essential segment must be in D». Since P(y) is a direct summand
of Q™1 w must have the property

wy =y —1

so that P(w) is an entry of Q™ and 0,,,, is an entry of 7. The only two such possibil-
ities are shown in Figure 7.2.

Now, note that if w is a 2-crossing (left picture in Figure 7.2), then one sees that w
cannot be connected to any other crossing z through another distinct essential segment
in ¢ with P(z) a direct summand of Q™*1; if instead w is a 3-crossing (right picture
in Figure 7.2), then the only possibility for P(z) to be a direct summand of Q™1
is when w is also a 3-crossing, with w and z endpoints of an essential segment of
¢ in D3 of type 2, giving us dy, = X3. Recall the chosen decomposition of G™
and G+, where Q™1 € G™*! corresponds to the smallest subset of crossings in
&™*1 which contains y, with the property that maps between the direct summands
of the decompositions of G™ and G™*! are either 0 or X; or X3. Thus, P(z) must
be excluded from Q™! We can therefore conclude that, for the subcase when x is
not connected to any other distinct essential segments, we have 3 possible forms for

Qm l) Qm-l—l:

P(w)
P(x’) (112) P(y) o X5 or (3]2)
(112)
or 4 .
o Py 125 P(y)
P(x) @

112)i
P(x)
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To analyse the maps d¢ and dg, let us identify the morphism spaces as
HOMY, _(PS.G*)
= P Hompn(PL.(P(x)®Px)®Pw)){sH(t)){s})

(s,t)EZXZ]Z

= R{2ID}xs) @ REGQID}xs + 1)z + 1)
® (R{2[1)}(x3) @ R{i (2[1)} (¥} + 1){xp)
& Z,

where Z = 0 for the first type of 0™ > Q™1 and

HOMZH (PP .G*) = @D  Homuw(PL. P(y)isht)is}r)
(s,t)EZXZ]Z

= (R{X2}{y3) ® R{X2i}(ys + I){y2 + 1}
® (R{id}(y3) ® R{i}{ys + 1)){y2}.

Using this identification, we can write d¢ and dg as the corresponding matrices

—1

100 e 1000 e
011 0 f 0100 f
= d =

de=1000 0 ol ™M 9%=15000 0|
000 0 0 0000 O

where dg is obtained from d¢ by removing maps that were induced by (1|2)i. It
follows that d¢ and dg have the same image and have isomorphic kernels.

Now, consider the other subcase where x is in another essential segment of ¢ with
its other endpoint some crossing y’. Note that since x is already part of an essential
segment in Dy, the essential segment connecting x and y’ can only be in D;. As
before, we must have

yi=x1—1

so that P(y’) is a direct summand of Q™1 and that 9, is an entry of t. Furthermore,
if x and y’ are connected by the essential segment of type 2 in Figure 2.8, then dy/ =
X1. Therefore, such P(y’) is excluded from Q™*!. Collecting the results, the only
possible essential segment connecting x and y’ with y| = x; — 1 and 0,/ # X; is
the essential segment of type 1. Thus, the crossings x, x’, y, and y’ must be contained
in the corresponding partial curve of ¢ as in Figure 7.3.

The same analysis in the previous subcase on the possible essential segments con-
nected to y can be applied similarly to the crossings y and y’ here. Thus, we conclude
that, for this subcase,

m

Qm B_C) Qm+1
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x’ y
o F

X

Figure 7.3. The crossings x, x’, y, and y’ when x is in another essential segment.

is equal to one of the following 6 types (there are 3 possible combinations of X, and
(3]2) maps in the rightmost diagram):

P(2)
P(Z) o X5 or (3]2)
P(x") _ap, P(y) ® XoorGl2) P(x) BUDN P®y)
~ A N (12) ~ 2
® a2 & P(x'y —— P(y) ©I ® a2 6
~ > ~ > e >
/ . /
PO g OO & i @ POt £OD
A
PO) < PO ® %5 o (312)
P(z)

swapping x with x” (and correspondingly y with y’) if necessary. Let us again identify

the morphism spaces as
HOMY%, (P, G*)= @  Homgn(Py,(P(x)®P(x)® P(2)){s}{1){s}(r)
(s,0)EZXZL]Z
= (R{2[D}{x3) ® REGQ2[D}{x3 + 1) {x2 + 1}
& (R{2[D}{x3) ® R{EQ2[D}Hx5 + 1){x3)
®Z,

where Z = 0 for the first type of 0™ —> Q™*+1, and
HOMZ!(PY.G") = (D Homzm(Py. P(y){sHe){s}Hr)

(s,)EZXZL]T

=~ (R{X2}{y3) ® R{X2i }{ys + I)){y2 + 1}
® R{X2}{y3) ® R{X2i}(y; + ID{yy + 1}
® (R{id}(ys) & R{i}(ys + 1)){y2}
® (R{id}{(y3) © R{}(y; + 1) {ya)

= (R{X2}(y3) ® R{X2i}{yz + 1){y2 + 1}
® R{X2}{y3) @ R{X2i}(y; + Ny + 1} @ V.



Writing d¢ and dg as the corresponding matrix, we get

dc

Il
= =

0 0
I 1
-1 1
0 O
0 0

-1 €

o — o o
OQ\
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S OO O =

0 0 0 e
100 f
010 g,
00 1 H
00 0 O
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which also have the same image and same kernel. Thus, for d,x = (1]2)i, all possible

cases of d¢ and dg have isomorphic images and isomorphic kernels as required.

Applying the same classification method to the case when d,, = —i(2|1), the

possible types of 0™ > Q™*1 are given by

—i(2]1)

i)

P(x) — P(Y)

P(y)
P(y) —i(2[1) o
or @[ ’
@ P(x) —= P
X5 or (213) ©
P(z)

when y is not part of another distinct essential segment of ¢, and

B

P(x) —=

~ P
& i)
- >

P(x) 2[1)

P(y)
® >
P(y")

P’y 22 p(y)
N P

® - &
“emn

P(x) —= P(¥")

®

P(z2)

X5 or (2]3)

or

P(z)

X5 or (2|3/ l@

Py 2 Py
~ P

e -y &

“em®

P(x) —— P()")

D

P(z)

X5 or (23)

when y is part of another distinct essential segment of ¢, where as before we swap y

with y’ (correspondingly x with x’) if necessary. By identifying the morphism spaces

and comparing the corresponding matrices of d¢ and dg as before, it follows that d¢

and dg have isomorphic images and isomorphic kernels. This covers all cases of §¢

and ¢, thus completing the proof.

Lemma 7.2. The Poincaré polynomial %(PJB, Lp(g)) of HOM;’(B (PB,Lp(®)) is

equal to the trigraded intersection number [ “igr(l;j , &) for any trigraded j -string &.

Proof. This follows exactly as in [15, Lemma 4.11].
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Proposition 7.3. For any ¢ and t© in A(By) and any 1 < j, k < n, the Poincaré
polynomial of
HOM, (o (PF), 7(Pf))

is equal to the trigraded intersection number I trigr((\f(l;j), i’(l;k))

Proof. By Lemma 2.11, we get that

Itrigr(bvj’ 5) — Z Itrigr(bvj, g)
gest(c,j)

Using Lemma 7.1, we instead get that

BPP Lp@) = Y BPP.Lp(@).

gest(¢,j)
By Lemma 7.2, each ‘B(PjB, Lg(g) =1'" (I;j , &); thus, we can conclude that
17 (b &) = (PP Lp(@).

The proposition now follows from the fact that the categorical action of A (B,) re-
spects morphism spaces, and similarly, the topological action of A(B,,) respects tri-
graded intersection number. ]

Remark 7.4. Note that we can also use Proposition 7.3 to prove the faithfulness of
the +A(B,,) categorical action. The proof is similar to [ 15, the paragraph before Section
5] modulo the centre of A (B,,), which is an easy check that elements of the centre act
by shifting degrees and therefore are not isomorphic to the identity functor.
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