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Asymptotic stability of the fourth-order �4 kink for
general perturbations in the energy space

Christopher Maulén and Claudio Muñoz

Abstract. The fourth-order �4 model extends the classical �4 model of quantum field theory to
the fourth-order case, but sharing the same kink solution. It is also the dispersive counterpart of the
well-known parabolic Cahn–Hilliard equation. Mathematically speaking, the kink is characterized
by a fourth-order nonnegative linear operator with a simple kernel at the origin but no spectral gap.
In this paper, we consider the kink of this theory, and prove orbital and asymptotic stability for any
perturbation in the energy space.
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1. Introduction

1.1. Setting

In this work we consider the fourth-order �4 model, or wave-Cahn–Hilliard equation. In
one dimension this model is written as

@2t � C @
2
x.@

2
x� C � � �

3/ D 0; .t; x/ 2 R2; (1.1)
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where � D �.t; x/ is assumed real valued. Equation (1.1) with quadratic nonlinearity and
an additional linear term of order zero was considered by Bretherton [11] as a model for
studying weakly nonlinear wave dispersion. It also appears with an additional parabolic
term in [24].

There are several interesting and profound motivations to study (1.1). The first and
most obvious one is given by its similarity to a recognized model of degenerate
phase transitions. Indeed, the “parabolic” version of (1.1) is the well-known Cahn–Hilliard
model

@t� C @
2
x.@

2
x� C � � �

3/ D 0; x 2 R; t � 0; (1.2)

introduced by Cahn and Hilliard in the study of phase separation in cooling binary solu-
tions such as alloys, glasses and polymer mixtures [14]; see additionally [76, 77]. Major
mathematical advances have been obtained for this model during past years, not only
in one dimension but also in several dimensions. In this setting, a key question is the
long-time behavior of kinks, usually referred to in the community as fronts. Among other
essential works, one finds the foundational result by Bricmont, Kupiainen and Taski-
nen [12], who showed the stability and asymptotic stability of fronts in one dimension
for (1.2). Many subsequent works have extended and improved this achievement. These
results will be described in detail in Section 1.3.

Additionally, (1.1) can be recast as the natural fourth-order extension of the well-
known �4 model of quantum field theory,

@2t � � .@
2
x� C � � �

3/ D 0; .t; x/ 2 R2; (1.3)

that has been extensively studied during past years. The �4 kink

H.x/ D tanh
� x
p
2

�
; (1.4)

is a notable example of a simple solution of (1.3) with challenging dynamical behavior,
and its general behavior is still unknown to us. In [42] (see also [41]), the authors showed
asymptotic stability for odd perturbations in the energy space. A proof for the general case
is still missing.

Another interesting motivation for the study of (1.1) is given by its defocusing char-
acter, opposite to the focusing one present in the good-Boussinesq model. See [68] for a
detailed introduction to the soliton problem in good-Boussinesq models. The latter model
and the dynamics of their (unstable) solitons has been studied by many authors during past
years. But, contrary to good-Boussinesq, the model studied in this work will have more
physical interest.

Precisely, the fourth and final motivation to study (1.1) comes from the fact that it
possesses, as well as Cahn–Hilliard and �4, stable kink solutions. In the fourth-order �4

case, the kink coincides with the one for �4, and as far as we understand, for (1.1) there is
not even a single kink stability result. Consequently, in this paper our main objective is to
initiate the study of the dynamics of kinks for (1.1) dealing with the one-dimensional case
for general data in the energy space.
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Following Linares [52], equation (1.1) can be rewritten formally taking

� D .�1; �2/ D .�; @
�1
x @t�/;

and obtaining the following representation as a 2 � 2 system:´
@t�1 D @x�2;

@t�2 D �@x.@
2
x�1 C �1 � �

3
1/:

(1.5)

This system admits kink solutions given by

H c D .Hc ;�cHc/.x � ct � x0/; c 2 R; x0 2 R;

where˙Hc solves the ODE

H 00c C .c
2
C 1/Hc �H

3
c D 0; Hc.˙1/ D ˙� D ˙

p
1C c2: (1.6)

One has that Hc is a rescaled version of the �4 kink:

Hc.x/ D �H.�x/; H.x/ given in (1.4);

which differs from the general kink from (1.3) in the sense that the former only has the
Lorentz boost as its scaling symmetry. This subtle difference will remain very important
for the main results of this paper.

System (1.5) will be the exact model worked in this paper. It has the following associ-
ated conserved quantities:

EŒ�� D EŒ�1; �2� D
1

2

Z h
.@x�1/

2
C �22 C

1

2
.�21 � 1/

2
i

.energy/;

P Œ�� D P Œ�1; �2� D

Z
�1�2 .momentum/:

(1.7)

(Here
R

means
R

R dx.) The quantity P has no good meaning around the kink solution
if one works barely in the energy space, and will be loosely used in this general form.
However, its second variation around the kink is perfectly well defined and will be the
key element to study the long-time behavior of kinks. Following [45], the set of functions
� 2 L1loc.R/ � L

1
loc.R/ for which the energy is finite is

E D
®
.�1; �2/ 2 L

1
loc.R/ � L

1
loc.R/

ˇ̌
@x�1; �2 2 L

2.R/; .�21 � 1/ 2 L
2
¯
: (1.8)

To study the stability of the static kink

H .x/ D H 0 D .H; 0/ D
�

tanh
� x
p
2

�
; 0
�
; (1.9)

we introduce the subset of E in (1.8) given by

EH D
®
� 2 E

ˇ̌
� �H 2 H 1.R/ � L2.R/

¯
: (1.10)



Ch. Maulén and Cl. Muñoz 4

Let us consider a shift modulation �.t/ induced by a perturbation � 2 EH in (1.5) of H
of the form

�1.t; x/ D H.x � �.t//C u1.t; x/; �2.t; x/ D u2.t; x/;

such that

hu.t/;H 0.� � �.t//i D hu1.t/;H
0.x � �.t//i D 0; ha; bi WD

Z
ab dx: (1.11)

Then from (1.5) one can see that the perturbation satisfies the following space-time, vari-
able coefficients system:´

@tu1 D @xu2 C �
0H 0.� � �/;

@tu2 D @xLu1 C @x.3H.� � �/u
2
1 C u

3
1/;

(1.12)

where

L D �@2x C V0.� � �/; with V0.x/ D �1C 3H 2.x/ D 2 � 3 sech2
� x
p
2

�
: (1.13)

Note that L coincides with the unbounded linear operator appearing around the �4 kink.
Recalling [42,45,62] (see also Lemma 2.1 for further details), one has that L is nonnega-
tive and it has absolutely continuous spectrum Œ2;1/. Additionally, the discrete spectrum
consists of the simple eigenvalues �0 D 0 and �1 D

p
3
2

, with eigenfunctions

Y0.x/ D H
0 and Y1.x/ D sech

� x
p
2

�
tanh

� x
p
2

�
; (1.14)

respectively. Finally, �2 D 2 is a threshold resonance, in the sense that L� D 2� possesses
a smooth L1nL2 solution with spatial derivative in L2.

In the case of (1.12) the situation has its own particularities, similar to the ones already
present in [68], in the sense that now the corresponding linear operator is �@2xL, which is
of fourth order and the composition of two second-order operators. The properties of this
operator differ from L itself in the sense that (Lemma 2.2)�@2xL is nonnegative and it has
absolutely continuous spectrum Œ0;1/, namely, as in KdV, there is no spectral gap. There
are no embedded eigenvalues in the continuous spectrum nor resonances, but �0 D 0 is an
eigenvalue with kernel Y0 in (1.14), generated by the invariance under shifts of the model.
There is an additional linearly growing odd mode at the origin, which in one dimension
is usually harmless. Notice that any suitable scaling modulation of the kink costs infinite
energy and for this reason will not be present in this work.

1.2. Main results

Our first result is the orbital stability of the fourth-order �4 kink:
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Theorem 1.1. LetH be the kink introduced in (1.9). There exist ı� > 0 and C � > 0 such
that for any �in 2 EH , with

k�in
�H kH1�L2 � ı�; (1.15)

there exists a unique global solution � 2 C.R;EH / of (1.5) with �.0/ D �in. Moreover,
for some smooth �.t/ 2 R, one has

sup
t2R
k�.t; � C �.t// �H kH1�L2 � C

�
k�in
�H kH1�L2 : (1.16)

Some previous results are needed for the proof of this theorem, among them a well-
posedness theory for perturbations of the kink in the energy space whose proof relies on
standard energy arguments; see e.g. [45]. The proof of this fact is given in Section 2 and
follows the ideas of Linares [52].

In the case of scalar field models, orbital stability was proved by Henry, Perez and
Wreszinski [30] in the case of static kinks. The general case is contained in [45].

Although the proof of Theorem 1.1 will follow standard ideas, it is worth mentioning
that no result of this type has appeared in the literature for the case of the fourth-order
�4 model. An interesting open question is to prove (1.16) in the case of infinite energy
perturbations that allow for scaling variations. In that case, the energy will no longer be
useful, at least in the classical sense. Our main results, orbital and asymptotic stability,
stated for data in the energy space only, provide a satisfactory answer as in the parabolic
setting [12]. Indeed, in the “hyperbolic” case, the final state asymptotics will also be found
in the case of general data perturbations.

Theorem 1.2 (Asymptotic stability). Under assumption (1.15) in Theorem 1.1, and by
making ı� > 0 smaller if necessary, one has that for any compact interval I of R and
 > 0 small enough,

lim
t!C1

�
k�.t; � C �.t// �HkL1.I / C k.1 � @

2
x/
�1@t�.t; � C �.t//kH1.I /

�
D 0: (1.17)

Recall that convergence on the whole line will imply that the data is the kink itself.
In that sense, Theorem 1.2 is optimal if one considers the energy space topology only.
Compared with the results in [12] for the parabolic Cahn–Hilliard model and subsequent
improvements, the Hamiltonian character of the dynamics forbids a better understanding
of the exterior regions without the use of well-chosen weighted norms. Additionally, the
parabolic dynamics possesses several key elements that are not present here, the most
important being the presence of good decaying functionals to measure the long-time
dynamics.

The parameter  > 0 in Theorem 1.2 depends on ı, in particular, any fixed 0<  � ı2=5

suffices to prove (1.17). Additionally, general data with no restriction naturally induce
shifts in the dynamics. This shift parameter in (1.17) satisfies a particular equation that
suggests that, unless one asks for additional space decay at time zero, there will not be
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convergence of �.t/ as time tends to infinity. This is in strong contrast with scalar field
models as in [37, 38, 45], where convergence was ensured by quadratic estimates on the
shift parameters.

It is also interesting to compare Theorem 1.2 with the foundational asymptotic stability
result for the defocusing mKdV kink obtained by Merle and Vega [70]. The fourth-order
�4 kink requires more care because of its character as a nonlinear system of equations.
They showed weak convergence of any (suitably shifted) perturbation of the kink towards
the kink itself, once again thanks to the impossibility of performing scalings without
spending an infinite amount of energy. This structural rigidity is present in other models;
see e.g. the case of the Peregrine breather [72]. We believe that our techniques provide a
locally stronger version of the results in [70], and probably improvements of [71] as well.

We believe that our results open the door to the understanding of the long-time solitary
wave dynamics in more general fourth-order models, as well as several other Boussinesq
models. We mention for instance the asymptotic stability, without parity condition, of
the good-Boussinesq standing wave (see [68]), of some particular abcd solitary waves, at
least in the zero-speed even-data case [7,8]. Some of these models have important physical
meaning and are of the utmost interest as well.

1.3. Previous results

We briefly comment now on the main previous contributions to the kink asymptotic sta-
bility problem in our setting. We classify them into three different lines: the Boussinesq
models, the Cahn–Hilliard model and the �4 and similar models.

The fourth-order �4 model (1.1) is part of the family of Boussinesq [10] models highly
studied in the literature. One important aspect that is not completely understood is the
behavior of solitary waves in the long-time dynamics. For a complete review of this model
in the “focusing case”, the reader may consult the introduction in [68]. The literature is
extensive and we will concentrate ourselves on the soliton problem. Bona and Sachs [9]
showed the stability of fast solitary waves for the so-called good Boussinesq model. Slow
solitary waves are unstable and may develop blow-up [61]. Pego and Weinstein [79, 80]
addressed the asymptotic stability problem for the first time in the case of the so-called
improved Boussinesq model (see also [69]) revealing its difficulty compared with other
fluid models. Precisely, compared with (1.1), the former has strongly unstable directions,
specially in the case of the standing wave which was proved asymptotically stable in [68],
provided one works orthogonal to the unstable manifold. Our proofs follow the spirit of the
results in [68] (see also a previous work in the case of the improved Boussinesq system
[69]); however, unlike in previous works where parity was needed, here we are able to
consider the problem in full generality. Previous decay results are available for the Bona,
Chen and Saut abcd model [7, 8]; see the references [47, 48].

The long-time behavior of kinks (or fronts) in the parabolic Cahn–Hilliard model
[14] has been addressed by many authors during the past decades. Novick-Cohen and
Segel [77] and Novick-Cohen [76] provided foundational energy methods to describe the
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dynamics in the case of the originally motivated strongly degenerate Cahn–Hilliard model.
In [23], local and global well-posedness and long-time behavior for Cahn–Hilliard on an
interval were first obtained. Pego [78] used matched asymptotics to describe the evolution
in higher dimensions of the phase separation in the singular perturbative regime. Later,
Caffarelli and Muler [13] provided rigorous L1 bounds for this regime. Alikakos, Bates
and Chen [4] showed that level surfaces of solutions to the Cahn–Hilliard equation tend to
solutions of the Hele-Shaw problem under the assumption that classical solutions of the
latter exist. As previously mentioned, Bricmont, Kupiainen and Taskinen [12] provided a
foundational result proving that the kink in one dimension is asymptotically stable: if the
perturbation is continuous and for some p > 2, khxip.� �H/kL1 is small enough, then
for some x0 2 R,

lim
t!C1

k�.t/ �H.� � x0/kL1 D 0:

A more precise asymptotics of the remainder term is also given. The method of proof
involves but it is not limited to the renormalization group technique. It is interesting to
mention that in the energy space, the convergence of the shift parameter in Theorem 1.2
towards a final state is probably not possible unless one adds additional information on
the initial data of the problem. The reader may also consult a simplified proof [15] of
the kink asymptotic stability by using free energy techniques. Later, Korvola, Kupiainen
and Taskinen [40] (see also [39]) extended the one-dimensional result to dimension d � 3
and any p > d C 1. There is an interesting anomalous decay for the problem in higher
dimensions, and the shift must take into account the transversal perturbations; however, it
converges to zero as time tends to infinity, unlike in the one-dimensional case.

In the case of a generalized version of the one-dimensional Cahn–Hilliard equation,
Howard [32] established that linear stability of fronts implies nonlinear stability. Nonlin-
ear orbital stability is established for waves with initial perturbations of algebraic decay,
under the spectral stability assumption, described in terms of the Evans function. Later,
Howard [31] established that the planar wave solutions are asymptotically stable, in the d -
dimensional Cahn–Hilliard equation, with d � 2. In this result, it is required that the initial
perturbations decay at an appropriate algebraic rate in an L1 norm of the transverse vari-
ables; and in [33], the same author considers the multidimensional Cahn–Hilliard system,
showing for the planar transition front solutions that spectral stability implies nonlinear
stability.

Finally, Theorem 1.2 can be recast as an extension into the fourth-order �4 model of
the stable [30] kink asymptotic stability proved in [42] using essentially virial identities
(see [41] for a simplified proof and [21] for an extension of the previous result). As pre-
viously explained, the data considered in [42] is odd and the general case is still open.
Earlier results in this direction were obtained by Cuccagna [20], who considered the �4

kink in three dimensions, and using vector field methods showed the asymptotic stabil-
ity of the �4 kink. Under higher-order weighted norms, Kopylova and Komech [37, 38]
showed asymptotic stability of kinks of highly degenerate scalar field theories. Delort and
Masmoudi [22] applied Fourier analysis techniques and proved a detailed asymptotics for
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odd perturbations of the kink up to timesO."�4/, where " is the size of the perturbation. In
[45], a sufficient condition is given to describe the long-time dynamics of kink perturba-
tions for any data in the energy space, including many models of interest in quantum field
theory [62] (except sine-Gordon and �4). In this case, kinks must be modulated in terms
of scaling (the Lorentz boost) and shifts, which makes computations harder than usual.
Cuccagna and Maeda provided a new sufficient condition to have asymptotic stability
[21] in the odd data case. Snelson [81] considered the case of the �4 kink in the presence
of variable coefficients. The case of the integrable sine-Gordon kink has attracted attention
during past years due to its complexity and lack of kink asymptotic stability in the energy
space; see [3, 16, 63, 73] and references therein. The case of collision of kink structures
was treated in [35].

Another point of view, equivalent to the treatment of kinks under symmetry assump-
tions (essentially no shifts or Lorentz boosts), is given by the study of one-dimensional
nonlinear Klein-Gordon models under variable coefficients. Foundational works in three
dimensions were obtained by Soffer and Weinstein [82–84]. In this direction we men-
tion previous scattering results by Lindblad and Soffer [57–59], Hayashi and Naumkin
[27–29], Sternbenz [85], Bambusi and Cuccagna [5], Lindblad and Tao [60] and Lind-
blad et. al. [54–56]. These results have recently been improved by considering quadratic
nonlinearities; see the scattering results by Germain and Pusateri [25]; see also [26]. The
dynamics of solitons in nonlinear Klein–Gordon models has concentrated much effort dur-
ing past years. We mention three-dimensional and one-dimensional works on the descrip-
tion of the manifold by Krieger, Nakanishi and Schlag [46] and Nakanishi and Schlag
[75], and earlier results by Ibrahim, Masmoudi and Nakanishi [34]. Recently, one- and
three-dimensional subcritical dynamics around the soliton have been addressed in great
detail in [6, 17, 18, 36, 43, 44, 49–51, 64] in the presence of at least one unstable mode.

1.4. Idea of proofs

We will use localized virial estimates to show the asymptotic stability of the fourth-order
�4 kink. Virials have been previously used in many complex dynamics; see e.g. [1, 2,
42, 44, 66, 67]. In this paper, we follow ideas from [68], which are based on previous
ones from Kowalczyk, Martel and the second author in [44] and Kowalczyk, Martel, the
second author and Van Den Bosch [45] to study the stability properties of kinks for (1+1)-
dimensional nonlinear scalar field theories.

The first step is to decompose the solution close to the kink as follows: we choose �.t/
such that ´

�1.t; x/ D H.y/C u1.t; x/; y D x � �.t/;

�2.t; x/ D u2.t; x/;

and hu1; H 0.y/i D 0 and k.u1.t/; u2.t//kH1�L2 � ı. Notice that we have chosen not
to follow the standard centering performed in [45]. There are several reasons to follow
a different approach. The most relevant is that multi-kink structures do not center well,
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specially in the case of several kinks. Another reason is that centering and multiple deriva-
tives as in (1.1) do not cooperate well with each other.

Then we will focus on .u1; u2/ 2 H 1 � L2, which satisfy the linearized equation
(1.12). Following [68,74], for an adequate weight function 'A placed at scale A large, we
obtain the virial estimate (see (4.19))

d

dt

Z
'A.y/u1u2 � �

1

2

Z
Œw22 C 2.@xw1/

2
C .2 � C1ı/w

2
1 �

C C1

Z
sech.y/u21 C C1�

02; (1.18)

where .w1; w2/ is a localized version of .u1; u2/ at A scale, and C1 denotes a fixed con-
stant. This virial estimate is standard now but it is not enough to conclude because of the
terms C1

R
sech.y/u21 and �02 (which is only of quadratic nature). Then we require to

transform the system to a new one which has better virial estimates, in the spirit of Martel
[65]. For any  > 0 small enough, we define new variables .v1; v2/ 2 H 1 �H 2 by´

v1 D .1 � @
2
x/
�1Lu1;

v2 D .1 � @
2
x/
�1u2

(see (5.1)). In [68], this change of variable was enough to describe the stable manifold
related to the unstable static soliton. Here we have additional complications since shifts
are nontrivial perturbations and .v1; v2/ 2 H 1 �H 2 follow modified dynamics. In par-
ticular, j�0j is only linear in .u1; u2/, unlike in scalar field models. However, a surprising
miracle happens and the new system for .v1; v2/ (see (5.2)) satisfies, for an adequate
weight function  A;B , B � A, the new virial estimate (see (5.7))

d

dt

Z
 A;Bv1v2 � �

1

2

Z
Œz21 C .V0 � C2ı

1=10/z22 C 2.@xz2/
2�C l.o.t.; (1.19)

where .z1; z2/ is a localized version of .v1; v2/, at the smaller scale B , V0 is given
by (1.13) and C2 denotes a fixed constant. An important point here is that the operator
�2@2y C V0 is now positive, and �0 has a critical almost zero contribution in (1.19), which
is not the case in (1.18). The cancelation of the contribution by �0 is part of a new idea
that reveals that shift and scaling modulations should be treated as if they were additional
internal modes (recall that they are not), just as is done in scalar field models. This is the
main new outcome of this paper, which allows us to treat shifts in a simple fashion in the
case of fourth-order �4 kink perturbations.

Following [44], in order to combine estimates (1.18) and (1.19) we need an estimate
for the term before last in (1.18). A coercive estimate is proved in terms of the variables
.w1; w2/ and .z1; z2/ (see (7.2)):Z

sech.y/u21 . ı1=20.kw1k
2
L2
C k@xw1k

2
L2
/C ı�1=20kz1k

2
L2
C ı2=5k@xz1k

2
L2
: (1.20)
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We can directly observe that the term @xz1 does not appear in (1.19), leading to the main
obstruction present in this paper. This problem is deeply related to the fact that .v1; v2/ 2
H 1 �H 2, i.e. the new variables are in opposite order of regularity.

In order to overcome this problem, we introduce a series of modifications that will
allow us to close estimates (1.18) and (1.19) properly. First, we must gain derivatives. In
a new virial estimate for the system of .@xv1; @xv2/ (see (6.2)), we obtain the third virial
estimate

d

dt

Z
 A;B@xv1@xv2

� �
1

2

Z
..@xz1/

2
C .V0 � C3ı

1=10/.@xz2/
2
C 2.@2xz2/

2/C l.o.t.; (1.21)

with C3 > 0 fixed. This new estimate give us local L2 control on @xz1 and @2xz2, which
was not present before. Together with a similar estimate as (1.20), and in order to control
�02 and combine estimates (1.18) and (1.19), we need an estimate for the last terms in
(1.18). A coercive estimate is proved in terms of the variables .w1; w2/ and .z1; z2/ (see
(7.11)):

�02 . ı1=20kw2k
2
L2
C ı�1=20kz2k

2
L2
C ı2=5k@2xz2k

2
L2
C ı3=5k@xz2k

2
L2
: (1.22)

Finally, we consider a functional H being a well-chosen linear combination of (1.18),
(1.19), (1.21), (1.20) and (1.22). We get

d

dt
H .t/ � �ı1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/ for all t � 0:

This final estimate allows us to close estimates, and prove local decay for u1 after some
standard change of variables from wj to uj .

Organization of this paper

This paper is organized as follows. In Section 2 we provide several basic but not less
important elements for the study of the fourth-order �4 model. Section 3 is devoted to
the proof of Theorem 1.1. Finally, Sections 4, 5, 6, 7 and 8 deal with the proof of the
asymptotic stability of the kink, Theorem 1.2.

2. Preliminaries

2.1. Linear operators

Recall L introduced in (1.13). The following results are standard; see [62].

Lemma 2.1 (Properties of L). The linear unbounded operator L, defined in L2 with
domain H 2, satisfies the following properties:
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(1) The absolutely continuous spectrum of L is Œ2;1/.

(2) L is self-adjoint and nonnegative.

(3) The discrete spectrum consists of simple eigenvalues �0 D 0 and �1 D
p
3
2

, with
eigenfunctions

Y0 D H
0 and Y1.x/ D sech

� x
p
2

�
tanh

� x
p
2

�
;

respectively.

In a similar way, we have the following properties for the more involved operator
�@2xL:

Lemma 2.2 (Properties of �@2xL). The linear operator �@2xL defined in (1.13), posed in
L2 with domain H 4, satisfies the following properties:

(1) The absolutely continuous spectrum of �@2xL is Œ0;1/.

(2) �@2xL is nonnegative.

(3) ker.�@2xL/ D span¹H 0º.

The proofs of the first two statements are direct. For the proof of the last result, see
Appendix A.

Remark 2.1. Unlike good Boussinesq, the operator L appearing in the case of kinks
has even kernel H 0, implying that the equation LA D 1 cannot have bounded solutions.
Resonances are therefore excluded in this case. See [68] for the case where resonances but
no shifts are allowed.

2.2. Coercivity

The linearization of (1.5) around H involves the operator (1.13) and �@2xL. Here, we
recall a few properties of the operator L.

Let the bilinear form

H.u; v/ D hL.u/; vi D

Z
.@xu@xv C V0uv/;

where V0 is given in (1.13).

Lemma 2.3 (Coercivity [42]). If u 2 H 1.R/ satisfies hu; Y0i D 0, where Y0 is the even
eigenfunction associated to eigenvalue �0 D 0 of operator L, then

H.u; u/ �
3

7
kuk2

H1 : (2.1)

We will need a weighted version of the previous result, which uses (2.1). See [68] for
a similar proof.
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Lemma 2.4 (Coercivity with weight function). Consider the bilinear form

H�L.u; v/ D h
p
�LL.u/;

p
�Lvi D

Z
�L.@xu@xv C V0uv/;

for �L such that j�0Lj � CL�L, with C not depending on L. Then there exists � > 0

independent of L small such that

H�L.u; u/ � �

Z
�L..@xu/

2
C u2/

for all u 2H 1.R/ satisfying hu;Y0i D 0, and provided L is taken small enough, indepen-
dent of the size of u.

2.3. Technical identities related to the operator L

The next lemma will be useful for the first computations related to virial identities, which
allow us to prove the asymptotic stability of the static kink.

Lemma 2.5. Let � be a smooth bounded function, and .f; g/ 2 H 1.R/ � H 1.R/. The
following identities hold:

h�L.f /; gi D

Z
�Œ@xf @xg C V0fg�C h�

0@xf ; gi; (2.2)

h�@xL.f /; f i D �
1

2

Z
�0Œ3.@xf /

2
C V0f

2�C
1

2

Z
�V 00f

2
C
1

2

Z
�000f 2 (2.3)

and

h�L.@xf /; f i D �
1

2

Z
�0Œ3.@xf /

2
C V0f

2� �
1

2

Z
�V 00f

2
C
1

2

Z
�000f 2: (2.4)

For the proof see Appendix B.

2.4. Ill-posedness

Before considering perturbations of the kink solution, we will make some remarks about
the case of small data around the zero solution. It is expected, as in the case of �4 or
Allen–Cahn, that this state is unstable. However, some interesting remarks about local
existence can be made in the fourth-order �4 case.

System (1.1) can be written as´
@t� C @

2
x' D 0;

@t' � @
2
x� � � D ��

3:

Let  D � C i'; then
i@t C @

2
x C Re D .Re /3:

From this we can see that w has interesting similarities with the equations appearing
in the study of the Peregrine breather [72]. Indeed, the linear fourth-order �4 equation



Asymptotic stability of the fourth-order �4 kink 13

has the same instability issues as NLS around a nonzero background. From a standard
frequency analysis, we get for a formal standing wave � D ei.kx�wt/ solution to the linear
(1.1), one has

w.k/ D ˙jkj
p

k2 � 1;

which reveals that for small wave numbers .jkj < 1/ the linear equation behaves in an
“elliptic” setting, and exponentially in time growing modes are present from small per-
turbation of the vacuum solution. Unlike [72], where one still has well-posedness in H s ,
s > 1

2
in the nonlinear case, that approach fails here because of the two derivatives in the

nonlinearity.

2.5. Local well-posedness in a neighborhood of the kink

Contrary to Section 2.4, perturbations of heteroclinic kinks do not suffer from the lack
of well-posedness. To prove well-posedness around the kink solution we will adapt the
well-posedness proof by Linares [52] (see also [53]). Most of the concern is given by how
the linear flow can recover the two derivatives present in the nonlinearity. Let ı > 0 small
enough be chosen later. We consider an initial data uin 2 EH (see (1.10)) such that (1.15)
is satisfied.

In this section, we are looking for a solution �.t/ of (1.5) in EH for all time with
initial data �in. Now we will focus on the local well-posedness of the perturbed system
around the static kink for equation (1.5). Here, it is remarkable that around the static kink
the nature of the solution changes drastically: here, the exponential growth of the section
above is not present.

We consider an initial data which is perturbation around the static kink, i.e. an initial
data of system (1.5) which has the form

�in
D .H.x/C u01.x/; u

0
2.x//; (2.5)

and setting u.t; x/ D �.t/ �H , we reduce our problem to solving the system

@tu1 D @xu2;

@tu2 D @x.�@
2
xu1 C 2u1 C F.t; x; u1//;

(2.6)

in H 1 � L2, where

F.t; x; u1/ D 3u1.H
2
� 1/C u21.u1 C 3H/: (2.7)

Notice that F is locally Lipschitz in the third variable, i.e. there exists C > 0, such that
for any v;w, if kukL1 � 1, kwkL1 � 1, then

jF.t; x; u/ � F.t; x; w/j D ju � wj j3.H 2
� 1/C u2 C .uC w/.w C 3H/j

� C ju � wj: (2.8)
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The fourth-order �4 linearization around the static kink (see (2.6)) hides a slightly modi-
fied good-Boussinesq equation structure. That means that the linear part of (2.6) is essen-
tially the same as the linear good-Boussinesq equation. We can see that by Duhamel’s
principle, the associated solution is represented as

u1.t; x/ D G .t/u01.x/CK.t/u02.x/C

Z t

0

K.t � s/@2xF.s; x; u1/ ds;

where
G .t/ D F �1G.t; �/F ; K.t/ D F �1K.t; �/F ;

and F and F �1 represent the Fourier transform and its inverse, respectively. The Fourier
multipliers are given by

G.t; �/ D cos.!.�/t/; K.t; �/ D
sin.!.�/t/
!.�/

;

where !.�/ D j�j
p
�2 C 2. Then, following Linares’ work [52,53] and noticing that F in

(2.7) is locally Lipschitz and satisfies

jF j . ju1je�
p
2jx��j

C u21 C ju1j
3; (2.9)

we conclude that the equation (2.6) is locally well posed in H 1 � L2.R/. Using the con-
served quantities (1.7), we obtain the global well-posedness of (2.6). To see the complete
proof, the reader may consult Appendix C.

In this paper, we will only need the above notion of solution � D .�1; �2/ of (1.5).
Now we are ready to face the orbital stability of the static kink.

3. Orbital stability

First, we will establish the energy and momentum of the static kink, as well as their per-
turbations.

Lemma 3.1. Let E and P be defined as in (1.7). The following are satisfied:

(1) Conservation laws for the static kink:

EŒH � D kH 0k2
L2
; P ŒH � D 0: (3.1)

(2) Additionally, for any u D .u1; u2/ such that ku1kL1 . 1,

EŒH C u� D EŒH �C
1

2
Œku2k

2
L2
C hLu1; u1i�CRu1 ; (3.2)

where jRu1 j � Cku1kL1ku1k
2
L2

.
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Proof of Lemma 3.1. Proof of (3.1). Recalling thatH D .H; 0/, one immediately obtains
that P ŒH � D 0. Furthermore, from (1.6) for c D 0, we have .H 0/2 D .1 � H 2/2=2 ,
concluding that EŒH � D kH 0k2

L2
.

Proof of (3.2). Expanding the energy, we get

EŒH C u� D
1

2

Z
..@xu1/

2
C u22 C .@xH/

2
C 2H 0@xu1/

C
1

4

Z
Œu21.u1 C 2H/

2
C 2u1.u1 C 2H/.H

2
� 1/C .H 2

� 1/2�

D
1

2

Z
.@xu1/

2
C u22 C .@xH/

2
�

Z
H 00u1

C
1

4

Z
Œu21.u1 C 2H/

2
C 2u1.u1 C 2H/.H

2
� 1/C .H 2

� 1/2�:

Using (1.6), we obtain

EŒH C u� D
1

2

Z
.@xu1/

2
C u22 C .�1C 3H

2/u21 C .@xH/
2
C
1

2
.H 2
� 1/2

C
1

4

Z
Œu21.u1 C 2H/

2
C 2u1.u1 C 2H/.H

2
� 1/�

C 4u1H.1 �H
2/C 2.1 � 3H 2/u21

D EŒH �C
1

2
.hLu1; u1i C ku2k

2
L2
/C

1

4

Z
u31Œu1 C 4H�:

Letting Ru1 D
1
4

R
u31Œu1 C 4H�, we quickly obtain that jRu1 j � Cku1kL1ku1k

2
L2

. This
concludes the proof of lemma.

Proof of Theorem 1.1. Let � be the local-in-time solution of (1.5) with initial data �in

given in (2.5), satisfying (1.15). For C > 1 to be chosen later, define

T � D sup
®
t � 0

ˇ̌
� is well defined on Œ0; t � and

sups2Œ0;t� inf�2R k�.s/ �H .� � �/kH1�L2 � C
�ı:
¯

By continuity and (1.15), we get T � is well defined and T � > 0. Then, if T � <1, using
a continuity argument and the smallness of the initial data (see (1.15)), � is well defined
on Œ0; T 1� for some T 1 > T � and it will hold that

inf
�2R
k�.T �/ �H .� � �/kH1�L2 D C

�ı: (3.3)

Assuming that T � is finite, we work on the interval Œ0; T ��. Considering that � has the
formH C u, we get from (3.2),

EŒH C u�.t/ �EŒH � D
1

2
Œku2k

2
L2
C hLu1; u1i�CRu1 ;
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so that using the conservation of energy (Lemma 3.1) and (3.3),

1

2
Œku2k

2
L2
C hLu1; u1i� D

1

2
Œku2.0/k

2
L2
C hLu1.0/; u1.0/i�CRu1.0/ �Ru1

� Cı2 C C.C �/3ı3:

The coercivity of the operator L (Lemma 2.3 and (1.11)) gives that for some fixed
�;C > 0,

�kuk2
H1�L2

� Cı2 C C.C �/3ı3:

Thus, for all t 2 Œ0; T ��, if ı is small enough,

kuk2
H1�L2

�
2C

�
ı2I (3.4)

here C and � are independent of C �. Fixing .C �/2 > C=� we get a contradiction with
(3.3). Therefore, � is a global solution for t � 0, T � and (3.4) hold for any t � 0. This
concludes the proof of Theorem 1.1.

4. Asymptotic stability: First estimates

Consider a small perturbation of the kink solution H D .H; 0/. In what follows we will
describe this decomposition, introduce some notation, and develop a virial estimate for
the fourth-order �4 system (1.5).

4.1. Decomposition of the solution in the vicinity of a kink

Let � D .�; @t@�1x �/ D .�1; �2/ be a solution of (1.5) satisfying

k�.t; � C �.t// �H kH1�L2 D ku.t/kH1�L2 � C0ı (4.1)

for all t � 0, where ı is defined from the initial data �in (2.5), to be taken small enough.
Recall the decomposition for �:

�.t; x/ D H .x � �.t//C u.t; x/; where u D .u1.t; x/; u2.t; x//

satisfies hu.t/;H 0.� � �.t//i D

hu1.t/;H
0.� � �.t//i D 0:

(4.2)

Note that (4.1) and Theorem 1.1 now read

ku1.t/kH1 C ku2.t/kL2 � C0ı: (4.3)

Additionally, from (1.12) u satisfies the equation

@tu D @xJLuC @xF .x;u/C �
0H 0; (4.4)
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where

J D

�
0 1

1 0

�
; L D

�
L 0

0 1

�
and F .x;u/ D

�
0

u31 C 3H.� � �/u
2
1

�
;

with L given by (1.13). Equation (4.4) is equivalent to the system´
Pu1 D @xu2 C �

0H 0;

Pu2 D @xLu1 C @x.u
3
1 C 3Hu

2
1/:

(4.5)

Notice that from (4.2) one has

hu1;H
0
i D 0 H) h Pu1;H

0
i D �0hu1;H

00
i;

and from (4.5),

h Pu1;H
0
i D �hu2;H

00
i C �0kH 0k2

H) j�0j . jhu2;H 00ij .
�Z

e�
p
2jx��ju22

�1=2
: (4.6)

4.2. Weighted functions

In this section we recall all the necessary auxiliary results that will be needed in forth-
coming sections. The notation is taken essentially from [45], with some particular choices
from [68]. We start by describing the weighted functions used to define our local norms.

We consider a smooth even function �WR! R satisfying

� D 1 on Œ�1; 1�; � D 0 on .�1; 2� [ Œ2;1/; �0 � 0 on Œ0;1/: (4.7)

For any scale K > 0, we define the functions �K and 'K as

�K.x/ D exp
�
�
1

K
.1 � �.x//jxj

�
;

'K.x/ D

Z x

0

�2K.y/ dy; x 2 R:
(4.8)

We consider the function  A;B defined as

 A;B.x/ D �
2
A.x/'B.x/; where �A.x/ D �

� x
A

�
, x 2 R: (4.9)

We recall that  A;B and 'K are odd functions.
These functions will be used several times in arguments of virial type, and with differ-

ent scales, A and B , under the following constraint:

1� B � B8 � A: (4.10)
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Basic set of technical estimates related to weighted functions. The following technical
estimates on functions �K and �A will be useful throughout this work. These estimates
have been used in a similar context (for the proofs, see [42, 68]).

Lemma 4.1. Let �K and � be defined by (4.8) and (4.7), respectively. Then one has

�0K
�K
D �

1

K
Œ��0.x/jxj C .1 � �.x// sgn.x/�;

�00K
�K
D

�
�0K
�K

�2
C
1

K
Œ�00.x/jxj C 2�0.x/ sgn.x/�;

and
�000K
�K
D 3

�00K
�K

�0K
�K
� 2

�
�0K
�K

�3
C
1

K
Œ�000.x/jxj C 3�00.x/ sgn.x/�;

�
.4/
K

�K
D 4

�000K
�K

�0K
�K
C 3

�
�00K
�K

�2
� 12

�00K
�K

�
�0K
�K

�2
C 6

�
�0K
�K

�4
C
1

K
Œ�.4/.x/jxj C 4�000.x/ sgn.x/�:

The previous identities are key through the paper. From the previous lemma we ob-
serve that for any K > 0 sufficiently large,ˇ̌̌̌

�00K
�K
� 2

�
�0K
�K

�2 ˇ̌̌̌
.
1

K
: (4.11)

Furthermore, ˇ̌̌̌
�0K
�K

ˇ̌̌̌
. K�11¹jxj>1º.x/;

ˇ̌̌̌
�00K
�K

ˇ̌̌̌
. K�2 CK�1 sech.x/; (4.12)

and ˇ̌̌̌
�000K
�K

ˇ̌̌̌
. K�3 CK�1 sech.x/;

ˇ̌̌̌
�
.4/
K

�K

ˇ̌̌̌
. K�4 CK�1 sech.x/:

Then, ˇ̌̌̌
�00K
�K

ˇ̌̌̌
C

ˇ̌̌̌
�000K
�K

ˇ̌̌̌
C

ˇ̌̌̌
�
.4/
K

�K

ˇ̌̌̌
. K�1: (4.13)

In particular, for A large enough, the following estimate holds:ˇ̌̌̌
1¹A<jxj<2Aº

�
.n/
K

�K

ˇ̌̌̌
.

1

Kn
for n 2 N: (4.14)

Now we will focus on �A. Considering that �A is a cut-off function at A scale, we
notice the following relation between �A and �A: for each function v,Z

�2Av
2
�

Z
jxj�2A

v2 � C

Z
jxj�2A

e�4jxj=Av2 .
Z
v2�4A: (4.15)
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This estimate will be essential for the well-boundedness of some nonlinear terms in what
follows (see Sections 5.6.1 and 5.6.2). Notice that this estimate will be used with the
translated variable y D x � �.t/.

4.3. A first virial estimate

Following the ideas in [68], we set

	.t/ D

Z
R
'A.y/u1.t; x/u2.t; x/ dx; y D x � �.t/; (4.16)

and
wi .t; x/ D �A.y/ui .t; x/; i D 1; 2: (4.17)

Here, w D .w1; w2/ represents a localized version of u D .u1; u2/ at scale A. The
following virial argument has been used in [42, 45, 68] in a similar context.

Proposition 4.2. There exist C1 > 0 and ı1 > 0 such that for any 0 < ı � ı1, the following
holds. Fix

A D ı�1: (4.18)

Assume that for all t � 0, (4.1) holds. Then

d

dt
	 � �

1

2

Z
.w22 C 3.@xw1/

2
C .V0 � 4C0ı/w

2
1/C

Z
'A.3H C u1/H

0u21

C C0ıj�
0
j
2
C �0

Z
'AH

0u2: (4.19)

The proof of this result requires several computations. We start with a first identity.

Lemma 4.3. Let .u1; u2/ 2H 1.R/�L2.R/ be a solution of (4.5). Consider 'A D 'A.y/
a smooth bounded function to be chosen later. Then

d

dt
	 D �

1

2

Z
'0A.u

2
2 C 3.@xu1/

2
C V0u

2
1/C

1

2

Z
'000A u

2
1

�
1

2

Z
'0Au

3
1.
3

2
u1 C 4H/C

Z
'Au

2
1H
0.3H C u1/

� �0
Z
'0Au1u2 C �

0

Z
'AH

0u2: (4.20)

Proof. Taking the derivative in (4.16) and using (4.5),

d

dt
	 D

Z
'A. Pu1u2 C u1 Pu2/ � �

0

Z
'0Au1u2

D

Z
'A
�
@xu2u2 C �

0H 0u2 C u1.@xL.u1/C @x.u
3
1 C 3Hu

2
1//
�

D �
1

2

Z
'0Au

2
2 C

Z
'Au1@xL.u1/ �

Z
'Au1@x.u

3
1 C 3Hu

2
1/

� �0
Z
'0Au1u2 C �

0

Z
'AH

0u2: (4.21)
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For the second integral on the right-hand side of the above equation, by (2.3) in Lemma
2.5, we haveZ

'Au1@xL.u1/ D �
1

2

Z
'0AŒ3.@xu1/

2
C V0u

2
1�C

1

2

Z
'AV

0
0u
2
1 C

1

2

Z
'000A u

2
1:

For the third integral on the right-hand side of (4.21), separating terms and integrating by
parts we obtainZ

'Au1@x.u
3
1 C 3Hu

2
1/ D �

Z
'A@xu1.u

3
1 C 3Hu

2
1/ �

Z
'0A.u

4
1 C 3Hu

3
1/

D
1

4

Z
'0Au

4
1 C

Z
.'0AH C 'AH

0/u31 �

Z
'0A.u

4
1 C 3Hu

3
1/

D �
3

4

Z
'0Au

4
1 � 2

Z
'0AHu

3
1 C

Z
'AH

0u31:

Finally, by collecting, noticing that V 00 D 6HH
0 and regrouping terms, we obtain

d

dt
	 D �

1

2

Z
'0A.u

2
2 C 3.@xu1/

2
C V0u

2
1/C

1

2

Z
'000A u

2
1

�
1

2

Z
'0Au

2
1

�3
2
u21 C 4Hu1

�
C

Z
'Au

2
1H
0.3H C u1/

� �0
Z
'0Au1u2 C �

0

Z
'AH

0u2:

This concludes the proof of (4.20).

Proof of Proposition 4.2. Recalling that '0A D �
2
A, we have in (4.20),Z

'0A.u
2
2 C V0u

2
1/ D

Z
.w22 C V0w

2
1/: (4.22)

Also, Z
'0A.@xu1/

2
D

Z
.@xw1/

2
C

Z
w21
�00A
�A
: (4.23)

Additionally, Z
'000A u

2
1 D

Z
.�2A/

00

�2A
w21 D 2

Z �
�00A
�A
C
.�0A/

2

�2A

�
w21 : (4.24)

Next, we deal with the nonlinear terms. Using that w1 D �Au1, we obtainZ
'0A

�3
2
u41 C 4Hu

3
1

�
D

Z
w21

�3
2
u21 C 4Hu1

�
:

Finally, gathering the previous computation and (4.22), (4.23) and (4.24), we obtain

d

dt
	 D �

1

2

Z
.w22 C 3.@xw1/

2
C Vw21/C

Z
'Au

2
1H
0.3H C u1/

� �0
Z
'0Au1u2 C �

0

Z
'AH

0u2;
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where (with variable x, y and t )

V D V0 C
�00A
�A
� 2

.�0A/
2

�2A
C u1

�3
2
u21 C 4H

�
: (4.25)

Now we consider the range of parameter A� 1. Then from (4.11) in (4.25) one has

V � V0 � C.A
�1
C ı/:

This last estimate follows from (4.11) and ku1kL1 � C0ı.
Finally, consider the penultimate term in (4.20). Using (4.3) and (4.18) one gets ı D

A�1, and ku2kL2 ; ku1kL1 � C0ı. Therefore,ˇ̌̌̌
�0
Z
'0Au1u2

ˇ̌̌̌
. j�0j

Z
jw1�Au2j . j�0jkw1kL2k�Au2kL2 � C0ıj�0jkw1kL2 :

Replacing this bound in (4.20), and using the Cauchy inequality, we obtain

d

dt
	 D �

1

2

Z
.w22 C 3.@xw1/

2
C Vw21/C

1

2

Z
'Au

2
1.V

0
0 C 2H

0u1/

� �0
Z
'0Au1u2 C �

0

Z
'AH

0u2

� �
1

2

Z
.w22 C 3.@xw1/

2
C .V0 � 4CA

�1/w21/C

Z
'A.3H C u1/H

0u21

C C0ıj�
0
j
2
C �0

Z
'AH

0u2:

This concludes the proof of (4.19).

5. Duality and second virial estimates

Following Martel [65], we consider the function v1 D Lu1 instead of u1 to obtain a
transformed problem with better virial properties. Unlike generalized KdV, in our case we
have a system of unknowns and some care is needed with the dual transformation. In the
case of the good-Boussinesq equation this was done in [68] with notable success. Since
our original variables .u1; u2/ belong to H 1.R/ � L2.R/, by using L, the new variables
are not well defined. Therefore, we need a regularization procedure, as in many other
works [42, 45, 68].

5.1. The transformed problem

Let  > 0 small, to be determined later. Set

v D .1 � @2x/
�1Lu;
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or equivalently, ´
v1 D .1 � @

2
x/
�1Lu1;

v2 D .1 � @
2
x/
�1u2:

(5.1)

From system (4.5) we have v D .v1; v2/ 2 H 1.R/ �H 2.R/. Furthermore, from system
(4.4), it follows that

@tv D LJ@xvC .1 � @
2
x/
�1 zF ;

where
zF D

�
ŒV 000 @xv2 C 2V

0
0@
2
xv2� � �

0V 00u1
@x Œu

3
1 C 3Hu

2
1�

�
:

The above system is equivalent to´
Pv1 D L.@xv2/CG;

Pv2 D @xv1 C F;
(5.2)

where
F D .1 � @2x/

�1@x Œu
3
1 C 3Hu

2
1�;

G D .1 � @2x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2� � �

0.1 � @2x/
�1.V 00u1/:

(5.3)

Now we compute a second virial estimate, this time on .v1; v2/.

5.2. Virial functional for the transformed problem

Recall that y D x � �.t/. Now set

J.t/ D

Z
 A;B.y/v1.t; x/v2.t; x/ dx; (5.4)

with
 A;B D �

2
A'B ;

zi .t; x/ D �A.y/�B.y/vi .t; x/; i D 1; 2:
(5.5)

Here, z D .z1; z2/ represents a localized version of the variables v D .v1; v2/ at the scale
B . This scale is intermediate, and J involves a cut-off at scaleA, which is needed to bound
some bad error and nonlinear terms; see [45, 68] for a similar procedure.

Proposition 5.1. Under (4.1), (4.10) and (4.18), the following is satisfied. There exist
C2 > 0 and ı2 > 0 such that for any 0 < ı � ı2, the following holds. Fix

B D A1=10 D ı�1=10;  D B�4 D ı2=5: (5.6)

Then for all t � 0,

d

dt
J � �

1

2

Z
.z21 C .V0 � C2ı

1=10/z22 C 2.@xz2/
2/C C2ıkz1k

2
L2

C C2ı
1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C C2ı

9=10
j�0j2; (5.7)

where V0 is given by (1.13).
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The rest of this section is devoted to the proof of this proposition, which has been
divided into several subsections.

5.3. Change of variable

The following identities were proved in [68]; they are useful in the next subsection and in
the proof of Claim 6.3.

Claim 5.2. Let P 2 W 1;1.R/, P D P.y/, vi be as in (5.1) and zi be as in (5.5). ThenZ
P�2A�

2
B.@xvi /

2
D

Z
P.@xzi /

2
C

Z �
P 0
�0B
�B
C P

�00B
�B

�
z2i C

Z
E1�

2
Bv

2
i ; (5.8)

where

E1.P / D P

�
�00A�A C .�

2
A/
0
�0B
�B

�
C
1

2
P 0.�2A/

0; (5.9)

and
jE1.P /j . A�1kP 0kL1.A�jyj�2A/ C .AB/

�1
kP kL1.A�jyj�2A/: (5.10)

Remark 5.1. For further purposes, we need the following easy consequences: for P � 1,
we get Z

�2A�
2
B.@xvi /

2
D

Z
.@xzi /

2
C

Z
�00B
�B
z2i C

Z
E1�

2
Bv

2
i ; (5.11)

where

E1 D E1.1/ D �
00
A�A C .�

2
A/
0
�0B
�B
: (5.12)

Additionally, from (5.11), (4.12) and (5.10), one has the following estimate:

k�A�B@xvik
2 . k@xzik2L2 C B

�1
kzik

2
L2
C .AB/�1k�Bvik

2
L2
: (5.13)

This estimate will be particularly useful later in the paper; see e.g. (6.41).

5.4. Proof of Proposition 5.1: First computations

Recall the definition of J in (5.4). We have from (5.4) and (5.2),

d

dt
J D

Z
 A;B

h
.L@xv2/v2 C

1

2
@x.v

2
1/C Fv1 CGv2

i
� �0

Z
 0A;Bv1v2

D

Z
 A;B.L@xv2/v2 �

1

2

Z
 0A;Bv

2
1 C

Z
 A;B ŒGv2 C Fv1� � �

0

Z
 0A;Bv1v2:

Applying (2.4) in Lemma 2.5, we obtainZ
 A;B.L@xv2/v2 D �

1

2

Z
 0A;B.3.@xv2/

2
C V0v

2
2/

C
1

2

Z
 000A;Bv

2
2 �

1

2

Z
 A;BV

0
0v
2
2 :



Ch. Maulén and Cl. Muñoz 24

Now, we consider the following decomposition

d

dt
J D �

1

2

Z
 0A;B.v

2
1 C V0v

2
2 C 3.@xv2/

2/C
1

2

Z
 000A;Bv

2
2 �

1

2

Z
 A;BV

0
0v
2
2

C

Z
 A;BGv2 C

Z
 A;BFv1 � �

0

Z
 0A;Bv1v2

DW .J1 C J2 C J3/C .J4 C J5 C J6/: (5.14)

By the definition of  A;B (see (5.5)), it follows that

 0A;B D �
2
A�
2
B C .�

2
A/
0'B ;

 000A;B D �
2
A.�

2
B/
00
C 3.�2A/

0.�2B/
0
C 3.�2A/

00�2B C .�
2
A/
000'B :

(5.15)

Also, by the definition of z D .z1; z2/ in (5.5), we have

�2J1 D

Z
 0A;B.v

2
1 C V0v

2
2 C 3.@xv2/

2/

D

Z
.z21 C V0z

2
2/C

Z
.�2A/

0'B.v
2
1 C V0v

2
2 C 3.@xv2/

2/C 3

Z
�2A�

2
B.@xv2/

2:

For the last term of the above equation, applying Remark 5.1, we obtainZ
�2A�

2
B.@xv2/

2
D

Z
.@xz2/

2
C

Z
�00B
�B
z22 C

Z �
�00A C 2�

0
A

�0B
�B

�
�A�

2
Bv

2
2 :

Then, for J1 in (5.14), we obtain

J1 D �
1

2

Z
.z21 C 3.@xz2/

2
C V0z

2
2/ �

3

2

Z
�00B
�B
z22

�
3

2

Z �
�00A C 2�

0
A

�0B
�B

�
�A�

2
Bv

2
2 �

1

2

Z
.�2A/

0'B.v
2
1 C V0v

2
2 C 3.@xv2/

2/: (5.16)

Now we turn to J2. By (5.15), J2 in (5.14) satisfies the decomposition

J2 D
1

2

Z �
�2A.�

2
B/
00
C 3.�2A/

0.�2B/
0
C 3.�2A/

00�2B C .�
2
A/
000'B

�
v22

D

Z ��
�0B
�B

�2
C
�00B
�B

�
z22 C

1

2

Z �
3.�2A/

0.�2B/
0
C 3.�2A/

00�2B C .�
2
A/
000'B

�
v22 : (5.17)

As for J3 in (5.14), using the definition of z2 in (5.5) we obtain

J3 D �
1

2

Z
 A;BV

0
0v
2
2 D �

1

2

Z
'B

�2B
V 00z

2
2 : (5.18)

Finally, gathering (5.16), (5.17) and (5.18), we obtain that the first part in (5.14) can be
written as

J1 C J2 C J3 D �
1

2

Z
Œz21 C Vz

2
2 C 3.@xz2/

2�C QJ1;
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where

V D V0 C
�00B
�B
� 2

.�0B/
2

�2B
C V 00

'B

�2B
; (5.19)

and the error term is given by

QJ1 D �
1

2

Z h
3.�00A�A � .�

2
A/
00/�2B �

3

2
.�2A/

0.�2B/
0
C ..�2A/

0V0 � .�
2
A/
000/'B

i
v22

�
1

2

Z
.�2A/

0'Bv
2
1 �

3

2

Z
.�2A/

0'B.@xv2/
2: (5.20)

In order to control the main part of the virial term, a lower bound for the potential V is
necessary. We have the following result:

Lemma 5.3. There are C > 0 and B0 > 0 such that for all B � B0, one has

V � V0 � CB
�1; where V0 D �1C 3H 2:

Proof. First, noticing that V 00 D 6HH
0 > 0 for y > 0 and using that for y 2 Œ0;1/ 7!

�B.y/ is a nonincreasing function, we have for y > 0;

'B

�2B
D

R y
0
�2B

�2B
� y > 0:

Then, from this estimate, (5.19) and (4.11) with K D B ,

V.y/ � V0.y/ � CB
�1
C jV 00.y/yj � V0.y/ � CB

�1:

The case y � 0 is similar. These estimates hold for any y 2 R. This concludes the proof.

First conclusion. Using this lemma, and QJ1 in (5.20), we conclude that

d

dt
J � �

1

2

Z
Œz21 C .V0 � CB

�1/z22 C 3.@xz2/
2�C QJ1 C J4 C J5 C J6; (5.21)

where J4 and J5 are related to the nonlinear term in (5.14) and J6 is related to the shift
considered on the kink. To control the terms QJ1; J4; J5 and J6, and the terms that will
appear in the sections below, some technical estimates will be needed.

5.5. First technical estimates

The following estimates have been used to establish asymptotic stability for the good-
Boussinesq equation, as well as the 1C 1 scalar fields equation (see [45, 68] for proof).
For  > 0, let .1� @2x/

�1 be the bounded operator from L2 toH 2 defined by its Fourier
transform as

F ..1 � @2x/
�1g/.�/ D

Og.�/

1C �2
; for any g 2 L2:

We start with a basic but essential result, in the spirit of [45].
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Lemma 5.4. Let f 2 L2.R/ and 0 <  < 1 fixed. We have the following estimates:

(i) k.1 � @2x/
�1f kL2.R/ � kf kL2.R/,

(ii) k.1 � @2x/
�1@xf kL2.R/ � 

�1=2kf kL2.R/,

(iii) k.1 � @2x/
�1f kH2.R/ � 

�1kf kL2.R/.

We also enunciate the following results that appear in [42,45,68]. Notice that now the
variable in the weights is y D x � �.t/, but the shift does not affect the final outcome.

Lemma 5.5. There exist 1 > 0 and C > 0 such that for any  2 .0; 1/, 0 < K � 1 and
g 2 L2, the following estimates hold:

k sech.Ky/.1 � @2x/
�1gkL2 � Ck.1 � @

2
x/
�1Œsech.Ky/g�kL2 ; (5.22)

k cosh.Ky/.1 � @2x/
�1Œsech.Ky/g�kL2 � Ck.1 � @

2
x/
�1gkL2 ; (5.23)

k sech.Ky/.1 � @2x/
�1@xgkL2 � C

�1=2
k sech.Ky/gkL2 ; (5.24)

and

k sech.Ky/.1 � @2x/
�1.1 � @2x/gkL2 � C

�1
k sech.Ky/gkL2 ; (5.25)

where the explicit constant C is independent of  and K.

The following results are also contained in [68], and are essentially obtained from
Lemma 5.4.

Lemma 5.6. Recall vi , wi and zi , i D 1; 2 defined in (5.1), (4.17) and (5.5), respectively.
Then one has

(a) estimates on v1 and u1:

kv1kL2 . �1ku1kL2 ;

k@xv1kL2 . �1=2ku1kL2 C 
�1
k@xu1kL2 :

(5.26)

(b) estimates on v2 and u2:

kv2kL2 . ku2kL2 ; k@xv2kL2 . �1=2ku2kL2 ;

k@2xv2kL2 . �1ku2kL2 :
(5.27)

Lemma 5.7. Let 1 � K � A fixed. Then

(a) estimates on v1 and w1:

k�Kv1k . �1kw1kL2 ;

k�K@xv1k . �1.kw1kL2 C k@xw1kL2/:
(5.28)

(b) estimates on v2 and w2:

k�Kv2kL2 . kw2kL2 ; k�K@xv2kL2 . �1=2kw2kL2 ;

k�K@
2
xv2kL2 . �1kw2kL2 :

(5.29)
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(c) estimates on u1 and w1:sech
� y
K

�
u1


L2

. kw1kL2 ;sech
� y
K

�
@xu1


L2

. k@xw1kL2 C kw1kL2 :
(5.30)

(d) estimates on u2 and w2: sech
� y
K

�
u2


L2

. kw2kL2 : (5.31)

For the purposes of this work, we also include a refined version of Lemma 5.7 (a).

Lemma 5.8. Let 1 � K � A fixed. Then

k.1 � @2x/
�1Lf kL2 . kf kL2 C �1=2k@xf kL2 ;

k�Kv1kL2 .
�
1C

1

K1=2

�
k�Ku1kL2 C 

�1=2
k�K@xu1kL2 :

(5.32)

Proof. We have

k.1 � @2x/
�1Lf kL2 D

.1 � @2x/�1h.2 � @2x/f � 3 sech2
� y
p
2

�
f
i
L2

. k.1 � @2x/
�1.2 � @2x/f kL2 C

sech2
�
� � �
p
2

�
f

L2

. k.1 � @2x/
�1.2 � @2x/f kL2 C kf kL2 :

Focus on the first term on the right-hand side. Using Plancherel’s theorem, we get

k.1 � @2x/
�1.2 � @2x/f kL2 D

 .2C �2/.1C �2/
Of


L2

D

� .2C �2/

.1C �2/
1Œ�1;1� C

.2C �2/

.1C �2/
1Œ�1;1�c

�
Of


L2

�

 3

.1C �2/
1Œ�1;1� Of


L2
C

3 sgn.�/j�j
.1C �2/

1Œ�1;1�c � Of

L2

�

 3

.1C �2/
1Œ�1;1� Of


L2

C

3�1=2 sgn.�/
p
1C  j�j2

.1C �2/
1Œ�1;1�c � Of


L2

. kf kL2 C �1=2k@xf kL2 :

This concludes the proof of the first estimate in (5.32).
For the second inequality, by (5.22) and using that �KL.u1/DL.�Ku1/C 2�

0
K@xu1C

�00Ku1, we obtain

k�Kv1kL2 . k.1 � @2x/
�1.�KLu1/kL2

. k.1 � @2x/
�1.L.�Ku1/C 2�

0
K@xu1 C �

00
Ku1/kL2

. k.1 � @2x/
�1L.�Ku1/kL2 C k2�

0
K@xu1kL2 C k�

00
Ku1kL2 :
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Therefore, from the first identity in (5.32), (4.12) and (4.13),

k�Kv1kL2 . k�Ku1kL2 C �1=2k@x.�Ku1/kL2 C k�0K@xu1kL2 C k�
00
Ku1kL2

.
�
1C

1

K1=2

�
k�Ku1kL2 C

�
�1=2 C

1

K

�
k�K@xu1kL2

.
�
1C

1

K1=2

�
k�Ku1kL2 C 

�1=2
k�K@xu1kL2 :

This ends the proof.

Remark 5.2. Using (4.23), for K 2 Œ1; A�, and �A@xu1 D @xw1 �
� 0A
�A
w1, we obtainZ

�2K.@xu1/
2
D

Z
�2K
�2A
.@xw1/

2
C

Z
w21

�
�2K
�2A

�00A
�A
C 2

�K

�A

�0A
�A

�
�0K
�A
�
�K

�A

�0A
�A

��
:

Hence, a crude estimate gives

k�K@xu1k
2
L2

. k@xw1k2L2 C A
�1
kw1k

2
L2
:

Taking K D A we obtain

k�A@xu1kL2 . k@xw1kL2 C A�1=2kw1kL2 ; (5.33)

and from (5.32) and K D A,

k�Av1kL2 .
�
1C

1

.A/1=2

�
kw1kL2 C 

�1=2
k@xw1kL2 :

Finally, using (5.6), A D ı�1C2=5 � 1, and

k�Av1kL2 . kw1kL2 C �1=2k@xw1kL2 : (5.34)

5.6. Controlling error and nonlinear terms

By the definition of �B and �A in (4.8) and (4.9), it holds that

�B.y/ . e�
jyj
B ; j�0B.y/j .

1

B
e�
jyj
B ; j'B j . B;

j�0Aj . A�1; j.�2A/
0
j . A�1; j.�2A/

00
j . A�2; j.�2A/

000
j . A�3:

(5.35)

5.6.1. Control of QJ1. Considering the following decomposition for QJ1:

QJ1 D �
1

2

Z
.�2A/

0'B.v
2
1 C 3.@xv2/

2/ �
1

2

Z
..�2A/

0V0 � .�
2
A/
000/'Bv

2
2

�
1

2

Z �
3.�00A�A � .�

2
A/
00/ � 3.�2A/

0
�0B
�B

�
�2Bv

2
2

DW H1 CH2 CH3:
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In the case of H1 and H2, using j.�2A/
0'B j . A�1B and (4.15), we obtain

jH1j . A�1B.kv1k
2
L2.jyj�2A/

C k@xv2k
2
L2.jyj�2A/

/

. A�1B.k�2Av1k
2
L2
C k�2A@xv2k

2
L2
/;

and

jH2j . A�1Bkv2k
2
L2.A�jyj�2A/

. A�1Bkv2k
2
L2.jyj�2A/

. A�1Bk�2Av2k
2
L2
:

Finally, in the case of H3, using (5.35), we have

jH3j . .AB/�1k�Bv2k
2
L2.jyj�2A/

. .AB/�1k�Bv2k
2
L2
:

We obtain, using that �B . �A,

j QJ1j . A�1B.k�Av1k
2
L2
C k�Av2k

2
L2
C k�A@xv2k

2
L2
/:

Applying (5.34) and (5.29) with K D A, and finally using (5.6), we get

j QJ1j . A�1B.kw1k
2
L2
C �1k@xw1k

2
L2
C �1kw2k

2
L2
/

. A�1B�1.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/

. ı1=2.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/: (5.36)

5.6.2. Control of J4. Using the value of G in (5.3), J4 is bounded as follows:

J4 D 

Z
 A;Bv2.1 � @

2
x/
�1Œ2@x.V

0
0@xv2/ � V

00
0 @xv2�

� �0
Z
 A;Bv2.1 � @

2
x/
�1.V 00u1/

DW J41 C J42: (5.37)

Bound on J41. Using the Hölder inequality,

jJ41j . k A;Bv2kL2k.1 � @
2
x/
�1Œ2@x.V

0
0@xv2/ � V

00
0 @xv2�kL2 :

Using  A;B D �2A'B in (5.5), and (4.15), one can see that

k A;Bv2kL2 . Bk�Av2kL2 . Bkv2kL2.jyj<2A/ . Bk�2Av2kL2 : (5.38)

On the other hand, using Lemma 5.4,

k.1 � @2x/
�1Œ2@x.V

0
0@xv2/ � V

00
0 @xv2�kL2 . �1=2kV 00@xv2kL2 C kV

00
0 @xv2kL2 :

Recall that jV 00j; jV
00
0 j � sech2.y=

p
2/ . e�

p
2jyj. Therefore, we are led to the estimate

ke�
p
2jyj@xv2kL2 :
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First of all, write

e�
p
2jyj@xv2 D .e

�
p
2jyj=2��1B /e�

p
2jyj=2�B.1 � �A/@xv2

C .e�
p
2jyj=2��1B /e�

p
2jyj=2�A�B@xv2:

Noticing that since e�
p
2jyj=2��1B . 1,

ke�
p
2jyj@xv2kL2 . ke�

p
2jyj=2�B.1 � �A/@xv2kL2 C ke

�
p
2jyj=2�B�A@xv2kL2

. e�
p
2A=2
k�B@xv2kL2 C ke

�
p
2jyj=2�A�B@xv2kL2 : (5.39)

Using (5.8) and (5.10) with P D e�
p
2jyj=2 we get

ke�
p
2jyj=2�A�B@xv2kL2 . k@xz2kL2 C B�1=2kz2kL2 C

1

A1=2
e�
p
2A=4
k�Bv2kL2 :

Coming back to the bound on ke�
p
2jyj@xv2kL2 , we get

ke�
p
2jyj@xv2kL2 � e

�
p
2A=2
k�B@xv2kL2 C k@xz2kL2 C B

�1=2
kz2kL2

C .Ae
p
2A=2/�1=2k�Bv2kL2 :

The previous inequality allows us to conclude that

k.1 � @2x/
�1Œ2@x.V

0
0@xv2/ � V

00
0 @xv2�kL2

. �1=2.k@xz2kL2 C B
�1=2
kz2kL2/

C e�A=4�1=2.k�Bv2kL2 C k�B@xv2kL2/: (5.40)

Gathering (5.38) and this last estimate, we conclude first that

jJ41j . 1=2Bk�2Av2kL2
�
k@xz2kL2 C kz2kL2 C e

�A=4.k�Bv2kL2 C k�B@xv2kL2/
�
:

Using (5.29) withK D A;B , the Cauchy inequality and (5.6), we obtain e�A=4�1=2� 1

and

jJ41j . 1=2Bkw2kL2.k@xz2kL2 C kz2kL2 C e
�A=2�1=2kw2kL2/

. 1=2B.kw2k
2
L2
C k@xz2k

2
L2
C kz2k

2
L2
/:

We conclude that 1=2B D B�1 D ı1=10 and

jJ41j . ı1=10Œkw2k
2
L2
C k@xz2k

2
L2
C kz2k

2
L2
�: (5.41)

Bound on J42. Now we focus on J42 in (5.37). By the Hölder inequality, we get

jJ42j D j�
0
j

ˇ̌̌̌Z
 A;Bv2.1 � @

2
x/
�1.V 00u1/

ˇ̌̌̌
. j�0jk�A'Bv2kL2k�A.1 � @2x/

�1.V 00u1/kL2 :
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Now, using (5.27) and j�A'B j . B , and (4.3),

k�A'Bv2kL2 . Bku2kL2 . Bı:

Additionally, from Lemma 5.4, the fact that

jV 00�
�1
A j D 6j�

�1
A H 0.y/H.y/j . 1

and (4.17), we obtain

k�A.1 � @
2
x/
�1.V 00u1/kL2 . k�Au1kL2 D kw1kL2 :

Since ıB D ı9=10, we conclude

jJ42j . ıBj�0jkw1kL2 . ı9=10.j�0j2 C kw1k
2
L2
/: (5.42)

Gathering (5.41) and (5.42), we finally arrive at the estimate

jJ4j . ı1=10Œkw1k
2
L2
C kw2k

2
L2
C kz2k

2
L2
C k@xz2k

2
L2
�C ı9=10�02: (5.43)

5.6.3. Control of J5. Recalling that  A;B D �2A'B , using the Hölder inequality and
Remark 4.15, we get

jJ5j D

ˇ̌̌̌Z
 A;BFv1

ˇ̌̌̌
. k�A'Bv1kL2k�AF kL2

. k�A'Bv1kL2k�2A.1 � @
2
x/
�1@x Œu

3
1 C 3Hu

2
1�kL2 :

First of all, since j'B j . B , we have

k�A'Bv1kL2 . Bk�Av1kL2 . Bkv1kL2.jyj<2A/ . Bk�2Av1kL2 : (5.44)

Furthermore, using (5.22) and Lemma 5.4, we have

k�2A.1 � @
2
x/
�1@x Œu

3
1 C 3Hu

2
1�kL2 . k�2A@x Œu

3
1 C 3Hu

2
1�kL2 ;

and expanding the above term, one gets

k�2A@x Œu
3
1 C 3Hu

2
1�kL2 D k�

2
AŒ3u

2
1@xu1 C 3H

0u21 C 6Hu1@xu1�kL2

� ku1kL1k�
2
AŒ3u1@xu1 C 3H

0u1 C 6H@xu1�kL2

. ku1kL1 Œkw1kL2k�A@xu1kL2 C kw1kL2 C k�A@xu1kL2 �

. ku1kL1 Œkw1kL2 C k�A@xu1kL2 �: (5.45)

Finally, by (5.45), (5.44) and (5.34), we conclude that

jJ5j . Bku1kL1k�
2
Av1kL2 Œkw1kL2 C k�A@xu1kL2 �

. BıŒkw1kL2 C 
�1=2
k@xw1kL2 �Œkw1kL2 C k�A@xu1kL2 �

. ı7=10Œkw1k
2
L2
C k@xw1k

2
L2
�: (5.46)

In the last inequality we have used (5.30) combined with (5.35), and also Bı�1=2 D
ı1�1=10�2=10 D ı7=10.
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5.6.4. Control of J6 in (5.14). Replacing  0A;B from (5.15), we have

jJ6j D

ˇ̌̌̌
�0
Z
 0A;Bv1v2

ˇ̌̌̌
� j�0j

ˇ̌̌̌Z
.�2A�

2
B C 2�

0
A�A'B/v1v2

ˇ̌̌̌
D �0

Z
z1�A�Bv2 C 2�

0

Z
�0A�A'Bv1v2 DW J6;1 C J6;2:

Bound on J6;1. Applying the Hölder inequality, estimate (5.27) and (4.3), we get

jJ6;1j � j�
0
jkz1kL2ku2kL2 � C0ıj�

0
jkz1kL2 :

Bound on J6;2. Here, after invoking (5.35) and the Hölder inequality, we get

jJ6;2j . A�1Bj�0jk�Av1kL2kv2kL2 :

Using (5.1), Lemma 5.4 and (4.3), we easily have kv2kL2 . ku2kL2 . ı. From (4.15), we
also get

k�Av1kL2 . k�2Av1kL2 . k�Av1kL2 :

Hence, by (5.34),

jJ6;2j . ıA�1Bj�0j.kw1kL2 C 
�1=2
k@xw1kL2/:

Since A�1B�1=2 D ı7=10, after applying the Cauchy–Schwarz inequality we conclude
that

jJ6j . ıA�1Bj�0j.kw1kL2 C 
�1=2
k@xw1kL2/C Cıj�

0
jkz1kL2

. ı17=10j�0j.kw1kL2 C k@xw1kL2/C Cıj�
0
jkz1kL2

. ı17=10.kw1k
2
L2
C k@xw1k

2
L2
/C Cıkz1k

2
L2
C Cıj�0j2: (5.47)

5.7. End of proof of Proposition 5.1

From (5.36), (5.43), (5.46) and (5.47), we obtain

j QJ1 C J4 C J5 C J6j

. ı1=2.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C ı7=10.kw1k

2
L2
C k@xw1k

2
L2
/

C ı17=10.kw1k
2
L2
C k@xw1k

2
L2
/C ı1=10.kw1k

2
L2
C kw2k

2
L2
/

C ı1=10.k@xz2k
2
L2
C kz2k

2
L2
/C ıkz1k

2
L2
C ı9=10�02 C ı�02:

Finally, simplifying, we obtain that (5.48) is bounded as

j QJ1 C J4 C J5 C J6j . ı1=10.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/

C ıkz1k
2
L2
C ı9=10j�0j2: (5.48)
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Finally, the virial estimate is concluded as follows: for some C2 > 0 independent of ı
small, (5.21) becomes

d

dt
J � �

1

2

Z
Œz21 C .V0 � C2ı

1=10/z22 C 2.@xz2/
2�C C2ıkz1k

2
L2

C C2ı
1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C C2ı

9=10
j�0j2:

This ends the proof of (5.7) and Proposition 5.1.

6. Gain of regularity

We will focus now on a new virial estimate obtained from the new system of equations
involving the variables

Qvi D @xvi ; i D 1; 2: (6.1)

Formally taking derivatives in (5.2), we have´
PQv1 D @xL Qv2 C zG; zG D @xG;

PQv2 D @x Qv1 C zF ; zF D @xF;
(6.2)

where G and F are given in (5.3) and Qvi given in (6.1). For this new system, we consider
the virial functional

M.t/ D

Z
�A;B.y/ Qv1.t; x/ Qv2.t; x/ dx D

Z
�A;B.y/@xv1.t; x/@xv2.t; x/ dx: (6.3)

Later we will choose �A;B D  A;B D �2A'B (see (5.5)).

6.1. A virial estimate related to M

Lemma 6.1. Let .v1; v2/ 2 H 1.R/ �H 2.R/ be a solution of (5.2). Consider �A;B an
odd smooth bounded function to be chosen later. Then

d

dt
M D �

1

2

Z
�0A;B Œ.@xv1/

2
C V0.@xv2/

2
C 3.@2xv2/

2�C
1

2

Z
�000A;B.@xv2/

2

C
1

2

Z
�A;BV

0
0.@xv2/

2
C

Z
�A;B Œ@xG@xv2 C zF@xv1�

� �0
Z
�0A;B@xv1@xv2: (6.4)

Proof of Lemma 6.1. We compute from (6.3),

d

dt
M D

Z
�A;B PQv1 Qv2 C

Z
�A;B Qv1 PQv2 � �

0

Z
�0A;B Qv1 Qv2:
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From (6.2) and (2.3), we have

d

dt
M D

Z
�A;B.@xL Qv2 C zG/ Qv2 C

Z
�A;B Qv1.@x Qv1 C zF / � �

0

Z
�0A;B@xv1@xv2

D �
1

2

Z
�0A;B Œ Qv

2
1 C V0 Qv

2
2 C 3.@x Qv2/

2�C
1

2

Z
�000A;B Qv

2
2

C
1

2

Z
�A;BV

0
0 Qv
2
2 C

Z
�A;B Œ zG Qv2 C zF Qv1� � �

0

Z
�0A;B@xv1@xv2:

Rewriting the above identity in terms of the variables .v1; v2/ and using the definition of
zG, we have

d

dt
M D �

1

2

Z
�0A;B Œ.@xv1/

2
C V0.@xv2/

2
C 3.@2xv2/

2�C
1

2

Z
�000A;B.@xv2/

2

C
1

2

Z
�A;BV

0
0.@xv2/

2
C

Z
�A;B Œ@xG@xv2 C zF@xv1� � �

0

Z
�0A;B@xv1@xv2:

This ends the proof of Lemma 6.1.

The following proposition connects two virial identities in the variables .z1; z2/.
Finally, let zi , i D 1; 2 be as in (5.5).

Proposition 6.2. There exist C3 > 0 and ı3 > 0 such that for any 0 < ı � ı3, the following
holds. Assume that for all t � 0, (4.1) and (5.6) hold. Then for all t � 0,

d

dt
M � �

1

2

Z
Œ.@xz1/

2
C 2.@2xz2/

2�C C3.kz1k
2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/

C C3ı
1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C C3ı

7=10
j�0j2: (6.5)

The proof of the above result requires some technical estimates. We first state them,
and then prove Proposition 6.2 (Section 6.3).

6.2. Second set of technical estimates

Recall the following technical estimates on the variables �B and other related error terms.
These estimates have been proved and used in [68]; therefore we only enunciate the main
results.

Claim 6.3. Let R be a W 2;1.R/ function, R D R.y/, vi be as in (5.1) and zi be as in
(5.5). Then Z

R�2A�
2
B.@

2
xvi /

2
D

Z
R.@2xzi /

2
C

Z
QRz2i C

Z
PR.@xzi /

2

C

Z �
P 0R

�0B
�B
C PR

�00B
�B

�
z2i C

Z
E2�

2
Bv

2
i

C

Z
E1.PR/�

2
Bv

2
i C

Z
E3�

2
B.@xvi /

2;
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where

QR D QRR D �2R

�
�
.4/
B

�B
C
�000B
�B

�0B
�B

�
� 2R0

�000B
�B
�R00

�00B
�B
; (6.6)

PR D R

�
4
�00B
�B
� 2

�
�0B
�B

�2�
C 2R0

�0B
�B
; (6.7)

E1 is defined in (5.9),

E2 D E2.R/ D �R

�
�
.4/
A �A C 4�

000
A �A

�0B
�2B
C 6�00A�A

�00B
�B
C 2.�2A/

0
�000B
�B

�
�R0

�
2�000A �A C 6�

00
A�A

�0B
�B
C 6�0A�A

�00B
�B

�
�R00

�
�00A�A C

1

2
.�2A/

0
�0B
�B

�
(6.8)

and

E3 D E3.R/ D R

�
4�00A�A � 2.�

0
A/
2
C 2

�0B
�B
.�2A/

0

�
CR0.�2A/

0: (6.9)

Finally, PR, E2 and E3 satisfy the bounds

jPRj . B�1kR0kL1 C B
�1
kRkL1 ;

jP 0Rj . B�1kR00kL1 C B
�1
kR0kL1 C B

�1
kRkL1 ;

jE2j . .AB/�1kR00kL1.A�jyj�2A/ C .AB
2/�1kR0kL1.A�jyj�2A/

C .AB3/�1kRkL1.A�jyj�2A/;

jE3j . A�1kR0kL1.A�jyj�2A/ C .AB/
�1
kRkL1.A�jyj�2A/:

(6.10)

Remark 6.1. Estimates (6.10) are of a technical type, needed at some particular stage
to control the error terms on the gain regularity virial (see (6.20)). A proof of these esti-
mates is present in [68], but without the localization terms. Here we slightly improve these
estimates by considering the region of space where these functions are supported.

Remark 6.2. For further purposes, we will need the previous identities in the simplest
case R D 1. We obtainZ

�2A�
2
B.@

2
xvi /

2
D

Z
.@2xzi /

2
C

Z
QR1z

2
i C

Z
P1.@xzi /

2
C

Z �
P 01
�0B
�B
C P1

�00B
�B

�
z2i

C

Z
E2�

2
Bv

2
i C

Z
E1.P1/�

2
Bv

2
i C

Z
E3�

2
B.@xvi /

2; (6.11)

where (see (6.6) and (6.7))

QR1 D �2

�
�
.4/
B

�B
C
�000B
�B

�0B
�B

�
; P1 D 4

�00B
�B
� 2

�
�0B
�B

�2
; (6.12)
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E1 is defined in (5.9), E2 in (6.8) becomes

E2.1/ D �

�
�
.4/
A �A C 4�

000
A �A

�0B
�2B
C 6�00A�A

�00B
�B
C 2.�2A/

0
�000B
�B

�
; (6.13)

and (6.9) now reads

E3.1/ D 4�
00
A�A � 2.�

0
A/
2
C 2

�0B
�B
.�2A/

0: (6.14)

Finally, by (4.13) and (4.14), we obtain the simplified estimate

k�A�B@
2
xvik . k@2xzik

2
L2
C B�1k@xzik

2
L2
C B�1kzik

2
L2

C .AB/�1.k�Bvik
2
L2
C k�B@xvik

2
L2
/:

6.3. Start of proof of Proposition 6.2

The proof of this result needs the following computation:

Lemma 6.4. Let .v1; v2/ 2 H 1.R/ � H 2.R/ be a solution of (5.2). Consider �A;B D
 A;B D �

2
A'B . Then

d

dt
M D �

1

2

Z
Œ.@xz1/

2
C V0.@xz2/

2
C 3.@2xz2/

2�CRz CRv CDRv

C
1

2

Z
�A;BV

0
0.@xv2/

2
C

Z
�A;B Œ@xG@xv2 C zF@xv1�

� �0
Z
�0A;B@xv1@xv2; (6.15)

where Rz.t/, Rv.t/ and DRv.t/ are error terms that, under the constraint (5.6), satisfy
the bound

jRz CRv CDRvj . ı1=10.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2

C kz1k
2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/: (6.16)

Proof. First, we recall that zi D �A�Bvi , and by (5.15) and Remark 5.1, one getsZ
�0A;B.@xv1/

2
D

Z
.@xz1/

2
C

Z
�00B
�B
z21 C

Z
E1�

2
Bv

2
1 C

Z
.�2A/

0'B.@xv1/
2; (6.17)

where E1 is given by (5.12). For the second term of (6.4), applying (5.8), we obtainZ
�0A;BV0.@xv2/

2
D

Z
V0.@xz2/

2
C

Z �
V 00
�0B
�B
C V0

�00B
�B

�
z22

C

Z
E1.V0/�

2
Bv

2
2 C

Z
.�2A/

0'BV0.@xv2/
2;
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where following (5.9),

E1.V0/ D V0

�
�00A�A C .�

2
A/
0
�0B
�B

�
C
1

2
V 00.�

2
A/
0:

Now, using (6.11) in Remark 6.2, we getZ
�0A;B.@

2
xv2/

2
D

Z
.@2xz2/

2
C

Z
P1.@xz2/

2
C

Z �
QR1 C P

0
1

�0B
�B
C P1

�00B
�B

�
z22

C

Z
E2.1/�

2
Bv

2
2 C

Z
E1.P1/�

2
Bv

2
2 C

Z
E3.1/�

2
B.@xv2/

2

C

Z
.�2A/

0'B.@
2
xv2/

2; (6.18)

where QR1; P1;E2.1/;E3.1/ are given by (6.12), (6.13), (6.14), and E1 is given by (5.9).
Now, continuing with the second integral on the right-hand side of (6.4), we haveZ

�000A;B.@xv2/
2
D

Z
.�2B/

00

�2B
�2A�

2
B.@xv2/

2

C

Z �
6.�2A/

0
�0B
�B
C 3.�2A/

00
C .�2A/

000 'B

�2B

�
�2B.@xv2/

2;

and using Claim 5.2,Z
�000A;B.@xv2/

2
D

Z
.�2B/

00

�2B
.@xz2/

2
C

Z
.�2B/

00

�2B

�00B
�B
z22 C

Z �
.�2B/

00

�2B

�0 �0B
�B
z22

C

Z
.�2B/

00

�2B

�
�00A�A C .�

2
A/
0
�0B
�B

�
�2Bv

2
2 C

1

2

Z �
.�2B/

00

�2B

�0
.�2A/

0�2Bv
2
2

C

Z �
6.�2A/

0
�0B
�B
C 3.�2A/

00
C .�2A/

000 'B

�2B

�
�2B.@xv2/

2: (6.19)

Collecting (6.17), (6.18) and (6.19), we obtain

d

dt
M D �

1

2

Z
Œ.@xz1/

2
C V0.@xz2/

2
C 3.@2xz2/

2�CRz CRv CDRv

C
1

2

Z
�A;BV

0
0.@xv2/

2
C

Z
�A;B Œ@xG@xv2 C zF@xv1� � �

0

Z
�0A;B@xv1@xv2;

where the error terms are the following: associated to .z1; z2/ is

Rz D �
1

2

Z
�00B
�B
z21 �

1

2

Z �
V 00
�0B
�B
C V0

�00B
�B

�
z22 �

3

2

Z �
QR1 C P

0
1

�0B
�B
C P1

�00B
�B

�
z22

C
1

2

Z
.�2B/

00

�2B

�00B
�B
z22 C

1

2

Z �
.�2B/

00

�2B

�0 �0B
�B
z22

C
1

2

Z �
.�2B/

00

�2B
� 3P1

�
.@xz2/

2; (6.20)
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associated to .v1; v2/ is

Rv D �
1

2

Z
E1.1/�

2
Bv

2
1 �

1

2

Z
E1.V0/�

2
Bv

2
2 C

1

4

Z
.�2B/

00

�2B

�
�00A�A C 2.�

2
A/
0
�0B
�B

�
�2Bv

2
2

C
1

4

Z �
.�2B/

00

�2B

�0
.�2A/

0�2Bv
2
2 �

3

2

Z
E2.1/�

2
Bv

2
2 �

3

2

Z
E1.P1/�

2
Bv

2
2 (6.21)

and associated to .@xv1; @xv2/ is

DRv D �
3

2

Z
E3.1/�

2
B.@xv2/

2
�
1

2

Z
.�2A/

0'B.@xv1/
2
�
1

2

Z
.�2A/

0'BV0.@xv2/
2

C
1

2

Z �
6.�2A/

0
�0B
�B
C 3.�2A/

00
C .�2A/

000 'B

�2B

�
�2B.@xv2/

2

�
3

2

Z
.�2A/

0'B.@
2
xv2/

2: (6.22)

We have obtained the identity (6.15). To conclude the proof of Lemma 6.4, we must
estimate the error terms.

6.4. Controlling error terms

Recall Rz.t/ from (6.20). Decompose

Rz.t/ D R1
z.t/CR2

z.t/CR3
z.t/;

where

R1
z D �

1

2

Z
�00B
�B
Œz21 C V0z

2
2 � �

1

2

Z
V 00
�0B
�B
z22 ;

R2
z D �

3

2

Z �
QR1 C P

0
1

�0B
�B
C P1

�00B
�B

�
z22 C

1

2

Z �
.�2B/

00

�2B
� 3P1

�
.@xz2/

2;

R3
z D

1

2

Z �
.�2B/

00

�2B

�00B
�B
C

�
.�2B/

00

�2B

�0 �0B
�B

�
z22 :

In the case of R1
z , recalling the estimate (4.13), we obtain

jR1
z j . B�1.kz1k

2
L2
C kz2k

2
L2
/: (6.23)

As for R2
z , we recall the form of P1 (see (6.12)), QR1 (see (6.12)), and by (4.13), we

conclude that
jR2

z j . B�1.kz2k
2
L2
C k@xz2k

2
L2
/: (6.24)

Now we consider the term R3
z . From (4.14) we obtain

jR3
z j . B�1kz2k

2
L2
: (6.25)

Collecting (6.23), (6.24) and (6.25), and considering (5.6), we finally get

jRzj . ı1=10.kz1k
2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/: (6.26)
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Controlling Rv. For the term Rv given by (6.21), we consider the following decompo-
sition

R1
v D �

1

2

Z
E1.1/�

2
Bv

2
1 �

1

2

Z
.E1.V0/C 3E2.1/C 3E1.P1//�

2
Bv

2
2 ;

R2
v D

1

4

Z
.�2B/

00

�2B

�
�00A�A C 2.�

2
A/
0
�0B
�B

�
�2Bv

2
2 C

1

4

Z �
.�2B/

00

�2B

�0
.�2A/

0�2Bv
2
2 :

We note that the terms E1.P1/ and E2.1/ (see (5.9), (6.12) and (6.13)), by (4.14) and
(6.10), are bounded and satisfy the estimates

jE2.1/j . .AB3/�1 and jE1.P1/j . .AB3/�1;

and for E1.1/ in (5.12) and E1.V0/ in (5.10) (replacing P by V0),

jE1.1/j . .AB/�1; jE1.V0/j . .AB/�1:

Consequently,

jR1
vj .

1

AB
.k�Bv1k

2
L2
C k�Bv2k

2
L2
/:

Also,

jR2
vj .

1

AB
.k�Bv1k

2
L2
C k�Bv2k

2
L2
/:

Then, applying (5.34) and (5.29), we have

jRvj . .AB/�1.k�Bv1k
2
L2
C k�Bv2k

2
L2
/

. .AB/�1�1.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/;

By (5.6), we have .AB/�1�1 D ı7=10. Then we get

jRvj . ı7=10.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/: (6.27)

Controlling DRv. In the case of the term DRv given by (6.22), first of all we have from
(6.14) and (5.35),

jE3.1/j .
1

AB
:

Using (5.35) and (4.15) again, we have

jDRvj .
Z
jE3.1/j�

2
B.@xv2/

2
C

Z
.�2A/

0
j'B j.@xv1/

2
C

Z
.�2A/

0
j'BV0j.@xv2/

2

C

Z ˇ̌̌̌
6.�2A/

0
�0B
�B
C 3.�2A/

00
C .�2A/

000 'B

�2B

ˇ̌̌̌
�2B.@xv2/

2
C

Z
j.�2A/

0'B j.@
2
xv2/

2

. BA�1.k�2A@xv1k
2
L2
C k�2A@xv2k

2
L2
C k�2A@

2
xv2k

2
L2
/:

Now, applying (5.28) and (5.29) with K D A, and by (5.6), we get

jDRvj . ı1=10.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/: (6.28)
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And, by (6.26), (6.27) and (6.28), we obtain

jRz CRv CDRvj

. ı1=10.kw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
C kz1k

2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/; (6.29)

which proves (6.16). This ends the proof of Lemma 6.4.

6.5. Controlling nonlinear terms

Recall the second line of error terms in (6.15):

1

2

Z
�A;BV

0
0.@xv2/

2
C

Z
�A;B Œ@xG@xv2 C zF@xv1� � �

0

Z
�0A;B@xv1@xv2:

In order to control them in a well-ordered fashion, we set

M0 D
1

2

Z
�A;BV

0
0.@xv2/

2; M2 D

Z
�A;B@xG@xv2;

M1 D

Z
�A;B@xF@xv1; M3 D ��

0

Z
�0A;B@xv1@xv2:

(6.30)

6.5.1. Control of M0. Noticing that V 00 D 6HH
0, jV 00j . H 0, �A;B D �2A'B and that

jH 0.y/'B.y/j .
ˇ̌̌
y sech2

� y
p
2

�ˇ̌̌
. e�jyj;

we get
1

2

Z
�A;BV

0
0.@xv2/

2 . ke�jyj=2@xv2k2L2 :

Following a decomposition similar to that in (5.39), using (5.29), and recalling the values
for B and  in (5.6), one gets

jM0j D

ˇ̌̌̌
1

2

Z
�A;BV

0
0.@xv2/

2

ˇ̌̌̌
. e�A=2k�B@xv2k

2
L2
C k@xz2k

2
L2
C B�1kz2k

2
L2
C .AeA=4/�1k�Bv2k

2
L2

. k@xz2k2L2 C ı
1=10
kz2k

2
L2
C ıkw2k

2
L2
: (6.31)

6.5.2. Control of M1. Recalling M1 in (6.30) and that zF D @xF , with F given by (5.3),
we can say the following:

jM1j . k�A'B@xv1kL2k�A.1 � @2x/
�1@2x Œu

3
1 C 3Hu

2
1�kL2 :

Using (4.15),

jM1j . k�A'B@xv1kL2k�2A.1 � @
2
x/
�1@2x Œu

3
1 C 3Hu

2
1�kL2 :
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Now, using (5.24) and by (5.45), we obtain

k�2A.1 � @
2
x/
�1@2x Œu

3
1 C 3Hu

2
1�kL2 � 

�1=2
k�2A@x Œu

3
1 C 3Hu

2
1�kL2

� �1=2ku1kL1 Œkw1kL2 C k�A@xu1kL2 �: (6.32)

Then, by (5.44), (5.28) and the above estimates, we get

jM1j . �1=2Bık�2A@xv1kL2 Œkw1kL2 C k�A@xu1kL2 �

. �3=2BıŒkw1k
2
L2
C k@xw1k

2
L2
�:

Considering that ı�3=2B D ı3=10, by (5.6), we conclude that

jM1j . ı3=10Œkw1k
2
L2
C k@xw1k

2
L2
�: (6.33)

6.5.3. Control of M2. Recall that zG D @xG, G given by (5.3). First of all, we have

M2 D

Z
�A;B@xG@xv2

D �

Z
..�2A/

0�2B C �
2
A.�

2
B/
0/@xv2.1 � @

2
x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�

� 

Z
�2A'B@

2
xv2.1 � @

2
x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�

� �0
Z
�2A'B@xv2.1 � @

2
x/
�1@x.V

0
0u1/

DWM21 CM22 CM23:

First, we focus on M21. Using (5.35), (5.13) in Remark 5.1 and (5.29), we have

k..�2A/
0�2B C �

2
A.�

2
B/
0/@xv2kL2

D 2k.�0A�B C �A�
0
B/�A�B@xv2kL2

. .A�1 C B�1/k�A�B@xv2kL2

. B�1.k@xz2kL2 C B
�1=2
kz2kL2 C .AB/

�1=2
k�Bv2kL2/

. B�1.k@xz2kL2 C B
�1=2
kz2kL2 C .AB/

�1=2
kw2kL2/

. B�1.k@xz2kL2 C kz2kL2 C kw2kL2/:

Additionally, by (5.40) and (5.29), and e�A=4�1 � 1,

k.1 � @2x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�kL2 . �1=2.k@xz2kL2 C B

�1=2
kz2kL2/

C e�A=4�1=2.k�Bv2kL2 C k�B@xv2kL2/

. �1=2.k@xz2kL2 C kz2kL2/C kw2kL2 :

After applying the Cauchy–Schwarz inequality on M21, we conclude that

jM21j . B�11=2Œk@xz2k
2
L2
C kz2k

2
L2
C kw2k

2
L2
�: (6.34)
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Second, forM22 we set %.y/ D sech.y=10/ and we perform the following separation:

jM22j .
ˇ̌̌̌


Z
�2A'B@

2
xv2.1 � @

2
x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�

ˇ̌̌̌
. k%�2A'B@

2
xv2kL2k%

�1.1 � @2x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�kL2 :

Since j%'B��1B j . B , one gets

jM22j . Bk�A�B@
2
xv2kL2k%

�1.1 � @2x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�kL2 :

Now we focus on the second term on the right-hand side above. Using (5.23) from Lemma
5.5, we obtain

k%�1.1 � @2x/
�1ŒV 000 @xv2 C 2V

0
0@
2
xv2�kL2

. k.1 � @2x/
�1ŒV 000 %

�1@xv2 C 2V
0
0%
�1@2xv2�kL2

. kV 000 %
�1@xv2kL2 C kV

0
0%
�1@2xv2kL2 : (6.35)

Since jV 000 %
�1j . e�jyj, following a similar decomposition to (5.39), we obtain

ke�jyj@xv2kL2 . k@xz2kL2 C B�1=2kz2kL2 C A�1e�A=4k�Bv2kL2 C e�Ak�A@xv2kL2

. k@xz2kL2 C B�1=2kz2kL2 C A�1e�A=4kw2kL2 :

The case of the second term on the right-hand side of (6.35) requires more care. First of
all, we note again that V 00�

�1 � e�jyj and repeating the same decomposition, we have

ke�jyj@2xv2kL2 � e
�A=2
k�B@

2
xv2kL2 C ke

�jyj=2�A�B@
2
xv2kL2 :

Applying Remark 6.2 and Lemma 5.7 (5.29), we have

ke�jyj@2xv2kL2 � k@
2
xz2kL2 C B

�1=2
k@xz2kL2 C B

�1=2
kz2kL2

C .AB/�1=2e�A=4�1=2kw2kL2 C e
�A=2�1kw2kL2 :

Finally, gathering the previous estimates, for M22 we have

jM22j . B.k@2xz2k
2
L2
C B�1k@xz2k

2
L2
C B�1kz2k

2
L2

C .AB/�1�1=2kw2k
2
L2
/: (6.36)

Third, we treat the term M23. By the Hölder inequality and Lemma 5.4 (i), we get

jM23j D j�
0
j

ˇ̌̌̌Z
�A'B@xv2.1 � @

2
x/
�1@x.V

0
0u1/

ˇ̌̌̌
. j�0jk�A'B@xv2kL2k.1 � @2x/

�1@x.V
0
0u1/kL2

. j�0jk�A'B@xv2kL2k@x.V 00u1/kL2 :
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Expanding the derivatives, by (5.35) one gets

jM23j . j�0jk�A'B@xv2kL2kV 000 u1 C V
0
0@xu1kL2

. Bj�0jk@xv2kL2kV
00
0 u1 C V

0
0@xu1kL2 ;

and by (5.27), we obtain

jM23j . B�1=2j�0jku2kL2kV
00
0 u1 C V

0
0@xu1kL2 :

Then having in mind (4.17) and (4.3), using (5.33) (since jV 00j; jV
00
0 j � e

�
p
2jxj), we obtain

jM23j . B�1=2ıj�0j.kw1kL2 C k@xw1kL2/: (6.37)

Collecting (6.34), (6.36) and (6.37), one obtains

jM2j . B�11=2Œk@xz2k
2
L2
C kz2k

2
L2
C kw2k

2
L2
�

C BŒk@2xz2k
2
L2
C B�1k@xz2k

2
L2
C B�1kz2k

2
L2
�

C B�1=2ıj�0jŒkw1kL2 C k@xw1kL2 �:

Using (5.6) and the Cauchy–Schwarz inequality, we conclude that

jM2j . ı3=10Œk@2xz2k
2
L2
C k@xz2k

2
L2
C kz2k

2
L2
�

C ı7=10Œkw1k
2
L2
C k@xw1k

2
L2
C kw2k

2
L2
C j�0j2�: (6.38)

6.5.4. Control of M3. Replacing (5.15), we get

M3 D ��
0

Z
.�2A�

2
B C .�

2
A/
0'B/@xv1@xv2

D ��0
Z
�2A�

2
B@xv1@xv2 � 2�

0

Z
�0A'B�A@xv1@xv2 DWM31 CM32:

Control of M31. By the Hölder inequality, recalling that v1 D .1 � @2x/
�1Lu1 (see

(5.1)), and using (5.26), we get

jM31j � j�
0
jk�A�B@xv1kL2k�A�B@xv2kL2

. �1j�0jku1kH1k�A�B@xv2kL2 :

From (4.3),
jM31j . �1ıj�0jk�A�B@xv2kL2 : (6.39)

Control ofM32. Applying the Hölder inequality, we get

jM32j . BA�1j�0jk@xv2kL2.A<jyj<2A/k@xv1kL2 :

Using (5.26) and (4.15), we obtain

jM32j . �1BA�1j�0jku1kH1k�2A@xv2kL2 ;
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and
jM32j . �1ıBA�1j�0jk�2A@xv2kL2 : (6.40)

Collecting (6.39) and (6.40), we get

jM3j . �1ıj�0jŒk�A�B@xv2kL2 C BA
�1
k�2A@xv2kL2 �:

Then, by (5.13), (5.29) and (5.6), we obtain

jM3j . �1ıj�0jŒk@xz2kL2 C B
�1=2
kz2kL2 C .AB/

�1=2
kw2kL2

C BA�1�1=2kw2kL2 �

. ı3=5j�0jŒk@xz2kL2 C ı
1=20
kz2kL2 C ı

11=20
kw2kL2 �:

Hence, using the Cauchy–Schwarz inequality, we conclude that

jM3j . ı3=5Œj�0j2 C k@xz2k
2
L2
C ı1=10kz2k

2
L2
C ı11=10kw2k

2
L2
�: (6.41)

6.6. End of proof of Proposition 6.2

Gathering (6.29), (6.31), (6.33), (6.38) and (6.41), we obtain

d

dt
M � �

1

2

Z
Œ.@xz1/

2
C V0.@xz2/

2
C 3.@2xz2/

2�C C3ı
3=10
k@2xz2k

2
L2

C C3ı
1=10.kz1k

2
L2
C kz2k

2
L2
/C C3k@xz2k

2
L2

C C3ı
1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C ı7=10j�0j2:

Finally, for ı small enough, we conclude that for some C3 > 0 fixed,

d

dt
M � �

1

2

Z
Œ.@xz1/

2
C 2.@2xz2/

2�C C3.kz1k
2
L2
C kz2k

2
L2
C k@xz2k

2
L2
/

C C3ı
1=10.kw1k

2
L2
C k@xw1k

2
L2
C kw2k

2
L2
/C C3ı

7=10
j�0j2:

This proves (6.5).

7. Coercivity estimates

Before starting the proof of Theorem 1.2, we need coercivity results to deal with the termsZ
'A.3H C u1/H

0u21; ıj�0j2; �0
Z
'AH

0u2; (7.1)

which appear in the virial estimates of 	.t/ (see (4.19)). We will decompose this term in
terms of the variables .w1; w2/ and .z1; z2/. The last ones involve the variables .v1; v2/;
then we should be able to reconstruct the operator L from our computations.
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7.1. First coercivity estimate

The key element of the proof of Theorem 1.2 is the following transfer estimate.

Lemma 7.1. Let u1 be in H 1, .w1; w2/ be as in (4.17) and .z1; z2/ as in (5.5). Thenˇ̌̌̌Z
'A.3H C u1/H
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Proof. First, we observe that 'A.y/ . jyj, and
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, where � is such that the coercivity on Lemma 2.4 holds.
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Now, we focus on the term on the right-hand side of the last inequality. Applying Lemma
2.4 with �L D sech2.`y/, and using that j�0j � C`� and that hu1;H 0i D 0, we obtain for
some � > 0, Z

sech2.`y/u21 �
Z

sech2.`y/Œu21 C .@xu1/
2�

�
1

�

Z
sech2.`y/Œ.@xu1/2 C V0u21�:
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where " is a positive number to be chosen later. Note that the last inequality holds if
2B�1 < `. Now, for the second integral on the right-hand side of (7.4), integrating by
parts we obtain the expressionZ
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We treat each term `i in (7.6), starting with `1. Using the following decomposition and by
the Hölder inequality, we getˇ̌̌̌Z
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In similar way, we obtain for `3,ˇ̌̌̌Z
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Collecting (7.5), (7.8), (7.9) and by the Cauchy–Schwarz inequality, we obtainZ
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This ends the proof of Lemma 7.1.

7.2. Second coercivity estimate

Now we consider the second term in (7.1). Recall the estimate for the shift � obtained in
(4.6), where

j�0j2 .
Z
e�
p
2jyju22:

In order to manage this term, we will decompose it in localized terms for w2 and z2.
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Lemma 7.2. Let u2 be in L2, .w1; w2/ be as in (4.17), and .z1; z2/ as in (5.5). ThenZ
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which proves (7.11).
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7.3. Third coercivity estimate

Notice that on the variation of the functional 	 (see (4.19)), the integral term�Z
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We conclude the following corollary.

Corollary 7.3. Under the assumptions in Proposition 4.2, (4.18) and (5.6), one has for
some C1 � C0 > 0,
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Proof. Recalling that V0 D 2 � 3 sech2.y=
p
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nition of w1 (see (4.17)), we get
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The proof concludes by applying (7.10) to the last term on the right-hand side of the above
equality.

7.4. Final coercivity estimate

Lastly, we need the following coercivity property for z2.

Lemma 7.4. There exists m0 > 0 such that for any z 2 H 1 it holds thatZ
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Remark 7.1. Notice that no orthogonality condition is needed in Lemma 7.4. Indeed,
the term 2.@xz/

2 is sufficiently robust to elude the requirement for a very complicated
condition to ensure orthogonality on z2 in Proposition 5.1.

Proof of Lemma 7.4. Define
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From the previous result, we obtain the following corollary.

Corollary 7.5. Under the hypotheses in Proposition 5.1, the following is satisfied: there
exist C2 > 0 and m0 > 0 such that, for all t � 0,
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Proof. Direct from Proposition 5.1 and Corollary 7.4.

8. Proof of Theorem 1.2

Now we are ready to conclude the proof of Theorem 1.2. Recall the constants ıi > 0 for
i D 1; 2; 3, defined in Propositions 4.2, 5.1 and 6.2.

Proposition 8.1. There exist C4 > 0 and 0 < ı4 � min¹ı1; ı2; ı3º such that for any 0 <
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Proof. First, from (7.15), we obtain for ı > 0 small and some C1 fixed,
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From (7.17) we also have
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Gathering (8.2) and (8.3), we conclude that
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On the other hand, from (6.5) and (7.11), we get
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From (8.6) we obtain (8.1). This ends the proof of the proposition.

We will use now Proposition 8.1 as follows.
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For K1, using (4.5) and integrating by parts, we have
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2
�

. k sech1=2.y/.1� @2x/
�1@xu2k

2
L2
Ck sech1=2.y/.1� @2x/

�1.@2x � 1C 1/u2k
2
L2

C k sech1=2.y/.1 � @2x/
�1@x.Lu1/k

2
L2
:

Using Lemma 5.22, more precisely (5.24) and (5.25), (1.13) and (5.26), we obtain

jK21j .
1

2
k sech1=2.y/u2k2L2 C k sech1=2.y/.1 � @2x/

�1.L@xu1 C @xV0u1/k
2
L2

. �2
Z

sech.y/.u22 C .@xu1/
2
C u21/:
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For K22, we use the Cauchy–Schwarz inequality, (5.24) and a similar computation of
(6.32); then

jK22j .
Z

sech.y/Œ..1 � @2x/
�1@xu2/

2
C ..1 � @2x/

�1@x..u
3
1 C 3Hu

2
1///

2�

.
Z

sech.y/Œu22 C u
2
1 C .@xu1/

2�:

The term K23 is bounded as follows: using (5.1)

jK23j .
�Z

e�
p
2jyju22

�1=2�Z
sech.y/.@xv2/2

�
. �2

Z
sech.y/u22 C 

2

�Z
sech.y/.@x.1 � @2x/

�1u2/
2

�2
. �2

Z
sech.y/u22 C

�Z
sech.y/u22

�2
:

Then we conclude thatˇ̌̌ d
dt

K2.t/
ˇ̌̌

.
Z

sech.y/.u21 C .@xu1/
2
C u22/:

By (8.7), there exists an increasing sequence tn !1 such that

lim
n!1

ŒK1.tn/CK2.tn/� D 0:

For t � 0, integrating on Œt; tn�, and passing to the limit as n!1, we obtain

K.t/ .
Z 1
t

�Z
sech.y/.u21 C .@xu1/

2
C u22/

�
dt:

By (8.7), we deduce
lim
t!1

K.t/ D 0:

By the decomposition of solution (4.2) and the boundedness in H 1 of u1, this implies
(1.17). This ends the proof of Theorem 1.2.

A. Proof of Lemma 2.2

The first step is to understand the generalized null space of this operator. By Coppel [19],
we know that the asymptotic behavior of the solutions of fourth-order differential equation

� @2xL� D 0 (A.1)

are determined by the asymptotic behavior of the solutions

�@2xL0u D 0; where L0 D �@
2
x C 2:
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One can see, analyzing the coefficient matrix of the first-order system associated to the
above equation, that the eigenvalues are simple and given by˙

p
2 and 0 is an eigenvalue

of multiplicity two. Then, by [19, Theorem 4 of Chapter 4], the asymptotic behavior of
the solutions of (A.1) are, modulo scaling, as x !C1,

e�
p
2x ; e

p
2x ; 1; x:

Using classical techniques of ODEs and the principle of superposition, one obtains that
the solution of �@2xL� D 0 is a linear combination of the linearly independent functions

u0.x/ D H
0.x/; u1.x/ D H

0.x/

Z x

0

.H 0.y//�2 dy;

u2.x/ D �2H
0.x/

Z x

0

.H 0.y//�2
Z y

�1

H 0.s/ ds dy;

u3.x/ D H
0.x/

Z x

0

.H 0.y//�2
Z y

�1

sH 0.s/ ds dy:

We also have limx!�1 u0.x/ D 0, but the others do not belong to L2:

lim
x!�1

u1.x/ D lim
x!�1

R x
0
.H 0.y//�2 dy

.H 0.x//�1
D lim
x!�1

.H 0.x//�2

�.H 0.x//�2H 00.x/

D lim
x!�1

1

�H.H 2 � 1/
D C1:

Also,

lim
x!�1

u2.x/ D lim
x!�1

�2

R x
0
.H 0.y//�2.H.y/C 1/ dy

.H 0.x//�1

D lim
x!�1

�2
.H 0.x//�2.H.x/C 1/

�.H 0.x//�2H 00.x/

D lim
x!�1

�2
H.x/C 1

�H.H � 1/.H C 1/
D 1:

Finally,

lim
x!�1

u3.x/ D lim
x!�1

R x
0
.H 0.y//�2

R y
�1

sH 0.s/ ds dy

.H 0.x//�1

D lim
x!�1

.H 0.x//�2
R x
�1

sH 0.s/ ds

�.H 0.x//�2H 00.x/
D lim
x!�1

R x
�1

sH 0.s/ ds

�H 00.x/

D lim
x!�1

xH 0.x/

�H 000.x/
D lim
x!�1

xH 0.x/

�H 0.x/.3H 2 � 1/

D lim
x!�1

x

1 � 3H 2
D �1:

This proves Lemma 2.2.
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B. Proof of Lemma 2.5

Replacing L (see (1.13)) and integrating by parts, we get

h�L.f /; gi D

Z
�Œ@xf @xg C V0fg�C h�

0@xf ; gi:

In particular, we get

h�@xL.f /; f i D

Z
�Œ�@3xff C @x.V0f /f �

D

Z
�Œ@2xf @xf C V

0
0f

2
C V0@xff �C

Z
�0@2xff

D

Z
�
�1
2
@x Œ.@xf /

2�C V 00f
2
C
1

2
V0@x Œf

2�
�
�

Z
@x.�

0f /@xf

D �
1

2

Z
�0Œ.@xf /

2
C V0f

2�C

Z
�V 00f

2
�
1

2

Z
�V 00f

2

�

Z
.�00f C �0@xf /@xf

D �
1

2

Z
�0Œ3.@xf /

2
C V0f

2�C
1

2

Z
�V 00f

2
C
1

2

Z
�000f 2:

Lastly, integrating by parts, we have

h�L.@xf /; f i D

Z
�Œ�@3xff C V0@xff �

D �
1

2

Z
�0Œ3.@xf /

2
C V0f

2� �
1

2

Z
�V 00f

2
C
1

2

Z
�000f 2:

The proof is complete.

C. Local well-posedness

In this section, we will prove that the small perturbations around the static kink are in fact
locally well posed on the energy spaces associated, i.e. on H 1 � L2. It has been proved
that the linear part of (2.6) is well posed on H 1 � L2 (see [53]). Now we will focus on
whether the nonlinear equation associated to (2.6) is locally well posed. Notice that (2.6)
is equivalent to

@2t u1 � 2@
2
xu1 C @

4
xu1 � @

2
xF.t; x; u1/ D 0;

where F.t; x; u1/ D 3u1.H 2 � 1/C u21.u1 C 3H/, satisfies (2.9). Let the operator ˆ be
given by

ˆŒu�.t/ D G .t/u01.x/CK.t/u02.x/C

Z t

0

K.t � s/@2xF.s; x; u/ ds; (C.1)
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where
G .t/ D F �1G.t; �/F ; K.t/ D F �1K.t; �/F I

F and F �1 represent the Fourier transform and its inverse, respectively. The Fourier
multipliers are given by

G.t; �/ D cos.!.�/t/; K.t; �/ D
sin.!.�/t/
!.�/

; and !.�/ D j�j
p
�2 C 2:

Following the ideas in the proof of [53], we will use a contraction mapping argument and
analogous estimates in the linear case.

Remark C.1. One will notice that 1
2
!.�/D �. Q�/D jQ�j

q
1C Q�2, where the last one is the

same symbol studied by Linares for the good-Boussinesq equation. In fact, letting v 2 L2

and considering � D �=
p
2, we get

V1.2t/v.
p
2x/ D

Z
ei.2t�.�/C

p
2x�/ 2v.

p
2x/.�/ d�

D
1
p
2

Z
ei.2t�.�/C

p
2x�/ bv.x/

� �
p
2

�
d�

D
1

2

Z
ei.tw.�/Cx�/ Ov

��
2

�
d�:

Let u be a function such that 1.u.x//.�/ D 1.v.x//.�=2/; then

V1.2t/v.x/ D
1

2

Z
ei.tw.�/Cx�/ bu.y/.�/ d� D zV1.t/u.y/;

where zV1 D F �1Œeiw.�/tF � is related to the Fourier multiplier G . It is analogous for V2
and the Fourier multiplier K .

The following results have been proved in [52, 53].

Lemma C.1 ([53, Lemma 2.7]). Let f 2 L2 and

V1.t/f .x/ D

Z
ei.t�.�/Cx�/ Of .�/ d�;

where �.�/ D j�j.1C �2/1=2. Then

kV1.t/f kL2 � kf kL2

and �Z T

0

kV1.t/f k
4
L1 dt

�1=4
� c.1C T 1=4/kf kL2 :

Lemma C.2 ([53, Lemma 2.8]). Let g D h0 2 L2 and

V2.t/h
0.x/ D

Z
ei.t�.�/Cx�/

sgn.�/ Oh.�/
.1C �2/1=2

d�:
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Then
kV2.t/h

0
kL2 � ckhkH�1

and �Z T

0

kV2.t/h
0
k
4
L1 dt

�1=4
� c.1C T 1=4/khkH�1 :

Lemma C.3 ([53, Lemma 2.8]). Let g D p00 2 L2 and

V2.t/p
00.x/ D

Z
ei.t�.�/Cx�/

sgn.�/� Oh.�/
.1C �2/1=2

d�:

Then
kV2.t/p

00
kL2 � ckpkL2

and �Z T

0

kV2.t/p
00
k
4
L1 dt

�1=4
� ckpkL2 :

Finally, we have the following lemma.

Lemma C.4 ([53, Proposition 2.12]). Let

.�@2x/
�1=2@tV1.t/f .x/ D

Z
i j�j�1�.�/ei.t�.�/Cx�/ Of .�/ d�;

.�@2x/
�1=2@tV2.t/h

0.x/ D

Z
i j�j�1ei.t�.�/Cx�/

sgn.�/ Oh.�/
.1C �2/1=2

d�

and

.�@2x/
�1=2@tV2.t/p

00.x/ D

Z
i j�j�1ei.t�.�/Cx�/

� Op.�/

.1C �2/1=2
d�:

Then

k.�@2x/
�1=2@tV1.t/f kL2 � Ckf kH1 ;

k.�@2x/
�1=2@tV2.t/h

0
kL2 � CkhkL2

and

k.�@2x/
�1=2@tV2.t/p

00
kL2 � CkpkH1 :

Let the operator ˆ be given by (C.1) and, similarly to [53],

Y aT D
®
u2C.Œ0; T �WH 1.R// \ L4.Œ0; T �IL11 .R//

ˇ̌
.�@2x/

�1=2@tu2C.Œ0; T �; L
2.R//;

supŒ0;T � k.1 � @
2
x/
1=2u.t/kL2 � a;

supŒ0;T � k.�@
2
x/
�1=2@tu.t/kL2 � a

and jjjujjj1 � a
¯
;

where

jjjujjj1 D

�Z T

0

ku.t/k4L1 dt

�1=4
C

�Z T

0

k@xu.t/k
4
L1 dt

�1=4
:
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Remark C.2. The multipliers G and K are directly related to V1 and V2, respectively.
This means that, considering Remark C.1, Lemmas C.1, C.2, C.3 and C.4 are valid for G

and K , respectively.

First, we will show the following proposition.

Proposition C.5. Let u01 2 H
1.R/ and u02 D @x Qu

2
0 2 L

2, and define ˆŒu� as in (C.1).
Then

ˆWY aT ! Y aT

for some T D T .ı/, where ı such that ku01kH1 ; ku02kL2 � ı.

We will need the following technical lemma to manage the nonlinearity of F .

Lemma C.6. Let F be as in (2.7), then the following inequalities hold:

kF.t; x; u/kL2 . ku.H 2
� 1/kL2 C .kuk

2
L1 C kukL1/kukL2 ;

k@xF kL2 . .1C kukL1/kuH
0
kL2 C k@xu.H

2
� 1/kL2

C .kuk2L1 C kukL1/k@xukL2

(C.2)

and

kF.t; x; u/ � F.t; x; v/kL2

. ku � vkL2.kuk2L1 C kwk
2
L1 C kukL1 C kvkL1/

C k.u � v/.H 2
� 1/kL2 ;

k@xF.s; x; u/ � @xF.s; x; v/kL2

. k@xu � @xvk.kukL1 C kvkL1 C kuk2L1 C kvk
2
L1/

C ku � vkL2.kukL1 C kvkL1 C kuk
2
L1 C kvk

2
L1 C k@xuk

2
L1

C k@xvk
2
L1/

C k.H 2
� 1/.@xu � @xv/kL2 C k6HH

0.u � v/kL2 :

(C.3)

Proof. The first inequality follows directly from the definition of F . For the second
inequality, we notice that

@xF.t; x; u/ D 3uH
0.2H C u/C @xu.H

2
� 1/C .3u2 C 6Hu/@xu:

Then we get

k@xF.t; x; u/kL2x . .1C kukL1/kuH
0
kL2 C k@xu.H

2
� 1/kL2

C .kuk2L1 C kukL1/k@xukL2 :

Second, using (2.8), we get

kF.t; x; u/ � F.t; x; v/kL2 � 3k.u � v/.H
2
� 1/kL2

C ku � vkL2.kuk
2
L1 C kvk

2
L1 C kukL1 C kvkL1/:
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For the last inequality, we notice that

j@x.F.t; x; u/ � F.t; x; v//j

. j@xu � @xvj j.H 2
� 1/C u2 C v2 C uC vj

C ju � vj j6HH 0 C uC v C u2 C v2 C .@xu/
2
C .@xv/

2
j:

Then

k@xF.t; x; u/ � @xF.t; x; v/kL2

� k@xu � @xvk.kukL1 C kvkL1 C kuk
2
L1 C kvk

2
L1/

C ku � vkL2.kukL1 C kvkL1 C kuk
2
L1 C kvk

2
L1 C k@xuk

2
L1 C k@xvk

2
L1/

C k.H 2
� 1/.@xu � @xv/kL2 C k6HH

0.u � v/kL2 :

This concludes the proof.

Now we prove Proposition C.5.

Proof of C.5. First, we will focus on the norms k � kL1t L2x . By Remark C.1, Lemmas C.1
and C.2 and the Hölder inequality, we get

sup
Œ0;T �

kˆŒu�kL2 � sup
Œ0;T �

kG .t/u01.x/kL2 C sup
Œ0;T �

kK.t/u02.x/kL2

C sup
Œ0;T �

Z t

0

K.t � s/@2xF.s; x; u/ ds


L2

� cku01.x/kL2 C k Qu
0
2.x/kH�1 C

Z T

0

kF.s; x; u/kL2 ds:

Using (C.2) and the Sobolev embedding, one has

sup
Œ0;T �

kˆŒu�kL2 � cku
0
1.x/kH1 C k Qu02.x/kL2 C cT sup

Œ0;T �

.kukH1 C kuk3
H1 C kuk

2
H1/:

Similarly, for the term @xˆ, using Lemmas C.1 and C.2 it is obtained that

sup
Œ0;T �

k@xˆŒu�kL2 � k@xu
0
1.x/kL2 C ku

0
2.x/kL2 C

Z T

0

k@xF.s; x; u/ dskL2 :

From (C.2) and the Sobolev embedding, we get

sup
Œ0;T �

k@xˆŒu�kL2 � c.ku
0
1.x/kH1 C ku02.x/kL2/

C cT sup
Œ0;T �

.kukH1 C kuk2
H1 C kuk

3
H1/:
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Then we arrive at

sup
Œ0;T �

kˆŒu�kH1 � sup
Œ0;T �

kˆŒu�kL2 C sup
Œ0;T �

k@xˆŒu�kL2

� 2c.ku01.x/kH1 C ku02.x/kL2/C 2cT sup
Œ0;T �

.kukH1 Ckuk2
H1 Ckuk

3
H1/:

Hence, if
a D 8cı and T D ı4=4c;

we obtain

4cı C 2cTa.1C aC a2/ D 4cı.1C 4cT .1C aC a2// < 8cı:

Now, to estimate .�@2x/
�1=2@tˆŒu�, we will use Lemma C.4 and (C.2); we obtain

sup
Œ0;T �

k.�@2x/
�1=2@tˆŒu�kL2 � c.ku

0
1.x/kH1 C ku02.x/kL2/

C cT sup
Œ0;T �

.kukH1 C kuk2
H1 C kuk

3
H1/:

As before,

2cı C acT .1C aC a2/ D 2cı.1C 2cT .1C aC a2// < 8cı:

Finally, we will estimate the L4L1 norm. Applying Lemmas C.3, C.2 and C.1 and using
(C.2), we get

kˆŒu�kL4TL
1
x
� kG .t/u01.x/kL4TL

1
x
C kK.t/u02.x/kL4TL

1
x

C

Z t

0

K.t � s/@2xF.s; x; u/ ds


L4TL

1
x

� .1C T 1=4/ku01kL2 C k Qu
0
2kL2 C cT sup

Œ0;T �

.kukH1 C kuk2
H1 C kuk

3
H1/:

Similarly to the above estimates we obtain

k@xˆŒu�kL4TL
1
x
� .1C T 1=4/.ku01kL2 Ck Qu

0
2kL2/C cT sup

Œ0;T �

.kukH1 Ckuk2
H1 Ckuk

3
H1/:

Finally,

jjjˆŒu�jjj1 D kˆŒu�kL4TL
1
x
C k@xˆŒu�kL4TL

1
x

� 2cı.1C T 1=4/C 2cTa.1C aC a2/;

and we get

2cıŒ.1C T 1=4/C 2cTa.1C aC a2/� D 2cıŒ.1C T 1=4/C 2cT .1C aC a2/� < 8cı:

This ends the proof of the proposition.
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Second, we will prove that ˆ is a contraction mapping.

Theorem C.7. Let u01 2 H
1.R/ and u02 D @x Qu

2
0 2 L

2. Then there exist T D T .ı/ and a
unique solution of the integral equation (C.1) in Œ0; T � with

u 2 C.Œ0; T �IH 1.R// \ L4.Œ0; T �IL1/

and
.�@2x/

�1=2@tu 2 C.Œ0; T �IL
2.R//:

Proof. Proposition C.5 ensures that ˆŒu�WY aT ! Y aT , so we only need to show that ˆ is a
contraction. First, we notice that

.ˆŒu� �ˆŒv�/.t/ D

Z t

0

K.t � s/@2x.F.s; x; u/ � F.x; s; v// ds:

Now, we will focus on the L1t L
2
x norm. By the Hölder inequality and Lemma C.3, we

obtain

sup
Œ0;T �

kˆŒu� �ˆŒv�kL2.t/

� C

Z T

0

ku2 C .uC v/.v C 3H/kL1ku � vkL2 ds

C C

Z T

0

kju � vj j3.H 2
� 1/jkL2 ds

� C sup
Œ0;T �

ku � vkL2

�Z T

0

.kuk2L1 C kvk
2
L1 C kukL1 C kvkL1/ ds C

Z T

0

1 ds

�
:

Applying the Hölder inequality,

sup
Œ0;T �

kˆŒu� �ˆŒv�kL2.t/ � CT
1=2Œ2a2 C 2T 1=4aC T 1=2� sup

Œ0;T �

ku � vkL2 :

Then, by (C.3),

sup
Œ0;T �

k@xˆŒu� � @xˆŒv�kL2.t/

� C

Z T

0

k@xu � @xwkL2ku
2
C v2 C uC vkL1

C C

Z T

0

ku � wkL2kuC v C u
2
C v2 C .@xu/

2
C .@xv/

2
kL1 ds

C C

Z T

0

k.@xu � @xw/.H
2
� 1/kL2 C C

Z T

0

k.u � w/6HH 0kL2 ds: (C.4)
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Hence, by Lemma C.3, we get

sup
Œ0;T �

k@xˆŒu� � @xˆŒv�kL2.t/

� C sup
Œ0;T �

k@xu � @xwkL2 Œ2a
2T 1=2 C 2T 3=4aC T �

C C sup
Œ0;T �

ku � wkL2 Œ2T
3=4aC 4T 1=2a2 C T �

� C
�

sup
Œ0;T �

k@xu � @xwkL2 C sup
Œ0;T �

ku � wkL2
�
Œ4a2T 1=2 C 2T 3=4aC T �:

Now, as in (C.4),

sup
Œ0;T �

k.�@2x/
�1=2@tˆŒu� � .�@

2
x/
�1=2@tˆŒv�kL2x

� C
�

sup
Œ0;T �

k@xu � @xwkL2 C sup
Œ0;T �

ku � wkL2
�
Œ4a2T 1=2 C 2T 3=4aC T �:

Finally, we will estimate the L4TL
1
x norm. Using the Hölder inequality, we get

kˆŒu� �ˆŒv�kL4tL1x
� CT 1=2Œ2a2 C 2T 1=4aC T 1=2� sup

Œ0;T �

ku � vkL2 :

Furthermore,

k@xˆŒu� � @xˆŒv�kL4TL
1
x

� C
�

sup
Œ0;T �

k@xu � @xwkL2 C sup
Œ0;T �

ku � wkL2
�
Œ4a2T 1=2 C 2T 3=4aC T �:

Then, for T D ı4=4c < 1 and a D 8cı, we get

4a2T 1=2 C 2T 3=4aC T � ı4.3.8c/2 C .8c C 1/2/;

2a2T 1=2 C 2T 3=4aC T � ı4..8c/2 C .8c C 1/2/;

and for ı small enough we obtain that ˆ is a contraction.
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