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Zeta functions and topology of Heisenberg cycles
for linear ergodic flows

Nathaniel Butler, Heath Emerson, and Tyler Schulz

Abstract. Placing a Dirac—Schrodinger operator along the orbit of a flow on a compact manifold M
defines an R-equivariant spectral triple over the algebra of smooth functions on M. We study some
of the properties of these triples, with special attention to their zeta functions. These zeta functions
are defined for Re(s) > 1 by Trace(f, H*), where f} is the uniformly continuous function on
the real line obtained by restricting the continuous or smooth function f on M to the orbit of
apoint p € M, and H = —3‘1—22 + x2 is the harmonic oscillator. The meromorphic continuation
property and pole structure of these zeta functions are related to ergodic time averages in dynamics.
In the case of the periodic flow on the circle, one obtains a spectral triple over the smooth irrational
torus AZO C Ay, already studied by Lesch and Moscovici. We strengthen a result of these authors,
showing that the zeta function Trace(a H ~¥) extends meromorphically to C for any element a of
the C*-algebra 4. Another variant of our construction yields a spectral cycle for A3 ® A; /5 and
a spectral triple over a suitable subalgebra with the meromorphic continuation property if 7 satisfies
a Diophantine condition. The class of this cycle defines a fundamental class in the sense that it
determines a KK-duality between Az and Aq/5. We employ the local index theorem of Connes
and Moscovici in order to elaborate an index theorem of Connes for certain classes of differential
operators on the line and compute the intersection form on K-theory induced by the fundamental
class.

1. Introduction

The irrational rotation algebra Az := C(T') x4 Z, the crossed product of the C *-algebra
C(T)=C(R/Z) by the action of Z by translationby 7 € R \ Q mod Z on T, is one of the
key motivating examples in noncommutative geometry. Early results of Connes and Rief-
fel classified finitely generated projective modules over Ay, or over its natural Schwartz
subalgebra A2°, by an analogue of the first Chern number of a line bundle over T 2 defined
fore € AZO C Az, by
e1(e) 1= - tlelsr ). B2(e))).
2mi

where 61, 8, are the derivations of Az" generating the natural R2-action, and 7 is the trace.
In fact, these numbers are infegers, a fact related to the quantum Hall effect in solid state
physics (see [1]).
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The reason for the integrality lies in the following. The densely defined operators
%, % on L?(T?) assemble to the operator

Ix +1 E 0
on L2(T?) @ L?(T?), and the representation of C(T?2) on L?(T?) by multiplication
operators can be adjusted by introducing phase factors to give a representation A4: Ay —
B(L2(T?2)) which makes the triple (L2(T2) @& L2(T?2), A4, d) a 2-summable spectral
triple over A2° whose Chern character may be computed using the local index formula of
Connes and Moscovici to be the class of the cyclic cocycle

12(a®,a',a?) = 1(a°81(a")82(a?) — a®8,(a")81(a?)), a° al,a® e A, (LD

The integrality of the Chern numbers t; (e, e, €) follows from the Connes—Moscovici index
theorem which implies that for any idempotent e € A%°,

C](e) = ‘L'2(€,€,€) = ([e]v [5]) € Zv

where the right-hand side is the pairing between K-theory and K-homology. But it is
a result going back to early direct computations of Connes [5] involving in particular
a calculation of the cyclic cohomology of A%°.

In this article, we study a slightly different method of constructing spectral triples,
using the operators x + j—x, the annihilation and creation operators of quantum mechanics.
They assemble to form a spectral triple over a suitable smooth subalgebra of C,, (R) xR,
where C,,(R) is the C *-algebra of uniformly continuous, bounded functions on R and R,
is the group of real numbers with the discrete topology. The operator of the triple is

0 x—j—x
= d .
X+E 0

The closure of D is self-adjoint, and D? is essentially the direct sum of two copies of the

harmonic oscillator )

d 2
Hz—ﬁ‘l-x

on R, which has discrete spectrum consisting of the odd positive integers. We define a rep-
resentation 7: C, (R) x Ry — B(L?(R)) by letting f € C,(R) act by the corresponding
multiplication operator ( f€)(x) = f(x)&(x), and a group element ¢ € R, by the group
translation unitary operator (u:£)(x) = £(x —1).

The triple just described gives a spectral (unbounded) cycle for KKy (C,, (R) xRy, C).
We call it the Heisenberg cycle.

The Heisenberg cycle pulls back to any C*-subalgebra of Cy,(R) x Ry, and in this
article, we are most interested in subalgebras arising from ergodic flows. If & is a smooth
flow on a compact manifold M and p € M, then the function

o) := fle(p))
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is bounded and uniformly continuous on R if f is continuous. We obtain an embedding
By :=C(M)xq Ry C Cy(R) xRy.

So one can associate a Heisenberg cycle to any smooth flow and corresponding class
[Ba] € KKo(C(M) xRy, C) or, in KKo(C(M) x A, C), if one has a subgroup A C Ry
of particular interest for the context. For example, if A := {0} is the trivial subgroup, then
the corresponding class in KKy (C (M), C) is equal to the class in K-homology of the
point p € M, and so contains no interesting topological information (this follows from
constructing a certain homotopy in KK, see [8]). However, simple examples show that for
certain natural (non-trivial) choices of subgroup, the Heisenberg classes are non-trivial.
In the case of the periodic flow on T, the C *-algebra B, is C(T) x R; which con-
tains the irrational rotation algebra Ay = C(T) x#Z for any #i € R \ Q, by restricting to
the subgroup A := #Z C R,. The Heisenberg cycle for this algebra has been studied by
Connes [3,5], and Moscovici and Lesch [18]. The latter authors refer to Heisenberg mod-
ules. One can build a Heisenberg module by twisting the Dirac—Dolbeault cycle of Connes
by a Morita bimodule; such bimodules come from compact transversals to the Kronecker
flow. One obtains thus a family of such cycles (for Az) all having a somewhat similar
form, and involving the Dirac—Schrddinger operators x =+ j—x on L2(R), or a finite sum of
copies of L2(IR). But as observed above, our Heisenberg cycles are defined over a much
larger algebra C,, (R) x R, than Az. One gets cycles for C(M) xRy or C(M) x A for
flows on manifolds M and arbitrary subgroups A C R, and such cycles may be a source
of topological invariants of flows. We restrict ourselves in this note to examining linear
flows, e.g., Kronecker flows on T2, with Diophantine periods. For the subgroup A C Ry
generated by 1, #, the crossed-product By := C(T?) x A is isomorphic to 4z ® A; k-
In the second part of the paper, we compute some topological invariants of these Heisen-
berg cycles, using the local index theorem of Connes and Moscovici (and the exposition of
it in [14]). The Heisenberg cycle for A; ® A1/ = By, induces a KK-duality between Ay
and A5 and we compute the index pairing Ko(A4z) x Ko(A1/4) — Z and show that it

has matrix
MR
— %] 1

with respect to the bases consisting of the unit and the respective Rieffel projections. This
strengthens an index calculation of Connes in [5] for classes of differential operators on
the real line. This is based on our computation of the Chern character of the Heisenberg
cycle over Ay, which we show is given by the mixed degree cyclic cochain

T —Hh1,,

where 75 is as in (1.1).
The main technical contribution of this note concerns the meromorphic extension
problem of the zeta functions

{(a,s) := Trace(aH ™)
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for a € Cy(R) x Ry. Establishing such meromorphic extensions is necessary to apply the
local index theorem, at least in the presentation [14], as the cyclic cocycles involved in the
local Chern character formula are obtained as poles of such zeta functions.

If Aps is the Laplacian on a compact Riemannian manifold, and f € C°°(M), then
Trace(fA);) extends meromorphically to C, with certain poles. This fact is proved by
the theory of asymptotic expansions, specifically of the kernel of fe ™2™ because the
Mellin transform transforms the meromorphic extension problem into a problem about the
asymptotics of the heat kernel as + — 0. Such asymptotic expansions are also available
in the situation of the Schwartz algebra of the irrational rotation algebra Az, as noted
by Lesch and Moscovici [18], who used them to deduce the meromorphic extendibility of
Trace(aH ™) for a € A$° in the smooth irrational torus, with H the harmonic oscillator.
Using a different technique, we prove here that Trace(a H —) meromorphically extends
for a in the C*-algebra Ay. Actually, there is a connection between the zeta functions
Trace(f, H ™) for f € C(M), f,(t) := f(a;(p)) for a smooth flow &z on M, and ergodic
time averages in dynamics. For example, we show that if the flow is ergodic, then

1
lim (s — 1) - Trace(f, H™®) = —/ fdu
s—>1+ 2 Ju

fora.e. p e M, f € C(M), and p any «-invariant measure. Therefore, the residue trace,
defined spectrally as the pole at s = 1 of Trace(f, H ), recovers the invariant meas-
ure p. The proof is based on an integral formula for Trace( fH ~*) following a fairly
well-established route using the heat equation. In fact, as we show more generally that if
f € Cy(R) and if limy 1 o0 % fOT f(t)dt exists, then the limit equals limg_,;+ (s — 1) -
Trace( f H~*). The statement above regarding ergodic flows follows from these observa-
tions and the Birkhoff ergodic theorem.

The meromorphic extension property from this point of view, for a given smooth flow,
requires a strengthening of the Birkhoff ergodic theorem for that situation which gives
a finer estimate for the deviation fOT f@)du —T [;, fdu. From our integral formula for
the zeta function, it is apparent that the meromorphic extension property of Trace( f, H ~°)
would follow, for example, for any f € C°° (M), if one was guaranteed smooth solvability
of the cohomological equation Xu = f for a smooth flow with generating vector field X
(see, e.g., [9,11,16,17].) The condition f;, fdu = 0 of f is an obvious obstruction to
Xu = f being continuously solvable for any a-invariant x. For the standard periodic flow
on the circle, this is the only obstruction. This is because if f is continuous and p-periodic
and fop fdu = 0, then the anti-derivative F(T) := fOT f(t)dt is also p-periodic, so F
solves the equation continuously. As we show, then the zeta function can be meromorph-
ically extended to Re(s) > 1 — 5 by solving the equation n times, and so meromorphically
extended to C. For the Kronecker flow on T2, the cohomological equation Xu = f is
smoothly solvable for smooth f of zero Lebesgue mean if « satisfies a Diophantine con-
dition, and it follows that Trace( f H ~%) extends meromorphically to C with a simple pole
at s = 1 in this case as well, if f is smooth.
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Our methods thus prove that any smooth cohomology free vector field on a compact
manifold M (in the sense of [10]) determines a zeta function Trace(f, H ) (p € M,
f € C*°(M)) with the meromorphic continuation property, and hence a spectral triple
over C®°(M) xas Ry with the meromorphic continuation property. (For the class of
hypoelliptic fields, it is apparently an open conjecture that a hypoelliptic vector field is
cohomology free.) Another current conjecture is to the effect that any globally hypoel-
liptic field is smoothly conjugate to a linear Diophantine flow on a torus. So there appears
to be not much more generality achieved here than that of linear Diophantine flows on
tori. It would be interesting to see more complicated examples of (parabolic) flows with
zeta functions with the meromorphic continuation property, and, perhaps, a richer pole
structure, involving invariant distributions on M which are not invariant measures.

The noncommutative geometry of the irrational torus AZ° and various interesting vari-
ations of it involving changing the metric, has been intensely studied recently. See, e.g.,
[7,13]. The problem of constructing spectral triples in connection with crossed products
and other C *-algebras from dynamics remains an important one in noncommutative geo-
metry, after the seminal work of Connes and Moscovici [6] on ‘diffeomorphism invariant’
geometry. Some recent examples of spectral triples from dynamics are [12,15,23]. Dirac—
Schrédinger operators as giving non-standard spectral cycles for C(T?) and connections
with KK-duality and Baum—Connes are studied in [21]. See [13] for information about the
noncommutative torus A2° and its noncommutative pseudodifferential calculus. The short
article [22] is a very good source for the local index theorem (although we have used [14]
as our main source for the index theorem in this article).

2. Spectral cycles from the canonical anti-commutation relations

The Heisenberg group

1 x
H = 0 1 x,y,zeR
0 0

— < N

has Lie algebra §j the 3-by-3 strictly upper triangular matrices under matrix commutator.
Let X, Y be the elements

of . Then
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while Z is central in §. It follows that if 7 is any irreducible representation of H, n(Z) =
7([X,Y]) = [7(X), n(Y)] is a multiple of the identity operator [7(X), 7(Y)] = # for
some # € R, a ‘Planck constant’.

The name Heisenberg group originates in these relations, which have the same form
as the canonical commutation relations in quantum mechanics, where x and j—x model
position and momentum operators.

From the above remarks, we obtain a classification of irreducible representations of H .
Either #i = 0, in which case 7 (Z) = 0 and hence 7 (X ) and 7 (Y') commute, which implies
the representation is 1-dimensional, and is completely determined by the ordered pair of
real numbers (7 (X), 7(Y)), or 7 # 0, in which case one can show that the representation
is isomorphic to the following interesting representation wz of ) by unbounded operators

on L2(R). Let
d
m5(X)=x and mz(Y)=7Fh—.
dx
Then [x, hj—x] = #i as required.
Application of functional calculus to the operators x and j—x produces the operators

U = eZm‘x, Vg = e—hd/dx’

2mwix

where u is multiplication by the periodic function e and

(p)§(x) = §(x — 7).

We have

uvy, = e 2y u.

If # € R\ Q, then the irrational rotation algebra is the C *-algebra
Ap = C(T) x4 Z,

where Z acts on the circle T := R/Z with generator the automorphism induced by trans-
lation by 7 mod Z. If U € C(T) x, Z is the generator U(t) = e?*!* of C(T) and V the
generator of the Z-action in the crossed-product, then a quick computation shows that

UV = e 2y U e Ay, 2.1)
and it follows that we obtain, for each #, a representation
5 Ay — B(L*(R)) (2.2)

of A; on L2(R). Note that 5 depends on # as a real number while Ay only depends on
the class of 7 mod Z.

We are going to fit these representations into a spectral cycle for KKo(Az, C), using
the properties of the harmonic oscillator

2

d 2
H = ) + x7, 2.3)
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a second-order elliptic operator on R, whose domain we will take initially to be the
Schwartz space §(R). Actually, the construction is more general, and produces a spec-
tral cycle for the C *-algebra crossed product C, (R) x Ry, with Ry denoting R with the
discrete topology.

Let A =x + j—x, initial domain the Schwartz space $(R), and A* = x — j—x. The
relations

AA*=H +1, A*A=H -1,

2.4
[A,A*] =2, [H.A] = —24, [H, A*]=24". )

hold as operators on §. (See [24].)

Now set Yo := 7~ /4. ex2 ¢ L?(R). In quantum mechanics, v/ is called the
ground state, and the states inductively defined by ¥y := (2k)™1/2 . A*y;_; the ‘excited
states’. Observe that due to HA* = A*H + 2A*, from (2.4), we see by induction that vy,
is a unit-length eigenvector of H with eigenvalue 2k + 1,

Hyy = k)72 HA* Yy = k)72 - (A H +24%)&y
= (2k)V2 (k= 1) APy + 24Py = 2k + 1) - Y.

It follows from [H, A] = —2A that

AV = V2k Yoy, APk = V2k + 2 Y.

The eigenvectors of H are given by & = Hy (x)e_x2/2, where Hy is the kth Hermite
polynomial. This follows from induction using the recurrence

Hi(x) = k)72 - 2xHy—y (x) — H{_, (x))

to define the polynomials.
See [24] for the proof of the following statement(s).

Lemma 2.1. In the above notation,

(a) The vectors {yri} form an orthonormal basis for L*>(R), and each vy is in the
Schwartz class S (R).

(b) The harmonic oscillator H has a canonical extension to a self-adjoint unbounded
operator on L2(R). Moreover, H is invertible, and H ™" is compact, equivalently,
f(H) is a compact operator for all f € Co(R).

(c) With respect to the basis {yr} of (a), H is diagonal with eigenvalues the odd
positive integers

1 00 - 0
03 0 - 0
H=1]0 0

5 ... 0

000 -+ 2k—1
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(d) Given f € L>(R), let ( f (n)) denote the 12 sequence of its Fourier coefficients
with respect to the spectral decomposition of L*(R) into the eigenspaces
ker(H —(2n 4+ 1)),n =0,1,...Then f € §(R) if and only lf(f(n)) is a rapidly
decreasing sequence of integers.

Let D be the unbounded operator
0 A*
D =
i o]

on L?(R) @ L?(R), defined initially on Schwartz functions; it admits a canonical exten-
sion to a densely defined self-adjoint operator on L?(R). Since D? = [#1 0 1]
14+ D% = [Ig ngz]’ which is now diagonal with respect to the basis described above,
and invertible as an unbounded operator.

If f € C°(R) is a smooth bounded function with bounded first derivative, acting by
a multiplication operator on L2(R), then the commutator [ f, D] = [}), - ] is a bounded

0
operator. Let
Cy(R) := {f € Cp(R) | f is uniformly continuous}

be the (non-separable) C *-algebra of bounded uniformly continuous functions on R. The
group Ry of real numbers with the discrete topology, acts by translation on R and then by
automorphisms of Cy, (R). Let 7: C,,(R) x R; — B(L2(R)) be the representation determ-
ined by letting C,(R) act by multiplication operators and R, by translation unitaries.
We will refer to the *-subalgebra C,, (R)[Ry], or C°(R)[R;], meaning the correspond-
ing (twisted) group algebra of finite sums ), fru; in Cu(R) X Ry.

Proposition 2.2. The triple

@Pm)@L%RLn®n;D=[Z ﬁj)

is a spectral triple over C2° (R)[R?] € Cy(R) x Ry it is 2-dimensional in the sense that
|D|72 € £(1:°9),

We refer to the cycle of Proposition 2.2 as the Heisenberg cycle.
As CP(R)[R,] is dense in Cy, (R) x Ry, the proposition implies that the associated
Fredholm module

(LZ(R) ®L*R),n ®n, F:=y(D)= [ 0 A*(H + 2)—1/2])

AH71/2 0
obtained by applying a normalizing function y, here chosen to be y(x) = x(1 4+ x2)~1/2,
defines a cycle for KKo(Cy, (R) xRy, C).

The corresponding class in KKy (Cy,(R) x Ry, C) is non-zero: the unital inclusion
C — Cy(R) x Ry pulls it back to the class 1 € KKy (C, C) because D has index +1.
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Since the spectrum of H grows linearly, 7w (a) H ™ is trace-class for Re(s) > 1 and
the zeta function Trace(m(a) H ~°) is analytic for Re(s) > 1 and @ € Cy,(R) x R;. One
of our main interests is in the possible meromorphic continuation properties of such zeta
functions.

The irrational rotation algebra Ay is a subalgebra of C,(R) x R, and the restriction
of the representation 7 above to Ap lets f € C(T) = C(R/Z) act by multiplication
on L?(R) by the corresponding periodic function, and the group Z by n +> u,;, with,
recall, u,£(x) = £(x —t). However, C,(R) x R, contains numerous other subalgebras
of related interest. We first point out a generic example of such a subalgebra, arising from
dynamics.

Lemma 2.3. If M is a compact manifold, {a;};cr is a smooth flow on M, and if p € M,
then mapping f € C(M) to the bounded, uniformly continuous function f,(t) := f(a; p)
on R, and mapping t € Ry to uy, determine a C*-algebra homomorphism

u: C(M) xq Rg — Cy(R) xRy,

where R is the group of real numbers with the discrete topology. It is injective if the flow
is minimal, and restricts to a *-algebra homomorphism C*°(M)[R4] — C°(R)[R4].

The proof is the observation that if the vector field X generates the flow, then f €
C°(M) implies X(f) € C*°(M), and hence that f is bounded, so f, is Lipschitz and
hence uniformly continuous (and bounded) on R.

In particular, the Heisenberg cycle pulls back to a cycle for C(M) x R, and a spectral
triple over the subalgebra C*°(M)[R4].

Returning to irrational rotation, fix 7 € R, so that we have the representation 7g
(see (2.2)) of Aj determined by C(T) = C(R/Z) acting by multiplication operators by
Z-periodic functions, and the subgroup #Z C R.

Lemma 2.4. Let n": A, /h > B(L?(R)) be the representation obtained by letting f €
C(T) = C(R/Z) act by multiplication by x + f(%) and n € Z by translation by n. Then
75 (Ay) and 7" (A, /#) commute. Hence the tensor product

pi(a ® b) 1= m(a)r" (b)

defines a representation of By on L*(R), which is injective if i € R \ Q.

We may consider the C *-algebra A; ® A5 =: By as the crossed product of C(T?)
by the group Z? with action

m
(rom)- (x.y) = (x +nhy + ).
and the homomorphism p; embeds By into C, (R) x R, by letting

f € C(T?) = C(R*/2?)
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map to f,(¢) := f(¢, %), and embedding Z? isomorphically to the dense subgroup
A={nh+m|n,meZ} CR.

We can consider the Z?-action on T?2 as factoring through the translation action of the
subgroup Z? =~ A C R acting through the Kronecker flow

ar(x,y) = <x~|—t,y+%)

along lines of slope % because

Untiam(x,y) = (x +nh,y + %)

The restriction of py to C (T ?) is thus a special case of the construction of Lemma 2.3,
as the following lemma shows.

Proposition 2.5. Let y:R — T2 be the group homomorphism y(t) = (it t), let U be its
image. Then

(a) U isdenseifti ¢ Q.

(b) An element (x,y) € R? projects to an element of U if and only if fiy = x +
n + mfi for some integers n, m if and only if iy = x mod A C R.

(c) The subgroup A is contained in U for all integers n, m.

(@ IfU' =y (R) with y'(t) = (¢,#it), then A =U NU'.

Proof. (a)—(c) are routine. The (dense) subgroup A C T? is obtained as follows. The
line of slope % in R? through the origin intersects the vertical lines x = n, for n € Z, in
the points Z2-congruent to (n#, 0), and through the horizontal lines y = m, in the points
congruent to (0, 2). Summing all of these points in T? gives A, which is contained in U
by (c). The flip R? — R? interchanges lines of slope % and of % and leaves Z? invariant
interchanging vertical and horizontal lines. The last statement follows from symmetry. m

The subgroup A consists therefore of all points of T? in the intersection of the two
dense subgroups U and U’, projections of lines of slope # and % We call A the homoclinic
subgroup.

Definition 2.6. The Heisenberg bi-cycle is the spectral triple over C®(T?2)[A] C A ®
A4 given by the triple

0 A4*
(o @ memp=[] 1)

where pj is as in Lemma 2.4.
The class of the Heisenberg cycle is denoted Ay € KKo(A4z @ A1/, C).
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In the next section, we will show that the zeta functions Trace(ps(a) H *) extend
meromorphically to C for a € C%°(T?)[A], provided that # satisfies a Diophantine con-
dition.

The inclusion A; — Ay ® Ay 5 pulls the Heisenberg bi-cycle back to a spectral cycle
for KKo (47, C), which is a spectral triple over the smooth subalgebra AZ°. As it is of
special interest to us, we single it out in a definition.

Definition 2.7. The Heisenberg cycle is the even, 2-dimensional spectral cycle

(LZ(R) ® L2(R), 74 & 74, D = [j ’ D ,

for KKo(Az, C), defining a spectral triple over the Schwartz subalgebra AZ° of the rotation
algebra Ay 1= C(T) xy Z.
The class in KKo(C(T) x4 Z, C) of the Heisenberg cycle is denoted by [Dg].

Remark 2.8. The injection A} into Az ® Ajz pulls the Heisenberg bi-cycle back to
a cycle and class [D*] for KKo (A4, C). But the unitary U: L?(R) — L*(R), U§(x) =
V#E (fix) conjugates the representation 7 /# to the representation 7" (in notation of Lem-
ma 2.4). This effects the operator by a homotopically trivial re-scaling, and hence [D?] =
[D1/4] € KKo(A1/5,C).

If 0 < h < 1, then the spectral triple describing [Dj] is studied in [18]. It is related
in an exact way to Connes’ Dolbeault class (for any #) as we now establish, although the
result is already proved in [18] (for 0 < #i < 1, and in slightly different language). Let
L?(Aj) denote the GNS (Gelfand—Naimark—Segal) Hilbert space associated to the trace
7: A3 — C. In the notation of the discussion around (2.1), U and V are the standard
generators of Ay, with U(x) = >™** and VU V* = ¢~ 27"/, On L?(Ay) the derivations
81, 65 are defined 61 (U) = 27iU, §;(V) = 0, §2(U) = 0, 8,(V) = 2xiV. Then the

derivations assemble to give
3. 0 81— i
T8 406, 0 ’

The GNS representation A: A; — B(L?(Ay)) then fits into a spectral triple over A
with Hilbert space L2(Az) @ L?(Ay) and representation A @ A, because, as one verifies
without difficulty, that the commutators [A(a), 9] are bounded for a € Ag°.

We let [d] € KKo(Az, C) be its class. Since 7 is not just a state, but a trace, the right
multiplication operation of Az on itself determines another, commuting representation
A°P: A;P — B(L?(Ay)). As Ay is isomorphic to its opposite algebra by the map sending U
to U and V to V*, we obtain a pair of commuting representations of Az on L?(Ay) and
on L2(Az) @ L?(Ay). These observations determine a cycle and class

Az € KKo (45 ® Az, C).
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Connes proves (see [5]) that cup-cap product
PDE KK*(DI, Ah ® Dz) ad KK*(Ah ® D], Dz) (25)

(for any D;) with Aj induces an isomorphism, that is, yields a self KK-duality for Ay.
The result is refined in [8].

The most important basic example of Morita equivalence of groupoids involves two
commuting proper, free locally compact group actions on a locally compact space. This
determines a Morita equivalence between a suitable pair of crossed products, see [20]. The
lemma below presents a special case.

Lemma 2.9. Define on C.(R) the inner products
cwmzz(En)(x.m) =Y E(x—nh)-n(x —nhi—m), x €R/AL, meL,
nez
and

(E.Mem/zynyz(x,m) = Zé(x —nm)p(x —n—m#), xeR/Z, mel.

nez

Give C.(R) the C(R/hZ) x Z- C(R/Z) x4 Z bimodule structure with

(n§)(x) =&(x —n),  (fHKX) = f(x)§(x),

(En)(x) =§(x +nh), (Ef)(x) = f(0)§(x).
Then C.(R) completes to a Morita equivalence C(R/hZ) x Z- C(R/Z) x4 Z bimod-
ule &, that is, to a Morita equivalence Ay ;- Ag-bimodule.

The relation between Connes’ Dolbeault class [0] and the Heisenberg [Dy] is that Dy,
is, roughly speaking, obtained by twisting d by &.

Lemma 2.10. The tensor product of Hilbert modules & ®a, L*(Ay) over the represent-
ation A: Ay — B(L?(Ay)), is naturally isomorphic to L>(R) as a Hilbert space.
Under this identification,
(a) The representation A of Ay on 8 ®a, L%(Ay) induced by its representation
on & corresponds to the representation " on L?(R) of Lemma 2.4.
(b) The representation A°° of Ay on L?(Ay) commutes with the representation A
involved in the tensor product. Hence Ay is also represented on & ®4, L*(Ap)
by 1 ® A°P. This representation identifies with s on L?(R) of Lemma 2.4.

Proof. If f1, f2 € C¢(R), then their A3 = C(R/Z) %3 Z-valued inner product is given in
the above lemma. Let 89 € L?(Ajy) the vector corresponding to 1 € Az and consider the
elements f; ® 8o € & ®4, L*(Az). Their inner product is given by

(/1 ® 8o, f2 ® do) = (S0, (f1. f2)4;60) = T({f1. f2))
1
= [ VB0 = (i e,
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where 1: Ay — C is the trace. It follows that f — f ® &o induces a Hilbert space iso-
metry L*(R) — &; ®4, L?*(Az). Since elements of the form £ ® 8o, £ € &, are dense
in the tensor product (because the GNS representation is cyclic), this isometry is actually
a unitary. The other statements are easy to check. ]

Corollary 2.11. Let [64] € KKo(A1/%, A#) be the class of the Morita equivalence bimod-
ule &, Ay be the class of the Heisenberg bi-cycle (Definition 2.6) and PDz be Connes’
Poincaré duality (2.5). Then
(@) PD3([€x]) = [As] € KKo(As ® Ay/s, C).
(b) The class Ay € KKo(Ap ® Ays, C) determines a KK-duality between Ay
and Ay .
(©) If [pn] € Ko(Ap) denotes the class of the Rieffel projection, then PDz([ps]) =
[Dxl.

Proof. We have PD5([€;]) = (14, ® [E4]) ®4,04, Aj € KKo(As ® Ay/5, C) by defini-
tion. The module composition involved in the Kasparov product results in (two copies of)
L?(R) with (two copies of) the Heisenberg representation p; of Theorem 2.4, by Lem-
ma 2.10. The operator D satisfies the connection condition for the axiomatic approach to
the product by [18].

Let PDy; denote the analogue of (2.5) using Ay in place of Az. Then for x € Ky (A41/5),
y € Ku(43),

(PD#(x), y) = (¥ ®c x, Ax) = (y ®c x. (14, ® [E4]) ®a,04, Aj)
= (¥ ®c &5 (x). Ap).
Since [€%] is an equivalence in KK, the intersection form for Ay is obtained by twisting

the form for Az by an isomorphism, and hence is non-degenerate, since Connes’ is.
By definition,

PD5([px]) = ([p#] ® 14,) ®aye4, A = (U ® 14,)" (& ® la,) Qa,04, Az
= (u ® 14,)"(As) = [D4l,

where u: C — Ay is the unital inclusion, where the non-trivial step was the penultimate
one, which used (c). [

We are going to show using cyclic cohomology calculations that {[pz], [D#]) = —|#].
This is enough to describe the intersection form induced by Az. We note the result for
the record here.

Proposition 2.12. For any #i, give Ko(Ay) the ordered free abelian group basis {[1], [ p#]}-
Then the matrix of the intersection form induced by Ay is

Lo V]



N. Butler, H. Emerson, and T. Schulz 476

Proof. By the definitions, (PDy([px]), [p1/4]) = ([p#] ®c [P1/#], Asx). As noted above,
Ay = PD3([€x]) == (14, ® [E4]) ®a,04; A7,

so this may be written

(lp#] ®c [p1/4), (14, ®c [Ex])* (AF)).

Moving [€] to the other side and noting that [p1/4] ®4,, [E4] = [1] € Ko(A#) gives that

(PDs([ps). [P1/5]) = ([ps]l ®c [psl. Ag) = (PD3([ps]). [1])
= ([Ds].[1]) = 1. "

We end this section by noting that Heisenberg cycles, over C,(R) x Ry, are only
topologically interesting if G is non-trivial. Liick and Rosenberg construct a homotopy
in KK-theory by considering the operators Ax + dd—x for A € [1, 00). This field can be
continuously extended to [1, o] by adding a copy of C to L2(R) at infinity, and extending

X

the operator by the direct sum of the multiplication operator Ty On L?(R), and 0 on the

1-dimensional summand. Their argument implies the following.
Proposition 2.13. The class in KKo(Cy(R), C) of the Heisenberg cycle over Cy(R)
is equal to the class [evy] € KKo(Cy,(R), C) of the point-evaluation homomorphism
Cu(R) = C, [+ f(0).

In particular, if [Dy] is the Heisenberg class for an ergodic flow on M, a point p € M,
and the trivial group acting, then [Dy]) = [ev,] € KKo(C(M), C).

This shows that it is essential to consider the crossed products C,, (R) x I, for suitable
non-trivial groups G C R, in order to see interesting topological phenomena.

However, the geometry of the Heisenberg cycles is by contrast interesting, even with-
out taking into account a group action, as we discuss in the next section.

3. Zeta functions and ergodic flows

Let f € Cy(R) be a bounded, uniformly continuous function.

We are going to be studying the zeta functions Trace( fH ~%), where H is the har-
monic oscillator (2.3) and f € C,(R). This function is analytic for Re(s) > 1. The goal
of this section is to establish classes of functions for which Trace( f H ™) meromorphic-
ally extends to C.

Theorem 3.1. If f € C,(R), then
1 1
I'(s)-Trace(fH ) = —/ /ts_l cscht'f(xx/cothl)'e_xzdxdt+6(s) 3.1)
2/\/77.' 0 R

holds for Re(s) > 1, where € is entire.
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Remark 3.2. (1) If f = 1is constant, (3.1) gives that
1 1
I'(s) - Trace(H ™) = > / 5L eschtdt,
0

and considering the Laurent series expansion csch ¢ ~ % + ---att = 0, we see that the
1! 1, 1
—/ t*"Leschtdt ~ —(—) + R(s),
2 Jo 2\s —1

where R(s) extends analytically to Re(s) > 0.
Hence

1
Resg—1T'(s) - Trace(H *) = I'(1) - Resg—1(H °) = X

(2) A change of variables in the expression in (3.1) results in

I'(s) - Trace(fH ™) = S_l\/CSChZ/ F(x)e™ = g gy,
R

1 1
— t
V2 /(;
If f(x) =e ' fora € R, a # 0, then, using the Gaussian integral formula

/ e—ax2/2+ibxdx — 2_77 ‘e_b2/(2a)
R a ’

we obtain

1 »
I'(s) - Trace(fH ) = / 57 1/secht - e @i dt,
0

and e~®*/anht _, () exponentially fast as ¢+ — 0. This implies that I'(s) - Trace( f H ~%)
extends to an entire function if f(x) = e’** with & # 0. This argument is used in [25] to
establish the meromorphic extension property for smooth periodic functions.

We defer the proof of Theorem 3.1 and first use it. If f € C,,(R), suppose that F(T) =
fOT f(¢)dt. Then F is uniformly continuous, not necessarily bounded, but | F(T")| = O(T')
as T — oo.

Lemma 3.3. If f € C,(R) admits n successive bounded anti-derivatives, ' f.%f....,"f,
then Trace( f H™*) extends analytically to Re(s) > 1 — 7.

Proof. By Theorem 3.1,
1 1
I'(s) - Trace(fH ™) ~ —/ /ts_lcscht-/ f(x+/coth¢ e~ dxdt, (3.2)
27 Jo Jr R

where ~ means up to an entire function. Let ' = £, then integration by parts gives

1 1
rhs.of (3.2) = 7 / / 5"V cscht+/tanh? - F(x~/cotht)xe ™ dxdt
T Jo JR
1

/ t*"Yescht+/tanht - ¢ (¢)dt
0

5-
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with ¢(1) = [ F(x+/cotht xe™**dx. The function 71 csch+/tanh 7 - ¢ (1) is equival-
entto 1573/2. ¢(¢) as t — 0, and is integrable over [0, 1] for Re(s) > % if ¢ is continuous
and bounded as t — 0. In particular, this holds if F is bounded on R. So we have verified
analyticity for Re(s) > % Similarly, if 2f = !F is the second anti-derivative, then the

previous expression can be written
1 1
T . / t*"Vescht tanht - / 2f(x~/cotht)(1 — 2x)e_x2dxdt
v 0 R

which is analytic now for Re(s) > 0 if 2f is also bounded. One repeats this argument
n times and the statement follows. ]

The cohomological equation in dynamics refers to the differential equation
Xu = f,
where X is a generating vector field for a smooth flow « on a compact manifold M. Let
peM, feC(M)and
Jp@) = fla:(p)).
Then f, € C,(R). If f € C*®°(M), then f, € C°(R).

An obstruction to solving the cohomological equation for given f is the mean of f
with respect to any «-invariant probability measure w. This follows from differentiat-
ing the equation [y, u o a; dp = [y, udp, which gives that [,, Xu dp = 0, that is,
Sy fdi = 0if Xu = f has a smooth solution.

Conversely, if one can solve Xu = f for given f, then u,(t) := u(c;(p)) supplies
a bounded anti-derivative of f,,. Hence Lemma 3.3 and Remark 3.2 give the following.

Proposition 3.4. Let o be a smooth flow on M with generator X and | any a-invariant
measure. If f € C®°(M) and fM fdu = 0 implies that Xu = f for some u € C*°(M),
then for any p € M, Trace( f, H ") extends meromorphically to C and

1
Ress—1 Trace(f, H ™) = —/ fdu
2J/m
forany p e M.

In some simple situations of elliptic dynamics, e.g., the periodic flow on the circle, hav-
ing mean zero is the only obstruction to solving the cohomological equation for f: indeed,
in this case one can make an extremely strong statement not even requiring smoothness.

Lemma 3.5. Let f be continuous and p-periodic on R with zero mean: fop f@)dt =0.
Then F(T) is also continuous, p-periodic, with zero mean.

Corollary 3.6. If f is continuous and p-periodic on R, then Trace( f H*) meromorph-
ically extends to C with a simple pole at s = 1 and

1 P
Resg—1 Trace(fH™°) = %/ f(t)dz.
0
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Proof. The function ]7 := f — p(f) has zero mean. Applying the previous lemma gives
that f has bounded anti-derivatives of all orders; the result follows from Lemma 3.3. and
Remark 3.2. ]

Definition 3.7. Let o be a smooth, ergodic Riemannian flow on a compact Riemannian
manifold M (a;: M — M is a Riemannian isometry for all #). Let A be the Laplacian
on M,0 =21 < Ay < --- its eigenvalues, u normalized volume measure on M and
L*(M) = ;2 Hy the A-spectral decomposition of L?(M), H, = ker(A, — A).

The vector field X commutes with A as an operator on C°°(M ) and so leaves each
Hilbert subspace H, invariant. Forn > 0, let €, := || X |g, || (the operator norm). Since ¢ is
ergodic, the kernel of X consists of constant functions, so equals the zero eigenspace Hy
of A.

A Riemannian flow « satisfies a Diophantine condition if there exist C > 0 and y > 0
such thate, > Cn™7.

Corollary 3.8. If« is a smooth, Riemannian, ergodic flow on M satisfying a Diophantine
condition, and f € C*°(M), then Trace(f, H ) extends meromorphically to C with
a simple pole at s = 1, and

1
Resg— Trace(f, H*) = > /M fdu

for any «-invariant measure y and any p € M.

Proof. Proceeding as in the discussion above, let f be smooth on M, then f € L?>(M)
and f =77 fusn, Where s, are A,- eigenvectors for A. The linear operators e, = X | g,
have no kernel for n > 0 because the flow is ergodic, and g = 0. Note that fo = [, fdu.
Assuming that this is zero, we can set

o0
._ -1
U= E e, JfuSn.
n=1

If f is smooth, the sequence {|| f, ||} has rapid decay. The Diophantine assumption implies
that {e;! f,} also has rapid decay, and hence defines a smooth function on M.

This shows that the only obstruction to solving the cohomological equation Xu = f
for f smooth, is [}, fdu = 0. The result follows from Lemma 3.4. |

The hypothesis holds if # € R \ Q is an irrational number satisfying a Diophantine
condition, and f € C°(T?), f,(t) = f(a;p) witha,(x,y) = (x + 1,y + #it) Kronecker
flow. Then X = % + h% acts on the eigenfunctions z"z™ for A on T?2 by the constant
n + #im. The usual Diophantine condition on an irrational number gives y such that

In + #im| > C(n? + m?)~"/2,

and this implies the flow is Diophantine in the sense above.
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Corollary 3.9. Let v = (w1, ...,w,) € R", where w1, ..., w, are rationally independ-
ent. Assume the following Diophantine condition: there exist C > 0 and y > 0 such that
>0 kiwi| = C|k|™Y, with |k| the word length of k = (k. ..., ky) in Z". Then if
ay(x) = x + tw is the corresponding linear flow on T", f € C*®(T"), p € T", and
Jo(t) := f(x + tw), then Trace(f, H™") extends meromorphically to C with a simple
pole at s = 1 and

1
Resg—1 Trace(fH ™) = E/Tn fdu,

W (normalized) Lebesgue measure on T".

We now proceed to the proof of Theorem 3.1. A computation of the heat kernel of e 7/
follows from solving a differential equation: the heat kernel k, satisfies (8% + H)-¢; =0,
where ¢;(x) = [g k:(x, y)p(y)dy, for ¢ € S(R), and 1 > 0, together with the initial

condition lim;—¢ ¢; = ¢. Consider the ansatz

a a
ki(x,y) = exp(?tx2 + byxy + ?tyz + ct).

Setting this equal to 0 and solving for coefficients gives the ordinary differential equations

ar 2 2 2
Ezat—lzb,, ¢; =ay.

Solving these gives
1
a; = —coth(2t + C), by =cschQt +C), ¢; = —3 logsinh(2¢t + C) + D.

Using the initial conditions, we get C = 0 and D = log(27)~"/2. See [2].
We obtain the following, called Mehler’s formula [19].
Lemma 3.10. We have
1
/27 sinh 2¢

Proof of Theorem 3.1. The operator H ™ is trace-class for Re(s) > 1, and the operator-
valued integral [~ r5~'e™"H dt converges in norm to I'(s) - H . Hence if a € B(L?R),

(x+y)?

cotht (3.3)

Y
k() = Sala)

exp (— tanh? -

o0
L'(s)-aH™ = / 5 Vae ™M gy,
0
and taking traces gives
o0
I'(s) - Trace(aH %) = / 5~ Trace(ae ") ds.
0
Furthermore, if a is any bounded operator, then

o0
/ 157! Trace(ae ") dt
1
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clearly extends to an analytic function on C. Hence
1
I'(s) - Trace(aH %) — / t*~! Trace(ae ") dt
0

extends analytically to C.

Now let f € Cy(R), set a = f. Then fe™*H is an integral operator with kernel
f(x)k;(x, y), and hence Trace( fe 'H) = Jr f(x)k:(x, x)dx. Applying Mehler’s for-
mula, Lemma 3.10 gives

I'(s) - Trace(a H ™) = /00 / Fx)e™™ mnht gy gy,
0

~/ 27 sinh 2¢

Making the change of variables x +— W gives

o Jcotht
I'(s) - Trace(aH %) = R St / x+/cotht)e ™ dxdt.
) ( ) 0 /27 sinh 2t /

coth?

_ 2
Shar = csch”t. [

The result follows from the identity

4. The residue trace

If Trace( f H ~*) meromorphically extends past Re(s) = 1, then (up to the factor of %) the
residue of the pole at s = 1 defines kind of asymptotic mean of f € C,(R). In certain
examples of flows where f = g, for p € M, and g, (¢) := g(a:(p)), we have noted (Pro-
position 3.4) that this spectrally defined mean agrees with the geometric mean | u fdun
over the manifold.

The spectrally defined mean, which we will denote by Res Trace( f'), does not neces-
sarily require meromorphic continuation to define it, but only existence of the limit
limg_, 1+ (s — 1) Trace( f H %), which is a weaker condition.

Definition 4.1. Let O C C,(R) be the closed linear subspace of all f such that

Res Trace(f) := 2 lim+(s — 1) - Trace(fH™®)
s—1

exists.

The residue trace Res Trace defines a positive linear functional of norm 1 on O. This
follows from the following geometric description of Res Trace.

Theorem 4.2. If f € C,(R), then f € D if and only if

pal ) = Jim f f Fer?)e dxd @.1)

exists, and if this holds, then Res Trace(f) = uy (f).
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Proof. Choose € > 0. Since I'(1) = 1, by Theorem 3.1 we have for Re(s) > 1,

lim (s — 1) Trace( fH°)
s—>1+

. s=1 ! s—1 —x2
—51_1)1}14r 2ﬁ/() /Rt cschtf(x~/cotht)e™ dxdt. 4.2)

The part of the integral corresponding to ¢ > § extends analytically to C. Hence it contrib-
utes zero to the limit, and we may choose 6 > 0 small enough that | cscht — 1| < € for
0 <t < d,sothat |cscht — %| < Sfort <§.Letgy(t) = Jg f(x~/cotht e~ dx, then

/08 ts_l(cscht — ;)¢(z)dr

by a brief computation. Letting ¢ — 0, we see that the limit on the right-hand side of (4.2),
if it exists, equals the limit

€
<—|fI
s—1

s—1 1 2
lim . 1572 f(x~/cotht) - e dxdt.
s—1+ 2/ /0 /R /( )

Let A = ﬁ and substitute  — ¢* in the above expression, and, noting § VA 5 1 as
A — 00, we deduce that

pu(f) = lim (s —1) Trace(fH™")

1 1 2
= lim ——- Veotht?) - e ™ dxdt.
i 5y f e s

Since Lipschitz functions are dense in C>°(R) and D is closed, we may assume f is
Lipschitz, and it follows that

’/1 / (f(xm)_f(m_a/z))é’_xzdxdz
0 JR

1
< const- lim [vecotht® — 1=%/2|d¢
0

o—>00
which converges to zero as A — oo. This proves the result. ]

The theorem can be expressed this way.

Theorem 4.3. Let 19 = ﬁe‘xzdx, the Gaussian probability measure on R. Fort € ]R*Jr,
let p;:R — R, p;(x) = tx, and p; := (p¢)«to. Then
1
lim pprdt = Res Trace € D'

A—o00 Jo

We deduce the following.
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Corollary 4.4. If f € C,(R) and p+(f) := limr_ 1o % fOT f(t)dt each exists, then
f e Dand

Res Trace(f) = M 4.3)

2

In particular, if o is an ergodic flow on a compact smooth manifold M, | an o-invariant
probability measure, f € C(M), fp(t) := f(a:(p)), then f, € D and

Res Trace( f,) = /M fdu

forae pe M.

Proof. Integration by parts, the change of variables u — ut*, and a slight re-arrangement

give
1 1 X
/ / Fxt™e ™ dxdt =2 / / / Fut™)xe ™ dudxdt
0 R 0 R JO
1 xt=* 5
=2 / / M [ fu)xe™ dudxdt
0 R 0

1 1 xt=* 5
= 2/ / po= fu)x?e™ dudxdt.
0o JRX 0

Now letting A — oo and using the hypothesis that L := lim7_, 4 % fOT f(t)dt exists,
we obtain

1
lim/ /f(xt_'l)e_xzdxdtzLﬁ.
R

A—>00 0

By Theorem 4.2,

Res Trace(f) = Zf/ /f(xt Me =’ dxdt

giving (4.3).
The second statement follows from combining the first with the Birkhoff ergodic the-
orem. |

Remark 4.5. By a slightly more elaborate argument, the assumption of Corollary 4.4 can
be weakened as follows: there exists 0 < 8 < 1 such that

L := lim —ﬁf fuu~ B du

x—>to00 fO

exists. Then f € D and Res Trace( f) = L remains true.

We next produce some estimates related to group translation operators on L2?(R).
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Lemma 4.6. Let Uy be the unitary induced by translation on the real line by o # 0. Then
if f € Cu(Ryanda = fUy € Cu(R) xRy C B(L?(R)), then

1 o o?
I'(s) - Trace( f Uy, H ™) = —/ 57 Vescht ex (——cotht)- dt, (4.4)
( ) (f o ) 2@ 0 p 4 l’l’a,t (f)
where o (f) = g f(x~/cothr + a)e ™ dx.
Proof. The argument proceeds as in the proof of Lemma 3.10. The operator f Uye " is

a compact integral operator with kernel

ky(x,y) = f(x)k(x —a,y),
where k; is the harmonic oscillator heat kernel (3.3). Hence for Re(s) > 1,

I'(s) - Trace(f Uy H™)

:/ /ts_lk,(x—a,x)dxdt
o JR
2

oo 2x — 2
= / / 571 (27 sinh 2t)_1/2f(x) exp(—M tanht — il cotht)dxdt.
o JRr 4 4

Basic manipulations yield (4.4). ]

Lemma4.7. If f € C,(R), « € R, a # 0, then the function
$ra(s) :=T(s) - Trace(f Uy H®), Re(s) > 1,

extends to an analytic function on C. There are constants C| and C.' depending holo-
morphically on s such that

b ()] < (Cla2RW 4 e /4 || fI| foralls € C.

Proof. As shown above, for the family of states (14, on Cy, (R),

o] 2
2+/27 T (s) - Trace( f U, H™®) = / t*"Lescht exp(—aT cotht)ua,,(f)dt
0

1 a?
=/ [s_lCSChleXp(—TCOtht)Ma,t(f)dt
0

0 2
+ /; ts—l cscht exp(—% COtht)Mct,t (f)dt
= ;I(S) + éZ(s)'

Consider first ¢;(s). Since @ and @ are bounded on [0, 1], we can bound the

integrand of ¢; (s) by
2

-2 — o
(2 fL B =
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A change of variables gives

1 o0
/ 572 Pl gr = / tSe Py,
0 1

If Ay = fooo t~Se~Mdt, then Ag = % + %As.l,_l, by integration by parts, and it follows

that | fol $5=2e=P1 g t| < const- ﬁ_Re(s)e_ﬂ, where the constant does not depend on S or s,
and hence that
_ 2
619 < C- [ f || -2 ReWeme /4,

We can bound ¢, (s) as follows:

o
/ =1 csch le_(az/“)mtht/la,z(f)dl
1

o0
< ||f||e_“2/4-/ Y eschedt
1

= Cle £, 45)
This completes the proof. ]

The significance of Lemma 4.7 is that it sheds light on when Trace( fH ~*) mero-
morphically extends, when a = ), foUs is an element of C,(R) xRy, and I' C Ry
is a finitely generated subgroup.

The easiest case is that of a cyclic subgroup, and this produces a very strong result.

If f e Cy(R)xT forasubgroup I' C R, let f; be the coefficient of f at the iden-
tity 0 € I'. Let D denote the subspace of D C C,(R) of f such that Trace( fH ~*)
meromorphically extends to C with a simple pole at s = 1.

Theorem 4.8. Let f € C,(R) x4 Z, where #i € R is non-zero. Then given fy € D>, we
have that Trace(f H™*), Re(s) > 1, meromorphically extends to C, with a simple pole at
s =1, and

Ress—1 Trace(fH ™) = pu(fo),

where [y, is the uniform mean, see (4.1).

Proof. Suppose first that f has expansion f = )" f, U, with fo = 0. Then

T'(s) - Trace(fH™*) = ) Trace(fuaUnt H ") = ) ¢u(s).

where ¢, (s) abbreviates ¢y, ,#(s) of Lemma 4.7. The series converges absolutely and
uniformly on compact subsets of C because of the bound

|¢n (S)| < (Cs/h72Re(s)n72Re(s) + Cs//)ef(hz/4)n2’

due to the lemma, shows that ¢, — 0 exponentially fast as n — Fo0.

In the general case, f = f — fo, Trace((f — fo) H®) extends to an entire function
for arbitrary f € C,(R), and Trace( fo H —*) to a meromorphic function with the stated
pole structure if fo € D by definition. |
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Corollary 4.9. If a € Ay := C(T) %y Z, then Trace(aH ~*) meromorphically extends
to C with a simple pole at s = 1, and Resg=1 Trace(a H ) = t(a), where t is the standard
trace on Ap.

In particular, the Heisenberg cycle Definition 2.7 over the irrational rotation algeb-
ra Ay defines a spectral triple over AZ° with the meromorphic continuation property over
the whole C*-algebra Ay,.

Definition 4.10. A finitely generated subgroup I' C R with word length function |- |
satisfies a Diophantine property if

o] = Cle|”
for some y > 0 and C > 0.

Definition 4.11. Let Br := C,(R) x I', where I' C R is a finitely generated subgroup.
Then BE® denotes the completion of the (twisted) group algebra C°(IR)[I"] with respect
to the family of semi-norms psm(f) = Y ger ||f,,(m) -1y [

Remark 4.12. Note that BR° consists of operators in Cy, (R) x I' whose expansions f =
> wer JaUq have rapid decay in the sense that

DI lalf < oo Vmon =0, 4.6)

ael

It is not difficult to prove that BR° is closed under holomorphic functional calculus.

Theorem 4.13. Suppose I' C R has a Diophantine property, let f € B, and assume
fo € D (Definition 4.1). Then Trace( f H ~*) meromorphically extends to C with a simple
pole at s = 1 and Resg=1 Trace( fH ™) = uy(fo)-

Proof. Write f =Y ,cr faUs € BR® C B(L?*(R)) and assume fo = 0. It suffices to
prove that Trace( f H *) extends to an analytic function on C. This equals

Z Trace( foUuy H™®) = Z of,.a(),

ael ael

where ¢y, is notation as in Lemma 4.7, and it suffices to show that this is an absolutely
summable sequence of analytic functions, uniformly on compact subsets of C. Shorten
notation ¢, := Trace( fy Uy H ~*). By the same lemma,

|fa(5)] < (Cla™2Re® 4 ClyeTlol/4 ) £

for all s € C. Since there are potentially infinitely many o with small absolute value, the
exponential term is no longer of any use, and we discard it, obtaining a polynomial bound
for ¢, (s) of order |o|* for u = —2Re(s) € R. Since I is finitely generated, there exists
a constant Cr such that |o| < Cr - |o|r for all @ € I". Combining with the Diophantine
assumption gives that

Cla|” < la| = C'lalr.
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If © > 0, we get
C' | < Jal* < C"|alf.

Hence
oIl -l <€ full - el
ael’ ael

and the last term is finite by (4.6).
If © < 0, then we use the bound

l|* < const - Ja| "
Again, >y cr |l fall - lee| "7 is finite by assumption on f* (4.6). n

Remark 4.14. We make two comments about the proof.
(a) The Diophantine condition on I" only seems relevant for the zone 0 < Re(s) < 1.

(b) A weaker condition on f than (4.6) still seems to ensures the result. It suffices to

assume that
Yol fall - el - e 7% <

ael

for all real s > 0.

Let o be a smooth flow on M compact. Let p € M, and let 7,: C(M) x Rz —
Cu(R) x Ry C B(L?(R)) be the *-homomorphism induced by restriction of functions
to the orbit of p. Pulling back the Heisenberg cycle for C,(R) x R, we obtain a cycle
for C(M) xRy, and for C(M) x T for any I' C R a subgroup.

From the results above, if both the flow and the group satisfy Diophantine conditions
(Definitions 3.7 and 4.10, respectively), then the pulled-back cycle determines a spectral
triple over a suitable smooth subalgebra of C(M) x T

Actually, we are mainly interested in the situation of Kronecker flow ” on T2, where
both Diophantine properties are implied by a Diophantine condition on the irrational num-
ber .

Theorem 4.15. Let By := Ay ® Ay = C(T?) x T, with T C R the group generated
by 1, fi. Let Bg° be the Schwartz subalgebra of By of all ), cr foUq with

SOIX" - el < oo,

ael

where X generates the flow.
Then the Heisenberg bi-cycle of Definition 2.6 determines a spectral triple over BZ°
with the meromorphic extension property.

This follows from Corollary 3.9, Theorem 4.13 (and see the discussion prior to Pro-
position 2.5).
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5. Topology of Heisenberg cycles

We now use cyclic cohomology to perform some K-theory and index-pairing calculations
with the Heisenberg cycles over Az and By = Aj ® Ayys-

We will focus on Ag. Let [Dy] € KKo(Ayz, C) be the Heisenberg class of Defini-
tion 2.7, involving

(a) the unitary action of Z on L?(R) with n acting by UZ;
(b) the action of C(T) = C(R/Z) = C(R)Z of Z-periodic functions by multiplica-

tion operators;
d
D = 0 J X — ax )
X + ax 0

From (a) and (b), we get the representation mz: A5 — B(L?(R)).

It is important to note that A only depends, of course, on the class of # mod Z, but 7rp
depends on 7, not just its equivalence class. (This is a difference between our set-up and
that of [18], as they only allow 0 < i < 1.)

In particular, fixing 0 < # < 1, then the [Dg 4 ], for b € Z, define a Z-family of spectral
cycles over the single Ay.

In fact, due to the identity [E4] ®a4, [0] = [Dy], this is accounted for by a similar
fact about the Morita equivalences & of Theorem 2.9. Namely, that for # varying within
a Z-coset of R, we obtain a Z-parameterized family of Morita A;4-A-bimodules: note
that A5 changes as an integer is added to #, and so does the bimodule, but the ring of
scalars Ay in the right multiplication remains the same. Twisting 3 by these bimodules
and forgetting the left action gives a Z-parameterized family of spectral triples that are
exactly the [Dgp].

Actually, there is a certain internal symmetry of Az, which we call the ‘Heisenberg
twist” (which appeared already in [8]) whose iterates act transitively on these sets of data
in both the K-theory and K-homology picture. The Heisenberg twist is a KK-morphism
determined by the bundle of cycles Dy, over R, as we explain below.

We are going to use the local index theorem of [6] in dimension 2 to compute the
pairing of the class [Dj] with Ko(A4y); the result, and its proof, effectively computes the
index theory of the class Ay as well. We will use the development of the local index
formula by Higson in [14] and our results on the harmonic oscillator residue trace of the
previous section.

(c) the operator

Remark 5.1. The index formula of Corollary 5.9 we arrive at is very similar to one due to
Connes (see [3, 5]), who discovered it using his computation of the cyclic theory of AZ°.
There are some minor differences, as Connes fixes 0 < #i < 1 and computes the index map
Ko(A1/4) = Z induced by Dy, and we are allowing arbitrary 7 and computing the index
pairing with Ko (A4z).
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In the paper [3], Connes described an invariant of a finitely generated projective mod-
ule over Ay, generalizing the first Chern number of a complex vector bundle over T?2.
In a sense, this was the starting point of noncommutative geometry.

Connes’ construction was the following. Let A be any C *-algebra endowed with an
action of R? by automorphisms with (s, ¢) acting by ay o B;.

Let §;: A — A be the densely defined derivations

S1(a) = lim D= oy e i PO g
t—0 t t—0 t

where A% = (1), ,, dom(§") N dom(§™), the *-subalgebra of elements such that (s, 1) —
as(B¢(a)) is smooth.

In addition, let 7: A — C be an R2-invariant tracial state. Then Connes’ invariant
of a f.g.p. (finitely generated projective) module e A%, where e is a projection in A%, is
given by

cie) = —f(e[51(€) 82(e)]).

We call ¢y (e) the first Chern number of e. The number ¢ (¢) only depends on the equival-
ence class of e in Ko(A%) (see [4]).

Moreover, ¢1(8 @ &’) = ¢1(8) + ¢1(&’) and ¢, thus determines a group homomorph-
ism Ko(4) — R.

Let7 € R and A3 = C(T) X, Z be the corresponding rotation algebra, with u € Ay
the generator of the Z-action. Then the R?-action with o, (f) = f(x — 1), o;(u) = u and
B:(u™) = e2*inty™ B,(f) = f, gives rise to the derivations

51 (0 Sulnl) = 3 Al 82( D2 fulnl) = Y 2rin - fuln).

Recall the Rieffel modules described in Lemma 2.9. For any #, & is the completion
of C.(R) with respect to the A-valued inner product

(&, ma, (x,m) = Zé(x —m)n(x —n—mk), xeR/Z, mel.

nez

Give C.(R) the right C(R/Z) x Z = Ay module structure with

En)(x) =§(x +nh),  (Ef)(x) = f(x)§ ().

This extends to a multiplication &5 x Ay — &y giving a finitely generated and projective
Hilbert Az-module. To find a projection py such that pj A; = &y, recall that the Ay /5-
valued inner product is given by

c®/az)xz (€, n)(x,m) = Zé(x—nh) n(x —nh—m), xe€R/AZ, meZ.

nez
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If we can find § € &; such that cr/sz)xz (&, £) = 1, then the map n — (1, &)y
embeds &z in the trivial rank-one Az-module, and the required projection is (€, £)4
We thus seek & such that

#

B

Y —nfi) - E(x —nh —m) = Som

nez

in Kronecker notation. In particular, £ should have support contained within an interval,
e.g., [0, 1], of length 1, for the outcome to be zero if m # 0. But this means that if # > 1,
the function ", .5 &(x — n#i)? will have zeros. A necessary condition therefore to find
such py is that 0 < # < 1. For larger #, one must find a finite set &1, ..., &, of vectors
in &, and use them to embed & in A}’. One obtains projections py in matrix algebras
over Az. This makes the computation of curvature more complicated.

If 0 < # < 1, then the problem can be solved: the ensuing projection is of the form

pr=f +gu+gur,

where f and g are suitably chosen functions. For a € (0, 1) and € > 0 small, f equals

zeroon [0,a] and on [a + % + €,2x],and f = 1 on [a + €,a + #]. We choose f so that

fx)+ f(x+#A)=1.Wesetg =+/f — f?on[a+#,a+# + €] and zero otherwise.
The following calculation from [4] is reproduced below for the benefit of the reader.

Lemma 5.2. Let py € Ay = C(T) Xz Z be the Rieffel projection. Then c¢1(py) = +1.

Proof. For brevity, for f € C(T) understood as a Z-periodic function on R, let f#(x) :=
f(x — %) denote the action.

The Rieffel projection is given by ps = f + gu + g~"u* as above. We then have to
compute cq(e) = %t([& (p#), 82(ps)]). We first compute

1
5 51(0n). 82(p)] = ™ (g f" = &/ ™) +2((2g) ™" = g8 + (&f " — gf M.

Multiplying this on the left by ps produces a terrific mess, but we are only interested in
its trace, so the only part that is relevant is

S = M +2f((gg) " —gg) + (&*(f — [

which we want to integrate over T.
Setw = g2, v = f — f". The integral is given by

/wv’ + fw ™ —w') + (wv)7"

The middle term is

S N e e o
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Hence we are reduced to computing

/wv’—vw’ + wv)h = /2wv’—vw’ = 3/wv’

by integration by parts. Next, since f# = 1 — f on supp(g), we can replace f' — f'%
by —2 f” and get

o[ rir-s==s[rrve [rrr==s [oy e [y =3-2=t,

where the integration is understood to be restricted to the support of g. This completes the
calculation. ]

The first Chern class of any projection in AZ° is an integer, a fact related to the quantum
Hall effect (see [5]). This is due to agreement of the first Chern number with the index
pairing (an integer) of the projection and the Dirac—Dolbeault spectral cycle. This a con-
sequence of the local index formula of Connes and Moscovici, which we are going to
work out in the case of the Heisenberg cycles, but first state in low dimensions.

Theorem 5.3 (Connes—Moscovici, [0]). Let (H,, D) be an even, 2-dimensional spectral
triple over A C A, for a C*-algebra A, regular and with the meromorphic continuation
property over A®. Let [D] € KKo(A, C) be the class of the triple. Let A := D?, and let €
be the grading operator on H.

Define functionals

(@) Yo: A*® — C,
Yo(a) := Resg=g I'(s) - Trace(ea(A + projie. p) ),

(b) Y: A® ® A ® A® — C,
1
Vs (a®, al,a?) = 5R68s=1 Trace(ea®[D, a'][D, a’ ]| A™).

Then if e € A% is a projection, then
1
([e]. D)) = Wo(e) = W (e = 5.e.e).

where ([e], [D]) € Z is the pairing between the Ko(A) class [e] and the KK¢(A, C)
class [D].

We are going to apply the local index formula to some examples of Heisenberg cycles.

Lemma 5.4. Let a € C,(R) x Ry C B(L?(R)), and assume that Trace(aH ™) mero-
morphically extends to C. Then the function Wo(a)s := I'(s) - Trace(ea(A + projye, p)~*)
of Theorem 5.3 meromorphically extends to C, has a simple pole at s = 0 and

Wo(a) := Resg—oWo(a)s = 2Resg—1 Trace(a H ~*) =: Res Trace(a).
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Proof. We refer to Theorem 5.3. The Hilbert space for the Heisenberg triple is the direct
sum of two copies of L2(R), and

d
D= Od X—H '
X+E 0

The kernel of D is the same as the kernel of x + dd—x, and is spanned by the ground state
Yo(x) = 7~ /4e*/2 and
H -1 0
A= [ 0 H+ 1} ’

where H is the harmonic oscillator. Hence

. H —1+pr 0
A + projier p =[ Opke”) H+1]

The first copy of the Hilbert space L?(R) is even in the grading, the second is odd. Hence
we need to compute the residue at s = 0 of the difference

' (s) - Trace(a(H — 1 + pry,, p) ) — T'(s) - Trace(a - (H + 1)™°) (5.1

fora € Ay = C(T) xz Z. By the Mellin transform, (5.1) equals
o0
/ A Trace(a(e_t(H_l""PrkerD) _ e—t(H+1)))dt
0
o0
= / 5~ Trace(ae ™ H (¢! 17 Perd) — ¢71)) g1,
0

Using e!1~Perd) — ¢ = 2sinht + (1 — e)pry,, p. We get

I'(s) - Trace(a(H — 1 + pry, p) ) — T'(s) - Trace(a(H + 1)7%).

o0
= / *~12sinh ¢ Trace(ae"7)dt + / 1571 (1 — e") Trace(ae P pr,, p)dt
0 0

o0 o0
= 2/ 5" sinh ¢ Trace(ae "#)dt + (aipo, 1//0)/ 57 e = 1).
0 0

The second term extends analytically to Re(s) > —1 and hence is irrelevant for the pole at
s=0.
Assinht =1 + ét3 + ---, we have

o0
/ *~!sinh ¢ Trace(ae """ )d1t
0

o

© 1
= / t* Trace(ae "M)dr + 8/ 53 Trace(ae H)dt + --- .
0 0
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As a consequence of our earlier work, Trace(ae *H) = 0(%) as t — 0. It follows that

o0 o0
2/ t*~'sinh ¢ Trace(ae "H)dr — 2/ t* Trace(ae ") dt
0 0
= 2I'(s + 1) Trace(a H ~G*D)

extends analytically to Re(s) > —2. In particular, if one knows that Trace(a H ) mero-
morphically extends to C, then so does this term, and putting everything together gives

[ (s) - Trace(a(H — 1 + pr, p)~°) — T'(s) - Trace(a - (H + 1)™%)
o0
= 2ResS:0/ t* Trace(ae ")dt = 2Resg—; Trace(a H ~*) = Res Trace(a),
0

as claimed. [

Lemma 5.5. Let a € C,(R) x Ry C B(L?*(R)), and assume that Trace(aH ™) mero-
morphically extends to C. Then the function

U, (a® al,a1) := Trace(ea®[D,a'|[D,a?|A™%)

meromorphically extends to C and

1
\IJZ(ao» al’ a2) = ERGSS=1\I’2(CIO, al, az)s

1
rRes Trace(a®8; (a')82(a?) — a®82(at)81(a?)).
i

Proof. Expanding [D,a'][D, a?] as a block matrix

1 21 _ [x_dd_x’al][x—l—%’az] °
[D,a ][D,a ]— |: 0 [x+ f-x’al][x—j—x,az]

gives

1
Ress—oW(a®, at, a?); = ERes Trace(ea®[D, a'][D,a?*]A™Y)
= Res Trace(ao[x al][i az]) —Res Trace(ao[i al][x az])
’ dx’ dx’ ’ '

Now [x,a] = —5 - 8,(a) and [j—x,a] = 61(a). Hence

T 2mi

Res Trace(ao[x, al][;l—x,az]) — Res Trace(ao[j—x, al])

1
= ——Res Trace(a’8; (a1)82(a?) — a®8,(a')81(a?)). |
i



N. Butler, H. Emerson, and T. Schulz 494

Let B = C(M) x A for a flow @ on a smooth compact manifold M, and A C R be
a Diophantine subgroup. Let x be an «-invariant measure, let the vector field X generate
the flow, and assume that Xu = f is smoothly solvable for any smooth f such that
Jag fdp = 0.Fix p € M and let

7 C(M) x A — B(L*(R))

be the corresponding representation, with 7 (f) = f, as a multiplication operator, where

Jo() = fla:(p)).
We have shown that B® C B has the property that Trace(w(b) H %) has the mero-
morphic extension property for all b € B and that

2Resg—1 Trace(m(b) H ™) := Res Trace(b) = 1,,(b),

where 7,,: B — C is the trace induced by pt, and b € B*.
Let 8§, 85 be the derivations of B defined by

§T(f)=X(f). 8Ua) =0, 85(f) =0, §Us) =a.
We obtain the following assertion.

Corollary 5.6. In the above notation, the functional WV, of Theorem 5.3 (b) is given
on B* by

Wa(b, ", 5) = 7,,(a%8% (@82 (a?) — a6 ()55 (a?)
forall bo,b],bz € B,

Corollary 5.7. Let B = C(M) x A for a smooth flow « on a compact manifold M. Let
A C R a Diophantine subgroup. Let (1 be an o-invariant measure, X generates the flow,
and assume that Xu = f is smoothly solvable for any smooth f such that [,, fdu = 0.
Then the Chern character of the Heisenberg cycle determined by a point p € M is given
by t,, — 15, where T, is the trace on B determined by (i, and 5 is the cyclic 2-cocycle

T (b0, b1,b2) = 1, (082 (b1)62 (b2) — 05 (b1)% (b))
on B>,

Corollary 5.8. Let i € R and Ay := C(T) %y Z the corresponding rotation algebra.
Let [Dy] be the class of the Heisenberg cycle (Definition 2.7)

PR @ LP®). 1. D=| O, ¥
) ) . X + dd_x 0 .
Then the Chern character of [Dy] is given by © — fitp, where
7(a°,a',a%) = ©(a°81(a")82(a%) — a®82(a" )81 (a?))

is the curvature cocycle of Connes.
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Corollary 5.9. Let e € AJ° be a projection, [e] € Ko(Ap) its class. Then

([e]. [D#]) = t(e) —fic1(e),

where c1(e) is the first Chern number of e. In particular, if py is the Rieffel projection
for Ay, then

([ps]. [Dp]) = =17].

where |1 is the greatest integer < h.

The proof is immediate from the formula of Corollary 5.8, because c;(ps) = 1 and
t(pp) = —|#].

This yields the proof of Proposition 2.12.

We close with a remark. The integrality of Connes’ first Chern number is due to the
index result that

([3], [e]) = c1(e),
where ¢ (e) is the first Chern number of e. If one combines this with our index compu-
tation for [Dj], then we obtain the following ‘gap-labelling’ result. It is of course well
known; but the argument which we give does not depend on computation of Ko (Ag).

Corollary 5.10. Suppose #i € R is non-zero. Then if t: Ay — C is the trace,
Tk KO(Aﬁ) —-R

the induced group homomorphism, then the range of t«(Ko(Ap)) is the subgroup 7, +
hZ C R.

Proof. If e € AJ° is a projection, then application of our results above gives that t(e) +
fi - c1(e) is an integer. On the other hand, ¢ (e) is an integer. This implies t(e) = m + n#
for a pair of integers m, n. Finally, A7° is dense and holomorphically closed in Ay, so any
projection in Ay is represented by a projection in Az°. ]

6. Transverse foliations

There is a well-known procedure for producing finitely generated projective (f.g.p.) mod-
ules over Az, using Morita equivalence. Fixing one of the standard linear loops in T?2
determines a Morita equivalence of A; with the C*-algebra By = C(T?) x; R of the
Kronecker foliation % into lines of slope #. On the other hand, any linear loop in T? is
transverse to 5. These linear loops, parameterized by pairs of relatively prime integers,
determine therefore Morita equivalences between A and what turn out to be other rotation
algebras, and in particular, unital algebras. Hence they determine f.g.p. modules over Az;
these parameterize (the positive part of) the K-theory.
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In [8], we showed that there is an analogue of this procedure using non-compact trans-
versals: if #’ # #, then the Kronecker foliations ¥ and %7 are transverse. Their product
foliates T2 x T? and its restriction to the diagonal gives an equivalent étale groupoid.
This reasoning produces for every #’ # # a f.g.p. module £ 5 over Ay ® Az and cor-
responding K-theory class [£4 4] € KKo(C, Az, ® Az). In particular, fixing #' = A + b
for any integer b # 0 gives a f.g.p. module over Ax ® Az. We denote it by L.

Let

PD: KK (C, Ay ® Ap) — KKo(A4p, Ap)

be Connes’ Poincaré duality map [5]. In [8], it is proved that
PD([£p]) = 1, (6.1)

where tp is the Kasparov morphism defined in terms of Dirac—Schrodinger operators as
follows. We take the standard right Hilbert Az-module L2(R) ® Az. We let Z act on the
left by the following formula, where we designate a dense set of elements of our Hilbert
module in the form Y,z & - [n], with &, € L?(R) ® C(T):

k(X6 n) = 2ok - [k + ).
nez nez

where

k@©)([x],0) = &([x —k#i],t —k), &€ L*(R) ® C(T).
Let f € C(T) act by
F(X ) =3 £t ),
nez nez

where
(e, [x]) = f([x + 1b]).

These two assignments determine a covariant pair and representation
75 Ay — B(L2(R) ® Ay).
Definition 6.1. The Heisenberg twist 1, € KKg(Az, Ap) is the class of the spectral cycle

(L2(R) ® A5 & L2(R) ® Ay, 7, ® 705, D ® 14,)

0 x—j—x
D = d .
X +'3; 0

Equality (6.1) gives rise to an explicit geometric cycle representing the unit in Connes’
duality [8]. The relationship between the Heisenberg twist and the Heisenberg cycles is
implied by the following lemma.

with
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Lemma 6.2. Let#i, u € R.

(@) The group multiplication m: T x T — T intertwines the diagonal Z-action on
T x T by group addition of (fi, u) and group addition on T of b + u, and so
determines a *-homomorphism

X Apyy — Ar ® Ay
In this notation,
X*([Ds] ®c [Du]) = [Dpul-
(b) Ifu=0>b€Z,then
¥ = x*(Ds] ® La,).
where t° is the Heisenberg twist.
(¢) t° Quz [Ds] = [Dgyplforany i e R, b € Z.

Proof. For (c), we have
t® ®as [Ds] = x*([Dp] ® 14,) ®a, [Pl = x*([Dp] ®c [Dp]) = [Dp44]

using first part (b) and then part (a).

Item (b) follows from an inspection at the level of cycles: they differ only in the rep-
resentations, which are clearly homotopic.

We now prove (a).

Consider x*([Dz] ®c [Du]), a class in KK(A4g4,, C). By the standard method of
computing external products, it is represented by the following spectral cycle. The Hilbert
space is L?(R, C?) ® L?(R, C?) and operator D ® 1 + 1 ® D. With u, v € Ay the
standard unitary generators, u = z, v = [1], the representation is given by

- §)(x.y) = EG(x,y). (- P)(x.y) = $x =0,y —n).
We apply a homotopy to the representation with ¢ € [0, %],
(i (v)-P)(x.y) =p(x —(A—=0)0 =19,y =160 — (1 —1)7).

The resulting cycle is (L?(R,C?) ® L>(R,C?),A,D ® 1 + 1 ® D), where A is the
‘diagonal’ representation of Ag,,

0+n 0 + n>
X — L,y — .
2 2
Next consider the class [Dy,]. The unit 1¢ € KK(C, C) can be represented by the
cycle (L*(R,C?), 1, D). Taking the intersection product of this with [Dg_,] yields a cycle
which is equivalent to [Dg,,], but more closely resembles the cycle described in the
previous paragraph: the Hilbert space is L?(R, C?) ® L2(R, C?), the operator is D ®
1+ 1 ® D, and the representation is given by

- P)(x,y) = p(x,y), (v-)(x.y) =d(x—0—ny).

Wg)(x. ) = T (x,y), wp)(x.y) =
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From here, we take a homotopy by rotating this representation around R? to lie along the
diagonal (i.e., so that (a - ¢)(x, y) depends only on x + y), and the result follows.
By (b), the equation 1, ®4, [D#] = [Ds+5] follows immediately. L]

Corollary 6.3. The Heisenberg twist acts by the identity on Ky (Ag). With respect to the
ordered basis {[1], [ps]} for Ko(Ay), where py is the Rieffel projection, the morphism tp
acts by matrix multiplication by [ S ll’ ]

Proof. The first statement follows from [8].
Consider (%)« ([pn]) € Ko(Az). Write

()« ([pal) = x[1] + y[psl.

Pairing both sides with [Dj] and using Corollary 5.9 twice gives

x = ()4 ([p)) ®a, [D1] = [ps] ®a, (°)* (D) = [p1] ®a, [Dirs] = .
Pairing the same equation with [Dj 1] and computing give that y = 1. ]

It follows from similar simple arguments that in the classical case, where i = b € Z,
the Heisenberg classes [Dp] € KKo(C(T?),C) = Ko(T?) are given by

[Dp] = [pt] + b - [0] € Ko(T?).

For b = 1, we have noted that [D;] = [3 - #]. This corresponds to [3 - £] = [pt] + [0],
which of course follows from the Riemann—Roch formula. We have

([Dn). [E]) = dim E +n - c1(E)

for any complex vector bundle E over T2. Therefore, the classes [D,] taken together
determine both the dimension and first Chern number, the two basic invariants of a com-
plex vector bundle over T?2.

Acknowledgements. The authors would like to express gratitude for several very helpful
conversations with Antony Quas and Magnus Goffeng on the material herein.

Funding. This research was supported by an NSERC Discovery grant and the NSERC
USRA program.

References

[1] J. Bellissard, The noncommutative geometry of aperiodic solids. In Geometric and topological
methods for quantum field theory (Villa de Leyva, 2001), pp. 86—156, World Scientific, River
Edge, NJ, 2003 Zbl 1055.81034 MR 2009996


https://doi.org/10.1142/9789812705068_0002
https://zbmath.org/?q=an:1055.81034
https://mathscinet.ams.org/mathscinet-getitem?mr=2009996

(2]
(3]

(4]

(5]
(6]

(7]

(8]
(9]
(10]
(1]
(12]

[13]

(14]

(15]

[16]

[17]

(18]

(19]

(20]

Zeta functions and topology of Heisenberg cycles for linear ergodic flows 499

N. Berline, E. Getzler, and M. Vergne, Heat kernels and Dirac operators. Grundlehren Math.
Wiss. 298, Springer, Berlin, 1992 Zbl 0744.58001 MR 1215720

A. Connes, C* algebres et géométrie différentielle. C. R. Acad. Sci. Paris Sér. A-B 290 (1980),
no. 13, 599-604 Zbl 0433.46057 MR 572645

A. Connes, A survey of foliations and operator algebras. In Operator algebras and applica-
tions, Part 1 (Kingston, Ont., 1980), pp. 521-628, Proc. Sympos. Pure Math. 38, American
Mathematical Society, Providence, RI, 1982 Zbl 0531.57023 MR 679730

A. Connes, Noncommutative geometry. Academic Press, San Diego, CA, 1994

Zbl 0818.46076 MR 1303779

A. Connes and H. Moscovici, The local index formula in noncommutative geometry. Geom.
Funct. Anal. 5 (1995), no. 2, 174-243 Zbl 0960.46048 MR 1334867

A. Connes and P. Tretkoff, The Gauss—Bonnet theorem for the noncommutative two torus.
In Noncommutative geometry, arithmetic, and related topics, pp. 141-158, Johns Hopkins
University Press, Baltimore, MD, 2011 Zbl 1251.46037 MR 2907006

A. Duwenig and H. Emerson, Transversals, duality, and irrational rotation. Trans. Amer. Math.
Soc. Ser: B7 (2020), 254-289 Zbl 1461.19004 MR 4181521

L. Flaminio and G. Forni, Invariant distributions and time averages for horocycle flows. Duke
Math. J. 119 (2003), no. 3, 465-526 Zbl 1044.37017 MR 2003124

L. Flaminio and G. Forni, On the cohomological equation for nilflows. J. Mod. Dyn. 1 (2007),
no. 1, 37-60 Zbl 1114.37004 MR 2261071

G. Forni, Sobolev regularity of solutions of the cohomological equation. Ergodic Theory
Dynam. Systems 41 (2021), no. 3, 685-789 Zbl 1515.37034 MR 4211919

M. Goffeng and B. Mesland, Spectral triples and finite summability on Cuntz—Krieger algeb-
ras. Doc. Math. 20 (2015), 89—-170 Zbl 1330.46067 MR 3398710

H. Ha, G. Lee, and R. Ponge, Pseudodifferential calculus on noncommutative tori, I. Oscillat-
ing integrals. Internat. J. Math. 30 (2019), no. 8, article no. 1950033 Zbl 1429.58016

MR 3985230

N. Higson, The residue index theorem of Connes and Moscovici. In Surveys in noncommutat-
ive geometry, pp. 71-126, Clay Math. Proc. 6, American Mathematical Society, Providence,
RI, 2006 Zbl 1120.58017 MR 2277669

A. Julien and I. Putnam, Spectral triples for subshifts. J. Funct. Anal. 270 (2016), no. 3, 1031-
1063 Zbl 1341.46041 MR 3438329

A. Katok, Cocycles, cohomology and combinatorial constructions in ergodic theory. In Smooth
ergodic theory and its applications (Seattle, WA, 1999), pp. 107-173, Proc. Sympos. Pure
Math. 69, American Mathematical Society, Providence, RI, 2001 Zbl 0994.37003

MR 1858535

A. Katok and B. Hasselblatt, /ntroduction to the modern theory of dynamical systems. Encyc-
lopedia Math. Appl. 54, Cambridge University Press, Cambridge, 1995 Zbl 0878.58020

MR 1326374

M. Lesch and H. Moscovici, Modular curvature and Morita equivalence. Geom. Funct. Anal.
26 (2016), no. 3, 818-873 Zbl 1375.46053 MR 3540454

F. G. Mehler, Ueber die Entwicklung einer Function von beliebig vielen Variablen nach
Laplaceschen Functionen hoherer Ordnung. J. Reine Angew. Math. 66 (1866), 161-176

Zbl 066.1720cj MR 1579340

P. S. Muhly, J. N. Renault, and D. P. Williams, Equivalence and isomorphism for groupoid
C *-algebras. J. Operator Theory 17 (1987), no. 1, 3-22 Zbl 0645.46040 MR 873460


https://doi.org/10.1007/978-3-642-58088-8
https://zbmath.org/?q=an:0744.58001
https://mathscinet.ams.org/mathscinet-getitem?mr=1215720
https://zbmath.org/?q=an:0433.46057
https://mathscinet.ams.org/mathscinet-getitem?mr=572645
https://zbmath.org/?q=an:0531.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=679730
https://doi.org/10.1007/978-3-0346-0425-3
https://zbmath.org/?q=an:0818.46076
https://mathscinet.ams.org/mathscinet-getitem?mr=1303779
https://doi.org/10.1007/BF01895667
https://zbmath.org/?q=an:0960.46048
https://mathscinet.ams.org/mathscinet-getitem?mr=1334867
https://zbmath.org/?q=an:1251.46037
https://mathscinet.ams.org/mathscinet-getitem?mr=2907006
https://doi.org/10.1090/btran/54
https://zbmath.org/?q=an:1461.19004
https://mathscinet.ams.org/mathscinet-getitem?mr=4181521
https://doi.org/10.1215/S0012-7094-03-11932-8
https://zbmath.org/?q=an:1044.37017
https://mathscinet.ams.org/mathscinet-getitem?mr=2003124
https://doi.org/10.3934/jmd.2007.1.37
https://zbmath.org/?q=an:1114.37004
https://mathscinet.ams.org/mathscinet-getitem?mr=2261071
https://doi.org/10.1017/etds.2019.108
https://zbmath.org/?q=an:1515.37034
https://mathscinet.ams.org/mathscinet-getitem?mr=4211919
https://doi.org/10.4171/dm/487
https://doi.org/10.4171/dm/487
https://zbmath.org/?q=an:1330.46067
https://mathscinet.ams.org/mathscinet-getitem?mr=3398710
https://doi.org/10.1142/S0129167X19500332
https://doi.org/10.1142/S0129167X19500332
https://zbmath.org/?q=an:1429.58016
https://mathscinet.ams.org/mathscinet-getitem?mr=3985230
https://zbmath.org/?q=an:1120.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=2277669
https://doi.org/10.1016/j.jfa.2015.12.002
https://zbmath.org/?q=an:1341.46041
https://mathscinet.ams.org/mathscinet-getitem?mr=3438329
https://doi.org/10.1090/pspum/069/1858535
https://zbmath.org/?q=an:0994.37003
https://mathscinet.ams.org/mathscinet-getitem?mr=1858535
https://doi.org/10.1017/CBO9780511809187
https://zbmath.org/?q=an:0878.58020
https://mathscinet.ams.org/mathscinet-getitem?mr=1326374
https://doi.org/10.1007/s00039-016-0375-6
https://zbmath.org/?q=an:1375.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=3540454
https://doi.org/10.1515/crll.1866.66.161
https://doi.org/10.1515/crll.1866.66.161
https://zbmath.org/?q=an:066.1720cj
https://mathscinet.ams.org/mathscinet-getitem?mr=1579340
https://zbmath.org/?q=an:0645.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=873460

N. Butler, H. Emerson, and T. Schulz 500

[21] G. A. Niblo, R. Plymen, and N. Wright, Poincaré duality and Langlands duality for extended
affine Weyl groups. Ann. K-Theory 3 (2018), no. 3, 491-522 Zbl 1402.46049 MR 3830200

[22] R. Ponge, A new short proof of the local index formula and some of its applications. Comm.
Math. Phys. 241 (2003), no. 2-3, 215-234 Zbl 1191.58006 MR 2013798

[23] R. Ponge and H. Wang, Noncommutative geometry and conformal geometry. I. Local index
formula and conformal invariants. J. Noncommut. Geom. 12 (2018), no. 4, 1573-1639
Zbl 1417.58005 MR 3896236

[24] J. Roe, Elliptic operators, topology and asymptotic methods. Pitman Res. Notes Math. Ser.
179, Longman Scientific & Technical, Harlow, 1988 Zbl 0654.58031 MR 960889

[25] A. Savin and E. Schrohe, Local index formulae on noncommutative orbifolds and equivariant
zeta functions for the affine metaplectic group. Adv. Math. 409 A (2022), article no. 108624
Zbl 1498.58019 MR 4470610

Received 15 October 2021.

Nathaniel Butler
Department of Mathematics and Statistics, University of Victoria, PO BOX 1700 STN CSC,
Victoria, BC V8W 2Y2, Canada; ncabutler @ gmail.com

Heath Emerson
Department of Mathematics and Statistics, University of Victoria, PO BOX 1700 STN CSC,
Victoria, BC V8W 2Y2, Canada; hemerson@math.uvic.ca

Tyler Schulz
Department of Mathematics and Statistics, University of Victoria, PO BOX 1700 STN CSC,
Victoria, BC V8W 2Y2, Canada; tadschulz99 @ gmail.com


https://doi.org/10.2140/akt.2018.3.491
https://doi.org/10.2140/akt.2018.3.491
https://zbmath.org/?q=an:1402.46049
https://mathscinet.ams.org/mathscinet-getitem?mr=3830200
https://doi.org/10.1007/s00220-003-0915-4
https://zbmath.org/?q=an:1191.58006
https://mathscinet.ams.org/mathscinet-getitem?mr=2013798
https://doi.org/10.4171/JNCG/280
https://doi.org/10.4171/JNCG/280
https://zbmath.org/?q=an:1417.58005
https://mathscinet.ams.org/mathscinet-getitem?mr=3896236
https://zbmath.org/?q=an:0654.58031
https://mathscinet.ams.org/mathscinet-getitem?mr=960889
https://doi.org/10.1016/j.aim.2022.108624
https://doi.org/10.1016/j.aim.2022.108624
https://zbmath.org/?q=an:1498.58019
https://mathscinet.ams.org/mathscinet-getitem?mr=4470610
mailto:ncabutler@gmail.com
mailto:hemerson@math.uvic.ca
mailto:tadschulz99@gmail.com

	1. Introduction
	2. Spectral cycles from the canonical anti-commutation relations
	3. Zeta functions and ergodic flows
	4. The residue trace
	5. Topology of Heisenberg cycles
	6. Transverse foliations
	References

