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A local-global conjugacy question arising
from arithmetic dynamics

Vefa Goksel

Abstract. In his earlier work, the author introduced a group theory question that arises in the study
of iterated Galois groups of post-critically finite quadratic polynomials. In this paper, we prove the
first non-trivial results on this question.

1. Introduction

Let K be a field, and f € K|[x] a quadratic polynomial. We define the n-th iterate of f
inductively by setting f(x) = f(f" 1(x)) for n > 1, where we make the convention
that °(x) = x. Suppose that all iterates of f are separable over K. Then f"-pre-images
of 0 form a complete binary rooted tree as follows: For each root of o of f"~1, we draw
edges from « to two roots 81, B, of f”, where f(B1) = f(B2) = a. We will denote this
pre-image tree of f by T. We also let T, be the subtree of the first n levels of 7. The
absolute Galois group naturally acts on 7', which gives a continuous homomorphism

p: Gal(K*P/K) — Aut(T).

This action on the binary rooted tree is the dynamical analog of the Galois action on the
£-power torsion points on an elliptic curve. For this reason, p is called an arboreal Galois
representation, which is a terminology introduced by Boston and Jones in 2007 [4].

If we let G, (f) be the Galois group of f” over K, these Galois groups give an inverse
system via the natural surjections G,4+1(f) = Gn(f). Letting G(f) := LEI Gn(f),
we have im(p) = G(f). The question of describing this image as a subgroup of Aut(7")
is one major open question in arithmetic dynamics. There has been a lot of recent work on
this topic, see, for instance, [1,3-6,8-19,22-26] for a limited list. Based on the existent
results, it is believed that G( f) should have finite index in Aut(7") for most quadratic
polynomials f. See [18, Conjecture 3.11] for a precise conjecture in this direction. How-
ever, similar to the fact that elliptic curves with complex multiplication are excluded in
Serre’s celebrated open image theorem, there are some well-known exceptional families
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of f for which G(f') has infinite index in Aut(7"). One such exceptional case is when f
is post-critically finite (see below for a definition).

A polynomial f is called post-critically finite (or PCF in short) if all its critical points
have finite orbits under iteration by f. The exact description of the profinite group G( f)
as a subgroup of Aut(7) when f is PCF is still mysterious in general, and partial results
are known only in some special cases. See, for instance, [1,2,4,5] on this topic. In [10], for
certain PCF quadratic polynomials f, the author used a Markov model to construct special
profinite subgroups M( f') of Aut(T) which conjecturally contain G( f'). If this contain-
ment can be established, the author believes that the groups M ( /) can be a good candidate
for a dynamical analog of Mumford—Tate groups in the classical theory of Galois represen-
tations for elliptic curves. The author gave some evidence indicating that a positive answer
to certain special cases of a purely group theoretic question will imply this containment.
In this paper, we will prove the first non-trivial results on this question.

Before we introduce the aforementioned group theory question, we first briefly give
some notation and definitions: The groups Aut(7,) form an inverse system via the natural
surjections 7, : Aut(7,) — Aut(7,—1). We set K, = Ker(s,). It is well known that K,
is an elementary abelian 2-group with rank 2”1, i.e., we have K,, = (Z/27)*" .

Definition 1.1. Let H, G < Aut(T,) be two subgroups of Aut(7,). We say that H is
elementwise K, -conjugate into G if each element of H can be conjugated into G by an
element of K,. We say that H is globally K,-conjugate into G if H can be conjugated
into G by an element of K,.

Definition 1.2. Let H, G < Aut(T,) be two subgroups of Aut(7,). We say that P (H, G)
holds if we have

H is elementwise K,-conjugate into G < H is globally K,-conjugate into G.

Definition 1.2 naturally raises the question that we will study.
Question 1.3. Let n > 1. For which subgroups H, G < Aut(7},) does ?(H, G) hold?

Question 1.3 seems difficult in general. It would also be perhaps interesting to note
that similar questions in the context of Lie groups already exist in the literature, which also
have applications to number theory, particularly to Langland’s global functoriality conjec-
ture. See, for instance, [7,20,21,27-29]. Specifically, compare the question in [7, p. 99]
with Question 1.3.

Note that P (H, G) trivially holds when H is a cyclic subgroup of Aut(7;,). We now
state the first non-trivial result regarding Question 1.3.

Theorem 1.4. Letn > 1and H, G < Aut(Ty). Suppose that |H| = |G| and H N K, ={id}.
Then P (H, G) holds.

The proof of Theorem 1.4 requires one to use the iterated wreath product structure
of Aut(T}).
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The structure of the paper will be as follows. In Section 2, we will give some back-
ground and motivation for Question 1.3. In Section 3, we will present some preliminaries
from group theory. In Section 4, we will prove some auxiliary lemmas that will be crucial
in the proof of Theorem 1.4. We will prove Theorem 1.4 in Section 5. We will finish the
paper by stating a conjecture in Section 6.

2. Background and motivation

Let f € Z[x] be a monic PCF quadratic polynomial. It is well known (and easy to prove)
that all such polynomials are conjugates of x2, x> — 1 or x?> — 2 by the linear map
x — x +a for a € Z. Let G,,(f) denote the Galois group of the n-th iterate of Q(i),
where we choose the base field as Q(7) for a technical reason, as explained in [10, Sec-
tion 2]. In [10], the author used the factorization data of iterates of f over finite fields
together with a Markov process to construct the Markov groups M, (f), and conjectured
that G, (f) is contained in M, (f) for n > 1. Moreover, the author made a connection
between Question 1.3 and this conjecture. Namely, the author gave an argument indicat-
ing that G, (f) is elementwise K, -conjugate into M, (f) for all n. If this is true, then
establishing that P (G, (f), My, (f)) holds for all n will prove the conjecture above. Note
that groups M, ( f) are explicitly known, so this is a quite special case of Question 1.3.

To give an example of groups M, (f), let f := (x + a)?> —a — 1 for some a € Z.
This family is particularly interesting because it does not come from endomorphisms of
algebraic groups. Recall that for n > 1, the permutations a1 = (1,2), a; = (1, 3)(2, 4),
cowan = (1,271 4 1)(2,2771 4 2) .- (2771, 2") are the standard generators of Aut(7},).
Then, x, := ajaz---a, € Aut(T},) acts transitively on the n-th level of the tree [10, Lem-
ma 3.3]. One can also think of x; for i < n as an element of Aut(7},), by using the
natural inclusion Aut(7;) < Aut(7,). Finally, define m, := id € Aut(Ty), and m, 4+ :=
x2mpx,; ! for n > 1. Then, if a # £b? for any b € Z, we have M;(f) = ((1,2)),
My(f) =1((1,3,2,4),(1,2)), and M,(f) is given by

M,(f) = (xn,mn,x,%_l,xﬁ_z,...,xg) )

for n > 3. If a = £b? for some b € Z, then M,(f) is an explicit index-2 subgroup
of the group given in (1) (see [10, Corollary 6.28]). For n > 1, the author constructed
the groups M, (f) inductively, by introducing the so-called Markov map, which can be
applied to above generators of M, ( f) to obtain generators of M, 1(f). See [10, Sec-
tion 6] for more details.

It also follows from the work of the author in [10] that the parameters a used above
can be taken in Q, and the main results of [10] will still hold. The author conjectures that
the groups M, ( f'), the so-called Markov groups, exist for any PCF quadratic polynomial
over any number field, and that G, (f) is always contained in M, (f) for every n. This
conjecture is based on extensive MAGMA computations combined with the theoretic evi-
dence given in [10], and is an ongoing project of the author. The author believes that there
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is potentially a rich theory behind these Markov groups, which may eventually lead to
a dynamical analog of Mumford-Tate groups, as alluded to in the previous section.

3. Preliminaries

In this section, we will recall some standard facts from group theory that will be nec-
essary in the proof of Theorem 1.4. We set W,, = Aut(7,) for simplicity, which is the
notation that we will be using throughout the paper. It is well known that W, is iso-
morphic to the n-fold wreath product of C; (the cyclic group of order 2), which can be
inductively given by W) = C, and W,, = W,,_; ¢ C; for n > 2. By definition, this allows
us to identify W, with the semi-direct product Fzzn_l x W,—1, where IFZZ”_I stands for
the 2"~ !-dimensional vector space defined over [F,, the finite field with 2 elements. In this
semi-direct product, W,,_; acts on IFZZ'H simply by permuting the coordinates. Concretely,
forv = (vy,...,vm-1) € IFZZ'H and o0 € W,_1, we have

o(v) = (UU—I(I), e, Uo-—l(zn—l)).

Hence, throughout the article, we will think of the elements of W}, as pairs (v, s), v € IFZZ'H,

s € W,—1. With this notation, if 0y = (v, s), 02 = (w,t) € W, are two elements in W,,,
their product is given by
0102 = (v + s(w), st). 2)

IfG :={g1,...,8x} < Wy, where g; = (v;,s;) fori =1,...,k, we will also often use
the identification
T (G) = {s1,...,85k} < Wp—1. 3)

By the iterated wreath product definition of W, it immediately follows that each W}, is
a 2-group for all n > 1, thus are all its subgroups. In fact, it is well known that W}, is
isomorphic to the Sylow 2-subgroup of Sym(2") for all n > 1, where Sym(2") stands for
the full symmetric group of degree 2".

Recall that for a group X, the Frattini subgroup of X, denoted by ®(X), is defined
as the intersection of all maximal subgroups of X. It is well known that for a 2-group X,
®(X) is generated by squares and commutators, i.e., we have

®(X) = X?[X, X]. 4)

Finally, we introduce the following notation, which will be very convenient in calculations
throughout the paper.

Definition 3.1. Let 0 € W, for some n > 1. We define the set Fix(o) by
Fix(o) ={v € IFzzn | o(v) = v}.
Similarly, for G < W,,, we define the set Fix(G) by
Fix(G) = {v € FZ"" | o(v) = v forallo € G}.
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4. Auxiliary lemmas

In this section, we will prove several auxiliary lemmas that will be used in the proof of
Theorem 1.4.

Lemma 4.1. Forn > 1, let H,G < W,, be two subgroups of W,,. Suppose that H is ele-
mentwise Ky-conjugate into G, |H| = |G| and H N K, = {id}. Then G N K,, = {id}.

Proof. Let |H| = |G| = k. If H is {-generated, set H = (x1, X3, ..., x¢). Then we

can write H = {hy, ha, ..., hi}, where h; = w;(x1, X2, ..., x¢) for some word w; in
X1,X2,...,x¢fori =1,... k. Since H is elementwise K,-conjugate into G, xi” ,xgz, o,
xZ‘ € G for some ay,a»,...,ay; € K,. Note that
_ a a ay

7 (Wi (X1, X2, ..., Xg)) = mp(wi (X7, X537, ..., X))

since ay,...,ay € K, = Ker(w,), hence
a a ag ai az ag
(Wi (X7, X570, %, 1) # m(wi (X7, X570, X, 0)

fori # j since H N K, = {id}. This gives |G| > |7,(G)| > k = |G|, hence |7, (G)| = |G|,
which proves G N K,, = {id}, as desired. |

Lemma 4.2. Forn > 1, let H, G < W, be two subgroups of W,. Suppose that H is ele-
mentwise K,-conjugate into G, |H| = |G| and H N K, = {id}. Then for any H; < H,
there exists G1 < G such that |Hy| = |G| and H; is elementwise K, -conjugate into G.

Proof. Let Hy = {hy,...,h} < H.Since H is elementwise K,-conjugate into G, there
existay,...,ax € K, such that h{' € G fori = 1,.... k. We set Gy = (h{", ... h{¥).
Clearly, H; is K, -conjugate into G1. We also claim that | H;| = |G |. To see this, note that
by Lemma 4.1, G N K, = {id}, hence G| N K,, = {id}. Since ay,...,ar € K,, we have
7w (Hy) = 7, (G1). Since we have H; N K, = G N K, = {id}, this immediately implies
|Hq| = |G|, as desired. L]

Lemma 4.3. For n > 1, let H, G < W}, be two non-cyclic subgroups of W, such that
H N K, ={id}, |H| = |G|, and H is elementwise K,-conjugate into G. For two distinct
maximal subgroups Hy, Hy < H, suppose that H?, Hf < G for some a,b € K,,. Then
G = (H¢, HY).

Proof. Since H; and H, are distinct maximal subgroups of H, we clearly have H =
(Hy, Hy). Note that since a,b € K, we have ,(H) =, ((H1, H2)) = 7, ((H{. sz)) <
7, (G). Since H N K,, = {id} and G N K,, = {id} (by Lemma 4.1), this gives

|H| = |70 (H)| = |7 ((Hy, Ho))| = |7 ((HY, HY)| < |7(G)| = |G,
which, since | H| = |G|, implies that all quantities must be equal, and in particular

|7t ((H{, H2))| = |70(G)].
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Recalling that G N K, = {id} (thus (H¢, H?) N K,, = {id}), this gives (H?, H?) = G,
as desired. [

In the following lemma and throughout the rest of the article, for any subgroup H < W,
of W,, Ck, (H) denotes the group of elements of K, which commute with each ele-
ment of H. Similarly, for any x € W, Ck, (x) denotes the set of elements of K, which
commute with x.

Lemma 4.4. For n > 1, let H, G < W}, be two non-cyclic subgroups of W, such that
H N K, ={id}, |H| = |G|, and H is elementwise K, -conjugate into G. For two distinct
maximal subgroups Hy, H, < H, suppose that G = (Hy, H§) for some a € K,,. Then H
is globally K, -conjugate into G if and only if a € Ck, (H1)Ck, (x) for some x € H, \ H;.

Proof. We first assume that a € Ck, (H1)Ck, (x) for some x € Hy \ H;. Write a = bc
forb € Ckg,(H1), ¢ € Ck,(x). Since H; has index 2 in H, we have H = (Hy, x). Since
7, (x%) = m,(x), this gives 7, (H) = 7, ({(H1,x%)). Since H N K,, = G N K, = {id}
(by Lemma 4.1), this immediately implies that G = (H1, x%). We have

HY = (H? x%) = (H\,x%) = (H,,x%) = G,

where we used the fact that K, is an elementary abelian 2-group in second and third
equalities. This finishes the proof of one direction.

We now assume that H is globally K,-conjugate into G, i.e., there exists b € K,
such that H? = G (since |H| = |G|). Consider an arbitrary element x € H, \ H;. Note
that H = (Hy, H3). Since G N K, = {id} by Lemma 4.1, we immediately get Hlb = H,
and sz = Hj, which, since H1 N K,, = H, N K, = {id} and a, b € K,,, implies that
b € Ck,(H;) and ab € Ck, (H>). This gives

a = b(ab) € Ck, (H,)Ck, (Hy) < Ck, (H;)Ck, (x),
as desired. [

Lemma 4.5. For n > 1, let H, G < W}, be two non-cyclic subgroups of Wy, such that
HNK, ={id}, |H| = |G|, and H is elementwise K,-conjugate into G. For two distinct
maximal subgroups Hy, Hy < H, suppose that G = (Hy, HY) for some a € K,. Then
a € Cg,(P(H)).

Proof. Take a € ®(H). Since @ € H; N H,, we must have a, a? € G. Note that 77, () =
7, (?). Since G N K, = {id} by Lemma 4.1, this gives @ = ¢, as desired. |

Lemma 4.6. Let n > 1. For a € K, x € W, write a = (u, 1), x = (v, s) for some
u,v € F2""', s € W,_y. Thena € Ck, (x) < u € Fix(s).

Proof. If we rewrite the equality x* = x using (2), we obtain
u, D,s)u, 1) =(v,s) & (u+v+s),s) =(v,s).

This immediately gives s(u) = u, as desired. |
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Lemma 4.7. Forn > 1, let H < W, be a subgroup of W,,. Suppose that H N K, = {id}.
Then 7, (®(H)) = ®(, (H)).

Proof. For any finite group G, let m(G) denote the size of the minimal set of genera-
tors of G. Note that m(H) = m(mw,(H)) because H and m,,(H) are isomorphic by the
assumption H N K, = {id}.

For any finite 2-group G, by Burnside’s basis theorem, we have

‘ G ‘: Gl _ ym@
2(G)I [9(G)]

Therefore, from above, we have

|H| |70 (H)|

|O(H)| — |@(m(H))|

Since |H| = |, (H)| by the assumption H N K, = {id}, this gives
|P(tn (H))| = |®(H)| = |72 (P(H))], ®)

where we used the fact that ®(H) N K,, = {id} in the last equality. On the other hand,
considering the surjection 7,: H —> 7w, (H), it is a well-known (and easy) exercise to
show that

ma(P(H)) = P(p(H)). (6)

We can now combine (5) and (6) to conclude that 7, (®(H)) = (71, (H)), as desired. =
Lemma 4.8. Let x,y € Wy, a,b € K,,. Suppose that x, y, a, b satisfy the equality
xy® = (xy)°.
Setting x = (v,s), y = (w,t),a = (u, 1) and b = (z, 1), we have
s(u) + st(u) = z + st(2).
Proof. By direct computation using (2), we get
xy4 = (,)u+w+t@),1) = (v +s) + s(w) + st(u),st).

Similarly, we have
(x9)? = (z + v + s(w) + st (2), 51).

If we set the expressions for xy¢ and (xy)? equal to each other, we immediately get
s(u) + st(u) = z + st(z),

as desired. [
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5. Proof of Theorem 1.4

We will start with the following proposition, which will be the key ingredient in the induc-
tive step in the proof of Theorem 1.4.

Proposition 5.1. Let X < W, be a subgroup of W,,. Take « € W, \ X and also set Y =
(X,a) < W,. Suppose that a vector v = (vy,...,vn) € IFZZ" satisfies the following three
properties:

@) v 4+ Vo) = Vpa) + Vga() forany p € X andi € {1,...,2"}.
(b) v; = v; if Orby(i) = Orby(j) and Orbg(i) = Orbg(j) for some B € X and
i,jed{l,...,2"}.
(¢) v € Fix(®(Y)).
Then v € Fix(a) + Fix(X).

Proof. We start by noting that, since v € Fix(®(Y)), throughout the proof, we will feel
free to use vy (;) instead of v,-1(;) for any o € ¥ because o™l =02 € ®(Y) by (4).

If Y is cyclic, then we must have ¥ = (&) since & ¢ X. In this case, since X < («),
condition (b) becomes “v; = v; if Orb, (i) = Orb,(j)” and we also get

Fix(«) + Fix(X) = Fix(X).

Since any v satisfying (b) clearly lies in Fix(«) € Fix(X), we are done.

We can now assume that Y is non-cyclic. Take a vector v € F2" that satisfies all three
conditions. Consider an arbitrary i € {1,...,2"}, and its orbit O(i) := Oy (i) under the
action of Y. By definition, for any j, j' € O(i), there exist 0,0’ € Y such that

j=0(). j'=d0.

For any y € Y, let y denote the image of y under the quotient map ¥ —> Y/ ®(Y'). Since v
satisfies condition (c), v; = vjs if & = &'. Suppose that the group Y is (£ + 1)-generated
for some £ > 1. Since « & X, we can write Y = (B1,..., B¢, a) for some B1,...,8, € X
with X = (B1,..., B¢). By Burnside’s basis theorem, Y is a union of 2¢*1 distinct cosets
of ®(Y). More concretely, we can write Y as a disjoint union

2[
U OlAi),

i=1

r=(Ya)u

where each A; (hence wA;) is a coset of ®(Y), and X = U,zi1 Aj;. Fix the representatives
i1,...,1 of distinct orbits of {1, ...,2"} under the action of Y, i.e.,

k
J oG =1q.....2"}.
j=1
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Definition 5.2. Letv € IFZ We say Py (v) holds if v satisfies the following condition:
e Foranyo,o’ €Y andj €{l,...,k}, Vo (i) = Vo'(ij) = afj) for some afj) € {0, 1} if

o€ A;, 0’ €ad, forsome 1 < <2t
We define the subspace I’y C FF 22” by
Vy = {u € F2" | Py (u) holds}.
The proof of Proposition 5.1 will now follow from the next claim.
Claim 5.3. There exists v' € Vy such that v’ € Fix(¢) and v — v’ € Fix(X).

Proof. Any vector in Vy already lies in Fix(«) by definition. Thus, to finish the proof,
we need to find v’ € Vy such that v — v’ € Fix(X).
For any 01,0, € Y, we have

0102_1 e ®(Y) & 01,0, € Ay or 01,0, € aA; for some ¢ € {1,...,2‘5}.

Therefore, by definition, any v’ € Vy lies in Fix(®(Y)). Since v € Fix(®(Y)) by assump-
tion, we conclude that v — v’ € Fix(®(Y)).
4
Also note that since X = Ui2=l A;, for any 01,0, € Y, we have

0102, ' €X & 01 € Ar,00 € Ay oroy € @Ay, 05 € ady forsomet, i’ €{1,...,2%).

Thus, it follows that for any v’ € Vy, we have v — v’ € Fix(X) if and only if the following
two conditions are satisfied for j = 1,...,k:
(1) (v =0)5,3;) = (v =0)g,q;) if 01 € 4j,02 € Ay for some i, i’ € {1,... , 264
2) (v-— v/)as(,-j) =(-— v’)m(,-j) if 03 € €A;,04 € €Ay forsomei,i’ € {1,...,2%).

We will now show that a vector v/ € Vy that satisfies both conditions indeed exists.

Condition (1): With the notation in Definition 5.2, condition (1) is equivalent to the
equality
Vi) + Voati) = 44y + ) o

for some al.(;), al.(j/) € {0, 1}. Note that if the variables al.j ,aij/) € {0, 1} are independent,
then we can choose them so that (7) holds. If they are not independent, this gives us four
different cases.

Case 1. m(ij) = mp(ij) for some my € A;, my € Ay. In this case, aj +a =0 by
Definition 5.2. Recalling that v € Fix(®(Y')), the left-hand side of (7) also vanlshes since
Vo, (i;) = Vmi(i;) = VUma(ij) = Voal(i;)» Where we used Definition 5.2 in the first and the third
equalities. Hence, (7) holds.

Case 2. m1(i;) = am(i;) for some w1 € A; and m, € A;r. In this case, we have that
Orbg (11 (i)) = Orby (72(ij)) and Orby, (5,)-1(7w1(ij)) = Orby, (z,)-1(72(ij)). Thus, as
Ty 1 € X, condition (b) in Proposition 5.1 implies that Uz, (i) = U, (j)- Recalling that
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v € Fix(®(Y)), and that 107!, m205 ! € ®(Y), this immediately gives Vo, (i;) = Yoy (i)
since vg, (; g = Uy (ij) and Vo, (ij) = Vma(iy)- Therefore, to show that (7) holds, it remains to
see that ai’_ + ai(l_ vanishes. But, this is immediate by Definition 5.2 and the condition
m1(ij) = am,(ij), hence we are done.

Case 3. ami(i;) = ams(i;) for some w1 € A;, m» € Ayr. Applying a1 to both sides of
am (i) = ama(ij), we obtain case 1, hence the result follows from case 1.

Case 4. am(ij) = my(ij) for some m; € A;, mp € A;r. Applying a~! to both sides of
amy(ij) = m2(i;), we obtain 71 (i;) = @~ !m,(i;). By definition of 4;/, since a (o™ !)~! =
a? € ®(Y) by (4), there exists 73 € A;» such that a !m,(ij) = ams(i;). This yields
m1(ij) = ams(ij), and the result now follows from case 2.

Condition (2): This condition is clearly equivalent to the condition
(0 = )ao1()) = (V=0)agy;y i 01 € A, 02 € Ay forsome i,i" € {1,.. L2590 ®)

Applying o to both sides of the equality in (8), we obtain

(U - v/)O’l(ij) = (U - v/)(Tz(ij)a
which is the same as condition (1). Hence, the proof follows from the first part. We have
covered all possible cases, hence we are done. n

The proof of Proposition 5.1 now follows from Claim 5.3. ]

The following will be crucial in showing that certain vectors that will appear in the
proof of Theorem 1.4 do indeed satisfy the conditions given in Proposition 5.1, hence the
conclusion of Proposition 5.1.

Proposition 5.4. Let X < W, be a subgroup of W,,. Take « € W, \ X and also set Y =
(X,a) < W,. Suppose that a vector v € Fzzn satisfies the following conditions:

(1) Forany B € X, there exists u'®) e Fix(®(Y)) such that
a(v) + aB) = u® + aBu®).

(2) v € Fix(®(Y)).
Then we have v € Fix(a) + Fix(X).

Proof. To prove the proposition, it suffices to show that the vector v satisfies the condi-
tions (a) and (b) in Proposition 5.1. Note that we have the equality

a() +af(v) = u® 4+ oe,B(u(ﬂ)). 9)

If we apply af to both sides of (9), since v, u® € Fix(®(Y)) and («f)?, (xfa)(B)~! €
d(Y), we obtain
v+ B) =u® +ap®). (10)
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Adding (9) and (10) yields

v+ B) = a() + af(v). (11)
Comparing the coordinates of both sides in (11), we obtain
Vi FUB-1G6) = Var1() T V@Bt )
forany i € {1,...,2"}. Recalling that v € Fix(®(Y')), this can be rewritten as
Vi +UBG) = Vali) T VaB(i)

forany i € {1,...,2"}. Since this can be done for any 8 € X, it follows that v satisfies
the condition (a) of Proposition 5.1.

It now remains to show that the vector v satisfies condition (b) of Proposition 5.1.
To that end, suppose that for some B € X, Orby (i) = Orby () and Orbg (i) = Orbg (/)
for some i, j € {1,...,2"}. Write (i) = B?(i) = j for some a,b € N.If at least one
of a or b is even, then at least one of a® or B2 lies in ®(Y) by (4), which immediately
gives that v; = v; since v € Fix(®(Y)). Thus, we can assume without loss of generality
that a and b are both odd. By comparing coordinates of both sides in (10) and using the
fact that v, u®) € Fix(®(Y)), we have

) ®

vi +vge) =u; 0+ UoB(i): (12)

Since v € Fix(®(Y)), and 8271 € ®(Y) by (4) (recall that b was odd), we have Vg() =
Ugh(;) = Vj, which, using (12), yields
(B)

vi + v =u? +ull. (13)
We also have af(i) = af'~2B2(i) = af'~?(j). Recalling that u®) € Fix(®(Y)) and

that 1 — a and 1 — b are even, this gives

® _ B _ B _ B _ B

Uap(iy = Uapi-b(j) = Ya() = Ha—e(y = Ui -
Finally, putting this in (13), we obtain v; + v; = ul(ﬂ) + ufﬁ) = 0, hence v; = v;, as
desired. [

We are finally ready to prove Theorem 1.4.

Proof of Theorem 1.4. We will use induction on |H|. Note that the statement trivially
holds for |H| = 1 and |H| = 2 since in those cases H is cyclic. We now assume that
the statement holds for |H| = 2% for some k > 1, and to finish the inductive step, we will
prove the statement for | H| = 2¥*1. By the induction assumption and Lemma 4.2, if we
take any maximal ideal H; <0 H, there exist G; < G and a € K, such that H{ = Gj.
Thus, conjugating G by a if necessary, we can assume without loss of generality that
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H; < G. Note that this also implies ®(H) < G since ®(H) is contained in H;. The
statement already holds if H is cyclic, so we can assume without loss of generality
that H is non-cyclic, which gives two distinct maximal subgroups H;, H, of H with
H = (Hy, H;). By the induction assumption and Lemma 4.2, there exists b € K, such
that Hf <1 G.By Lemma 4.3, this yields G = (H;, Hé’). By Lemma 4.5, then, we obtain
b € Ck, (P(H)). To prove that H and G are conjugate under K,, by Lemma 4.4, we need
to show that b € Ck, (H1)Ck, (x) for some x € H, \ H;. Setting b = (u, 1), x = (v, s)
foru,v € IF%’H ,8 € Wy_1, by Lemma 4.6, this is equivalent to showing that

u € Fix(w, (Hy)) + Fix(s), (14)

where we used the identification given in (3) when writing Fix(rr,, (H)).
Fix some x € H, \ H;.Foreach h; € Hy, if we consider a maximal subgroup H® <H
of H that contains /; x, by the induction assumption and Lemma 4.2, there exists ¢; € K,
such that (H®)¢ is a maximal subgroup of G. Since G N K,, = {id} (by Lemma 4.1),
®(H) < H; <G and ®(H)% < (HW)% < G, this immediately gives ®(H) = ®(H),
ie., ¢; € Ck,(P(H)). Recall that H? < G, thus x® € G. Since both (h; x)¢ and h; x? lie
in G, 7, (hix?) = 7, ((h;x)), and G N K,, = {id}, we obtain
hix® = (h;x)© (15)
fori =1,...,|H{| = 2k Setting h; = (w;, t;), ¢; = (z;, 1) (and recalling x = (v, 5),
b = (u, 1)), using Lemma 4.8, (15) yields
ti(u) + tis(u) = z; + t;5(z;) (16)
fori = 1,...,2%. Recall from above that ¢i € Cg,(P(H)), i.e., by Lemma 4.6,
z; € Fix(m, (®(H))) = Fix(® (7, (H))),

where we used Lemma 4.7 in the last equality. Also recall from the first part of the
proof that b € Ck, (®(H)), i.e., by Lemma 4.6, u € Fix(®(w,(H))). If we now take
X ={t1,....tx), Y =m,(H),a =5, v = u in Proposition 5.4, recalling (16), the vec-
tor u satisfies both conditions in Proposition 5.4. It immediately follows that

u € Fix({t1, ..., tx)) + Fix(s) = Fix(7,(H1)) + Fix(s),

which completes the proof of Theorem 1.4 by (14). ]

6. A conjecture

We close the paper by a conjecture based on extensive MAGMA computations.

Conjecture 6.1. Forn > 1, let H < W,, be a subgroup of W,. Suppose that H contains
a permutation o € W, that acts transitively on {1, ...,2"}. Then P (H, G) holds for any
subgroup G < W,.
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The author’s interest in Conjecture 6.1 comes from the following: It has the poten-

tial of being particularly useful for the number theory application mentioned in Section 2,

because for most polynomials f, for n > 1, the group G, ( f) does contain an element that

acts transitively on {1, ...,2"}. Thus, in such cases, Conjecture 6.1 will imply that a con-
jugate of G, (f) is contained in M, (f) as long as G,(f) is elementwise Kj,-conjugate
into M, (f).
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