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The Dirichlet problem of
translating mean curvature equations

Hengyu Zhou

Abstract. In this paper, we study the Dirichlet problem of translating mean cur-
vature equations over a domain via topological restrictions. Its main difficulty is
the non-existence of a C© a priori estimate for their classical solutions except few
cases. Inspired by the work of Miranda and Giusti, we define a generalized solution
of these Dirichlet problems and establish its general existence. We propose a non-
closed-minimal (NCM) condition on the underlying domain. When the domain is
mean convex and NCM, the generalized solution with continuous boundary data is
the classical smooth solution. Moreover, the NCM assumption cannot be removed by
a hemisphere example.

1. Introduction

There are intimate connections between the Dirichlet problem of many nonlinear elliptic
equations and the geometry of the domain 2. For example, see [11, 12] on their geometric
assumptions on €2 to solve the Dirichlet problem of a class of prescribed mean curvature
equations. In this paper we add one more example into these connections in the case of
translating mean curvature equations.

Fix o > 0. Let 2 be a bounded Lipschitz domain in an n-dimensional complete Rie-
mannian manifold N with a metric 0. Suppose the graph of a C? function u is minimal in
the conformal product manifold N x R with the metric e2*"/” (¢ + dr?). Then u satisfies
the following equation:

D
(1.1) Hg()=0 on, WhereHa(u):—diV< “ )+ “

J1+Dul’ 1+ Dul?

Here, div and D are the divergence and the gradient on N, respectively. We call (1.1) a
translating mean curvature equation (TMCE).

The word “translating” comes from the fact that when N is the Euclidean space R”,
the graph of u satisfying H, (#) = 0 is a translating soliton to the mean curvature flow
in R"*1,
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To describe the Dirichlet problem of a TMCE on general Riemannian manifolds, we
propose a topological condition upon the domain as follows.

Definition 1.1. Fix n > 2. Suppose €2 is an n-dimensional bounded Riemannian manifold
with Lipschitz boundary. We say that €2 has the non-closed-minimal (NCM) property if its
closure does not contain any Caccioppoli set £ such that its (essential) boundary JF is a
closed, embedded and minimal hypersurface with a singular set S of Hausdorff dimension
at most n — 8. For n = 8, we require that S is a collection of isolated points.

By Theorem 28.1 in [22], the description of S coincides with the singular set in
(A, A)-minimizing perimeter (almost minimizing currents with codimension one). By the
maximum principle of stationary varifolds [17], all bounded domains in Euclidean spaces,
Hyperbolic spaces, all domains in the hemisphere (except itself) have the NCM property.
Some nontrival examples of domains with the NCM property can be found in the works of
Kasue [19] and Agostiniani, Fogagnolo and Mazzieri [1]. The NCM assumption is similar
to the assumptions in Theorem 2.5 of [29] by White, and in Assumption 2.8 of [5] by De
Lellis and Ramic.

We say that a C2? domain is mean convex if the mean curvature of its boundary is
nonnegative, i.e., div(v) > 0 for its outward normal vector ¥. The main result of this paper
is stated as follows.

Theorem 1.2. Suppose Q2 is a C? bounded mean convex domain with the NCM property
in an n-dimensional (n > 2) Riemannian manifold, and fix o« > 0. Then the Dirichlet
problem of the TMCE

(1.2) Ho(u) =0 onQ, u=1vy indf,
admits a unique solution in C%(2) N C(R) for any continuous function ¥ on 9.

Remark 1.3. By Serrin [25], the mean convex assumption cannot be removed if we want
to solve (1.2) for any continuous boundary data even in the case of « = 0.

The NCM assumption also cannot be removed. In Theorem 6.1 of [10], we showed that
when €2 is the upper hemisphere Si and o > n > 2, no classical C? solution to (1.2) exists
for any continuous boundary data. The boundary of S% is a closed embedded minimal
hypersurface. We call such example the hemisphere example. See also Theorem B.4 in
Appendix B.

An advantage of the NCM assumption is that it is independent of the choice of «.
Thus, it is much better than the assumption that there is a C2 subsolution to (1.2) for
each «. But in Euclidean spaces (see Theorem 10 in [30]), such existence of the global
subsolution in R”*1 can be easily obtained by ODE and thus it makes the derivation of
Theorem 1.2 much easier.

Remark 1.4. Theorem 1.2 plays an very important role in the study of the minimal graph
and the area minimizing problem in general conformal product manifolds given by N x
(—o0, A) with the metric ¢(r)(o + dr?). See [10].

Remark 1.5. In the case n = 1, the Dirichlet problem (1.2) is essentially different from
the one for n > 2. We need more restrictions on « to get the conclusion in Theorem 1.2
when n = 1. Moreover, the NCM assumption is not well-defined on the real line R. For
more details, see Appendix C.
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Let Qg be the set N x R equipped with the metric ¢2%’/" (¢ 4 dr?). We say that the
set © x R in Qg is a conformal cone. The main motivation of this paper comes from the
Plateau problem, that is, the search of surfaces taking least area in Riemannian manifolds
with prescribed boundary data. In the setting of O, the first step is to find minimal graphs
with prescribed graphical boundary in 92 x R, which is equivalent to solve the Dirichlet
problem (1.2).

In the case o = 0, the Dirichlet problem (1.2) is completely solved when €2 is bounded
and mean convex (see [2,11,14,18,25], etc.) without the NCM restriction. When N is the
Euclidean space R”, the Dirichlet problem (1.2) was easily solved for bounded mean con-
vex domains by White [28] and Wang [28] (see also Ma [21]). This is related to translating
solitons and the type II singularity of mean curvature flows [16]. A much more general
form of (1.2) was already considered by Casteras, Heinonen and Holopainen in Theo-
rem 1.1 of [4] with a lower bound restriction on the Ricci curvature of 2.

In view of the hemisphere example in Theorem B.4, the main difficulty in Theorem 1.2
is the unknown L bound of its classical solution in C2(£2) N C(R). On the other hand,
by calibration, the graph of such classical solution takes the least area among smooth
hypersurfaces in © x R with respect to the metric ¢*”/” (¢ + dr?). As a result, we use
the idea of the generalized solution theory to the Dirichlet problem of minimal surface
equations by Miranda [23,24] and Giusti [ 12—-14]. Such theory does not require an a priori
estimate of the solution, and makes use of the area minimizing property via a minimizing
process of a functional on bounded variation (BV) functions.

The idea to conclude Theorem 1.2 can be described in the following four steps.

(1) Define an area functional %, (1, 2) among BV functions with respect to the metric
e2@r/m (o + dr?) (see Definition 3.1).

(2) Establish the equivalence between the minimizing problem of F,(u, ) and the
minimizing perimeter problem (see Theorem 4.7).

(3) Find a graph of a BV function which minimizes the perimeter of the boundary
{(x, ¥ (x)) : x € dQ} in the closed set Q x [—k, k]. Then, letting k — +o00, we
define a generalization solution to the Dirichlet problem (1.2) with boundary data
¥ (x) (see Definition 5.1). Such solution may take the infinity value over 2.

(4) Study the property of the set when the generalized solution takes infinity values.
In particular, when €2 is mean convex and ¥ is continuous, the boundary of those
infinity sets are minimal embedded hypersurfaces with a singular set S' of Hausdorff
dimension at most # — 8. In the case n = 8, S is a collection of isolated points. See
Theorem 6.8. By the NCM assumption, we conclude the proof of Theorem 1.2.

The paper is organized as follows. In Section 2, we collect some preliminary facts
on BV functions. In Section 3, we discuss various properties of the conformal area func-
tional §q (1, 2). In Section 4, we show the relationship between the perimeter of sub-
graphs in Q, and the area functional & (u, €2). In Section 5, we establish the existence of
generalized solutions to the Dirichlet problem of the TMCE (1.2). In Section 6, we inves-
tigate the properties of the infinity sets of generalized solutions. In Section 7, we prove
Theorem 1.2.
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In Appendix A, we record a decomposition result for Radon measures in Riemannian
manifolds. This is used to prove the C*° approximation of Fy (1, 2) (Theorem 3.5). In
Appendix B, we record some results on mean curvature equations in sufficiently small
balls and the hemisphere example.

2. BV functions in Riemannian manifolds

In this section, we discuss BV functions and related definitions in Riemannian manifolds.
We define the convolution of functions and vector fields in an open ball for later use. The
main references are [3], [8], [14], [22] and Chapter 1 of [26].

2.1. BV functions

Let (M, g) be a Riemannian manifold. Let (-, -) be its inner product. Write div and dvol
for the divergence and the volume of M, respectively. Suppose €2 is an open set in M.
Let ToS2 be the collection of smooth vector fields with compact support in . Let #*
denote the k-dimensional Hausdorff measure on M .

Definition 2.1. Let u € L!(Q). We define
IDup (Q) = sup{/ udiv(X)dvol, X € ToQ, (X, X) < 1}.
Q

If |Du|p () < 00, we say that u has bounded variation or u € BV ().

Remark 2.2. If u € C!(Q), the divergence theorem implies that

/ u div(X) dvol = —/ (X, Vu) dvol
Q Q

for any X € T2, where Vu is the gradient of u in M.

The definition in (2.1) induces a Radon measure on . If there is no confusion con-
cerning the ambient manifold, we usually omit the lower index in |Du | (2) and just write
it as |Du|(S2).

Now we continue to define the perimeter as follows.

Definition 2.3. For a Borel set E, let A g be its characteristic function. We call |DA g |(£2)
the perimeter of £ in 2, written as P(E, 2).

If E has locally finite perimeter in €2, that is, P(E, Q') < oo for each bounded open
set Q' CC Q (i.e., Ax € BV, (R2)), then E is called a Caccioppoli set.

The following two classical theorems on BV functions are very useful.

Theorem 2.4. Suppose {u;}72, € BV(Q) converges to u in LY (Q) as j — +oo. Then

|[Du[(2) < lim inf|Du;|(S2).
Jj—>+o00
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Theorem 2.5. Suppose that Q is a bounded Lipschitz boundary in N and that there is a
sequence {u; 32 | in BV(Q) satisfying

/ |u;|dvol + |Du;|(R) <c¢ foranyi,
Q

where c is a fixed constant. Then there is a u(x) in BV(Q2) such that a subsequence of
{u; )2, converges to u in L' (Q).

2.2. Radon measures

Now we record the connection between BV functions and Radon measures. For more
details we refer to [26], Chapter 1.

Definition 2.6. Let X be a locally compact Hausdorff measure. A Radon measure on X
is an outer measure v on X having the following three properties:

(1) v is Borel regular and v(K) < oo for any compact set K C X,
(2) v(A) = inf{v(U) : U open, A C U} for each subset A C X,
(3) v(U) = sup{v(K) : K compact, K C U} for each open U in X.

For any set X, we denote the set of non-negative continuous functions f: X — [0, 00)
with compact support by K4 (X).

Theorem 2.7 (Remark 4.3 in [26]). Suppose X is a locally compact Hausdorff space and
A K4 (X) — [0, 00) satisfies A(cf) =cA(f), A(f + h) = A(f) + A(h) for any constant
¢ >0and f,g € K+(2). Then there is a Radon measure v on X, given by

2.1) v({U):= sup{)t(f), feKi(X),supp(f)cc U, f < 1} forall openU C X,

such that
2.2) A(S) =[ fdv forall f € Ki ().
X

Here supp( f) is the closure of {x : f(x) > 0}.
Suppose u(x) € BV(£2). We set a nonnegative functional A,;: K () — [0, +00) as

Au(h) = sup{/udiv(X) dvol, X € To2, (X, X) < h2}

for every h € K+ (Q). It is clear that
Aulch) = cAy(h), Ay(h+ hy) = Ay(h) + Ay (hy),

where c is any positive constant and 2, h; € KT ().

Theorem 2.8. Let Q2 be an open set in a Riemannian manifold M. Suppose that u €
BVioe,m (2). Let |Du| be the Radon measure induced by the variation of u.
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(1) If f is a bounded non-negative measurable function in L' (|Du/|, ), then
/ fd|Du| = sup{/ udiv(X)dvol, X € To%, (X, X) < fZ}
Q Q

for any open set Q' CC Q.
(2) We have that

[ u div(X) dvol = —[ (X, v)d|Du,
Q Q
where (v,v) = 1 a.e. |Du| forany X € To<.

Proof. The existence and definition of |Du| are from Theorem 2.7. Then |Du| is a Radon
measure. Similar to the proof of Theorem 5.10 in [26], Chapter 1, there is a monotone non-
negative increasing sequence { fj};";l such that each f; € K1(Q), f; < f and {f;}j>1
converges to f in L!(|Du|, Q). Let Q be any open set satisfying Q' CC Q. By (2.2),

/ f; d|Du| = sup{/ udiv(X) dvol, X € To%', (X, X) < sz}.
Q/ Q/

Letting j — 400 on both sides yields the conclusion (1). The conclusion (2) is from the
Riesz representation theorem (see Theorem 4.1 in [26]). [

Next we define the trace of BV functions.

Definition 2.9. Suppose €2 is a Lipschitz domain in M. There is a bounded linear map
7:BV(Q) — L'(3R) such that for any u € BV(R2),

/ u div(X) dvol = —/ (v, X) d|Dul| +[ Tu(X,y)dH".

Q Q IQ

Here dim M = n + 1, and y is the inward normal vector of dQ2. We call Tu the trace
of u(x) on 9L2.

Remark 2.10. The proof of the existence of J u is exactly the same as that of Lemma 2.4
in [14] with the application of the C *° approximation of BV functions in Theorem 3.5 (3).

The trace is very useful to compute the variation of BV functions on the boundary of
Lipschitz domains. A direct application of the above definition yields the following.

Lemma 2.11. Let 21 and 2, be two Lipschitz domains in M and let I" be a measurable
setin 021 N 0Q22. We denote 21 U Q2 by Q. Suppose u(x) € BVioe pm (2). Then

|Du|(F):/ |Tiu — Tou| dH".
r

Here dimM = n + 1, and T; is the trace of u in Q; on T fori = 1,2.
A conformal manifold is defined as follows.

Definition 2.12. Let (M, g) be a Riemannian manifold. Let ¢(x) > 0 be a smooth pos-
itive function on M. A conformal manifold M, is the smooth manifold M with the
metric 2 (x)g.
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Theorem 2.13. Suppose Q is an open set in M and u € BV o pr(2). Then
(2.3) |Du|m, (2) = / ¢" d|Dul,
Q

where dim M = n + 1, and |Du|p, and |Du| are the Radon measures induced in Theo-
rem 2.8 in the manifolds M, and M, respectively.

Remark 2.14. Note that the metric g of M can be written as ¢~ 2¢2g. A consequence of
Theorem 2.13 is that u € BV a7 (2) if and only if u € BVioc, a1, (2).
It is easy to see that the formula in (2.3) holds for any Borel set A C .

Proof. Let div, and dvol, be the divergence and the volume of M,,, respectively. Then
dvol, = ¢" ! dvol, where dvol is the volume form of M. By the definition of the diver-
gence, see [20], p. 423, we have

(24)  divy(X)dvol, = d(XLdvoly) = (" div(X) + (n + 1)¢" (X, Vo)) dvol
= div(¢" 1 X) dvol,

where Vg is the gradient of ¢ in M. By Theorem 2.8 (2), we have
IDut|pg, (Q) = sup{/ udivy(X)dvol, : 92(X, X) < 1.X € TOQ}
Q
_ sup{/ wdiv(X')dvol : (X', X') < ", X' € TOQ}
Q

= / ¢" d|Du|.
Q

The proof is complete. ]

Remark 2.15. Indeed, from (2.4), we obtain

divy(X) = div(e" T X).

q0n+l

2.3. The convolution of functions and vector fields

Now we consider how to approximate a function and a smooth vector field in a sufficiently
small normal embedded ball in a Riemannian manifold.

Definition 2.16. Fix any point p in a Riemannian manifold M. Let exp,, be the exponen-
tial map near p. In the following, we identify 7, M with R”. There is a Euclidean ball
B, (0) centered at 0 in R” such that exp,,: B, (0) — B,(p) C M is a diffeomorphism. Via
the exponential map, we can identify B,(p) with B,(0). Moreover, the metric of M is
represented as

g = gij dx’ dx/,

with the coordinates in R”. Such ball B, (p) is called a normal (open) ball.
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Let ¢(x) be a symmetric smooth mollifier in R”, i.e., ¢(x) = ¢(—x), ¢(x) has a
compact support in the Euclidean unit ball B, (1) and

/Rn p(x)dx =1,

where dx is the standard Euclidean volume in R”.
Suppose W is an open set in R”. Let A(x) denote a measurable function on W and
let X denote a tangent vector field on W, written as

2.5) x=x
8xi
where {3/0x;}}_, is the standard orthonormal coordinate vector fields in R”.

Definition 2.17. Let 0 > 0 be a sufficiently small positive constant. Then ¢ * h(x), the
convolution of A(x), is given by

1 —
2.6) o * h(x) = / —o(FZ=2)hody. xew,
R O o

where we extend /& (x) outside W as h(x) = 0 for x ¢ W. For X in (2.5), @5 * X(x) is
defined as

.0
%*X(x)::(p[,*X’a—, xeWw.
Xi

A useful property about the convolution is

/ u(x) @y * h(x)dx =/ h(x) ps * u(x)dx.
R7 R”

Theorem 2.18. Let B be a normal open ball in a Riemannian manifold with a metric
g = gij dx' dx!. Let f be a nonnegative continuous function on B. Let h be a continuous
function on B and let X be a smooth vector field satisfying

h* 4+ (X, X)< f* inB,

where (-, -) is the inner product determined by g. Then, for any ¢ > 0 and any compact
set K C B, there exists o9 = oo(f, K, g, €) such that for all ¢ < oy,

W2(x) + (Y, Y)(x) < (f(x) +¢)? xeKk,
where det(g) := det(g;;), and
1

.7) h o= \/T(g) 9o * (v/det(g) h),
(2.8) Y = L 9o * (v/det(g) X).

v/ det(g)
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Proof. Let o1 be a positive constant less than the Euclidean distance between Q2 and K.
Since K is compact, for all ¢ < 07/2, the function 4’ in (2.7) and the tangent vector Y
in (2.8) are well defined for x € K C B.

Let &’ be a small constant, to be determined later. For any xo € K, there is a positive
constant 0 = 02(f, g, K,&’) < oy such that for all 0 < 02/2 and y, ¥’ € By, (20),

1
2.9 1 +e ,gl](y)<glj(y)<(1+‘9)gl](y)
(2.10) Vdet(®)(y) _
' y.y eBza(xo) Vdet(9)(y)
2.11) JO) = fO) +& fory.y' € Bag(xo).

Here By (x¢) is the Euclidean ball of x¢ with radius 20  in B. By Definition 2.17 and (2.5),
we have

1+¢,

i 1 i 8
(2.12) Y \/mcpg*(\/det(g X') and Y =Y — e

Fix any point y € By,(0). With a rotation we can assume that g;;(y) = o0 0%;, where
(0y1) is a positive definite matrix. By (2.8), (2.9), (2.10) and (2.12), for any 0 < 01/2, we
have

2.13) g YY) = m (60 * (/dot(g) o1 X )2 ()

(14 €)% (go * (0 XD ()
= (1+ &) (po * (gi; X' X7)(»)
<(1+¢&) g * (g X' X)) ().

IA

By (2.7), a similar derivation implies that
(2.14) (W) < (1 +€) oo 2.
Combining (2.13) with (2.14) and using (2.11), we obtain
() () + g Y'Y () < (1 + &) @5 % (B> + gi; X' X7)(y)
<(+) 05 x f2(y)
<A+ (f) +e)

Because K is compact, we can choose ¢’ small enough such that (1 + &')3(f(y) + ¢')? <
(f(y) +¢e)* forall y € B, (xo) and x¢ € K. For such fixed ¢, define o9 = 05( f. g. K. ¢').
Thus, for any x¢ € K, y € Bs(x¢) and 0 < 0¢/2, we have

W) + g Y'Y () < f(y) + &
The proof is complete. u

The following technical result will be very useful in the next section.
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Lemma 2.19. Let B be a normal open ball with a metric g = gj; dx! dxl. Suppose u is
in BV(B) and q(x) is a smooth function with compact support in B. Let X be a smooth
vector field on B satisfying (X, X) < 1. Then for any ¢ > 0, there is a positive constant
oo = 09U, g,q) > 0 such that for all o € (0, 0p),

(2.15) / @o * (qu) div(X) dvol < / u div(qYs) dvol —/ u({X,Vq)dvol + ¢,
B B B

where

1
\/W @o * (v/det(g)X)
and V q denotes the gradient of q on B. And we assume X = 0 outside B.

Proof. Note that dvol = /det(g) dx, where dvol and dx are the volume form of B with
respect to g and the Euclidean metric, respectively. Moreover,

div(X) dvol = divgr~ (1/det(g) X) dx,

where div and divg- are the divergence of B and R”, respectively. We also view B as
an open set in the Euclidean space R”. Thus, ¢, * (qu) is well defined if we choose
sufficiently small o. Then

/ @Yo * (qu) div(X) dvol = / @o * (qu) divgn (1/det(g) X) dx
B R
= [ ) dive s (V) X)) ) i
= / u(x) div(qYy) dvol — / u(Yy, Vgq) dvol,
B B
where

-—— 0 (i),

As a result, we have
/ u{Yy, Vg) dvol = / Ugij Po * (vdet(g) XV’ g dx
B R”
= / Xi(pg * (ug,-jqu) det(g) dx.
Rn

Since the set {X € TB : (X, X) < 1} is a compact set, there is a g9 = oo(u, g, ¢q) > O,
independent of any X satisfying (X, X) < 1, such that

—/ X"%*(ug,-,qu) det(g)dxf—/ Xiugijqu\/det(g)dx+£
R~ R~

= —/ u{X,Vqg)dvol + ¢
B

for all o € (0, 09). Combining the above two inequalities together, we obtain (2.15). The
proof is complete. u
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3. Area functionals and their C* approximation

In this section, we define product area functionals and conformal area functionals. Then
we obtain their C* approximation properties in Theorem 3.5. Our proof depends on a
decomposition result of Radon measures from the Besicovitch covering theorem in Rie-
mannian manifolds (see Theorem A.4).

3.1. The conformal area functional

Throughout this section let (N, o) denote a complete Riemannian manifold. For any & > 0,
we denote (N x R, €227/ (g 4 dr?)) by Q4 and (N x R, o + dr?) by O.

We write div and dvol for the divergence and volume form of N, respectively. Let €2 be
an open bounded set in N. Let Cy(€2) and Ty (£2) denote the sets of all smooth functions
and smooth vector fields with compact supports in €2, respectively.

Definition 3.1. Let u(x) be a measurable function on 2. The product area functional
&(u, Q) is defined by
3.1) F(u, Q) = sup{/ (h + u div(X)) dvol :
Q
heCo(Q), X € To, h? + (X, X) < 1}.

Let @ > 0 be a fixed a constant. The conformal area product functional Fg(u, 2) is
defined by

1
R, Q) = sup{ / oo (h 4+ div(X)) dvol :
Q o
heCo(Q), X € ToQ, h% + (X, X) < 1}.
The geometric motivation of the above two functionals is to generalize the area of the
graph of C! functions in corresponding manifolds.

Remark 3.2. If u is a C? function on Q that is the critical point of ¥ (u, 2), then u
satisfies the translating mean curvature equation H, (1) = 0 on €2, where

H div( Du )+ —
1= —div .
“ Y1+ Dul?’ T+ Dul?

Set K1 (2) as the set of all nonnegative functions with compact support in §2. For any
f € K1(Q), we define two nonnegative functionals:

3.2) Mo(f) 1= sup{ / (h + u div(X)) dvol :
Q
he Co(@), X € Ty, % + (X X) < f2(x),
(3.3) Mua(f) = sup{/ et (h 4 édiv(X)) dvol :
Q

heCo(R),X eToQ, h?> + (X, X) < fz(x)},



H. Zhou 12

for any a > 0. It is clear that both A,,,0(-) and Ay, o(+) are linear on K ™ (2). Rewriting the
definitions of F(u, 2) and &4 (1, ), we obtain the following equivalent definitions:

F, Q) :=sup{huo(f): f € KT (Q), f <1},
Fau, Q) 1= sup{luo(f): f € KT(Q), f <1}

In fact, the above two formulas are true for any open set in €2.
By Theorem 2.7, as in the case of BV functions, the above two formulas naturally
induce two Radon measures.

Theorem 3.3. Ler Q2 be an open set in N. Suppose u is in BV e, v () such that F(u, Q')
is finite for any bounded open set Q' CC Q2. Then

(1) there is a unique Radon measure (o on Q such that (') = Fu, '),
(2) there is a unique Radon measure iy on Q2 such that 1y (') = Fo(u, Q7).

Proof. Applying Theorem 2.7 on A, o(-) in (3.2) and A,, 4 () in (3.3), we obtain the exis-
tence of (o and wq. The two conclusions follow from (2.1). ]

Similar to the case of BV functions, the semicontinuous property is also valid for
%‘(u, Q) and %a(u’ Q)

Theorem 3.4. Let Q be a bounded open domain in N. Let u be in L'(Q2) such that
&, Q) and Fo (u, 2) are finite. Let {uy }po, be a sequence in LY(Q).

(1) Suppose {uy}32, converges to u in LY(Q). Then
&, Q) < lim inf F(ug, Q).

k—o00

(2) Suppose {e®"*}22 | converges to e*" in LY(Q). Then
Sa(u, 2) < lim inf Fy (ug, Q).

k—o00

(3) Suppose u is in BV(R2). Then the following estimate holds:
max{|Du|(2), vol(2)} < F(u, 2) < vol(R) + |Du|(R2),

where vol(2) denotes the volume of N.

Proof. The conclusion (1) and (2) follow from the definitions of ¥ (u, 2) and Fq (u, ),
respectively. The left inequality in (3) is obtained by letting # = 0 or X = 0 and taking
the supremum in (3.1). The right inequality in (3) is directly from the definition of BV
functions. ]

3.2. The C* approximation

In this subsection, we show the C* approximation property of |Du|(R2), &(u, Q) and
Fa(u, Q) as follows.

Theorem 3.5. Let Q be a bounded domain in N and suppose u(x) is in BV(S2).
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(1) Then there is a sequence {uy }p>, in C°°() such that {uy g2, converges to u in
LY(Q) and
lim |Dug|(2) = |Du|(2).
k—o00

(2) There is a sequence {uy }y>, in C*°(82) such that uy converges to u in LY(Q) and

Jim . 2) = F(u. Q).

(3) In addition, suppose o > 0 and that F,(u, ) is finite. Then there is a sequence
Wk tpe, in C°(2) such that {e*¥k}2° | converges to e*" in LY(Q) and

Jim o (e, 2) = G (1. 2).

Remark 3.6. The proof in Theorem 1.17 in [14] requires the existence of a well-defined
symmetric mollifiers on 2. See, for example, the definition of Q4 and (1.12)-(1.14)
in [14], p. 15. Such existence needs that the domain is contained in a large simply con-
nected domain in Euclidean spaces to define the distance function. This is not true for
arbitrary bounded domains in Riemannian manifolds. For the construction the sequence
of smooth functions converging to u(x), we need Theorem A.4 to decompose a bounded
domain into sufficiently small domains with a reasonable decomposition of |Du|.

Proof of Theorem 3.5. Our proof is divided into three cases.
The case of &(u, Q).

Because u is in BV(£2) and 2 is bounded, & (u, 2) is finite. According to Theorem 3.3,
there is a Radon measure ftq in Q satisfying i () = &(u, Q') for any open set Q' C Q.

By Theorem A.4, there is a collection of normal open balls {B;}72, such that Q C
(U?2, Bi, and there is an integer k (¢) > 0 such that {By, ..., By, }ffl) is a pairwise disjoint
collection satisfying the estimate

k(e) oo

(3.4) po(Q) —e <) po(Bi) < puo(Q), D po(Bi) <e
i=1 i=k(e)+1

Thus, there is a partition of unity {g; (x)}$2, subordinate to the above open cover. Namely,
gi € CS(Bi),0<¢q; <1and > ;2,¢; =1 on Q. Fix any smooth function / and any
vector field X with compact supports in 2 satisfying

(3.5) P+ (X, X)<1 onQ.

By the definition of the open normal ball, we can view B; as an open set in R” with the
metric g = g; dx*dx'. With the coordinate frame {9/ dxy Ji=; on R", X can be written
as Xk d/dxy on each B;. Moreover, on B;, we have

h? +gk1Xle <1

Choose any fixed positive number ¢. For each i > 0, one can choose o; > 0 such that the
support of ¢, * (1q;) (the convolution in (2.6)) is contained in B; and in such a way that

I
(3.6) | 190 % (g —uarlavor = .
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that
(3.7) (@ih)* + () (Yo Yo ) < 1 + 6
(by Theorem 2.18), and that

(3.8) / ¢o; * (ug;)div(X)) dvol < / u div(g; Y5, ) dvol —/ u(X, Vg;) dvol—i—g
B; Bi

i

(by Lemma 2.19). Here,
sk (y/det(g) X¥
Yk _ ga()'z ( (S (g) ) and Ygi — Ya-klak

% Jdet(g)

Define u, as
o0
Ue = Y oy * (Ugy).

i=1

Now (3.6) implies that
o0
(3.9) / |us — u|dvol < Z/ |9o; * (ug;) — ug;|dvol < e.
2 i=1"Bi

Thus, (3.8) implies

/ (g + 90, * (ugs) div(X)) dvol
B;
£

< / (hq; + udiv(g;Ys,)) dvol — / u(X. Vg;) dvol +
B;

B;

&
< (1 + &)po(Bi) —/ u(X, Vgi) dvol + 5

i

Combining the partition of unity with (3.4) yields

(3.10) /g(ﬁ + u, div(X))dvol < (1+2) > po(Bi) + & < (1 + &) (1o(Q) + &) +&.

i=1

Here,
oo
Z/ u(X, Vg;)dvol = 0,
i=1 i

because Y ;o ¢i(x) = 1 on Q. Taking the supremum for all h, X satisfying (3.5), we
conclude that

3.11) F(1te, Q) < (1+ &) (Fw, Q) + &) +e.

Now take a sequence g — 0 as k — 0o. By (3.9) and (3.11), we obtain a smooth sequence
{ug, 7=, such that {ug, }?2 | converges to u in L' and

lim sup F(ug, ., 2) < Fu, Q).
k—o00

By Theorem 3.4, we have limy_, o inf F(ug, , Q) > &(u, ). Therefore, the limit holds
and {ug, }72 , is the desirable sequence. We obtain the conclusion (1).
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The case of |Du|(S2).

The proof of the conclusion (1) is similar to that of the conclusion (2) if in the whole
derivation we take & = 0. From Definition 2.1, we obtain the conclusion.

The case of Fq(u, Q).

The idea to derive the conclusion (3) is also similar to the proof of the conclusion (2)
except from the construction of the approximating sequence.

By Theorem 3.3, there is a unique Radon measure g, on 2 such that u, () =
& (u, Q') for any open Q' CC Q. Moreover, iy ($2) is finite. Fix ¢ > 0. By Theorem A 4,
there is a collection of open sets {B;}$2, such that each B; is an open normal ball in €2,
with @ C (J72, B;, and there is an integer N(¢) such that {Bj, ..., B,,}f-vz(i) is a pairwise
disjoint collection with the estimate

N(¢e) o)
(3.12) Ha(Q) =& < ) pa(B) < pa(Q), Y pe(Bi) <e.
i=1 i=N(e)+1

Choose & in Cp(£2) and X in T2 satisfying
h?+ (X, X) <.

Each B; can be viewed as an open set in R” with the metric g = gg; dx* dx’.
On each B; assume X = X*9;. Then

h2+gk1Xle <.

Let {g; (x)}$2, be a partition of unity subordinate to the cover {B;}72,. For eachi > 0,

we can choose o; > 0 such that

(3.13) 0o, % (€¥%q;) — e g;| dvol < —,
B 2
(3.14) (@ih')? + (@) gu Yo Vs, < 1+,
(3.15) / @o; * (€*"g;) div(X)) dvol
B;

< [ e*™div(q;Ys)dvol — | e*"(X,Vg;)dvol + L.
B ' B 2!

Here,

yk _ o * (Vdet(g)X*) @, * ({/det(g)h)

W= N 00 and Yy, = YO

Jdet(g) /det(g)

The proof of the above arguments is similar to that of the case of & (u, ), just replacing u
with e**. In particular, (3.15) is from Lemma 2.19.
Now we define u; as

o0
M = o, * ().

i=1
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This is well defined because the right-hand is a finite positive summation at any point x
in 2. According to (3.13), we have

o0
/ |e*¥e — e**| dvol < Z/ |@s; * (i) — e*¥g;| dvol < e.
@ i=17Bi
Replacing u with e®¥ in (3.8) and repeating the same reasoning, we obtain
(3.16) / @o; * (€*"g;) div(X)) dvol = / (e*" div(q; Ys,) — e (Y5,;, Vgi)) dvol.
B; R~
On the other hand,

(3.17) / @o; * (€ qi) h dvol:/ Wo; * (e qi)h det(g)dx:[ @;e® h' dvol,
B; B;

VYo, *(Vdet(g)h)
/det(g)

o0
/Q eUe (h + édiV(X)) dvol = ; /Bi Po; * (ewqi)(h + édiV(X)) dvol

< Z / q,h + — d1v(q, Y[,l)) dvol — l/

i=1 B;

where i/ = .By (3.16) and (3.17), we compute

1 e
“¥(X, Vg;)dvol + &2—1}

&
s(l+e)Zua(Bi)+5-

i=1

The first term in the last inequality comes from (3.14) and the definition of F (1, B;). The
second term is due to (3.15) and the fact Zf’il ¢; = 1 on Q. Putting the assumption (3.12)
into the above estimate yields that

/ oo (h+ldiv(X)) dvol < (1 + &) (1a(R) + &) + = = (1 + &) (Fa (U, Q) + 8) + —-
Q o o o

Now we arrive at a similar position as in (3.10) when we show the conclusion (1). Thus, a
similar derivation yields the conclusion (1).
The proof of Theorem 3.5 is complete. ]

4. Miranda’s observation

In this section, we study the relationship between area functionals and the corresponding
perimeter in conformal product manifolds.

We still assume that (N, ¢) is a complete Riemannian manifold. For any o > 0, Qg
denotes (N x R, e2*"/" (g 4 dr?)) and Q denotes (N x R, o + dr?). For a function u(x)
over a domain €2, its subgraph is the set {(x,#) : x € Q,¢ < u(x)}.

Our purpose is to show Miranda’s observation, which says that the conformal func-
tional &q(u, ) corresponds to the perimeter and if a BV function locally minimizes
&a (-, ), its subgraph locally minimizes its perimeter in Q2 x R.
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4.1. Some conventions on the perimeter

Recall that the perimeter of a Borel set £ in any open domain is |DAg|(2), where Ag is
the characteristic function of E. In the following we also write it as P(E, ) with some
lower index.

The perimeter and other properties of a Caccioppoli set are unchanged if we make
alternations of Lebesgue measure zero. In other words, we only concern about the equiv-
alence classes of a Caccioppoli set.

The following result extends Proposition 3.1 in [14] with exactly the same proof via
the Nash embedding theorem.

Proposition 4.1. Let M be a complete Riemannian manifold with dimension n (n > 2).
For any x in M, let B, (x) be the ball in M centered at x with radius r. Let inj(x) denote
the injectivity radius of x, i.e., the supremum of r such that By (x) is an embedded normal
ball in M. If E is a Borel set in M, there exists a Borel set E equivalent to E (that is,
differs only by a set of H" measure zero) such that

4.1 0 < H"(E N By(x)) < vol(B,(x))

forall x in dE and p in (0, inj(x)). Here K" is the n-dimensional Hausdor{f measure.

In the remainder of this paper, we always assume (4.1) holds for any Caccioppoli set.

4.2. The perimeter of subgraphs

The following result extends Theorem 14.6 of [14] in Euclidean space into Q and Q. It
is the first fact of Miranda’s observation.

Theorem 4.2. Suppose Q2 is a bounded Lipschitz domain. Let u(x) be a measurable func-
tion on 2 and let U be its subgraph.

(1) If uis in BV(R2), then &(u, 2) = P(U, 2 x R).
(2) If @ > 0and e*™ is in BV(R2), then §q(u, Q) = Py (U, Q2 x R).
Here P and P, denote the perimeter of Q and Qq, respectively.

One side of the equality above is easily obtained via the semicontinuous property.

Lemma 4.3. Take the assumptions and notation in Theorem 4.2. Then
Po(U, Q2 xR) < Fo(u, Q) and PU,Q xR) < F(u, Q).

Proof. We only show the case of Q for @ > 0 because the same derivation will yield the
case of Q.

Assume u is in C'(Q). Thus, its subgraph U has a C'! boundary. By [14], the perime-
ter of a Caccioppoli set is just the volume of its boundary. Namely,

Po(U, Q2 xR) = / e /1 + |Du|? dvol.
Q

This gives that
Py (U, Q2 x R) = Fo(u, Q).
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Next suppose e** belongs to BV(2). Thus, &4 (1, ) is bounded. By Theorem 3.5, there
exists a smooth sequence {u;}72, in C°°(2) such that {e*"/}°2 converges to e )
in L'(Q) with

lim Fo(ui, 2) = Fo(u, Q).

1—>00

Let U; be the subgraph of u; for any i. It is easy to see that {1y, }$2, locally converges

i=1

to Ay in L'(Q x R). By the semicontinuity in Theorem 2.4, we obtain

Pe(U, 2 xR) < lim infPy(U;, Q2 x R) = lim infFq(u;, Q) = T (u, Q).
i—00 i—>+o00

The proof is complete. ]

Now we are ready to show Theorem 4.2. Our proof is similar to that of Theorem 14.6
in [14].

Proof. Our proof is divided into two cases: (a) u(x) is uniformly bounded and (b) u(x)
is in the general case. In the following, o > 0.

Suppose we are in the first case. There is a T > 0 such that =7 < u(x) < T on .
Choose h € Co(2) and X € Tp(2) satisfying

(4.2) e—2a(T+1)/n(h2 +(X, X)) <1,

where (, ) is the inner product on N.

Let n(r) be a smooth function on R with its support in [—(T + 1), supg u + 1] such
that n = 1 in [T, supg u] and |n(r)| < 1. Let n;(r) be a smooth function with a compact
support on R satisfying 1 (r) = e~ C+T+D/% on [—(T + 1), (T + 1)]. Now we define a
smooth vector field

X" =mn(r)n(r)(ho, + X),
with compact support on Q. Moreover, X’ satisfies
(X'.X)o, = e 22TV p2(r) (h? + (X. X)) < 1.

o

Here (-, -) g, is the inner product of Q.

Let dvoly and dvoly be the volume forms of Q, and N, respectively. They are related
as follows:

4.3) dvoly, = @07/ qyoly dr.

We denote the subgraph of u(x) by U. Note that X’ has compact support in 2 x R. Thus,
the definition of the perimeter implies

“4.4) Py (U, Q2 xR) > /

Qx

Ay divg (X') dvoly.
R

From the definition of 11 (r) and n(r), we have

(4.5)  X'Ldvoly = e T D) 6% ((=1)"h(x) dvoly + XL dvoly dr).
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This yields that
(4.6)  divg(X')dvoly = d(X'Ldvoly) = e *TTD/" (5(r) ¥") h(x) dvoly dr
+ e @ TH+D/ngar (1) div(X) dvoly dr.

‘We observe that

u(x)
/ (n(r)e*") dr = ()

—00

Therefore, we conclude
u(x) au(x) C >0
/ erar= 0 /T a0
—o0 u(x) + C, a=0,

where C is a fixed constant. Denoting

Fy, = / Ay divg(X') dvol ,
QxR

we obtain

o

/ e—@T+D/n (e"‘“(x)h(x) 4 e diV(X)) dvoly, o >0,

Fin = e

/ (h(x) 4+ u(x) div(X)) dvoly, a=0.
Q

Combining (4.4) with (4.2), we conclude that

Py (U, Q2 x R) > sup Fihn = §a (1, RQ), « >0,
h,X satisfying (4.2)

and P(U, 2 x R) > &(u, Q) for |u| < T. By Lemma 4.3, we conclude Theorem 4.2 in
the case that u is uniformly bounded .
Next we show the general conclusion when u(x) is not bounded. For any 7" > 1, define

ur(x) := max{min(u(x), T),—T}.

Since u € L'(R2) and R is bounded, u7 converges to u(x) in L'(2) as T — +o0. Let Ur
be the subgraph of u7. By Proposition 2.8 in [ 14], there are two important facts about these
subgraphs. By Lemma 2.11, the variation of Ay, in Q and Q take the following forms:

4.7 |D/\UT|Q(SZX{j:T})=/ dvoly,
Qr

(4.8) IDAu; |0, (2 x {£T}) = / ™) dyoly .
Qr

Here Q7 is the set {x € Q : |u(x)| > T}. In the case of Q, the fact that u € L'(Q) and Q
is bounded implies that vol(£27) converges to 0 as T — +o00. A similar derivation yields

lim ™ dvoly =0
T—oo Jor
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because e®*™) belongs to L' (£2). Notice that
Py(U,Q x (=T, T)) =Py (Ur, 2 x (—T,T)).
By (4.8), the decomposition of P, (Ur, 2 x R) implies that

lim Py (Ur,Q x R) = Po (U, Q x R).
T—o00

Thus, applying the first case, we arrive at

Py (U, Q2 xR) = TEIEOOPQ(UT, QxR)= TEI}:OO SaUr, Q) > T (u, 2).

By Lemma 4.3, we conclude
POt(Uv Q X R) = %‘(X(uv Q)

whenever ¢®*®) is in BV(2). This is the conclusion (2).
The proof of the conclusion (1) also follows a similar derivation via (4.7). Our proof
is complete. ]

As an application, a comparison result between Fq (1, 2) and |Du|(2) is stated as
follows.

Corollary 4.4. Suppose u is a measurable function on Q2 with |u| < T such that Fq (1, )
is finite. Then
Fa(u, Q) = e T max{vol(Q), [Du|(R)}.

Proof. Let U denote the subgraph of u in 2 x R. By Theorem 2.13 and Theorem 4.2, we
have

Balt. @) = Pa(U.2 xB) = [ e dDAulg
QxR

> e TPU, Q2 xR) = e *TF(u, Q).

For the inequality, we use the fact that the support of the Radon measure |[DAy|g is
contained in the graph of u. The conclusion follows from Theorem 3.4 (3). ]

4.3. The minimizing perimeter property

In this subsection, we will show the second fact of Miranda’s observation. According to
Giusti [13], Miranda [23] first observes this phenomenon in the case of product manifolds.
Now we generalize it into the case of Q.

The following result is similar to Theorem 14.8 in [14].

Lemma 4.5. Let Q2 be an open domain in N. Let F C Q4 be a Caccioppoli set satisfying
forae xinQ, Ap(x,t) =0forallt > Tx and Ap(x,t) = 1 forallt < —Ty, where Ty
is a positive constant depending on x. Then the function w(x) satisfying

k
%™ — o lim (f e‘”)tp(x,t)dt)
k—>+oo\ J_k
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is well defined and
Fa(w, Q) <Py (F,Q x R).

Here P,, denotes the perimeter of Q.

Proof. By the assumption, w(x) is well defined a.e. on €.
Suppose i € Co(2) and X € Ty(2) satisfy

4.9) 4+ (X, X) <1,

where (-, -) is the inner product in N.

Let n(r) be a smooth function such that 0 < n(r) < 1 with compact support in R.
Set X' = e~ *"/"n(r)(X + h(r)d,). Then (X', X')q < 1, where (-, ) denotes the inner
product of Q. By Definition 2.1, we have

(4.10) Py (F,Q xR) > / AF(x,7r)dive(X') dvoly,
QxR

where divy and dvoly are the divergence and the volume form of Q, respectively. Argu-
ing as in (4.3), (4.4), (4.5) and (4.6), we obtain

divy (X') dvoly = {(e*" n(r))'h(x) + " n(r) divy (X)} dvoly dr,

where divy is the divergence of 2. Thus, expanding (4.10) gives
o0
Py(F,Q x R) > / h(x){/ (€ n(r)) AF (x, 1) dr} dvoly
Q —00

+ [Q div(X){ /OO e* n(r)Ar(x,r) dr} dvoly.

—00

Replacing n(¢) with a sequence
{ﬂk () : 0 < ng < 1 with compact support }:;1

which converges locally uniformly to the constant function 1 on R as k — 400, we obtain

o

Py (F,Q x R) z/ﬁh(x){/_oo
+/;2diV(X){/oo e‘”)tp(x,r)dr} dvoly

—0o0

ae* Ap(x,r) dr} dvoly

— / a0 (h(x) +1 div(X)) dvoly.
Q o

Here we use the condition of A . Now taking the supremum of all /2 and X satisfying (4.9)
and applying the definition of 4 (-, 2), one sees that

Py(F,Q2 xR) > Fo(w, Q).

The proof is complete. u
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Definition 4.6. Let / be any fixed open interval in R and let Q2 CC B be two bounded
Lipschitz domains in N. We say that a Caccioppoli set E in B x [ has the least perimeter
in Q x I if for any Caccioppoli F subject to FAE CC Q x I, i.e., there is a closed
interval [a, b] CC I such that FAE C Q X [a, b], we have that

Po(E,B x 1) <Py(F,B x1I).
Here Py is the perimeter of Q,,.

Now we can conclude the second conclusion of Miranda’s observation in Q, men-
tioned in the introduction as follows. For the case & = 0, see Lemma 14.7 in [14].

Theorem 4.7. Let Q@ CC B be two open domains and o > 0 a fixed positive constant.
Let I be a bounded open interval. Let u be a measurable function on B satisfying u(x) € 1
for each x € B. Suppose Ko (u, B) is finite, satisfying

4.11) S, B) < Fa(v, B)

whenever their subgraphs U and V have the relation UAV CC Q x I. Then U has the
least perimeterin 2 x I.

Proof. Let F be a Caccioppoli set satisfying FAU CC 2 x I. Since U is a subgraph
of u(x), F should satisfy the condition in Lemma 4.5. Let w(x) be the function defined
as in Lemma 4.5. Thus, w(x) is contained in / for any x in 8. Let W be the subgraph
graph of w.

Due to the definition of F, we have WAU cc Q x I. By (4.11), we conclude that

Py(U, B xXR) = Fo(u, B) < Fo(w, B) < Pyu(F, B xR).
Since FAU ccC  x I, we obtain
Po(U, B xI) <Py (F,Bx1I).

By Definition 4.6, U has the least perimeter in Q x /.
This proof is complete. u

5. Existence of the generalized solutions

In this section, we propose a generalized solution to the Dirichlet problem of the TMCE
in (1.2). Our idea is to extend the Miranda—Giusti generalized solution theory in [14] into
the translating mean curvature equation case.

Throughout this section let (N, o) be a Riemannian manifold and let Q, be the con-
formal product manifold N x R with the metric e2%” /"(g 4 dr?). Here n is the dimension
of N. The definition of the generalized solution in our setting is given as follows.

Definition 5.1. Suppose 2 and B are two bounded Lipschitz domains in N with Q CC 8.
Let u and ¢ be two functions which may take infinity values, and let U and dsi be their
subgraphs over B, respectively. Suppose dsi is a Caccioppoli set in Q.

We say that u is a generalized solution to the Dirichlet problem of the TMCE in (1.2)
with boundary data v if U coincides with dsi outside 2 x R and U has the least perimeter
in Q x R.
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Remark 5.2. For the term “the least perimeter”, see Definition 4.6. In the following, we
always call the above u(x) a generalized solution for short if there is no confusion.

The main result of this section is stated as follows.

Theorem 5.3. Let @ CC B be two bounded, Lipschitz open domain in N. Let  be any
measurable function which may take infinity values in B such that its subgraph 9si is
a Caccioppoli set in B x R C Qq. Then there is a generalized solution to the Dirichlet
problem (1.2) with the boundary data .

Remark 5.4. The restriction on v (x) is not restrictive.

Suppose ¥ (x) € L'(32) and 9 is Lipschitz. With a similar derivation as in Propo-
sition 2.15 of [14], there is a function, still denoted by v (x), in BV(8) such that its trace
on 92 from © and B \ Q are ¥ (x). Thus, its subgraph dsi is a Caccioppoli set in Q.

Another interesting fact is that if ¢ (x) is continuous in d€2, the construction in Propo-
sition 2.15 of [14] implies that ¥ (x) is continuous in 8B \ €.

Note that the proof for the above facts in the case of Riemannian manifolds does not
give essential differences since all of them hold in the local sense.

Proof of Theorem 5.3. For any k > 0, we set

Y (x) := min{k, max{y(x), —k}}.

Let dsiy be the subgraph of ¥. Let P, denote the perimeter of Q.
From our definition, it is easy to see that

Py (0six, B x (—k,k)) = Py(0si, B x (—k,k)) < o0
for any k > 0. By Proposition 2.8 in [14], we have the following estimate:
IDAgsic| 0. (B x {k}) < e voly (B).

Here voly is the volume of N. Let Ag denote the characteristic function for any Borel
set E. Because Ajg;, is a constant outside B x [k, k],

Py (3six. B x R) = [DAasi, 0, (B x {£k}) + Py (dsiy. B x (k. k)) < oo

is finite.

By Theorem 4.2 (2), this implies that F (Y, B) is finite. By Corollary 4.4, the fact
that | (x)| < k yields Y, € BV(B).

We consider the following minimizing problems for each positive integer k:

5.1 WS min{%‘a(u,%) cu € BV(B), |u| <k,u =1y, onB\ Q}

By Corollary 4.4, oy is finite for each k. Let {u; ¢ };";1 be the sequence in BV (£2) satisfy-
ing |uj| < k,u = Yy onB \ Q such that

—]>ir—il-]oo SaWji, B) = a.

J
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Again by Corollary 4.4, we have
max{|Du; ¢ |(B): j =1,...,00} < C(k, ).

By the compactness of BV functions, there is a subsequence of {u;}72,, still denoted
{uj,k}}?‘;l, such that u; ; — ug in L1(B) as j — +o0. Note that {e**/ }}";1 also con-
verges to e*¥¥ in L' (B). By the semicontinuous property of &y (1, B), we have

ok < FaWUi,B) < lim inf Fy (u;,B) = o,
j—o00

with the property
lugl <k, ux=vyr onB\Q.

Then we conclude that for each positive integer k&,
8ok, B) = .

Now let Uy, be the subgraph of uz in 6 x R C Q, for each k. Combining (5.1) with
Theorem 4.7, we conclude that Uy has the least perimeter in Q x (—k, k).

Fix any T > 0. Let Ej be the set dsix U Q x (=T, T). Thus, Ex AU, CC Q x (—k, k)
whenever T < k. Consequently,

Po(Ug, B x (=T.T)) = Po(Ug, B x (k. k))
<Py(Er, B x(=T,T)) + volg(d(2 x (—T,T)))
= Py (0hi, B x (=T, T)) + volu(0(2 x (=T, T))).

Here voly, is the volume of Q.

Notice that the last line above is a positive constant only depending on 7'. Thus, the
perimeter of the sequence {Uy }2, is uniformly bounded on each open 8 x (=T, T) for
each 7' > 0. Arguing as in Lemma 16.3 of [14], we can extract a subsequence, still denoted
by uy, converging almost everywhere to a measurable function u(x) in 8. Note that u(x)
may take the infinity value. Let U be the subgraph of u(x). It is clear that U coincides
with dsi, the subgraph of ¥ (x) outside Q x R.

Fix any ko > 0. By the definition of uj and v, for any k > kg, Uy coincides with U
in (B \ Q) x (—ko, ko), which is dsi. Thus, the condition (b) of Lemma 5.5 below is
satisfied. Moreover, the condition (a) and (c) are obviously satisfied. By Lemma 5.5, U
has the least perimeter in Q x (—kg, ko). Because we chose arbitrary ko > 0, U has the
least perimeter in  x R.

It follows that u(x) is the desirable generalized solution of the Dirichlet problem (1.2)
subject to the boundary data v (x). The proof is complete. ]

We say that a sequence of Borel sets {Uy }7~, converges locally to U as k — +o00 in
an open set Q if limg_ o [, [Ay, — Av|dvol = 0 for any compact set A in . Here A
denotes the characteristic function.

Lemma 5.5. Let 2, B be two bounded domains with the property Q@ CC B. Let I be any
bounded open interval. Suppose the following hold:
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(@) {ur(x)}pe, is a sequence of measurable functions on 8 which takes possible infinity
values such that their subgraphs {Uy }72 | converge locally to U in Bx 1.
(b) In Qu, limy s 4 o0 Pa (U, (B\ Q) x I) = Po (U, (B \ Q) x I).
(c) Foreachk >0, Uy has the least perimeter with respect to the variation in Q x I C Q.
Then U has the least perimeter in Q@ x I C Q.

Proof. From conditions (a) and (b), Theorem 2.11 in [14] implies that for any compact
set Ain 02 x R,

k—+o00

(5.2) lm,/WH&—ﬂUM%”:Q
A

Here " is the n-dimensional Hausdorff measure in Q,, and 77 is the trace on 022 x R
from (B \ Q) x R.

We write I for (a,b). Suppose F is a Caccioppoli set satisfying FAU CC Q x (a,b).
Then there is a sufficiently small &g > 0 such that FAU CC Q x (a + €9, b —go),

(5.3) DAy, |0, (B x {k}) =0, |DAy|g,(B x{k}) =0
and (by condition (a))
54 lim |T2U — U | dH" =0,

k—+o00 JQx{k}

where 75 is the trace on Q X {«}, k is equal to a + &g or b — g¢9. By (5.3), there is no dif-
ference on the trace on 2 x {«} from its upper side or its down side. Moreover, with (5.3)
the condition (b) gives that

(5.5) kliT Po(Ur, (B\ Q) x (a + €0,b —&9)) = Po (U, (B \ Q) X (a + 0. b — €9)).

For a proof, see Proposition 1.13 in [14]. Now define Fj as

(5.6) &Z{F in Q x (a4 €0,b — o),

U outside Q x (a + €9, b — &9).
The above definition implies that Fx AU, CC QxI. By condition (c), we have
Py(Ug, B x I) < Py(Fr, B x I).
Let 73 be the trace on 92 x I from Q2 x . By Lemma 2.11 and (5.3), we have
Po(Ug, B x (a + €0, b — €9))
< Pu(F.Q x (a4 g9.b — 0)) + Po(U. (B \ Q) X (a — £, b + o))

+f \Tidy, — Tahr|dH”
0Qx(a+eg,b—¢p)

+ |T2hu, — Tohul dIe".

k=a+eo,b—eg S2x{x}
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We consider the limit as k — oco. By (5.4), the limit of the fourth term above is 0. By (5.2),
the limit of the third term is

/ |TiAu — T3Ap|dH".
Q2 x(a+eg,b—eo)

With the above conclusions, applying (5.5) and (5.6), the semicontinuous property gives
that

Py (U, B X (a + g9,b — €9)) < Po(F,Q X (a + g9,b — &9))
+ P (U, (B \ Q) X (a — €9, b + &9))

+/ |TiAy — T3AF|dH"
0Q2x(a+eo,b—e0)
=Py (F, B x (a + 9, b — &p)).
Because FAU ccC  x (a + €9,b — &), we have
Po(U, B xI) <Py (F,Bx1I).

Recall that we choose F arbitrarily satisfying FAU CC Q x I. Thus, U has the least
perimeter in €2 x /. The proof is complete. ]

6. Regularity of the infinity sets

After obtaining the existence of a generalized solution in (1.2), it is necessary to describe
the regularity of sets that the generalized solution takes infinity values. Such regularity is
a preliminary to deduce the NCM condition under which those generalized solutions give
the classical solutions as those in [13, 14] in the next section.

6.1. Almost minimal set

We shall recall some basic facts on almost minimal sets for later use which generalize
the concept of minimal sets. We shall see both of them share many important regularity
properties. The papers of Duzzar—Steffen [6], Tamanini [27] and the book of Maggi [22]
are our main references. Although their results are discussed in the Euclidean space, most
of their results hold in Riemannian manifolds without any essential modification of their
proofs. For example, see [26].

Definition 6.1. Let W be an open set in an (n + 1)-dimensional Riemannian manifold M .
Suppose the injectivity radius of W in M is positive, written as injy,. Let E be a Cacciop-
poli set in W. We say E is a (¢, f)-almost minimal set in W if

P(E, By(x)) < P(F, By(x)) + cp" %

for every point x in any compact set A C W, any Caccioppoli set FAE CC B,(x) and
any p < min{injy,, dist(x, M \ W)}. Here B € (0, 1/2] is a given constant, ¢ is a positive
constant depending on W and P is the perimeter of M.

The boundary dF (see Proposition 4.1) is called almost minimal boundary. If ¢ = 0,
dFE is called the minimal boundary and E is a minimal set.
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Remark 6.2. We always take the convention in Proposition 4.1. That is, for any Cacciop-
poliset E and all x € 9E, we have 0 < #"(E N B,y(x)) < vol(B,(x)) for any sufficiently
small p such that B,(x) is an embedded ball.

One important example of almost minimal boundaries is the boundary of smooth
domains in their sufficiently small neighborhood. Our proof is essentially due to Exam-
ple A.1 in Appendix A of [7] by Eichmair, and applies the fact that a C? boundary has
locally bounded mean curvature.

Lemma 6.3. Let 2 be an open set in a Riemannian manifold M. Suppose T' C 02 is
a C? connected hypersurface in M. For each point xqy in T, there exists an open set W
near xo such that Q is a (¢, 1/2)-almost minimal set in W. Here c is a positive constant
determined by x and T'.

Proof. Our proof is exactly the same as that of Example A.1 in [7] by Eichmair, based on
the following two reasons. First, since I" is C 2 we can construct a C2 foliation near T’
and I' is one of its slices. This gives a vector field with a bounded divergence. Second, we
notice that

Myw B[[U]]) = P(U. W),

where U is any Caccioppoli set and W is any open set, and M denotes the mass of an
integral current d[[U]] induced by U'. |

Next we define the regular set of the boundary of a Caccioppoli set.

Definition 6.4. Suppose F' is a Caccioppoli set in a Riemannian manifold G. Define the
regular set

reg(0F) := {x € 0F : 3p > O such that 0F L B,(x) is a clp graph for some 8 € (0, 1)}.

The singular set of dF is its complement in dF', written as sing(dF').
The following two facts about almost minimal boundaries are standard.
Theorem 6.5. Fixn > 2. Let F be a (c, B)-almost minimal set in an open domain Q with

dimension n + 1.

(1) (See Theorem 1 in [27], Theorem 5.6 in [6], and Theorem 28.1 in [22]). The Haus-
dorff dimension of sing(dF) is at most n — 7. In the case n = 7, sing(dF) consists
of isolated points.

(2) Forany compact set K C F, there exists ro := ro(K) > 0 such that for all r € (0, 1),
we have By, (x) C Q2 and

H"TY(F N B, (x)) = Cr"t! forall x € K N JF,

where C is a positive constant only depending on ro and the metric g on K. Here
H L is the (n + 1)-dimensional Hausdorff measure in Q.

The proof of the conclusion (2) above is exactly the same as that of Proposition 5.14
in [14] if we take ro as small as possible. Thus, we skip the details here.
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6.2. The property of the infinity sets
Recall that the mean curvature of a smooth boundary is defined as follows.

Definition 6.6. Let W be an C? open domain in a Riemannian manifold M. Let ¥ be the
outward normal vector of W . The mean curvature of W, Hyw, is div(¥). If Hypy > 0
we say that W is mean convex.

With the above convention, the mean curvature of the unit sphere in R”*! with respect
to the normal vector is 7.
For a generalized solution, we define the infinity sets as follows.

Definition 6.7. Let Q2 CC ‘B be two bounded open Lipschitz domains in a Riemannian
manifold N satisfying 2 CC B and let ¥ (x) be a measurable function taking possible
infinity values on B such that its subgraph dsi is a Caccioppoli set in Q. Let u(x) be a
generalized solution to the Dirichlet problem (1.2) with boundary data ¥ (x). Define the
infinity set P and P_ in Q2 as follows:

Py :={x e Q:u(x)=4o0},
P_={xeQ:ulx)=—o0}.

Under the mean convex condition, the infinity sets have the minimal property in Qg
as follows.

Theorem 6.8. Fix n > 2. Suppose Q, B, ¥ (x) and u(x) are as given in Definition 6.7.
Moreover, assume Y (x) is continuous on B, Q is an n-dimensional C? mean convex
bounded domain. Then in the closure of 2, P+ and P_ are two Caccioppoli sets such
that their boundaries are closed, embedded and minimal hypersurfaces with a singular
set of which the Hausdorff dimension is at most n — 8. In the case n = 8, such singular
set is a collection of isolated points.

Remark 6.9. The above result is similar to that in [13] when Giusti considered the exis-
tence of graphs with prescribed mean curvature function. This indicates that if Py is not
empty, then €2 does not satisfy the NCM condition in Definition 1.1 (Definition 7.1). As a
result, we shall expect the NCM assumption will exclude the existence of P+ in the above
setting.

Proof of Theorem 6.8. Since the proof of the conclusions about Py and P_ are the same,
we only present the details for P .

Because Q is C2 bounded and v (x) € C(9Q), from Remark 5.4, we can assume
that ¥ (x) is uniformly bounded on B \ 2. For any j € R, define u;(x) = u(x) — j
on B and let U; denote the subgraph of u;(x) in 8 x R. Next we define u(x) on B as
Uoo(X) = +00 on Py and uge(x) = —oo on B\ P,. It is easy to see that the subgraph
of U, Written as U, is the set Py x R.

Fix any bounded open interval /. Letting j — 400, a direct computation yields that

(i) Uj locally converges to Uy, in 8 x R,
(i) 1imj_ oo P (U;, (B \ Q) x I) = 0 and Pg(Ueo, (B \ Q) x I) = 0.
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For any fixed constant ¢, consider the map 7.: Qo — QO given by
Te(x,r) =(x,r +c¢).

We denote the metric ¢2"%/" (¢ + dr?) by g. Observe that

Tc*g — e2ac/ng'

As aresult, for any open set and any Caccioppoli set F',
6.1) e Py (F, W) = Po(T; F,T;W) foreach j.

Recall that the subgraph U of u(x) has the least perimeter in Q x R. Fix any bounded open
interval /. By the fact that 7;(U) coincides with U; and from (6.1), a direct verification
shows that

(iii) for sufficiently large j, U; has the least perimeter in QxI.

From conditions (i)—(iii), Lemma 5.5 gives that U, has the least perimeter in QxI.
This implies that the set Uy, P+ X R, has the least perimeter (with respect to the metric g)
in 2 x R.

Since 2 is bounded, C2 and mean convex, there is a positive constant x such that for
the mean curvature of 0€2, we have [Hyq| < k on Q2. By Lemma 3.3 in [31], we have

Hi g (X, 7) = e™*/" Hyo (x).

Here H* means the mean curvature of Q2 x R in Q,,.

Fix any point p in 2 x R. By Lemma 6.3, there is a bounded neighborhood W,
of p such that 2 x R is a (u, 1/2)-almost minimal set in W,. Here p is a constant only
depending on the mean curvature of d€2 x R. Choose any open ball B, in W), with radius r
and any Caccioppoli set F satisfying FA(P+ x R) CC B,. Then

(6.2) Py (2 xR, B,) <Py (F U (2 xR), B,) + pur"t1.
Since P4 x R has the least perimeter in Q x R, we obtain that

(6.3) Pu(P+ X R, B;) < Pu(F N (2 xR), B;).

By Lemma 15.1 in [14], the above two inequalities give that

(6.4) Po(P+ xR, B,) < Py(F,B,) + ur"tt.

Asaresult Py x Ris a (u, 1/2)-almost minimal set in W}, for any p in (02 N P4 ) x R.

Recall that P1 x R is a minimal set in 2 x R. Applying Theorem 6.5 (1), the singular
set of dP4 x R, sing(dPy+ x R), has Hausdorff dimension at most n — 7.

Moreover, in the case n = 7, sing(dP+ x R) should consist of isolated points. In this
case, if sing(dP+) contains a point p, then the line {p} x R belongs to sing(dP+ x R).
This is impossible. Thus, for n = 7, sing(dP+ x R) is also an empty set.

Define the projection 7: N x R — N as w(x,r) = x. We have

(sing(dP+ x R)) = sing(dP+) and m(reg(dP+ x R)) = reg(aPy).

By the Fubini theorem, sing(dP+) is empty for n < 7 and has Hausdorff dimension at
most n — 8.
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Now we discuss the case of n = 8. The Hausdorff dimension of sing(dP) is zero.
We follows the proof of [22], Section 28.5. Suppose there is a sequence of points {x; }72
in sing(dP4) that converges to x € sing(dP). Fix any px = (x, 0) in sing(dP+ x R).
Near x, we can view dPy as an open set in R®, and thus dPy x (—¢, ¢), for a small
positive ¢, is contained in R®. Let r; = d(x, x;), where d is the distance of N and E; =
{(p — px)/r; € 0P4 x R}. It is well known that, as j — 400, E; will converge to a
singular minimizing cone K in R® up to possibly choosing a subsequence. Now write
R® = {(x,r) : x € R, r € R}. Let 9, be the vector field in R® along the r-direction. In
the regular part of E;, we have (v, d,) = 0 with respect to the Euclidean space. As a result,
in the regular part of K we also have (v, d,) = 0. Therefore, K is K’ x R, where K’ is a
singular minimizing cone in R8. Moreover, ((x;,0) — (x,0))/r; converges to (z,0) in K’
with z # 0 € K. Thus, there is a line in K’ in RS, By Theorem 28.11 in [22], there exists
a singular minimizing cone in R7. This is a contradiction. Thus, for n = 8, sing(dPy)
consists of isolated points.

In summary, the singular set of dP4 has Hausdorff dimension at most n — 8. In the
case n = &, it is a collection of isolated points.

The remainder of the proof is to show that the regular part of 9Py x R is minimal. Let
p € reg(dP4 x R). First, we assume p = (x,r) isin  x R. Thus, H‘é‘PMR = O near p,
where H” is the mean curvature in Q. On the other hand,

(6.5) HEp g (p) = e Hyp, (x).

Thus, the regular part of P+ in €2 is embedded and minimal.

Second, assume p is in 92 x R. Let S, be the local scaling centering at p, that is,
Sa(z) = p + (z — p)/a for any z in some ball B,(p), a > 0. By Theorem 9.2 in [14],
Sa((P+ x R) N B,(p)) will converge locally to a minimizing cone with vertex at p in
R**1 as ¢ — 0. On the other hand, 92 x R is C2? and P, x R is contained in Q x R.
Thus, such minimizing cone is contained a half space in R”*!. By Theorem 15.5 in [14],
it is a half space. From the Allard regularity theorem, dP4 x R is a C'"'/2 graph near p.

The least perimeter property of Py x R implies that H‘gP+ <k = 0 with respect to the
outward normal vector of P4 X R in the Lipschitz sense. By the mean convexity of €2,
Hf, g = 0 near p with respect to the outward normal vector of  x R. Since dP1 x R
is tangent to 02 x R at p, the classical maximum principle (for example, see Appendix A
in [10]) implies that H%‘P+XR = O near p. As aresult, P+ x R is smooth near p. By (6.5)
we obtain that Py is embedded and minimal near x in d€2. This indicates that the regular
part of 0P, is embedded and minimal. The closeness is obvious.

Thus, we obtain the conclusion. The proof is complete. ]

7. Existence of classical solutions

In this section, we define the NCM assumption and obtain classical solutions from a
generalized solution to the Dirichlet problem of (1.2) under the mean convex and this
assumption.

Definition 7.1. Suppose €2 is an n-dimensional bounded Riemannian manifold with Lip-
schitz boundary. We say that €2 has the non-closed-minimal (NCM) property if its closure
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does not contain any Caccioppoli set E such that its (essential) boundary JF is a closed
embedded minimal hypersurface with a singular set S of which the Hausdorff dimension
is at most n — 8. For n = 8, we require that S is a collection of isolated points.

Recall that

Ha(u):z—div( Du )+ ¢

V1+Dul2/  /T+ Dul?’

and that the main result of this paper is Theorem 1.2.

7.1. The interior regularity

First, we show the interior regularity of locally bounded generalized solutions to the
Dirichlet problem in (1.2).

Theorem 7.2. Fix « > 0. Suppose u is a locally bounded generalized solution to the
Dirichlet problem in (1.2) on Q with continuous boundary data v in 0. Then u is smooth
on 2 satisfying Hy(u) = 0.

Remark 7.3. Notice that we cannot apply Theorem 14.13 in [14] because the area func-
tional o (1, 2) is not convex among BV functions. Note also that changing the value
of u(x) on a measure zero set does not change the property of the perimeter and general-
ized solutions. Here we choose a representative in the equivalent class of u (different with
the value in a zero-measure set) which is smooth.

Proof. Notice that our conclusion is not affected by the boundary data. Without loss of
generality, we assume that

(7.1) u(x)| <p onQ,

for some positive constant (L.

Let U be the subgraph of u(x) in Q4. By definition, U locally minimizes perimeter
in 2 xR C Qg. Let n be the dimension of 2.

Let sing(dU) be the closed singular set of U in & x R. Then, by Theorem 6.5 (1), the
Hausdorff dimension of sing(dU) is at most n — 7. Thus, the regular part of dU is a con-
nected, open smooth hypersurface in €2 x R. Here the smoothness follows the regularity
of minimal hypersurfaces.

Let S be the projection of sing(dU) into 2. Set 2; = Q \ S. Let 3; be the restriction
of dU on €21 x R. Then X; is minimal, embedded and therefore smooth.

Lemma 7.4. Take the assumptions as above. Then u(x) is in C*°(21) and X1 is a smooth
minimal graph over Q1 of u(x) in Q.

Proof. For the convenience of computations, we work in the product manifold Q with the
metric o + dr? instead of the conformal product manifold Q. Let ¥ be the upward normal
vector of X1 in Q. Since u(x) locally minimizes the functional F (v, 1), arguing as in
Lemma 2.2 of [31], on Z1, ® = (v, d,) > 0 satisfies

A® + (|A* + Ric(3,7))® —a(VO,d,) = 0.
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Here Ric is the Ricci curvature of Q, A is the Laplacian operator on X1, and V is the
covariant derivative of ;. It is easy to see that X; is connected. By the Harnack principle,
® = 0 or ® > 0 on the whole X;.

Now assume ® =0on X;. Let 7: Q2 X R — R be the standard projection 7 (x,r) = x.
Fix a point p on ¥, and let V be an open neighborhood of p. Then #"~ (7 (V)) > 0.
Because (v,d,) = 0 on V, 9, is a vector field in the tangent bundle of V. Let y(¢) be
the parameterized curve of d, passing through p. This is a part of the vertical line passing
through {(7(p),r) : r € R}. Since u is bounded, X is also bounded. Thus, this line cannot
be contained completely in X;. This means 7 (p) should belong to S, the projection of
sing(dU). We choose p arbitrarily. Thus, (V) C S. This means #"~1(S) > 0. This is a
contradiction because the Hausdorff dimension of S is at most n — 8.

As aresult, ® > 0 on the whole X;. Since X is smooth, u(x) belongs to C*°(£2).
The proof is complete. ]

Fix any x¢ in S. We choose ry > 0 sufficiently small such that Theorem B.1 holds for
any r in (0, ro]. Here r satisfies that B, (x¢) C €2 is a mean convex embedded ball centered
at xo with radius r.

Let Tu be the trace of u(x) in dB;,(xo) both from B, (x¢) and 2 \ By, (xo).

Notice that the closed set S in 2 satisfies that H?(S) = 0 for any ¢ > n — 8. Since
u(x) is smooth over Q; = Q \ S, Tu is a C! function on 3B, (xo) \ S. Let {Si)52,
be a sequence of closed sets in dB;,(xo) such that S;4+; C S; foralli =1,...,00 and
N2, Si = S. By (7.1), we construct a sequence of smooth functions ¥; (x) on 3By, (xo)
such that

Vi =Tu indBy(xo) \ S, sup || <2p.
0By, (x0)
By Theorem B.1, let {u; }72, be the solution of the Dirichlet problem (1.2) with boundary
data {y; ?il on 9By, (xo) in Cz(Bro(xo)) N C(Br,(x0))-
By Lemma B.2 and (7.1), there is a uniformly constant C such that
max |Du;(x)| < C
xekK,i=1,2,...
on any compact set K in By, (xo). By the classical Schauder estimate, so is the second
derivative of u;,i = 1,2,.... Then {u;}{2, converges to a C?2 function v on B,,(xp) in
the C2 norm up to possibly a subsequence. Moreover, v satisfies Hy (v) = 0 in By, (xo).
This convergence implies that v is a BV function on B, (x¢) and {u; };";1 also converges
to v in B,,(xo) in the sense of BV functions. By Theorem 2.11 in [14], their traces
{T(uj)};?';l will converge to 7 (v) in L!(3By,(xo)). That is,

(7.2) T()=Tu inL'(0B,,(x0)).
Let 7;: N x R — N x R be the vertical translation
Ti(x,r) = (x,r +1).

Let v be the upward normal vector of the graph of v in By, (xo) with respect to the metric
in Q4. Define a unit vector field

X(x,v(x) —1) = e"/" T} (%)
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for any x € B,,(xo) and ¢ € R. Let div,, be the divergence of Q. Then
div, (X) = 0.

Let W be the domain in 2 x R enclosed by %,,, £, (the graphs of v) and 9B, (xo) x R.
By (7.2),
ow =3, —X,.

Applying the divergence theorem on W, we have

(7.3) 0= / dive (X) dvoly = / (X, By)q dFE" — / dvoly
W Z; v
< HTHED - HTHE).

Here #"~! is the (n — 1)-dimensional Hausdorff measure in Qq, vol, is the volume form
of Qq, X, is the restriction of the regular part of X, in Bro (x0) x R and v, is the upper
normal vector field of X, in Q.

Define the function

- Jv on By(xo),
74 V= {u otherwise.
Let V be the subgraph of . By (7.4) and the fact that u(x) is locally bounded in B,y (x0),
we have that UAV is contained in a compact set in 2 x R. Because u(x) is a generalized
solution, we obtain y
Po(U, 2 xR) < Py(V, Q2 xR).

By Theorem 4.4 in [14], the above inequality gives that
FHED) < HTHE).

Thus, the equality in (7.3) holds. As a result, X = ,, on X, in the open set By, (xo) x R.
By the uniqueness of the integral distribution of X, {T;(X2y)}ser, 2], C Ty, (2y) for
some ty. Because of 0%, 7o has to be 0 and ¥ = v on B,,(x¢) \ S. Since S is a zero-
measure set, we conclude that #(x) = v(x) in By, (xo). Thus, u is smooth on B;,(xo).
Notice that xg is arbitrarily chosen in S. This means u is smooth over €2. The proof is
complete. ]

7.2. The proof of Theorem 1.2

Notice that 9§2 is C2. Then, by Remark 5.4, we can extend ¥ (x) as a bounded BV function
(still written as ¥ (x)) on a larger bounded open set B such that 2 CC B, its subgraph is a
Caccioppoli set in Q4 and its trace on d€2 is ¥ (x). By Theorem 5.3, there is a generalized
solution u(x) with the continuous boundary data ¥ (x).

Our proof is divided into two steps. The first step is to show that u(x) is locally
bounded. The second step is to show the boundary continuity of u(x).

Lemma 7.5. Tuke the assumption of Theorem 1.2. The generalized solution u(x) on Q is
locally bounded with the bounded boundary data ¥ (x) .
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Proof. Recall that P are the sets {x € 2 : u(x) = £o0}. Let n be the dimension of Q2. By
Theorem 6.8, P4 are two Caccioppoli sets such that their boundaries are closed embedded
minimal hypersurfaces with a closed singular set S of Hausdorff dimension at most n — 8.
In the case n = 8, § is a collection of isolated points. By the NCM property of 2, P+
are equivalent to an empty set. Namely, P+ are Lebesgue measure zero sets in the closure
of Q.

Now assume P is not empty. Let xo be a point in P4. Then u(x) is not locally
bounded in a neighborhood of xo. Moreover, there is a sequence {x; };";1 in 2 con-
verging to xo in © such that u(x;) > j for each positive integer j. For each positive
integer j, define u;j(x) = u(x) — j on $B. Let U; be the subgraph of u;(x) in & x R.
Since {u;(x)}72, is a decreasing sequence, the following holds:

(i) Ay, locally converges to Ay, in B x R. Here Uy is a subgraph of the measurable
function which takes +o00 on P4 and —oco on B \ Py.

Fix any bounded open interval 1. Since ¥ (x) is uniformly bounded on 8B \ €, there is a
Jo > 0 such that for all j > jj,

(i) Uy N((B\Q)x1)=(B\Q)xI.
Because U; is T—; (U), arguing as in (iii) in the proof of Theorem 6.8, we have

(iii) Uj has the least perimeter in QxI.

Since uj(x;) = u(xj) — j > 0, we have (x;,0) in U; for each j. There are two cases
to be discussed: xq in 2 or xq in IL2.

Assume we are in the first case: x¢ in 2. There is an r; > 0 such that B, ((x¢, 0))
is contained in Q x (—1, 1). Thus, {U; }f’il are minimal sets in B,, ((xo, 0)). By Theo-
rem 6.5 (2), we have

vol(U; N B, ((x;,0))) > crt!

for some ¢ > 0 and for all # < r; /2, where ¢ is a positive constant depending on the metric
in By, ((x0,0)). Now, letting j — 00, by (i), we obtain

(7.5) vol((P+ x R) N B,((x0,0))) > cr"1L.

This gives a contradiction since P is a Lebesgue zero measure set. Therefore, Py is the
empty set.

Assume we are in the second case: xo in 0Q2. By Lemma 6.3, there is a sufficiently
small r, > 0 such that Q x (-1, 1) is a (u, 1/2)-almost minimal set in B, ((xg, 0)).
Arguing similarly, as in (6.2), (6.3) and (6.4), {U;}3Z ; is a sequence of (u, 1/2)-almost
minimal sets in B, ((xo, 0)). Now applying Theorem 6.5 (2) and arguing as in the first
case, we will obtain the same contradiction as in (7.5). Thus, in this case, we still obtain
that Py is the empty set.

A similar derivation yields that P_ is also an empty set in €. Thus, u(x) is locally
bounded. ]

By Theorem 7.2, the generalized solution in Lemma 7.5 is smooth on 2. Now we
conclude the boundary continuity of u(x) when 1 (x) is continuous on 9<2.

Lemma 7.6. The generalized solution u(x) is continuous on 2, and it is equal to Y (x)
on 9L2.
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Proof. Suppose that xo € 02 and that

A= limsup u(x) > ¥(xp).

XER,x—>X0o

Then there exist a sequence {x; } in 2 converging to xo and A > 0 such that
lim u(xj) = A > ¥ (xp).
Jj—>+o0

Let zg be the point (xg, A) in 02 x R. By Remark 5.4, we can extend 1 (x) as a continuous
function in B \ Q. Here B is a large open set strictly containing 2. There is an R > 0
such that the normal ball Bg(zp) in Q4 does not intersect the graph of ¥ (x).

We can view Bg(zg) as an open set in R”*! with the induced metric from Q,. Now
we blow up U N Br(zo) in R as follows:

U ={zeR": j72 4 25, € UN Br(20)}.

Arguing similarly, as the derivation in Theorem 37.4 of [26], U; will converge weakly
to an area minimizing cone C in R”*!. Notice that Q x R is a C? domain. Then C is
contained in a half space in R”*!. By Theorem 15.5 in [14], C is just a closed half-space
in R"*1. By the Allard regularity theorem, dU is C /2 near zy and can be written as a
graph of a C1>'/2 function over dQ x R near z.

Since €2 is mean convex, by Lemma 3.3 in [31], we have

Ho r (X, 7) = e7*" Hyq(x) > 0,

with respect to the outward normal vector of 9Q2 x R in Q4. Let v’ be the normal vec-
tor of U near zo which points outward to (B \ €2) x R at zo. The fact that U locally
minimizes the perimeter in Q x R C @, yields that the mean curvature of dU in Qy is

H$, = divg, (V) <0

near zg in the Lipschitz sense. Note that dU is tangent to 32 x R at zy. By the classical
maximum principle (see Theorem 8.19 in [11] and Appendix A in [10]) dU coincides with
982 x R near zg. This contradicts the fact A = limsup,cq y—,, %(x). Thus, we conclude

lim supu(x) < ¥(xp).
X—>X0
With a similar argument, limy_, ,, infu(x) > ¥ (xo). As a result,
lim u(x) = ¥ (xo).
X—>X0

Thus, u(x) is continuous until the boundary and u(x) = v (x) for each x in €. |

The existence part of Theorem 1.2 is proved by combining Lemma 7.5 and Lemma 7.6
together. The uniqueness is obvious from the maximum principle. Hence, the proof of
Theorem 1.2 is complete.
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A. A decomposition result of Radon measures

Now we consider a decomposition of Radon measures on Riemannian manifolds. The
reason we derive it here is that bounded domains in Riemannian manifolds may not be
contained in a simply connected domain. Thus, no existence of smooth mollifiers as in
Euclidean spaces is available here (see Remark 3.6). The main references of this section
are Chapter 1 of [26] and Section 2.8 of [9].

Throughout this section, let N be a complete Riemannian manifold with dim N = n.
For every point x in N, we denote the open (closed) embedded normal ball (see Defini-
tion 2.16) centered at x with radius r by B, (x) (B, (x)).

Definition A.1. Let ¥ be a collection of closed normal balls such that their radius is
uniformly bounded. Let A denote the set of all centers of those balls. We say that ¥
covers A finely if the infimum of the radius of balls containing every point in 4 is 0.

The following theorem is a statement of Theorem 2.8.14 in [9] by Federer in the case
of Riemannian manifolds.

Theorem A.2 (Besicovitch’s covering theorem). Let 2 C N be a bounded open set. There
is a positive constant k = k(n, 2) such that the following property holds. Let ¥ be a col-
lection of closed embedded normal balls in Q with uniformly bounded radius. Let A be the
set of all centers of these balls in . If ¥ covers A finely, then there are k subcollections
{FiYe_, of F such that the balls in each %; are pairwise disjoint and A C | J;_, Uses B.

Using Theorem A.2, it is straightforward to prove the following result.

Corollary A.3. Suppose 2 is a bounded open set in N. Let ju be a Radon measure on Q2
with j1(2) < oco. Let ¥ be a collection of closed normal balls covering 2 finely. Then
there is a countable pairwise disjoint collection of closed normal balls {By,(x;) € ¥ :

J=1....,00}with p(Q \ U5, Br,(x;)) = 0.
Next, we obtain a useful decomposition of Radon measures in Riemannian manifolds.
Theorem A.4. Let Q2 be an open bounded set in an n-dimensional Riemannian mani-

fold N. Fix any € > 0 and ro > 0. Suppose L is a Radon measurable satisfying i (2) < oo.
Then there is a collection of countable open normal balls in <2, defined by

B = {Bk = Brk(xk) k=1,...,00,xx € Q,rr <rg, u(0Br) = 0},
and a positive integer ko = ko(g, n, Q) such that Q C UBk€£ By and

(1) {B1,..., By} is a pairwise disjoint subcollection of B with

Ko

w@—e =y uB = p( | Bi) = n@.
k=1

k=1
(2) the subcollection {By : k = ko + 1,...,00} of B satisfies

]

Y u(By) < ke,

k=ko+1

where k = k(n, Q) is the positive integer given in Theorem A.2.
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Proof. Let d be the distance given by the metric on 2. We define a collection of closed
normal balls as follows:

(A1) F = {E,(x) :x € Q,r <min{rg, d(x,0Q)}, w(3B,(x)) = O}.

Since /1(R2) < oo, Fubini’s theorem implies that (3B, (x)) = 0 a.e. for any x € Q and
r € (0, min{rg, d(x,d2)}). Thus, ¥ covers 2 finely.

Fix ¢ > 0. By Corollary A.3, there is ko = ko(e, n, ) and a pairwise disjoint subcol-
lection of closed balls { Er,- (x;)} in & such that

(@) =5 = Y uBr () = 1 | Br (o)) = n().
k=1

k=1

because (3B, (x)) = 0 for each B,(x) in .
Namely, there is a pairwise disjoint collection of finite open balls

(A.2) {Br,(x1), ..., Br, (xi)}
satisfying

Ko B e
(A3) n(e \kL:J1 By (x0) < 5.

Now define an open set 2, as

Q, = {x €Q d(x,Q\ U Brk(xk)) < 17},
k=1

where 7 is a sufficiently small positive constant such that ©(2,) < &/2. Similarly, as
in (A.1), we define a collection of closed normal balls in 2, as

Fy = {Br(x) 1 X € Qp,r < min{ro, d(x, asz,,)},u(aér(x)) = 0}.

By Theorem A.2, there are k = «(£2, n) subcollections {F x}x _, such that the closed
balls in each #,, ;. are pairwise disjoint and

K
acl) U B
k=1 B, (x)eF, x
Moreover, foreachk = 1,...,k,

D u(Br(x) < u(Qy) <

Br (x)G.?"n,k

| ™

Note that there are only countable closed normal balls in each subcollection ¥, . Each
ball B,(x) in each collection ¥ x can be replaced with a large open ball B, (x) with
rx < min{rg, d(x, 0L2,), 1.5r} so that

(A4) Yoo owBe)s Y u(Br(x) <e

Br(x)Ej"",k B?r(x)e}'mk
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This gives k collections of open normal balls as follows:
Fo k= {B,.(x) : By(x) € Fyr. B, (x) C B, (x) C Qy},

with the condition (A.4) fork = 1,...,«. Now we relabel all open balls in {¥, x };_, and
list them as follows:

(AS) (B (xi) itk =Ko+ 1.....000 = {By, (x) : B, (x) € F 4k = L.....«}.

Obviously,

(o)
Qr] C U Brk (Xk),
k=ko+1
according to our definition. Condition (A.4) yields

o]

(A.6) Y H(Br (k) < ke.

k=ko+1

Combining the open balls in (A.2) with the property (A.3) and the open balls in (A.5) with
the property (A.6) together, we obtain the desirable collection of open normal balls. The
proof is complete. ]

B. Some PDE results

In this section, we collect some PDE results on mean curvature equations. Let M be
a Riemannian manifold with dimension » > 2 and let B,(x) denote an embedded ball
centered at x with radius r.

Fix x¢ in M. When take r sufficiently small, the metric in B, (xg) is much close to the
Euclidean metric. A well-known fact is that the mean curvature of dB,(x¢) satisfies the
estimate n

HBBr(xo) = ; + 0(7’)

And the Sobolev inequality also holds in B, (xg) when r is sufficiently close to 0. Thus,
following the derivations in Theorem 16.10 of [11], we have the following theorem.

Theorem B.1. Fix o > 0. Suppose xo € M. Then there is a sufficiently small ro > 0 such
that, for any r € (0, ro|, the Dirichlet problem

div(%) =o x € By(xp),

u(x) = ¢ (x), x € dBr(xo),

is uniquely solved in C*(B,(xo)) N C(B,(xo)) for any continuous data ¥ (x) on dS2.

Here w = /1 + |Dul?.

The following interior curvature of mean curvature equations is classical.
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Lemma B.2 (Theorem 1.10in [15]). Foranyr > 0and x in M, let u(x) be a C? function
on By (x) satisfying div(Du/w) = o/w. Then

max |Du| <C,
By 2(x)

where C is a constant depending only on o and maxg, (x)|u|.

Note that the proof of Gui, Jian and Ju [15] is also valid in any Riemannian manifolds.

Assume ¥ (x) is in C3 (3B, (xp)). It is easy to see that the C° estimate and the bound-
ary gradient estimate for the solution in (B.1) is from the comparison with the solution
to (B.1). The interior gradient estimate is from Lemma B.2. By the classical continuous
method [11], we obtain the existence in Corollary B.3 when ¥ (x) is in C(dB,(x)). The
general case is from the standard approximation process. In summary, as an application,
we obtain the following.

Corollary B.3. Let x¢, @ and rg be given as in Theorem B.1. For any r in (0, ry) and
Y (x) € C(0B,(x¢)), the Dirichlet problem of the TMCE

D
div(—u) = g, x € B (xp),
w 1)

u(x) =y(x),  x € dBr(xo)

is uniquely solved in C?(By(x0)) N C(B,(xo)).

(B.1)

Next we give an example to illustrate that the NCM property is necessary. Let S%
be the n-dimensional upper hemisphere with the standard metric 0;,. Note that S is an
(n — 1)-dimensional unit sphere that is minimal in S”. Thus, by Definition 7.1, S _',’_ does
not have the NCM property.

Theorem B.4 (Theorem 6.1 in [10]). Forany o > n > 2, there is no solution in CZ(Sf_) n
C(Sj’r) to the Dirichlet problem

D
div(—u> = g, x€Q,w=+/1+|Dul?,
®

1)
u(x) = ¥(x), x € 092,

for any ¥ (x) in C(02).

We refer to the above example as the hemisphere example.

C. The difference between dimension one and higher dimensions

In this section, we point out the essential difference in the Dirichlet problem of (1.2)
between the case of n = 1 and n > 2.

In the real line R (i.e., n = 1), Q is an open interval. With a direct computation, the
Dirichlet problem (1.2) becomes

Urr

C.1 —_—
D 1+ fu,|?

=a onf, u=1Y ondQ.
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Here « is a fixed positive constant and u,, u,, denote the first and second derivatives of u
with respect to r € R. Let |Q2| denote the length of 2. Integrating on both sides of (C.1),
we have the following non-existence result.

Theorem C.1. If «|Q2| > 7, there is no solution to the Dirichlet problem (C.1) when Q
is an open interval and  is any two-point function.

In the case n > 2, the solvability of the Dirichlet problem (1.2) corresponds a totally
different geometry. We just take the Dirichlet problem of (1.2) on a special class of warped
product manifolds.

Fix n > 2. Let $"7! be the standard sphere and consider a conical metric 6,_1.
Let ¢(r) be an strictly increasing smooth function on [0, ¢) such that

¢(0)=0, ¢'(0)=1 lim (logg)(r) < B,
r—>+o00
for some positive B > 0. We consider a warped product manifold Q4 given as follows:
Q4 = (S"1 x (0,00), $*(r) o1 + dr?).

Note that the condition at ¢ implies that Q4 is complete when r — 0. For ¢(r) = r and
¢(r) = sinh(r), Q4 is the Euclidean space R” and the hyperbolic space H", respectively.

Fix any o > 0. Suppose u = u(r) is a C? function on Q4 which only depends on the
parameter 7 € (0, c0). Then u(r) satisfies Hy (1) = 0 (see (1.2)) on the open set S”~1 x
(0, 4+00) if and only if

Urr

C2
(€2 1+ u?

+ (n = D(log¢)'(Nu, = a,

with u,(0) = 0 and u(0) = C. Here C is any given constant. For more details on compu-
tations, see the proof of Theorem A.1 in [31]. It is not hard to see that the equation (C.2)
has a smooth solution u(7) in (0, 00). For any bounded mean convex domain €2 in Qg,
by applying the maximum principal, we obtain a uniformly bound of the solution u(x)
to the Dirichlet problem

Du so

—div( )—l— =0 ong, u=sy ondf,
Vv 1+ |Du|? Vv 1+ |Dul?

for any continuous function sy € C(92). Here s € [0, 1]. Applying the canonical contin-

uous method in Dirichlet problems will yield the following existence result.

Theorem C.2. Fix n > 2. Suppose Q is a mean convex bounded C? domain in the
Euclidean space R" or the Hyperbolic space H". The Dirichlet problem (1.2) has a unique
solution in C%(2) N C(Q) for any continuous boundary data.

In summary, when n > 2, the existence of the Dirichlet problem (1.2) in Euclidean
spaces depends on the solution to (C.2). Except from o > 0, the existence of the latter
problem does not put any requirement upon «.

Acknowledgments. The author wants to thank the referees for their careful reading, help-
ful comments and suggestions. The author is also very grateful to inspired conversations
with Xiantao Huang in Sun Yat-sen University, China.



The Dirichlet problem of translating mean curvature equations 41

Funding. This project is partially supported by the Fundamental Research Funds for the
Central Universities, China, Project no. 2023CDJXY-043 and is partially supported by
Natural Science Foundation of Chongqing, China, Project No. cstc2021jcyj-msxmX0430.

References

(1]

(2]

(3]

(4]

(5]

(6]

(71

8]

(91

(10]

(11]

[12]

(13]

[14]

[15]

(16]

Agostiniani, V., Fogagnolo, M. and Mazzieri, L.: Sharp geometric inequalities for closed
hypersurfaces in manifolds with nonnegative Ricci curvature. Invent. Math. 222 (2020), no. 3,
1033-1101. Zbl 1467.53062 MR 4169055

Aiolfi, A., Ripoll, J. and Soret, M.: The Dirichlet problem for the minimal hypersurface equa-
tion on arbitrary domains of a Riemannian manifold. Manuscripta Math. 149 (2016), no. 1-2,
71-81. Zbl 1338.53063 MR 3447141

Ambrosio, L., Fusco, N. and Pallara, D.: Functions of bounded variation and free discontinuity
problems. Oxtord Math. Monogr., The Clarendon Press, Oxford University Press, New York,
2000. Zbl 0957.49001 MR 1857292

Casteras, J.-B., Heinonen, E. and Holopainen, I.: Dirichlet problem for f-minimal graphs.
J. Anal. Math. 138 (2019), no. 2, 917-950. Zbl 1427.53079 MR 3996063

De Lellis, C. and Ramic, J.: Min-max theory for minimal hypersurfaces with boundary. Ann.
Inst. Fourier (Grenoble) 68 (2018), no. 5, 1909-1986. Zbl 1408.53079 MR 3893761

Duzaar, F. and Steffen, K.: A minimizing currents. Manuscripta Math. 80 (1993), no. 4,
403-447. Zbl 0819.53034 MR 1243155

Eichmair, M.: The Plateau problem for marginally outer trapped surfaces. J. Differential Geom.
83 (2009), no. 3, 551-583. Zbl 1197.53075 MR 2581357

Evans, L. C. and Gariepy, R. F.: Measure theory and fine properties of functions. Revised edi-
tion. Textb. Math., CRC Press, Boca Raton, FL, 2015. Zbl 1310.28001 MR 3409135

Federer, H.: Geometric measure theory. Grundlehren Math. Wiss. 153, Springer, New York,
1969. Zbl 0176.00801 MR 257325

Gao, Q. and Zhou, H.: The area minimizing problem in conformal cones, 1. J. Funct. Anal.
280 (2021), no. 3, article no. 108827, 39 pp. Zbl 1461.49056 MR 4170791

Gilbarg, D. and Trudinger, N. S.: Elliptic partial differential equations of second order. Clas-
sics in Mathematics, Springer, Berlin, 2001. Zbl 1042.35002 MR 1814364

Giusti, E.: On the equation of surfaces of prescribed mean curvature. Existence and uniqueness
without boundary conditions. Invent. Math. 46 (1978), no. 2, 111-137. Zbl 0381.35035
MR 487722

Giusti, E.: Generalized solutions for the mean curvature equation. Pacific J. Math. 88 (1980),
no. 2,297-321. Zbl 0461.49024 MR 607982

Giusti, E.: Minimal surfaces and functions of bounded variation. Monogr. Math. 80,
Birkhéuser, Basel, 1984. Zbl 0545.49018 MR 775682

Gui, C., Jian, H. and Ju, H.: Properties of translating solutions to mean curvature flow. Discrete
Contin. Dyn. Syst. 28 (2010), no. 2, 441-453. Zbl 1193.35085 MR 2644749

Hoffman, D., [lmanen, T., Martin, F. and White, B.: Notes on translating solitons for mean cur-
vature flow. In Minimal surfaces: integrable systems and visualisation, pp. 147-168. Springer
Proc. Math. Stat. 349, Springer, Cham, 2021. Zbl 1484.53009 MR 4281668


https://doi.org/10.1007/s00222-020-00985-4
https://doi.org/10.1007/s00222-020-00985-4
https://zbmath.org/?q=an:1467.53062
https://mathscinet.ams.org/mathscinet-getitem?mr=4169055
https://doi.org/10.1007/s00229-015-0774-2
https://doi.org/10.1007/s00229-015-0774-2
https://zbmath.org/?q=an:1338.53063
https://mathscinet.ams.org/mathscinet-getitem?mr=3447141
https://doi.org/10.1093/oso/9780198502456.001.0001
https://doi.org/10.1093/oso/9780198502456.001.0001
https://zbmath.org/?q=an:0957.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1857292
https://doi.org/10.1007/s11854-019-0051-5
https://zbmath.org/?q=an:1427.53079
https://mathscinet.ams.org/mathscinet-getitem?mr=3996063
https://doi.org/10.5802/aif.3200
https://zbmath.org/?q=an:1408.53079
https://mathscinet.ams.org/mathscinet-getitem?mr=3893761
https://doi.org/10.1007/BF03026561
https://zbmath.org/?q=an:0819.53034
https://mathscinet.ams.org/mathscinet-getitem?mr=1243155
https://doi.org/10.4310/jdg/1264601035
https://zbmath.org/?q=an:1197.53075
https://mathscinet.ams.org/mathscinet-getitem?mr=2581357
https://doi.org/10.1201/b18333
https://zbmath.org/?q=an:1310.28001
https://mathscinet.ams.org/mathscinet-getitem?mr=3409135
https://zbmath.org/?q=an:0176.00801
https://mathscinet.ams.org/mathscinet-getitem?mr=257325
https://doi.org/10.1016/j.jfa.2020.108827
https://zbmath.org/?q=an:1461.49056
https://mathscinet.ams.org/mathscinet-getitem?mr=4170791
https://doi.org/10.1007/978-3-642-61798-0
https://zbmath.org/?q=an:1042.35002
https://mathscinet.ams.org/mathscinet-getitem?mr=1814364
https://doi.org/10.1007/BF01393250
https://doi.org/10.1007/BF01393250
https://zbmath.org/?q=an:0381.35035
https://mathscinet.ams.org/mathscinet-getitem?mr=487722
https://doi.org/10.2140/pjm.1980.88.297
https://zbmath.org/?q=an:0461.49024
https://mathscinet.ams.org/mathscinet-getitem?mr=607982
https://doi.org/10.1007/978-1-4684-9486-0
https://zbmath.org/?q=an:0545.49018
https://mathscinet.ams.org/mathscinet-getitem?mr=775682
https://doi.org/10.3934/dcds.2010.28.441
https://zbmath.org/?q=an:1193.35085
https://mathscinet.ams.org/mathscinet-getitem?mr=2644749
https://doi.org/10.1007/978-3-030-68541-6_9
https://doi.org/10.1007/978-3-030-68541-6_9
https://zbmath.org/?q=an:1484.53009
https://mathscinet.ams.org/mathscinet-getitem?mr=4281668

H. Zhou 42

(17]

(18]

[19]

[20]

[21]

[22]

(23]

[24]

(25]

[26]

(27]

(28]

(29]

(30]

(31]

Ilmanen, T.: A strong maximum principle for singular minimal hypersurfaces. Calc. Var. Par-
tial Differential Equations 4 (1996), no. 5, 443-467. Zbl 0863.49030 MR 1402732

Jenkins, H. and Serrin, J.: The Dirichlet problem for the minimal surface equation in higher
dimensions. J. Reine Angew. Math. 229 (1968), 170-187. Zbl 0159.40204 MR 222467

Kasue, A.: Ricci curvature, geodesics and some geometric properties of Riemannian manifolds
with boundary. J. Math. Soc. Japan 35 (1983), no. 1, 117-131. Zbl 0494.53039 MR 679079

Lee, J.M.: Introduction to smooth manifolds. Second edition. Grad. Texts in Math. 218,
Springer, New York, 2013. Zbl 1258.53002 MR 2954043

Ma, L.: Convexity and the Dirichlet problem of translating mean curvature flows. Kodai
Math. J. 41 (2018), no. 2, 348-358. Zbl 1400.35110 MR 3824855

Maggi, E.: Sets of finite perimeter and geometric variational problems. Cambridge Stud. Adv.
Math. 135, Cambridge University Press, Cambridge, 2012. Zbl 1255.49074 MR 2976521

Miranda, M.: Superfici cartesiane generalizzate ed insiemi di perimetro localmente finito sui
prodotti cartesiani. Ann. Scuola Norm. Sup. Pisa CI. Sci. (3) 18 (1964), 515-542.
Zbl 0152.24402 MR 174706

Miranda, M.: Superficie minime illimitate. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 4 (1977),
no. 2, 313-322. 7Zbl 0352.49020 MR 500423

Serrin, J.: The problem of Dirichlet for quasilinear elliptic differential equations with many
independent variables. Philos. Trans. Roy. Soc. London Ser. A 264 (1969), 413—496.
Zbl 0181.38003 MR 282058

Simon, L.: Lectures on geometric measure theory. Proc. Centre Math. Analysis, Australian
National University 3, Australian National University, Centre for Mathematical Analysis, Can-
berra, 1983. Zbl 0546.49019 MR 756417

Tamanini, I.: Boundaries of Caccioppoli sets with Holder-continuous normal vector. J. Reine
Angew. Math. 334 (1982), 27-39. Zbl 0479.49028 MR 667448

Wang, X.-J.: Convex solutions to the mean curvature flow. Ann. of Math. (2) 173 (2011), no. 3,
1185-1239. Zbl 1231.53058 MR 2800714

White, B.: Which ambient spaces admit isoperimetric inequalities for submanifolds? J. Differ-
ential Geom. 83 (2009), no. 1, 213-228. Zbl 1179.53061 MR 2545035

White, B.: Subsequent singularities in mean-convex mean curvature flow. Calc. Var. Partial
Differential Equations 54 (2015), no. 2, 1457-1468. Zbl 1325.53090 MR 3396419

Zhou, H.: The boundary behavior of domains with complete translating, minimal and CMC
graphs in N2 x R. Sci. China Math. 62 (2019), no. 3, 585-596. Zbl 1409.53056
MR 3905564

Received May 26, 2022; revised December 4, 2023.

Hengyu Zhou

Chongging Key Laboratory of Analytic Mathematics and Applications, College of Mathematics
and Statistics, Chongqing University

Daxuecheng South Rd, 55, 401331 Chonggqing, P.R. China;

zhouhyu@cqu.edu.cn


https://doi.org/10.1007/BF01246151
https://zbmath.org/?q=an:0863.49030
https://mathscinet.ams.org/mathscinet-getitem?mr=1402732
https://doi.org/10.1515/crll.1968.229.170
https://doi.org/10.1515/crll.1968.229.170
https://zbmath.org/?q=an:0159.40204
https://mathscinet.ams.org/mathscinet-getitem?mr=222467
https://doi.org/10.2969/jmsj/03510117
https://doi.org/10.2969/jmsj/03510117
https://zbmath.org/?q=an:0494.53039
https://mathscinet.ams.org/mathscinet-getitem?mr=679079
https://doi.org/10.1007/978-1-4419-9982-5
https://zbmath.org/?q=an:1258.53002
https://mathscinet.ams.org/mathscinet-getitem?mr=2954043
https://doi.org/10.2996/kmj/1530496846
https://zbmath.org/?q=an:1400.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=3824855
https://doi.org/10.1017/CBO9781139108133
https://zbmath.org/?q=an:1255.49074
https://mathscinet.ams.org/mathscinet-getitem?mr=2976521
https://zbmath.org/?q=an:0152.24402
https://mathscinet.ams.org/mathscinet-getitem?mr=174706
https://zbmath.org/?q=an:0352.49020
https://mathscinet.ams.org/mathscinet-getitem?mr=500423
https://doi.org/10.1098/rsta.1969.0033
https://doi.org/10.1098/rsta.1969.0033
https://zbmath.org/?q=an:0181.38003
https://mathscinet.ams.org/mathscinet-getitem?mr=282058
https://zbmath.org/?q=an:0546.49019
https://mathscinet.ams.org/mathscinet-getitem?mr=756417
https://doi.org/10.1515/crll.1982.334.27
https://zbmath.org/?q=an:0479.49028
https://mathscinet.ams.org/mathscinet-getitem?mr=667448
https://doi.org/10.4007/annals.2011.173.3.1
https://zbmath.org/?q=an:1231.53058
https://mathscinet.ams.org/mathscinet-getitem?mr=2800714
https://doi.org/10.4310/jdg/1253804356
https://zbmath.org/?q=an:1179.53061
https://mathscinet.ams.org/mathscinet-getitem?mr=2545035
https://doi.org/10.1007/s00526-015-0831-4
https://zbmath.org/?q=an:1325.53090
https://mathscinet.ams.org/mathscinet-getitem?mr=3396419
https://doi.org/10.1007/s11425-017-9159-8
https://doi.org/10.1007/s11425-017-9159-8
https://zbmath.org/?q=an:1409.53056
https://mathscinet.ams.org/mathscinet-getitem?mr=3905564
mailto:zhouhyu@cqu.edu.cn

	1. Introduction
	2. BV functions in Riemannian manifolds
	3. Area functionals and their C^\infty approximation
	4. Miranda's observation
	5. Existence of the generalized solutions
	6. Regularity of the infinity sets
	7. Existence of classical solutions
	A. A decomposition result of Radon measures
	B. Some PDE results
	C. The difference between dimension one and higher dimensions
	References

