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On regularity and asymptotic stability for semilinear
nonlocal pseudo-parabolic equations

Dao Trong Quyet and Dang Thi Phuong Thanh

Abstract. We deal with a class of nonlocal pseudo-parabolic equations involving strong nonlinear-
ities. The questions on existence, regularity and stability of solutions are addressed by using local
estimates, fixed point arguments, and the relation between the Hilbert scales and fractional Sobolev
spaces.

1. Introduction

Let 2 be a bounded domain in RY, N > 1, with smooth boundary 9€2. In this paper, we
consider the following problem:

3w — Au)y—nAu = fu) inQ,te (Tl (1.1)
u=0 ond2,t € (0,T], (1.2)
u(0) = £ inQ, (1.3)

where n > 0, f is a given nonlinear function, and Bik} denotes the nonlocal derivative of
Caputo type as follows:

(@) = (k * v)(t) = [t k(t — )0/ (1) dx.
0

In this work, we make use the following assumption on the kernel function k.

(PC) The functionk € L} (R ) is nonnegative, nonincreasing and there exists a func-

loc
tionm € LIIOC(R+) such that

kxm(t) = /tk(t —om(t)dt =1 forallt € (0,00).
0

The pair (k,m) is called the Sonine kernel [23]. The typical case is (k,m) = (g1-«, &)
for a € (0, 1), where g4(¢) = t*~!/T'(a). In this case, 8?‘} = 0%, the Caputo fractional
derivative of order @ and (1.1) is the nonlocal version of the pseudo-parabolic equation

Uy — Auy —nAu = f. (1.4)
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In [1, 5], equation (1.4) describes the infiltration of homogeneous fluids through fissured
rocks. One also uses (1.4) to study the non-steady flows of second order fluids [9], the
theory of the two temperatures in heat conduction [6], the monodirectional propagation of
nonlinear dispersive long waves [2], etc.

Early results on qualitative theory of pseudo-parabolic equations in the linear case
can be found in [13, 24, 26], where the regularity and long-time behavior of solutions
were discussed. In addition, the author in [26] demonstrated a relation between solutions
of pseudo-parabolic equation and parabolic equation, which showed that the solution of
pseudo-parabolic equation approximates to the one of corresponding parabolic equation.

It is worth mentioning that pseudo-parabolic equations in semilinear case have at-
tracted an extensive study. Without stress of references, we refer the reader to recent works
[19,30,33], where the global existence and finite time blow-up of weak solutions were ana-
lyzed by using the so-called potential well method. It should be noted that this method was
first developed for semilinear hyperbolic equations in [20] and then employed for various
classes of nonlinear hyperbolic and parabolic equations, in order to address behavior of
solutions depending on initial energy levels; see e.g. [7,17,18,31,32].

In order to depict the memory effect of processes modeled by (1.4), one replaces the
time derivative by 9% with « € (0, 1). Then (1.4) changes to

0% (u — Au) —nAu = f. (1.5)

The last equation has been a subject of numerous studies. We mention some results on
solvability, stability and controllability [12, 14, 16, 34] for (1.5). Recently, the authors
in [21] proved the global solvability of the Cauchy problem associated with (1.5) in
both bounded and unbounded domains, where the nonlinearity f = f(u) takes values
in Lebesgue spaces. Some existence results related to (1.5) were obtained in [28] with
nonlinearity function being of polynomial and logarithmic type. Regarding a stochas-
tic version of (1.5), the question of existence and regularity of solutions was addressed
in [25]. It is worth noting that the analysis for (1.5), i.e., the special case k(1) = g1—4(?),
is based on the Mittag-Leffler functions, whose regularity is well known. In this case,
it is straightforward to find the resolvents and their regular properties for the associated
Cauchy problem.

Regarding problem (1.1)—(1.3), which is first introduced in this paper, employed to
describe different memory effects (depending on k), the related resolvents have been
unknown. We will show in Section 2 the construction of these resolvents, denoted by
{S(¢)} and {R(¢)}. Especially, the spatial smoothing effect of { R(¢)} is proved.

On the other hand, due to practical applications, the nonlinearity f(u) may contain the
advection/convection term of the form H(u) - Vu, where H(u) is a vector field (see the
example in the last section). In this case, one says that f(u) takes weak values, i.e., f(u)
belongs to a fractional Sobolev space of negative order. This situation was not addressed
in cited works.

In this study, we consider problem (1.1)—(1.3) in the circumstance that the nonlinear-
ity function f(u) takes values in Hilbert scales of negative orders. This enables us to deal
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with the case when f(u) contains the advection/convection term, thanks to the relation
between the Hilbert scales and fractional Sobolev spaces (mentioned in the next section).
Dealing with problem (1.1)—(1.3), we first prove the global existence and uniqueness of
mild solution to (1.1)—(1.3) in a general case, where f(-) is locally Lipschitzian. More-
over, the asymptotic stability of solutions is proved in the case m ¢ L' (R ). This will be
done in Section 3. Section 4 is devoted to regularity results. We show that the obtained
solution is Holder continuous. This feature is useful for numerical schemes. Finally, we
testify, in a particular case, that the mild solution and the weak solution to (1.1)-(1.3)
coincide.

It should be mentioned that the questions of stability and regularity imposed in this
work have not been taken into account in literature, even in the fractional case. Concerning
the highlight of our work, one brings up the following:

» the unique solvability of the Cauchy problem governed by the nonlocal pseudo-para-
bolic equation with respect to the Sonine kernels, where the nonlinearity function is
allowed to take weak values;

» the asymptotic stability of the obtained solution, which has not been addressed for the
case of weak-valued nonlinearity;

» the Holder regularity of mild solutions, which is helpful in numerical analysis;

» the agreement between the mild and weak solutions in the case that f(u) takes values
in H™1.

2. Preliminaries

2.1. Formulation of solutions

It is known that condition (PC) ensures the complete positivity of m, i.e., the functions
s(-) and r(-) obeying

t
s(t) + /\/ m(t —1)s(r)dt =1, t >0, 2.1
0

r(t)—i—/\/tm(t—f)r(t)dr =m(t), t>0, 2.2)
0

take nonnegative values for each A > 0. See [8,29].

Denote by s(¢, A) and r (¢, A) the solution of (2.1) and (2.2), respectively, to emphasize
the dependence on the parameter A. The following proposition shows some important
properties of these functions.

Proposition 2.1 ([27]). For every A > 0,
(a) the function s( -, A) is nonnegative and nonincreasing. Moreover,

! <s(t,A) < ! V>0
—_— s —_—_—m—
1+ Ak(@)~ = 77 7 14+ A1 xm)(r) -
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(b) The functions r( -, A) is nonnegative and one has
t
s(t,A) =1 —k/ r(t,AD)dt =k xr(,A) Vt >0,
0

S0 f(; r(t,A)dt < A7Vt > 0. Moreover, if m(-) is nonincreasing, then

m(1)

(¢c) Foreacht > 0, the functions A — s(t,A) and A +— r(t, L) are nonincreasing.
(d) Letv(t) = s(t,A)vg + f(f r(t —t,A)g(t)dt. Then v(-) solves the problem
3 v(0) + Av(0) = g(1).  v(0) = vo,
where g € C(Ry).
We also use the following Gronwall type inequality.

Proposition 2.2 ([15]). Let v be a nonnegative function satisfying

t

v(t) < s(t,AM)vg + [ r(t —7,M)av(r) + B(r)]dz, t >0,
0

forA>0,0>0,v9>0andp € L. (Ry). Then

loc

t

v(t) <s(t, A —a)ve + / rit—t,A—a)B(r)dr.
0
Particularly, if B is constant and a < A, then

v(t) < s(t, A —a)vy + %(1 —st, A —aw)).

We are now in a position to give a representation of a solution to (1.1)—(1.3). Let (-, -)
and || - || denote the inner product and the norm, respectively, in L2(2), that is,

(u,v) = [Qu(x)v(x) dx, |u| = (uu)% foru,v € L*(RQ).

Let {(A,, e,)} be the eigensystem of the Laplacian —A associated with the Dirichlet
boundary condition, where {e, } is a orthonormal basis of L%(Q),ie.,

—Ae, = Aye, inQ2, e, =00n02, |e,| =1.

Then one can find a solution of (1.1)—(1.3) as follows:

u(t) = Z Uy (t)ey.

n=1
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Using this formula in (1.1)—(1.3), one gains

(4 23U (1) + nAnttn(t) = S (0)),
Un(0) = &, = (£, €n),

where f, (u(t)) = (f(u(t)), e,). Employing Proposition 2.1 (d), we get

t
un0) = 50,608+ [ (142070 = 000 @) dr, 6, = 12
0 14+ A,
Therefore, we have the following representation:
t
u(t) =S¢+ / Rt —1)f(u(r))dr, (2.3)
0
S@) =) s(t,0,)(-, en)en, 2.4)
n=1
R(t) =Y (1+A) 77 (. 02)(- en)en: (2.5)
n=1

here we use the notation (-, -) for both inner products and dual pairs, if no confusion
arises.

2.2. Properties of resolvents

For o € R, we define the space H? as
(o) o
H¢ = {v = Zvnen : Z)&ﬁvﬁ < oo}
i=1 i=1

1
Then H® is a Hilbert space endowed with the norm [[v|[ge := (372, Av2) 2. In addition,
for o > 0, we can identify the dual space of H¢ with H™¢. Note that H® = L?(R), and
the family {H2} e is said to be the Hilbert scales of L?(£2).

Lemma 2.3. Let {S(¢)} and {R(t)} be the families of linear operators defined by (2.4)
and (2.5), respectively. Then
(a) foreachv € H*, we have
ISl <5001k, 6 = T
forallt > 0.
(b) ForeachT > 0and g € C([0,T]; H*~2), we have

t 2 t
H [ re-vg@az| <ot [ ra-conlel dr
0 HH~ 0
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Proof. (a) Observing that

(o]

SOV =D s(t.60)*2AE. vy = (v.en),

n=1

and {6, } is increasing, we have

1S3, < s(t,6:)? szw = 5(t,01)?|v13.

n=1

(b) We see that

(o] 2
Z(/ (14 An)~ r(t—r,@,,)g,,(r)dr) Al

L
i (—

o0 t 2
Z (/ r(t -, Qn)gn(r)dt) :
el 0

Using the Holder inequality, we have

t 2 t t
(/ r(t—r,@n)gn(r)dr) 5/ rt—r, 9n)dr[ rt —r, Qn)gﬁ(r)dr
0 0 0

t
<ot /O F(t —1.60)82() d

H/t R(t — r)g(r)dr
0

IA

t
< 91_1/ r(t —.01)gr(v)dr;
0

here we utilized Proposition 2.1 (b)—(c). Therefore,

t 2
H/ R(t—1)g(r)dr
0 H~

t oo
< 91_1/0 r(t—t,6y) Zkﬁ_zgﬁ(t)dr
n=1

t
ot / Ft = 1.00) g (0) | Ppus .
0
The lemma is proved. ]

We are now in a position to recall some notions and facts related to the regularity of
the family {S(¢)}.

Definition 2.4 ([22]). Letm € L} (R) be a function of subexponential growth, i.e.,

loc
o0
/ |m(t)|e " dt < oo foreverye > 0.
0

Denote by /1 the Laplace transform of m.

(i) Suppose that ri1(z) # 0 for all Re(z) > 0. For ¢ > 0, m is said to be ¥-sectorial
if largm(z)| < & for all Re(z) > 0.
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(ii) For given !/ € N, m is called [-regular if there exists a constant ¢ > 0 such that
1273 (2)| < e|m(z)| forall Re(z) > 0,0<n <I.

Lemma 2.5 ([15]). Assume that the kernel function m is 2-regular and ©-sectorial for
some ¥ < 1. Then the resolvent family S(-) is differentiable on (0, 00). In addition, it
holds that

M
(NGI= - 1€(0.00),

for some M > 1.

2.3. Embeddings of fractional Sobolev spaces

Denote by W"P(Q2),r > 0,1 < p < o0, the fractional Sobolev space of order r based on
L?(Q2) (seee.g. [10,11]). Put
WoP (@)= CR@) . HI(Q) = WRQ), HE(Q) = W@,

We assume that Q is sufficiently smooth such that C°(€2) is dense in H"(£2) with 0 <
r < 1/2, which ensures HJ(2) = H"(Q) (see [3, Corollary 8.10.1]). It is known that
(see, e.g. [4])

H{(Q), 0<r<1/2,
) Hoo (@ E HP@). r=1/2.

HE (), 1/2<r <1,

HY Q)N H(Q). 1<r<2,

in which Holg 2(Q) is the Lions—Magenes space, i.e.,

Ju(x)|?

@ = fue @ [ Gtten

dx<oo}.

So one has the following embeddings.
Lemma 2.6. Let H™"(2) be the duality of Hj () forr > 0.If 0 <r <r' <2, then
H < H < H(Q)— L*(Q) > H ' (Q) >H " < H".
We also recall the following embeddings.

Lemma 2.7 ([3, Theorem 8.12.6]). Forgiven1 < p,p’ <o0,0<r,r' <ocoandr — % >
r— %, it holds that W’/’P'(Q) — W"P(Q).

Combining Lemma 2.7 and Lemma 2.6, we gain the embeddings as follows.

Lemma 2.8. It holds that

@) LP(Q) > H"(Q) > H" if{-& <r<0.p> L1

(b) H' — Hy(Q) = LP(Q)if {o<r < §.1<p < 2%}




D. Trong Quyet and D. Thi Phuong Thanh 74

3. Solvability and stability

In order to deal with problem (1.1)—(1.3), we make the following assumption.
(F) The nonlinearity function f in (1.1) induces a mapping
fiH* - HA 2, ue (0,2,
obeying that f(0) = 0 and that

If () = f)llmn—2 = Ly(r)]vr — valme

forall vi,vy € B, :=={v € H" : ||v|lmw < r}; here Ly is a nonnegative function
such that

01
L% :=limsupLs(r) < —.
f r—>0p f( ) «/E

Based on representation (2.3), we give the following definition of a mild solution for

(1.D)—(1.3).
Definition 3.1. A function u € C([0, T']; H*) is said to be a mild solution to problem
(1.1)=(1.3) on [0, T] if and only if
t
u(t) = S@)E+ / Rt —v)f(u(r))dz
0
forany ¢ € [0, T].

Theorem 3.2. Let assumption (F) hold. Then there exists § > 0 such that problem (1.1)—
(1.3) has a unique mild solution on [0, T], provided ||& ||gn < 6.

Proof. Foru € C([0, T]; H*), with the norm [|u[|ec := sup,¢fo,71l[4(?) || mx, let @ be the
mapping defined by

du)(t) = S()E+ fot R(t —1)f(u(r))dr fort €[0,T].

We refer to this mapping as the solution operator. Observe that
2

1) O < 2SO IE + 2” [ re—o 0 as

HH~
t

< 25(t,01)? I | Fgu + 267 / r(t = 7. 0D f u(©) I d,
0

thanks to Lemma 2.3 (b). Assume that u(¢) € B, for all ¢ € [0, T']. Then, using (F) and the
fact that s(¢, 61) < 1, one gains

t
1062 < 2502, 61) ]2 + 267 ( /0 T dr)Lf<r)2r2
= 251, 0)|E 1 + 2672(1 — 51, 6) Ly (r)2r
= 25(t, 00)[I1€N1 3 — 07 2Ly (r)r?] + 207 2Ly (r)?r?.
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Taking r* > 0 such that 291_2Lf (r*)? < 1, we see that
@) (@) |lme < 7™ foru(r) € By,
provided that [|§||pr < & := 67" Ly (r*)r*. We have shown that ®(B,+) C B+, where
B« :={u € C([0. T H") : flulloo < r*}.

It remains to show that ® is a contraction mapping on B,«. Indeed, for u;,u, € B+, we
have

1D Gu1) (1) — P(u2) () g < 91_1/0 r(t =, 00 f(u1(2)) = fu2(0) g2 d.

thanks to Lemma 2.3 (b). Then, using (F) again, one gets

1D Gu1) (1) — P(u2) () g < 91_1/0 r(t =, 00) Ly (r*)?|u1(z) — uz(0) 1fgu d

O72Lyr(r*)ur — uz |12,

IA

IA

1
§||u1 —uy|?, forallz €0, T],

which implies that @ is a contraction. ]

Remark 3.3. When f is globally Lipschitzian, i.e., L(r) = L}ﬁ > 0 for all r > 0, one
can prove the existence and uniqueness of a mild solution to (1.1)—(1.3), regardless of
the assumption f(0) = 0 and the smallness of initial data. This can be done by the same
reasoning as in [15].

It should be noted that the resolvent S(¢) has no smoothing effect, which implies that
the solution u(¢), in general, cannot be more regular than the initial datum. Indeed, we
claim that there exists £ € H* such that S(¢)§ ¢ H” for any y > u. Let

Since A, ~ Cn?/N asn — 0o (C > 0), we have

A2 . ity 20 ) = 12
Then
o0
I = S A < oo,
n=1
i.e., & € H*. Now we estimate
o0
ISOE(Fy = D ALs(t,6,)°n . 3.1

n=1
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Using Proposition 2.1 (a) yields

“.6,) > 1 . 1
N n i - .
' 1+ 0,k()=1 = 1+ nk(r)~1

So

1
AY 1,9 2 —2v>—ky —2v
S (e
CV
Tk 2"
cv 1

SRR

—20—%)

which deduces the divergence of series (3.1).

We now consider the asymptotic stability of a solution to (1.1)—(1.3) in the sense of
Lyapunov.

Theorem 3.4. Assume that (F) holds. Let u™ be the solution of (1.1) with respect to the
initial datum £*, obtained by Theorem 3.2. If m ¢ LY (Ry), then u* is asymptotically
stable.

Proof. Take r* and § = 67 Ly (r*)r* from the proof of Theorem 3.2. In view of this
proof, it is easily seen that u* is uniquely defined on [0, 7] for any T > 0.

Let u be the solution of (1.1) with respect to the initial datum & € Bs. Then u € B,«.
Moreover, one sees that

@) = w* (@)1 < 25, 6011 — E¥ (I3
+267" /Ot r(t =7, )| fu(®) — f*(©) -2 dt
< 25(t, 00)IIE — & |13
+267" /Ol r(t =, 00 Ly (r")?|u() —u* (o). de
for any r > 0. Employing Proposition 2.2 yields
(@) = u* Ollfge < 25,61 =207 L (r*)*)1€ — E* 1 un

forany t > 0.
Asm ¢ L'(R), it follows from Proposition 2.1 (a) that s(¢, 6y — 207 'Ly (r*)?) — 0
as t — oco. We get the conclusion as desired. ]

In the next theorem, we prove the existence of an absorbing set for solutions of (1.1)
in the case that f is globally Lipschitzian.
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Theorem 3.5. Assume that f is globally Lipschitzian, i.e.,
If (1) = f2)lmu—2 = L [vi — v2lme

forall vy, v, € H*. IfLJ”; < %91 andm ¢ L' (R ), then there exists a bounded absorbing
set for solutions of (1.1).

Proof. As mentioned in Remark 3.3, for each £ € HH*, there exists a unique solution u of
(1.1) with u(0) = £. In addition, we have

0 = 2500, 0) e+ 267 | (= 0l () g 7
< 25(t.01) €13
+ 267" /0 -t OD2(LE)2 ()13 + 201 £ (0) ] d .
Using Proposition 2.2 again, we obtain

4] £ (0) I

el < 250,61 — 467 (LA I + 5= 7555
f

forall ¢ > 0. Since s(¢, 0; — 491_1(L}'i)2) — 0 ast — oo, there exists T = T(£) > 0 such
that 2s(¢, 6, — 491_1(14;)2)”5”11241# < 1forallt > T. That is,

4 £ O 13-
@)l < 1+ %

01 — 40, (Lf)
for all ¢ > T'. Equivalently, the ball B, with

_ 4 f Ol > \3
= (1 + —91 _491_1(L;»)2)

is an absorbing set for solutions of (1.1). The proof is complete. ]

4. Regularity results

4.1. Holder regularity

Denote y N
Y ||u(rt —u(r
VI = lue Bes sup et + h) —u(®)]| gz )
’ he(0,T) hY
t€(0,T—h)

where the ball B+ is taken from the proof of Theorem 3.2 and y € (0, 1).
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Theorem 4.1. Let the assumptions of Theorem 3.2 be satisfied. If the kernel function m is
2-regular and 0-sectorial for some 0 € (0, ) and

t
= 391_1(L;i)2 sup tzy/ r(t—1,0)t%dr <1,
te(0,T] 0

1\2

y t+h
lr= sup |- / r(t,01)dt < o0
he(0,T) (h) ‘

t€(0,T—h]

hold, then the solution of (1.1)—(1.3) is Holder continuous on (0, T'].

w,y

Proof. Tt suffices to show that the solution operator ®: V7

fact, we need to show ®(V}%) C VI for some r > 0.
Letu € V!’ Then

— V¥ is contractive. In

St +h) = P)(1) =[S +h) - SO)E

+/0 R@O[f (@ —t+h)— fult —1))]dt

t+h
+/ R@®) f(ut—t+ h))dr
= M;(t) + M(t) + M3(t), t>0.

By assumption, S(-) is differentiable on (0, o). Then

t+h

t+h dt h
Ol < [ 1S ©flw de < Mighe [ = Migha (1 + 7).
t t

So
h
184l < My~ feln (7) (.0

for any y € (0, 1). Here we used the inequality In(1 + b) < % for b > 0.
Now employing Lemma 2.3 (b), we have

M0 < 670 [ (e B0l = v ) = fte = o)ls d
<07 [ 100 + e =+ W) —ute = OBy d
0

Put Dyu(t) = u(t + h) — u(t); then

— DX [Dau(t — )l
h?v

dt

t

1

MOl = 6797 (15 +02 [ (e o -0
0

t
< Gl_lhz”rz(L; + e)zfo r(t,0)(t — 1) dr,
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thanks to the formulation of V‘rL ’r{’k. Thus

1\2Y 1
() 1Ml < S0, “2)

Regarding M3(t), we see that

t+h
M50y < 67 [ PO f it — T+ 7)) |2 d
t
t+h
<071 (LY + o) / P Ot —© + bRy d
t

t+h
<07+ 207 [ e
t

Hence

2
(5) MO < 667" (L5 + 0267 (43)

Combining (4.1)—(4.3), one obtains
1\2
()7 1900 + 1) — @) Ol

h
3
1\2v
<3(2) LIMi Ol
i=1
<3M2y?||ElIfge + 362607 (LY + 2 ()? + b

Since £; < 1, we are able to choose r > 0 (large enough) such that

1\2v
() 100 + ) = @@ O < 7> Vhe O.T). 1€ O.T—h).

which implies ®(u) € V%, The proof is complete. L]

ror*:

4.2. Mild solutions vs weak solutions
In this subsection, we assume that (F) holds with u© = 1.

Definition 4.2. A function u € C([0, T]; H!) is said to be a weak solution to problem
(1.1)=(1.3) on [0, T] if u(0) = £ and equation (1.1) holds in H™! for every ¢ € [0, T], i.e.,

(8§k}u, v) + (8§k}Vu, Vv) + n{Vu, Vv) = (f(u), v) 4.4)

forevery v € H! and ¢ € [0, T].

Theorem 4.3. A function u € C([0, T]; H') is a weak solution to (1.1)—(1.3) if and only
if it is a mild solution.
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Proof. Letu € C([0, T]; H') be a weak solution to (1.1)=(1.3). Then the smoothness of
the boundary of Q implies that e, € H?, n € N. Taking v = e, in (4.4) and integrating
by parts yields

(0%, ) — (090, Aen) — n(u, Aey) = (f(u), en),
which ensures that
(14 22)8% 0, (0) + nAntin(6) = fu(u(®)),  un(0) = & = ((0), en),

where u, (1) = (u(t),e,) and f,(u(t)) = (f(u(t)), en). Thus

(1) = (2. On)En + (1 + Ap)~" f F(t — 7.60) fo(u(2)) d.
0

where 8, = % Put
n

o1(t) = ) Ans(t, 0,67 = Y 01 (1)),
n=1 n=1

o] t 2 o0
m2) = Y (#2071 =m0 fru(n ) = o2l
n=1

n=1

In order to show that ¥ admits the representation in Definition 3.1, we testify the uniform
convergence of the series o7 (¢) and 0;(¢). Indeed, one sees that

Gl(t)[n] = )L,,S(l‘,@,,)zég =< Anssy

and the series )2, A, converges to [[£]|3,. Then oy (7) is uniformly convergent due
to the Weierstrass test. Concerning o, (¢), we observe that

oz(t)[n] < )L;I ([()t rt —r, Qn)dr) (/Ot rit—r, 9,,)|fn(u(r))|2dr)
<116, /tr(z — 7, 00| fu(u())?dt
0
< o7 f F(t = 00T fu (D) d. @5)
0

thanks to the Holder inequality and Proposition 2.1 (b).

In addition, we have ¢ — f(u(t)) is continuous as mapping from [0, T'] into H™1.
So the series Y po ; A, 1| f(u(2))||? is uniformly convergent on [0, T]. That is, for every
g > 0, one can find N, € N such that

Ne+p
D A (@) < e67 forall pe N, 1 € [0.T].
n=N,
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Now taking (4.5) into account, we get

N:+p t Ne+p
> o)l < 9;1/ r(t — 1,91)( > )L;l||fn(u(r))||2) dr <e
n=N; 0 n=N;

for all ¢ € [0, T'], which implies the uniform convergence of 0.
Conversely, assume that u € C([0, T']; H') is a mild solution of problem (1.1)—~(1.3).
Then

u(t) = S(1)E +/0 R(t — 1) f(u(r)) dr.

Obviously, #(0) = £. It remains to check that equation (1.1) holds in H™!. Recall that u
can be represented by

(D) = Y un(O)en.  with (1) = 5. 0)En + (14 An) 7 r (-, 0) % ().

n=1
Then
, d
kxu,(t) = E[k * (un — &0)](1)
d
= E[k * (s(+, 0n) — DE](2)
d
+(1+ /\n)_la[k k1 (-, On) * fu(u(-)]@).
Noting that

%[k #($C-.0n) = DI() = =Ons (@, 0n),  kxr(-,00)(1) = 5(.6p),

thanks to Proposition 2.1 (d) and (b), we have

d
k * u;;(t) = —0,s(t,0,)6, + (1 + An)_]z[s(' L On) * fu(u(-))]()

= —0p5(t, 0n)én + (1 + L) " [fu (@) + 5'(-. 6n) * fr(u(-))(@)]
= —Ops(t,0)6 + (1 + An)_l [fnQu(t)) = Opr (-, 00) * fu(u(-))(@)].

Hence

(I + Ak * ”;(t) = —NAnS(t,0p)6n — Onr (-, 60,) * fro(u(-))() + fn(u(?))
= w1()[n] + w2()[n] + w3(t)[n]. (4.6)

We will show that the series Y no; w; (t)[n]e, fori = 1,2, 3 are uniformly convergent in
H~! on [0, T]. Regarding the series > oo, @1(¢)[n]en, we see that

A o ()nD? = nPhas(t, 00)%E2 < n*AuE2 Vi €[0,T),
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and the series Y °° | n%1,£2 converges to n2||£]|%, . This ensures the uniform convergence
n=1" n g n H! g
in H™! of Y02 | w1(7)[n]e, and that

> w1(0)[nlen = nAS(0)E. 4.7)

n=1

Now considering the series Y 2 | w2 (¢)[n]en, one has

t 2
A;l(wz(t)[n])z = 1;103(/ r(t— T,Qn)fn(u(‘c))d‘r)
0

< xn‘e,%(/t N en>dr) (/ ri—1, en)|fn<u(r>>|2dr)
0 0

< A;le,, /t rt —r, 0,,)|fn(u(t))|2dt
0

< n/t r(t =7, 004, | fuu()* d.
0

Then the uniform convergence of the series Y o | A, (w2 (2)[n])? is testified by the same
reasoning for o, (¢). It is easily seen that

Y wa(0)nlen = nA[R x f))(0). (4.8)
n=1

Finally, we have

Y ws)lnlen = Y fuu(@))en,

n=1 n=1

which is the decomposition of f(u(¢)) in H™!. This together with (4.6)—(4.8) leads to

kow d;(u— Au)(1) = nAS(@)§ + nA[R * f()](@) + f(u(@))
= NA[S()E + R+ fu)(O] + f(u())
= nAu(r) + f(u(r)),

which is an equation in H™!. The proof is complete. ]

An example

Let k(t) = g1-o(t)e P witha € (0,1) and B > 0. Then
t
m(0) = a0+ B [ ga(s)e ds
0
(see e.g. [29]). Obviously,

—1
m'(t) = L a2 0, te€(0,00);

[(a)
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then m(-) is a decreasing function. Furthermore,
mA) =AM+ p)I*  for Re(A) > 0.

We first check that m is 7-sectorial. Indeed, if Re(4) > 0, then
_rr la o (LT 7 e (XX
g+ )  ( 2 2)’ ag+ ) e ( 2 2)’ g € ( 2 2)'
So .
arg (1)) = arg(A™!) + arg(2 + B)'~ € (=2, 7).
22
thanks to the fact that arg(A~!) and arg(A + B)!~% have opposite signs.
Now we testify that m is 2-regular. Observe that

A =1—-a)A A+ B)*—172(A + B,

Then

by
AR () = [(1 b ewie 1]@(1).

Since Re(A) > 0 and B > 0, it is easily seen that |ﬁ| < 1. Thus
A’ (V)] = (2 = o) (A)].
In addition,

A =ale—DATA+B8) T -1 -—a)A 2L+ B
F2077A+ BT (1 —a)A (A + B

Then
A" =al@—DAA+B) -0 —a)(A + p)
+207T A+ T (1 —a) A+ B)
2 A R
— [a(oz Do 200t 2]m(/\).
This implies

A2 ()] < [2 + @) (1 —a) + 2] 4)].

Thus m is 2-regular, which ensures the differentiability of the resolvent S(-) on (0, c0).
Regarding the nonlinearity, let

S @) = |u|”"'u + H(u) - Vu,
where p > 1 and H(u) = (h1(u), ..., hy(u)) is a vector field obeying that

hi(0) =0, |hi()—hi(w)] <|v—w| Vv,wekR;
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here the notation X < Y means that X < cY for some constant ¢ > 0. So
1S @) = f)] S (ul”™ + [P — v
N

+ 2 Ui )18, (u = )] + i () = i ()| ]
i=1 N
< (™ ol ™Dl = vl + Y llvlld (= v)] + lu = vl|g ).

i=1

Letv=2—-—pu<0and0 <2y < N <2+ 2u. Take

- 2N . 2N . N
r = 5 p = ) q = -
N +2v N —2u 2
Then
1 1 1
- ==+ =
r P (4
Now, for u, v € H*, we have
- - -1
P ol < Ml Mgallvlis = lullf o s vllzs

thanks to the generalized Holder inequality. Assume that

<N—|-2v
P=N"Tou

Then (p — 1)g < p. So (p — 1)g < p, which implies
_ -1

Ml ollz < lully 5 Ivlls-

L

In view of Lemma 2.8, we see that L™ () ¢ H™", H* c L?(2). Hence one deduces that

Iul? vl < Julfp vl 4.9)
Now taking
3 2N 3 2N SN
r = y e e ——— = s
N+ P Nyo2-ow 1
one also has
11 1
- ==+ =.
Foopoq

Using the generalized Holder inequality again, we have
lvdxullps < l[vllzalldxulls < vllzallulps- (4.10)

Note that
2N

H* ¢ Wi (Q) € LV (Q) ¢ LY(Q).
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Furthermore, due to Lemma 2.7, one sees that
H* ¢ WA2(Q) ¢ WP (Q).
Using these embeddings in (4.10) yields
lvdxullm— < llvdxullpr < llvllwe e (4.11)
Therefore, it follows from (4.9) and (4.11) that
11 = @ S Qullf’ + oI 5"+ lulws + [olle) v — vlle,

which ensures that (F) is fulfilled with L} =0.
Finally, we testify the technical conditions given in Theorem 4.1. Since m(-) is de-
creasing, we have

m(t) - m(1)
1(Lxm)(t) = 03(1 xm)S (1)’

r(t,01) < 70

thanks to Proposition 2.1 (b) and the inequality 1 + b > b% for b > 0 and § € (0, 1). In
addition, since m(t) ~ t*~!/T'(a) as t — 0, one see that

m(t)

§ §—1,a—ad—1
— ~ I« t ast — 0.
Temp " 0T

Concerning {1, let
t
A(t) = tz”/ r(t—t1,60)t % dr.
0
Then

"'m@it—1)r2dr -
0o 31 xm)@t—1v) "~

t
AL(1) <t 127/ (1 — 1) 172r g p,
0

Recalling that g, * gg(¢) = ga+p(f), we see that

2 2 —ad
A(t) StV gu g8 * g1—2y(t) =1 ygtx—¢x8+1—2y(t) <

which implies that sup, ¢ 771 A1(?) is finite.
Regarding £,, put

An(t.h) = (%)ZV [M r(z.0y)dr.

Then

1Ny (TR m(nydT 0\ m(t + Oh)h
AZ(t’h)5<Z) /, (1*m)8(r)_(ﬁ) (1 xm)3(t + Oh)
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for some ¥ € [0, 1], due to the mean value theorem. So

£>2y m(t)h

w002 G i

m(t)

thanks to the fact that  — —— 5 is also a decreasing function. It follows that

(Lxm)3 (1)

Az(l,h) < h1—2yt27+ct—l—0t8’

which ensures the finiteness of

52 = Sup A2(ls h)s
he(0,7)
te(0,T—h]

provided that 1 + a§ —a <2y < 1.
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