
Z. Anal. Anwend. 43 (2024), 113–124
DOI 10.4171/ZAA/1735

© 2024 European Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

Multiple homoclinic solutions for nonsmooth
second-order differential systems

Mohsen Timoumi

Abstract. In the present paper, we obtain infinitely many pairs of homoclinic solutions for a class
of nonsmooth second-order differential systems when the energy functional associated is not con-
tinuously differentiable and does not satisfy the Palais–Smale condition.

1. Introduction

Consider the following second-order differential system:

Ru.t/C q.t/ Pu.t/CrV.t; u.t// D 0; t 2 R; (DV )

where q 2 C.R;R/ and V WR � RN ! R is a continuous function, differentiable in the
second variable with continuous derivative rV.t; x/ D @V

@x
.t; x/. As usual, we say that

a solution u 2 C 2.R;RN / of (DV ) is homoclinic (to 0) if u.t/! 0 and Pu.t/! 0 as
jt j ! 1. Moreover, if u.t/ ¤ 0, u is called a nontrivial homoclinic solution.

When q.t/D 0, formally, system (DV ) reduces to the following classical Hamiltonian
system:

Ru.t/CrV.t; u.t// D 0; t 2 R: (H�)

Over the forty past years, with the aid of critical point theory and variational methods (see
for example [16]), the existence and multiplicity of homoclinic solutions for (H�) have
been extensively investigated in the literature when V.t; x/ takes the form

V.t; x/ D �
1

2
L.t/x � x CW.t; x/ (1.1)

with L 2 C.R;RN
2
/ andW 2 C 1.R �RN ;R/; see for example [1–3,7,8,10–15,17–22,

28, 29, 31–33, 35–37], but we do not even try to review the large bibliography. Here, “ � ”
denotes the usual inner product in RN and the associated norm will be denoted by j : j.

For the general case where q.t/ ¤ 0, in the last two decades, the existence and multi-
plicity of homoclinic solutions for (DV ) have been studied by a few mathematicians via
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critical point theory and variational methods; see [4, 5, 9, 23–27, 30, 34, 38] and the refer-
ences listed therein. In all the previous papers, the potential V takes the form (1.1) where
L andW satisfy suitable conditions, and the energy functional associated to system (DV )
defined on a well-chosen convenient space by

I.u/ D
1

2

Z
R
eQ.t/Œj Pu.t/j2 C L.t/u.t/ � u.t/� dt �

Z
R
eQ.t/W.t; u.t// dt

is continuously differentiable. The difficulties encountered in all these papers are the
Sobolev embedding compactness problem and the Palais–Smale condition problem. To
escape from it, several authors have imposed suitable coercivity conditions on L and
growth constraints on rW for which I 2 C 1.E;R/ and the critical points of I on E
are exactly the homoclinic solutions of system (DV ). Note that the conditions used in the
well-known papers do not cover some nonlinearity like

V.t; x/ D �
1

2

h
1C

1

2
cos
� 1

jxj

�i
jxj2 C d.t/jxj� ; (1.2)

where 0 <  < 1, d 2 C.R;RC/ \ L˛.R/ for 1 � ˛ � 2
2��

and d ¤ 0. It is easy to
see that V 2 C 1.R;RN /. However, let q 2 C.R;R/ be such that Q.t/ D

R t
0
q.s/ ds is

bounded; then for u 2 H 1
Q.R/ and v an indefinitely differentiable function from R into

RN with compact support, the derivative of the energy functional J associated to (DV ),

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt C

Z
R
eQ.t/K.t; u.t// dt �

Z
R
eQ.t/W.t; u.t// dt;

is

J 0.u/v D

Z
R
eQ.t/ Pu.t/ � Pv.t/ dt C

Z
R
eQ.t/u.t/ � v.t/ dt

C
1

2

Z
R
eQ.t/ cos.ju.t/j� /u.t/ � v.t/ dt

C


4

Z
R
eQ.t/ju.t/j� sin.ju.t/j� /u.t/ � v.t/ dt

� �

Z
R
eQ.t/d.t/ju.t/j��2u.t/ � v.t/ dt:

Let

w.t/ D
1

1C jt j
1
2�

; u.t/ D .w.t/; 0; : : : ; 0/; v.t/ D .w.t/ sin.w� .t//; 0; : : : ; 0/:

An easy computation shows that u; v 2 H 1
Q.R/. On the other hand, we haveZ

R
eQ.t/ju.t/j� sin.ju.t/j� /u.t/ � v.t/ dt

D

Z
R
eQ.t/jw.t/j2� sin2.jw.t/j� / dt
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� m0

Z
R
jw.t/j2� sin2.jw.t/j� / dt

D 2m0
2 � 



Z 1
1

s
� 1 .s

1
 � 1/1� sin2.s/ ds

D C1:

Therefore, J is not continuously differentiable on H 1
Q.R/.

In this note and for the first time, we are interested in the existence of infinitely many
pairs of homoclinic solutions for (DV ) when the function V satisfies some conditions,
which covers the cases as in (1.2). More precisely, we will study the cases when the quad-
ratic form 1

2
L.t/x � x is replaced by a general nonsmooth function K.t; x/ and no growth

constraints are imposed on rV . To the best of our knowledge, it seems that no similar
results are obtained in the literature for nonsmooth damped vibration systems. Taking
V.t; x/D �K.t; x/CW.t; x/, whereK;W WR�RN ! R are continuous functions, dif-
ferentiable in the second variable with continuous derivatives respectively rK.t; x/ and
rW.t; x/, we obtain the following results.

Theorem 1.1. Assume that q and W satisfy

(Q) q 2 C.R;R/ and

Q.t/ D

Z t

0

q.s/ ds

is bounded from below with m0 D inft2R e
Q.t/;

(H1) there exist constants 1 < � � 2 and a > 0 such that

K.t; x/ � ajxj� 8.t; x/ 2 R �RN I

(H2) there exist � 2 �1; �Œ, 1 � ˛ � 2
2��

and d 2 L˛Q.R;R
C/ such that

jW.t; x/j � d.t/jxj� 8.t; x/ 2 R �RN I

(H3) V.t;�x/ D V.t; x/8.t; x/ 2 R �RN ;

(H4) there exist constants � 2 �1; 2Œ and l 2 R�C [ ¹C1º such that

lim
jxj!0

V.t; x/

jxj�
D l uniformly in t 2 R:

Then system (DV ) possesses infinitely many pairs of nontrivial homoclinic solutions.

Theorem 1.2. Assume that (Q), (H1), (H2), (H3) and the following condition are satisfied:

lim
jxj!0

V.t; x/

jxj2
D C1 uniformly in t 2 R: (H04)

Then system (DV ) possesses infinitely many pairs of nontrivial homoclinic solutions.
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Theorem 1.3. Assume that (Q), (H1), (H2), (H3) and the following conditions are satisfied:

(H01) there exist positive constants b;R such that K.t; x/ � bjxj� 8t 2 R, jxj � R;

(H5) there exist constants � 2 �1; �Œ, l 2 R�C [ ¹C1º, t0 2 R and r > 0 such that

lim
jxj!0

W.t; x/

jxj�
D l uniformly in t 2 �t0 � r; t0 C rŒ:

Then system (DV ) possesses infinitely many pairs of nontrivial homoclinic solutions.

Theorem 1.4. Assume that (Q), (H1), (H01), (H2), (H3) and the following condition are
satisfied:

(H05) there exist constants t0 2 R and r > 0 such that

lim
jxj!0

W.t; x/

jxj�
D C1 uniformly in t 2 �t0 � r; t0 C rŒ:

Then system (DV ) possesses infinitely many pairs of nontrivial homoclinic solutions.

Remark 1.1. IfQ.t/ D
R t
0
q.s/ ds!C1 as jt j !1, an homoclinic solution of (DV )

is called a fast homoclinic solution.

Remark 1.2. In assumptions (H1)–(H5), (H01) and (H05), the nonlinearity rV does not
verify any growth constraints, so the energy functional associated to (DV ) is continuous
but neither continuously differentiable nor does it satisfy the Palais–Smale condition as
we saw above.

2. Preliminaries

In order to prove our main results, we recall some definitions and basic results. Let X be
a Banach space and X 0 its dual space. The weak convergence in X is denoted by “*”.
Let J be a functional defined on X . Then J is said to be weakly sequentially lower semi-
continuous if lim infn!1 J.un/ � J.u/ for any u 2 X and .un/ � X satisfying un * u.

Let J be a continuous functional defined on X and let E be a dense subspace of X ;
we say that J is E-differentiable if

(a) for all u 2 X and v 2 E, the derivative of J at u in the direction v, denoted by
hJ 0.u/; vi, exists, that is,

hJ 0.u/; vi D lim
s!0

J.uC sv/ � J.u/

s
I

(b) the mapping J 0 satisfies that

(i) v 7! hJ 0.u/; vi is linear in E for all u 2 X ,

(ii) u 7! hJ 0.u/; vi is continuous in X for all v 2 E, that is,

hJ 0.un/; vi ! hJ
0.u/; vi as un ! u in X:
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A point u 2 X is said to be a critical point of J if jJ 0.u/j D 0, where

jJ 0.u/j D sup¹hJ 0.u/; vi=v 2 E; kvk D 1º

and k : k denotes the norm in X .
Now we are in position to recall a variant of Clark’s Theorem due to [6].

Lemma 2.1. Let X be a separable and reflexive Banach space with norm k : k and let E
be a dense subspace of X . Assume that J is a continuous functional defined on X which
is E-differentiable. Suppose that J satisfies the following conditions:

(A1) J is an even functional, i.e., J.�u/ D J.u/ for every u 2 X , and it is bounded
from below;

(A2) if u 2 X , .un/ � X , jJ 0.un/j ! 0 and un * u as n!1, then jJ 0.u/j D 0;

(A3) J is weakly sequentially lower semicontinuous;

(A4) the set ¹u 2 X=J.u/ � J.0/º is bounded in X ;

(A5) for every positive integer k, there exist a k-dimensional subspace Xk of X and
�k > 0 such that supXk\S�k J < J.0/, where S� D ¹u 2 X=kuk D �º.

Then J has infinitely many pairs of critical points .˙uk/k2N satisfying

J.˙uk/ � J.0/; uk ¤ 0 for k 2 N and uk * 0 as k !1:

Remark 2.1. Assumption (A2) can be deduced from the following assumption:

(A02) if u 2 X , .un/ � X and un * u in X as n!1, then

hJ 0.un/; vi ! hJ
0.u/; vi 8v 2 E:

Therefore, the result of Lemma 2.1 is true if assumption (A2) is replaced by (A02).

In the following, we shall use L2Q.R/ to denote the Hilbert space of measurable func-
tions from R into RN under the inner product

hu; viL2Q
D

Z
R
eQ.t/u.t/:v.t/ dt

and the induced norm

kukL2Q
D

�Z
R
eQ.t/ju.t/j2 dt

� 1
2

:

Similarly, LsQ.R/ (2 � s <1) denotes the Banach space of functions on R with values
in RN under the norm

kukLsQ D

�Z
R
eQ.t/ju.t/js dt

� 1
s

and L1Q .R/ denotes the Banach space of functions on R with values in RN under the
norm

kukL1Q D ess sup¹e
Q.t/
2 ju.t/j=t 2 Rº:
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Let
H 1
Q.R;R

N / D ¹u 2 L2Q.R/= Pu 2 L
2
Q.R/º:

Then H 1
Q.R/ equipped with the following inner product and norm is a Hilbert space:

hu; vi D

Z
R
eQ.t/Œ Pu.t/ � Pv.t/C u.t/ � v.t/� dt; u; v 2 H 1

Q.R/;

kuk D hu; ui
1
2 ; u 2 H 1

Q.R/:

It is well known thatH 1
Q.R/ is continuously embedded intoLsQ.R;R

N / for all 2� s�1,
and then there exists a constant �s > 0 such that

kukLsQ � �skuk 8u 2 H
1
Q.R/:

3. Proof of theorems

Consider the functional J associated with equation (DV ) defined on the space X D
H 1
Q.R/, introduced in Section 2, by

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt C

Z
R
eQ.t/K.t; u.t// dt �

Z
R
eQ.t/W.t; u.t// dt:

Let E D D.R/ be the space of indefinitely differentiable functions from R into RN with
compact support. Then J is E-differentiable and

hJ 0.u/; vi D

Z
R
eQ.t/ Pu.t/ � Pv.t/ dt C

Z
R
eQ.t/rK.t; u.t// � v.t/ dt

�

Z
R
eQ.t/rW.t; u.t// � v.t/ dt 8u 2 X; v 2 E:

Step 1. J is even. If ˛ D 1, one gets

J.u/ �
1

2

Z
R
eQ.t/j Pu.t/j2 dt C a

Z
R
eQ.t/ju.t/j� dt � kuk�L1

Z
R
eQ.t/d.t/ dt

�
1

2

Z
R
eQ.t/j Pu.t/j2 dt C a

�pm0
�1

�2��
kuk��2

Z
R
eQ.t/ju.t/j2 dt

�

� �1
p
m0

��
kuk�

Z
R
eQ.t/d.t/ dt

� min
°1
2
; a
�pm0
�1

�2��
kuk��2

±
kuk2 �

� �1
p
m0

�� Z
R
eQ.t/d.t/ dtkuk� : (3.1)

If 1 < ˛ � 2
2��

, then �˛
˛�1
� 2 and we have

J.u/ �
1

2

Z
R
eQ.t/j Pu.t/j2 dt C a

Z
R
eQ.t/ju.t/j� dt

�

�Z
R
eQ.t/d˛.t/ dt

� 1
˛
�Z

R
eQ.t/ju.t/j

�˛
˛�1 dt

� ˛�1
˛
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�
1

2

Z
R
eQ.t/j Pu.t/j2 dt C a

�pm0
�1

�2��
kuk��2

Z
R
eQ.t/ju.t/j2 dt

� kdkL˛Q�
�
�˛
˛�1
kuk�

� min
°1
2
; a
�pm0
�1

�2��
kuk��2

±
kuk2 �

�Z
R
eQ.t/d˛.t/ dt

� 1
˛

���˛
˛�1
kuk� : (3.2)

For kuk � .2a/
1
2��

p
m0
�1

, inequalities (3.1) and (3.2) imply, for a positive constant c1,

J.u/ � a
�pm0
�1

�2��
kuk� � c1kuk

� ;

Therefore, J is coercive and bounded from below because � < �. Hence (A1) and (A4)
are satisfied.

Step 2. Let un * u in X and v 2 E. ThenZ
R
eQ.t/ Pun.t/ � Pv.t/ dt C

Z
R
eQ.t/un.t/ � v.t/ dt

!

Z
R
eQ.t/ Pu.t/ � Pv.t/ dt C

Z
R
eQ.t/u.t/ � v.t/ dt: (3.3)

Since v 2 D.R/, by the Lebesgue convergence theorem,

�

Z
R
eQ.t/un.t/ � v.t/ dt �

Z
R
eQ.t/rV.t; un.t// � v.t/ dt

! �

Z
R
eQ.t/u.t/ � v.t/ dt �

Z
R
eQ.t/rV.t; un.t// � v.t/ dt:

(3.4)

Combining (3.3) and (3.4) yields hJ 0.un/; vi ! hJ 0.u/; vi. Therefore, condition (A02)
holds for J .

Step 3. Moreover, if un * u in X , then by [18, Theorem 1.6], we have

lim inf
n!1

1

2

Z
R
eQ.t/j Pun.t/j

2 dt �
1

2

Z
R
eQ.t/j Pu.t/j2 dt:

Applying Fatou’s lemma and using (H1) leads to

lim inf
n!1

Z
R
eQ.t/K.t; un.t// dt �

Z
R
eQ.t/K.t; u.t// dt;

while (H2) implies

lim
n!1

Z
R
eQ.t/W.t; un.t// dt �

Z
R
eQ.t/W.t; u.t// dt:

Hence J satisfies (A3). To complete the proof of our results, it remains to verify condi-
tion (A5).
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3.1. Proof of Theorem 1.1

For any k 2 N, let Xk be a k-dimensional subspace of D.R/. Since all norms in a finite-
dimensional space are equivalent, then for any positive integer k, there exists a positive
constant k such that

kuk � kkukL2Q
8u 2 Xk :

By (H4), for 0 < l0 < l , there exists a constant R0 > 0 such that

V.t; x/ � l0jxj
�
8t 2 R; jxj � R0: (3.5)

For u 2 Xk with kuk � R0
p
m0

�1
, we have

kukL1 �
kukL1Q
p
m0
�

�1
p
m0
kuk � R0: (3.6)

Combining (3.5) and (3.6) yields

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt �

Z
R
eQ.t/V.t; u.t// dt

�
1

2
kuk2 � l0

Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 � l0

1

2
k

�pm0
p
�1

�2��
kuk� :

Choosing

�k D min
°
R0;

� l0
2
k

� 1
2��
±pm0
�1

;

we obtain

sup
u2Xk\S�k

J.u/ � �
1

2

� l0
2
k

� 2
2��
�pm0
�1

�2
< 0; where S�k D ¹u 2 X W kuk D �kº:

Therefore, (A5) is satisfied. According to Lemma 2.1, J possesses infinitely many pairs
of critical points˙uk , k 2 N, satisfying

J.˙uk/ � J.0/; uk ¤ 0 for k 2 N and uk * 0 as k !1:

Therefore, system (DV ) has infinitely many pairs of nontrivial homoclinic solutions.

3.2. Proof of Theorem 1.2

For any k 2 N, let Xk be as above and M >
2
k

2
. By assumption (H04), there exists a con-

stant Rk > 0 such that

V.t; x/ �M jxj2 8t 2 R; jxj � Rk : (3.7)
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Let u 2 Xk with kuk � Rk
�1

p
m0 D �k ; we have kukL1 � Rk . Hence (3.7) yields, for

kuk D �k ,

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt �

Z
R
eQ.t/V.t; u.t// dt

�
1

2
kuk2 �Mkuk2

L2Q
�
1

2
kuk2 �

M

2
k

kuk2

�

�1
2
�
M

2
k

�
�2k < 0:

Therefore, (A5) is satisfied and we conclude as in the proof of Theorem 1.1 that system
(DV ) has infinitely many pairs of nontrivial homoclinic solutions.

3.3. Proof of Theorem 1.3

For any k 2 N, let Xk be a k-dimensional subspace of D.�t0 � r; t0 C rŒ/. As above, for
any positive integer k, there exists a positive constant k such that

kuk � kkukL2Q
8u 2 Xk :

By (H5), for 0 < l0 < l , there exists a constant 0 < R1 < R such that

W.t; x/ � l0jxj
�
8t 2 �t0 � r; t0 C rŒ; jxj � R1: (3.8)

For u 2 Xk with

kuk D min
°
R1;

� l0
2b

� 1
���
±pm0
�1

;

we have kukL1 � R1. Therefore, (3.8) and (H01) imply

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt C

Z
R
eQ.t/K.t; u.t// dt �

Z
R
eQ.t/W.t; u.t// dt

�
1

2
kuk2 C b

Z
R
eQ.t/ju.t/j� dt � l0

Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 C b

� �1
p
m0

����
kuk���

Z
R
eQ.t/ju.t/j� dt � l0

Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 �

h
l0 � b

� �1
p
m0

����
kuk���

i Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 �

h
l0 � b

� �1
p
m0

����
kuk���

i 1
2
k

�pm0
�1

�2��
kuk�

�
1

2
kuk2 �

l0

2

1

2
k

�pm0
�1

�2��
kuk� :

Since 0 < � < 2, we deduce that there exists a positive constant �k small enough such that
J.u/ < 0 for u 2Xk with kuk D �k , which is (A5). Therefore, system (DV ) has infinitely
many pairs of nontrivial homoclinic solutions.
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3.4. Proof of Theorem 1.4

For any k 2 N, let Xk be defined as in the proof of Theorem 1.3 and let M > b. By
assumption (H05), there exists a constant 0 < Rk < R such that

W.t; x/ �M jxj� 8t 2 �t0 � r; t0 C rŒ; jxj � Rk : (3.9)

Let u 2 Xk with

kuk D inf
°
Rk ;

� M
22
k

� 1
2��
±pm0
�1

D �k I

then we have kukL1 � Rk . Hence (3.9) and (H01) yield

J.u/ D
1

2

Z
R
eQ.t/j Pu.t/j2 dt C

Z
R
eQ.t/K.t; u.t// dt �

Z
R
eQ.t/W.t; u.t// dt

�
1

2

Z
R
eQ.t/j Pu.t/j2 dt C b

Z
R
eQ.t/ju.t/j� dt �M

Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 � .M � b/

Z
R
eQ.t/ju.t/j� dt

�
1

2
kuk2 �

M � b

2
k

�pm0
�1

�2��
kuk�

� �

�M � b
2
k

� 2
2��
�pm0
�1

�2
< 0:

Condition (A5) is satisfied. As above, system (DV ) has infinitely many pairs of nontrivial
homoclinic solutions.
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