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Dynamics of a one-dimensional nonlinear poroelastic
system weakly damped

Manoel Dos Santos, Mirelson Freitas, and Anderson Ramos

Abstract. In this paper, we study the long-time behavior of a nonlinear porous elasticity system.
The system is subject to a viscoporous damping and a nonlinear source term which is locally Lips-
chitz and depends only on the volume fraction. The dynamical system associated with the solutions
of the model is gradient, and under the hypothesis of equal speeds of propagation for the waves, we
prove that it is also quasi-stable, which allows us to show the existence of a global attractor for the
system, which is the main result of the paper.

1. Introduction

Cowin and Nunziato in [11, 12,27] proposed a model for the mechanical behavior of elas-
tic materials with distributed voids such that the bulk density is the product of two scalar
fields, the matrix material density and the volume fraction field, based on the continuum
theory for granular materials with void interstices; they established the following consti-
tutive equations (for the one-dimensional homogeneous and isotropic porous elastic solid
model with the extrinsic equilibrated body force and body force field vanishing):

pug = Ty,

(1.1)
J¢i = Hx + G,

where u = u(x, t) is the displacement from the reference configuration, ¢ = ¢(x, ) is
the change in volume fraction from the reference volume fraction, 7 is the stress, H is the
equilibrated stress vector, G is the intrinsic equilibrated body force, p and J are positive
constants. Since then, several works have been carried out considering the behavior of
system solutions (1.1) as the main object of study.
In [30], Quintanilla considered the system (1.1) with the following constitutive equa-
tions:
T = pux +bp, H =8¢y, G =—buy—Ep—1¢;, 1.2)

where p, i, J, 8, £, T are positive constants and b # 0 is a constant satisfying u& — b? > 0.
Moreover, it is assumed that the body occupies the interval [0, L], with L > 0. Thus, the
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following system was obtained:

PUss — Uxx —bdy =0,
St —8¢xx + bux +E¢ + ¢ =0, (x,1) €]0, L[ x]0, o0 (1.3)

as well as initial conditions defined in appropriate spaces (energy spaces). The term t¢;
in (1.3), (which is the rate of change of the volume fraction over time) acts as a damping
term for the system (porous dissipation, physically represents viscoporosity). It is worth
mentioning as shown in [12] that (in the situation of an isotropic material) b is a constant
that depends on the reference volume fraction, and according to (1.2), the sign of b will
influence the stress tensor 7' and intrinsic equilibrated body force G. Note that in (1.3)
there is no elastic dissipation. An interesting question is whether the term ¢, is strong
enough to stabilize the full system and if so at which rate? The author used the Routh—
Hurwitz theorem to prove that if y # 0, where

Xi=———= 1.4)

then the solutions of (1.3) decay slowly (there is no exponential decay) for boundary
conditions like

u(X,[):(f’x(xvl):O (]5)
and

Ux(x,t) = ¢(x,1) =0 (1.6)

for x =0, L and ¢ €]0, ool. This result means that the porous viscosity is not strong enough
to guarantee the exponential stability for the system.

Santos et al. in [32] studied the system (1.3) and by using the semigroup theory of
linear operators on Hilbert spaces, due to Gearhart—Herbst—Priiss—Huang (see [18,20,21,
29]), proved that the solutions, subject to Dirichlet—-Neumann boundary conditions (1.5),
decay exponentially if and only if y = 0; otherwise y # 0. Using a result due to Borichev
and Tomilov in [5], the authors showed that the solutions decay polynomially with optimal

rate 1/4/1.

Apalara in [2, 3] considered (1.3) subject to the boundary conditions (for L = 1)

MX(O’[) = M(L,[) = ¢(O,t) = ¢X(Lvt) = 07
u(0,1) = ux(L,t) = ¢(0,1) = ¢px(L,t) =0, >0,

and Neumann-Dirichlet boundary conditions (1.6). Using the multiplicative method, the
author showed, in all these cases, that the solutions decay exponentially since y = O.

If we consider only the effect of viscoelasticity acting on the poroelastic model, we
obtain the following system:

PU — PUxy — by — YUsxx =0,
Jrr —8pxx +buy +£¢ =0, (x,1) €]0,L[x]0,00]. (1.7)
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Muiioz-Rivera and Quintanilla in [26] studied the model (1.7) with boundary conditions
given by (1.5). The authors proved that the solutions of the system decay polynomially.
(In [31], Santos et al. obtained the optimal rate 1/+/7 for the polynomial decay of (1.7).)
It is worth mentioning that in this same work the authors studied the one-dimensional
poroelastic system subject to a single dissipation mechanism, which is heat conduction.
In this case, dissipation is not strong enough to produce exponential decay, but the system
decays polynomially.

Magafia and Quintanilla in [23] considered, in addition to the viscoelasticity effect, the
viscoporosity effect (when we insert the term 7¢; in the equation (1.7),). They studied the
system

PUr — Uxx — by — YUsxx = 0,
J¢tt_8¢xx+bux+€¢+t¢t =0s (x,l)E]O,L[X]0,00[,

with boundary conditions given by (1.5). They showed that the solutions of such a system
decay exponentially.

When it is assumed that the microvoid motion is quasi-static (physically, J — 0
in (1.3)), there is a considerable change in the structure of the system, since the coupling
of a hyperbolic equation with a parabolic equation; this is,

PU — Plxy — by =0,
T — 8xx + bux +E¢p =0, (x,1) €10, L[ x]0, 0. (1.8)

Magafia and Quintanilla in [24] studied the system (1.8) with boundary conditions given
by (1.5). The authors proved the slow decay for the system solutions. (However, Mufioz-
Rivera and Quintanilla in [26] proved that the solutions of the system decay polyno-
mially.) Furthermore, they established that, unlike the poroelastic case with viscoelas-
tic effect (1.7), whose solutions decay polynomially, the solutions of the quasi-static
microvoid model with viscoelastic effect (when we insert the viscoelasticity term —yu
into equation (1.8);) decay exponentially.

Pamplona et al. in [28] studied a poroelastic (one-dimensional) model with thermal
effect when viscoelasticity is present; more precisely, they addressed the following sys-
tem:

Ut — Uxx — by + BOx — Yusxx =0,
Jhir — 8¢pxx +bux +§¢ —mb =0,
O —kOxyx + Buys +mep; =0, (x,t) €]0,L[x]0, 00,

where 0 represents the temperature of a particle x € [0, L] at instant ¢. The boundary
conditions of the problem were given by

u(0,t) = u(L,t) = ¢(0,1) = ¢ (L,1) = 65(0,1) = 0,(L,t) = 0.

The authors proved that the solutions of the system do not decay exponentially but decay
polynomially.
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Recently in [1], Al-Mahdi et al. studied the issue of general decay for the following
thermoelastic porous model with memory effect:

U — Pixy — by + B0 =0,
t

Jpir — 8pxx + buy + Ep —mb + /0 g(t — 5)Pxx(x,5)ds = 0,
O — kOxx + Bux: + me; =0, (x,1) €]0,1[ x ]0, o0,
with the following (Neumann-Dirichlet—Dirichlet) boundary conditions:
ux(0,1) =ux(1,¢t) = ¢(0,¢) = ¢(1,t) = 6(0,t) = 6(1,t) =0, ¢ €]0,00].

The authors proved that there exist positive constants ¢1, k1, and k, such that

t
E(t) < koG (k1 / V(S)ds) . V=,

131
where E(¢) is the energy of a solution of the system and G (¢) and y(¢) are given functions
satisfying

g't) <—y()G(g() and Gi(t) = /t SG}(s)ds'

Compared to linear ones, there are few works related to the asymptotic behavior of
nonlinear poroelastic systems. In this case, it may happen that the objective of the work is
to study the decay of the solutions of the system as in [4,22,25] or to study the existence of
global attractors (Definition A.2) for the dynamical system associated with the solutions
of the system; we will focus on the second. It is noteworthy that the global attractor, when
it exists, is unique. Roughly speaking, a global attractor is a set to which a dynamical
system evolves after a long period of time. Next, we highlight some works on the existence
of global attractors for nonlinear poroelastic systems.

Freitas et al. in [17] considered the following nonlinear poroelastic system:

PUsr — Pxy —bpx + g1(uy) = f1(u, d),
Jprr — 8pxx + bux +£¢ + g2(¢r) = fa(u, ), (x,1) €]0,L[x]0,00[, (1.9)

with boundary conditions given by
u(0,t) =u(l,t) = ¢0,t) = ¢(1,t) =0, t€]0,00]. (1.10)

In this model, the functions g; and g, represent damping terms, while f; and f> represent
source terms. The authors proved, depending on the hypotheses on terms of damping and
source, the existence of blowup of the solutions and the existence of a global attractor.
Freitas in [16] considered the system (1.9)—(1.10) with external sources 41, i, depend-
ing on x and on ¢ and obtained a non-autonomous dynamical system associated with
the solutions of the system. In this case, the author proved the existence of minimal
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pullback attractors as well as the upper semicontinuity of the attractor with respect to
non-autonomous perturbations.

Dos Santos et al. in [13] studied a nonlinear poroelastic system with delayed visco-
porosity; more precisely, they considered the system

PUs — PUxy — by +ur + f1(u, @) = hi(x),
Jptr — 8pxx + bux +E¢ + 1,
Fr2¢i(x, 1 — 1) + f2(u,P) = ha(x),  (x,1) €]0, L[ x]0, 00,
with boundary conditions given by (1.10). It was proved in the paper that if , < 1, then
the dynamical system associated with the solutions of the system possesses global and
exponential attractors. Furthermore, the fractal dimension of the attractor is finite.

Feng et al. in [15] consider the following nonlinear poroelastic system with infinite
memory in the equation of volume fraction and nonlinear friction damping:

purr — Puxx —box + g(uy) + f1(u,¢) = hi(x),
Jir — 8pxx + bux + §¢

+/0 k(s)pxx(t —s)ds + fo(u.¢) = ha(x),  (x.1) €]0, L[x]0, ool.

The authors showed that the dynamical system associated with the model possesses a
global attractor with finite fractal dimension.
In this paper, we consider the poroelastic system (1.1) with constitutive equations
given by
T = puy + bo,
H =8¢y, (1.11)
G = —bux —&¢ — 1 — f(9).
with u, 8, &, t positive constants, f is a nonlinear forcing term, and » # 0 a constant
satisfying
b? < ué. (1.12)
Assuming that the region occupied by the material is the interval [0, 1], from (1.1)
and (1.11), we obtain the following system:

PU — PUxy —DPy =0,
e — 8pxx + bux +§¢ + ¢ + f(¢) =0, (x,1) €]0,1[x]0,00[. (1.13)
The system (1.13) is subject to the boundary conditions
u(0,t) =u(l,t) = ¢(0,t) = ¢(1,t) =0, t€]0,oq], (1.14)
and initial conditions
M(X,O) Zu()(x)’ ut(x’o) Zul(x)v
$(x,0) = Po(x). ¢ (x,0) =1(x), x€][0,1]. (1.15)
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The paper is divided as follows: in Section 2, we state the assumptions for the non-
linear source term f as well as establish the notations for the functional spaces used
throughout the paper. In Section 3, we study the well-posedness of the system (1.13)—
(1.15) from the point of view of semigroup theory of linear operators on Hilbert spaces (let
us rewrite the system (1.13)—(1.15) as a first-order initial value problem in a given Hilbert
space) and define three types of energy (in addition to the resulting energy from the norm
in phase space, we define the modified energy and second energy) for the solutions of
the system and conclude the section with the result of existence and uniqueness of global
solutions (in time) and continuous dependence on initial data. In Section 4, assuming that
x = 0in (1.4), we obtain the main result of the work, which is the existence of a global
attractor; this result will be obtained by showing that the dynamical system associated with
the solutions of the system (1.13)—(1.15) is quasi-stable (quasi-stability is a method intro-
duced by Chueshov and Lasiecka [7-9] originally developed for second-order (in time)
nonlinear evolutionary models with nonlinear damping) on bounded positively invariant
sets and is gradient.

2. Notations and assumptions

In this paper, we denote by L?(0, 1), 1 < p < oo, the (Lebesgue) space of measurable
functions on [0, 1], whose p-th power is Lebesgue integrable endowed with the norm ||-|| .
For p = 2, we have the product inner and norm given, respectively, by

1
(u,v), := /0 u(x)v(x)dx and ||u||% = (u,u)2, u,veL?0,1).

For s = 1,2, we denote by H*(0, 1) the L,-based Sobolev space of the order s and by
H{ (0, 1) the closure of C§°(0,1) in H!(0, 1). We consider in H{ (0, 1) the Poincaré’s
inequality

lullz < lluxll2,  Vu € Hg(0,1).
Regarding the source term f in (1.13), we make the following assumptions.

(Al) f € C'(R), and there exist constants p > 1, C 'r > 0,and Cr > 0 such that

£/ < Cr(s|P~H + 1), Vs €R, 2.1)
F(s) := [OS f(o)do > —§s2 —Cr, VseR, (2.2)
for some positive constants 3, satisfying
]
B < 3
(A2) In addition, we assume that
f(s)s = —Bs*—Cy. VseR. (2.3)

It follows from (2.1) that f is locally Lipschitz.
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3. Well-posedness

The main goal of this section is to study the well-posedness of (1.13)—(1.15). First, we
consider the Hilbert space # = [H/ (0, 1)]* x [L?(0, 1)]* endowed with inner product

(1.0, 9). (6.5, 9)) 4 = p(v. D)2 + J(W. V)2 + 8(¢x. P2 + (tix. Tix)2
+ by, )2 + bliix, ¢)2 + E(¢). )2

and norm (induced by inner product above)

G0 )5 = pllvlZ + T3 + 8llgxll3 + mlluxl3 + 2b(ux. )2 + £4113

— PlloIZ + IV + Slnl2 + HJJX+Jb

b2
+@—?ﬁwﬁ G.1)

Considering

¢ =) = W), o), us (1), ¢: (1)) = W, b, us, ) and  @o = (uo, po, U1, 1),

we rewrite (1.13)—(1.15) in the form of the following initial value problem in #; that is,

¢:(t) = Ap(t) + F(p(1), t>0, 32)
¢(0) = o,
where ¢; = ‘;—f,A :D(A) C #H — H,and F : H — H are given by
u v
N 12
A v I_P_l(_l'“/‘xx —box) ’
—J7 (=6 XX X
v (—8¢xx + bux +§¢ + TY) (3.3)
u 0
o\l 0
4 v | 0
v AT

with
D(A) = {(u,p,v.¥) € H; u,¢ € H*(0,1), v,y € HJ (0. 1)}.
The following result can be found in [3, 30, 32].
Lemma 3.1. The operator A is dissipative, i.e., (Ao, 9o)ge < 0 for any g9 € D(A) and
R(I — A) = H, where R(I — A) is the range of operator I — A. Therefore, A is the

infinitesimal generator of a Cy-semigroup of contractions T (t) on J, with D(A) = ¥,
where D(A) is the closure of D(A).
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Lemma 3.2. Suppose that f in (1.13) is locally Lipschitz continuous. Then, the operator
F in (3.3) is locally Lipschitz continuous.

Proof. Let K > 0. Then, for any @9 = (19, ¢o, o, ¥o), ¢1 = (U1, ¢$1, v1, Y1) in K such
that [|@ol|g. l¢1lle < K, from (3.1), we have

8lidoxll3 < lwoll% < K and 8ll¢, 13 < llorl13 < K?

= [lgo, 2 < §7/?K and ||¢1 ||l < §7'/?K. (34
Since ¢o, 1 € HO1 (0, 1), it follows from (3.4) and from the continuous embedding
Hy(0.1) = C([0.1])
(with embedding constant Cy > 0) that

[$o()] = sup |go(x)] = Collgoll2 = Cod™'/?K.

x€[0,1]

61()| < sup [$1(x)| < Collg,ll2 < Co™ 'K,

x€[0,1]

(3.5)

a.e. in [0, 1]. Let us denote by Mg the Lipschitz constant of f on interval [-Co8~'/2K,
Co8~1/2K] (note that Mk depends on K). Therefore, it follows from the local Lipschitz
continuity of f and (3.5) that

| f(¢o(x)) = f(d1(x))| = Mik|po(x) —p1(x)| ae.in]0,1]. (3.6)

From (3.3), (3.6) and by using Poincaré’s inequality, we obtain

IF(@o) = Flon)liZe = J /01 | f(¢0) — f(@1)Pdx < T MEllgo, — d1. |3

< J"Mglpo — @117
which concludes the proof of the lemma. ]
Definition 3.3. A strong solution to (3.2) on [0, T') is a continuous function

0:[0,T)—> H,

continuously differentiable on (0, T), ¢(¢) € D(A) for any ¢ € (0, T) and (3.2) holds on
[0, 7).

Definition 3.4. A mild solution to (3.2) on [0, T'] is a continuous function ¢ : [0, T] — H#
satisfying the following integral equation:

o(t) = T(O)go + [0 T( —)F(ps)ds. 0<1<T. 3.7)

where T (¢) is the semigroup generated by .A. Note that a strong solution is a mild solution.
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The (natural) energy E(¢) and the modified energy (functional) & (¢) of a (mild) solu-
tion p(t) = (u, P, u;, ;) to (3.2) are given, respectively, by

1
E@) = 5llel5

and

1
8(t) = E(r)+f0 F(¢)dx. (3.8)

ol ]

Also, consider the second energy (functional) £(¢) of U(t), defined by

1
) = 5| phul + 71012 + 1012 +

- T

It is immediately seen that

E) < E(@).

On the other hand, by using Poincaré’s inequality, we have

b b b
—=Ux = || = + = |7 ~=Yx + X .
Hﬁ f”ﬁ” i VEll2 < | —=u i VElpxll2
Therefore,
2 < 2 +—||¢ 12 (3.9)
xll2 = b2 \/— x 12 .

This means that there exists a positive constant ¢ (1ndependent of ¢(t)) such that
E(t) < E@) <a&(2). (3.10)

Lemma 3.5. Suppose that (Al)—(A2) hold. Then, for any (strong or mild) solution ¢(t) =
(u(t),p(t), us(t), p:(t)) to (3.2) on [0, T), its modified energy & (t) satisfies

—||<p(z>||x Cr =€ = Mo(le®5 " + 1. re0.7). @1
where My > 0 is independent of ¢. As a consequence, we have
dim @l < co. (3.12)

In addition, if ¢ is a strong solution, then &(t) is nonincreasing.

Proof. By integrating twice (2.1), we obtain a (generic) positive constant C, depending
on p and Cy; then using the embedding H, (0, 1) < LP+1(0, 1), we obtain

1
| Foux < Cp(||¢<z)||,’,’1} F1) = Gl @IZH + 1)

Mo(le@) 15 + 1), (3.13)
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where ]\70 depends on p, on embedding HO1 (0,1) — LP*1(0,1), and on §. On the other
hand, from (2.2) and Poincaré’s inequality, we have

B

1
[ @=Lz -c = Lotz -cr. a1

From (3.13)—(3.14) and (3.8) and taking into account
E(@) < oI5 + 1,

we obtain (3.11).
Let () = (u(t), (1), us(t), :(t)) be a strong solution of (3.2). Multiplying (1.13),
by u; and (1.13), by ¢;, integrating by parts over [0, 1] and adding the results, we obtain

d&
(0 =—Tlgull3. (3.15)

For any t; < t, in [0, T'), by integrating the above equality from ¢, to ¢, with respect to ¢,

we have
153

E(t2) — E(11) = — / Tllbe (0)|2dt < 0. (3.16)

51

Therefore, & () is nonincreasing; as a consequence of the equality above, one obtains (for
strong solution) that
&)< &), relo,T). (3.17)

Therefore, the proof of lemma is complete. ]

Theorem 3.6 (Existence of global solution). Suppose that (Al) holds. Then,
(@) ifpo € H, then (3.2) has a unique global mild solution;
(b) if ¢po € D(A), then the mild solution obtained in (a) is strong solution;
(©) ifpl(t) and ¢*(t) are mild solutions to (3.2) with initial data gaé and (pg, respec-

tively, then there exists a positive constant ¢y = ¢y ((p(}, gag) depending on (p(; and
on (pg such that, for every T > 0, we have

o' (t) — >3 < e“'lloy — @3llze. 0=t <T. (3.18)

Proof. (a)—(b) Since A is infinitesimal generator of a Cyp-semigroup and F is locally Lip-
schitz (because f satisfies (2.1)), it follows from [6, Proposition 4.3.3 and Proposition
4.3.9] that there exists Ty.x > 0 such that if ¢p9 € #, then (3.2) has a unique mild solu-
tion on [0, Tyax), and if ¢g € D(A), then (3.2) has a unique strong solution on [0, Tiax)-
Because (3.12) holds, it follows from [6, Proposition 4.3.3], we have T,,x = o0.

(c) Let us assume that ¢! (¢) and ¢?(¢) are strong solutions. By (3.11) and (3.17), there
exists a positive constant M = M (g}, ¢3) such that

le' @) =@l < llo" Ollse + ll9*(@)llse = M, Vi =0,
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and let c¢o > 0 be the Lipschitz constant of F corresponding to closed ball centered at
origin and radius M. Since 7T (¢) is a semigroup of contractions, it follows from (3.7) that

lo'(©) = e* @)l < ITOlpg — @51l ¢ +/0 17 = 9F (@' (1)) = F(@* @)l zeds
< lleo — il +/0 IF " (1)) = F(@* () seds

t
< gt — g2l + cofo 10! (1) — @2 (0) | 3eds.

Thus, applying the Gronwall’s lemma (see [6, Lemma 4.2.1]) to the above inequality, we
obtain (3.18). [

Remark 3.7. Let ¢(¢) be a (global) mild solution to (3.2) with initial data @9 € H
obtained by Theorem 3.6. Since D(.A) is dense in J, we can obtain a sequence {¢{} C
D(A), with ¢f — ¢o in H#. For each n, by Theorem 3.6, let ¢” (¢) be the (global) strong
solution to (3.2) corresponding to initial data ¢ . It follows from [6, Proposition 4.3.7 (ii)]
that for any 7 > 0 we have

" — ¢ inC([0,T]; H).

In other words, every (global) mild solution to (3.2) is uniform limit on [0, 7] of strong
solution for any 7" > 0. Therefore, (3.16) and (3.18) hold for mild solution.

Remark 3.8. A mild solution ¢(z) to (3.2) produces a nonlinear semigroup S(¢) on #
given by

S([)(p() = gﬂ(t) = (u(t)5¢(t)5ut(t)v¢t(t))5 o = (u0»¢0’u17¢1) € J€ (319)
Thanks to the regularity of ¢(¢), we have S(¢) a Co-semigroup; thus, (¥, S(¢)) is a (non-
linear) dynamical system.

Remark 3.9. Considering X = H(}(0,1)%, Y = L?(0, 1), and v(¢) = (u(?), (1)), we
obtain that a semigroup (3.19) satisfies the Assumption A.5.

4. Global attractor

We denote by N the set of stationary points (Definition A.1 (c)) of (¥, S(¢)); in this case,
it follows from [6, Lemma 10.2.1] and (3.3) that

N = {po € D(A)| Ago + F(po) = 0}

= {(u07¢07070) € D(A) | _/’“/’xx _b¢x == O,
—8¢xx +bux +E¢ + f($) = 0}.
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Lemma 4.1. Suppose that (A1)—(A2). Then, the set N of the stationary points of (¥, S(t))
is bounded in ¥ .

Proof. Let o = (Ug, Po,0,0) € N be arbitrary. Then, (ug, ¢o) satisfies

- — by, = 0
{ MU xx Pox , (4.1)

—8¢oxx + buox +Edo + f(do) = 0.

Multiplying the first equation in (4.1) by u¢ and the second by v, respectively, taking the
sum and integrating over [0, 1], we get

8lldoll3 + iliuox 3 + 2b(ox. po)2 + Ellgoll = — /0 fGodedx.  @2)
From (2.3) and by using Poincaré’s inequality, we obtain
—[01 S (@o)podx < Bldoll + Cr < §||¢0x||§ + Cr. (4.3)
Combining (4.2) and (4.3), we arrive at
IgoliZe < 2Cs,
and the proof is complete. ]

4.1. Gradient system

Lemma 4.2. Suppose that (Al) holds. Then,

(a) (H,S(t)) is gradient (Definition A.1(d)) with Lyapunov function ® : # — R
given by

1 1
@(uo,¢o,u1,¢1)=En(uo,«ﬁo,ul,qsl)néﬁfo F@po)dx:  (44)

(b) the Lyapunov function (4.4) is bounded from above on every bounded subset of
H and the set Op 1= {pg € H|P(po) < R} is bounded for any R > 0.

Proof. (a) Let g9 € H and S(t)po = (u(t), d(¢), us(¢), ¢:(¢)). By a density argument,
we can assume that S(#)go is a strong solution to (3.2). Note that if &(¢) is the modified
energy of S(f)¢o, then

1
P(S()po) := E(1) = %II(H(I),¢(I),ut(l)»dn(t))lli +/0 F(g(t))dx.

Then, it follows from Lemma 3.5 that ¢t — ®(S(¢)@g) is nonincreasing. In addition, if
D(S(t)po) = P(po) for all ¢ > 0 and some g = (1o, Po, U1, 1) € D(A) (in this case,
S(¢) is strong solution), from (3.15), we have

d d
—t¢ 3 = S ®(S(g0) = —B(go) =0, V1 =0.
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Thus, ¢ (x,7) = ¢(x) for all > 0. Then, by (1.13),, we find

bux(x,1) = 8¢xx(x) —§¢(x) — f(P(x)) =: g(x).

Integrating the above equality over [0, x], we obtain a function & = h(t) such that

u(x,t) = %/Ox g(®)ds + h(t), Vt=0.

By using the boundary condition u(0,¢) = 0 for all # > 0 yields A(¢) = 0 for all # > 0.
Therefore, u does not depend on ¢; thus,

u(x,t) =u(x) = %/Ox g(s)ds = us(x,t) =0, Vi=>0.

Then, S(¢)@o = ¢o = (o, ¢o, 0, 0) is a stationary point of (H#, S(z)). This proves that
® is a strict Lyapunov function for (#, S(¢)). Finally, (b) follows promptly from esti-
mates (3.11). The proof is complete. ]

4.2. Quasi-stability

Theorem 4.3. If y = 0 in (1.4), then the dynamical system (¥, S(t)) is quasi-stable
(Definition A.6) on every bounded positively invariant set O C JH. Therefore, it follows
from Theorem A.7 that (¥, S(t)) is asymptotically smooth.

Proof. Fori =1,2,let¢' (1) = S(t)gh = (u', ¢’ ul, !) be strong solution to (3.2), with
@b € O, where O is a bounded positively invariant set of J¢; then,

p(t) = ' (1) — 9?(1) = (), (1), u; (1), $: (1)),
where u = u' —u? and ¢ = ¢! — ¢2 is solution to
pusr — fuxx —bex =0, (x,1) €]0,1[x]0, ool
it — 8xx + bux +§¢ + ¢ + G(9) =0, (x.1) €]0,1[x]0, o0,

with boundary conditions

u(0,1) = u(1,¢) = ¢(0,1) = $(1,1) = 0

(4.5)

and initial conditions
9(0) = ¢'(0) — ¢*(0)
and
G(@$) = f(¢") = [(¢?).
We defined the energy E(¢) of ¢(¢) by

1 1
E@®) = 3l = 315005 = SO -

The rest of the proof will be divided into the following 8 steps.
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Step 1. Multiplying (4.5); by u,, (4.5), by ¢;, integrating over [0, 1], and adding the
results, we obtain

dE
(0 =—7ll3 = (G(#). o). (4.6)

Moreover, since O is bounded and positively invariant and f is locally Lipschitz, by the
same argument as in the proof of Lemma 3.2, there exists a positive constant Mo that
depends only on O but does not depend on ¢(¢)’ such that

|f(@'(x.0) = f($*(x.1)| = Mol¢' (x,1) = ¢*(x,0)[,  (x.1) €[0,1] x [0,00[. (4.7)

Therefore, by using (4.7) and Young’s inequality, we have

1 M2
~(G@). 402 = Mo [ 18" = ¢ 14dx = S8~ 471+ S el
M2
< 2l + 1913) + 51915 (438)

It follows from (4.6) and (4.8) that

dE T
=70 = =319:ll3 + Colllull; + I13).

where Cp is a generic constant depending on O.

Step 2. We consider the following functional:

Il(t) = —p(u,,u)z - J(¢t,¢)2 - %"‘N@

Taking the derivative of /(¢) and by using (4.5), we obtain

di
— (O = =pllucll = TIell3 + 8libxll3 + mllusll3 + 200ux. )2 + £l 8115

+(G(9). $)a. (4.9)
By using a similar argument as in (4.8) and Poincaré’s inequality, we have
(G(¢).9)2 = Co(llul3 + 19113) + llxl3- (4.10)

Now, applying Young’s and Poincaré’s inequalities and (3.9), we have

2b(ux. 9)2 < lluxll3 + b?(l¢x 3

2% b
< — || — x —‘,—
\/gu Ve

=2
From (4.9)—(4.11), we obtain

2 2
+ (& + b2)||¢x 113 (4.11)

2 b2

b

\/gux + \/§¢

dl 2
7(1) < —pluell3 = Jl¢ell5 + Crallgxl3 + Cr2
2

+ Co(llullz + lIg13).

where Cy,; and C; ;> are positive constants independent of <p(t)i and O.
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Step 3. Now, we consider

b
1) = plus w)z + I (e $)2 + 31913 where —w, = 19 w0 =w()=0.

1 2
4.12)
Then,

dl,
= 0= —8lpxllz = D15 — (G(@), $)2 + TlI¢i |15 + pllwxll3 + pGus, we)z. (4.13)
It follows from (4.12), Poincaré’s inequality, and (4.8) that
2 b? 2 2 2 b? 2
pllwxlly = —llollz.  llwellz = llwexllz = — 93 (4.14)
2 M
and

) )
(G(9),9)2 < Co(llull + ll¢113) + 5||¢||§ < Co(lull3 + llgl3) + 5||¢x||§. (4.15)

Combining (4.13), (4.14), and (4.15), we arrive at

drl ) C
RO = =30l + (Can + 2 )l + el + Collul? + 1912)

for any &; > 0, where C,,; and C, , are positive constants independent of ¢’ (¢) and O.

Step 4. Now, we consider the following functional:
b bJ
I3(t) = J(—Mx + \/§¢,¢z) + —=(¢x. ur)2.
VE > VE

If2 = % (i.e., y = 0), then

s iy = 3 =t o (2L - Jes) 12 - HL
(0 ﬁwxmx:ﬁ(p 5 VE )||¢x||2 vE| g

(¢t, Tt VB ¢) (6@ Jpu ¢) NS

(4.16)
By using Holder’s and Young’s inequalities, we obtain
2
—‘L'((Pt, \/—”x + \/_(»b) = 7 llp: ”2 H_“x 4.17)
and by (4.8), we obtain
(00 T+ VEe) = Cotlull + gl + 2 T @.18)
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Slnce \/_8 < 0, it follows from (4.16), (4.17), and (4.18) that

d13

—- (0= [¢xux gt S +c3,1||¢z||%+co(||u||%+ I$113),

JE “ VB

where Cs 1 is a positive constant independent of ¢’ (¢) and O.

Step 5. Now, we consider the following functional:

14(1) := J8(qr, Px)2,

where g : [0, 1] — R is a function given by ¢(x) = 2 — 4x. Then,

Ux + \/_¢ qux)

d
1) = 521920 + 9201 + 2021913 — 5V ( N

— 8t(qbs $x)2 — 3G (D), px)2 + 2T 8] l3-
By using Holder’s and Young’s inequalities and (4.8), we obtain

dl C
G0 = B0 + £+ (Cor + T2 Il + ol

2
+ &5 | —=ux + Co(lull + lI$13) (4.19)
2

b
VE
for any &, > 0, where Cy4,1, C4,2, and Cy4 3 are positive constants independent of (pi (1)
and O.

Step 6. Now, we consider the following functional:

I5(1) := p(qus, ux)a.

Then, considering l% = %, we obtain

dl
—5<r>——?[u (1) 4+ u2(0)] + 2plluc |3 + 2ullux |2 + b(gx, ux)a-

Applying Holder’s and Young’s inequalities, (3.9), and (1.12), we get

d
S <—?[u 2(1) +12(0)] + 20llus [ + Cs.1 e 2

+Cs,n Uy

(4.20)

E

where Cs; and Cs , are positive constants independent of @' (t) and O.
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Step 7. From Holder’s and Young’s inequalities, for any ¢ > 0, we have

b2 2 2 82 2 2
\/g[quux]x = ?[ux(l) +uz (O] + =gz (D) + ¢2(0)] 4.21)

From (4.19), (4.20), and (4.21), we obtain

§b dl dl
ﬁ[qsxux ¥l < —e—5< 1) — ——“(z) + 2epllu, |3

C C
+locai (o ﬁ)}nd)xu% + 213

(‘QC“ ¥ )H Wi

Step 8. Consider the following Lyapunov functional £(¢), given by

1
|t g Collulz + 191

1
L(1) := NE(t) + Ni11(t) + Na L2 (1) + I3() + 514(1) +els(2). (4.22)
Note that by using (3.9) we can to obtain y > 0 such that
|L(1) = NE(1)| < YE(@).

Therefore, for sufficiently large N, there exist y; > 0 and y, > 0 such that

nE@) < L(t) <y E@). (4.23)
From (4.22), we have
dr [Nt Cro Cas
E(l) <-— _7 + NiJ — Nz(Cz 1+ —1) —C31— Te [k

N Nup— Moy —2sp}||u,||§

N5 1 C
MECIY _gc51__(c41+ ﬁ)]nqunz
—_E—Nlclz 8C52__ —=Ux

|2 \/_

+ [zv N AN 1+ ]CO(”””z LS

First, we choose in order




M. Dos Santos, M. Freitas, and A. Ramos 106

Then, we have

VE g2 E
-— —N1C1p,—¢€Cs5, —— > == >0.
) 1C12 — €05 de 4
Now, we choose N, > 0 such that

N>§ 1 C
72 > N]Cl,l + 8C5’1 =+ 4—£(C4,1 + ﬁ)

Next, we consider
Nip

&1 <
4N,

’

and we obtain
PN1
Nip — Nrey —2¢ep > - > 0.
Finally, we choose N such that

Nt

C C
— >N, C2,1 =+ 2.2 =+ C3,1 + 43 .
2 &1 4e

Therefore, we can to obtain a positive constant ¢g such that

dLl
— () < —eo€(0) + Co(llull3 + llgl3)-

From (3.10) and (4.23), we obtain a positive constant ), such that

dLr
(0 ==L + Co(llull3 + llgl3).

Therefore,
d
E[e”"tﬁ(t)] < Coe™ (Jul3 + 813

implying

t
L) < L™ + Co [0 e (u(s) 12 + 16(6) B)ds.

From (4.23) again,

t
EQ@) =< %E(O)e_”"’ + @/ e ds sup (u(s)l3 + I¢6)N3).  @24)
1 0

Y1 0<s<t

Then, considering

a(t) i= e, b(t) = e,
2y f* n (4.25)
e == [ e Ids my (e 9) =l + 115

the assertion of the lemma follows from (4.24) and (3.18). Therefore, the proof is com-
pleted. ]



Dynamics of a one-dimensional nonlinear poroelastic system weakly damped 107

4.3. Main result
The main result of this paper is given by the following theorem.

Theorem 4.4. Suppose that y = 0 and (Al)—(A2) hold. Then,

(@) (H#,S(t)) possesses a unique compact global attractor A C H which is char-
acterized by the unstable manifold of the set of stationary solutions N, i.e.,
A = My (N);

(b) A has finite fractal dimension;

(c) A is bounded in Hy = H?(0,1)% x HOl (0, 1)2. Moreover, every full trajectory
z={(),p@),us(t),¢:) | t € R} in A has the following regularity properties:

||(M(I), ¢(t))||%-12(0,1)2 + ”(ut(t)v¢t(t))||i101(0’1)2 + ”(utt»qstt)”]zj(o’[)z = R%
for some constant Ry > 0 dependent of .

Proof. (a) Since (#, S(t)) is asymptotically smooth (Theorem 4.3) and gradient, with
Lyapunov function @ satisfying the property (b) of Lemma 4.2, it follows from Theo-
rem A.8 that (¥, S(¢)) has a global attractor which we will represent by 2, given by
A = M4 (N).

(b) Since (#, S(t)) is quasi-stable on the attractor 2 (because it is bounded and invari-
ant), then, by using Theorem A.9, we know that 2l has finite fractal dimension.

(c) Since the system (#, S(¢)) is quasi-stable on U with coo = sup,ecp+ c(f) = C4 <
00, where c(t) is defined in (4.25), it follows from Theorem A.11 that any bounded full
trajectory z = {(u(t), ¢ (t),us(¢),¢;) | t € R} has the following regularity properties:

us, ¢ € L2(R, HOI(O, 1)) NC(R, LZ(O, 1), uu, ¢ € L°(R, Lz(O, 1)).
Using (1.13) and noting that the nonlinear term f* is locally continuous, we have

Uxx = pUss — by € L¥(R, L2(0, 1)),
Sz = Jue + bux + E¢ + t¢y + f($) € LZ(R, L*(0, 1)).

Therefore, we conclude that 2 is bounded in #, and the proof is complete. ]

5. Conclusion

With the same hypotheses (A1)-(A2) for f and some small adaptations of the calculations
performed in this work, it is possible to prove the existence of a global attractor for the
following nonlinear porous elastic with delay:

PUsr — fLUxy — bdy =0,
J¢tl - 8¢xx + bux + §¢ + H«1¢t
+ pous(x,t — 1)+ f(p) =0, (x,t)€]0,1[x]0,00], 5.1
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where ; > 0 and p, are constants and subject to the boundary conditions (1.14). The
system (5.1) was recently studied by Dos Santos et al. in [14] who established that if

o J

w2l <pr and y=-———-=0, (5.2)

w4
then the semigroup associated with the solutions of the system is exponentially uniformly
stable. Therefore, using the same calculations found in this work (with minor adaptations),
we obtain the following result.

Theorem 5.1. Suppose that (Al)—(A2) and (5.2) hold. Then, the dynamical system gen-
erated by solutions of (5.1) subject to (1.14) possesses a unique global attractor N
characterized by unstable manifold emanating from set of its stationary points.

A. Some prolegomena of infinite-dimensional dynamical systems

In this section, for the convenience of the reader, we will enunciate some definitions and
results regarding the theory of infinite-dimensional dynamical systems, necessary for the
results contained in this work. More details about the concepts and results presented in
this section can be found in [7-10, 19].

In this section, we consider H a Banach space withnorm || - ||z and T = {T'(t)};>0 a
strongly continuous semigroup on H. Therefore, the pair (H, T) represents a dynamical
system on H.

Definition A.1. Regarding a dynamical system (H, T), we have the following definitions.
(a) (H,T) is dissipative if it has an bounded absorbing set; i.e., there exists a bounded
set B C H such that for any bounded set D C H there exists fp > 0 satisfying

S(t)D C B, Vt=>1p.

(b) (H, T) is said to be asymptotically smooth if for any bounded positively invariant
set B C H,i.e., T(t)B C B, there exists a compact set K C B, where B is the closure of
B, such that

lim distg(S(¢)B, K) =0,
t—>+o00

where distg (A, B), for A, B C H, denotes
disty (A, B) = sup inf |la — b| g
acAbEB
(c) We say that v € H is a stationary point of (H,T) if T(¢t)v = v for any ¢ > 0.
Let N be the set of stationary points of (H, T); the unstable manifold emanating from

N, represented by M (), is the set of all w € H such that there is a full trajectory
{y(t); t € R} satisfying

y(0)=w and lim distg(y(), N) = 0.
{00
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(d) (H,T) is called gradient if there exists a strict Lyapunov function on H; i.e., there
exists a continuous function ¥ : H — R such that # — W(S(¢)v) is nonincreasing for any
ve H,andif ¥(S(z)v) = ®(v) forall t > 0 and some v € H, then v is a stationary point
of (H,T).

Definition A.2. A compact set 2 C H is a global attractor for (H, T) if it is an invariant
set,i.e., T()%A = A, for all t > 0 and uniformly attracts bounded sets; in other words, for
every bounded set B C H, we have

lim distg (S()B, o) =0.
t—>+o00

Definition A.3. Let n(M, y) be the minimal number of closed balls of radius y > 0 which
covers a set M C H. The fractal dimension of a compact set M C H, represented by
dim}i M, is defined as the following limit:

dim M := lim sup
—

Definition A.4. An exponential attractor to (H,T) is a compact set .y, C H which
is positively invariant set; i.e., T()Wexp C Wexp for all £ > 0, Ay, has finite fractal
dimension in H and .y, attracts bounded sets of /I at an exponential rate; i.e., for any
bounded set D C H, there exist constants ¢p, Cp, and yp > 0 such that

disty (S(£)D, Werp) < Cpe 2= Vr > ¢p.

Assumption A.5. Let us consider that the space phase H and evolution operator T (t)
has the following format: H = X x Y, where (X, || - |lx) and (Y, | - ||y) are reflexive
Banach spaces with X compactly embedding in Y, || - |3, = || - |3 + || - I3, and for any
vo € H, we have T (t)vg = (v(t), v, (t)), with

v € C([0,00); X) N C([0, 00); ).

Definition A.6. We say that a dynamical system (H, T), satisfying Assumption A.5, is
quasi-stable on a set B C H if there exist nonnegative functions a,b, ¢ : [0,00) — R and a
compact seminorm my (-) on X such thata(t) e ¢(t) are locally bounded, b(¢) € L' (0, 00),
lim;_,00 b(¢) = 0, and for every vy, v, € B and ¢ > 0, we have

IT ()1 — T(t)v2ll3; < a(®)llvy —v2l%
and

IT@v1 = T@)valFr < b(@)|vr = v2llfy + c(@) sup [mx(v'(s) =v*() (A1)

0<s<t

where T (t)v; = (v'(t), vi(¢)) fori = 1,2.
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Theorem A.7 ([9, Proposition 7.9.4]). If (H, T) satisfies Assumption A.5 and is quasi-
stable on every bounded positively invariant subset of H, then (H,T) is asymptotically
smooth.

Theorem A.8 ([9, Corollary 7.5.7]). If (H, T) is asymptotically smooth gradient such
that its Lyapunov function ® is bounded from above on every bounded subset of H, the
set {v € H; ®(v) < R} is bounded for any R > 0, and its set of stationary points N is
bounded, then (H,T) has a global attractor 2 = MY (N).

Theorem A.9 ([9, Theorem 7.9.6]). Suppose that (H, T) satisfies Assumption A.S, pos-
sesses a global attractor N, and is quasi-stable on A. Then, the fractal dimension of U is
finite.

Theorem A.10 ([9, Theorem 7.9.9]). Let (H,T) satisfy Assumption A.5. Assume that
(H,T) is dissipative, quasi-stable on some bounded absorbing set B and there exists a
extended space H O H such that

IT(t)z —T(t2)zllg < Cprlti —t2|", V1,12 €[0,T],

where Cp.r > 0 and y € (0, 1] are constants. Then, (H,T) has a generalized exponential
attractor exp C H whose fractal dimension is finite in H.

Theorem A.11 ([9, Theorem 7.9.8]). Let (H, T) satisfy Assumption A.5 and possess a
compact global attractor N such that (H,T) is quasi-stable on A. Since (A.1) holds, if
Coo = SUP;e[0,00) € (1) < 00, then any full trajectory {y(t) = (v(t), v(1)); t € R}, in the
global attractor has the following regularity properties:

U € ) N ) , VU € X .
L®®R: X) N C(R:Y) L®(R:Y)

In addition, there exists R > 0 depending on c«, on Ly, and on embedding of X — Y
such that
lve I + lveOIF < R, Vi €R.
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