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Boundedness of Cauchy singular integral operator under
Hölder norm

Yufeng Wang and Jinyuan Du

Abstract. In this article, we will investigate the boundedness of the Cauchy singular integral oper-
ator under Hölder norm. This boundedness can be obtained by improving the method used in the
early proof of the famous 2P theorems (Plemelj–Sokhotski formula and Privalov–Muskhelishvili
theorem) by Jinyuan Du, which deepens the 2P theorems. Then, various Cauchy singular integral
operators on the system of curves or open arcs are also proved to be bounded.

1. Introduction and notations

Assume that f is defined on a set � of the complex plane C. If

jf .z1/ � f .z2/j � Ajz1 � z2j
� .0 < � � 1/;

for arbitrary points z1, z2 on �, where A and � are definite constants, or

M�Œf; �� D sup
²
jf .z/ � f .w/j

jz � wj�
; z; w 2 �; z ¤ w

³
(1.1)

is a definite constant, then f is said to satisfy Hölder condition of order � on �, denoted
by f 2 H�.�/.

Let � be a simple arc-wise (positive) smooth curve (closed or open), oriented coun-
terclockwise. If � is closed, then it divides the complex plane C into two domains, a
bounded region and a unbounded region, denoted, respectively, by �C and ��. Clearly,
�� D Cn�C. Sometimes, we write them in detail as �C.�/ and ��.�/, respectively.

For ' 2 H�.�/, let

.C� Œ'�/.z/ D
1

2�i

Z
�

'.�/

� � z
d�; z 2 Cn�; (1.2)

and

.S� Œ'�/.t/ D
1

�i

Z
�

'.�/

� � t
d�; t 2 � .t is not an endpoint if � is open/: (1.3)
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It is obvious that .C� Œ'�/.z/ and .S� Œ'�/.t/ are, respectively, the Cauchy type integral
and the Cauchy principal value integral or Cauchy singular integral. As is well known, the
Cauchy type integral and the Cauchy singular integral are the most important tools in the
theory of boundary value problems for analytic functions. The two important properties of
C� Œ'� and S� Œ'� are, respectively, the famous Plemelj–Sokhotski formula and Privalov–
Muskhelishvili theorem, for short, 2P theorems [1,8,11,13,14], which are the cornerstones
of the boundary value theory of analytic functions. In [5, 6], the 2P theorems are unified
under the framework of Hölder property of the projections of the Cauchy type integral
stated as follows.

Theorem 1.1 (Hölder continuity of projections of the Cauchy type integral). If � is a
closed arc-wise smooth curve and ' 2 H�.�/ with 0 < � < 1, then

CC� Œ'� 2 H
�.�C/; C�� Œ'� 2 H

�.��/; (1.4)

where the projections CC� and C�� are defined by

.CC� Œ'�/.z/ D

8̂<̂
:
.C� Œ'�/.z/ if z 2 �C;�
1 �

�t

2�

�
'.t/C

1

2
.S� Œ'�/.t/ if z D t 2 �;

(1.5)

and

.C�� Œ'�/.z/ D

8<: .C� Œ'�/.z/ if z 2 ��;

�
�t

2�
'.t/C

1

2
.S� Œ'�/.t/ if z D t 2 �;

(1.6)

while �t is the angle spanned by two one-sided tangents of � at t towards the positive side
of � .0 � �t � 2�/, called the opening angle at t . In particular, if t is a smooth point on
� , denoted by t 2 smooth.�/, �t D � , then

.C˙� Œ'�/.t/ D ˙
1

2
'.t/C

1

2
.S� Œ'�/.t/ if t 2 smooth.�/: (1.7)

And a simple proof of this theorem is given in [5,6]. Monograph [11] reproduced this
proof. This theorem was later extended to the field of hypercomplex analysis [3, 4].

In addition, the Cauchy singular integral operator is also the cornerstone of the theory
of singular integral equations [9, 10, 12].

For f 2 H�.�/, the classical Hölder norm is defined by

kf kH�.�/ D kf k� CM�Œf; ��; (1.8)

where
kf k� D sup

®
jf .t/j; t 2 �

¯
(1.9)

is the Chebyshev norm of f on � and M�Œ'; �� is the Hölder semi-norm of f on �
given in (1.1).

Later, the notationH�.�/ is also used to denote the function space of all f 2H�.�/

with Hölder norm kf kH�.�/ given by (1.8). H�.�/ is also called Hölder space, which
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is a Banach space [2, 10]. In particular, H�.�/ is a Banach space. When � D L is a
closed smooth curve, SLŒ'� 2 H�.L/ .0 < � < 1/ [11, 14]. So, one wants to explore the
boundedness of the Cauchy singular integral operator

SL W H
�.L/! H�.L/; ' 7! SLŒ'�;

where 0 < � < 1.
In [9, 12], the researchers got the following classical result, see [9, Theorem 6.1] or

[12, Theorem 4.7].

Theorem 1.2 (Boundedness of the Cauchy singular integral operator SL). If L is a closed
smooth curve then the Cauchy singular integral operator SL from the Banach space
H�.L/ into the Banach space H�.L/ is bounded for � 2 .0; 1/.

In [9], the proof of Theorem 1.1 is not explicitly presented but the authors pointed out
that it could be easily obtained from Muskhelishvili’s estimates in the excellent mono-
graph [14]. In fact, the proof of Theorem 1.1 is fairly tedious although it can be derived
from Muskhelishvili’s results. The classical proof of Theorem 1.1 is so complicated that
its proof is not included in a large number of references after Muskhelishvili. In 1980,
a simpler proof of Plemelj–Sokhotski formula and Privalov–Muskhelishvili theorem was
presented by J. Du in [5,6], so it is possible to simplify the classical proof of Theorem 1.2
in [14] by use of Du’s method. In [12], Theorem 1.1 is verified by the closed graph the-
orem because there is the additional requirement that � is a Lyapunov curve. And hence,
the proof in [12] is not appropriate if � is a piecewise smooth curve. In fact, if L is piece-
wise smooth with corner points including cusps, Theorem 1.2 is still valid but the proof
cannot be found in the pertinent literature.

From the view of application [7], we need a stronger result than Theorem 1.1. To do
so, by (1.5), we introduce the projection operators

C˙� W H
�.�/! H�.�˙/; ' 7! C˙� Œ'�;

where 0 < � < 1. Then, we may obtain a nice result.

Theorem 1.3 (Boundedness of the projection operators). Let � be a closed arc-wise
smooth curve. The projection operatorsC˙� from the Banach spaceH�.�/ into the Banach
space H�.�˙/ are bounded for � 2 .0; 1/.

Obviously, Theorem 1.2 is a direct corollary of Theorem 1.3. Under the assumption
that � is of class C 2, an analog of Theorem 1.3 with respect to the Cauchy operator C�
is verified in [10]. But its method of proof could not be applied to prove Theorem 1.3.
More importantly, Theorem 1.3 has important applications in the asymptotic analysis of
orthogonal polynomials, which will be presented in a forthcoming paper.

In the present article, we will prove this theorem and give some of its corollaries. The
context is organized as follows. In [5, 6, 11], we proved

j.C˙� Œ'�/.z/ � .C
˙
� Œ'�/.w/j � Bjz � wj

�
8z; w 2 �˙ .0 < � < 1/ (1.10)
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for some constant B . In the next section, using Du’s method [5, 6, 11], we will prove the
inequality

kC˙� Œ'�kH�.�C/
� DM� Œ'; �� when ' 2 H�.�/ .0 < � < 1/; (1.11)

where D is some positive constant and � is piecewise smooth. In Section 3, we ulteriorly
transfer the results of the previous section to the case of a system of curves consisting of a
number of simple closed arc-wise smooth curves. In Section 4, we generalize the results
of closed curves in Section 2 to the case of open curve.

2. Boundedness of the projection operators

In this section, we will make use of Du’s method [5, 6, 11] to verify the inequality (1.11).
To do so, we only need to give some details of Du’s proof for Theorem 1.1 in [5, 6, 11].
In particular, the relation between the Hölder coefficient B in (1.10) involved in the proof
of [5, 6, 11] and M� Œ'; �� must be specified.

A symbol is introduced beforehand. For an arbitrary point z 2 C, we denote the point
on � nearest to z by z� (if such points are more than one in number, z� may be any one
of them). In particular, if z D t 2 � , then t� D t . Obviously,

jt � z� j � 2jt � zj 8t 2 �; 8z 2 C: (2.1)

In addition, if ' 2 H�.�/, one immediately has

j'.t/ � '.z�/j � 2
�M� Œ'; ��jt � zj

�
8t 2 �; 8z 2 C: (2.2)

Denote the natural equation of � by the arc-length parameter as

� W z D �.s/; 0 � s � �; (2.3)

where the length of � is also denoted by � . For the sake of reference, let us give � a little
technical treatment.

Use all corners (including cusps) and z`D �.`�=2/ .`D 0;1;2/, which are denoted as
c0; c1; : : : ; cm in increasing order of parameter, to divide � into m (finite number) smooth
arcs �j D 1cj�1cj .j D 1; : : : ;m/. Such ¹�j D 1cj�1cj ; j D 1; : : : ;mº is referred to as the
standard smooth segments of the curve � and m is called its number of segments later.
It must be pointed out that some z`’s may not be corner points, called artificial corner
points of � . Now, by the chord-arc inequality (see, e.g., [11, Lemma 2.2.2]), we know
that, if both �.s1/ and �.s2/ are on �j .j D 1; : : : ;m/, there exists some constant C
.0 < C � 1/ such that

C js1�s2j�j�.s1/��.s2/j�js1�s2j for �.s1/; �.s2/ 2 �j .j D 1; : : : ;m/; (2.4)

where C is called the standard segmented chord-arc coefficient of � .
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Lemma 2.1. Let � be a simple arc-wise smooth curve (closed or open) and ' 2 H�.�/

with 0 < � < 1. If  is a subarc of � (the length of  is also denoted by  for brevity),
then Z



ˇ̌̌̌
'.t/ � '.z�/

t � z

ˇ̌̌̌
jdt j �M�M� Œ'; ��

�
8z 2 C; (2.5)

where M� Œ'; �� is the Hölder semi-norm of ' on � and M� is a constant independent of
 and z.

Proof. Let j D  \ �j .j D 1; : : : ;m/, where ¹�j ; j D 1; : : : ;mº is the standard smooth
segments of � . Some j is allowed to be an empty set, which does not affect the subse-
quent proof.

Denote the arc-length parameter of any point t 2 � by st . Then, we haveZ
j

ˇ̌̌̌
'.t/ � '.z�/

t � z

ˇ̌̌̌
jdt j .j D 1; 2; : : : ;m/

� 2A

Z
j

jdt j
jt � zj j

1��
(by (2.1) and (2.2) with A DM� Œ'; ��)

�
2A

C 1��

Z
j

ds
js � szj j

1��
(by (2.4))

D
2A

�C 1��

�
.szj � saj /

�
C .sbj � szj /

�
�
.j D baj bj with saj � sbj /

�
4

�C 1��
M� Œ'; ��Œj �

� (the length of j is also denoted by j );

which results in the desired estimate (2.5) with

M� D
4m

�C 1��
; (2.6)

where m is the number of segments of the standard smooth division of the curve � given
in (2.4).

Example 2.1. Let � be a simple arc-wise smooth curve (closed or open) and ' 2H�.�/

with 0 < � < 1. Then, we haveˇ̌̌̌ Z
�

'.t/ � '.z�/

t � z
dt
ˇ̌̌̌
�M��

�M� Œ'; �� 8z 2 C; (2.7)

where M� is given in (2.6).

Lemma 2.2. Under the same conditions as in Lemma 2.1, one hasZ


ˇ̌̌̌
'.t/ � '.z�/

.t � z/2

ˇ̌̌̌
jdt j � N� M� Œ'; ��jz � z j

��1
8z 2 Cn; (2.8)

where M� Œ'; �� is the Hölder semi-norm of ' on � and N� is a constant independent of
; ' and z.
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Proof. All the notations used here are the same as in Lemma 2.1. We haveZ
j

ˇ̌̌̌
'.t/ � '.z�/

.t � z/2

ˇ̌̌̌
jdt j .j D 1; : : : ;m/

� 2�32��A

Z
j

jdt j
.3jt � zj/2��

(by (2.2) with A DM� Œ'; ��)

� 2�32��A

Z
j

jdt j
.jt � zj j C jz � zj j/

2��
(by (2.1))

� 2�32��A

� Z szj

saj

C

Z sbj

szj

�
ds

.C.s � szj /C jz � zj j/
2��

(by (2.4))

�
2�C132��

.1 � �/C
M� Œ'; ��jz � z j

��1;

which results in the desired estimate (2.8) with

N� D
18m

.1 � �/C
.0 < � < 1/; (2.9)

where m is the number of segments of the standard smooth segmentation of the curve �
given in (2.4).

Example 2.2. Under the same conditions as in Lemma 2.1 but � is a closed arc-wise
smooth curve, then

j.CC� Œ'�/
0.z/j D

ˇ̌̌̌
1

2�i

I
�

'.t/ � '.z�/

.t � z/2
dt
ˇ̌̌̌
�
N�

2�
M� Œ'; ��jz � z� j

��1; z 2 Cn�;

(2.10)
where N� is given by (2.9).

Remark 2.1. In Lemmas 2.1 and 2.2, we have actually provedZ


1

jt � zj˛
jdt j �

´
E�

1�˛ if 0 < ˛ < 1; z 2 C;

E�jz � z j
1�˛ if ˛ > 1; z 2 Cn;

(2.11)

where E� is a constant independent of  and z.

Remark 2.2. We have seen that the nearest point z� plays a very important role in the
above proofs. If we select a fixed z� (for example, the closest point with the smallest arc
parameter), (2.2) indicates that the function '�.z/D '.z�/ .z 2 C/ has the (� ,C)-Hölder
continuity, i.e.,

j'�.t/ � '�.z/j � 2
�M� Œ'; ��jt � zj

�
8t 2 �; 8z 2 C: (2.12)

And in general, let † and u be two sets of the complex plane C. If the function f
defined on † [ u satisfies the condition

jf .t/ � f .z/j �M jt � zj� 8t 2 u; 8z 2 †; (2.13)
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where M is a constant, then we say that it satisfies the .†;u/-Hölder condition, denoted
by f 2 H�.†;u/. Obviously,

H�.�;�/ D H�.�/:

For f 2 H�.†;u/, we introduce the .†;u/-Hölder norm

kf kH�.†;u/ D kf k†[u CM†;uŒf; ��; (2.14)

where

M†;uŒf; �� D sup

´
jf .z/ � f .w/j

jz � wj�
; z 2 †;w 2 u; z ¤ w

µ
(2.15)

is referred to as the .†;u/-Hölder semi-norm.
It is not difficult to prove that M†;uŒ�;�� and k�kH�.†;u/ are, respectively, a semi-norm

and a norm of H�.†; u/. Installed the norm (2.14) it is still referred to as H�.†; u/,
which is a Banach space (the proof is exactly the same as for the case H�.�/ [2, 10]).

Example 2.3. The extended operator

E W H�.�/! H�.C; �/ .0 < � < 1/; ' 7! '�

from the Banach space H�.�/ into Banach space H�.�;C/ is bounded, where '�.z/ D
'.z�/ .z 2 C/. More precisely,´

kEŒ'�kC � k'k� ;

MC;� Œ'� ; �� � 2
�M� Œ'; ��:

Now, let us introduce an auxiliary operator given earlier in [6] by Du,

D� W ' 7!D� Œ'�;

where ' 2 H�.�/ .0 < � < 1/ and

.D� Œ'�/.z/ D
1

2�i

Z
�

'.�/ � '.z�/

� � z
d�; z 2 C; (2.16)

in which the integral on the right-hand side is the Cauchy type integral of the function
� when z 62 � and an ordinary (improper) integral of the function � when z 2 � where
� D ' � '� with '� given in Remark 2.2.

Theorem 2.1 (Boundedness of D� ). Let � be a simple arc-wise smooth closed curve. If
' 2 H�.�/ with 0 < � < 1, then D� Œ'� 2 H

�.�;C/, more precisely,

j.D� Œ'�/.z/ � .D� Œ'�/.t/j � B�M� Œ'; ��jz � t j
�; t 2 �; z 2 C; (2.17)

where B� is some constant. And D� from the Banach space H�.�/ into the Banach
space H�.�;C/ is bounded.
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Proof. From Example 2.1, we know that

kD� Œ'�kC �
M��

�

2�
M� Œ'; �� �

M��
�

2�
k'kH�.�/: (2.18)

So, to prove the boundedness of D� WH
�.�/!H�.�;C/, we only need to verify (2.17).

To do so, we just have to prove (2.17) for sufficiently small jz � t j, i.e.,

j.D� Œ'�/.z/ � .D� Œ'�/.t/j � B�M� Œ'; ��jz � t j
�; jz � t j � ı; (2.19)

where ı is some positive constant because by (2.18) we already have

j.D� Œ'�/.z/ � .D� Œ'�/.t/j �
M��

�

�ı�
M� Œ'; ��jz � t j

�; jz � t j � ı > 0:

To do this, take

ı D
1

2
min

®
jcj � ckj; 0 � j < k � m

¯
; (2.20)

where ¹�j D 1cj�1cj ; j D 1;2; : : : ;mº is the standard smooth segmentation of � . We draw
a circle D� D ¹w; jw � t j D �º with center at t and radius � D 2jz � t j < ı. Obviously,
t is inside the circle D� , and there is at most one corner point, say, ck, inside the circle
D� . Consider the subarc on � between the points first departing from and last entering
into D� , denoted by ˛ and ˇ0. In detail, ˛ and ˇ0 on the circle D� are, respectively, two
definite points with the longest and shortest arc-lengths if the curve � is parameterized
counterclockwise from t . Some subarcs of this curve may be located outside of D� . Can-
cel those subarcs (finite in number) which contain corner points outside D� and whose
endpoints are on the circle, and denote the remaining subarcs by �� (see Figure 1). Then,
obviously, �� � 2m�=C , where C is the constant given in (2.4).

Therefore, now we may see that

j.D�/Œ'�.z/ � .D�/Œ'�.t/j

� j.D�� /Œ'�.z/j C j.D�� /Œ'�.t/j

C

ˇ̌̌̌
z � t

2�

Z
�n��

'.�/ � '.z�/

.� � z/.� � t /
d�
ˇ̌̌̌
C j'.t/ � '.z�/j

ˇ̌̌̌
1

2�i

Z
�n��

1

� � t
d�
ˇ̌̌̌

,
1

2�
.ı1 C ı2 C jz � t jı3 C j'.t/ � '.z�/jı4/:

(2.21)
Let us estimate ıj .j D 1; 2; 3; 4/ in turn. By Lemma 2.1,

ı1; ı2 �M
0
�M� Œ'; ��.��/

�
�M 00�M� Œ'; ��jz � t j

�: (2.22)

where M 0� and M 00� are some constants. By the inequality

j� � zj � 2j� � t j � 4jz � � j when � 2 �n�� (2.23)
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�

c0

c

c1

c2

c3

c4

c5

˛

ˇ
ˇ0

tcmd

�

Figure 1. Diagram of �� D b̨̌ C bcd .

and Lemma 2.2, we get

ı3 � 2

Z
�n��

ˇ̌̌̌
'.�/ � '.z�/

.� � z/2

ˇ̌̌̌
jd� j (by (2.23))

� 21C�M� Œ'; ��

Z
�n��

jd� j
j� � zj2��

(by (2.2))

� N 0� M� Œ'; �� jz � z�n�� j
��1 (by (2.11))

� N 00� M� Œ'; ��jz � t j
��1 (by (2.23));

(2.24)

where N 0� and N 00� are some constants.
Clearly, �n�� is made up of a finite number (less than m) of subarcs whose endpoints

are on D� . So, we have

ı4 D

ˇ̌̌̌ Z
�n��

d�
� � t

ˇ̌̌̌
� .mC 1/.2�/: (2.25)

Inserting (2.22), (2.24), and (2.25) into (2.21) and noting (2.2), one gets (2.19).

By installing Theorem 2.1 in a variety of concrete situations, we can recover some
famous theorems. First, noting

.C˙� Œ'�/.z/ D

´
.D� Œ'�/.z/C '.z�/; z 2 �C;

.D� Œ'�/.z/; z 2 ��;
(2.26)
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and

.S� Œ1�/.t/ D
�t

�
; t 2 �; (2.27)

where �t is the opening angle at t , we have the following boundary value formulae.

Corollary 2.1 (Plemelj–Sokhotski formulae). Suppose that

.C� Œ'�/
˙.t/ D lim

z!t;z2�˙
.C� Œ'�/.z/; t 2 �; (2.28)

which are, respectively, known as the positive and negative boundary valves of Cauchy
type integral (1.2) [11, 14]. Then, they actually exist, and8<: .C� Œ'�/�.t/ D .D� Œ'�/.t/ D �

�t

2�
'.t/C

1

2
.S� Œ'�/.t/ D .C

�
� Œ'�/.t/;

.C� Œ'�/
C.t/ D .D� Œ'�/.t/C '.t/ D .C

�
� Œ'�/.t/C '.t/ D .C

C

� Œ'�/.t/;
t 2 �;

(2.29)
where .C˙� Œ'�/.t/ are, respectively, given in (1.5) and (1.6), which are just the famous
Plemelj–Sokhotski formulae.

Remark 2.3. The projections given in (1.5) and (1.6) can be rewritten as

.C˙� Œ'�/.z/ D

´
.C� Œ'�/.z/; if z 2 �˙;

.C� Œ'�/
˙.z/; if z D t 2 �:

This expression can be used with the equivalent definition of projections (1.5) and (1.6),
which will particularly come in handy on system of curves in the next section.

Using (2.29) again and noting

1

2
SLŒ'� D .DLŒ'�/jL C

1

2
'; (2.30)

where L is smooth, we have no trouble getting SLŒ'� 2 H�.L/ and the Cauchy singular
integral operator SL from the Banach space H�.L/ into the Banach space H�.L/ is
bounded by using Theorem 2.1.

Corollary 2.2 (Boundedness of SL). Theorem 1.2 stated in Section 1 holds.

Similarly,

C˙� Œ'� D .D� Œ'�/
ˇ̌
�˙
˙
1

2
'� C

˙
� Œ1�:

From Theorem 2.1 and (2.12), noting Remark 2.3 and Example 2.3, by (2.29) we get a
generalization of the classical Privalov theorem.

Corollary 2.3 (Generalized Privalov theorem ofC˙� ). Let � be an arc-wise smooth closed
curve and ' 2 H�.�/ with 0 < � < 1. Then

j.C˙� Œ'�/.z/ � .C
˙
� Œ'�/.t/j � B�M� Œ'; ��jz � t j

�; t 2 �; z 2 �˙;
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where B� is some constant. And the projection operators C˙� from the Banach spaces
H�.�/ into the Banach space H�.�;�˙/ are bounded.

In particular, noting�
1 �

�t

�

�
'.t/C .S� Œ'�/.t/ D .C

C

� Œ'�/.t/C .C
�
� Œ'�/.t/; t 2 �;

where � could be arc-wise smooth and �t is the opening angle at t .
Suppose that

S�� W H
�.�/! H�.�/; ' 7! S�� Œ'�; (2.31)

where 0 < � < 1 and

.S�� Œ'�/.t/ D

�
1 �

�t

�

�
'.t/C .S� Œ'�/.t/; t 2 �:

We also have the following conclusion, which is the generalization of Theorem 1.2.

Corollary 2.4. If � is a closed arc-wise smooth curve, then the operator S�� from the
Banach space H�.�/ into the Banach space H�.�/ is bounded for � 2 .0; 1/.

Next, introduce two so-called restricted operators of C� ,

C�;�C W ' 7! .C� Œ'�/j�C ; C�;�� W ' 7! .C� Œ'�/j�� : (2.32)

We also have the following corollary.

Corollary 2.5 (Generalized Muskhelishvili theorem of C� ). Let � be an arc-wise smooth
closed curve and ' 2 H�.�/ .0 < � < 1/. Then, C� 2 H�.�C/ and C� 2 H�.��/,
more precisely,

j.C� Œ'�/.z/ � .C� Œ'�/.w/j � B�M� Œ'; ��jz � wj
�; z; w 2 �˙; (2.33)

where B� is some constant. And C�;�C and C�;�� are bounded from the Banach space
H�.�/, respectively, into Banach spaces H�.�C/ and H�.��/.

Proof. We are only going to prove the case z;w 2 �C. The proof for the case z;w 2 ��

is similar. Denote the distance between the segment zw and � by �. Then, there exists a
point K on zw such that jK �K� j D �.

Case 1. If jz � wj � jK �K� j, one has´
jz �K� j � jz �Kj C jK �K� j � 2jz � wj;

jw �K� j � jw �Kj C jK �K� j � 2jz � wj:

Therefore, by Corollary 2.3,

jC� Œ'�.z/ � C� Œ'�.w/j

� jC� Œ'�.z/ � C� Œ'�.K�/j C jC� Œ'�.w/ � C� Œ'�.K�/j

� B 0� M� Œ'; ��.jz �K� j
�
C jw �K� j

�/

� B�M� Œ'; ��jz � wj
�:

(2.34)
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Case 2. If jz � wj � jK �K� j, one easily knows that zw � �C. And hence, by Exam-
ple 2.2,

jC� Œ'�.z/ � C� Œ'�.w/j

D j

Z w

z

.C� Œ'�/
0.�/d� j

� B�M� Œ'; ��

Z
zw

j� � �� j
��1
jd� j

� B 0�M� Œ'; ��jz � wj
�:

(2.35)

Equations (2.34) and (2.35) imply (2.33) for both z and w on �C.
Then, by use of the inequality

kC�;�˙ Œ'�k�˙ � kD� Œ'�k� C k'k� ;

the proof is complete.

The proof of Theorem 1.3. Generalized Privalov theorem of C˙� and generalized Mus-
khelishvili theorem of C� , in Corollary 2.3 and Corollary 2.5, result in the validity of
Theorem 1.2, which goes deeper than the classical 2P theorems [8, 11, 14].

Remark 2.4. Let� be a simply closed arc-wise smooth curve, oriented clockwise, denoted
as �� in detail. It also divides the complex plane C into two domains, a bounded region
and a unbounded region, denoted, respectively, as�� and�C. Theorem 1.2 still holds for
such � . And just to make the difference, we are going to write�C and�� divided by the
curve � with the direction, respectively, as�C.�/ and��.�/. Thus,�C.��/ D ��.�/
and ��.��/ D �C.�/.

Let f be defined on �� [�C. Inspired by (2.33), we introduce the sectional Hölder
semi-norm

M.��j�C/Œf; �� D sup
²
jf .z/ � f .w/j

jz � wj�
; z and w both in �� or �C

³
; (2.36)

and the sectional Hölder norm is introduced accordingly:

kf kH�.��j�C/ D kf kCn� CM.��j�C/Œf; ��:

If kf kH�.��j�C/ is finite, let us say f 2 H�.�� j �C/. Such a space, in which the
sectional Hölder norm is fitted, is still denoted asH�.�� j�C/. Obviously, it is a Banach
space.

Theorem 2.2 (Boundedness of Cauchy operator). If � is a simple closed arc-wise smooth
curve (oriented clockwise or counterclockwise) and ' 2 H�.�/ with 0 < � < 1, then

C� Œ'� 2 H
�.�� j �C/:
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L2
��

�C

��

�C Lj L1

�C

��
�C

Ln

Figure 2. The system L D
Pn
jD1 Lj .

And the Cauchy type integral operator (briefly, Cauchy operator)

C� W H
�.�/! H�.�� j �C/; ' 7! C� Œ'�; (2.37)

from the Banach space H�.�/ into the Banach space H�.�� j �C/ is bounded.

Proof. Obviously, we have

kC� Œ'�kH�.��j�C/ � kC� Œ'�kH�.��/ C kC� Œ'�kH�.�C/: (2.38)

Then, by Corollary 2.5, we get
kC�k < C1: (2.39)

The proof is now complete.

3. Cauchy singular integral on a system of curves

As in [11], assumeL is a system of n simply closed arc-wise smooth curvesL1; : : : ;Ln on
the complex plane C, non-intersecting each other, denoted byLD

Pn
jD1Lj .L divides the

extended complex plane into a finite number of regions. The region containing the point
at infinity is ��, the regions neighboring to it are collected as �C, and so on. Then, the
entire plane is divided into two parts�C and�� (not necessarily connected). Sometimes,
we write them in detail as �C.L/ and ��.L/. Orient each Lj and hence L positively
such that each connected component of �C lies on the positive (left) side of L while that
of �� lies on the negative (right) side (see Figure 2).

A bounded domain enclosed by the subcurve Lk is called the inner domain, denoted
by id.Lk/. If id.Lk/ contains no other subcurve L` .` 6D k/, the Lk is said to be an
internal subcurve, such asL2,Lj , andLn in Figure 2. Obviously, there must be an internal
subcurve in the system of curves; otherwise, there exists an Lj2 inside of L1. Similarly,



Y. Wang and J. Du 222

there exists an Lj3 inside of Lj2 , and so on. Thus, L cannot be made up of finitely many
subcurves. �C and �� are, respectively, divided into a number of small regions �˙j .L/
by L, say, ´

�C.L/ D �C1 .L/ [ � � � [�
C

kC
.L/;

��.L/ D ��1 .L/ [ � � � [�
�
k�
.L/:

(3.1)

Clearly, kC C k� D nC 1.
In this section, we try to transfer the results of the previous section to systems of

curves. For this reason, we need to explore some characteristics of the curve system L.
Let X and Y be two sets on the complex plane C, and call them to be separated from

each other, if
d.X;Y / D inf

®
jx � yj; x 2 X; y 2 Y

¯
> 0: (3.2)

Lemma 3.1 (Separability of Lj , �˙j .L/). Lj ’s are separated from each other, i.e., there
is a positive g such that

0 < g < min
®
d.Lj ; L`/; j; ` D 1; 2; : : : ; n; j 6D `

¯
.n > 1/:

When kC > 1, �C1 .L/; : : : ; �
C

kC
.L/ are separated from each other, i.e., there is a

positive gC such that

0 < gC < min
®
d.�Cj .L/;�

C

`
.L//; j; ` D 1; : : : ; kC; j 6D `

¯
:

When k� > 1,��1 .L/; : : : ;�
�
k�
.L/ are also separated form each other, i.e., there is a

positive g� such that

0 < g� < min
®
d.��j .L/;�

�
` .L//; j; ` D 1; : : : ; k

�; j 6D `
¯
:

Proof. In fact, we may take

gC D g� D g D min
®
d.Lj ; L`/; j; ` D 1; 2; : : : ; n; j 6D `

¯
, gap.L/ .n > 1/; (3.3)

where g > 0 since Lj ’s are non-intersecting each other and for all j D 1; 2; : : : ; k˙ the
boundary @.�˙j / � L [ ¹1º. Such g is called the gap distance of the curve system L,
denoted as gap.L/.

For the sake of clarity, we must also establish some lemmas for Hölder norm.

Lemma 3.2. Let X and Y be two sets on the complex plane C. If X� Y and f 2H�.Y /
then

kf kX � kf kY ; MXŒf; �� �MY Œf; ��; kf kH�.X/ � kf kH�.Y/: (3.4)

Proof. This lemma is almost self-evident because kf k� and M�Œf;�� is increasing with
respect to� in the sense of inclusion of sets, so is kf kH�.�/. But it often plays an obvious
role in the subsequent proofs.
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Lemma 3.3. Let X and Y be two sets separated from each other on the complex plane C.
If f 2 H�.X/ and f 2 H�.Y /, then f 2 H�.X [ Y /,

MX[Y Œf; �� � max

´
MXŒf; ��;MY Œf; ��;

kf kX C kf kY

Œd.X;Y /��

µ
(3.5)

and
kf kX[Y � max

®
kf kX; kf kY

¯
: (3.6)

So,

kf kH�.X[Y/ � max

´
1;

1

Œd.X;Y /��

µ�
kf kH�.X/ C kf kH�.Y/

�
: (3.7)

Proof. Equation (3.6) is obvious. And to verify (3.5), one just has to pay attention to

MX;Y Œf; �� �
kf kX C kf kY

Œd.X;Y /��
;

where MX;Y Œ�;�� is the .X;Y /-Hölder semi-norm defined by (2.15). Then, (3.5) and (3.6)
result in (3.7).

Sometimes, we need to define a restricted Hölder semi-norm

M
�
�Œf; �� D sup

²
jf .z/ � f .w/j

jz � wj�
; z; w 2 �; 0 < jz � wj � �

³
; (3.8)

where � > 0.

Lemma 3.4. Let X and Y be two sets separated from each other on the complex plane C.
If f 2 H�.X/ and f 2 H�.Y /, then f 2 H�.X [ Y /,

M
�
X[Y Œf; �� � max

®
M
�
XŒf; ��;M

�
Y Œf; ��

¯
when � < d.X;Y /; (3.9)

and

MX[Y Œf; �� � max
²
1;
1

��

³
max

®
M
�
XŒf; ��;M

�
Y Œf; ��; kf kX C kf kY

¯
: (3.10)

Proof. Notice the fact that z and w in (3.8) are both in X or both in Y when � < d.X;Y /,
and we get (3.9). Then, (3.9) and (3.7) result in (3.10).

Let

.CLŒ'�/.z/ D

nX
jD1

.CLj Œ'�/.z/; z 2 CnL;

where Lj is oriented (see Remark 2.4). Its boundary values are defined by

.CLŒ'�/
˙.t/ D lim

z!t;z2�˙.L/
.CLŒ'�/.z/; t 2 L: (3.11)
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Lemma 3.5 (Plemelj–Sokhotski formulae). Let L D
Pn
jD1 Lj be a system of simply

closed arc-wise smooth curves defined as above. Then, the boundary values (3.11) exist
and

.CLŒ'�/
˙.t/ D

nX
jD1

.C˙Lj Œ'�/.t/; t 2 L; (3.12)

where the orientation of Lj is described earlier in this section. More precisely, there is an
` .1 � ` � n/ such that

.CLŒ'�/
˙.t/ D

nX
jD1;j 6D`

.CLj Œ'�/.t/C .C
˙
L`
Œ'�/.t/; t 2 L`; (3.13)

where .CLj Œ'�/.t/ .j 6D `/ is the Cauchy type integral while .C˙L` Œ'�/.t/ are boundary
values of the Cauchy type integral.

Proof. This conclusion is directly obtained from Lemma 2.1 and Remark 2.3. Noting the
separability of Lj ’s, then t 2 L if and only if there is a unique ` .1 � ` � n/ such that
t 2 L`. So, (3.12) and (3.13) are equivalent.

The projections on the system of curves are now defined by

.C˙L Œ'�/.z/ D

´
.CLŒ'�/.z/ if z 2 �˙;

.CLŒ'�/
˙.t/ if z D t 2 L;

which are equivalent to (1.5) and (1.6) when n D 1 by Remark 2.3.

Lemma 3.6. Let

L D

nX
jD1

Lj

be a system of closed arc-wise smooth curves defined as above. Then, for ' 2H�.L/ with
� 2 .0; 1/, we have

kC˙L Œ'�k�˙ � �nk'kH�.L/; (3.14)

where

�n D

nX
jD1

kCLj k;

and CLj W H
�.Lj /! H�.��.Lj / j �

C.Lj // is given in (2.37) with � D Lj .

Proof. In fact, by Theorem 2.2 and Lemma 3.2, we have

kCLŒ'�kCnL �

nX
jD1

kCLj Œ'�kCnLj �

nX
jD1

kCLj kk'kH�.Lj / � �nk'kH�.L/; (3.15)

which is just (3.14).
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Similarly to (3.8), we introduce

M
�

.��j�C/
Œf; �� D sup

²
jf .z/ � f .w/j

jz � wj�
; z; w 2 �� or z; w 2 �C; 0 < jz � wj � �

³
:

Lemma 3.7. Let L D
Pn
jD1 Lj be a system of closed arc-wise smooth curves defined as

above. Then, for ' 2 H�.L/ with � 2 .0; 1/,

M
�

.��j�C/
ŒCLŒ'�; �� �Mnk'kH�.L/ .0 < � < gap.L// (3.16)

and

M.��j�C/ŒCLŒ'�; �� � max
²
1;

2

Œgap.L/��

³
�nk'kH�.L/; (3.17)

where
Mn D max

®
kCLj k; j D 1; : : : ; n

¯
; (3.18)

kCLj k and �n are the same as those in Lemma 3.6 above and

g D gap.L/

is the gap distance of the curve systemL given in (3.3) (when nD 1, we agree that gap.L/
is any positive number).

Proof. Let us prove (3.16) by using the induction in n. When nD 1, it is just the Theorem
2.2 proved in the last section. Without loss of generality, we suppose that Ln is an internal
subcurve in the system L of curves. Then, its inner domain id.Ln/ is going to have two
possibilities.

Case 1. If id.Ln/ � �C, then Ln is oriented counterclockwise.

Case 2. If id.Ln/ � ��, then Ln is oriented clockwise.
For Case 1, letting

L0 D L1 C � � � C Ln�1;

we know that8̂̂<̂
:̂
��.L/ D ��.L0/n�C.Ln/ � �

�.L0/;

��.L/ � ��.Ln/;

�C.L/ D �C.L0/ [�C.Ln/ .g � d.�C.L0/;�C.Ln///;

(3.19)

For Case 2, we know that8̂̂<̂
:̂
�C.L/ D �C.L0/n��.Ln/ � �

C.L0/;

�C.L/ � �C.Ln/;

��.L/ D ��.L0/ [��.Ln/ .g � d.��.L0/;��.Ln///:



Y. Wang and J. Du 226

The proof of these two cases is exactly the same. We will only prove (3.16) for Case 1.
By Lemma 3.2 and the inductive assumption, we immediately have

M
�

��.L/
ŒCLŒ'�; �� .0 < � < gap.L//

�M
�

��.L/
ŒCL0 Œ'�; ��CM

�

��.L/
ŒCLn Œ'�; �� (by L D L0 C Ln)

�M
�

��.L0/
ŒCL0 Œ'�; ��CM

�

��.Ln/
ŒCLn Œ'�; �� (by (3.19) and Lemma 3.2)

�Mn�1k'kH�.L0/ C kCLnkk'kH�.Ln/ (by the inductive assumption)

�Mnk'kH�.L/ (by L D L0 C Ln);

(3.20)

where Mn is defined by (3.18). We also have

M
�

�C.L/
ŒCLŒ'�; �� .0 < � < gap.L//

� max
®
M
�

�C.L0/
ŒCLŒ'�; ��;M

�

�C.Ln/
ŒCLŒ'�; ��

¯
(by (3.19) and (3.9))

D max
®
M
�

�C.L0/
ŒCL0 Œ'�C CLn Œ'�; ��;M

�

�C.Ln/
ŒCL0 Œ'�C CLn Œ'�; ��

¯
� max

®
M
�

.�C.L0/j��.L0//
ŒCL0 Œ'�; ��;M

�

.��.Ln/j�C.Ln//
ŒCLn Œ'�; ��

¯
�Mn�1k'kH�.L0/ C kCLnkk'kH�.Ln/ (by the inductive assumption)

�Mnk'kH�.L/:

(3.21)

Equations (3.20) and (3.21) result in (3.16). Then, we easily see that

M.��j�C/ŒCLŒ'�; ��

� max
²

M
�

.��j�C/
ŒCLŒ'�; ��;

2

��
kCLŒ'�kCnL

³
(by Lemma 3.3)

� max
²
1;
2

��

³
�nk'kH�.L/ (by (3.16) and (3.14))

� max
²
1;

2

Œgap.L/��

³
�nk'kH�.L/ (by �! gap.L/);

which is just (3.17).

Theorem 3.1 (Boundedness of Cauchy operator CL). Let LD
Pn
jD1Lj be the system of

closed arc-wise smooth curves defined as above. Then, for ' 2 H�.L/ with � 2 .0; 1/,

kCLŒ'�kH�.��j�C/ � 2max
²
1;

2

Œgap.L/��

³ nX
jD1

kCLj kk'kH�.L/; (3.22)

i.e., the operator CL is a bounded one from the Banach space H�.L/ into the Banach
space H�.�� j �C/.

Proof. Clearly, (3.22) follows directly from (3.14) and (3.17).
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The projections are now defined by

.C˙L Œ'�/.z/ D

´
.CLŒ'�/.z/ if z 2 �˙;

.CLŒ'�/
˙.t/ if z D t 2 L:

which are equivalent to (1.5) and (1.6) when n D 1 by Remark 2.3.

Lemma 3.8. Let L D
Pn
jD1 Lj be the system of closed arc-wise smooth curves defined

as above. Then, for ' 2 H�.L/ with � 2 .0; 1/,

kCLŒ'�kCnL D max
®
kC�L Œ'�k�� ; kC

C

L Œ'�k�C
¯
; (3.23)

and

M.��j�C/ŒCLŒ'�; �� D max
®
M�� ŒC

�
L Œ'�; ��;M�C

ŒCCL Œ'�; ��
¯
: (3.24)

Proof. Using continuous extensions of CLŒ'� from �� and �C to L, respectively, we
obtain (3.23) and (3.24).

Auxiliary Theorem 3.1. LetLD
Pn
jD1Lj be a system of closed arc-wise smooth curves

defined as above. Then, for ' 2 H�.L/ with � 2 .0; 1/, the following .1/ and .2/ are
equivalent.

.1/ The operator CL is a bounded one from the Banach spaceH�.L/ into the Banach
space H�.�� j �C/.

.2/ Both C�L and CCL are bounded from the Banach spaceH�.L/ into Banach spaces
H�.��/ and H�.�C/, respectively.

Proof. By Lemma 3.8, we have´
max

®
kC�L Œ'�kH�.��/; kC

C

L Œ'�kH�.�C/

¯
� kCLŒ'�kH�.��j�C/;

kCLŒ'�kH�.��j�C/ � kC
�
L Œ'�kH�.��/ C kC

C

L Œ'�kH�.�C/
:

Thus, (1) and (2) are equivalent.

So, we have the following theorem.

Theorem 3.2 (Boundedness of the projection operators C˙� ). Let L D
Pn
jD1 Lj be a

system of closed arc-wise smooth curves defined as above. Then, for ' 2 H�.L/ with
� 2 .0; 1/, C�L and CCL are both bounded operators from the Banach space H�.L/ into
Banach spaces H�.��/ and H�.�C/, respectively.

4. Cauchy type integral on open arcs

In this section, let � D cab be a simple piecewise smooth open arc, oriented positively
from a to b. In this case, Theorem 2.1 is still valid for D� given in (2.16), but its proof
must be appropriately modified.
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�

c1

c2

c3

c4

a D c0

ˇ

c

cj

˛

t

b D cm

ˇ0

d

�

Figure 3. �� D b̨̌ C bcd .

Theorem 4.1 (Boundedness of D� on open arc � – first version). Let � Dcab be a simple
piecewise smooth open arc. If ' 2H�.�/ with 0 < � < 1, then D� Œ'� 2H

�.�;C/, more
precisely,ˇ̌
.D� Œ'�/.z/ � .D� Œ'�/.t/

ˇ̌
� B�;�M� Œ'; ��jz � t j

� ; t 2 �; z 2 C .0 < � < �/;

(4.1)
where D� is defined by (2.16) and B�;� is a positive constant independent of '; t and z.
And D� from the Banach space H�.�/ into the Banach space H �.�;C/ is bounded.

Proof. Let � Dcab DPm
jD0 �j , where �j D 1cj�1cj .j D 1; 2; : : : ;m/ with c0 D a and

cm D b are the smooth subarcs in the increasing order of parameter. ¹�j D 1cj�1cj ; j D
1; 2; : : : ;mº is still called the standard smooth segmentation of the curve � . All the
notations used here are the same as those in the proof of Theorem 2.1. And the idea of
proof is also the same as that of Theorem 2.1, except that we need to reestimate the upper
bound of ı4. Under this case (see Figure 3), we easily see that

ı4 D

ˇ̌̌̌ Z
�n��

d�
� � t

ˇ̌̌̌
� 2.m � 2/� C

ˇ̌̌̌� Z
bac C

Z
b̌b
�

d�
� � t

ˇ̌̌̌ � Z
b̌b D 0 if jb � t j < �

�
� 2m� C ln

ja � t j

�
C ln

jb � t j

�
.say 0 < � < 1/

� 2m� C 2jlndia.�/j C jln2jt � zjj .dia.�/ is the diameter of �/

�M C jlnjt � zjj .M is some positive constant/:

(4.2)
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Figure 4. �� D b̨b C bcd .

Then, we get

j.D� Œ'�/.z/ � .D� Œ'�/.t/j

� ŒB� C j ln jt � zjj�M� Œ'; ��jz � t j
� (by (2.21), (2.22), (2.24), and (4.2))

� ŒB�Œdia.�/���� C B��� �M� Œ'; ��jz � t j
� .B& D sup¹jx& ln xj; 0 < x � 1º/

D B�;� jz � t j
� .0 < � < � < 1/:

The proof is now complete.

Remark 4.1. It must be noted that there are two possible scenarios for �n�� .

Case 1. Both a and b are not in D� (see Figure 3).

Case 2. Only one of them is in D� and the other is not in D� (see Figure 4). The esti-
mate (4.2) is true for both cases. If we can guarantee that both a and b are not in D� , then
the estimate (4.2) can be improved as follows:

ı4 D

ˇ̌̌̌ Z
�n��

d�
� � t

ˇ̌̌̌
.1 D jt � aj > �; 2 D jt � bj > �/

� 2.m � 2/� C

ˇ̌̌̌� Z
bac C

Z
b̌b
�

d�
� � t

ˇ̌̌̌
� 2m� C

ˇ̌̌̌
ln
jb � t j

ja � t j

ˇ̌̌̌
.0 < � < 1/

� 2m� C ln
�


. D min¹1; 2º/:

(4.3)
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If � inner D 1aCb� is a subarc of � with a 6D aC and b 6D b�, which is called an inner
subarc of � . Clearly,

� D �.�; � inner/ D d.¹a; bº; � inner/ > 0; (4.4)

where d.A; B/ is the distance between A and B , which is called the deviation of � inner

from � .

Theorem 4.2 (Boundedness of D� on open arc—second version). Let �Dcab be a simple
piecewise smooth open arc and � inner D 1aCb� an inner subarc of � . If ' 2 H�.�/ with
0 < � < 1, then D� Œ'� 2 H

�.� inner;C/, more precisely,

j.D� Œ'�/.z/ � .D� Œ'�/.t/j � B�M� Œ'; ��jz � t j
�; t 2 � inner; z 2 C; (4.5)

where D� is defined by (2.16) and B� is a positive constant independent of '; t , and z.
And D� from the Banach space H�.�/ to the Banach space H�.� inner;C/ (equipped
with the H�.� inner;C/-norm) is bounded.

Proof. By (2.21), (2.22), (2.24), and (4.3), when � is sufficiently small, we get

j.D� Œ'�/.z/ � .D� Œ'�/.t/j �

�
B� C ln

�

�

�
M� Œ'; ��jz � t j

� .t 2 � inner; z 2 C/;

which results in (4.5), where B� is some constant and � is given in (4.4).

For the open arc � inner, we introduce �C.� inner/ and ��.� inner/ as follows. If t 2
� inner, we draw a circle T .t; �/ D ¹z; jz � t j D �º with centre at t and radius � given
in (4.4). Obviously, a and b are outside the circle T .t; �/ .0 < � < �/, which is oriented
counterclockwise. We consider the subarc č̨ on � where ˛ and ˇ are, respectively, the
points first departing from and last entering into T .t; �/. In detail, ˛ and ˇ are, respec-
tively, two definite points with the shortest arc-lengths if two subarcs bta and btb of � are,
respectively, parameterized from t . ˛ and ˇ divide T .t; �/ into two subarcs b̌c˛ and b̨dˇ.
We assume that b̌c˛ is oriented from ˛ to ˇ and its orientation is consistent with the cir-
cle T .t; �/, and b̨dˇ is similarly understood. Let C be the closed curve consisting of arc
b̌c˛ on T .t; �/ and the subcurve č̨ on � , � the closed curve consisting of arc b̨dˇ on
T .t; �/ and the subcurve č̨ on � . We call, respectively, id.C/ and id.�/ the positive
and negative half-neighborhoods of t , denoted as OC.t; �/ and O�.t; �/. Let8<:N C.� inner/ D D.a; �/ [

�S
t2� inner OC.t; �/

�
[D.b; �/;

N �.� inner/ D D.a; �/ [
�S

t2� inner O�.t; �/
�
[D.b; �/;

(4.6)

which are, respectively, referred to as the positive and negative half-neighborhoods of
� inner. Then, we define

�C.� inner/ D CnN �.� inner/; ��.� inner/ D CnN C.� inner/:
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From (1.2), we have

.C� Œ1�/.z/ D
1

2�i

Z
bab d�
� � z

D
1

2�i
log

b � z

a � z
; z 62cab;

where

L.z/ D log
b � z

a � z
2 A.Cn�/;

L.1/ D lim
z!1

log
b � z

a � z
D 0;

i.e., L is to be understood as a definite single-valued branch in the complex plane cut
along � Dcab and it vanishes at infinity [11, 14].

In addition, let

LC.z/ D

8̂̂<̂
:̂

log
b � z

a � z
; z 2 Cn�;

log
b � t

a � t
; z D t 2 �n¹a; bº;

(4.7)

and

L�.z/ D

8̂̂<̂
:̂

log
b � z

a � z
; z 2 Cn�;

log
b � t

a � t
� 2�i; z D t 2 �n¹a; bº;

(4.8)

where LC.t/ and L�.t/ are, respectively, the positive and negative boundary values when
t 2 �n¹a; bº [11, 14].

Lemma 4.1 (Local Hölder continuity of L˙ on �C� ). Let L˙ be given in (4.7) and (4.8),
and � given in (4.4). Then

L˙ 2 H�.D˙.�; �=2//

with 0 < � � 1 and � 2 �˙.� inner/, where

D˙
�
�;
1

2
�

�
D D

�
�;
1

2
�

�
\�˙.� inner/:

Proof. We only prove the inequality

jLC.w1/ �LC.w2/j � Ajw1 � w2j
�; wj 2 D

C

�
�;
1

2
�

�
; (4.9)

where A is a positive constant which only depends on � and � inner. To do so, we ana-
lytically extend LCjDC.�;�=2/ to an analytic function on the disc D.�; �/ if necessary
(DC.�; �=2/ intersects �). For example, let

logL.�/ D log
a � �

b � �
; � 2 CnL;
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where L is a cut line from a to b and does not intersect � except a and b, and logL.�/ D
L.�/ when � 2 DC.�; �=2/. Thus,ˇ̌

LC.w1/ �LC.w2/
ˇ̌ �

w1; w2 2 D
C

�
�;
1

2
�

��
D

ˇ̌̌̌
log

a � w1

b � w1
� log

a � w2

b � w2

ˇ̌̌̌ �
LC.wj / D logL.wj /

�
D

ˇ̌̌̌ Z
w1w2

�
log

a � �

b � �

�0
d�
ˇ̌̌̌

(w1w2 is the segment form w1 to w2)

� klog0LkD.�; �=2/jw1 � w2j
�

log0L.�/ D
1

� � b
�

1

� � a

�
�

4

��
jw1 � w2j

�

�
j� � aj �

1

2
�; j� � bj �

1

2
�

�
;

which is just (4.9).

Example 4.1. Let � be a simple piecewise smooth open arc and � inner an inner subarc of
� . Then

L˙ 2 H�.�C.� inner// .0 < � � 1/:

In fact, if both w1 and w2 are in �˙.� inner/, by Lemma 4.1 and the boundedness of
L˙ on �˙.� inner/, then

jL˙.w1/ �L˙.w2/j �

8̂̂<̂
:̂
4

��
jw1 � w2j

� when jw1 � w2j <
1

2
�;

4

��
kL˙k�˙.� inner/jw1 � w2j

� when jw1 � w2j �
1

2
�:

Example 4.2. Let � be a simple piecewise smooth open arc, � inner an inner subarc of �
and '�.z/ D '.z�/ as before. Then, when ' 2 H�.�/,

'�LC 2 H�.� inner; �C.� inner// .0 < � � 1/;

which is directly derived from Lemma 4.1 and Example 2.3.

We still denote the angle spanned by two one-sided tangents of � at t towards the
positive side of � .0 � �t � 2�/ by �t , i.e., the opening angle at t for OC.t; �/ given
in (4.6) with 0 < � < min¹ja � t j; jb � t jº (�t is not dependent of �), which is also called
the opening angle at t for � .

Now, note that

C� Œ'�.z/ D .D� Œ'�/.z/C '�.z/L.z/; z 2 Cn�; (4.10)

and

.S� Œ1�/.t/ D
1

�i
log

b � t

a � t
�
2� � �t

�
D

1

�i
log

b � t

a � t
�
��t
�
; t 2 �; (4.11)
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where �t is the opening angle at t [11,14] while ��t is the opening angle at t for O�.t; �/
given in (4.6).

Using (4.10) and (4.11), we get the Plemelj–Sokhotski formulae for the open curve.

Corollary 4.1 (Plemelj–Sokhotski formulae). The boundary values of C� Œ'� exist and

.C� Œ'�/
˙.t/ D .C˙� Œ'�/.t/; t 2 �n¹a; bº; (4.12)

where 8̂̂<̂
:̂
.C�� Œ'�/.t/ D �

�t

2�
'.t/C

1

2
.S� Œ'�/.t/;

.CC� Œ'�/.t/ D

�
1 �

�t

2�

�
'.t/C

1

2
.S� Œ'�/.t/;

t 2 �n¹a; bº;

which are just the famous Plemelj–Sokhotski formulae.

Remark 4.2. It must be pointed out that the proof of Plemelj–Sokhotski formulae for
the open curve here is different from that in the present monographs; see, for example,
[11, 14]. The proof here is more rigorous and concise.

Using Example 4.2, Theorem 4.2, and (4.10), one gets the desired conclusion as fol-
lows.

Theorem 4.3 (Generalized Privalov–Muskhelishvili theorem on open arc). Let � be a
simple piecewise smooth open arc and � inner D1aCb� an inner subarc of � . If ' 2H�.�/

with 0 < � < 1, then C˙� Œ'� 2 H
�.� inner; �˙.� inner//, i.e.,ˇ̌

.C˙� Œ'�/.z/ � .C
˙
� Œ'�/.t/

ˇ̌
� B�k'kH�.�/jz � t j

�; t 2 � inner; z 2 �˙.� inner/;

where B� is a positive constant independent of ', t , and z. And C˙� is bounded from the
Banach space H�.�/ into the Banach space H�.� inner; �˙.� inner//.

Proof. We easily see thatˇ̌
.C˙� Œ'�/.z/ � .C

˙
� Œ'�/.t/

ˇ̌ �
t 2 � inner; z 2 �˙.� inner/

�
�
ˇ̌
.C˙� Œ'�/.z/ � .C� Œ'�/

˙.t/
ˇ̌

(by (4.12))

�
ˇ̌
.D� Œ'�/.t/ � .D� Œ'�/.z/

ˇ̌
C
ˇ̌
'.t/L˙.t/ � '�.z/L

˙.z/
ˇ̌

(by (4.10))

� B�k'kH�.�/jz � t j
� (by Theorem 4.2 and Example 4.2)

And the proof is complete.

Still like (2.31), let us consider

S�� W H
�.�/! H�.�/; ' 7! S�� Œ'�;

where 0 < � < 1 and

.S�� Œ'�/.t/ D

�
1 �

�t

�

�
'.t/C .S� Œ'�/.t/; t 2 �n¹a; bº: (4.13)

with S� Œ'� given in (1.3).
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We also have the following conclusion.

Theorem 4.4 (Boundedness of singular integral operator S�� on open arc �). Let � be a

simple piecewise smooth open arc and � inner D1aCb� an inner subarc of � . If ' 2H�.�/

.0 < � < 1/, then S�� Œ'� 2 H
�.� inner/, i.e.,ˇ̌

.S�� Œ'�/.t1/ � .S
�
� Œ'�/.t2/

ˇ̌
� A�k'kH�.�/jt1 � t2j

�; t1; t2 2 �
inner;

where A� is a positive constant independent of ' and t . And S�� is bounded from the
Banach space H�.�/ into the Banach space H�.� inner/.

In particular, we have the following common conclusion if L is a smooth open arc.

Corollary 4.2 (Boundedness of singular integral operator S� on open arc �). Let � be
the simple smooth open arc and � inner D 1aCb� the inner subarc of � . If ' 2 H�.�/

.0 < � < 1/, then S� Œ'� 2 H�.� inner/, i.e.,ˇ̌
.S� Œ'�/.t1/ � .S� Œ'�/.t2/

ˇ̌
� C�k'kH�.�/jt1 � t2j

�; t1; t2 2 �
inner; (4.14)

where S� Œ'� is given in (1.3) and C� is a positive constant independent of ' and t . And
S� is bounded from the Banach space H�.�/ into the Banach space H�.� inner/.

Proof. In this case, (4.13) becomes

.S�� Œ'�/.t/ D
1

2
'.t/C .S� Œ'�/.t/; t 2 �n¹a; bº;

or
.S� Œ'�/.t/ D .S

�
� Œ'�/.t/ �

1

2
'.t/; t 2 �n¹a; bº:

Thus, by Theorem 4.4 and ' 2 H�.�/, we get (4.14).
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